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Abstract: We study the high-frequency Helmholtz equation, for a potential
having C? smoothness, and satisfying the non-trapping condition. We prove
optimal Morrey-Campanato estimates that are both homogeneous in space and
uniform in the frequency parameter. The homogeneity of the obtained bounds,
together with the weak assumptions we require on the potential, constitute
the main new result in the present text. Our result extends previous bounds



obtained by Perthame and Vega, in that we do not assume the potential satisfies
the virial condition, a strong form of non-trapping.

2000 Mathematics Subject Classification number: Primary 35Q40; Sec-
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1 Introduction

This article is devoted to establishing homogeneous and uniform bounds on
the high-frequency Helmholtz equation, with minimal geometric and analytic
assumptions on the potential.

Technically, the question is the following.

We take a (small) absorbtion parameter o > 0, and a (small) wavelength
parameter ¢ > 0. We also pick up a potential V(z) € R (z € R? with d > 3),
whose regularity and geometric properties is made precise below, together with
an energy parameter A € R. Last, we choose a given function f(x), whose
regularity is made precise below. Associated with all these data, we consider
the solution u(z) to the following high-frequency Helmholtz equation with source

term?! ,

ticau(r) — 2 Agu(z) + [V(z) — N u(z) = f(z) (x € RY d>3). (1.1)

In the terminology of the Helmholtz equation, the function A — V(z) in (1.1)
plays the role of a refraction index, f(z) is a source of radiation, and u(z) is the
signal created by f in the whole space.

The first main goal of this text is to prove the existence of a constant C' > 0,
independent of a > 0 and € > 0, such that

c
lulls- < = [I£lls, (1.2)

where the homogeneous Morrey-Campanato spaces B and B* are defined as the

completion of smooth function under the following norms?,

lullg- = sup 27972 Jull 2y, IFs =D 2772 Iflleecey)s (1.3)
JEZL :
JEZ
and the annulus C; is O := {z € R? s.t. 27/ < |z <2071}, (1.4)

These norms were introduced by Agmon and Hérmander in [AH], and have been
used recently in two articles by Perthame and Vega [PV1], [PV2]. As we explain
below, the particular homogeneity of these norms, and the weights 27/2 resp.
277/2 in (1.3), make estimate (1.2) the optimal bound in this context.

Our second aim is to establish (1.2) under weak assumptions on V' (assump-
tions (H1-H5) below). From the analytic standpoint, we shall mainly assume
that V has the (low) C? regularity. More importantly, from the geometric point

Tadmitting that u(zx) is well-defined for a while.
2in particular, we assert that u is well defined and belongs to B* provided f € B.



of view, we shall mainly assume that the potential satisfies a non-trapping prop-
erty. In particular, we shall not make any wirial assumption on the potential, a
reinforced version of the non-trapping condition. This is a key point. We refer
to (1.10) and (1.18) below for the precise definition of these two notions.

Both the homogeneity of the uniform bound (1.2) under space rescaling, and
the weak assumptions we require on the potential V', constitute the main new
points in the present text.

To illustrate the importance of dealing with homogeneous norms, we readily
mention the following scaling property, previously underlined in [PV1], as it is
an important motivation for the present work. Define w(x) as the solution to
the low-frequency Helmholtz equation, with almost-constant refraction index

+icaw(z) — Ayw(x) + [V(ex) — A w(z) = f(x), (1.5)

where, the potential V(x) satisfies the assumptions (H1-H5) below. Using
the change of unknown u(z) = e~%2w(x/¢), the reader may easily check that
estimate (1.2) implies w satisfies the uniform bound

lwlls~ < C|lflls, (1.6)

i.e. w is bounded as the parameters « and € go to zero, and one may try to
pass to the limit in (1.5) (see [WZ], [Ca]).

The uniform estimate (1.6) lies at the core of the high-frequency analysis of
the Helmholtz equation, as performed in [BCKP] and [CPR]. It is important to
stress that, dealing with inhomogeneous norms, i.e. replacing the norms ||.||5
resp. |.[|p~ appearing in (1.2) and (1.6), by |[.|[5,,, resp. [.|[s;,, or even by
122 ((2)* da) 1€SP. ||| 22((2)~+ dz) for s > 1 (these norms are defined in Remark
1 below), would give a diverging factor C/e instead of C in (1.6), as the reader
may readily check. Hence the point in using homogeneous B — B* norms lies in
obtaining a w which is correctly estimated by an O(1) quantity, rather than by
an incorrect O(1/e).

Uniform bounds on w, of the form (1.6), have first been obtained in [PV1],
and later generalized in [WZ]. Their analysis strongly uses a virial assumption
on the potential V. For a potential wich is merely non-trapping, an O(1) bound
on w in the distribution sense has first and recently been obtained in [Cal. In
this text, we go to the O(1) bound on w in the natural B* norm.

Needless to say, the nice scaling property of ||.|p and ||.|| g~ which estimate
(1.6) illustrates, has a counterpart. Namely, the homogeneity of the space B
prevents it to be a subspace of L? , due to a divergence close to the origin
x = 0. As the analysis provided in the present text shows, this fact turns out
to create considerable difficulties while establishing (1.2).

Let us now come to more detailed statements.
Throughout this text, our assumptions on the potential V' are the following:

(H1) A — V(z) is positive at infinity, i.e. there exists Ry > 0 and ¢y > 0 such
that

V| > Ry,  A—V(z) > (c)?>0. (1.7)
(H2) A — V(x) is positive at the origin:
A—V(0)>0. (1.8)



(H3) The zero energy is non-trapping for the Hamiltonian flow of H(z,€) :=
€2 +V(z) — X\. In other words, for any (x,¢) such that €2 + V(z) — A = 0, the
trajectory (X (t),=Z(t)) issued from (z, &), which satisfies Hamilton’s equations

dX(t)/dt =2 =Z(t), X(0) ==, (1.9)
d2(t)/dt = =V, V(X(t)), E(0)=¢, ‘
is required to go to infinity as time goes to infinity:
|1 X ()] — oo. (1.10)

t—too

(H4) The potential V is bounded as well as its first two derivatives, i.e. V €
CZ(R?). For later convenience, we define ¢; > 0 as:

A = V(@) oo rey =t (1)* < 00 (1.11)

(H5) The first and second derivatives of V' decay faster than 1/|x| at infinity.
More precisely, there exists a p > 03, and a C,, > 0, such that?:

Ve € RY, |0,V (@) < Cp ()71 7P, |02V (2)] < Cp (x)~' 7P, (1.12)

Under all the above assumptions (commented below), we prove the following

Main Theorem. Assume f € B. Then, for any a > and € > 0, there exists a
unique solution v € B* to (1.1). Under assumptions (H1)-(H5), and provided
the space dimension satisfies d > 3, there exists a constant C, and an €y > 0,
such that for any a > 0, and any 0 < € < gy, we have,

C
lullz < Z 171 (113)

Remark 1. The uniform estimate (1.13) is enough to establish the limiting
absorbtion principle, i.e. to pass to the limit « — 0% in (1.1), whenever f € B.
The limiting value of u obtained in this way still belongs to the space B*.

More importantly, and as the reader may easily check, our main Theorem
implies the following inhomogeneous B-B* estimates as well:

C
B, < — Hf||Bmh7 (114)

inh — e

[[ul

where the inhomogeneous B-B* norms are

lull By, = llull L2 (s0,1)) + sup 27772 ul L2(c)
j=>0

/]

Buwr = Ifllz2mo.ny + )0 22 1f 2oy
j=0

3Without loss of generality, we assume throughout the paper that p < 1

4Here and below, we use the standard notation (z) = (1 + 332)1/2



It also implies the usual inhomogeneous weighted L? estimates, valid for any
given s > 1,

C
lull L2 ((2) -+ da) < - Il 22((2)* da)s (1.15)

In this sense, estimate (1.13) is optimal in the context. The B and B* spaces
correspond to the limiting case s =1 in (1.15).
Note in passing that the spaces B and B* are in duality:

(ol = | Y- (Fwiace)

JEL

< | flls llull = (1.16)

Similarly, the inhomogeneous B-B* spaces, together with the weighted L? spaces
L? ((z)=%dz) and L? ({(z)* dx), are in duality.

Remark 2. The constraint d > 3 in the main Theorem is natural, since the
Helmholtz equation somehow degenerates in dimensions 2 and 1. It might be,
however, that our main Theorem holds in dimension d = 2 as well. Technically,
the need for a dimension larger than 3 comes up in section 9 only, where we
make use of the Perthame and Vega multiplier method [PV1].

Let us comment on our assumptions.

Assumptions (H1) through (H3) are the main geometric hypotheses needed
to establish (1.13). As is well-known, the energy |u(z)|? in the Helmholtz equa-
tion is “propagated” along the rays of geometric optics, i.e. along the solutions
(X(t),Z2(t)) to Hamilton’s equations (1.9) with zero energy. In particular, these
rays propagate with a “speed” & given by &2 = A\ — V(z). In this picture, all
three assumptions (H1) through (H3) tend to ensure that energy is “well prop-
agated” from bounded regions of space up to unbounded regions, at a nonzero
speed.

More precisely, (H1) means the speed of propagation of waves is uniformly
non-zero at infinity in z, so that the energy |u(x)|? cannot “accumulate” at
infinity in z. This is a minimal assumption, and the estimates we provide here
become false in general when (H1) is not fulfilled

Similarly, (H2) means the energy brought by the source term f is shot from
the origin = 0 with a non-zero initial speed, hence it immediately leaves x = 0.
The special role played by the origin is dictated by the very norms B and B*
we use in the sequel, for which x = 0 is a distinguished point. We do not know
whether (H2) is an optimal assumption or not.

Finally, the non-trapping hypothesis (H3) is a standard assumption. It is
in the same spirit, though much weaker, than the virial condition, see (1.18)
below. The non-trapping condition ensures that the rays of geometric optics
leave any compact set after some finite time, preventing again accumulation of
energy in bounded regions of space. When the potential is C'"* and has the
long-range behaviour, i.e. when

Va e N4, |92V (z)| < Cq (z)7lol=7", (1.17)

for some p’ > 0, the non-trapping assumption is known as a necessary and
sufficient condition to have weighted L? estimates (1.15) on u(z), as proved by



Wang in [Wa)]. Since weighted L? estimates are implied by the B-B* estimates
we provide here (see Remark 1), non-trapping is clearly a minimal assumption,

and the estimates we provide here become false in general when (H3) is not
fulfilled.

The last two assumptions (H4) and (H5) are of more technical nature.

Assumption (H4) requires V € CZ. This is a natural condition in order to
have a well defined and smooth, C', Hamiltomian flow for H(z,§) = &2+ V (x) —
A. Hence it is a natural assumption in order to even state the non-trapping
condition. One aspect of the present result precisely lies in this low regularity
on V. In many places, this lack of smoothness prevents us from using standard
pseudo-differential calculus, making the proof much more involved than in the
C* case. In any circumstance, our method can probably not go below the C?
regularity, though the C'! regularity may be attainable. However, it might
be that our main Theorem still holds true for less smooth, “non-trapping”,
potentials.

The last condition (H5) is a weak version of the long-range condition (1.17)
quoted before. Assumption (H5) actually implies the potential goes to a con-
stant (zero) at infinity. Note that an even weaker assumption on the potential is
required in reference [PV2]: in this text the authors merely assume the potential
V possesses radial limits as |z| — oo, i.e.

Voo(Z) = lim V(rZz) exists (T = z/|z|),
r——400
where Vi (Z) is not assumed to be a constant. We do not know whether our
analysis may include potentials that are non-constant at infinity.

We end this introduction with bibliographical comments.

First, for fixed values of € (say e = 1), we recall that the Mourre theory has
proved to be a powerful tool in order to show the limiting absorption principle
in a very general setting. We refer to [Mou], as well as [JMP], [CFKS], and,
more recently, to [ABG]. The Mourre theory typically allows to recover the
inhomogeneous bounds (1.14) and (1.15) when ¢ = 1. We also refer to [Ag] for
similar inhomogeneous bounds.

Next, when ¢ > 0 goes to zero, many results in the litterature establish the
inhomogeneous bounds (1.14) and (1.15) for C'* potentials satisfying the non-
trapping condition, and having the long range behaviour, see (1.17). We refer

o [RT], [GM], [Wa]. These works use a parameter dependent version of the
Mourre theory, and the key tool is the construction of a so-called “global escape
function”. We stress the fact that, when the potential is C*° and long-range,
Wang’s result [Wa] establishes that the weighted L? bound (1.15) actually is
equivalent with the non-trapping condition.

In this perspective, the present paper aims at dealing with a potential satis-
fying the minimal smoothness and geometric requirements, and at going to the
optimal, homogeneous, B-B* estimates.

The case of B and B* spaces has been treated recently by Perthame and Vega
in [PV1], for a potential with limited, C* regularity. They use a new and elegant
multiplier method in the spirit of the Morawetz estimate [Mo], and the work
by Lions and Perthame for kinetic equations [LPe]. The inequality |lu|p- <
Ce 1| fllB, is established in [PV1], for potentials that are non-positive, i.e.



V(z) — A < 0. Their work also requires potentials V' that satisfy the following
virtal condition:

(v Vald = V(@)

pp—rre =<1, (1.18)

2 Z sup

jez z€Cj
where, the subscript “—” means “negative part of”. Here, the assumption that
V(z) — X <0 is a reinforced version of our requirements (1.7) and (1.8): it gives
a uniformly nonzero speed of propagation at any point x in space. More impor-
tantly, the virial condition requires, in essence, 2 [A — V(z)]+z-V, [A — V(x)] >
¢ > 0. A short computation shows that the virial condition implies the non-
trapping assumption (1.10). It implies even more, namely all the trajectories
X(t) in (1.10) satisfy | X (¢)| > c|t|. Hence the virial condition clearly is a rein-
forced version of the non-trapping condition (see the book [DG]).

Under similar virial-like conditions, Fouassier has recently established in
[Fou] a B-B* estimate for a potential having discontinuities. Again, for dis-
continuous potentials, and in the easier case when € = 1, we wish to quote De
Bievre and Pravica’s result [DP].

In a very different spirit, Burq has introduced in [Bu] an original method
to derive estimates in Helmholtz-like equations posed in bounded domains: his
method is based on a contradiction argument, and uses semiclassical measures
as a key ingredient of the proof. His approach has been recently adapted in [J]
to establish the weighted L? estimate (1.15), for a C° and long-range potential.
The argument in [J] uses, as an additional ingredient, an “escape function at
infinity” that gives the key tool to deduce the relevant estimates. The idea of
using escape functions in [J] actually comes from the so-called Mourre estimates
in scattering theory.

The present paper may be seen as an extension of the work by Perthame and
Vega [PV1], in order to replace the virial condition, by the weaker non-trapping
assumption. Our method of proof combines some estimates derived in [PV1],
together with the idea of using an escape function at infinity as in [J], and
the contradiction argument introduced by Burq [Bu]. In this perspective, the
present approach has the advantage of decoupling the phenomena that occur at
infinity in x, from those occuring locally in z. This is a new point in comparison
with the global approach developped by Perthame and Vega.

Another important motivation for the present work stems from the analysis
of high-frequency Helmholtz equations with source terms performed in [BCKP],
[CPR] (see also [CRu]), and more recently [Ca]. In particular, the difficult
question of analyzing the radiation condition at infinity for such equations is
analyzed in detail in [Ca]. This work uses the non-trapping condition, and
gives a quite detailed geometric analysis of the propagation phenomena in this
context. We also wish to quote the recent results by Wang and Zhang [WZ]
on these questions. Here, various original and elegant bounds are proved in the
context, using however virial-like assumptions.

To end this introduction, we mention that Mourre’s theory and Burq’s
method have also been used to derive weighted L? estimates of the form (1.15)
for u’s and f’s satisfying a system of Helmholtz equation, or, in other words,
to estimate the resolvent of matriz-valued Schrodinger operators. We refer to
[KMW1], [KMWZ2], [J2], [J3].



2 Outline of the proof

We prove (1.13) by contradiction, using an idea originally due to Burq [Bu].
In the core of the proof, the propagation phenomena at infinity are treated
using an escape function at infinity, in the spirit of [J]. On the other hand, the
propagation phenomena at the origin are dealt with using the Perthame and
Vega multipliers [PV1]. The non-trapping assumption makes the link between
both regions of space.

Let us come to a more detailed description.

First, for any given f € B, a > 0 and € > 0, an immediate energy estimate
gives, using the fact that the spaces B and B* are in duality (see (1.16)), the
a priori bound |ju||p+ < a1 || f||s. Hence u clearly is uniquely defined, and
belongs to the space B*. This trivial remark being made, the point is to prove
the uniform estimate (1.13).

We argue by contradiction and assume that the inequality (1.13) is false.
Hence we may build up sequences a,, > 0, £, > 0, as well as f, and u,, such
that

en — 0, an — € RT U {400},

n—oo

e fallB =m0 — 0, Jlunlls- =1, (2.1)
n—oo
while the high-frequency Helmholtz equation is satisfied,

i nantn (1) — €2 Agtin (7)) + V(2)un (x) — Mun(z) = folz). (2.2)

Under these circumstances, we claim we may assume
a=lima, =0. (2.3)
Indeed, the obvious energy estimate yields
anl[unl|Zogey = €5 In{fn,un) < et [ fallpe lunllpe =m0 — 0, (2.4)

which implies a,, — 0 or ||uy|| L2 — 0. In the latter case, using the information
|2

|tn || B+ = 1, we recover |un (2)]° dz — 0, for any > 0. From this, it turns

|z >r
out the argument we give in section 9 allows to then obtain a contradiction quite
trivially (see remark 15 after Proposition 10). Hence we are left with the case

a, — 0.

Now, to analyze the asymptotic behaviour of the sequence {u,}, we readily
observe that B* C L . For that reason, the sequence {u,} is bounded in
L% . at least. It then becomes natural to define u(z,€) as the (unique, up to

subsequences) semi-classical measure associated to u,. It satisfies,

n—oo

(0.2, ) = () [ oo (. o)

whenever a is a symbol which belongs to Cg° (T*Rd). Here and throughout
the paper, we use the notation al , or, equivalently, [a(z, 5)];‘;, for the ,-Weyl



quantization of a(z,&). In other words, for any v(z), we set

a2, o] (#) = [(a(w. )2, ] (0)
= ) e ey () () vt 29

It is a well-known fact that p is a non-negative Radon measure over T*R? (see
e.g. [GL], [G]). Equivalently, the measure p may be defined as the limit, in
the distribution sense, of the Wigner transform p,(z,&) associated with the
sequence {uy,}, i.e.

o)1= [ exp(civ-§un (v +23) ui (v =23 dy
= Fy—e (un (CE + sn%> uy (:v - sn%» . (2.6)

With these notations, we have
pin(2,€) — p(x,€) in D' (R*). (2.7)

Also, p., satisfies the useful algebraic property, whenever the symbol a is smooth
enough,

<(a(x,§))7:n Un, Un) = (a(,§), pn). (2.8)

Adopting this “semiclassical measures” point of view, the contradiction then
comes as follows. On the one hand, the information ||u,||%. = 1 roughly gives
that the “mass” of the limiting measure p = lim p,, is one. On the other hand
the several steps given below allow to establish that the measure p is zero
everywhere. This is, in essence, the contradiction.

Let us now describe more precisely the way we prove that y = 0 everywhere.

First, in section 6, we prove the measure p carries “no mass” away from
resonant frequencies, i.e. away from &’s such that ¢2 = A — V(z). This is
the meaning of Propositions 4, 5 and 6, which actually give a much stronger
result. Naturally, this fact is fairly standard when dealing with L? solutions of
PDE’s with C*° coefficients. It is generally obtained through symbolic calculus.
Here, the difficulty is twofolds. On the one hand, the potential V' has limited
smoothness (it is only C?). On the other hand, we are here dealing with a
sequence {u,} which is merely bounded in B* (and not in L?), a space of the
type [°°(L?) which encodes in the optimal way the integrability properties of the
sequence {u,}. These two facts prevent from using standard symbolic calculus
in any direct fashion.

For that reason, in section 3, we preliminarily develop alternative tools that
“replace” symbolic calculus in our specific context. This is not only a tech-
nical question, because the limited smoothness, and the optimality of the B*
estimates, are a central aspect of our effort. In that direction, Proposition 1
identifies in a close to optimal way those symbols a(z,{) such that a? acts
continuously on B and/or on B*, thus preserving the sharp decay encoded in
the B and/or B* norms (this is the “I°°(L?)” aspect). Such symbols are only
required to depend continuously on the variable x (this is the “low regularity”



aspect). The proof of Proposition 1 is the most difficult task in order to get
an appropriate “symbolic calculus” in the present situation. Then, as a direct
application of Proposition 1, it is established in Proposition 3 that p satisfies the
usual transport equation along the rays of geometric optics, while Proposition 2
establishes a version of the Garding inequality that is suited to our purposes.

At this level, we have only proved that p vanishes away from resonnant
frequencies £. There remains to prove that u vanishes close to resonnant fre-
quencies. This task is achieved upon distinguishing large, moderate, and small
values of the space variable x.

Section 7 is a key step of the present paper. There, we prove the measure p
has no mass at infinity in . This is Proposition 7, which actually gives a much
stronger result. This step uses assumption (1.7) on the potential, according to
which A — V(z) is positive at infinity. In the spirit of [J], our proof uses an
“escape function at infinity”, denoted by ay(x,&) in the text (see (7.8)). This
function a; satisfies, very roughly, the following inequality, valid for sufficiently
large values of z > 27:

{€+V() = Nay(,} =)

jzJ

1z € Cj]
(), (2
where 3; > 0 is an I' sequence and {.,.} denotes the Poisson bracket. Relation
(2.9) is then combined with the appropriate symbolic calculus developped in
section 3, to deduce
Jun ) 112l > 27] || . — o0,

for J large enough. The basic estimate (2.9) is very much in the spirit of
the Mourre estimate. It means that the function a; grows at least like 1[z €
C;] Bj/|z| along the Hamiltonian flow of £2 + V(x) — A (at infinity in ), a
quantity that decays slightly faster than 1/|x| at infinity (thanks to the I! se-
quence (3;). Hence (2.9) somehow prescribes a minimal rate at which energy
escapes to infinity in the Helmholtz equation. This rate is directly related with
the weighted norms for which the solution to the Helmholtz equation remains
bounded. The construction of the escape function a; should also be compared
with the multiplier method of Perthame and Vega. In our case, a is essentially
ﬁ . é—l, plus a crucial corrective factor, and we stress the similar multiplier
71 - Va + corrector is used in [PV1].

In section 8, we prove the measure p vanishes for moderate values of x,
i.e. for values that are bounded away from infinity and from zero. This is
Proposition 9, which actually gives a much stronger result. The proof goes as
follows. The previous step establishes y = 0 at infinity in . On the other hand,
u is invariant along the Hamiltonian flow of H(x,&) = 2+ V(z) — \. Besides,
the non-trapping assumption states that the relevant flow sends bounded value
of = outside any compact set. Hence p necessarily vanishes for bounded values
of = as well. This is the point where we use non-trapping in our proof.

Last, in section 9, we prove u vanishes close to the origin as well. This
is Proposition 10, which actually gives a much stronger result. In the present
paper, the origin needs a special treatement, because the homogeneous norms
B and B* are somehow singular at = 0. To show the measure p also vanishes
close to the origin, we go back to an estimate established in [PV1]. This estimate

10



relates (amongst others) the mass close to the origin with the mass at infinity.
Then, using the already established fact that the mass vanishes away from any
neighbourhood of the origin, we deduce p vanishes at x = 0 as well. This step
uses assumption (1.8), according to which A — V(0) > 0.

The remainder part of the paper is devoted to the proof of all the above men-
tionned steps. We present the proof in the case where V' has limited smoothness.
We mention without giving further details that the proof might be shortened
in various places when V' is smooth (V € C*) and V satisfies the long-range
condition (1.17).

Notation. Throughout this text, we will use the notation a? for the ¢, Weyl
quantized operator associated with the symbol a(z, €), see (2.5) (see also [DS]).
Also, we sometimes will need symbols a(z, ) that are C°° and satisfy

VaeN!, vBeN! 000 a(x,&)| < Copla)ym I, (2.10)

for some real number m and some constants C, g > 0. Such symbols will be
said to belong to the class S ({(z)™). Last, we normalize the Fourier transform
as

u(z) = F (@) (z) = etiety . .
(@) = F @) = gz [ A de (211)

3 Symbolic calculus on B and B*, for symbols
having limited smoothness

In this section, we give (close to) optimal conditions on the function ¢(z,§), so
that the Weyl operator 2 is bounded from B* to B*. We also give conditions
that make it bounded® from B* to B. It gives us a symbolic calculus on the B
and B* spaces. These bounds will be of constant use in the sequel.

Here, the word “optimal” refers to two aspects. First, we deal here with
symbols ¢(z, ) that are merely continuous in x. This will be very important
in the sequel since our potential V() only has C? regularity. Second, for v
to send B* to B*, we only require ¢ to be bounded in the x variable. This
is a natural assumption. Third, for ¢ to send B* to B, we only require
 to decay slightly faster than 1/|z| at infinity, in that ¢ should behave like
>_;ajl[z € Cjl/|z| for some sequence «; that is I* in the j variable. This is
also a natural requirement.

As a counterpart though, our symbols need to be very smooth and fastly
decaying in the & variable.

The difficulty is twofolds. First, the very definition of (¢, , un) = (@, tn)
(see (2.6)) involves a delocalisation in the two arguments of u,,, which has to be
combined with the dyadic decomposition that is used to define the B* norms.
This is a technically delicate task in itself, and we refer to the splitting (3.10)
and the associated analysis on this point. Second, while it is easily checked that

Sstrictly speaking, bounded from B* to the second dual B**. We shall not dwell on the
difference between B** and B, since it anyhow plays absolutely no role in our analysis
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B* is a subset of L120c7 yet the space B is not: in the B norm, the small annuli,

i.e. the C}’s for which j is large and negative, are allowed to carry a mass that

may be infinite in the L2 _ norm. This leads to a special treatment of the small

annuli in the analysis below.

The main result of the present section is the following

Proposition 1. Let ¢(x,§) € C’,?(de) be a bounded, continuous functionS.
Define its Fourier transform, in the sense of distributions

B(r,y) = Fey (pl2,€)) = / e (e, €) dE

R4
Then, the following holds

(1) (A rough bound on (p¢ tp,Un)).
Assume p(x,y) has the decay property

lollw, = / W)® sup ()°|(a,y)| dy < oo, forsomes>1.  (3.1)
Rd reR4

Then, there is a constant C's > 0, that depends on s only, such that

’<‘P:}Un un,un>‘ = ‘<Nm%0>’ < Cs |lellw, HUTLHQB* . (3.2)

(2) (An “optimal” bound on (p¢ Up,Un)).
Assume @(x,y) has the decay property

ellxx == sup sup (N [B3(x,y)]
|z]<1 yeRd

+ ZQj sup sup (1) |@(z,y)| < oo, for some N >d+ 1. (3.3)
jeN xEC]' yeRd

Then, there is a constant Cy > 0, that depends on N only, such that

(02, tn, un)| = [{pn, 0)| < On lllxy unll- - (3-4)

(3) (An “optimal” bound on (p¢ wn, frn)).
Assume p(x,y) has the decay property

lellyy := sup sup <y>N |p(z,y)| < oo, for some N >d+ 1. (3.5)
z€R yeRd

Then, there is a constant Cy > 0, that depends on N only, such that

Y Y\ ~
/ Up (:c + 5117) fn (:E - en*) o(x,y) dzdy
R2d 2 2
6Strictly speaking, the assertions in this Proposition should first be stated for very smooth

@’s, satisfying @(z,y) € C°(R?4), and the natural density argument should be performed
next. We do not dwell on that harmless point.

}<5075Dn Un, fn>| =

<Cn llellyy lulls-
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Remark 3. The bound in point (1) will not be used in the sequel, being too weak
for our purposes. At variance, points (2) and (3) will be exploited repeadtedly.
We feel the (easy) proof of point (1) is very illustrative, and allows to smoothly
introduce the technically more delicate proof of points (2) and (3). This is the
reason why we still give statement (1) here, and its proof.

The bounds of point (1), (2), and (3) naturally hold as well when u, and f,
are replaced by any functions v € B* and f € B. In that perspective, the above
proposition roughly asserts that the operator ¢ sends B* in B continuously,
provided o € Wy (s > 1), or ¢ € Xn (N > d+1). Simlilarly, it asserts that
g sends B* in B* continuously, provided ¢ € Y.

Remark 4. Points (1) and (2) of the above proposition immediately allow to
improve the weak convergence {(u,,p) — {1, ), valid for test functions ¢ €
C2° (R4 (see (2.7)), into the stronger convergence (un, ) — (i, @) for test
functions in the larger space o € Wy (s > 1), or even for p € Xy (N >d+1).
In particular, p acts continuously on the space of test functions p € Wy (s > 1)
orp € Xy (N >d+1). This implies the measure p grows at most polynomially
at infinity in the x variable.

Remark 5. Both norms Wy (s > 1) and Xy (N > d + 1) require, in essence,
that p(x, &) should decay slightly faster than (x)~1 at infinity in x (and it should
be smooth enough in the & variable). Similarly, the norm Yx requires that o(x, &)
is merely bounded in the x variable (and it should be smooth as well in £). Note
in passing the clear continuous embedding Xy C Yn .

From the point of view of decay at infinity in x, the above bounds are thus
very natural, since the space B* (resp. B) is essentially a weighted L* space,
with a weight that grows slightly slower than (x) at infinity (resp. decays slightly
faster than (z)~!). Note that the Xx norm gives an “optimal” version of the
W5 norm, corresponding to the limiting decay {x)~° with s = 1.

We stress the X norm is inhomogeneous in x: small annuli C; (j < 0)
are put apart in this norm. The homogeneous version of the X norm would be

S sup sup (1) 3.yl
jez z€Cj yeR4

Remark 6. As already mentionned, the norms Wy, Xy, and Yy do not require
regularity in the x variable, and o(x,€&) only needs to be continuous in x. As a
counterpart, strong smoothness of p(x,&) in the & variable is required: roughly,
8?90(x,§) should be integrable in &, up to the order |of = d + 1.

Proof of Proposition 1

Proof of part (1)
Assuming p(z, €) is smooth enough (¢ € S(R?) will do), one may write,

‘<Mn7@>‘ = ‘/ Un (x+5ng) Uy, ("I;_Eng) @(m,y)dmdy : (3.7)
R24d 2 2
On the other hand, we clearly have the rough estimate

{x) ™S un|lre < Cs |lunllps, whenever s > 1/2. (3.8)

13



Hence we may upper-bound (3.7) in the following way

|un| (= + €ny/2) |un| (z —eny/2)
’W"’@‘S/R% <z+€ny/2>s <$_€ny/2>s

y S y S -
<x+5n§> <m €n§> |p(z,y)| dzdy

2, / )% sup (2)|3(x, )| dy.
Rd zER4

< Cs lunl

This establishes (3.2).

Proof of part (2)
We take a smooth test function ¢(x, ), and observe again the standard identity

</’Ln7§0> = <(<p($7£))g}" un7un>

= [ e (o4 eal) ui (v -l dody
R2d

Hence we upper bound

(i, 0)| S/de

=: B, (z,y) dzdy. (3.9)
R2d

ooreesd) o 22 e

This serves as a definition of By, (z,y). In order to estimate / B, (z,y) dzdy in
an optimal way, we decompose u, into contributions due to the various annuli
C;. This is naturally imposed by the dyadic decomposition that defines the B*
norm of u,. In doing so, it turns out that small annuli C; (i.e. large negative
values of j) need a specific analysis (see the definition (3.3) of the X y-norm).

Our first step is to decompose / B, (z,y) dedy upon distinguishing the rel-
ative size of = and ¢,y, as follows:

Bulwy)dady= [ Bt [ B [ B,  (3.10)
R2d |z|>enlyl lz|<enlyl/4 enlyl/4<]z|<enlyl
Each of the above terms is estimated separately.

The first term in (3.10) is estimated upon using the Cauchy-Schwartz in-
equality in a:

[z|>en|yl [z|>enlyl
/IGCJ' s |z Zenlyl

JEZ

Uy, (x +En%) ‘ Up, (33 — En%) ‘ ‘@(m,y)’ dxdy

Up, (x —&-En%) ‘ Uy, (x —en%) ‘ ‘@(x,y)‘ dxdy
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Uy, (xfsn%) ’ dx}

< sup sup 2*3‘/ U, (:C + €ny) ‘
JEL yerd 7€C; , |7l >enly] 2

xZQj/ sup {’goxy|}dy

jez Rd z€C;j

< O sup (27 Nunll (e, lonll o)) X D227 sup sup (o)™ |G )
sup pa() lnlinge,) ) < 2,2 sup sup

< On [lellxn llunllB-, (3.11)

whenever N > d. Here we used the notation @ =C;_1UC; UCj4.

The second term in (3.10) is bounded in the same spirit, using this time the
Cauchy-Schwartz inequality in y:

/ Bn:/ Up, (x—i—sng)‘
|z <enlyl/4 |z|<enlyl/4 2

5| o (08 (e~ 22 ot
j yeC; , |y|>4|z|/en 2

2
EZ
_ H) ‘d
Un (.’t 5712 y}

< sup sup Q*j/ Un (IE + 5ny> ‘
JEZ weRs ved; , lyl>lzl/en 2

X ZQj/ sup {|@(x,y)}}dm,

JEZ R yeCj , ly|>4|z|/en

Up, (x — en%> ’ }@(x,y)’ dxdy

and, rescaling x and y by €, in both integrals, we obtain

[ B.<

[z <enlyl/4
sup sup Q*jsgl/ Unp, (ery)) Un (»T*g)‘dy
JEL zeRd y€enC; , ly|24|x] 2 2

X Z e, / sup {|$(5nx, Y) | } dx.

=/ Re yeCy , |y|z4|x]|

Hence, making use of the Xy norm of ¢ to upper-bound the second factor, we
recover the estimate

/ B, <C ||un||23* X {/ (x)fN dx}
lz|<enlyl/4 Rd

( Z 2/e, sup sup {<y>N\<ﬁ(€n$»y>\}

2e, <1 lene|<1yeR?

+ Z e, 277 sup  sup {<y>N+P|§5(5n$,y)|}>

2e,>1 |lene|<27 yeR?

< On [lunl- x <|<PXN +lelxnsr D Pen 2_Pj>

29en>1
< CN,P ||90||XN+P ||un||%*7 (312)
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whenever N > d and P > 1.

Finally, the third term in (3.10) is estimated upon using the Cauchy-Schwartz
inequality in both x and y. Indeed, this term has the value,

/ B, :g;d/ g (X) | |un (V) |
enlyl/4<]z|<enlyl R2d

X+Y X-Y
2 7 e,

><1E|X—Y|§%]X+Y|§]X—Y” ‘@( )‘dXdY.

The reader may easily check, for any (large) integer IV, the inequality

1 1 (X+Y X-Y
1[Z|X—Y}§§|X+Y|§|X*Y” ]so( >\

2 7 e,
< O (X/en) 2 (V/en) ™ sup {0V 181G, |

—N/2

< On (X/en) 2 (V1) T2 [l - (3.13)

Hence, the third term in (3.10) is estimated by

/ B, <Cy e, (/ g ()] ()7 dX)
enlyl/4<|z|<en |yl R En

([l o) (27 ar) el

B , X\ —N/2
< O flunlB ellxy x5 | Y272 [(=) |
JEN "

Fes (3.14)

L2(XECy)

<O [ellxy llul
whenever N > d + 1.
Putting together (3.11), (3.12) and (3.14), establishes (3.4).

Proof of part (3)
This part of the analysis is similar to the proof given for point (2). We start
with the following observation, similar to (3.9):

2|
U, (a:+5n2

=: / By (x,y) dzdy. (3.15)
R2d

(@, )" s )| < /

R2d

[

The technique to estimate /Bn(x, y) is the same as for /Bn(x, y). The only

difference lies in the fact that we do not need to treat the small annuli C; apart.
We write

/ én(x,y):/ §n+/ §n+/ B,. (3.16)
R2d e >enlyl  Jlal<enlyl/a Jenlyl/A<|zI<enlyl
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As before, the first term in (3.16) is estimated upon using the Cauchy-

Schwartz inequality in x:
Up, (x—l—an%) ‘ fn (a: —5n%> ‘ dx }

/ En < Z sup /
|z|>enly| JEZ yER zeCj , |x|>enly|
< [ sup{lptew)l}ay
Rd =z

<On Y (lnll ey Iallzaa,)) x sup )™ Bz, y)]

JEZ .Y

<CN [ellvn llunl

B~ [fnllBs (3.17)

whenever N > d, and we used the notation éj :=C;_1 UC; UCj4q as before.

The second term in (3.16) is bounded using the Cauchy-Schwartz inequality

in y:
[ B<yswi fo (=) | ay
jel<enlyl/4 Sz were | Jyeo;  lyl>4lel/en 2

X / sup {’@(w,y)|}dw
Re |y|>4|z|/en

wloved)|

ey un (4 2) |7 (2= L)
jez wE€R? | Jy€enCy , ly|24a]
></ sup {’@(enx,y”}dx
Re |y|>4|z|
<Cy ||30||YN Hunl B* anBa (318)

whenever N > d.

Finally, the third term in (3.10) is estimated upon using the Cauchy-Schwartz
inequality in both x and y. Indeed, this term has the value,

/ Bu=st [ Jun (0)][a¥)]
enlyl/4<|z|<enly| R2d

1 1 (X+Y X-Y
x 17X —Y| < 3lx+Y| <X - Y] ‘¢< o )’dXdY.
Estimating as before (see (3.13))
1 1 (X+Y X-Y
11X -y 5x+v| < |x -V |6 ( S5 - )‘

—N/2

< O (X/e) M2 (/)N sup (9)N|3(z, )],

gives the upper-bound

~ B X\ —N/2
/ B, < Cu el = ([ lun 0] (2) " ax)
enlyl/4<]z|<enlyl R¢ En

(Lo () ar)
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d

< On lellyy llunlls- lIfnlls €,
, _NJ2 ‘ _NJ2
(S I ) G Y )
Jen En L2(Xed;) JEN En L2(X€Cy)
< On lellyy llunlls= |2l (3.19)

whenever N > d + 1.
Putting together (3.17), (3.18), (3.19), gives the estimate (3.6) of point (3). O

4 First consequence: a version of the Garding
inequality

This section is devoted to the proof of a consequence of Proposition 1, namely
a version of the Garding inequality, valid for symbols with limited smoothness.
This result plays a key role in our analysis (see section 7 below).

Needless to say, the result we give here is completely standard for smooth
symbols, acting on L? functions.

The main result of the present section is the following

Proposition 2. (Garding’s inequality).

Let p(z,€) € CY(R?) be a bounded and continuous’ function. Assume ¢ has
the reqularity ¢ € Xy (see (8.3)), together with Dy € Xy, for some N > d+2.
Assume finally that ¢ is a non-negative function

o(z,8) > 0.

Then, there exists a universal constant Cn > 0, that depends on N only, such
that the following Garding inequality holds true:

<(‘P(1’7£))g}n unaun> = </u'na§0>
> —On Ven (lellxn + 1IDe¢llxy) [unllE-- (4.1)

Remark 7. In other words, the quantity {i,,®) is non-negative, up to a cor-
rective term of size \/€,. Note the usual Garding inequality gives a smaller
corrective term, of size €. This gap is due to our assumptions, namely to the
fact that ¢ is here assumed to be only once differentiable in x. The reader may
easily check that our proof gives the more standard O(e,) corrective term if ¢
is assumed twice differentiable in x, with D2p € Xy.

Remark 8. It is a well-known fact that p = lim u,, is a non-negative measure,
while p, is not a non-negative measure for finite values of n. The above Propo-
sition quantifies the defect of positivity of p, when n is finite. Note the test
functions we use here are in the class Xy, i.e. they should decay slightly faster
than 1/|x| at infinity. This is due to the fact that u, is uniformly bounded in
B* only (and not in L?).

7 Again, this assertion should first be stated for very smooth ¢’s, and the natural density
argument should be performed in a second step.
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Proof of Proposition 2
We start with the standard observation (see [LPa], or [Ma]),

fin(z,€) 2 0,
where [i,,, known as the Husimi transform of the sequence {u,}, is defined as
fin(2,8) = pn(,8) *2¢ Ge, (2,€)
= /RM pin(z — 2,€ — 1) X (me,) " Lexp (— 2+ 772> dzdn.

::Gsn(yvn)
Hence, taking a non-negative test function ¢ as in Proposition 2, we have
0< <ﬁn7 SD> = <:u”ﬂﬂ 90(‘7"75) *z,6 GEn (1’,5)>
As a consequence,
<un590> > _’<,U/n7(P*GEn _<p>’
> —C |l Gep — ¢y, lunllz-, (4.2)
whenever N > d + 1. Here we made use of Proposition 1, point (2).

We perform a Taylor expansion on the term ¢ * G, to estimate the right-
hand-side of (4.2) and to establish that ¢+ G, —¢ = O(y/&,) in Xy norm. For
obvious convenience, the Taylor expansion is performed directly on the Fourier
transformed term Fe_.,, (¢ * G., — ). We write

Fey (p* G,y — ) (2,9)
_ N 22 2 N
= (me,) Y2 /Rd P(x — z,y) exp (E) exp <5ny4) dz — p(z,y)

= {77_‘1/2/ P(x — \/Enz,y) exp (—22) dz — p(x, y)] exp (—Eny2/4)
Rd
+@(z,y) [exp (—eny®/4) — 1]
=: A(z,y) + B(z,y).

This serves as a definition for the functions A(z,&) = .E;ig(zzl\(%y)), and
B(z,€). Up to this point, we have,

lp* Ge, = @llxn < [[Allxy + [1Bllxy-
We estimate separately each term ||A| x, and ||B||x,-

On the one hand, we have

[B(z, )| < C Ven lyl [0z, y)-
This implies

||BHXN <Cy VEn ||90||XN+1'

On the other hand, we turn to the more difficult analysis of A. First order
Taylor expansion gives

1
e <0 Var [ de [ a0l [D2lo — 0vEnzy)| expl-22)
Rd 0
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When 2 € C; with j > 0, we may thus estimate

-~

sup sup (y)™[A(z, y)|

z€Cj yeR4
1
<C Ve s [ s [ a8 sup ()] [D25 - 0vEnz. )| exp(-22)
z€C; JR4 0 Y

1
¢ v s | [t sup ()Y |21 D250~ 0Bz )] exp(—22)
|2|<2i=1//en J0 y

z€Cjy

mGCj
<C e, sup sup (y)N|Dxc’;5(x,y)|
IEC]' Y

22 .
40 Ve e (=g ) sup sup () |Dule ).

n/ zeRd Yy

1
+C /e, sup / / df sup () |z| ‘Dmﬁ(az - 9\/672,;(/)’ exp(—z?)
Fz2/vEJo

Here, we made use of the notation éj = (-1 UC; UCj11. As a consequence,
multiplying by 27 and summing over all values of j > 0, we deduce

> 27 sup sup ()N A(z,y)| < C Ve |1 Dagllxy-

>0 QZECJ' yE]Rd

Similarly, when |z| < 1, we may estimate,

~

sup sup (y)" |A(z,y)|
|2 <1 yeRd

1
< C /e, g dz/o df sup sup <y>N |z] |Dz§5(:c—9\/az,y)| exp(fZQ)

zERY yeR4
<C VEén ”Dm(p”XN'

All these estimates finally result in the following

le* Ge,, = llxy <C Ven (lollxn + [1Datpllxy) - (4.3)
Plugging (4.3) into (4.2), ends the proof of Proposition 2. O

5 Second consequence: a version of the trans-
port equation

This section is devoted to the proof of another important application of Proposi-
tion 1, namely the fact that u,, almost satisfies a transport equation, or, in other
words, fi, is almost invariant along the Hamiltonian flow of H(z, &) = €2+ V (z).
Again, the point is that we can prove the relevant transport equation is satis-
fied in a weak sense, when tested along symbols with limited smoothness. The
corresponding statement when the symbols are smooth is completely standard.

The main result of the present section is the following
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Proposition 3. (Transport equation).
Let o(x,&) € C)(R?*) be a bounded and continuous function®. Assume ¢ € Yy
(see (3.3)), for some N > d +5.

Then, the distribution p,(x,&) satisfies

‘< — Qi by, + 2€ . vxﬂn - vxv(z) : vflva 90>‘ <Cn (En + 77n) ||()0||YN'
(5.1)

In particular the limiting measure p = lim w,, satisfies the transport equation

26 - Vap(z,§) — Vi V() - VEM(£7§) =0 (5.2)

in the sense of distributions. Equivalently, if ®; denotes the Hamiltonian flow
associated with the Hamiltonian &% + V (x) — A, we have the invariance

VteR, pod;=uyp, (5.3)

where the equality holds between measures.

Remark 9. As already mentionned, it is a standard fact that p = lim p,, sat-
isfies a transport equation, in the semse of distributions. Here, the point is
twofolds. First, estimate (5.1) keeps track of the fact that, for finite values of n,
Ly Satisfies a transport equation as well, up to an error term that we are able to
upper-bound. Second, the transport equation is not only established in the sense
of distributions: we work here with test functions ¢ in the class Yn. We recall
that such functions are merely continuous and bounded in the x variable. This
turns out to be a usefull aspect in the subsequent sections.

Proof of Proposition 3
We Wigner transform the Helmholtz equation (2.2) itself. It gives the usual
transport equation with remainder:

up to defining R, (x,&) := fgjy (ﬁn (z, y)) through the formula

ﬁn(x,y) = —e 'Im (fn (CE + Eng) wy, (m - 5n%>) (5.5)
N V(z+e %) -V (zzzging) —eny - Vi V(x) w (x N En%) U:L (x B En%) .

Taking ¢ as in Proposition 3 and testing R,, against ¢, we estimate the duality
product (R, ) as follows.

The first term appearing in (R,,, ) (see (5.5)) is upper-bounded by

<e

<&t /de !un (;v - 5,%) ‘ | fn (m—l—sn%) } |<ﬁ(;v,y)| dzdy

<Cn et lellvy 1fallm lunlls-
<COn i lellv —2 0, (5.6)

8 Again, the present statement should first be stated for very smooth ¢’s, and the natural
density argument should be performed next.
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whenever N > d + 1. Here we used Proposition 1 part (3), together with the
assumed bounds (2.1) on u,, and f,.

As for the second term, it is estimated by

1

dt
1

<Ce, dxdy /
R2d

(o =)

et

ly* P(z,y)| | DIV (x + teny/2) |dt

1
< Op en |Jun|%- / dt ( sup sup <y>N’y2 @(x,y)| |D§V(:c+t6ny/2) ’
1

lz|<1 vy

+3°27 sup sup ()™ |y Bl y) \Dzv<x+tsny/z>\>, (5.7)

>0 xeC; vy

whenever N > d+ 1. Here we have used proposition 1, part (2). There remains
to estimate the two suprema on the right-hand-side of (5.7). On the one hand,
we clearly have

Sup sup N 92 Bla,y)| | D2V (z + teny/2) |
z|<1 ¥y
S CIDV Iz~ sup sup ()" [2(z,9)]| < C lelv.
< Yy

||

Also, using the assumed decay of D2V at infinity in = (see (1.12), we may
estimate on the other hand

27 sup sup ()" [y Bz,y)| [D2V (& + teay/2) |

zeCj vy
< C sup su Nz (B o(x,
< C sup sup (y) CESE |&(x, )|
< C sup su N+ 15z, y)| x sup su 72# 5.8
<C sup sup ()" |8(,y)] s ) s (08)
< C sup sup ()" |Gz, y)|
zeCj vy
<C ||90||YN+47

as a direct inspection shows. Hence the second term appearing in (R, ) is
eventually estimated by

< CN €TLHQDHYN+4 — 0.
n oo

This ends the proof of the proposition. O

6 Energy localisation: the sequence {u,} carries
no mass outside resonant frequencies
This section is devoted to the proof of various relations which assert the sequence

{uy,} carries “no mass” for frequencies that do not satisfy the zero energy con-
dition 2 = A\ — V(z), i.e. away from resonant frequencies.
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It is a very important statement. Indeed, it allows us in the next sections
to reduce our argument to the asymptotic analysis of the sequence {u,,}, conve-
niently restricted to frequencies that do satisfy the zero energy condition. For
those frequencies, the non-trapping condition (1.10) gives an additional, and
crucial information.

As in the above sections 5 and 6, the statement of interest is fairly standard
when dealing with L? solutions to PDE’s with C* coefficients. The diffficulty
lies again in the fact that V € C? only, and u,, belongs to B*. Also, we prove
here statements that hold for finite values of n, and not only when n = oco.

The main results of this section are the following three Propositions. All
three results assert, in one way or another, the localisation on resonant frequen-
cies. Proposition 4 gives a rough statement, while the next Proposition 5 and 6
give refined, and technically more involved, estimates.

Proposition 4. Let p(z,£) € CP(R?) be a bounded and conntinuous func-
tion. Assume ¢ has the regularity ¢ € Yy, (see (3.3)), together with App €
Xy, for some N >d+4.

Then, the distribution p,(x,§) satisfies

(€ + V@) = ) in@.0,90)| < Cn en (ellvy +180plixy) - (6.1)

In particular, the limit p = lim p, satisfies (£ + V() = A) p(z,€) =0, in the
sense of distributions, so that the measure u only carries resonant frequencies:

suppp C {(z,€) € R* st. €2+ V(z)—\=0}. (6.2)

Remark 10. Note that estimate (6.1) needs Ap¢ € Xn, but only ¢ € Yn. In
others words, ¢ may be merely bounded at infinity in x, while Ay needs to
decay slightly faster than 1/|x|.

Proposition 5. Introduce two C*° cutoff functions in x and &, satisfying re-
spectively

©(&) =0 whenever [§] < 2¢1, ©O() =1 whenever [§] > 3¢y,

x(z) =0 whenever |z| <1, x(z)=1 whenever |z| > 2.

Here we recall that ¢; = ||A — V(m)||1L/0§, see (1.11).
Then, the following L? bound holds true:

10¢, x(2) un(2)l[L2 < C (Ven +nn) — 0,

n—oo
for some C' that does not depend on n.

Remark 11. In other words, up to putting apart small annuli in x, the sequence
{un} carries no mass, in L? norm, for frequencies above ||V (x) — )\||1L/03 =c.

This is indeed a quantitative version of (6.2), valid for bounded values of n.
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Proposition 6. Introduce two C* cutoff functions in x and &, still denoted by
O(&) an x(x) not to overweight notations, satisfying respectively

O(&) =0 whenever |§] > ¢o/2, O(&) =1 whenever [§| < cy/3,
x(z) =0 whenever |z| < 2Ry, x(x) =1 whenever |x| > 3Ry.

Here, we recall that the constants c¢g and Ry are defined in (1.7).
Then, the following L? bound holds true:

102, x(2) un(@)l[L> < C (en +1m) — 0,

n—oo

for some C that does not depend on n.
Remark 12. In other words, up to restricting to x’s larger than Ry, for which
A=V (x) is away from zero, i.e. A=V (z) > (o), the sequence {u,} carries no

mass, in L2 norm, for frequencies below cy. This is again o quantitative version
of (6.2), valid for bounded values on n.

Proof of Proposition 4
An easy computation gives

2
2(62+ V(@) = A) pa(@.§) = F-Aupta(a.€)

+ Fye ( —e2 Auy, + Vi, — Auy| (x +gn%) u

(
+‘7:y—>£( (J:-i-fn ) [—e2 Aul + Vul, — Aul] (Ji—gny))

H( ) (ead) v (e-ad)]

X Uy, (az—l—eng) uy, (m—e,{é))

Hence, using the Helmholtz equation (2.2) satisfied by w,,, we recover,
(E+ V(@) = A) pnl@,€) = Ra(x,), (6.3)
up to introducing the remainder term R, (x,§) = £—>y (ﬁ (x, )) through

2

~ & .
Rn(z7y) = ZAquL(l‘7y) (64)

(5 (o) o e 2)
+ % {V(x) - %V (az +sn%> - %V (x - s”g)] Up, (x+5n%) Uy, (x —sng) .

Testing R,, against a test function ¢ gives three terms, which we estimate as
follows.
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The first term, when tested against ¢, is estimated using Proposition 1, part
(2)7 by

< Cn ey [18c¢llxy [lunll-
< On 22 | Auglln — 0,
whenever N > d + 1. The second line uses the bound (2.1) on wy,.

In the same spirit, the second term in (6.4) is estimated thanks to Proposition
1 part (3), by

<Cn ||<)OHYN ||un| fn”B
< Cn en i |lellva =0

B*

whenever N > d + 1. The second line uses the bounds at hand on u,, and f,.

Finally, the third term is upper-bounded by

! y y
<Ce, /R2d dzdy [1dt |un (x+€n§) | un (x—ani) |

’y @(m,y)‘ |DmV (x + tan%) |

1
< Cn en flunl3- / dt ( sup sup ()™ |y B, y)| [DaV (@ + teny/2) |
1

lz|<1 ¥

+ 3227 sup sup ()Y |y Gla,y)| [DaV (@ + teny/2) 1>7 (6.5)
>0 z€Cj vy

whenever N > d+ 1. Here we have used proposition 1, part (2). There remains
to estimate the two suprema on the right-hand-side of (6.5). On the one hand,
we clearly have

Sup sup N |y 8z, y)| | DV (2 + teny/2) |
z|< Yy

< C||DoV| g~ sup sup (y)N* |B(z,y)|
lz|<1 ¥

<C ||30||YN+1-

Also, using the assumed decay of D,V at infinity in = (see (1.12)), we may
estimate as in (5.8)

27 sup sup ()" [y G, )| [D.V (@ + tz0y/2)|

zeCj y
(x) -

<C supsup ()Nt — L x,

z€C; Y () (@ + tepy/2)ttr |<,0( y)‘

- - (x)

< C sup sup ()3 |P(x, X sup sup 2

zeCj vy <y> ‘(p( y)| zeC; vy <y> <‘T +t€ny/2>1+P
< C sup sup ()N |B(x, y)|

zeC; vy
<C ||90||YN+37
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as a direct inspection shows. Hence the third term appearing in (R, ) is
eventually estimated by

<Cneén ||<PHYN+3 njo)oo'
This ends the proof of Proposition 4. O

Proof of proposition 5

We take two cutoff functions O(§) and x(x) as in Proposition 5. For later con-
venience, we take some large parameter A > 0, and we decompose accordingly
the cutoff in frequency ©(€) into large and moderate frequencies, namely

0(8) = O4(8) + O3 (9),

where both functions ©% (¢) (i = 1,2) are smooth, non-negative, and they sat-
isfy:

supp O} C {21 < [¢] <2A},  supp O3 C {|¢] > A}

Associated with this decomposition, we write

w

w
102 xunllzz < [ (©4),, x unllzz + 11 (OF)C, X unlr2, (6.6)
and we start estimating separately each of the above terms.
First step: estimating || (@}\)g X Un L2
Roughly, this contribution is estimated thanks to the energy localisation already
stated in Proposition 4, as we show below.
To begin with, we express the norm || (©})
We write, using standard symbolic calculus

w .
. X Un||7. in terms of symbols.
n

x(@) (04)2 (01)! x(@) = (x(@)* (61)°). +0 (eale) ™).

as operators on L?(R%). Here the O (e, (x) ™) term denotes an operator whose
symbol belongs to the class S ((z)~") for any N, and whose size is O(e,,) in
each of these classes. As a consequence, we may write:

1(O3)- xunllze = (x (OX). (ON). X un, un)
= < (x(x)2 (@k)Q)i Un, un> +0(en)
= (x(2)? (O4(9))" ) + Olen). (6.7)

Naturally, the second line uses the fact that

2
Uy, (T
/Rd '@&3' dz < O [[unll}- < i,

for any N > 1.
We now apply Proposition 4 to the right-hand-side of (6.7). To do so, we

first observe that the symbol x(x)? (6}\(5))2 clearly belongs to the class Yy
for any N, being essentially constant at infinity in z, and C2° in &. This is
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actually the reason why we have put apart bounded frequencies, through the
decomposition © = ©} + ©% in (6.6). On top of that, the Laplacian of this

symbol, having the value (Azx(x)Q) (@}x(f))z, clearly belongs to the class Xy
for any N: it is actually C2° in both x and £. Last, we observe

€] > 2¢1 on supp O},
from which it follows:
€%+ V(2) = A| > 4c] — ¢ =3¢ >0 on supp O}. (6.8)

For this reason, we do have the following regularity/decay properties in z and
¢ for the symbol x(2)2 (©}(€))” /(€2 + V(z) — \):

M c YN for any N

E+V(x)—X
2
and : A, <W> € Xy, for any N.

Note the important distinction between the symbol (which does not decay in x),
and its second derivative (which has the good decay). Note also that the above
statement only requires V to be twice differentiable. This being observed, we
recover in this way, using Proposition 4:

(@) (OA(€)", ) = <W (6 + V(@) = A) fn)

= O(en + 1)
Eventually, we have established
1(O1)- X unl7z <C (en+1m), (6.9)

where C' > 0 is independent of n (but it does depend on A).

Second step: estimating || (@?\):}n X Unl2,

Let us now come to the analysis of the term involving ©%. We are here dealing
with unbounded frequencies, so that Proposition 4 is of no use. The alternative
idea is, essentially, to perform a standard energy estimate.

We test the Helmholtz equation (2.2) against

x(z) (€3). (83). x(x)un,
and start estimating. It gives at once
((83)2 x(@) (~e2Asun (@), (O3)2, X(x) un(a) )|
<[(©3) x(@) fa(@)]z2 | (BR), x() tn ()] 12
+en o | (O3)2, X() un(2)]72
+ (032 x(@) V(@) = Al un(@), (O3)2 x(@)un(@) )|
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As a consequence, standard symbolic calculus and the bounds at hand on f,
and u,, give,

[((©3)2 x(@) (2 A0un(2)) , (83)2 x(x) un())|
< C (e +en an) | (03)2 X(@) un(@)] 12

+ | (8)2 x(@) V(@) = A] (@), (03)" x(@un(@))|-  (6:10)
We now come to estimate, in (6.10), the term
((83)2 x(@) (~e2Asun (@), (O3)2 X(x) un(a))| (6.11)
from below, and the term
((83)2 x(@) V(@) = Al un(@), (63)” x(@)un(a))] (6.12)

from above.

First, we estimate the term involving V' (2)—\. This necessitates to commute
the truncation in frequency, (@%)Z}n, with the potential V', a function of limited
regularity. This cannot be done using standard symbolic calculus. For that
reason, we claim here that for any functions v and w in B*, the following
commutator estimate holds:

(022 Vo) - (©3)" V()] vla), ww))| < C e,

B* 'lUHB*.

(6.13)
Assuming for a while that (6.13) has been proved, we immediately deduce
((83)2 x(@) V(@) = A un(2), (63)” X(x) un(x))|

= (V@) = A (83)2 x(@) un(w), (63)” (@) un(x) )| + O(en)
<& 1(03)" x(@) unl@)[32 + Olen), (6.14)

where the constant ¢? is simply ||V (2) — A|| L~ (in particular it does not depend
upon A). To complete the proof of (6.14), there remains to prove (6.13). We
proceed as in the proof of Proposition 4:

([32)2 vie) - (©3)2 V@) v(@), w())
- (< [(1 ~03)! V() - (1-63)" V(x)} v(), w(w)>\
| L) v o)
(1-83) [V (z+eny) -V (r-en3)]
<Ce, /Rdd:vdy /lldt v (x+5ng) | |w* (x—sn%) |

’ (1 — é?\(y)) ’ |y| |DIV <x+t5n%) |
< Cep vl

w|

B* B*,
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where the last line uses exactly the same argument as in the proof of Proposition
4 (see eq. (6.5) and the estimates that follow). Note that the exchange between

©% and 1 — ©% in the commutator, is needed in order to have (1 — é?\(y))

fastly decaying in y (é% is the Fourier transform of ©%). Estimate (6.13),
hence (6.14), are proved.

Second, we turn to estimating (6.11) from below. Here, we need to commute
the Laplacian with the truncation y:

[((©3)2 (@) (~=2Asun(@)) , (O3)2 x() wn(2))|
> |((—2280) (83)! x(@) un(@). (63)” X(x) un(x))|

— fcommutator|

> A% (@i):’” X () un||22 — |commutator|. (6.15)

We are left with the task of estimating the commutator. An explicit computation
gives:

|commutator|
<C[(83)2 x(#) unlle
(nll (B3)2 Vux(@) nVaunllzz + 221 (B3) Arx(@) unlz2)
<C [ (3)2 x(@) unllrs
(0l (B3)2 Vax(e) enVatinllzs +22.)

Here we used the bounds at hand on u,, together with the fact that A,y has
support in an annulus whose big radius is bounded from above, and whose
small radius is bounded from below. Now the term involving ¢,V u,, is easily
bounded. Indeed, we know that | x(z) un| g+ < C, and the Helmholtz equation
(2.2) clearly implies

Ix(2) e Astnllz < C (lIx(@)fnl
<C (Ifnlls + llunlls-) < C.

B+ [ (V(z) = A) unl

B*)

Note that the function x here cuts off a small ball around the origin, so that
xf is bounded in B*. We stress at variance that the function f,, itself is not
bounded in this space, due to the diverging contribution of small annuli. Then,
a straightforward interpolation gives

Ix enVetn| - < C.
We deduce
[commutator| < C e, || (©3)" x(x) unl] 1 (6.16)
Eventually we have obtained
((83)2 x(@) (~e2Asun (@), (O3)2, X(x) un(a) )
> A [|(03) X(@) unllzz — Cen || (BF). X(®) un|p2- (6.17)
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Putting (6.10) (6.14), and (6.17) together, we infer
(A2 =) [ (03)" x(@) unllZe < Cen 1(O3)" X(@) tnlliz +C 2
Hence, taking A large enough, we eventually obtain:

1(03). x(@) unr2 < C ). (6.18)

Third step: conclusion

Estimates (6.9) and (6.18) give in (6.6):

102 X unllze < C (512 +m) -
Proposition 5 is proved. O

Proof of Proposition 6
The proof is essentially the same as that of Proposition 5, up to the following
changes. First, dealing here with bounded frequencies, we do not need to split
O into two terms (= bounded frequencies + unbounded ones). Second, the
estimate from below (6.8) simply has to be replaced by

& 3¢

€+ V() = A > 5 — 2= 0, on supp® N suppx.

O

7 Building up an escape function at infinity: the
sequence {u,} has no mass at infinity
In this step we prove the sequence {u,} is small at infinity in the = variable,

when measured in the B* norm.
More precisely, the main result of this section is the

Proposition 7. There exist a large integer J and a constant C' such that

The proof of (7.1) is done upon introducing an appropriate “escape function
at infinity”, denoted a; below. This part of our argument is the core of the proof.
It gives an independent information on the mass carried by u,, at infinity.

Our function a;(x,&), which is precisely defined below, essentially is

§
|

un(z) 1[|z| > 27] HB < C (0 + /En + 1) — 0. (7.1)

n—oo

~ |%| . E + corrector.
It measures the speed at which the solid angles z/|x| and £/|¢| tend to become
parallel for large times, along the Hamiltonian flow of H(z,£) = €2 + V(x) — A
(think of the simple case V' = 0). Our proof needs this speed to be as large
as possible. The idea of introducing such a function is borrowed from [J]. The
corrector term is crucial, for two reasons. First, the speed at which «/|z| and

ay(x,§)
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&/|€| align, tends to zero along the Hamitonian flow of H(z, §), i.e. as z/|x|-£/[¢]
tends to +1. Hence we really need to estimate the corrector accurately. Second,
this additional term is entirely taylored to the (optimal) B* estimate we aim at
proving.

Needless to say, this escape function is very much related with the Morawetz-
like multiplier

ﬁlﬂx\ > R] -V, + corrector
x

used in [PV1]. Also, it is certainly related with the more standard multiplier
x -V, 4+ d/2 used in the Mourre theory for Schrédinger operators.

Before coming to the proof of Proposition 7, we now define the function a
that lies at the core of our proof. In order to precisely define our escape function,
we first need to introduce some cut-offs, and a dyadic partition, as follows.

First, we take some non-negative, C2°, and radial cut-off function v satisfy-
ing

Y(x) = 0 whenever |z| > 1, (x) =1 whenever |z| < 1/2,
0 <¢(x) <1 for any z. (7.2)

Then, with the help of ¥ we build up a dyadic partition in the usual way. We
define the function ¢(x) = ¢ (z/2) — ¥(x). It obviously satisfies:

supp¢ C {1/2 < |z| <1}, ¢(x) > 0 for any z.

Associated with ¢, we define, for any j € Z, the ¢;’s as
x
pj(z) =9 (27) : (7.3)
Clearly, the ¢;’s build up a dyadic partition of unity: 1 = Z(bj (z). Finally,
jEz
associated with the ¢;’s, which truncate around each annulus {2771 < |z| < 27},

we define functions x; that truncate away from the ball of radius 271, as follows.
For any t > 0, we set

o= ([owas) /([ otras).

where we have identified the radial function ¢(x) with a function of one real
variable ¢ > 0, still denoted ¢(t) for convenience. Then, again identifying x(t)
and the radial function x(x) = x(|z|), we also set, for any j € Z

i) =x(57)- (7.4)

The x;’s clearly satisfy:
x;(z) =1 whenever |z| > 27, x;(x) =0 whenever |z| <2771,

Vax;(a) =277 W 6, ().

The functions ¢; and x; will be used below as cutoff functions in the space
variable x.
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Second, it turns out our argument requires a cutoff function in the angular
variable T - & = (x/|z]) - (£/|€]), together with a cutoff in frequency |£| as well.
To that aim, we take a non-negative, C2° function 65 satisfying (for some § > 0
small enough: see below):

O5(1)=1 when1 —§ <t <1494, 65(t)=0 when [t —1| > 26,
05(t) > 0 when t € [0,1]. (7.5)

The function 65 will serve as a cutoff in 7 - E Also, we take a non-negative,
radial, C$° function ©(€) such that

Ox(§) =1 when 1/A < |€] <A,
O(t) =0 when [£] <1/(2A) or ] > 2A. (7.6)
Here A > 0 is a parameter to be chosen later.

We claim the proof of Proposition 7 is based on the following estimate

Proposition 8. We use the previously defined notations (equations (7.2) to
(7.6)). The small parameter 6 > 0 and the large parameter A are fixed. Simi-
larly, we also pick up a small parameter v > 0 and a large integer J > 0. The
way all these parameters are chosen is made precise in the proof. Next, we pick
up an arbitrary sequence {B;};>s in I', such that

Vi>J, 0<B;<1, andz/é’jzl. (7.7)
j>J

Accordingly, we define the “escape functions at infinity”

as(2.8) i=7-E+7 Y Bx;(a) |07 8) — 0s(-7- )], (7.8)
j=J
by(z,€) = as(2,€) xs(2)* OA(E)>. (7.9)

Then, there is a constant C > 0, that depends on the choice of v, §, J, and
A, but does not depend on the chosen sequence {f3;}, such that the following
estimate holds true, for any (r,€&) € R?4:

{E4+V@)sbs > 5 [ 865w | xo@)? 0a©)? (7.10)

2] \ &5

Remark 13. As shown below, the escape function ay has good properties when
lz| > 2771 and |¢| > 1/A. In this picture, the function by simply is equal to
ay, conveniently extended outside the values |x| > 2771 and [£| > 1/A. For this
reason, both functions ay and by essentially measure the same phenomena, up
to the technically usefull fact that by is defined globally.

Remark 14. The proof of Proposition 8 actually gives more information. In-
deed, estimate (7.10) turns out to be true when £2 + V(z) is replaced by £2.
In these estimates indeed, the fact that DV (z) behaves like (x)~'=° at infin-
ity makes the contribution of V in {V(zx),as} or {V(x),bs} negligible, of size
().
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We begin with the easy proof of Proposition 8.

Proof of Proposition 8

First step

We first prove an estimate similar to (7.10), that involves the function ay,
namely:

{52 + V(J;),aJ} > gl Zﬁjgbj(x), whenever |£| > 1/A, |z| > 2771, (7.11)
i>J

In order to prove (7.11), we compute the Poisson bracket:

{€+V(@).as}

2||§;| (1= (@8 [1+73 8 x(@) [93@-2)%;(_@.3}
j=J
+ 2y ||i|| AN’ gc—jl ¢;(z) [95@.@ - 95(_3.@} (7.12)
j=J
@8

VaV(@) (149D 8 x(a) 0538 + 05(=2 - )]

jzJ

€]

Let us now estimate each term on the right-hand-side of (7.12). The last term

in (7.12) is negligible for |z| > 277! provided J is large enough. Indeed, its
absolute value is estimated by

c

< —

S

whenever |{| > 1/A > 0. Here C' > 0 does not depend on {f;}. The interesting
(dominant) terms are the two other contributions in (7.12). The first term in

@7 <0 @t

(7.12) is > 0 in any case. For |\§ |- 1| > § however, i.e. away from the critical
values E - = +1, one may improve this lower bound into
C

205@(1+Cv)2 ;
z ||

||
for some constant C' > 0 independent of {(3;}, whenever |{| > 1/A > 0. Sim-

ilarly, the second term is > 0 in any case. For ||§A x| — 1| < 4 however, and
under the requirement |z| > 277! one may improve this lower bound into

C

||

> Bios(x),

izJ

>0y |'f;| S Bi6i(x) 2

jzJ

for some C' > 0 independent of {3;}. Note this inequality requires ¢ small
enough. Putting together the three estimates above allows to estimate the
Poisson bracket in (7.12) as in the claimed lower-bound (7.11).

Second step

33



We now deduce (7.10) from (7.11). The basic observation is the following:

{E+V@.a 3} ={E+v@,a}d+{E+V@. 3} a

C 4 =~

> S m0, ) 3+ or (65) a

el \5=7 2 -
>0

where the last line uses the very value of a, as well as the inequality (7.11),
valid for |¢] > 1/A, |x| > 27. Next we deduce

{€+V@),bs} = {€+ V@), 3@ 0x (9 }
— {4+ V(@),0, 3@} 08 + {€2 + V(2),04 (&) } as xs(2)?

> [ 00 | @) 0x (67 + 0x(0) xi) (V0N V.V (@)
J>J
> |§| S" 865 | xa(@)? 04 (€)° — € OA(€) X5 () () * 7
J>J
C 2 2
Zm > Bid; | xa(x)? ©4(6)7,

J>J
provided J is large enough, independently of the sequence {3;}.
This ends the proof of Proposition 8. O

We now come to the delicate

Proof of Proposition 7
First step: preliminary reduction
Our strategy is the following. In order to establish the desired

||un(1:) 1[|I| 2 2J] HB* = S_1>1827j/2 ||Un||L2(Cj) njc:o 0, (713)
)=z
we prove
2 [un(@)]”
DB | bi(@) xG(z) o de — 0, (7.14)
i>J Rd |{E| n—oo

independently of the I* sequence {f3;}. Clearly, (7.14) implies (7.13).

In the sequel, we actually reduce the statement a bit. Indeed, Propositions
5 and 6 already assert that the sequence Y u, carries no mass, in L? norm,
for frequencies & above 2¢; > 0 or below cy/2 > 0, provided |z| > 277! > R,.
Hence, an easy estimate based on symbolic calculus and Propositions 5 and 6,
proves that (7.14) is implied by the weaker

w Un, (I) | 2

> [ 0@ ) O, ds — 0, (7.15)

=7 |x| n— 00
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independently of the I' sequence {f;}, whenever A is so large that 1/A < ¢o/2
and A > 2¢;, and J satisfies 2771 > R,.

With these reductions in mind, the remainder part of our proof is actually
devoted to establishing the estimate

©r1)", un()|
Zﬂj /]Rd (725](13) XJ+1(‘T)2 ’ . |JJ‘ dQJ S O (Oén + \/a+77n)7 (716)

JjzJ

for some constant C' independent of n and the 3;’s. Here, ©5_; is as the function
O4, with A replaced by A — 1, see (7.6). This piece of information is clearly
enough to establish (7.15), hence to conclude the proof of the Proposition.

Second step : combining the estimate in Proposition 8, with the Garding in-
equality of Proposition 2.
In essence, estimate (7.16) comes from applying the Garding inequality in Propo-
sition 2, to the inequality (7.10). This procedure indeed allows to control,
roughly,
2

[ (©0)? ()
>0 [ i@ s
R4 ||

jzJ

by

(({€+V @), bs))2 wnun) = ({E+V (@), bs} ).

One then concludes using the fact that u,, almost satisfies a transport equation
(Proposition 3), so that ({&2+ V(z), by}, ptn) is a small term. Let us detail
these rough statements.

In this step, we perform the above mentionned combination of the Garding
inequality , with Proposition 8. A basic difficulty is the following. Clearly,
inequality (7.10) involves (amongst others) symbols that belong to the class
S({z)~1). This class is critical for our purposes. Recall indeed that the quantity

dx |u, (2)|?/{z) is not controlled by the B* norm of u,: only weights that

decay slightly faster than 1/|z| at infinity are allowed. For this reason, one
cannot directly apply the Garding inequality, and an indirect path is needed.

Let us come to the technical details.

First, we start from estimate (7.10) with &2 + V(x) replaced by &2 (see
Remark 14), namely

C
{ens} = [ X oo | det (7.17)
e

and the symbols appearing in (7.17) belong to the class S({z)~!). As a conse-
quence, the difference between both sides of the above inequality may be written
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as a squared, up to reducing the value of the constant C. Quantitatively, there
exists a symbol b(z, &) belonging to the class S((x)~'/?) such that

{ewm)-o 3 04t0) | | rxonle)? Ora(67

= 0(,€)* xs41(2)? ©r-1(6)*. (7.18)

Note the slight reduction consisting in the replacement of x; by xj+1, and ©x
by ©a_1, in order to avoid taking the square root of symbols close to the set
where they vanish. Note also that b certainly depends upon the 3;’s, yet its
norm in the class S((x)~1/2) is bounded, uniformly with respect to the 3;’s.

Second, Weyl-quantizing relation (7.18) and testing against the function u,,
we recover

< ({5275J} Xo11(z)? ®A—1(§)2)

:c< > 5

Jj=J

w

Unp, un>
En
w

XJ+1(I)2 @A—l(f)z Un, un>

En

+ { (b, )% x41(2)? OA-1(€)%)2 tn, ) (7.19)

oj(z)
||

On top of that, the term involving b(z, §) in (7.19) is easily bounded from below.
Indeed, using standard symbolic calculus, we observe

( (@& xo12(0)? Oa-1(8)2])” nyun)
= (@) xo+1(@) Ox-1 ()12, wn, [b(2,€) xs51(2) Oa-1(E)]2, un )

+< (O (En<m>_3/2)>:; Up, un>

Here the O (e,(z)~%/?) denotes some symbol in the class S ((z)~%/2), and of
size O(e,,) in this class, uniformly with respect to the 8;’s. This implies

w

(b ©)% xs1(2)? Or1(€)2)" i, )
- H [b(2,€) Xo11(x) Or_1(]” up 2L +< [0 (sn<x>—3/z)}i w, un>

>_Cep, / (2) 732 |up (2)|? dz
Rd

uniformly with respect to the ;’s. The last line uses the information ||u, | g~ =
1. Note that the squared term in (7.20) may be unbounded, because it only
carries the critical weight (z)~!. We are able to discard it because it has the
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good sign. Similarly, standard symbolic calculus also allows to write

> B b b

n

= <Zj|f|]¢] X?I+1 (®A71)§’n Un (9A71):Jn “n> +O(en)

2
, O un(@)]
=> 5 / ®j XT+1 + O(en) (7.21)
J R4 ‘Z|
Summarizing, we have established at this stage the estimate
< ({52,b.z} Xr41(z)? ®A71(f)2>5 Un, un>
2
[ (@12, un(@)]
>C ) B /Rd b5 X741 2] —Ce,. (7.22)
J

Third, we may estimate from below the term involving {V,b;} in the similar
way. Indeed, at the level of symbols, we have

{Va bJ} X2J+1 @?\—1 > _C<$>_1_p X?}+1 @3\—1- (7.23)

Hence, upon Weyl-quantizing (7.23), and using the Garding inequality of Propo-
sition 2, which is licit thanks to the assumed decay/smoothness of the potential
V', we recover

< ({V(x),bJ} Xo+1(2)? @A_l(g)z)w Un, Un>

En

w

> —C (1) P X341 O310)Y (@) un) — C VB
w 2
2 |(@A*1Lm u"|
Z_C ‘/]RdXJ+1<‘I>—1+pde_C\/En, (724)
where the last inequality uses standard symbolic calculus again.
Fourth, we put together (7.22) and (7.24). This gives eventually, possibly
taking a larger value of J,

< ({52 + V(z)abJ} Xo+1(z)? @A—l(f)Q)

w
unaun>

’ 2

En

A1)z, Un(T)

©
Z C zj:ﬂj /l;d ¢jX?f+1 ‘CL’|

C 2 |(®A‘1):;u”|2d c 7.25
mO fu o e O Ve (7.25)

This is the final estimate of the present step.

Third step : estimating from above the left-hand-side of (7.25).
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In this step, we prove the left-hand-side of (7.25) goes to zero as n goes to
infinity.

First, we write the obvious

< [{52 + V(x),bJ} YJ41(2)? @A—1(§)2lun Un, un>

= <{£2 +V(@),bs} X4 (@) Oa1(9)%, un> (7.26)

We next start taking back the product x3,, ©3_, inside the Poisson bracket.

Second, at the level of symbols, we readily have the commutator inequality
{€+V@),bs} xona@)? = {&+ V(@) by xo1(@)?}

4|’£|XJ+1;¢J+1 o~
= T 9ir ([f'x]bJ> <0,

and we note that the symbols involved here are C2° in the & variable, and they
behave like O({(z)~°°) at infinity in z. As a consequence, these symbols certainly
belong to the class X for any N, as well as all their derivatives. This allows
to use the Garding inequality derived in Proposition 2, and to write in (7.26)

<{52 +V(@),bs | Xr41(@)? Or-1(©)%, un>

< <{52 V(@) X1 (@) | Oa-1(° un> +O(VEn).  (127)

Third, and similarly, we now take ©®,_; back in the Poisson bracket. We
write, at the level of symbols, the commutator estimate:

{€+V(@),bs xon(@)?} 02-1(8)* = {€ +V(@),bs xs11(2)? ©2-1()?}

<C{(z) P xusi(@)? Oa—1(8).

Here, all symbols clearly belong to the class X for any N. Using again the
version of the Garding inequality derived in Proposition 2, we recover in (7.27)

<{§2 +V(x),bs XJ+1($)2} Or-1(8)?, Mn>

< <{§2 V(@) by X1 (@) 0a-1(8)%} i

X7+1(2)? [(@12;;1)5; un] () (@ dz + O(\/e). (7.28)

+C

Rd
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The last line uses standard symbolic calculus again. Yet the transport equation

(Proposition 3, estimate (5.1)) readily allows to estimate the first term on the
right-hand-side of (7.28) as

|<{£2 +V(@),bs Xr41(@)? Oa1(9)%) un>

On the more, using Propositions 5 and 6, we may estimate the second term on
the right-hand-side of (7.28) as

/ Xr1()? [(Oa-1) un] (x) ufy(z)
R

<C (on+en+mm)  (7:29)

n

@ “

:/ Xs41(2)? [ (Oa—1)2 un|* ()
Rd

(z)1+p du
ot (@) (0402 wa] (@) [(1=©a-1)?, u]" (@)
+/Rd (z)1+p de
(@) | (©a-1)2 un|*(@)
/Rd XJ+1 ‘ <x>/;+; ‘ dz 4 O (Ve + 1) (7.30)

and the last O (,/En + nn) comes from the fact that the function 1 — ©,_; has

support away from resonant frequencies £€2 = A\ — V(x), provided A is large
enough.

Fourth, putting together (7.27), (7.28), (7.29), and (7.30), we recover

|< [{52 + V(I)»bJ} XJ+1(I)2 @A_l(g)z}w Un, Un>|

X1 (@)? [ (Oa-1)Y un|’(2)
=¢ /]Rd - }<x>?+/) | d +C (an + e +1m0) . (7.31)

Fourth step : conclusion.

Estimate (7.31) now gives in (7.25):

w 2

Xs+1(2)* [ (Oa-1), un|"(2)

< = .
<C » oy dz +C (an +v/En +1n)

Now, taking the supremum over all possible I' sequences {B;} as in (7.7), gives

sup 2792 |Ixs41 (Oa-1)? unllze(c))
)=

< Clxser ©Oa-1)L, unllpz(@y-1-+de) + C (on + En + 1)
<2 r sup2_j/2
j=J

X711 (Oa-1), unllrz(c;) +C (an + VEn +1m0)
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Hence, upon possibly taking an even larger value of J, we recover

sup 2792 |Ixs41 (Oa-1)Y unllzzic;) < C (an + Ve +mn)- (7.32)
‘77.

This ends the proof of (7.16).

Proposition 7 is now proved O

8 Using the transport equation: the sequence
{u,} has no mass away from the origin

The previous section establishes u,, has no mass “at infinity” in x. In this section
we use the transport equation satisfied by w, and the no-trapping assumption
to deduce that w,, has no mass on any bounded set away from the origin z = 0.
Again, the special treatment of the origin is made necessary because of the
very norms B and B*. Needless to say, the idea is to use the non-trapping
assumption, together with the invariance of p along the flow ®;, to infer that u
vanishes locally, from the fact that p vanishes at infinity.

Our main result in this paragraph is the

Proposition 9. Let 0 < rg < 11 < 00 be two arbitrary radii. Then the following
holds:

||un(x) 1ro < |z| < 7] |

— 0.
B* n—oo

In particular, for any test function p(x) € C(R?) whose support lies in ro <
|z| <71, one has (i, p) =0.

Proof of Proposition 9
Take a test function ¢(x) as in Proposition 9. It is enough to prove

lo(x) un(z)||Lz — 0.

To reduce the problem a bit, let ©(§) be a CS° function that cuts off large
frequencies &, i.e. such that ©(¢) = 0 when || > 3¢;, and ©(§) = 1 when
|€] < 2¢q, say. Energy localisation (and more precisely Proposition 5) readily
gives

(1 =0);, @) un(z)l|lz2 — 0.

En
On the other hand, standard symbolic calculus gives
182, ¢(@) un(2) 72 = (pn(x,€),0(6)* (2)*) + Olen)
o {6,066 o(x)?).
It is thus enough to prove (i, ©%¢?) = 0.
To reduce the problem further, let § > 0 be a small parameter to be chosen

later, and let x(x,&) be a function that cuts-off (z,&)’s away from the zero
energy, i.e. x(x,£) =0 when €2 +V(2) =\ >0, x(z,¢) = 1 when [€2+V (z) —
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Al < 6/2. Again, energy localisation (and more precisely Proposition 4) readily
gives

(1(2,6),0(6)% w(x)*) = (u(2,£),0(6)* p(2)* x(x,€)).

It is thus enough to prove (u(z,€),0(£)? o(z)? x(z,€)) = 0.

To do so, we use the fact that, from Proposition 3, the measure p is invariant
under the Hamiltonian flow ®; of H(z,£) = £2 + V(x) — A. Hence, for any time
t, we certainly have

(1(2,6),0(6)* v(2)* x(,8)) = (u(z, ), (0(6)* (2)* x(,8)) 0 D—y),
where the support of the function (6(€) ¢(z))? o ®_; is
Oy ({Jof <71, €] < 21, [€ + V() = A < 6}).

The idea is to use the non-trapping assumption to establish there is a (large)
time t,, such that

@y, ({la] <ri, [€] < 21, €+ V(2) — A <6}) C {|a] > 27} (8.1)

Clearly, (8.1) is enough to conclude since Proposition 7 allows to write under
these circumstances

(l(@,€),0(8)* p()*) = (u(x,€), (8(6)* ¢(2)* X(2,8)) 0 P, ) = 0.
Let us come to the proof of (8.1).

Non-trapping asserts that for any (z, &) satisfying €2 = A\ — V(x), there is a
time T'(x, ) such that for any t > T'(x, &) we have | X (¢, x,€)| > 227, Actually,
and as is well-known (see e.g. [DG]), non-trapping is an open property: there is
a 0 such that any (z, ) satisfying |2+ V () — \| < 6 verifies | X (¢, z,&)| — oo as
t — 0o. By compactness and continuous dependence of the flow upon the initial
data, there is hence a time Ty such that for any (z, £) satisfying |£24+V (z)—\| < §
together with |x| < r; and || < ¢1, one has | X (¢, x,¢)| > 22/, This ends the
proof of (8.1).

Proposition 9 is proved O

9 Using the Perthame and Vega multiplier: the
sequence {u,} has no mass at the origin

This section is devoted to proving the last piece of information that allows to
glue together the vanishing of u,, at infinity, away from the origin, and close to
the origin, and to conclude ||u,| g~ — 0. This gives the desired contradiction
(see section 2), and finishes the proof of our main Theorem.

Our main result in this section is the following

Proposition 10. Let rg > 0 be any positive radius. Then, the following holds:

[[n (@) 1[|2] < 7o] |

— 0.
B* n—oo
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Remark 15. The proof we give of Proposition 10 actually establishes the fol-
lowing stronger fact. If we are able to prove that, for some reason, |u, 1[|x| >
r]llgx — 0 as n — oo, whenever r > 0, then, necessarily, for any r > 0,
lun 1[J2] < 7]l|Bx — 0 as well.

In the present case, we already know from Propositions 7 and 9 that ||u,, 1[|x| >
r)|lgx — 0 as n — oo,

As already mentionned, the idea of proof is to use an estimate established
by Perthame and Vega, which relates the mass of u,, close to x = 0, with the
mass of u, away from x = 0. This together with the already established fact
that u,, vanishes away from the origin, gives the result.

Proof of Proposition 10
The proof is in several steps.

First step: an apriori estimate obtained from [PV1] - its consequences
A straightforward rescaling in estimate (3.7) page 346 of [PV1] gives, for any
R>0:
1 2 sd—1 / 2
= enVaun(x)|” dz + <), un(z)|” dogr(x)
7 I:I:\SR’ | SE m:R| |
1

+ A= V(@) + (z- V. V(2)_] |un(z)|” do
|lz|<R

<C/}h | |un () |m+c/|h [Junt |m (9.1)

2]

—|—/Rd (T V. V(z)), ’un(a:)|2dx—|—an /Rd |un(m)| |6nvxun(x)‘ dz,

for some constant C independent of n and R. We now start estimating all
terms on the right-hand-side of (9.1), except the one including the contribution
of (¥ -V,V(x)),, which we exploit later.

First, using the bounds (2.1) on f, and u,, we clearly have

[ 15 o] < €

which gives an estimate for the first term on the righ-hand-side of (9.1). Second,
a straightforward energy estimate in the Helmholtz equation (2.2) gives

on [ @ de < it [ |f@)] o) da

C 1y,
together with

IA

IN

/|5nvzun(x)|2dx < /|/\ V()| |un( )|2dx+/ | fu(@)| [tn(2)| da
Rd R4 R4
< C | |un@)| de+Cennn
Rd
< C’a;l M-
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This allows to estimate the last term on the righ-hand-side of (9.1) as

an/ |un(x)| |5nvxun(x)| dr < C ny,.
]Rd

Last, we may estimate the third term as in [PV1]:

[ Mool
Rd

||
1/2 1/2
(@) , 2
=N (2 [ Bl g 2 W) d
S L) (L et
1/2
<Cenim (igg;/xzr@n(m)fdor(w)) :

These three estimates give in (9.1), upon discarding the first term on the left-
hand-side:

d—l/ 2

. |un(@)|” dor(z)
R* Jizi=r

1

+ A= V(@) + (z- V.V (2)_] |un(z)|” do
|z|<R

) 1/2
<Cnp+Cup (sup = / |un(w)|2d0r(w)>
|z|=r

r>0 ﬁ
+/Rd (T VoV (2), |un(@)|’ dr. (9.2)

Next, for n large enough, the estimate (9.2) allows to upper bound the term
sup,~q (€2/r%...) upon estimating the right-hand-side with the help of the left-
hand-side. Indeed, taking the supremum over R of the left-hand-side, exploiting
the information lim,, . 7, = 0, and using the fact that

1
7 @] dr < C ullh < C
lz|<R
/ (T-VV(z)), |un(x)’2 de < C (z)~t=r ’un(x)|2dx <C,
R Rd
we easily deduce from (9.2) the estimate:
2
sup 6’; |un(x)|2dcrr(ac) <C.

r>0 T |z|=r
As a consequence, we are now able to transform the estimate (9.2) into the
simpler:

1

7 A=V(z)+ (z-V,V(2))_] |un(9L‘)|2 dz
l2|<R

<Cnp+ /IR @ VoV(@), |un(@))?de.  (9.3)
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This is the key a priori estimate we needed.

Second step: the right-hand-side of (9.8) vanishes as n — oo

To prove that the right-hand-side of (9.3) vanishes asymptotically, we split the
integral on the right-hand-side of (9.3) according to the distinction |z| > 27,
2770 < |z| < 27 and |z| < 2770, Here, the (large positive) integer J is as in
Proposition 7, (large positive) integer jo is to be chosen later. More precisely,
we write:

~ 2 ~ 2
/]Rd (T - V. V(x)), |un(w)’ = /Rd [@- VJEV(QC)]Jr ’un(x)|
O (@) + 1= X (@)] X —jo (2) + [1 = x—jo (2)]) -
First, Proposition 7 allows to estimate the contribution of large values of z:
. 2
/Rd xs(z) [Z- V:,CV(JU)]+ |un(m)| dx
2
|un ()]
< —_ .
s¢ Rd XJ($> <I>1+P n—00

Second, the contribution of moderate values of x is estimated using the fact that
the measure p vanishes everywhere (Proposition 9). Indeed, for any given value
of jo, we have

L= 32, @) @ V.V @), funo)f do

— (1= x)(@) x2j,(2) (@ VaV(x)), p(z,€)dedé = 0.

n—oo R2d

To be precise, this step uses the fact that the measure p has compact support
in £&. Last, using the mere boundedness of V.V close to the origin, we may
estimate the contribution of small values of = in the natural way:

~ 2
| 0= @) TV @ o) da
2
<C / v |un(@)]" do = C Z ||Un||:£2(cj)
|| <2-Jo+2 i< Tase

<Clunlpe DY 2
J<jo+2
< (C 27,

These three estimates clearly imply

/ (@ VaV(@), (o) — 0.
R n— o0

As a consequence, the upper-bound (9.3) finally gives

% A=V(z)+ (z-V,V(z))_] ’un(aj)|2 dz e 0. (9.4)
z|<R

Third step: conclusion
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We now exploit (9.4) to obtain the Proposition. To do so, we use the fact that
A—V(0) >0, and V is continuous .

Hence, for jo large enough, and some C' > 0 independent of n, we have the
following lower bound, valid for any R < 27J°:

1 C
- A=V(z)+ (z-V,V(z))_] ’un(ac)|2dx > — |un(m)|2dx
R Jiz1<r R Jiz1<r
This together with (9.4) finally gives
1
sup — |un(ac)‘2d:c — 0,
R<2J0 R |z|<R n—oo
or, in other words
sup 2792 |lup|p2(c;) — 0.
J<—=jo n—oo
The Proposition is proved. O
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