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Adiabatic evolution of 1D shape resonances: an artificial
interface conditions approach.

A. Faraj*, A. Mantile*, F. Nier*

Abstract

Artificial interface conditions parametrized by a complex number 6y are introduced for
1D-Schrodinger operators. When this complex parameter equals the parameter 6 € iR of the
complex deformation which unveils the shape resonances, the Hamiltonian becomes dissipative.
This makes possible an adiabatic theory for the time evolution of resonant states for arbitrarily
large time scales. The effect of the artificial interface conditions on the important stationary
quantities involved in quantum transport models is also checked to be as small as wanted, in
the polynomial scale (hN)NeN as h — 0, according to 6.

1 Introduction

The adiabatic evolution of resonances is an old problem which has received various answers in the
last twenty years. The most effective results where obtained by remaining on the real spectrum
and by considering the evolution of quasi-resonant states (see for example [i§ [BJ[[l]). Motivated
by nonlinear problems coming from the modelling of quantum electronic transport, we reconsider
this problem and propose a new approach which rely on a modification of the initial kinetic en-
ergy operator —h2A into thAZO where 6y parametrizes artificial interface conditions. With this
analysis, we aim at developing reduced models for the nonlinear dynamics of transverse quantum
transport in resonant tunneling diodes or possibly more complex structures. A functional frame-
work for such a model has been proposed in @] and implements a dynamically nonlinear version of
the Landauer-Biittiker approach based on Mourre’s theory and Sigal-Soffer propagation estimates
(see [ILd] and [[L3] for an alternative presentation of the stationary problem). The derivation of
reduced models for the steady state problem has been developed in [@] [@] [@] on the basis of
Helffer-Sjostrand analysis of resonances in [B0]. This asymptotic model elucidated the influence of
the geometry of the potential on the feasibility of hysteresis phenomena already studied in [@][ .
Numerical applications have been carried out in realistic Ga — As or Si — SiO4 structure in |

and [[Lg], showing a good agreement with previous numerical simulations in [[7 or [&] and finally
predicting the possibility of exotic bifurcation diagrams. From the modelling point of view a diffi-
culty comes from the phase-space description of the tunnel effect which can be summarized with
the importance in the asymptotic nonlinear system of the asymptotic value of the branching ratio

(Wl (+k,.), @12

t; = li 1.1
A 4hkTT (1.1)
In the above formula z;‘ = E]h — il";-‘ is a resonance for the Hamiltonian H" = —h2A+V — W" with

a semiclassical island V and a quantum well W, 1ﬁ_ (£k,.) are the generalized eigenfunctions for
the filled well Hamiltonian H" = —h2A + V with a momentum +k such that k2 ~ EJh and <I>§‘ is
the j-th eigenfunction of the Dirichlet Hamiltonian H f) = —h2A +V —WP" on some finite interval
(a,b). The imaginary part of the resonance is given by the Fermi Golden rule proved in [R1]
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where the interaction with the continuous spectrum leading to a resonance contains two contribu-
tions from the left-hand side with +k and from the right-hand side with —k.

Our purpose is the derivation of reduced models for the dynamics of quantum nonlinear systems

like it has been done in the stationary case in [20][R1][{d] with the following motto: The (nonlinear)
phenomena are governed by a finite number of resonant states. As this was already explained in
[@], such a remark dictates the scaling of the potential which leads to the small parameter analysis
and in the end to effective reduced models even when h ~ 0.1 or 0.3 (see [L]]).
For the dynamical problem, the time evolution of resonant states have to be considered possibly
with a time-dependent potential. And it is known that this is a rather subtle point. Quantum
resonances follow almost but not exactly the general intuition (see [f3J]) and remain an inexhaustible
playground for mathematical analysis. For example, the exponential decay law is an approximation
which has a physical interpretation in terms of the evolution of quasi-resonant states (truncated
resonant states which lie on the real L2?-space) and writes as

it itEs  —1T
efth 1/}qr,j —_ efztE]e tF”/}qr,j +R(t),

where the remainder term R(t) is small only in the range of times scaled as FL A very accurate
J

analysis of this has been done in R7[F1[FIBIBABY and adiabatic results for slowly varying
potentials and for quasi-resonant states have been obtained in [[i§(see also [60] and [f] in a similar
spirit) on this range of time-scales. On the other side the relation

— h — . — .
e itH (G)wj —e ztE']e trjwj

holds without remainder terms when # € iR, parametrizes a complex deformation of H" according
to the general approach to resonances (see [B][Ld][B1][RI[BARY)). However, and this is well known
within the analysis of resonances, the deformed generator i H"(6) is not maximal accretive although

its spectrum lies in {Re z > 0} and no uniform estimates are available on e~H"(®) . One of the
two next strategies have to be chosen:

e Stay on the real space with quasi-resonant states, with uniform estimates of the semigroups,
groups or dynamical systems (they are unitary) but with remainder term which can be
neglected only on some parameter dependent range of time.

e Consider the complex deformed situation and try to solve or bypass the defect of accretivity.

Because the remainder terms seemed hard to handle within the original nonlinear problem and
also because there may be multiple time scales to handle, due to the nonlinearity or due to several
resonances involved in the nonlinear process, we chose the second one.

In a one dimensional problem the simplest approach is the complex dilation method according
to [E] [@] [E] Since the possibly nonlinear potential with a compact support has a limited regularity
inside the interval (a,b), this deformation is done only outside this interval following an approach
already presented in @] The dilation is defined according to

e2ip(ef(x —b)+b), =>b
es (e (x —a) +a), =<a,
and finally handled with € € ¢{R . The conjugated Laplacian is
Up(—h*A)U,; = —h?e 2 m@n(®A |
with the domain made of functions u € H2(R \ {a,b}) with the interface conditions
e 3u(bt) =u(d™); e Fu'(bt) =u/(b7)

w(a™) =u(a®); e 2u/(a”)=u(at).



This can be viewed as a singular version of the black-box formalism of [f§]. Additionally to the
fact that this singular deformation is convenient for the original model with potential barriers
presented with a discontinuous potential and with a nonlinear part inside (a,b), the obstruction
to the accretivity of Up(—h2A)U, ! is concentrated in two boundary terms at x = a and = = b in

bt —ﬁ)}

Re (u, iUg(—h*A)U; "u)r2(r) = Re [ihQ(ﬂu’)‘a,(e_Q‘g —e

+ h2e2Re fgin(2Im 9)/ |u'|* de.  (1.5)

R\[a,b]
Our strategy then relies on the introduction of artificial interface conditions parametrized with 6
which modify the operator —h?A. The parameter 6 is then chosen so that the above boundary
term vanishes when 6 = 6y = i7. The modified and deformed Hamiltonian H}! _, (6 = i7) then

—itHir(iT) or for the

generates a contraction semigroup and uniform estimates are available for e
dynamical system (U"(¢,s));>s for time-dependent potentials.

Hopefully this modification has a little effect on the Hamiltonian H” = —h2A +V — W" and all
the quantities involved in the nonlinear problem, with explicit estimates with respect to 8y and h.
Indeed all the quantities and even the exponentially small ones like I'; or the ones appearing in
the branching ratio (m) experiment small relative variation with respect to #y when 0y = ih™N°
with Ny > 5.

In comparison with the modelling of artificial dissipative boundary conditions in [T [L3][L3] [[4], our
approach has the advantage of remaining close to the initial quantum model. Such a comparison
is valuable and ensures the validity of numerical applications when the non-linear bifurcation
phenomena are very sensitive to small variations of the data.

Once the above comparison is done, it is checked that adiabatic evolution for a slowly varying
potential or equivalently for the e-dependent Cauchy problem

ieOu = H(SLO (0o, )u, ut—o = ug,

with some exponentially large time scale % = e%, is adapted from the general approach for the
adiabatic evolution of bound states of self-adjoint generators in [{][E[B4).

Adiabatic dynamics have already been considered within the modelling of out-of-equilibrium quan-
tum transport in [@] [E] [E] playing with the continuous spectrum with self-adjoint techniques. Only
partial results are known with non self-adjoint generators: in [@] only small time results are valid
for resonances, in [@] bounded generators are considered and in [@] a general scheme for the
the higher order construction of the adapted projector is done but without time propagation es-
timates. In [@]7 A. Joye considered a general time-adiabatic evolution for semigroups in Banach
spaces under a fixed gap condition and with analyticity assumptions: The exponential growth of
the dynamical system ||S.(¢,0)|| < e is compensated by the O(e™£) error of the adiabatic ap-
proximation under analyticity assumptions (see [EJ[B4]) and lead to a total error O(%) which
is small when ¢ < ¢/C. Our adaptation combines the uniform estimates due to the accretivity
of the modified and deformed Hamiltonian with the accurate resolvent estimate provided by the
accurate comparison with self-adjoint problems (shape resonances result from the coupling of some
Dirichlet eigenvalues with a continuous spectrum). Although, the error associated with the adia-
batic evolution is estimated at the first order as an O(¢'~?), with § > 0 as small as wanted, it is
necessary to reconsider the higher-order method in [[3] or [B4], because we work with small gaps
(vanishing as h — 0) and with non self-adjoint operators. Finally note that the exponential time
scale is not necessarily related with the imaginary parts of resonances and several resonant states
with various life-time scales are taken into account in our application.

The outline of the article is the following.

e The artificial interface conditions parametrized by 6y are introduced in Section E With
these new interface conditions —A is transformed into a non self-adjoint operator conjugated
with —A, W(6)(—=A)W (6p)~! with W () = Id 12 +O(fy). The case with a potential is
illustrated with numerical computations.



e The functional analysis of the complex deformation parametrized with 6 is done in Section E
After introducing a Krein formula associated with the (6y, #)-dependent interface conditions,
it mimics the standard approach to resonances summarized in [@] [@] but things have to be
reconsidered for we start from an already non self-adjoint operator when 6y # 0. Assumptions
on the time-dependent variations of the potential which ensure the well-posedness of the
dynamical systems are specified in the end of this section.

e The small parameter problem modelling quantum wells in a semiclassical island is introduced
in Section E Accurate exponential decay estimates are presented for the spectral problems

reduced to (a,b) making use of the fact that our operators are proportional to —h?A outside
[a,0].

e The Grushin problem leading to an accurate theory of resonances is presented in Section ﬂ
There it is checked that the imaginary parts of the resonances, which are exponentially small,
are little perturbed by the introduction of fp-dependent artificial conditions. The conclusion
of this section is that all the quantities involved in the Fermi Golden Rule ([.3) have little
relative variations with respect to g, even the exponentially small ones.

e Accurate parameter-dependent resolvent estimates for the whole space problem are done in
Section E Again the Krein formula for the resolvent associated with the (6o, 6)-dependent
interface conditions is especially useful.

e The adiabatic evolution of resonances is really introduced in []. After specifying all the
assumptions, the main result about this is stated in Theorem [7.1|

e The appendix contains various preliminary and sometimes well-known estimates, plus a vari-
ation of the general adiabatic theory concerned with non self-adjoint maximal accretive op-
erators in Section B

2 Artificial interface conditions

Modified Hamiltonians with artificial interface conditions are introduced. It is checked that the
effect of these artificial conditions parametrized by 6y € C is of order |fy| for all the quantities
associated with the free Schrodinger Hamiltonian —h2A on the whole line. Instead of pursuing
this analysis for general Schrédinger operators —h?A + V we simply give a numerical evidence of
this stability with respect 6 .

2.1 The modified Laplacian

We consider a class of singular perturbations of the 1-D Laplacian, defined through non self-adjoint
boundary conditions in the extrema of a bounded interval. For 6y € C and a,b € R, with a < b
and b — a = L, the Hamiltonian H&O is defined by

ml
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by — e H2(R\ {a.b)) - u(b”); e 20w/ (b%) = o/ (b7)
D(H%O){ € H*(R\ { ,b})-l 0 } (2.1)

(a®); em3%u/(a”) = u/(a”)
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B, 1292
Hg gu= —h?0z,

where u(zT) and u(z~) respectively denote the right and the left limits of w in x, while the
notation v’ is used for the first derivative. When || is small, the analysis of H(SLO’O follows by a
direct comparison with H(])L,o (coinciding with the usual Laplacian: —h?Ag). To fix this point, let
us introduce the intertwining operator Wpy, defined through the integral kernel

oo ; dk
Wop(w.y) = [ - (ka)e B0

— 00

(2.2)



with ¢_(k, z) denoting the generalized eigenfunctions associated with our model. These are de-
scribed by the plane wave solutions to the equation

(Hg o — k*) —(k,") =0. (2.3)
For k£ > 0, one has
e + R(k)e e, r<a
Lo too)(K) ¥ (k,2) = A(k)ein®™ + B(k)e™'n®, x € (a,b) (2.4)
T(k)etne, x>b.

Since ¢ (k, z) fulfills the boundary conditions in (@), the explicit expression of the coefficients

in (B4) are

c+(90)efi%L 07(90)627:%&61.%11
Alk) =200, Bl ="2""umm - 25)
—ifL —2ic c_ ik . .
T(k) = St (e (00)° — o (00)?2) . R(k) = —Heslfodec(00) c2ika gy, (EL) |
with: ¢4 (6p) = e? + ez c_(6y) = eF — 3% and
ikq —ikq . .
d(6p, k) = det c+(90)e£b c_(eo)e;zb = C+(90)2€_1%L - c_(GO)Qe’%L . (2.6)
c—(00)e'n®  cy(Bp)e'n
For k£ < 0, an analogous computation gives
T(k)eine, r<a
L—oo0) (k) - (k,2) = A(k)e'n® + B(k)e h*, z € (a,b) (2.7)
ein® 4 R(k)e e, x>b,
with - - U
A(k) = A(=k), B(k)=e""nee* v B(~k),
i = 4ikq 2ikL (28)
T(k)=T(-k), R(k)=e"n%e*rn"R(—k).
In what follows we adopt the simplified notation
_ [ A(k), k=0 _ [ B(k), k=0
e (k) (k)
T(k), k>0 | R(k), k>0
Tk, 60) = { k), k<o, FhG)= { R(k), k<0. (2.10)
Lemma 2.1. The operator Wy, defined by (E) verifies the expansion
Wa, — Id = O(|60]) (2.11)

i operator morm.

Proof: According to (24), (B-7) and to the definition (P.2), one can express the integral kernel
Wo, (z,y) as follows

too dk
W@o(‘ray) :/ ez%(z—y)_

oo 27h
+1@n(@) /_:O (A(k,00) — 1) ei%(l‘”% + Ligp () _:O B(k, eo)e—i%wy)%
+ 1(—o0.0)(2) /_OOO (T'(k,00) — 1) ei%(m_y)% + 1(b,400) () /0+°° (T(k,0p) — 1) ei%(l—y)%
+ 1o (?) /OOO Rl 00)e™ FH) e 1) /;oo Rk, )= ke 2



The previous expression is rewritten in terms of operators:

Woo — Id = 1400 F ' (A(k,00) — 1) F + 1144y PF " B(k, 00)F
+ 1o, F L(—o0,0) (T(k,00) = 1) F + Lt 100)F L0, 400) (T'(k,00) — 1) F

+ L b 400) PF (00,0 R(E, 00)F 4+ 1(—00,0) PF L0 100) R(K, 00) F
where F denotes the Fourier transform normalized as Fu( fR e ih Z@;}iﬁ, and P denotes
the parity operator: Pu(z) = u(—x).

Since the operators P, F, F~! and multiplication by the characteristic function of a set are
uniformly bounded with respect to 6y, we get:

[Wo,—Id|| < C (J|A(k, 00) — 1] o) + | B(k, 00)|| Lo m) + |1 T (K, 00) — 1] oo r) + [ R(K, 00) || Lo (r)) -

From (R.§), it is enough to estimate for k& > 0 the terms at the r.h.s of the inequality above to get
the L*°(R) bounds. Moreover, from the definition of the coefficients c¢_(6y), c+(0o) and d(6, k),
we have:

c_(60) = O(6o]), cx(B0) =2+ O(l6]), d(bo,k) =4e™ " +O(|6o]),

where the upper bound of O(|fy|) holds with a universal constant. The previous equation gives
|d(6o, k)| > 1 when |6p] is small enough, and using (R.5), this implies:

et (Bo)e” ¥ —d(00.B)|  jo(jay))

A== Jawe ) =
e (e (00)2 = - (80)) = (60, F)|  |2c_(80)2sin (E£)|  |0(160/?)|
Tk, fo)-1] = [0, 1) BT S I P S I
2¢_(60)] _ 10(60))
B a0 1 Jatoo, 1] = P
|2¢4 (B0)c—(00) sin (B52)| _ [(2+ O(|60]) O(100))]
Rk, Bo)l = Ok Gl = Ol
[

According to the result of Lemma R.1], for |6o| small enough, Wj, is invertible; in particular one
has
Wy, =1+ 0(6o]),  We' =140(6]). (2.12)

Then, it follows from the definition @) that Hé‘mO are H&O conjugated operators with
Hy o =W Hy (Wt (2.13)

This relation allows to discuss the spectral and the dynamical properties related to H, 3010 for small
values of the parameter 6.

Proposition 2.2. There exists ¢ > 0 such that: for any 6y with |0g| < ¢, the following property
holds:

1) The operator H&,o has only essential spectrum defined by oess (Héﬁ,,o) =R,.
2) The semigroup associated with Hé‘mO is uniformly bounded in time and the expansion

e~ tHsy0 = = itHio 1 O(|y]) (2.14)

holds uniformly in t € R.



Proof: 1) According to (P.13), one has
—1 -1
(Hgmo o Z) = W, (H&O o Z) Weol’

with Wi, , W,_! bounded in L?(R). This implies: o(H}} ;) = 0css(H{o) = Ry
2) Since Hél[),o are H(?,o conjugated by Wy, , we have

.z h . h
e~ oo 0 Wy, = W, e oo,
For |f| small, one can use the expansions (R.19) to write

™Moo = Wy, e oo Wyl = (14 O(|fo])) e ™0 (14 O(|60o]))

Recalling that HY, is self-adjoint (it coincides with the usual Laplacian), and (e_itngO) i is a
, te

unitar‘y group, one has
3 h o h
e 'LtHeg,U e wwHy o O(|90|)

O

Remark 2.3. It is worthwhile to notice that Hé‘o,o is not self-adjoint (excepting for 6y = 0) neither
accretive, since

Re <u,iH£07Ou> = h%Im { [a(a™)u'(a™) — a(b™)u' (b7)] (1 — 67%)} ; u € D(Hgo,o)

has not a fixed sign. Thus, it is not possible to use standard arguments to state that e~ o0 s g
contraction. Nevertheless, for small values of the parameter 6y, the result of Proposition @ allows
to control the operator morm of e~ G, 0 uniformly in time, and states that the time evolution
generated by Héﬁ,,o is close to the one associated with the usual Laplacian H(})l,o-

Spectral properties of Hamiltonians obtained as singular perturbations of H, 50,0 can be discussed
using standard results in spectral analysis adapted to this non self-adjoint case.

Lemma 2.4. Let ¥V = Vi + Vo, with V1 € L*((a,b)) and V2 a bounded measure supported in
U cC (a,b). Then: 0css (H(SLO,O +V) = Oess (Hélo,o)'

Proof: The proof follows from the first point of Corollary @ below in the case 6 = 0. O

2.2 Numerical computation of the time propagators for small |6,|

—itHy, —itHY

This part is devoted to the numerical comparison of the propagators e vV oand e 0.V where

V is a locally supported perturbation of Hé‘o,o with
Hp v =HE o+V, and Ve L®((a,b)).

Using discrete time dependent transparent boundary conditions for the Schrodinger equation, it
is possible to compute the propagator e~ "H3 v with a Crank-Nicolson scheme, see R3)[HEII[H.
To compute the propagator eiitHgo’V, the key point is to integrate the boundary conditions in
(@) in the resolution in a way which preserves the stability. This is performed by integrating the
boundary conditions in the finite difference discretization of the Laplacian at the points a and b.
To simplify the presentation, we suppose temporarily that the interface conditions occur only at
0. So we want to write a modified discretization of the operator j—; with the condition

{ ooy, o



For a given mesh size Az, we introduce the discretization of R: z; = jAz with j € Z. For j # 0,
the number u; will denote the approximation of u(x;), while ug will denote the approximation of
u(07) and ug will denote the approximation of u(0"). If the function u is regular on R*, we can
use the usual finite difference approximation

d? Uj—1 — 2Uj + Ujt1
— _ul) = , 2.16
(d:c2 ) ; Ax? ( )
for j ¢ {—1,0,1}. Due to the regularity constraint, this approximation is written correctly for
7 = —1, and respectively for 7 = 1, only when considering the continuous extension of the function
from the left, and respectively from the right, which leads to
d? U_o — 2U_1 + Ug d? u{f — 2u1 + us
—U = s —U = .
dz? ) Az? de? "/, Ax?

With the first relation in (R.13), the approximation at j = 1 is

d? e%’uo — 2uq + us

At j = 0, due to the possible discontinuity of a function u verifying ), we define v~ on R as a

regular continuation of u|(_ o). More precisely u~ € C*(R) is such that v~ = u on (—00,0) and
we get the following approximation at j = 0
d? u_1 — 2up + uy
— == 2.18
< dx? u> 0 Ax? (2.18)

This method corresponds to the introduction of a fictive point u; which allows to write the finite

difference approximation for j—; and to calculate u/(07) and «/(0%) in (R.1§) by using the same
points of the space grid

The resolution of the system above gives: u] = (1 — e~ %)ug + e~ 3%, and ) becomes

& u_1 — (1+e=")ug +e~2%u (2.19)
—U = . .
dz? ), Ax?

Therefore, from the boundary conditions in @), the scheme to compute the propagator e_itHgo’V

is obtained by using the modified Laplacian corresponding to the application of () and ()
at = a and = b. When 6 is small, the equations (2.17) and (R.19) approximate well the

- rrh
usual finite difference equation ()7 therefore the solution e~ “*¢0.v will be close to the solution

e~ itH, v as expected.

After the change of variable 2’ = 3% —1, where £ = *5%, the problem for e —itHj, v s the following
idu(t, ) = |~ 02 + ( )} ult, ), t>0,zeR\{-1,1}
e iu(t —17) = u(t, —17), g%Goazu(t, —17) = Ou(t,—17), t>0 (2.20)
e~ Zu(t, 1) = u(t, 1~ ), e~ 2009, u(t, 1) = dyu(t,17), t>0
U(Oax) :UI(‘T)’ r€R,

where V(z) = V((x+1)¢+a) and u; € C*(R) is the initial data. The resolution will be performed
on the bounded interval [—5,5] using homogeneous transparent boundary conditions valid when
suppu; CC (—5,5).

Set Ax = 1] and consider the uniform grid points z; = jAz for j € {-5J,...,5J}. Then using



(B-17) and (p-19), the Crank-Nicolson scheme for the modified Hamiltonian is obtained from the
Crank-Nicolson scheme in [E] [@] by replacing the usual discrete Laplacian by the modified discrete
Laplacian defined below

1 Uj—1 — (1 + e¢9°)uj + 6:':%90Uj+1, if j= +J

6
Ag,uj = N eiTouj,1 —2uj + Ujq1, if j=xJ+1
Uj—1 — 2Uj + Ujt1, else.
The discrete transparent boundary conditions at © = —5 and = = 5 are those used for e UHG v in

(B B3)-

For a given time step At and for 8y = iIm 6y, we present some comparison of the numerical
solution wuy to the system ()7 given at time t" = nAt by the scheme described above, with
the numerical solution u™ to the reference problem, computed by taking 6y = 0. In particular, the
numerical parameters are the following: ¢ =1, h = 0.03, J = 30, At = 0.8, and the comparison is
realized with the initial condition equal to the wave packet

(x — 20)?

uﬂz)@q)< -

+M@m0,

where 0 = 0.2, k = 82A—7rm and the center xg will be specified in each simulation.

Three simulations were performed corresponding to different values of the potential V' and of
the center xg. The first test was realized with V' = 0 and xg = —3. Although the comparison
presented here can be extented to more general potentials, the two other tests were realized in the

case where V' is a non trivial barrier potential
V =VWol(ap)

where V) = 0.8: for this potential one test was realized with an initial condition localized at the
left of (—1,1) by taking 2o = —3, and the second with an initial condition localized in (—1,1) by
taking xo = 0. The solution uy is represented, at different time ¢, next to the reference solution
u” in the Figures EI, E and E, for the fixed small value 6y = 0.09:. We remark that ug has the
same qualitative behaviour than the reference solution.

In the case V' = 0, the solution ug corresponds to an incoming function from the left which
goes near the domain (—1,1). When time grows, it crosses the interface points and leaves the
domain.

In the case of the barrier potential with xy = —3, the solution is splitted in two parts: a first
one which passes through the barrier; and a second one which is reflected and goes out of the
domain.

In the case of the barrier potential with zg = 0, it appears that the wave packet is splitted in
two outgoing parts: one which leaves the barrier on the left and the second on the right. The part
on the right is more important and goes out faster, it is due to the sign of the wave vector k.

In the three tests described above, although some oscillations occur when crossing the inter-
faces x = —1 and x = 1, the quantitative comparison gives also good results. In particular, we
represented in Figure @ the variation with respect to Im 6y of the maximum in time of the L?
relative difference: .

Uy —Uu
i, , (2.21)

Dy, = max 100

1<n<N [[ur|

where N = 400 is the number of time iterations. It shows that, for every case, the difference tends
to 0 when Im 6y tends to 0. Moreover, the graphic of Dy, is a line which validates the result
(B.14). We note also that the difference in the case of a barrier potential is smaller then in the
case V = 0. This may be due to the fact that the error coming from the interface conditions
is compensated by the exponential decay imposed by the barrier. Then, in the case of a barrier
potential, we note that the difference is more important when the initial condition is supported in

(—=1,1). It can be explained by the fact that the solution crosses the two interfaces, at z = —1 and
x = 1, whereas, when the solution comes from the left, only the interaction with the first interface
x = —1 is relevant, which is also a consequence of the exponential decay in the barrier.



=0 1=80

1 i i 1 I I
‘ ! R . | unl
08 _ _ _Re@w) H 08 bl H
| | ! ! -
. i - — Interface | i
06 0.6 — — Interface 4
I I I I
0.4 ! ! 1 ! !
I I I I
02 ! ! 1 p !
i i i
i i
-0.2 I I 1
i i
-0.4 i i R
i i
-0.6 | | 1
-0.8 [ ! ! -
a I I
a . . , I . I . . .
-5 -4 -3 -2 -1 0 1 2 3 4 5
x x
=160 =240
1 ‘un‘ 1
.
ug | il
08 -5 08 gl
06 — — Interface 06 — — Interface 4

Figure 1: Case V' = 0: modulus of the functions ug and u" at different time ¢ with zo = —3 and
0o = 0.09¢

=0 1=80
1 1
! ! Potential ! ! Potential
08 ; ] — 1y H 08 o H
__ _Rey) o1
--%
06 . H 06 H
Interface _ . Interface
04 1 04 ]
02 1 02 1
] |
h { 0
i i
-0.2 | | 1 -0.2 4
i i
-0.4 i i 1 -0.4 q
i i
-06 . . 1 -06 1
I I
-0.8 i i q -08 q
1 . . . | . | . . . o . . . .
5 -4 3 -2 -1 0 1 2 3 4 5 5 -4 2 3 4 s
x
12160 =240
1 1
! ! Potential ! ! Potential
08 —uw H 08 o
) _ gl
o o
06 H 06 H
N — — Interface - — Interface
04 1 04 1
02 1 02 1
—
-0.2 q -02 q
-0.4 1 0.4 ]
-06 1 -06 1
-0.8 q -08 q
a . . o . . . . . .
5 3 4 5 5 -4 3 -2 2 3 4 s

Figure 2: Case of a barrier potential: modulus of the functions ug and u™ at different time ¢ with
zo = —3 and 6y = 0.09¢

10



1=60

1 1
Potential Potential
08 Iy H 08 i i Wl
_ _ _Re() / R
06 — — Interface [] 0.6 °
— —Interface
04 04
0.2 0.2 / \
] |
0 h ;
i i
-0.2 02 : i
i i
-0.4 o4 i ‘
i i
-0.6 -06 | |
I I
-0.8 -08 i |
a . 1 | . | .
5 -4 -3 -2 2 3 4 5 5 4 -3 -2 -1 o0 1 2 3 4 5
x
1=120 12180
1 1
Potential ! ! ! ! Potential
i i
08 W ] 08 o
/ u|
| N Y
06 [\ 06 H
| -~ Interface
04| — — Interface / 04
02 [ 1 02f A\
h { 0
i i
-0.2 i i -02
i i
-0.4 1 | -04
i i
~06 . i -06
I I
08 ‘ ‘ -08
1 . | . | o .
5 -4 3 -2 -1 o0 1 2 3 4 5 5 -4 3 -2 3 4 s

Figure 3: Case of a barrier potential: modulus of the functions ug and u™ at different time ¢ with
o = 0 and 90 =0.09:¢

Difference with the reference solution

1.8 T T T
V=0, xo——3
1.6} _ _ _ Barrier potential, x0=—3
Barrier potential, x0=0
141 B
°
[a)
0 Il Il Il Il Il Il Il Il Il
0 0.01 0.02 003 004 0.05 006 0.07 0.08 0.09 0.1
Im(eo)

Figure 4: Variation with respect to Im 6 of the difference Dy, , defined in (-21]), in the case V = 0
with g = —3, and in the case of a barrier potential with zg = —3 and g =0

11



3 Exterior complex scaling and local perturbations

Spectral deformations of Schrédinger operators arising from complex dilations form a standard
tool to study resonances. This technique — originally developed by J.M. Combes and coauthors
in [J[L0 for the homogeneous scaling in L*(R"): Upp(z) = ez h(e?z) — allows to relate the
resonances of the Hamiltonian H = —A + V with the spectral points of a non self-adjoint operator
H(0) = UpHU, " with 6 € C. If the potential V is dilation analytic in the strip {6 € C | [Im | < o},
the poles of the meromorphic continuation of the resolvent (H — z)fl in the second Riemann sheet
are identified with the eigenvalues of H(6) placed in the cone spanned by the positive real axis
and the rotated half axis e”2*™%R,. We refer the reader to [@] for a summary and we recall
that many variations on this approach have been developed since, see [BIJ[B([i]] and [ for a
short comparison of these methods. In particular for potentials which can be complex deformed
only outside a compact region, the exterior complex scaling technique appeared first in [54] in the
singular version that we reconsider here. Meanwhile regular versions have been used in [Bl] and
extended with the so called “black box” formalism in [56].

In this section, we consider a particular class of exterior scaling maps, Uy, acting outside a
compact set in 1D and introducing sharp singularities in the domain of the corresponding deformed
Hamiltonians. Let us introduce the one-parameter family of exterior dilations

e f(x—b)+b, x>b
r— 4 x, z € (a,b) (3.1)
e%(x—a)+a, z<a.

For real values of the parameter 6, the related unitary transformation in L?*(R) is

e2ip(ef(x —b)+b), z>b
Uptp(z) = ¢(=), z € (a,b) (3.2)
etp(e(z —a)+a), z<a.

Local perturbations of Hy (0) are defined by
Hyg, 1(0) = Hg, 4(0) +V, (3.3)
with suppV C [a,b]. In what follows we will assume
V=V1+Vs, Vy€L®(a,b)), V2e M) with U CC (a,b). (3.4)
Under these assumptions,
D(Hyg: ,(0)) = {u € H*(R\{a,b,U})| (1 — x)u € D(H}, ,(0)), —h*u" +Vou € L*(U) } ,

where x € C§°((a,b)) and x(z) =1 for z € U.
In particular, since V; is a bounded measure, the domain D(H}, ,,(0)) is contained in H*(R\ {a, b}).
The conjugated operator

Hi, w(0) = UpHg, , (0)U7 " (35)

is defined on D(HJ! 1,(6)) = {u € L2(R) ‘ Uy u e D(Hp, ,,(0)) } The constraint Uy 'u € D(H, 1,(0))

compels the boundary conditions

e*%w“*e)u(b*) =u(b7); e’%w“*G)u’(b*) =u/(b7)
[ (3.6)

e 2000y (g7) = u(at); e 2@ty (a7) =/ (aT),
to hold for any u € D(Hgoﬁv(e)). Thus one has

D(Hg ,(0)) = {u € H*(R\{a,b,U}) N H'(R\ {a,b}) | B-6), —h*u” +Vou e L*(U)}. (3.7)

12



The action of Hgo,v(é’) is

Hj y(0)u = [hPn(@)d + V] u,  nlx) = e 2 men@) (3.8)

It is worthwhile to notice that this definition can be extended to complex values of 6. For 6 € C,
the Hamiltonian H, gmv(é’) identifies with a restriction of the operator Q(6)

{ D(Q(9)) = {u € H*R\{a,b,U}) N H'(R\ {a,b}) | —h?u" +Vou € L*(U) } , 59)

QO)u = [—h*n(z)d2 + V] u.

For particular choices of fy and @, the quantum evolution generated by the deformed model H, gO’V (9)
is described by contraction maps. To fix this point, let us consider the terms

Re <u, iHZ)ImV(H)u>L2(R); for u € D(HZ}U’V(H)), an explicit calculation gives

Re (u,iHj, (0)u) ., ) = Re {-m? (@w(a™)u'(a™) — a(b™)u' (7)) (6—29 - e—%(@+@o)e—%<9+90>)}
+ h2e 2Rl gin (21m9)/ /| da. (3.10)
R\(a,b)

For 0 = 0y = i7, with 7 € (0, g), the boundary terms disappear, and the r.h.s. of () is positive
Re (u, iH[ v(w)u>L2(R) = h? sin(27‘)/ l/|* dz > 0. (3.11)

' R\(a,b)
Lemma 3.1. Fort € (0, %), the operator zHZhTV(W) is the generator of a contraction semigroup.

Proof: As a consequence of (B.11)), iH. \,(iT) is accretive. Moreover, the propriety oes (H \,(i7)) =
e~%"R, in Corollary B.4 below, implies iAo € p(H. \,(i7)) for some Ao > 0 and (iH[ \,(iT) + Ao)
is surjective. Then, a standard characterization of semigroup generators ([@], Theorem X.48) leads

to the result. O

3.1 Krein formula and analyticity of the resolvent

In order to get an expression of the adjoint operator of H, go v(0), we introduce the following operator
with two-parameters boundary conditions

e‘%(@ﬁ-@)u(b-i-) = u(b™); e—%(@z+30)ul(b+) =/ (b7) }

DQ91,929 - UEDQG
( ( )) { ( ( ) e*%(eﬁe)u(a*) — u(a*); 67§(02+30)u/(a7) _ u/(a+)
(3.12)
oy, (O)u = [=h?n(@)0F + V], nz) = e 2T, (3.13)
where Q(6) is defined in (B.9)). Indeed, by direct computation
i) Qp, .0, (0) identifies with the original model Hélo,v(o) for the choice of parameters: 67 = 6y and

02 = 36,

Hg, v(0) = Qoy .30, (0), (3.14)
ii) the adjoint operator (Qg, ,(0))" is given by
(Q0,.0,(0))" = Q_g, _5,(0). (3.15)

Like Héloyv(ﬁ), the Hamiltonian Qg, ¢, (0) is a restriction of the operator Q(#). In this context, we
fix a boundary value triple {F?ZLQ, C*} with F? : D(Q(6)) — C*

—e 300 (b) 5 (b)
8 I FRR S I (3.16)
e"2%/(a”) I C)
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and (I'Y,T9) : D(Q(A)*) — C* x C* surjective. For all ¢, € D(Q(9)), these maps satisfy the
relation

(. QUO)9) 1) — (QOW. ) oy = (DT, The) | — (Th o) (3.17)

(for the definition of boundary triples and the construction of point interaction potentials in the
self adjoint case see 1] and [[f). Let A, B € C** be defined as

A6y, 05) = % <“(91’92) —a(—eg,—91)>’ B= (b b>, (3.18)

92
—e 2 0 0 1
a(91,92) = < 0 6921> 5 b= (1 0) 5 (319)
the boundary conditions in () are equivalent to
AT = BI1). (3.20)

Let HY p.y(0) denote the restriction of Q(6) corresponding to the boundary conditions: Iy =
0; this operator is explicitly given by

HYypoy(0) = 122N @ [—h2A(€’l’b) + V} ® —h2e AN L . (3.21)
Its spectrum is characterized as follows

o (Hip(0)) = e ¥R, Uo (m%@w + v) . (3.22)

It is possible to write (Qg, ,(0) — )" as the sum of (Hipy(0) — z)_l plus finite rank terms.
Such a representation will be further used to develop the spectral analysis of Hélo,v(e) where
our Krein-like formula will allow explicit resolvent estimates near the resonances. The space
N9 = Ker(Q(#) — z) is generated by the linear closure of the system {Ui,z}?zl where u; , are the
independent solutions to (Q(f) — z)u = 0. The exterior solutions to this problem, u; ., i = 1,4,
are explicitly given by

iz (=b) § Yz (—a)

u1,2(2) = 1 4o00)€ Uy, (1) = 1(—oo,a)€” (3.23)

where the square root branch cut is fixed with Im /- > 0. This assumption implies Im vze2! > 0
for all z € C\e=%mPR, . The interior solutions, u; ., i = 2, 3, can be defined through the following
boundary value problems

{ [—h25§ +V- z} uz » =0, in (a,b), { [—h28§ +V - z} us,, =0, in (a,b) ,

uz .(a) =0, uz .(b) =1, us »(a) =1, us »(b) =0,
(3.24)
with z € C\UP(H]’Q,QV(H)). Owing to the property of the interior Dirichlet realization in (a,b), the

solutions u; , are unique and locally H? near the boundary. We consider the maps: (-, z,6) =

‘(‘Lb)
-1

(Fi)‘/\/z,g) , with F§)|N2,9 denoting the restriction of I'{ onto N 4, and q(z,0,V) = T'97y(-, z,0).

These form holomorphic families of linear operators for z in a cut plane C\e~2!Im R, . Their matrix

form w.r.t. the standard basis {gj }j:1 of C* and the system {uw}?:l is: v (2,0) = ci(2,0)d;;

with

30 30
ez 1 1 ez
Cl(Z,Q)ZW, 62:7ﬁ, Cgiﬁ, C4(Z,9): h@’ (325)
and
ihe?
V2020
1 by (b) b (D)
2,0,V) = — 2,2 3.2 . 3.26
10V = 5 i) i@ (320
2
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Lemma 3.2. Let ¢ € L2(R) and j = 1,...,4; the relation
—1 o
T8 (Hipp(0) = 2) " ¢ = (1(€,:2.0),9) ey (3.27)
holds with 6 € C and z € p (HND v(@).

Proof: Let: f = (HJp ,(0) — z) ¢. This function is in D(H} 1, 1,(f)) so that:
Q(0)f = Hlp,(0)f and T{f = 0. The Lh.s of (B.27) writes as

08 (@) =) o] = (e T4))c

Since ¢; = F‘fv(gj, z,0), we have

0 (grh -1 ¢ 0 = 2\ 10
T8 (Hhow®) )" o] = (e 2.0, T47) , — (Th(e;.20), TiF)
= <’Y(§]a 2) 9)) Q(e)f>L2(R) - <Q(9)’Y(§Ja 2) 9)) f>L2(]R) .
By definition, y(e;, , 0) € N g and the r.h.s. writes as

<7(—j52 é) Q(e)f>L2(]R) - <Q(§)7(§]7 25 é) f>L2(]R) = <7(§j7 25 9_)5 (H]}%/D,V(e) - Z) f>L2(]R)

O
Proposition 3.3. The resolvent (Qp, g,(0) — z) ™" allows the representation
_ —1
(Q01,0.(0) = 2)"" = (Hip(6) — =)
4
—1 _ A
_ Z [(Bq(z, 6,V) —A) B} Y <’y(§j, z,0), '>L2(]R) (e, 2, 0), (3.28)

i,j=1
and one has: 0ess(Qg, 0,(0)) = Uess(HJ}\lfD,V(ﬁ)) = 2R,

Proof: Let us consider the r.h.s. of this formula: the operator (H]’\L,Dyv(é’) — z)_l is well defined for

z € (C\O’(H]}(}D7V(9)). The vectors y(e;, 2,0),i =1, ..., 4, are given b), (B.24)), (B.29), while the
3.24)

boundary values of uaz — appearing in the definition of the matrix ( — are well defined whenever

z € C\op(Hp p 1, (0)). Therefore, the r.hs. of (B.2§) makes sense for z € C\ {o(H}y; ,(0)) UTo}
where 7T is the (at most) discrete set, described by the transcendental equation

det (Bg(z,0,V) — A(61,02)) = 0. (3.29)

It is worthwhile to notice that C\ {c(H}% ), v(@)u To} is not empty. Let us introduce the map
R.(p) defined for ¢ € L*(R) by

¢ = (Hz}\LrD,v(o) - 2)71 2

W= i{quev )13}

,j=1
with ¢(z,0,V) given in (B.26) and » € p(HY v(@)\To. In what follows we show that:
Ro(¢) = (Qo,0:(0) —2)" " . Since H}yp 1,(0) C Q(0) and 7(g;, 2,0) € Ker(Q(0) — =), one has:

</7(Q]"2 é) >L2(R)7(€iaz39)a

ij

<.

(Hlipy(0) —2) " o, v(es 2,0) € D(Q(D)) .
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This implies R, () € D(Q(0)). To simplify the presentation, we will temporarily use the notation
qg=q(z,0,V). Being ¢ € D(H]’\L,DVV(H)), we have: I'{¢ = 0 and the following relation holds

(Bqg—MNTY (¢ — ) = — (BTYy(-, 2,0) — A) Ty = (—=BI'Y + ATY) v, (3.30)

where ¢ € N, g and
’7(3 Z, 9)F€|N2,9 =1

have been used. At the same time, the n-th component of the vector at the 1.h.s. can be expressed
as

=- Z [(Bg — M) T{v(e;,2.0)], {(Bq -7 B} (7(€5:2,0),0) agy -

ij
Recalling that ['{7(e;, z,0) = e;, we get
[(Bg=M)T1(6-¥)], =

4
=Y (Ba-A),; [(Ba- )" B] o €5:2:0),0) oy = =D Buy ((5:2,0),0) oy -
7,j=1 j=1

Taking into account the result of the Lemma @, this relation writes as
(Bg = M) (¢ — v) = —BI'%o. (3.31)

Combining (B:30) and (B.31), one has: —AT%y = BI'§ (¢ — v), and, adding the null term AT'{¢ at
the Lh.s.,
AT{R.(p) = BT3R. (),

which, according to (B.2(]), is the boundary condition characterizing Qg, 4,(6) as a restriction of
Q(0). Then we have: R,(y) € D (Qg,.9,(0)). Furthermore,

(Q1.0,(0) — 2) Ro(0) = (Q(0) — 2) Ro(0) = = (Q(O) — 2) ¥ = o, (3.32)

where (Q(0) — z)v(e;,2,0) = 0 has been used. This leads to the surjectivity of the operator
(Qo, .0,(0) — z) for any z € C\ {U(H]@Dy(@)) UTo}. The injectivity is obtained using the adjoint
of (Qp, 0,(0) — 2). Indeed, the equality (B.15) implies

(Q91,92 (9) - Z)* = (Q,g’%,él (g) - Z)a

which, from the result above, appears to be surjective for all z such that z € C\ {U(H]@Dy(é)) u 7~6},

where ’76 is the discrete set of the solutions to () when replacing: § = 0, §; = —0, and 0, = —6,.
As a consequence of (B.29), we have

zeo(Hypy(0) «zeo(Hypy(0)) .

It follows that for any z € C\ {o(H}p ,(0)) U T}, where T = Ty U {z st. zZ€ 7~6}, the operator
(Qp,.0,(8) — z) is surjective and

Ker (Qg,.0,(8) — 2) = [Ran (Qo, 0,(6) — 2)*]" = {0}.

Wet get that Vz € C\ {o(Hp 1, (0)) U T}, (Qo,.0,(0) — 2) is invertible and (Qg, 0, (0) — 2)"'=R,.

Moreover, for such a complex z, the difference R, — (H]}{,D,V(H) — z)fl is compact. Then, we
conclude that

Uess(Q91,92 (0)) = 0ess (H]}\LID,V(H)) = 6_29R+
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(for this point, we refer to [@, Sec. XIII1.4, Lemma 3 and the strong spectral mapping theorem),
and the equality () holds as an identity of meromorphic functions on C\ e~ 2R, . o
As a direct consequence of the previous proposition and the identification ), the represen-

tation of the resolvent (Hgmv(@) — z) is obtained by replacing the matrix A in (B.2§) by the
matrix A = A(6, 30p) where the matrix A(fy,65) is given in (B.1§). It follows that for the matrices

—em3t 0 1
1 —6970 1 0

B= , (3.33)

O =

the result below holds.

—1
Corollary 3.4. Let V and A, B be defined as in ([5.4) and (B-33)). The resolvent (H(SLO,V(G) - z)
allows the representation

(Hgo,V(e) - Z) = (HI%D,V(Q) - Z)

— Z {(Bq(z, 0,V)—A)~" B} <’}/(Qj, z,0), ->L2(R) (e, 2,0), (3.34)

ij

—1 —1

ij=1

and one has: JESS(H£07V(9)) = Uess(HJ}\lfD,V(G)) — e 2R,

The analyticity of the resolvent (HQO,V(H) — z) w.r.t. 6 is an important point in the theory

of resonances. The former is obtained in the next proposition as a consequence of the formula
(B-34), the latter is developed in the next section.

Proposition 3.5. Consider 6y € C, V fulfilling the conditions ([3.4), and let S, = {# € C | |Im 6| < a'}
for positive o < 5. Then, there exists an open subset O C {z € C |[Re z <0} such that V0 € S,,

—1
OcCp (HgO,V(G)). Moreover, Yz € O, the map: 6 — (Hgmv(@) - z) is a bounded operator-
valued analytic map on the strip S,,.

Before starting the proof, we note that this result implies that the 6 dependent family of
operators Hy. ,(6) is analytic in the sense of Kato in the strip S, (definition in E2).

Proof: The equality () holding as an identity of meromorphic functions on C \ e 2’R,, the
poles on the Lh.s. identifies with those on the r.h.s.. For # € S,, the characterization (B.22)

implies that the map z — (H]}\‘,D,V(G) - 2)71 is analytic when Re z < 0. It results
o (Hj (@) N{zeC|Re 2<0}=ToN{z€C|Re <0},

where
To={z € C |det (Bq(z,0,V)—A) =0} .

Noting that for Re z < 0 and 6 € S,, we have v ze2¢ = /ze?, and therefore q(z,0,V) = q(z,0,V),
we get: V0 € S,

o (Hg v(0)N{z€C|Re 2<0}={z€C|Re 2<0 and det(Bq(2,0,V) - A) =0},

which is a discrete set independent of 6. This implies that there exists an open subset O C
{z € C |Re z2< 0} such that V8 € S,, O Cp (HQO,V(O)).
In what follows, we fix z € O. The equation () gives, for any 6 € S,

(H(SLO,V(H) - Z)_l = (HJ@D,V(H) - Z)_l

=3 [(Baz.0.v) = A7V B| (3(e;,5.0), ) pagy Ve 0),  (3.35)

17



where we used ¢(z,60,V) = ¢q(z,0,V), and we want to study the analyticity of the r.h.s. with respect
to 0.
Let us start with the operator HJ}{,D,V(H): VO € S,, it is a closed operator with non empty

resolvent set. Moreover, D (H} 1, 1,(0)) does not depend on 0 and V¢ € D (Hpy 1,(0)), Vf € L*(R)
the map

9 — <fa H]}\l/'D,V(e)w>L2(]R)
is analytic on S,. This means that H% p,y(0) is analytic of type (A) following the definition in
[6J. In addition, since Re z < 0 when z € O, (B.23) implies z € p (HND v(0)) for all 0 € S,.

Then, it results from the analyticity of type (A) propriety that the map 6 — (H]’\L,Dyv(H) — z)_l is
analytic on S,,.
Concerning the finite rank part in (), for any z with Re z < 0, the functions v(e;, z,0),

i = 2,3, given by ()(), do no depend on 6, and the functions

\/7<I b) e
’72;2;9 —1 ooe I ’72;259 = —1 —00,a)€
(e )= h\/— (b,400) (e4 ) /2020 ( )

are such that Vf € L%(R), 0 — (f,v(e;, 2, 0)) 12(r) 1s analytic on S,. It follows that 6 — y(g;, 2, 0)
is a L?(R)-valued analytic function on S,. This propriety holding for any z with Re z < 0, we have

"’lm
vfg

_Vze20(z—a)
g D

also that 6 +— 7(e;, z,0) is a L?(R)-valued analytic function on S,. Therefore, for i,j = 1,...,4,

L

the operator with kernel y(e;, z,0) ® v(e;, Z,0) is analytic w.r.t. 6 on the strip S,. It allows to
1

conclude that 6 — (Hgmv(@) - z) is a bounded operator-valued analytic map on the strip S,,.
O

3.2 Resonances

Next consider: Hg v= Hé‘ o+ V, with V fulfilling the assumptions (B-4). Local perturbations of

Hé‘o o can generate resonance poles for the associated resolvent operator. These can be detected
through the deformation technique by means of an exterior complex scaling of the type introduced
in (B.). To fix this point, let us introduce the set of functions

A= {u ‘u(x) = p(z)e= ", B > o} , (3.36)
where z € R and p is any polynomial. The action of Uy on the elements of A is
ezp(e?(z — b) +b) e_ﬂ(ee(z_b)+b)2, x>b
Upu(z) = p(m)e‘ﬂﬂ”Q, x € (a,b) (3.37)
e%p(e‘g(ac —a)+a) 6_5(59(5”_“)"’“)2, r<a.

If Re(e??2?) > ex? for some € > 0, the function Uy u belongs to L2(R). In particular, for all positive

o < I, the map 6 — Upu is a L?-valued analytic map on the strip Se ={0€C ||Imb| < a}.

According to the presentation of [@ the quantum resonances of H@ v are the poles of the mero-
morphic continuations of the function

z— F(2,0)= <u, (Hg(),v — 2)71 v>L2(R) , u,v € A, (3.38)

from {z € C, Imz > 0} to {z € C, Imz < 0}.

Proposition 3.6. Let 6y € C and u,v € A. Consider the map: z — F(2,0), a.e. defined in
{C|Imz>0}.

1) The map z — F(z,0) has a meromorphic extension into the sector {argz € (—g,O)} of the
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second Riemann sheet.

2) The poles of the continuation of F(z,0) into the cone

K, ={argz € (—21,0)},  with < %,

are eigenvalues of the operators HQO,V(G) with 7 <Im@ < 7.

Proof: 1) The proof adapts the ideas underlying the complex scaling method (see [pJ) to the
particular class exterior scaling maps Uy.

Consider the strip S, = {6 € C |[Im 60| < o} for a positive o < §. Then, consider the corre-
sponding set O@ C C given in Proposition @ and fix z € O. According to Proposition @, and to
the properties of Ugu, u € A, the function

_ 17 h Nt
F(2,0) = (Ugu, (B, (6) =2) " Upv)
is analytic in the variable 8 € S,. When 6 € R, the exterior scaling Uy is an unitary map and one
has

F(z,0) = F(2,0), VOeS,NR.
Since F'(z,0) is holomorphic in 6 and constant on the real line, this is a constant function in the
whole strip S, and
F(z,0) = F(2,0), V0e€S,.
Now, fix # € S, such that Tm 6 > 0. It follows from Corollary B4 that Oess(Hp ,(0)) =
e~2Im 9R . and the map z — F(z,60) is meromorphic on C \ e=2*™ R, such that

F(z,0) = F(2,0), VzeO. (3.39)

Since z — F(z,0) is meromorphic on C\R, the equality () holds as an identity of meromorphic
functions Vz with Im z > 0. We conclude that F'(z,0) defines a meromorphic extension of F(z,0)
from the set {z € C|Im z > 0} to the sector {argz € (—2Im 6,0)}.

2) Consider 0 < 7 < F. From the previous point, when 6 varies in 7 < Im6# < %, the
maps z — F(z,60) coincide in K, with meromorphic extensions of F(z,0). Therefore, the poles of
2z F(2,0) in K, do not depend on 6 and correspond to the poles of the meromorphic extension of
F(2,0) in K,. The vectors Ugu, u € A, being dense in L?(R), the poles of z — F(z, ) corresponds

to eigenvalues of H: 1,(0). O

3.3 A time dependent model

Consider the non-autonomous model H, gg V( t)(é’o), where V(¢) is a family of self-adjoint potentials
composed by V =V + Vs

Vi(t) € C° (Ry; L¥((a,0))),  Walt) = Zaj (H)o(z - ¢;), (3.40)

with {¢;} C (a,b), a;(t) € C1(Ry;R). According to the specific feature of point perturbations,
the domain’s definition, given in (B.7), can be rephrased as
D(Hg, y4)(00)) = {u € H*(R\{a,b,c1,...,cn}) N H'(R\ {a,b}) |
h? [u/(cj') —u'(¢;)] = a;(t)u(c;) and (B.4) holds} , (3.41)

J

where time dependent boundary conditions appear in the interaction points c;.
Most of the techniques employed in the analysis the Cauchy problem

{ i0yu = H(t)u

Ut=0 = UQ

(3.42)
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for non-autonomous Hamiltonians, H (), require, as condition, that the operator’s domain is inde-
pendent of the time (we mainly refer to the Yoshida’s and Kato’s results ([Bg][B7 [B1]); an extensive
presentation of the subject can be found given in [@ In the particular case of H} 9 V(t)(t%) one
can explicitly construct a family of unitary maps V., such that

Vo Hgy vy (00) Vi (3.43)

has a constant domain. To fix this point, let us introduce a time dependent real vector field g(z,t)
and assume

i) 9(-,1) € C'(R4; C°(R))
ii) g(cj’t) =0, j=1,n, Vi, (344)
iii) supp g(-,t) = Uj_;Ic;, with: Io; = (¢; —€j,¢j +¢;) and N; I, = 0.

For ¢; small, g(-,t) has support strictly included in (a,b) and localized around the interaction
points « = ¢;. According to i), g(-,t) satisfy a global Lipschitz condition uniformly in time: then

the dynamical system
{ Ye = 9(ye, t)

Yto = T
admits a unique global solution continuously depending on time and Cauchy data {tg,z}. Using
the notation: y, = F'(t,to, x), one has

(3.45)

|F(t,to, 1) — F(t, to, x0)| < Mol |z —zo|,  with: M = ?Rup>08yg(y,t). (3.46)
z€R, t>

Consider the variations of F(t,tg,x) w.r.t. z: z: = 0, F(¢,t9,2). From (B.49), one has

{ 2 = O19(F (t,t0,x),t) 2

(3.47)
2ty = 1 )

with 019 denoting the derivative w.r.t. the first variable. The solution to this problem is positive
and explicitly given by

BuF (¢, tg, ) = elio 9T (to))ds gy e R (3.48)

According to (B.48)), F(t,to,-) is a C*-diffeomorphism and the map = — F(t,tg,x) is a time-
dependent local dilation around the points ¢;. In particular, it follows from the assumptions i) and
ii) that

F(t,to,c;) =c¢j, F(t, to,x) =x for all z € R\suppyg, (3.49)

and
F(t,to,F(to,g, m)) = F(t,g, ,T) . (350)

The unitary transformation associated with the change of variable x — F(¢,tp,x) is

{ (Vig,w) (x) = (9. F (¢, to, 2))? u(F(t, to, )

L (3.51)
Vt,to = Vt;,t .

Regarded as a function of time, ¢ — V4, + is a strongly continuous differentiable map and one has
OVig s = Vo B (9y9) + gay] | (3.52)
The form of the conjugated Hamiltonian VtioHéZ,v( t)(90)Vto,t follows by direct computation
Vit Hoy vt (00) Vio,e = —h*n(y) [9,6°9, + (9,ab) — a?]

+ V1 (F(to, t,y), JrZozj b(c;,t) é(x —¢;), (3.53)
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by, ) = elia PPt ds iy, 4y %b%(y,t) / t 029 (F(s,t,y),5)b(y, s)ds.  (3.54)
t
After conjugation, the boundary conditions in the operatoz’s domain change as
R2b%(c;,t) [u’(cj) - u’(c;)] =b(cj,t) a;(t) ulcy). (3.55)
Assume, for all j =1...n
iv) a;(0) #0;  v) a;(0)a;(t) > 0; Vi) a;(t) € CH(R4;R). (3.56)

One can determine (infinitely many) g(-,¢) € C° (R4; C5°(R)) such that

a; (t)
Og(cj,t) = ——=. (3.57)
! a;(t)
This implies
b(cj,t) = eftto 01g(F(s;ticj),s)ds _ eftto d1g(cj,s)ds _ (t) (3.58)
a;(0)

and ) can be written in the time-independent form
h? [u'(cj) - u'(cj_)} = a;(0) u(c). (3.59)

Thus, the Hamiltonians ‘/157,50H50 W t)(GO)VtO,t have common domain given by

Y = {u e HXR\ {a,b,¢;}) N H'(R\ {a,b}) | B0, B39} . (3.60)

Consider the time evolution problem for H, go W t)(ﬁo)

i0u = H (0o)u
{ PV (0 (3.61)
Uty = UQ -
Setting v = V4 4,u, and
|1
A®) = Vil 00 Vi~ |5 (0y9) + 90, (3.62)
with D(A(t)) =Y, one has: v, = uy,,
0w = —iA(t)v
{ ' (3.63)
Uty = UQ -

t) + Vao(t) be defined with the conditions ([344) and (3.54).

Proposition 3.7. Let V(t) = Vy(
0, %) There exists an unique family of operators Uy, 0 < s < t,

Assume: 0 = 0y = iT, with T € (
with the following properties:

a) U, is strongly continuous in L*(R) w.r.t. the variables s and t and fulfills the conditions:
Uss=1d, Uy s0Usy = Uy forr < s <t and |Uss|]| <1 for any s and t, s < t.

b) Forus € D(HZ}U v(s)(00)), one has: Uy sus € D(HZ}U vty (00)) for allt > s.In particular, for fived
t, Uy,s is strongly continuous w.r.t. s in the norm of H*(R\ {a,b,c;}) N H'(R\ {a,b}). While, for
fized s, Uy s is strongly continuous w.r.t. t in the same norm, except possibly countable values of
t>s.

c) For fized s and us € D(Hé‘0 V(s) (00)), the derivative %Ut,sus exrists and is strongly continuous

in L?(R) except, possibly, countable values t > s. With similar exceptions, one has: %Utysus =
7Z‘H£07V(t)(90)Ut75u5.

d) Additionally, if Vi (t) € C* (Ry, L>((a,b)))NC° (Ry, Wh*(R)), and a;(t) € C*(R4;R), then
the conclusion of point (c) holds for all t > s without exceptions.
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Proof: Since the Cauchy problems () and () are related by the time-differentiable map
Vito, it is enough to prove the result in the case of A(t). Let assume the conditions (B.44]) and
() to hold, and start to consider the properties of this operator.

I) As already noticed (see relation (B.11)), iH} (fo) is an accretive operator. This property

00,V(t)
extends to Vi, (iHé‘O V(t)(é’o)) Vio,t» which is unitarily equivalent to an accretive operator, and

to A(t), since, as a straightforward computation shows, the contribution 4 [% (Oyg) + g('?y] is self-
adjoint. The spectral profile of A(t) essentially follows from the properties of H, go V(t)(ﬁo). Indeed,

we notice that: o (W,tngo v(t)(GO)Vfo,t) =0 (Hg0 V(t)(é’o)), since the two operators are unitarily
equivalent. Moreover, the term % [% (Oyg) + g('?y} is relatively compact w.r.t. V; 4, Hé‘o V() (00)Vig 1
since it has a lower differential order (see definition (B.63)). Then, ,es(A(t)) = Tess (Hg0 vity(bo)) =
e~2mbR | as it follows from Corollary B4, and (A(t) — z)~' is a meromorphic function of z in
C\e %Im%R, . This result yields: oe.s(iA(t)) = /(3 72m00)R, and: p(iA(t)) NR_ # (. As a
consequence of the above, one has: i) 1A(t) is accretive; 2) —Xg € p(iA(t)) for some Ag > 0. Then,
for any fixed t, iA(t) is the generator of a contraction semigroup, e~*4®) on L*(R) (see [p1], Th.
X.48). In particular, the operator’s domain D(iA(t)) = Y, defined in (B.6(), is invariant by the

action of e~*#4() — Y is iA(t)—admissible for any t. Moreover, as iA(t) is the generator of a
contraction semigroup, from the Hille-Yoshida’s theorem it follows that

R_ C p(iA(t)),

_ ) (3.64)
(A1) + N) H <1 forallA>0.
In particular, for any finite collection of values 0 < ¢; < ... < g, one has
k. —1 1
HH]‘:1 (1A(t;) + A) H < I (3.65)

This relation implies that ¢A(t) is stable (with coefficients M = 1 and 8 = 0, according to the
definition given in [B7)).

IT) Consider the action of A(¢) on its domain. Here, the Hilbert space Y is provided with the norm
H?*(R\ {a,b,c1,....cp}) N H'(R\ {a,b}). For u € Y, we use the decomposition: u = 1\ (4pnu +
Lia,p)% = Uegt + Uin. Recalling that the functions g(-,t), b(-,), a(-,t) are supported inside (a,b),

from the definition (B.53), (B.6d), one has

(A(t) — A(s)) u = (A(t) — A(S)) win , (3.66)
with
At us, = | —h*0,b%0, + i a;(t)bej, t) 6(x —¢j) | win
+ [—hz ((8yab) — a®) + Vi (F(to, t,y),t) — i (% (0,9) + gay):| Uin - (3.67)

Taking into account the boundary conditions (B.59), the second order term in (B.67) writes as
7h2 (8yb28y) Uin = 7h2 (abe) 8yum - h2b2 A(%b)\{cj}um - Z 6% (0) b2(0j, t) Uin (Cj) 5($ - Cj) y
j=1

where, according to (B.5§),

Z%‘(O) b?(cj, t) win(c;)0(x — ¢j) = Zaj(t) blej, uin(cs) d(x —¢5).
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From these relations, it follows

A(t)uin = —h*b? A (a,b)\{c; } Uin — h2 [ (9 b2) Oy + (0yab) — a2] Win
+ Vi(F(to, t, y), t)win — [ dy9) + 99, ] Uin -
Therefore, we have
(A(t) — A(s))u= =R [(b] — b3) A(apnie;3 + (0167 — O1b2) Oy + (Drashy — Drashs) — (af — a?)] win
DAl 08) = Va(F(.5.9),5)) i = [ 5 Brgn = 04 + (90— 9208 .

and
[(A() — A(s)) ull L2 ry < Cn Mt 8) 1ull g2 mo fa,b,c,nm? B\ {00} - (3.68)
where (Y, is a positive constant depending on h, while

M(t,s) = [Vi(t) = Vi(s)ll oo (apy) T a8 = a2l co(ay) + 101a0be — Orasball poc (a.n))

£ (18802~ A8 oy 1010 — D20l o)

1=0,1

From our assumptions, ¢ — g¢, by, a; are continuous C'*°-valued maps, and ¢t — V; € C°(R,, L>);
this yields: lims_,; M (¢, s) =0, and, due to (,

lim [[(A(H) — AG) ull oy =0, VueY,
This gives the continuity of ¢ — A(t) in the £(Y, L?(R))-operator norm.

I1T) Consider the map: S(t) = (1A(t) + A\g) for A\g > 0. According to () S(t) defines a family of
isomorphisms of Y to L?(R). Moreover, making use of the relations ( ) and the condition
IB.59), the time derivative of S(t) writes as

d " 2«
ES(t) = —h? [0y (2b9;b) Oy + (Oy,1ab) — 2adal + Z i

j=1
1
+ atVI(F(thta y)at) + (atF(thta y)) alvl (F(to,t, y)’t) -1 |:§ (ay,tg) + (atg) ay )

where the term 0;F'(to,t,y) can be written in the form

atF(thta y) = _b_l(ya t)g(F(tht; y)at) )

as it follows by using: F(t,to, F(to,t,y)) = y and the definition of b(y,t). Since the variations of
the functions a, b, V1, g w.r.t. both the variables ¢ and y are supported on (a,b), each contribution
to 2.S(t) acts only inside this interval. Therefore, u € D (< S(t)) is not expected to fulfill any
interface condition at = a, b, while in the interaction points c;, one has
S 205(t) 05(t)
h220(cj, )b(cs, t) [uw'(c]) —u'(cf)] = TO; u(c;)

which, according to (B.5§), reduces to (B.59). It follows that: Y C D (£5(t)), and one can
consider the action of %S (t) on Y. Proceeding as in point IT and using the stronger assumptions:
Vi(t) € Ct (Ry, L>=((a,b))) N CO (Ry, WE(R)), a;(t) € C?(R4;R), one shows that £5(t) is
strongly continuous from Y to L%(R) .

Finally, the points I and II resume as follows: i) the Hilbert space Y is A(t)-admissible for all ¢,
ii) A(t) define a stable family operators ¢-continuous in the £(Y, L?(R))-operator norm. Thus, the
Theorem 5.2 in [@] applies and provides a strongly continuous dynamical system U, ,, to < t, for
the Cauchy problem (B.63)) with [|¢4;4,|| < 1 and such that:

23



1) For fixed o, the family U, defines an a.e. strongly continuous flow in Y; for fixed ¢, Uy 4, is
strongly continuous w.r.t. tp in Y.

2) For y € Y, the derivative %Utﬂgoy is a.e. strongly continuous in L?(R) and one has: %Ut,tous =
—iA(t)Uy 1, us. The conclusions (a), (b) and (c) of the statement follows by using the equiv-
alence of the problems (B.61)) and (B.63) through the maps V; 4, .

Moreover, assuming
Vl(t) € Cl (R-i-a Lm((aa b))) N CO (R-i-a Wl’OO(R)) ’ aj(t) € CQ(R-F;R)

it follows from point IIT that: S(t) is a family of isomorphisms from Y to L?(R), with

and such that S(t) is strongly differentiable. In this case, Yoshida’s Theorem applies (see Theorem
6.1 and Remark 6.2 in [B7]) and the conclusion (d) of the statement follows. O

4 Exponential decay estimates

With this section, with start the analysis of the parameter dependent quantities as h — 0. The
exponential decay is specified with a good control of the prefactors which behave like h%, These
estimates are written for potentials with limited regularity assumptions in order to hold for the
modelling of quantum wells in a semi-classical island with non-linear effect. Some preliminary

estimates are reviewed in Appendix @

4.1 Exponential decay for the Dirichlet problem
Consider V € L*((a,b); R), and W" = W} + W} an h-dependent real-valued potential with:
1

c

1

1
g SV Ve <0 W < <0 [W3lm, < 2B, (4.1)

where ||p|| a1, denotes the total variation of the measure p € My((a,b)). The constant ¢ denotes
a fixed positive value that can be chosen small when it is required by the analysis. We suppose
that W) and W4 are supported in the domain U, = {x € (a,b); d(z,U) < h} where U is a fixed
compact subset of (a,b).

After introducing the differential operators on (a, )

Pri= —h?A+V and Pli=-RPA4+V-W",
two Dirichlet Hamiltonians are considered

HY = —p?A+V =P"  with D(H}Y) = H*((a,b)) N H}((a,b)), (4.2)
H}y = —hR*A+V -W'=P"  with D(H}) = {ue Hj((a,b)), P u € L*((a,b))} .(4.3)

For a real energy A € R we consider the Agmon degenerate distance associated with V'

y
dafop VN = [ VT@- Vs de, <y,
And an other tool that will be useful here is the h-dependent H* norm

llZn = > 11(hO) *ullZ. (4.4)

a<k
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Proposition 4.1. i) Consider f = fi1+fo with fi € L*((a,b)) and f> € My((a,b)). IfV—Re z > ¢
with ||V L~ < L, then any solution u € Hi((a,b)) to (P" — 2)u = f satisfies

()

. C
B2 sup e ()| + et + feFuls < e (|f1|Lz 1||f2|Mb), (4.5)
xE|a,

with ¢(x) = dag(z, K,V,Re z) and K D supp f1 Usupp fa.
i) Consider f € L*((a,b)). If V. —Re z > c with ||V|[ze < L, then any solution u € D(H}) to
(HY — 2)u = f satisfies

o) Cabc
W2 sup (€5 u(@)| + [[hef ||z + [lefull 2 < =225 (Jlull g2 + [ f] ) S (4.6)

z€la,b]
with p(z) = d(z, K' UU,V,Re 2) and K’ D supp f . Especially when z ¢ o(H%), we have:
(=) Ca b,c

@ 1
hY2? sup e u(z)| + ||he%u/|\Lz + ||e%uHL2 < —= < + 1) Ifllzz,
z€[a,b] h d(ZaO—(HB))

and, when z = E" is an eigenvalue of HY, the related normalized eigenvector satisfies

hl/2 sup |e%z)u( )+ ||hehu lzz + ||ehu||L2 < Z42C a,byc )
z€la,b] h

with o(x) = dag(x, U, V, E") .

Remark 4.2. The negative exponents of h in the upper bounds are not the optimal ones. Some care
especially has to be taken while modifying ¢ or while commuting hd, with e% . This presentation
is the most flexible one for our purpose.

Proof: i) Our assumptions imply that the functions ¢(z) = dag(z, K,V,Re z) and ¢p(x) =
dag(x,Kp, V —h,Re 2), with Kj, = {z € (a,0), d(x, K) < h}, satisfy

® +1
lp(x) — pn(z)| < Kapch e < e:h) < efabe

eh

for some uniform constant k4 .. Hence the function ¢ can be replaced by ¢y, in the proof.
Lemma @ applied with a =a, 8 =0, u1 =us =u, ¢ = ¢ and v = ey implies

b b b
o / afz/ |m/|2+/ Bol?.

1
ollZrn < = (Al llvllzz + [ f2ll a0l oe)

Hence we get

The Gagliardo-Nirenberg estimate sup, ¢, 4 [v(2)] < Cp— a||v'||L2 (a b))||v|\L2((a py) implies:

1
ol < 1 (1A Il )

This combined with the equivalence of |[v||g1.» with [|[he ® /|| 12 + ||[ul| 2 leads finally to 5.
ii) We follow the ideas of [@ which consists in putting the possibly negative term of the energy
estimate in the left hand-side. Hence the equation (H% — 2)u = f is simply rewritten

(HY — 2)u = f + Wu+ Whu
and it suffices to estimate |[W2u| o, . The Gagliardo-Nirenberg estimate gives

1/2 1/2
W3l ty < Comal Wil 11727 1
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Applying Lemma E with « = a, S =0, u1 = uy = u, ¢ = 0 leads to
b b b
[ora | [ wr| | [ wp

Apply a second time the Gagliardo-Nirenberg estimate for
1
o < Cupe (|f|Lz W e + E|W§||Mb||u||m)

gives
cl, 1
W ulan, < 2, (10 + 192 el + 172 ol )

Combined with the results of i) applied with f replaced by f + W"u, this yields:

1!
(z)
K2 sup e u(@)] + |[he T || pe + |le W u| e < —2be

— (Ul + W oo ] 22
z€a,b]

1 1 1
+ 3 W st I il + 5 W laa, IV e 2 + o5 W3 34, lul 22)

where op(x) = dag(z, Ki,V,Re z) and K, = {x € (a,b), d(z, K’ UU) < h}. With the assump-
tions on W} and W4 and replacing ¢y () by ¢(z) = dag(z, K' UU,V,Re 2), we obtain ({.§). O

4.2 Reduced boundary problem for generalized eigenfunctions
We shall consider the boundary value problem

(P —z)u = f,
(RO, +iCY?| u(a) = L, (4.7)
(RO, —iCY2| u(b) = 6,

with Im z and Im ¢ small enough w.r.t h > 0 and specified later. Here z'/2 denotes the complex
square root with the determination argz € [—g, 37“)

The case f = 0 occurs while studying the generalized eigenfunctions of Hy g,(0) or their variation
w.r.t 8p. The case £, = f;, = 0 is concerned with the resolvent estimates for the non self-adjoint

Hamiltonians

Al = P, with D(HL) = {u € H%((a,b)), [0y +iC*Ju(a) =0,

[hdy — iC/2Ju(b) = o} , (4.8)
H}' :=P", with D(H}) = {u € H'((a,b)), P"u € L*((a,b)),
[h0y +iCYu(a) = 0, [hdy — i/ 2u(b) = o} . (4.9)

Lemma 4.3. Assume V —Re z > c with ||V~ < 2 and |Im (/2| < L~ for ky_, large enough

Kb—a

according to b —a. Let K be a compact subset of [a,b] and set ¢ = dag(z, K,V,Re z). Then any
solution u € L2((a,b)) to the boundary value problem (L7) with f =0 satisfies:

€T C
B2 sup (e 5 u(@)] + [hetF | + [l ul e < S50
z€[a,b] h

e(a) 2(b)
[[ale® 5" + []e= ]

Proof: Again the function ¢ is replaced by ¢p(z) = dag(z, K,V —h,Re z). Applying Lemma @
with a =a, =0, u; = us = u and v = e u implies

b b
0> / ' + / Bof? + hRe (—i¢V2) [[u2(a) + [o*(8)]

a a

+hRe [m(eiﬁ#ea) — b))
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With the Gagliardo-Nirenberg estimate, we get

epla) en
0! [Za+hlo3a~2C3 o[ T ¢ el o < Coallhe! |12 0l 2012 [ 5 0] 4+ €557 03] |

.

provided kp—, is large enough according to the Gagliardo-Nirenberg constant Cy_, . Rewriting the

Ph . 1/2
5] 2 with [[oll e = (1h/]13e + [[0]]32) "

which implies

(Ih0"lI72 + [lvllZ-

a.b.c 4 (a)
)1/2<C’f7 |: h |£|
h2

inequality with the uniform equivalence ||[he® /|| L2+ | e
yields the result. ~
The generalized eigenfunction wi,eo (k,x), k € R*, of H‘}}ﬂo (0) is the solution to

(P" — k)¢ =0 iR\ {a,b}
Wat)=e FPa) wwwzf%wmw

6 9
YO )= Tydt) . YT = E Y (bh)
1/]|(—oo a) = eikTm + R(k)e_ZTT ) 1/1|(b +00) jj(k/’)elk_’fr for k>0
Uy = TRET 0], =€ + R for k<0
This can be reformulated as the boundary value problem in (a,b)
(P" — k) =0 in (a,b),
(k > 0) (k<0) 10
[0, + i(k?)/2e=%] p(a) = 2ike™ 5"’ 0, (4.10)
[hd, —i(k2)H/2e=% ] p(b) = 0 2ike= "2 ¢ |

where the choice of z'/2 says (k2)'/2 = |k| for k € R*. A straightforward application of Lemma [t.3

gives the next result.
Proposition 4.4. Assume V —k* > ¢, ||V||z~ < L and |6y| < ch for ¢ small enough according to
a,b. The generalized eigenfunction 15@790 (k,.) satisfies

Cabc

pl@) ~ P = P =
Bl/2 sup e n 1/;’1,90(k,x)|+||heh1/;’j,90(k,,)’”L2+||eh1/)ﬁ790( Mz < i

z€Ja,b]
with o(x) = dag(z,a,V,k?*) when k>0,
and with o(z) = dag(z,b,V,k*) when k<O0.

With this first a priori estimate, the boundary value problem ({.1() can be rewritten

(P" —k%)¢ =0 in (a,b),

(k>0) (k < 0)
_dag(abVik?)
[h0x +i(k*)' /2] ¥(a) = 2ikei’i + O(l%l) | oy
[ha — i(kQ)l/Q)} 1/)([7) — @(M) Qikei% + O(@)
xr h, h .

Hence the difference u = 15@ 00— 1/7_‘ .0 solves the boundary value problem

(P" —E>)u=0 in (a,b),

(k>0) (k <0)
(10, +i(k*)"/2] u(a) = oleh) —Jor———),
(0o, — ()Y u) = Ol O(l%l).

Hence Lemma @ yields the next comparison result.

27



Proposition 4.5. Assume V —k* > ¢, |V||L~ < L and |6y| < ch for ¢ small enough according to
a,b. The difference of generalized eigenfunctions u = ’L/?’_L,eo(k, )= @ﬁyo(k, .) satisfies

Ca,b,c|90|
h3/2 ’

RY/? sup |e¢(hz)u(:13)| + |heF || 12 + |leFul| 2 <
z€la,b]
with o(x) = dag(z,a,V,k*) when k>0,
and with () = dag(z,b,V,k?) when k<O0.

Remark 4.6. With an additional regularity assumption /@/ proves in the case 8g = 0 that the
upper bound of SUp,¢q.) |e¢§1m)1/~111,0(k,z)| is actually O(1) with a first order WKB approxima-
tion. By using this result and the comparison result of Proposition m with a bootstrap argument

TP o (k,x)| = O(1) and
@(x)

SUP,e(qp) €7 (1/;?90 - 1/~Jﬁ70)(k x)| = O( ‘91‘}‘2) could be obtained. Here only V € L™ is assumed
with a possible loss in the h-exponent.

or reconsidering the complete proof of /@/ the estimate Sup,e(q y le™n

4.3 Weighted resolvent estimates

We complete the analysis of the previous subsection with results concerned with the resolvent
(Hél — 2)~! corresponding to the boundary value problem ([.7) with £, = £, = 0.
Proposition 4.7. Assume V —Re z > ¢, |[V|r= < 1 and [Im ¢1/?] < ﬁ with Kp—q large

enough according to b — a. Let K be a compact subset of [a,b] and set p = dag(z, K,V,Re z).
Then for f € L*((a,b)), the function u = (I:Ig — 2)7Lf satisfies

C
WV2 sup [oE 5 u(a)| + [he s + e Fulle < A0 2 g,
z€la,b]

where e*% f = f when supp f C K .
In particular this yields

%(Hg z)” LeFh

and z € p (f{él) .
Proof: Again we can replace ¢ by ¢, = dag(xz, K,V — h,Re z). Lemma @ with v = e 7"
implies

u

b b
/ ]2 + b / w2 + hRe (=ic?) [[u(@)?] + [o®)?] < lle*% L2 lv]l e

Absorbing the boundary term with the help of the Gagliardo-Nirenberg inequality like in the proof
of Lemma @ and taking kj_, large enough yields the result. O
l’ |II11 21/2| < mﬁ and |III1 C1/2| < ﬁbh,

with kp—q large enough according to b —a. Let K be a compact subset of [a, b] and set ¢ =
dag(z,K,V,Re 2). Then for f € L*((a,b)), the difference w = (H! — 2)71f — (Hzf —2)7f

satisfies

Proposition 4.8. Assume V —Re z> ¢, |V]jpe <

Capel 2112 — (12
W2 sup (65 (o) + he=Fu o+ Rl < Cebel 2=
z€[a,b]

e % £ 22,

where eX% f = f when supp f C K .
In particular this yields

- Ca,b,c|21/2 _ <1/2| .
L£(L2) — h2

Hei% [(ﬁf —z) = (H} - z)fl} eth




Proof: The function (f{? — 2)7Lf solves (@) with ¢, = ¢, = 0. Therefore, if we set u =
(HF —2)71f and v = (f{él — 2)71f, the function w = u — v verifies:

(P" — 2)w =0,

[y + izl/ﬂ w(a) = —i(21/? — ?)(a),

[hOy — izl/ﬂ w(b) = i(z1/2 — ¢Y?)w(b).

Then it follows from Lemma [£.3 that:

e(x)

(@ C
W2 sup |55 w(@)| + [heFFu 2 + e Fullpe < 2221212 - (V212012 sup (5 5F u(2)],
z€[a,b] h z€la,b]
and we can apply Proposition @ to the function v to get the result. o

5 Accurate analysis of resonances

In this section, we use the approach of Helffer-Sjostrand relying on the introduction of a Grushin
problem (see [BOJ[F]). This section ends with a rewriting of the Fermi Golden rule (L.J) for the

. . . h
modified Hamitonian HO[),V*Wh'

5.1 Resonances

Resonances for H go Vowh
of 7 according to the resonances to be revealed. Associated eigenfunctions are the g, € L*(R)

functions satisfying

= Hf})lo,vfwh(o) are eigenvalues of Hgo,vfwh (i7) for a suitable choice

Hy yyn (iT)gr = 2rgr 4 (5.1)
with arg(z,) € (—27,0). Alternatively, f,. = U_;,g, satisfies

h
H007V7thr = err ’

with f. € L? ((a+e"R_) U (a,b) U (b+ei"Ry)). We refer to RJ] for a general comparison of
the two approaches. Accordingly, we recover the definition of Gamow resonant functions with no
incoming data and slowly exponentially increasing outgoing waves.

Equivalently working with g,., the condition g, € L?(R) imposes the exponential modes in the
exterior domain:

_271‘/261'7'
ggﬂzﬁ(z’b), x>b
gr(x) = S Grint(), x € (a,b) (5.2)
L1/2 T

—qZr

g—e ro@ma) p<a,

where we recall that z'/2 denotes the complex square root with the determination arg z € [f%, 37”)
According to the definition of D(H 30 v_wn(0)), this function verifies the following boundary con-
ditions 7

(h@z - iz}/QeiT) g-(bT) =0 = (h@m - iz}pe_‘g") gr(b7) =0,

and
(h@z + izrl/QeiT) gr(a”)=0= (h@m + izi/Qefeo) gr(a™) =0
(with (zTe_Q‘g")l/2 = Zi/2€_90). It follows that the interior part of the solution satisfies the non-
linear eigenvalue problem
H:Te*ZQU Griint = ZrJrint (53)

(see definition ([£9))). Conversely, given z, in the sector: arg(z,) € (—27,0) for which g, ¢ fulfilling
(E), it is possible to define suitable coefficients g, and g_ such that the function g, given by (E)

is in D(H, go,vfwh(e)) and solves the equation (f.1)). This allows to identify resonances with the
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h -1
poles of (Hzefzeo — z) .
It is worthwhile to notice that this technique extends to the first Riemann sheet: in this case the

poles of (er,wo — 2:)_1 correspond to proper eigenvalues of HZ}U v_yn Provided that arg(z) < %’T —27.

To this concern, the following spectral characterization holds.
Lemma 5.1. Let H! (0) be defined as in (B-3) with T € (0, %), then

iT,V—Wh
op (HihTinh (0)) N{Im z>0}=0.

Proof: According to the Proposition B.g, the points in o, (Hé‘o V_wh (0)) N{Im z > 0} coincides
with the eigenvalues of Hgo v_wn (@), in Im z > 0, for any choice of 6 with: Im 6 € (0,%) . In
particular, for § = 6y = ir, it follows from (B.11)) that the operator H"

ZT,V—Wh(
this case, o, (Hihr,\/—wh (ZT)) N{Im z > 0} = 0. O

iT) is accretive. In

5.2 The Grushin problem for resonances

In the previous section we got some accurate estimates for the variation w.r.t 6y of the generalized
eigenfunctions of the filled well Hamiltonian H ng‘ Here the resonances for the full Hamiltonians

H(SLO,V—Wh and H! _wn are considered. After reducing the problem to the interval [a,b], we

v
introduce like in [@] [RAIR1] the Grushin problem modelled from the Dirichlet operator with the
potential V — W for the boundary value operator Hé‘ — z with ¢ = z or ¢ = ze~2% according to

(9.

We assume that a cluster of eigenvalues A7, ..., )\Z of the Dirichlet operator
HY = WA+ V -W"

exists such that

A\, a(HB)\ {NL, ... A >, (5.4)
1
c< A< inf V(z)—c< ||V~ < —, (5.5)
z€(a,b) c
1
max A" — A0 < =h. (5.6)
1<j<¢ c
The domain w,, will be a neighborhood of {/\?, ceey /\Zl} such that
wen C {2z €C, d(z, {A},...,\}}) < ch} . (5.7)

Remark 5.2. Notice that these assumptions do not forbid h-dependent X\° with |\°(h) — X°] < 1h
since, in this case, it suffices to replace V by V — AO(h) + A0

Normalized eigenvectors associated with the /\;? are denoted by @? and the total spectral pro-

jector is
‘

o' =>" o) (@]

=1
We also introduce the bounded operators '
Ry : C°'— L?*((a,b))
Uy ‘
u =1 : »—)Rau_:Zuj@?,
Up i=1
and Ry : L*((a,b)) — ct
(@, u)
U — Raru = :
<¢2L’ U’)
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Hgfz Ry

For z € w.p, the matricial operator 4
Ry 0

) : D(HW) x C* — L?((a,b)) x C* is invertible

with the inverse

Hby—z Ry\ ' (Eoz) EF
RY 0 “\Ey E;f(2)°
J4
Eo(z) = (Hp —2)7'(1-11"),  Efv™ =) v},
j=1
(7, v)
Ejv= : , Eyt(z)vT = diag (2 — /\?)UJr .
(@}, v)

Notations: We set

HD(z)z(H%gz %5) and ED(’Z):(E%? Efﬁ(z))

The problem (H, ? — z)u = [ is studied after introducing the matricial operator

HM — 2 xuRy
HC(Z) ::( 3%3» hOO) )

where the function x5, € C5°((a,b)) satisfies
[1(h02)*XnllLo((ap)y) < Ca, a €N and xp(x)=1ifd(z,{a,b})>h.

Another cut-off function ¢ € C§°((a,b)) will be used with a smaller support. By introducing the
positive quantity
SO = dAg({a‘7 b} ’ U7 ‘/7 )\0)7

the cut-off 9 is chosen such that for some 1 > 0 independent of h > 0 but to be specified later

by =10 if dag(z, U, V,\0) > 5ot
Tl ifdag(a, U, V,A0) < St

When 1 > 0 and h > 0 are small enough
Ucc{y=1} Csuppy CC{xn=1}.

For z,( € w.p, consider the approximate inverse

‘FC(Z> _ (XhEO’L/J + (1 - phE)b(Zél - Z)_l(l - w) XE}‘IOEE) ,

where the function pp, € C5°(Usp,) satisfies
||(h81)°‘ph||Loc((a7b)) <C,, a€N and prn=1on U% s
after recalling Uy = {x € (a,b), d(z,U) < t}. In particular this implies W"(1 — p;,) = 0.
A direct calculation gives
A B
7o = (3 p)-
with A =1+ [(h0:), pn] (HE — 2)7' (1 = ¥) — [(h0a)?, xn] Eotb,
B = (H} - 2)xnE§ + xnRy Eq T,

C =R (xnBot + (1 — pp)(HE — 2) 7 (1 — ),
D= RathEJ ,

where we have used H?Xh = Hl’th = Py, .
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Proposition 5.3. Assume the conditions (p.4)(5-])([6.6) and suppose z,( € wen . The matricial
operator F¢(z) is an approzimate inverse of He(z):

He(2)Fe(z) =1+ Ke(2) and Fe(2)He(z) =1+ Ke(2), (5.9)
for b >0 small enough and after adjusting the parameter n > 0 so that ||K¢(2)|| + [[K¢(2)]| < 1
according to:

S0=Ca,b,c"

1K)+ 1K ()] < Capee™ 20 (5.10)

More precisely the remainder term equals

K (Z) _ [(hal)Q’ph] (IN{? - Z)_l(l - w) s [(haz)QaXh} Eow _[(haz)QaXh]Eg_
‘ R§ (xn = DEov + By (1= pn)(HE = 2)7' (1 =) RJ(xa — DES

and is estimated by

O~ =) 0(1)
e 2h
KC(Z) = 50—Cq b.en _ 259

Proof: Set K¢(z) = (?1 §12> and remember the expressions of A, B,C, D in H¢(2)F¢(2) =
21 Koo
A B
C D)

The first coefficient K17 is simply A — 1 according to the above definition.

The coefficient K12 = B is computed by making use of H?Xh = H 1}5Xh and of the relation
(HY — 2)Ef + Ry E; T = 0 coming from Hp(2)Ep(z) = 1.

The coefficient K5 1 = C is computed after using the relation Ri Ey = 0 coming from Hp(2)Ep(z) =
1.

The coefficient K95 = D — 1 is computed after using R(J{EJr =1.

Estimate of Ki;: For the first term, remark the identity:

[(h02)?, pr] = 2(hp},) (hd) + (1P ) (5.11)

where the coefficients hpj, and h?p) are uniformly bounded and supported in Usj,. Then, owing to
Proposition @, it is estimated with:

S0=Ca,b,cn

1 [(102)2, pn] (HE = 2)7' (1 = )| < Capee™ ™ 2. (5.12)

For the second term, we have the identity ), where py, is replaced by x, and the coefficients
hxj, and h?x} are uniformly bounded and supported in {x € (a,b), d(z, {a,b}) < h}.
By introducing a circle v = {z’ € C, |2/ — A°| = 2k}, the formula

1 1 1
Eo(z) = (HY — 2)7'1 — 11" :f—/—id’
O(Z) ( D Z) ( ) %% o Z/—Z(Z/ng> 2

and Proposition [L.1}i) imply

_S0=Cab,en
Ca,b,ce 2h

= (5.13)

” [(haz)2’ Xh]Eo’lb” <

Estimate of Ki: The cut-off (x;, — 1) is supported in {z € (a,b), d(z,{a,b}) < h}. Meanwhile
we verify with the same argument as for (f.13) that the function u = Egy f satisfies

Ca,b,cnf”
h3 ’

leful| <
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for ¢ = dag(x,supptp, V,A\%). The operator RJ is the finite rank operator defined by taking
the scalar product with <I>§-‘, j=1,...,¢. With the exponential decay of the eigenfunctions @?,
7 =1,...,¢, stated in Proposition Q, we get:

BSofca,b,cT’

IRS (1 = xn)Eo|| < Capee™ 2
The second term is estimated like the first one of K17 while replacing [(h@z)2, ph} with Rar(l —pn):

SU*Ca,b,cT’

IRS (1= pr)(HE = 2) 71 (1 = ¥)[| < Capee™ =

Estimate of K15 and Ks,: The operator E{)" is defined by Eaerr = Zlizl ijID? and the exponen-

tial decay of the eigenfunctions @;‘, j=1,...,¢, stated in Proposition with the relation (),
where py, is replaced by xp, yields

2 + e_s_’?
[K12]l = [[[(h02)", xul Eq || < Cap,e (5.14)
For K55 we use additionally the exponential decay of the @?, j=1,...,¢ contained in RS’ and we
get
_ 25
e h
1Eoall = 1R (1= xn) B || < Cape—5— - (5.15)

Left and Right inverse: When h and 7 are small enough the previous analysis says that F¢(z)(1+
K¢(2))7! is a right-inverse of H¢(z) and H¢(z) is surjective.
From the definitions (f.d) and (E), we have:

Al = B (gé) and  H! = H" (C%) . (5.16)

(
the notations induced by (5.§) and (5.1d), we obtain [H(é,z)} = H(—({)2,z). The analysis
performed to obtain (5.10) for (¢2, z) can be adapted in the case of K(—(()2,z): this yields the
surjectivity of H(—(()?, z). Since

1

Ker (’H(&,z)) = [Ran (’H(C%,z))*} = {0},

the injectivity of H((2, z) follows. O
Notation: When A > 0 is small enough, we set
E ET _
Ec(z) = (E E+) =M (2) L (5.17)
The Schur complement formula
(H} —2)'=E—-EY(E ") 'E” (5.18)

recalls that (H, é‘ — 2) is invertible if and only if the £ x £ square matrix E~7 is invertible. An

accurate calculation of this matrix allows to identify the poles of (H, ? —z)7 L.

The final result comes from a higher order estimate after taking the Neumann series
1 2 3 4 250 Caben
(L+Ke(2)7" =1 = Ke(2) + Ke(2)” = Ke(2)” + Ke(2)" + Oem ™=
Proposition 5.4. Assume the conditions (5.4)(5-3)(p.6) and suppose z,¢ € wep, . Then

EF =Byt 4+ 0@ h9),
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and

E~" = Ey " = By [(h0:)?, pul(HE = 2) 7 {(h02)?, xn) Ef — Bg F R (xn — DEY
550*ca,b,c77

— By TRy (1= pn)(HE — 2) 7 [(hdo)?, xn] B +O(e™ =

(n) (n)
Proof: We compute first the coefficients Kg) and Kég) where K¢ (2)" = (K” Ky ) .

K(122) = K11Kji2 + K12Kss : Due to the support condition when 7 > 0 is chosen small enough and
h > 0 is small enough, the first term equals:

K11 K1a = —[(h0:)?, pu](HE — 2) " [(h0:)?, xn) Ef
and with the same argument as for (f.19) we get:

Ca,b,c _ 25
(A h

1K1 K2] < =5 ;

(5.19)

where some additional exponential decay comes from the eigenfunctions appearing in E; and the
support of the derivatives of yj. From the equations (p.14)) and (p.15), the second term satisfies

Ca,b,c 7%
Ea

[ K12Kaa|| < || Kuz||[[Kaal <

K(222) =K21Ki2 + K32, : The first term equals
Ko Kis = —R{ (1 - ph)(ﬁfé1 — 2) (R0, X EY

and as it was done for (5.19), we obtain:

Ca,b,c 7%
-
Then, from equation (), the second term verifies

| K21 K| <

Cab.c
HK222H < ||K22||2 < %e_%

Estimate of Kg), Kég), KS) and Ké;l): A direct computation gives for 4 =1 and 2:
K5 = KnK{y + KKy,
and (p.10) implies:
n4+1 n n _50=Ca,ben n n
IESHON < I (1S + 1K) < Capee™ =7 (IKE 1+ 1K) -

Moreover, we have obtained:

28070(1,1),@"

KS) =0(e” 2 ) and Kég) =0(e”

Zsﬂfca,b,c"
h

)

therefore we have:

5S0—C, n 550—Ca . b,cn
(3) _ — 220" —asbell (3) _ — b

Ky =0(e 2h ), Ky =0(e 2h
SSofca,b,cT’

Ky =0(e— =77), Ky =0(e

)
5SU*Ca,b,c"
2h

Computing E~1: We have

550—Caben
)

E~t Byt = By~ Kin+ Ky — Ky + K3 |+ By [~ Koo+ K3 — K3 + Ky |+ O(e™ "=
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Since the operators Ejt¢ and E; " are uniformly bounded, it follows from Ej K2 = 0 and
Ky = O(e~ " h~2) that:

2Sg

E~—t— EO_Jr =0(e”» h™7)
and

Sp—c

E~t —Ey " =Ej¢yK11 K12 — Ey T Koo + Ej TKo1 K12 + Ofe 7#”)
= — By [(hde)?, pr] (Y — 2)7[(h0,)?, xn) Bf — By R (xn — 1) E
_ E(;JFR(J)r(l _Ph)(f{? — z)_l[(haz)Q;Xh]Ear +O(€_%M).

O

5.3 Localization of the resonances

In what follows we discuss the problem of resonances for the operator H/ oo _wn(0). Using (F.18)
and the detecting method introduced in Subsection . these coincides with the singularities of
the matrix (E *(z,ze~ 2‘902))_1 in a sector arg(z) € (—27,0) for a suitable 7. Here the symbol
E~t(2,¢) actually denotes the (z,¢)-dependent matrix defined in (f.17).

The comparison of the Schur complements E~+ and Ej * stated in Proposition @, allows to state
the following localization result on the resonances of the operator H{}*Wh,e[) (0) and to estimate
accurately their variations w.r.t 6g .

Proposition 5.5. Assume the conditions (5.4)(5.5) (6.6) and fiz 0 such that |6o] < Th. Then for
h > 0 small enough, the operator HZ}U v_wn(0) has exactly £ resonances {zf(@o) 20 (00)} in

Wen, possibly counted with multiplicities, with the estimate

h Qio
Z_] (90) =0 ]’LS )

after the proper labelling with respect to j € {1,...,¢}.
In particular, when

lim h% A min |/\h )\?/| =400, (5.20)
h—0 J#3’

2S5

there exists Ty > 1, such that every disc D;,(T) = {z eC,|z— >\7| < Teih; } contains

exactly one resonance z;(6p) when T is fized so that T > Top . and h > 0 is small enough.

Proof: We look for the points where the matrix E~(z, ze~2%) is not invertible. When z € weh

then |z| < 2 when h is small enough and the two points z and ¢ = ze™2% = z 4 z(e2%0 — 1) belong
to wen- Thus Proposition f.4 gives

_ﬂ
[E=F(2,2¢72%) — Byt (2)]|oo < M, bc S (5.21)
where the equivalent norm ||a;;lcc = max |a;;| is used.
(2¥] _ﬁ
h
Let Qp = {z €C; min |z — )\?| < 20M, bce_} and suppose z ¢ 2. Then the coefficients
1<j<e w3

¢
E;" of E~ are such that for all i € {1,...,¢}, |E;"| > Z|E;+| and E~7 is invertible by
j=1
J#i
Gershgorin circle theorem.
To conclude the proof, we have to compare the number of resonances to the number of Dirichlet
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eigenvalues in each connected component ;; of € (2, = Q5 is not forbidden). Defining
E~*(t)=E, T +t(E~t—E; 1) for 0 <t <1, the number N(¢) of points in €2; ;, such that E~(¢)
is not invertible, is constant on [0, 1]. Actually, note first that () implies that for all ¢ € [0, 1],
E~7"(t) is invertible when z € 9€; 5, using an argument similar to the one used for E~" outside
Q. Therefore, for any tq € [0, 1] the analyticity of E~(#9) with respect to z implies

inf |det B~ (¢ 0
nf |det B (1)| > 0.

and for § small enough, the estimate:

|det E~F (tg+6) — det E~F(to)| = |det(E~* (to) + 6(E~ — E; 1)) — det E~* (to)| = |6]|R(to, 6)]
< inf |det E=T(¢o)| < |det B~ (to)]
,h

z2€09Q;

holds for all z € 09, after noticing that the function |R(to,d)| is a bounded polynomial of to,
§ and of the coefficients of E;+ and E~*. The functions det(E~*(t)) and det E=*(ty + §) are

holomorphic functions of z € wen such that sup.cpq, , |%W — 1| < 1. Thus, Rouché’s
theorem implies N (to + d) = N(to). The function N(¢) is continuous on [0, 1] with integer values.
It is constant.

Assuming e r h3|)\§‘ — AJ| — oo for all pair of distinct J.j', implies Q;, C D, (R) for all the
J’s with D; ,(R) N Dj: p(R) = 0 if j # j/ when R > 2(M,; . and h is small enough. This yields

the last statement. O

Remark 5.6. In the above proposition the term resonances is used for the eigenvalues of the
operator er,wo, which in principle may still have a positive imaginary part. In the particular
case of Oy = iT, T € (0,%), the result of Lemma implies that these eigenvalues must lay in
the lower half complex plane. On the other hand, the result of mext proposition and the lower
bound on |Im zjh(())‘ (see Proposition [5.§) implicitely yields: Im z?(@o) < 0 on a suitable range
of |00|. Under each of such conditions the points zjh(t%) corresponds to resonances of the operator

Hgo,vfwh (0) as defined in Proposition @

The next Proposition localizes the resonances z/(0o) of H,'

00,V —Wh
nances zJ' := z"'(0) of H(])l,vfwh (0) by making use of the comparison between E~F(z, ze~2%) and
E~"(z,2).

(0) with respect to the reso-

Proposition 5.7. Assume the conditions (5.4)(5-3)(.6) and e < 10o] < c%h . Then for h >0
small enough, the matrices E=T of Proposition associated with ¢ = z and ¢ = ze~2? satisfy

_ 25
sup |E_+(Z,Z€_290) — E_+(z,2)| =0 <|90|%> . (522)

ZEW ch
2

If additionally () is assumed the variation of the resonances around \° for e < |6o| < CiTh
and 6y = 0 is estimated by

25¢
e h
 max |z§l(90) - zﬂ =0 <|90|T> .

Proof: For z € Wen and 6y such that [6p] < C%h, the Proposition @ implies that:

E™"(z,27%) = B~ (2, 2) =Eq [(hd:)?, pn] D[(hds ), xn B

550=Ca,b,ec"

+ By "Ry (1= pr)DI(hda)?, xn]Eg +O(e™— =)
5S0—=Cq4. b,c

—[+11+0(e— =),
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where D = (H" — 2)~1 — (f[ge,zeo — 2)71. The operator E; being bounded, the first term I is
estimated as we did for (p.19) where (f[éf — z)~ ! is replaced by D and we use Proposition @
instead of Proposition Q This leads to:

_% _%
_ e e
M1 € Copel22/2 = (e 20/ T < €]

For I1, using the exponential decay given by the operator R(J{ , we get:
_ 250
e h
71| < Capelbol 5

S 550=Ca,b,c" . . 25,
The assumption e~ 7 < |fy| ensures that the remainder O(e™ SO ) is absorbed by [fp|e™ 7 A3

as h — 0. We have proved (f.22).
When (5.20) is verified, Proposition b.q says that every disc D;,(T) = {z € C, |z — M| <
Te*%h%} for any T > T, ., contains exactly one resonance z?(@o), and in particular one

resonance zjh when 0y = 0. Hence the matrix E~" (2, z) has only simple poles and its inverse is
the meromorphic function

4 h

A"

(B~ % (z,2))" ' = Z — + Fh(z), z¢ Wep - (5.23)
j=1 ZTE
The matrix A? is nothing but the residue
1
Af = o— (B~*(2,2) 7 dz,
29 O, (m)

while the function F”(z) is a holomorphic function estimated via the maximum principle by

L h
Al
sup |F™"(2)| < sup |[(E~T(z,2)7 Y+ E 7| J |h ) (5.24)
Z€Weh 2€QW ep — |Z —Z; |
1 1 J
The estimate of Proposition @ says
_ 250

_ — (S
E=4(2,2) = By ()] £ Cape

while we know |(Eq ¥ (2)) 7| < maxi<j<r |z — A[71. After writing

-1

(B =+ EN) N ETT BN (BT, (5.25)
we get for T > max{T4p.c,2Cap.c}
he 2h3e 7"
sup (B (z2) M < g < ET
2€0D,,1,(T) T[1 — =%b<] T

and finally the uniform bound for the residues

max |A;l| <2.
1<;j<t

The holomorphic part F”(z) is then estimated with (§.24). Actually, the first term is estimated
with the help of (5.25) while the second term is treated with the above estimate of A;‘ and by

289
making use of maxj<j<s |z]h — /\?| < TapeSm—:

Cl
sup |FM(z)] < —%2
ZEW ch h
4
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For all z € wen \ {zf,...,2]'}, the inverse of E~T(z, z) is thus estimated by

4 9 Clb
E_+ —1 < a, ,C-

j=1 J

We now write for z ¢ wen \ =l 2}
E~T(z,ze7%0) = B~ (2, 2) 1+ (E~%(z,2) HE T(z, ze=200) — B (2, 2))] -

Due to the estimate () the condition

250

20
R TN 1%
ety P51 2T
implies
B o B _ h3e R _ N
(E™F(2,2)) (B~ (2,2¢72%) = B (2,2))| < |20—— 6o +Ca, b I

where the right-hand side is smaller than 1 if 7" > 4¢CY/, . and h > 0 is small enough. Outside
Ui, {z €Clz -zl < T|90|e’%h’3}, E~(z,2e72%) is invertible. For such a T we have proved

230

h h ~ T |6l
m v(0,) — 20 < 7E 1700
je{1,8.b.).{,e} |Z] (60) % < h3

5.4 A Fermi-Golden rule

In [E], a Fermi Golden rule for the imaginary parts of resonances I'j = —Im zf in the case
6o = 0 has been introduced. It plays a major role in the analysis of the nonlinear effects studied in
L9 B4 BT B3 [E L] for it expresses accurately how the tunnel effect between the resonant state
and the incoming waves is balanced between the left and right-hand sides. By assuming

Sy SO

lim e 7 i h X\ = ith —— 2
nao " 1521?9')‘] Apl=oo with Sy < 8’ (5.26)

which is stronger than (), the energy range of A € R associated with the resonance zjh is

given by |A — z]h| < e~ . When b 70(i\/X, .) denote the generalized eigenfunctions of the filled
well Hamiltonian H&V(O) at energy A defined in section @ and @?, j € {1,...,¢}, denote the
normalized eigenfunctions of the Dirichlet Hamiltonian H given in (), the formula

|<Wh1/;]1,0(\/xa ')a q);l>|2 + |<Wh1/;]1,0(7\/xa ')a q);z>|2 > 6_%

" 4 o(Th) = ,
J (J) 4]?,\/X - C

(5.27)

for all A € R such that |A — zh| < e_STU has been proved under additional assumptions about the
localization of the <I>h within supp W" . We refer to Proposition 7.9 in [ and to the subsequent
explicit computatmns in Sections 7 and Section 8 of [@ for the details and in particular for the
lower bound.

We shall assume that the formula ) is true when 6p = 0 and check that it remains true
when 6y # 0 is small enough. We shall use the notation

1";? =—Im z;‘ and F?(@o) =—Im zj #(0o) -
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Proposition 5.8. Assume the conditions (5.4)(5.9)(-6)(-29)(5.27) and take 6y such that e <
60| < C%h then the Fermi Golden Rule

|<Wh’l/~)ﬁ,00(\/xa ')a q)h>|2 + |<Wh1/~)ﬁ,90(7\/xv ')7 (I)h>|2 h 6_%

Su

holds for all X € R such that |\ — 20" < e™ 7.

In particular, when limy_,g h=50g = 0 we have

|<Wh1/;]i,60(\/xv ')7 (I)?>|2 + |<Wh1/;]i,60(7\/xa ')a q);z>|2 > 6_%
4hV/X e

I'"(60) =

I'(8o) + o(I'}(60)) =

Proof: Proposition @ gives:

25

IT%(60) — T| < Cupclo] 5 (5.30)

3
Let f(bo) = <th/1’1190(\/x, ), <I)7> The pointwise and L? weighted estimates of u = 7/311,90(\/& e
(\/_ ) stated in Proposition [l.q with () = dagy(x,a, V, \) say

ex) 2 bc|90|
hY/? sup |e¢§L u(z)| + |leF ul|r2 < ai,
z€la,b] h3/2

while Proposition [£.4 gives

/

p@) ~ e Ca c
W2 sup [e5 gty (VA @)+ [leF gt 5 (VN)|p2 < =2

z€la,b] ’ ’ - h1/2 ,

with the same estimate for 85 = 0. Moreover, the exponential decay of @? stated in Proposition Q

can be written as ,

a,b,c
b

wj(x)
hl/? sup |e e ( |+Heh<I>HLz<
z€Ja,b]

with ¢;(z) = dag(z,U,V, )\?) Recalling that

1 h
WPl < =0 WSl < 7. suppW" € {d(a,U) < b} |

and So = dag(U,{a,b} ,V, %) < dag(x,{a,b},V,\) + O(h) when z € U" and |\ — 2!| < e .

Hence we get with our assumptions

So
e h
|f(6o) — f(0)] < Cg,b,c|90|m
_ 5o
and |f(90)| < C//bc R3/2 "
We obtain s
ARVX 4RV h5

O
Remark 5.9. In [21], the Fermi Golden Rule (5.2) has been studied with W" € L>®((a,b)).

Newvertheless it can be proved in cases when the singular part W} does not vanish by a direct
analysis like for exzample when WY = hé.. The presentation of Proposition @ shows that the
stability result w.r.t to 6y holds in this more general framework and leaves the possibility of further
applications.

39



6 Accurate resolvent estimates for the whole space problem

In the previous sections f and E, we got accurate resolvent estimates with respect to h > 0 for the
problem reduced to the interval (a,b). We use here this information in order to derive accurate
resolvent estimates for (Hg, v _wn(60) — 2) ™' when 6y = ih™No, Ny > 1, which are essential in the
justification of the adiabatic evolution.

6.1 Localization of the spectrum

The results of Corollary @, Proposition @, Proposition @ and section @ can be summarized
with the corresponding assumptions.

Proposition 6.1. Assume that V € L*>((a,b);R) and Wh = WP + Wk € My((a,b)) are real
valued with the hypothesis (1),

1

- =S e <

)

ol
ol

Ay <V [V]e= <

Wi and W} are supported in the domain Uy, = {x € (a,b); d(x,U) < h} where U is a fized compact
subset of (a,b). Assume also 0y = ihN° with No > 1 and h < ho . Then:

a) Oess (Hgoyvfwh (90)) = Oess (HJ@D,Vfwh (90)) = 6_290R+ 5
b) The equality [B.34) written with 6 = 6,

h -1 h -1
(HGO,V—Wh (6o) — Z) = (HND,V—Wh(90) - Z)
4
— Y (Balz.60,V - W") —A);—1 Bji (/(ek:2:00): ) oy V(€is 2, 60)  (6.1)

1,5,k=1

holds as an identity of meromorphic functions on C\ e 2R .

c) InSp ={z€C,c<Re z<infyeqpy V(x)—c |argz| < 2|Im 6|}, the (discrete) spectrum of
Hgo,V—Wh (0o) is made of eigenvalues z" which satisfy Ker(H:he,zg0 — ") # {0} where Hé‘
is the operator defined in (1.9) . When the spectrum of the Dirichlet Hamiltonian o(HY) is
made of clusters such that (p.4) and (5.4) are satisfied, then there exists ko p. > 0 such that

Fa,b,c

V" e Spno(Hy y_yn(6)), d(z" o(Hp)) <e i

h
The resolvent of HGO,V—Wh
h

,i.e. with limy_0 2" = X, with a distance to U(Hg0 v_wn(00)) bounded from below

(fp) will be studied in a domain surrounding a single cluster of
eigenvalues z

by Cal,b,c hNo

Definition 6.2. The complex domain G, (\°) is chosen accordingly to the constants a,b, ¢ involved
in the assumptions on V., W", the hypotheses (L.1)(5-4)(5-H)([E-6) and to 6y = ih™No, No > 1:

JNo
Gr(\Y) = {z €C, |Re 2= \| < Zupeh, |argz| < WY and d(z,0(Hp)) > } ,  (6.2)

a,b,c

for some constant 2, . > 0 chosen large enough.
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6.2 Estimates of the finite rank part
We study here the finite rank part of (f.1)):

-1 _

4
Th(z,V*Wh Z Bq z 90,‘/ Wh) A)z] Bjk:< (ek, 0 ), > (]R) ( €is ,90) (63)

i,5,k=1

and its variations between the case W" = 0 and W" # 0. Every factor will be considered

separately. Hence it is convenient to keep the notation 7y _yn(e;, 2,60) for the total potential
V —W" and vy (e;, z,0) when Wh =0.

Proposition 6.3. Assume the hypotheses (1)) (5-4)(.5)(6.6). Take 6o = ih™o, Ny > 1, and let
Gr(A0) be the set defined by (6.9). The matrices (Bq(z, 00, V—W")—A)~1 and (Bq(z, 0o, V)—A)~1
verify the uniform estimate

Vz € Gh(>\0> ) |(Bq(25905 V- Wh) - A)71| + |(BQ(27905 V) - A)71| < Ca,b,chv (64)

in any fized matricial norm.
The functions ~yy satisfy the uniform estimates

supp (€5 3, 2, 00) = supp yv(ey 3, Z,00) C [a, b],

(
supp yv(es, 2,00) = suppyv (e, 2,00) C [b, +00), (
(
(

supp Yv(ey, 2,00) = suppyv(ey, 2,00) C (=00, al,

C ,b,c
HjaX v (e, 2, 00)|l 1. ((a,b)) T (e, 2 )||H1 (b)) S 2
C ,b,c
max yv(€is 25 00) i @\ [a,6) F 70 (€45 Z 5 00) | 10 &\ fap)) < TN D2 (6.9)

holds when z € G,(A\°) and V =V —W" orV =V .
Moreover the differences (Bq(z, 00,V — W) — A)~! — (Bq(z,00,V) — A)~ and yy_wn — v are
estimated by

((Bq(z,00,V — W") — A~ — (Bq(z,00, V) — A)~| < C,, bce—i—f? . (6.10)
max HW wh (€, 2,00) — (e, 2,00) | o ((ap)) < Caspee™ E (6.11)
with SO =dag({a,b},U,V, 2\,
Yv_wn(€;2,00) = v (e 2,60), for =14, (6.12)
when z € GR(A\?), with the same result for (Z,00) .

The matrix Bgq(z, 6y, V)— A is expressed with boundary values and we will need the next lemma.

Lemma 6.4. Assume (@), 0o = ih™No, Ny > 1, and set
(7)) = dag(z,b, V. A"),  @a(x) = dag(x,a,V,A°),  So=dag({a,b},U,V,\°).
For any z € Gy, the solution g (Tesp us) to

{ (ph — Z)ﬁgyg == (7h2A + V- Z)’(TL213 =0
’ELQ((I) = 05 ﬂ?(b) =1 (7’65]). ’ELB(G’) = 15 ﬂg(b) = 0)7

verifies:
2| e ((a,py) < Cap,ch'’?, e U2l L2 ((a,b)) + B hity|| 2((a,p)) < Cf;l/g , (6.13)
resp. ||l min(apy) < Capch™?, e sl L2 (o) + lle ™ hihl| L2 (o) < % ,(6.14)
o) < DL [ @) < Cap ok, i) < SRS (615)
resp.  |ah(a)| < CTb |Tm @(a)| < Cap,ch™ ™", |ay(b)| < Czjcef% (6.16)
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For any z € Gi(\%), the solution ug (resp. usz) to (B.24) rewritten as

{ (Ph — Z)Uug3 = (*h2A +V-Wwh— Z)ug3 =0
uz(a) =0, wug(b)=1 (resp. us(a) =1, wusz(b)=0),

can be compared with G (resp. us) according to

max, i — i g1 + 1) — ()| + |} (b) — @(D)| < Cpee™ 5 . (6.17)
1€4{2,3

Proof: Let us first focus on the case W" = 0. It suffices to study the case of iy, the result for s

being deduced by symmetry.
Consider a real valued function ug € C* such that ug(b) = 1, supp up N [a,b] C [b — h, b] and:

[[(hdy)%uo|| < Co, a €N,

and set iy = ug + © where ¥ solves (H}, — 2) = f with f = (hd,)%uo — (V — 2)ug. We keep the
notation ([.2) for the Dirichlet Hamiltonian associated with P" .

Owing to V —Re z > ¢, the variational formulation of (H}, — 2)& = f with || f| > < Ch/? provides
5] gr1.» < ChY/? which yields the first estimate of (6.13) . With the equation —h%"” = —(V —2)04f
and applying Lemma [A.1 to 9(b — z), we get |#/(b)] < C;L}},,—j/; and hence the first estimate of (.13).
The second estimate of ([.15) comes similarly from |Im @ (b)| < ChNo—1 . It suffices to write that
w =¥ — ¥ solves

(I:I]f)—z)w:(sz)UOJr(z—Z)%:g,

where the right-hand side is estimated by ||g||z> < ChY?|Im z| < ChNot1/2. The estimate for
|w’(b)| follows the same arguments as for |&/(b)| with ANo+t1/2 instead of h'/2.

The second estimate of (f.13)) is a direct application of Proposition [i.1-i) to (H}, — 2)& = f while
noticing that dag4(z,b,V,A\?) can take the place of day(z,supp f,V,Re z) because |Re z — \°| =
O(h), supp f C suppug C [b— h,b] and da,(.,., V,A°) is uniformly Lipschitz on [a,b]?. On the in-
terval [a, a+h] the second derivative of ¥ satisfies —h*0” = —(V —z)0 so that [|Ga(a+.)|| gr2.n((0,n)) <

_epla)
0‘117/; and we apply again Lemma [A.].

The difference v = us — o solves the Dirichlet problem

{ (Ph — 2)v = Whiy
v(a) =v(b) =0,

which means v = (HJp — 2)~(W"iy). Tt suffices to apply Lemma [AJ with |[W"is| -1 <
S

_5Sq
’
Copee P

Cop|[Whiig|| pm, < C’aybﬁce*iho. With z € G(\°), this gives |[v]|gn < —%4%57— . In [a,a 4 ]
or in [b — h,b], the equation for v is simply h?v” = (V — 2)v and we use again Lemma @ to
conclude. (]
Proof of Proposition :

a) First consider the estimate of (Bq — A)~! in (6.4) and its variation in (6.1(). The explicit
form of the matrix (Bq(z,@o,V —Why — A), using the definitions of A, B and ¢(z,6p, V) given
respectively in (B.33) and (B.2d), can be written

(Bq(z,00,V —W") — A) = M(2) + R(z),

with
_ 360 ,
—u5(b
N 1 u4(h) 0
5o €2 0 0
M(z) frnd ﬁ ze 90 76970 iheeo , R(z) frnd ﬁ 0 0 s
oy 0 —ub(a)



where us 3 has to be replaced by @23 when W" = 0. According to (f.15)(.16) and (.17)
IR(z)I| < Capee™ 20 . (6.18)
The inverse matrix (Bq(z, 0,V — Wh) — A)fl is formally given by:
(Bq(z,00,V = W") = A) ™' = M(2)" (1+ R(z)M(2)"") " . (6.19)

An explicit computation gives

. e wy(b)
AT | ihe®0 67%
M(z)"t=h? Vze2fo

— ihe®o
with { R Vv ze200 ua(b),
/
3

— — ihe’
A~ =0 — ZeZ%u (a).
Using |Im b (b)| + |Im u}(a)| < CuphNo™! due to (p.15)(6.16) and (b.17), leads to the lower
bounds for AT and A~. With our choice of the branch cut: \/% = :l:%, depending on arg z,

and one has

|AT] > Re A1 > cos(Im 6p) — |}Im uh(b) Re vz — Re uy(b) Im /2|

1
> cos (Im 6y) — C% (hN"_l |z| + E|Im \/Z|) :
z

For z € Gj, we have [Im /z| < Ch™No and one finally gets: [AT| > 1. The same lower bound
holds for A=. Thus M(z) is invertible with: M(z)~! = O (h) in any fixed matrix norm. From
relations (p.19) and ( , it follows:

(Bq(z,00,V —W") — A)’1 =M(2)"! <1 +0 (eh“o>> =0(h), (6.20)

which is a rewriting of (f.4). The estimate (b.10)) of the difference is due to the exponentially small
size of |uj 3(a,b) — 1y 3(a, b)| stated in 6.17).
b) We shall now consider the estimates for yy(e;) withi =2,3, V=V or V=V — W . Actually
it suffices to remember the equations (B.29), (B:24) and the definition of the coefficients (B.23)

IYVfWh(Qi’Zan) = CiUy; :iﬁula 1= 2335
where the functions us 3 do not depend on 6y and are given by (B.24). It suffices to use (f.13) for

(6-§) and (p.17) for () Changing 6 into y has no effect and z € G;,(\°) when z € G,(\°).
c) The functions yy (e, 4,2,60) do not depend on the potential V:

390 360

( 0 ) \/2529;3(: b) ( 0 ) ez _teE _i\/zezes(:cfa)
€1,%2 e €4, 2 = _ (&
Y€1, %, 00 m (b +00) y  Y\€q, 2,00 h\/zeTgU (—o0,a) )

from which (5.13) follows while (b.d) comes from

c Ca,b,c

H'Y(Qi,2,90)|‘§{1,h(R\[a7b]) < b m (\/2’6—290> < BNo+1 when z € Gh()\o).
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6.3 Resolvent estimates

We gather the information given by the Krein formula (6.1]) and the control of the finite rank part
T"(z,V) given by Proposition [5.3.

Proposition 6.5. Assume the hypotheses (1)) (6.4)(5.5)(6.6). Take 6 = ih™No, Ny > 1, and let
Gr(\Y) be the set defined by (6.9).
a) For V=V or V=V —W", the resolvent (Hyp, v(0o) — 2)~* is estimated by

a,b,c

_ C
vz e Gu(A),  [I(Hg v(00) = 2) "l e @y @\ fan})) < TNt (6.21)

_ C’a,b,c,
Vz € Gn(X%),  I(HY, y_wn(00) = 2) "Xl o1 (b)) @\ {ab}) < hTJr; , (6.22)

for any fized x € C§°((a,b)) .
b) The difference of the resolvents equals

(g (B0) — 71— 00) — 2 = (g 00) — 2)°
— (HYpyy(B0) —2)"F + RY"(2), (6.23)
with
¥z € Gh(\0),  IRY () cero@yum @\ gany)) < Capee™ ™, (6.24)
Vz € Gr(X%),  [IRY™ ()Xl o1 (@bt (R\{ab})) < Clupoe™ ™, (6.25)
for any fized x € C§°((a,b)) .

Proof: a) The formula (p.1) says for V=V or V=V — W

1

(HE w(00) —2) " = (Hipy(0o) —2)"

4
- Z (Bq(zae()vV)*A)i_lej <7(§k527é0)7'>L2(R)7(§i52590>
i, k=1

= (HNpy(0o) - Z)_l —Y"(2,V).

By Proposition .3, actually by (5.4)(6.9) and (B.), the term YT”(z, V) satisfies with Ny > 1

C b h 1 C b
h a,b,c a,b,c
1% (2, V) ez vfaby)) < min {JNo+1, k0242 3] X3S TNot2
C h 1 C
h a,b,c,x a,b,c,x
I (2 V)X a1 (@b R\ a.b})) < min{hN0+1,hN0/2+2’h3} x h2 < hNo+3 7’

for any fixed x € C§°((a,b)).
It remains to estimate the first term. The worst case is for V = V — W" since G1,(\°) lies
around elements of o(HY = —h?Ap +V — Wh):

—1
(HJ}%/D,V—Wh (00) — Z) = e*% (*hQAlg\[a,b] - 26290) @ (Hp - 2)

According to Lemma @ with HfHH—l,h((a’b)) < %HfHHfl and |ul| g1 ((a,p)) < %HUHHm((a’b)), the
inequality

—1 Cabc 1 Cabc
-2 o G 1) < Gone
H( b Z) L(H=1((a,b)),H3((a,b))) — A2 (d(z,a(Hg)) + ) — hNot2
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holds for z € G (\?).

-1
The resolvent of the Neumann Laplacian (—hQA]g\[a b~ C) can be written

-1

(h2AR\ab C)_l (hQA]R\abJrl) {1+(1+C)( W2 AR (ap) — C)_l}a

. -1 1
with || (—hQAQ\[a,b]H) le(ze @ ja,b); o @\t < 75

it is estimated by

1

o 1+d
I (~P2AR 0~ €) IIL(L2<R\[a,bD:H1(R\[avbD)SE[Hi '

d(Ca R-ﬁ-)

For z € G1(\°) and ¢ = ze?%, the distance d(ze20,R,), is bounded from below by Ch™e. Hence
we get

Cabc

| ( h? AR\ (a5 — 7€ ) leczz@\fo.0)sm ®\[a.b) < TR01T -
Putting all together gives (6.21]) and (6.29).

b) For the difference of resolvents, it suffices to notice that

RYM(z2) = Y2, V) = T (2, V — Wh).

Hence it is the difference of trﬂinear quantities of which every factor is estimated by hg,;NU with

variations bounded by “—“ . This ends the proof. o

7 Adiabatic evolution

We consider now a time-dependent real valued potential V (t) — Wh(t) = V(t) — W] (t) — Wi (t)
supported in [a,b] with

Mo
Wl €, t Z w]l x]h at) ) W2h(t) = Z iy (t)h6($ - ‘Tj272)’ Qjy (t) >0, (71)
Jj1=1 j2=1

where the z;’s are fixed (independent of h) distinct points of (a,b) and the supports supp w;, are
contained in a fixed compact set. The functions V(.,t), wj, (., ), a;j,(t) are possibly h-dependent
CX functions with a uniform control of the derivatives and which impose a uniform control of

()54 (p-3)(F.d). Namely we assume that for some XO(t) the estimates

—_

Jmax |0V (Ol + 19Fwy (O~ + 10 O] + 1IN B < <, (72)
0< k g K
0<j1 < My
0< 51 < My

Vo € [a,b], c¢<A\@) <V(x,t)—c, (7.3)

hold for all ¢ € [0,7]. Actually, the regularity of A°(¢) can be deduced from the other assumptions
possibly by replacing it initial guess by the mean energy value ¢ Tr [HJ(¢)Io(t)] with IIo(t) =
= | (z— Hp ()L dz
24T \z—ko(t)\:% D .

This A°(t) is moreover assumed to be the center of a cluster of eigenvalues of the Dirichlet
Hamiltonian HY(t) = —h?Ap + V(t) — W"(t) on (a,b): There exist AP (t),..., A (t) € o(HB(1))
such that

A, o (HB0)\ (N0 N (D)) > e, (7.4)
max, (1) - <|<ﬁ (7.5)
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The operator Hgo,V(t)fwh(t)(eo) is studied here with

HozihNO, No>1.

According to Proposition [.]] and Definition .2, the complex domain G, (Xo(t)) surrounds ¢ eigen-
values z7'(t),...,z0t) of Hgo V(t)_Wh(t)(Ho) and its distance to the spectrum remains uniformly
bounded from below

in d(Gp(Mo(t)),o(H, _ 00))) > RN
tg[lol,%] ( h( 0( )),U( 00,V (t) Wh(t)( 0))) = Ca,b,c
The spectral projection associated with the cluster of eigenvalues {z{‘, ey zé‘} is given by
1
Py(t) = — —-H, 00))"" d 7.6
0(t) = 5~ /Fh(t)(z 60,V (t)-wh (1) (00)) " dz, (7.6)

where T'"(¢) is a contour contained in G}, (A\°(t)) .
When K > 1, the parallel transport ®o(t,s), t,s € [0, 7], associated with (Py(t))¢ejo,7] is given by

{ 0y ®o + [Py, 04 Po] 9 = 0

Dyt =s,5)=1d , (7.7)

is well defined and satisfies
Vs, t €10, T], Po(t)Po(t,s) = Po(t,s)Po(s).

The time-scale is given by the parameter

e=e %, with 7> 0 fixed.

When the assumed regularity is large enough, K > 2, Proposition @—d). the Cauchy problem

(7.8)

ieOyu = Hgoﬁv(t)iwh(t)(t?o)u, t>s,
u(t = 8) = us

defines a dynamical system U¢(t, s), 0 < s <t < T, of contractions on L?(R).

Theorem 7.1. Assume ([3)([4)([FA)FH) with K > 2 and take 6y = ik™o, Ny > 1, e = e 7,
7> 0. Let Py(t) be the spectral projection (7.4), let r belong to CO([0,T); L2(R)) and let r, belong
to L2(R). For s € [0,T] take an initial data us € L*(R) such that Py(s)us = us.

Then the solutions u" and v" to the Cauchy problems

9. _ ITh h
{ zshﬁtu =Hpy yiywnyo)u" +r(t), t=s, (7.9)
u(t =8) = us +rs
and
Ol = @0(5,t)Po(t)(Hgo,V(t)_Wh(t)(90))P0(t)<1>0(t, syl t>s
Vi (t = s) = us,
satisfy
1
max [|u"(t) — Po(t, s)v" ()| < Caperrs [ usll + [I7s] + = max (D] - (7.10)

te(s, T € tels, T

Remark 7.2. The estimate with the source term r(t) can be improved if P(t)r(t) = r(t) after
reconsidering the proof of Corollary @ in the Appendix (possibly with a higher order starting
approzimation with K < 2). Nevertheless the accuracy of the result may depend on the assumptions
for r(t). We prefer to postpone this kind of improvement to a subsequent work when hypotheses
for the source term are naturally introduced.
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Proof: a) When uf(t) denotes the solution to ([.g) associated with 7y = 0 and » = 0, the
contraction property of U¢(t, s) implies

1
£) — ugo®)|| < ||rs| + - 8.
max, lu(t) = oo ()1 < lI7sll + - max, (@)

Hence, we can forget the remainder terms and simply prove the estimate () when rs = 0 and
r=0.
b) We consider the operator A®(t) = %(Hgmv(t)_wh(t) (6p) — X\°(¢)) and we notice that the domain

HGHO00) - X0) = {16 =), =€ Galale) ]

7

contains the contour )
o= ={r"(®) - 2"} ,
which can be chosen independent of ¢ € [0,7]. Then the projection Py(t) is nothing but

Po(t) L/F (z — As(t))~! dt.

- m

Hence it suffices to verify the estimates of 9f (2 — A%(t))~! for k < K + 1 and t € [0,7] in order to
apply Theorem [B.1] and additionally the uniform boundedness of ||Py(t)| and ||0;Py(t)|| in order
to use its Corollary @ B

Like in Appendix [3, we use the notation g(¢) = O(¢V) in order to summarize

V6 >0,3Cy5 >0, |g(e)] < Cyse™ 0.

For z € T, the k-th derivative of (z — A°(t))~! has the form

OF(z—A(t)™ ! = > Ciroigm (2 = AS)THO (—iV + iW )] (2 — A5) 7L, ..

1+ dm =k
Jji 21

O (=i W) (2 — A%,

where the numbers ¢, .. j, are universal coefficients.

Remember

)

: 1
107V (D)l £(z2m)) < -

the support condition
AW (1) = x(@) [AIW(®)] x()
with x € C5°((a, b)), which entails

ol

107 W ()| 2213 (o))t (arb))) <

Hence the resolvent estimates of Proposition @ imply

Cape  _ O(%). (7.11)

k € -1
max ]Hat (=AM < mors =

z€l. ,k<K+1,te[0,T
Meanwhile the length |I'.| is bounded by O(1) and therefore the conclusions of Theorem are
valid.
Now comes the final points, which are the uniform boundedness of || Py(t)|| and [|0¢Py(t)]], in order
to refer to the more accurate version of Corollary @
c¢) For Py(t), we write

1 1

—1 -1
P()(t) = % /FE (Z — As(t)) dz = % _ (Z — HOO,V(t)—Wh(t) (90)) dZ,
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and we use the formula (f.23) in the form

(Hp y_wn(B0) — 2) 7" = (Hp — 2) 7" = 2P (=h> A o) — 2€°) 7!
+ (Hg, v (00) — 2) ' — (Hipyv(0o) —2)" ' + RY"(2). (7.12)

The right-hand side is the sum of three holomorphic terms in the interior of I'*(#) and of an
exponentially small term according to (6.24). We obtain

1 hy—1 _So _5o
Py(t) = — (z—Hp)  dz+0O(e” 1) =Ty(t) + Oe” 1),
2T Th(t)

where IIo(f) is the orthogonal spectral projector associated with {X{(¢),..., A} (1)} C o(H}(t))
with norm ||TIy(¢)]| < 1.
d) For 0:Py(t), we use

Oy(z — Hyy,y—w(00)) ™" = (2 = Hpy,y—wn (00)) "' 0V — O W™) (2 — Hy, vy —wn (60)) 7" .
From ([7.12), we get
(Hoyv—wn(00) = 2) " Liag) — (Hp — 2) " Ljayy
Th

—Z
=0+T"(z, V)1 + RY"(2)1[
4 3

i,j=1k

where the first term of the right-hand side is holomophic inside I'"(¢) and the last term is exponen-
tially small according to (6.24) and (6.29). A symmetric writing holds for Lia,0)(z=Hegq v —wn (60)) ™"
Hence the derivative 9; Py(t) is the sum of several terms:

(B(J(Z; 905 V) - A)z_]l Bjk <7(Qka 2, éO)a .>L2(]R) ’Y(Qia Z, 90) + RTh(z)l[a,b] )
2

1
— (z— HB"YHO,V — 0, W) (2 — HY) ™ dz = 9,11y (1)
20 Jrn(y)
1
= — (z— H)Y YO,V — 0, Wh) (2 — HE)Y 1 dz,  (7.13)
2T Jz=20(t)|=c/2
1
B Y2, V) 1o (0:V — 0:Wh) (2 — Hp) dz
217T Fh(t) ’
14
== > TN V)@V — oW )@k ) (@h] (7.14)
J'=1
1
- (z — Hpy v —wn(00) (0 V — 0, W")RY"(2) dz, (7.15)
2 Jrny) ’

plus another term symmetric to ([7.14).
The first one ([7.13) is uniformly bounded because

c

e |[(z— H}) (2 is uniformly bounded when |z — A°(t)] = § according to Hypothe-
sis (LA @A) with [0,V [z + [0W] ||z~ < ¢,
o |[(z — H]}},)_1||L(L2 g2y is uniformly bounded when |z — M(t)] = £ according to FAF3)
g
and (A1) in Lemma A with |8, W2 e, < b

The last one ([7.17) is O(e’%) owing to (5.24)(6.23) for R¥"(z) and owing to (6.21))(F.29) for
(z = Hpyy—wn(60)) 7"
For the middle term ([.14) and its symmetric counterpart, first consider for k = 2,3 and j' €

{1,...0}
_ 1 B
(v(ex, 2.00) , (BV — OW")®h) = iﬁm , (O V — oWl
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where o and us3 are recalled in Lemma @ The exponential decay estimates for iy 3 stated in
(b-13)(6.14) and the one for @?, stated in Proposition [L.1-i) combined with [|0,(V — W")||aq, < 1

. . So .

imply that the scalar product is smaller than e~ 2r . Since the other factors of () are bounded
S,

by Ch or h%, we conclude ([7.14) and its symmetric counterpart are smaller than e~ Th O

A Parameter dependent elliptic estimates on the interval

[a, 0]
We gather here elementary h-dependent estimates for the elliptic operator —h2A+YV on the interval
(a,b).
A.1 Dirichlet problem

It is convenient to use the h-dependent H*-norms

lullfpen = D 11(h0e) ullZs

a<lk

for k € N. The estimates with the standard H*, k € N, can be recovered after
1
lull e < 55 el e

For k = —1, the h-dependent norm on H~((a,b)) = [H{((a, b))]/ is

[iu
HfHHfl,h((a,b)) = sup M ,
u€Hg ((a,b)) ”uHHlvh((a,b))

with now || £l -1 ((ap)) < FIF I -1((a,)) - We will note H;"((a,b)) the space H}((a,b)) equipped
with the 1" norm.

Lemma A.1. There exists a constant C > 0 such that
s ¢ / c
Yu € C ([O,h]), |u(0)| S Wllu”Hl*h((O,h))’ resp. |u (0)| S WHU|‘H2'h((O,h)) N

and the inequality extends to HY((0,h)) (resp. H%((0,h))).

Proof: The second estimate is simply a consequence of the first one after replacing u with hu'.
The first estimate is simply the usual estimate [v(0)| < C||v|| g1 ((0,1)) applied with v(z) = u(hz).
O

Lemma A.2. Let Vi € L*((a,b)) and Vo € My((a,b)) be real valued with supp Vo CC (a,b) and
1

h
Millze <= [Dallm, < =
c c
Then the Dirichlet Hamiltonian HY = —h2A + V1 + Vs defined with the form domain Hg((a,b)),

satisfies the resolvent estimate

- 1
o) I = e oy < Conel1 + P (14 s

(A1)
When f € L*((a,b)) and z € o(HP) the traces u'(a) and v’ (b) of u = (HY —2)7Lf are well defined
with
/ ) e [+ 12117 1
[u'(a)] + |u'(b)] < — gz (1+m) Il fllze- (A.2)
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h

e

Proof: From the Gagliardo-Nirenberg estimate |u(z)]? < %Hhu'HLzHuHLz with [[Val|m, <
the term (u, Vou) in the variational formulation is bounded by
2
a,b

22 2.

Cup 1
[{u, Vou)| < ===l 2] 2 < §Ilhu’lliz +
With
1 h 2 1 "2 Cg,b 2
Vu € Hy((a,b)),  (u, Hpu) + Cllullzs = Slhlzs + | € = [Willze — 5 5 | llullz2

2
Ca,b
CZ

02
> [Vl + a2

C2

the operator H}}, + C is bounded from below by —%ZAD + % when C > % +
Lax-Milgram theorem then says

H(Hl}s + C)_lfHH&vh((a,b)) < Ca,b,c|

FllE=1((ab)) -

From the iterated first resolvent formula,

(Hp—2)" = (Hp+C) "+ (C+2)(Hp+C) >+ (C+2)*(Hp +C) (Hp —2) " (Hp+C) 71,
we deduce (A.1]).

It contains also the estimate ||(H} + C) ¢ and with

—1 Ca, 5
lcee(apyysmt® (apy < 5
(Hp —2)"' = (Hp+C)"' + (C+2)(Hp +C) (Hp —2)7",

this yields

)_1|| < Ca,b,c [1 + |Z|]
e @m == h \" aeeam))

When u = (H}) — 2)71 f with f € L?((a,b)), writing the equation in [a,a + h] and [b — h, b] in the
form —h?u” = f — (V1 — 2)u implies

I(Hp — =

Capell + |2])? 1
" ((aya _ < — 1 .
el 220 ((asatm)0b—h.b)) h + d(z, 0 (D)) Il z2
Lemma [A.1] is applied to u(a +.) and u(b—.) in order to get ([A.2). O

A.2 Agmon estimate

The next estimate is the usual energy estimate with exponential weights (see [B][2g)).

Lemma A.3. Let (o, 3) be an open interval, V. € L*=((«,)), z € C and ¢ € WH((a, B); R) .
Denote by P the Schridinger operator P := —h%d?/dx? + V. Then for any uy,us in H'((ca, B))
such that uf is a bounded measure in (o, 3) and locally L* around o and B, the identity

B B
/ ﬂ262
«

=6

B___
(P —z)urde = / hvhhvydz + / (V — 2 — ") vguidz
B
+/ he' (o] — vy )dx
; 2#(B)

+h? (&*awg(o@ e (ﬁ)) (A.3)

holds by setting v; = eWhuj forj=12.

This identity is obtained after conjugation of hd/dxz by e?/" and integration by parts. The
weak regularity assumptions can be checked after regularizing individually ui, ug, ¢ or V. In [@]
it was even considered with possible jumps of the derivative u] at o and /3, which are here removed
by the simplifying condition that u; is locally H? around a and 8 (Jump conditions already occur
at the ends of our intervals).
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B Variation on adiabatic evolutions.

We shall consider a family of contraction semigroup generators (A°(s))seo0,4+00) Which fulfill the
two next properties.

e The Cauchy problem

{ is@tut = ZAE(t)Ut (B 1)
Ut=0 = Up '

admits a unique strong solution with u; € D(A®(t)) for all t > 0 as soon as ug € D(A%(0)).
The corresponding dynamical system of contractions is denoted (S¢(t, s));>s with the prop-

erty S°(t,s)D(A%(s)) C D(A=(¢)) .

e The resolvent (z —iA®(s))~! defines CE+1([0, +00); L(H)) function for some z € C and that
the exists a contour I'. C C independent of s € [0, T, such that

r ok (= — o< 22
[Tel+ mmax 1060z =A%) < 5

for any k€ {0,..., K + 1}, K € N, any § € (0,0¢) and any ¢ € (0,¢p) .
Notation: We shall use the notation g(¢) = O(eY) for any N € Z in order to summarize
V6 >0,3C,5 >0, |g(e)] < Cyse™70.
For example, the previous assumption can be written

I.|=0(") and (2 — A%(s) 7 = O(). B.2

TA=0() and | max (05— As) 7| = OF) (8.2
The spectral projection Py(t) = Ep(t) is defined as a contour integral along I'. of the resolvent
(z — A%(t))~!. Correction terms Ej;(t), 1 < j < K are then constructed by induction. The finite
sequence (E%)o<j<k is defined according to

E§(s) = F5(s) = %/F (2= A%(s)) 7" dz,  QG(s) =1—P5(s), (B.3)
ZEE VE5_(s), if2<j<K, S§=5{=0, (B.4)

E;@:% / R {QR()0.5, (9)P5 (5) — PE(9)0. 55, (5)QG(9)} B d= (B3

+55(s) — 2P (s)S5(s)P5 (s), with R® = (2 — As(s))"t. (B.6)

Theorem B.1. There exists a C'-projection valued function (P¢(s))s>0 such that the relations
and estimates

Pe(s)P(s) = P*(s) , P°(s) € L(H,D(A(s))), (B.7)
ZEJEE O(XHY)  with E5(s) = O(°) in L(H), (B.8)
Pe(s)A%(s) = O(e%)  and A°(s)P°(s) = O(°) in L(H), (B.9)
iedsP%(s) — [iA%(s), P2 (s)] = O(eX+Y) in L(H), (B.10)

hold with uniform constants with respect to s,t € [0,T] for any fited T < +oo. Moreover for
K > 1, if us = Pe(s)us then u®(t) = S°(t, s)us satisfies

()~ ()] = "), (B.11)
with v (8) = PO (8) (B.12)
and { Zi((();vi ;)25:(%535 (t))ve = Pe(t) (1A% (¢))Pe(t)ve, fort> s, (B.13)
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The proof of this theorem follows the lines of [[iJ].For the sake of completeness, we check that the
computations are still valid in the non self-adjoint unbounded case (bounded self-adjoint generators
have been considered in [@] [@]) and that the 5(50) estimates can be propagated in the induction
process like the uniform constants in [@] Part of the analysis could be pushed further in the spirit
of [@] in order to get O(e™¢) error under analyticity assumptions but the techniques developed by
A. Joye in this article should be adapted in order to work with a e-dependent gap or with O(e?)
resolvent estimates, maybe by including all the additional information provided by our model.

As it is stated, the previous result cannot be used for K = 0 and is not formulated as usual
with a reduced evolution on the fixed space RanP<(s) after introducing the parallel transport
associated with the C! family (P¢(t));>s. Actually both problems can be solved at the first order
with an additional uniform boundedness assumption on E§(t) and 0 E§(t) . This will be obtained
as a corollary of Theorem EI, used with K = 1 before reconsidering the case K = 0. The parallel
transport ®G(t', s’), associated with (E§(t)):e[o, 1), is defined for ', s" € [0, T] by

{ Oy ®f + [E§, 0, E5] ®§ = (B.14)

5t =¢',s") =1d ,
and the uniform boundedness of ®§(#',s’) is inherited from the one of E§(t) and 0, E§(t) .

Corollary B.2. With the hypotheses of Theorem E with K > 1, assume additionally that the
projector E§(s) defined in @) and its derivative 05 E§(s) are uniformly bounded continuous func-
tions:
3C > 0,Ve € (0,20) , max, 1EG ()]l + 19:E5 (s)]| < €.
se|0,

Then for K > 1 and when us = E§(s)us, the solution u®(t) = S*(t, s)us to (B.1)) satisfies

sup [[ut(8) = @5(t, s)ws (B} = Oe)usll, (B.15)

where ®F(t', s") is the parallel transport defined fort',s" € [0,T] by (B.14) and w® € E§(s)H solves
the Cauchy problem
{ eyt = Bg(s, 1) 55 (1) (1A (1) 5 (D)5 (1, $)w® = B3 ()5 (s, 1)(iA° (1)) B5 1, ) Eg ()"
we(t =8) = us.

Theorem @ and Corollary @ are proved in several steps. We start with uniform estimates
for the Ej;’s.

Proposition B.3. For all j € {0,..., K}, and any T € Ry, the L(H)-valued functions E5 and
S5 satisfy:

Ki_] 105 B5 (s)I| + 119555 (s)l| = O"),  Ej(s) € L(H, D(A%(s))), (B.16)
A]Z(z)Ej(s) = 0" and E;(s)A%(s) = O(°) in L(H), (B.17)
E5(s) = XJ: En($)Ej m(s) = Sj(s) + Eg(s)Ej(s) + E5(s)E5 (s), (B.18)
iaSE;,l(Z):i [iA°(s), ES(s)] , forj>1, (B.19)

with uniform constants w.r.t. s € [0,T].

Proof: The first statement for j = 0 is a consequence of the definition (B.3) of E5(s) = P§(s)
combined with the estimates (B.9) of 9¥(2 —i4°(s))~!. By induction assume that the properties
are satisfied for j < J < K. The definition (B.4) of S5,, and (%f E5.,, provide directly the
first statement (B.16) for j = J + 1. The second statement of ) and the estimates (B.17))
rely on the bound of the fFE-term which is obtained after noticing
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and the bound of the two other terms which is deduced from the induction assumption for j < .J.
Compute the commutator [iA°(s), S5, ,(s)]:

I
M‘N

147, 85.41] (B5, [1A%, B3y ] + [1A% EL ] ES ),

3
Il

E; (i0:E5_,,) + (i0:E;,_1)ES5 1_,,, owingto (B.19) with j < J,

-

1
= i0,E5 — E5(i0,E5) — (i0sE5)E5 ,  owing to (B.1§) with j < J,
= —i (P5(0:E9)P5 — Q5(9sE5)QF) , owing to E; = Pf =1—Qf.

With PP = P§ and PSQ5 = Q5P5 = 0, this implies

[iA%, Pg S5, Pg| = —iP5(0:E5) P (B.21)
[147,Q55541Q5] = 1Q5(0:E5)Q5 (B.22)
[1A%, P§S5.11Q5] = [1A°, Q5551 F5] =0. (B.23)

The definition of P¢ as a spectral projection associated with iA® and (B.23), imply (see for example
13 Proposition 1)

P5S541Q6 = Q3854 F5 =0.
Meanwhile the definition (@) of £5,, for j = J + 1 implies
POEE§+1POE = —P§S§+1P05 ) Q8E3+1Q8 = Q8S3+1Q8 :
This yields the relation (B.1§) for j = J + 1. Another consequence with (B.21)) and (B.23) is

(A%, PSSy P + Q3ES 1 Q5] = P (0.E5) B + Q3(i9E5)Q5 (B:24)
Finally compute the off-diagonal blocks Pf[iA®, E5,,]Qf and Qf[iA®, ES, ]F§ by using again the
definition (B.9) of £ +1, the relation (@), and the identity ):
[iAE, PSE.E]HQE] = K [iAEa E.8]+1] Q6 = iP5 (0sE7)Q5
(A%, QGET 1 F5] = iQ4(0:EF)Fs -
Summing these last two equalities with (B.24) yields the relation (B:19) for j = J + 1. O
The above calculations are essentially the same as in [4d][4] and, as a consequence of Proposition
@, the sum
K
T.(s) = » e E5(s) (B.25)
§=0
solves (B-4), (B.9) and (B.10) in the sense of asymptotic expensions; in particular:
T? = T. + O(e5+h) (B.26)
Here comes the main difference which is necessary because no better estimate than || P§| = O(e0)

can be expected in our non self-adjoint case. We will need the next lemma.

Lemma B.4. Assume that T € L(H) satisfies |T? —T| <6 < 1/4 and | T|| < C then

1
o(T)Cc{ze€C,lz2(z—-1) <6}y C{zeC,|z|<cs}U{z€C,|z 1| <5}, ¢ <5
1 2C+1
_ -l =l
max{“(z 7,1z — 1 2}_2_1—45’
20+1 1
17— Pl <2255, with P:f/ (2= T)" dz.
L—40 207 J | o1)=1/2
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Proof: If z € o(T) then z(z — 1) belongs to o(T(T — 1)) C {z € C,|2(z —1)| < 1} (Remember
that |2(z — 1)| = 1 means |Z — 1| = 1 with Z = (2 — 1)?). Consider z € C such that |z — 1| = 3,

then the relation

(T —2)(T—(1—2)=2(1-2)+(T*-1T),
with |z(1 —2)| > % and | 7% — T|| < § < %, implies
C+13

1_
4

I =27 <7 = (=2l = 2) + T2 = T] 7 <

1
for |z—1|:§.

The symmetry with respect to z = 3 due to (1 —=T)(1 —T) — (1 = T) = T? — T implies also

1

C
1= T2 for |s] =

1
Compute
1
T-P = — Tz—1)"'—(z-T)"" d
% ‘%1':%[ (Z ) (Z ) } z
1
= (T—l)P+(T2—T)A1 with A} = — (T_Z)il(l_z)il dz.
20T Jjz—1=4

In particular this implies to T'(1 — P) = (T% — T')A; while replacing T' with (1 — T) and P with
1 — P leads to
1
P—-T=-T(1-P)+(T*-T)A with Ay=— (T —2)"'2t dz.

20w _1
|z1=3
We finally obtain
T — P = (T? - T)(A1 — Ag) = (A1 — Ao)(T* = T) (B.27)

C+1/2

and |7 = P < |IT* = T/ [ Ax]| + 1 40]l] < 6 x ———

=

O

Proposition B.5. Consider the approvimate projection T.(s) defined in (B.25)), then there ewists
a projection P¢(s) such that

1P=(s) = Te()l = O *h), P(s) € L(H, D(4%(5))), (B.28)
14%(5)P=(s)ll = O”) and |[P*(5)A%(s)]| = O(<") , (B.29)
ic0, P (s) = [iA°(s), P*(s)] + O(e5T) | in L(H). (B.30)

Proof: For € > 0 small enough, set

1
Pe(s) = — —T.(s))"" dz.
=gz T
Owing to (B.2d), the first statement of ([B.2q) is a straightforward application of Lemma [B.4. The
definition of T,(s) implies A°(s)T.(s) € L(H) and T.(s)A°(s) € L(H). The relation ( ) with
T =T, and P = P¢ gives (| ). Computing the derivative 9 P¢(s) with T. € C([0,T]; L(H))

gives:
1
€0, P° = — (Z - Ts>71(i585T€)(Z - Ts)il dz
20m Jac1=4
1 —171: g€ -1
= 5 (z = T.) " [iA%, T:) (z — T.) " dz
T

\z71|:%

2m 1

Z'EK-‘,-l
+ / (5= 1)L (BuF5) (= — T.)" d
j2—1]=

2
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The relation
[iAE,(z—TE)_l} (z=T.)~ [zA‘E ] (2 —TE)_1

allows to conclude

Z'EKJrl
10, P — [iA®, Pf] = — / (2 = To) Y 0.E5)(z — To) "' dz = O(eK+1) .
m |z—1|=1
O
Proof of Theorem [B.1: The statements (B.4)(B.g) and (B.10) have already been checked in
Proposition @ and Proposition . Consider now the adiabatic evolution of S(t, s)us, when

us = P?(s)us, stated in (B.11))(B.12)(B.19).

We assumed that the Cauchy problem (@) defines a strongly continuous dynamical system
(S¢(t, s))t>s>0 of contractions in H with S¢(t,s)D(A%(s)) C D(A®(t)). We now consider the
modified operator

Hjp(t) =iA%(t) + B°(1),
with  BS(t) = (1 — 2P%(t)) (ied, P= () — [iA%(t), P*(1)]) .

Since B(s) is an O(eX*1) bounded continuous perturbation of i4%(s), the Cauchy problem

{ iedpur = (1A°(t) — Be(t))us

Ut=s = Us ,

defines a strongly continuous dynamical system of bounded operators

SSp(t,s) = S°(t,s) —ie ! /t Se(t,s") (=B (s"))S5p(s',5) ds'.
With the help of Gronwall lemma, it satisfies
1850t )| < e FIBEOI a¥' < (Cure=5(e-)
15(t,5) = Sap(t. )| < Core (¢ — s)eCare"" 1),
for all s,t,0 <s<t<T,withd € (0,1). Note that the right-hand side is bounded when

K>1.

For the comparison (B.11]) we take simply v=(t) = S5, (£, s)us. It remains to check (B.19) and

(B-13). First notice the identity

Hip(t) = P)GAT(1)P(t) + (1 — P()) (1A% (1)) (1 — P=(1)) (B.31)
—ie [PE(0)0, P (t) + (1 = P=(8)) (1 — P*(1))] -
For our choice v°(t) = S5 p(t, s)us the quantity P(t)(ied:ve(t)) equals Pe(t)(1A%(t) + Be(t))ve (t)
since Pe(t)A® = A°(t)Pe(t) — [A%(t), P=(t)] € L(H). Hence P (t)v°(t) satisfies in the strong sense
the equation

(te0y — Hip(t))(Pv®) = ig(0P)v® + P*(HSp(t)v°) — Hip(t)Pe(t)v°

= ie[(0P%) — PS(0,P%) — (0, P?)P?|v°(t) = 0.
As a strong solution to i0;v = HS ,,(t)v(t) with the initial data P=(s)us = us, P(t)v°(t) has to be
equal to v¢(t) . We have proved ). The equation ([B.13) is a rewriting of ied;v° — Hap (t)v° = 0
after recalling TI(OII)II = 0 when I1? = II. O

Proof of Corollary @: Theorem@ applied with K = 1 gives the approximation v°(t) =
Pe(t)ve(t), PE(t) = E5(t) +eE5(t) + O(g?), which solves

{ ie0w® — ie(0 PE(t))v® = Pe(t)(1A%(¢))Pe(t)v, fort> s,
ve(t=8) = us.
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The relations P¢ = Eg + e ES + O(e2), [A%, E5] = 0 and E§E: ES = 0 combined with the estimates

(B-17) and (B-29) lead to:
P=(£)(iA°(£) P=(t) = E§(1)(iA (1)) E§ (1) + e B5 (1) (1A% (0) E§ (1) + (1A% (1)) E§ () E5 () + O(”).
Then Proposition provide

i, P (t) = icO 5 (t) + O(2).
This implies
iedv° — ie(8,ES(t))v° = E5(t) (i A% (8))Eg (t)v° + e B (£) (1A% () Eg (t))v° + O(e?), (B.32)
where we used Ejv® = v + O(e). Consider now the adiabatic generator

H5 (1) = iA°() + By (1)
with  Bg(t) = (1 - 2B5(1)) (120, (1) — [iA%(t), E5(1)]) = ie(1 — 2E5(1))0, B (1).

The assumed estimates on Ey and 0;Ey with the Gronwall Lemma lead to the uniform bound for
the associated dynamical system S§(t, s):

Vs, t,0 <s <t <T, |S5(t,s)| <Crer,
while the formula (B.31)) is valid for H§(t) after replacing P¢(t) with E§(t):
H(t) = E5(8)(iA°(8) E5 (1) + (1 — Eg (1) (A" (8)) (1 — E5(2))
—ie [B5(1)0 B () + (1 — Eg(8) 0 (1 — E5(1))] -
Now compute
(1e0y — HG (t)) (Egv®) = (0BG )v° + Ej(iedw®) — HG(t)Eo(t)v° .
With (B.32) and E§E;Ej§ = 0, one gets
(iedy — Hg (1) (Egv°) = —ie [(9:B5) — Eg(0:E5) — (9. E5)Egl o° (1) + O(e%) = O(%) .
The uniform estimate ||S5(t, s)|| < Cre®T implies
lu(8) = S5 (t, s)us| < Ilu(2) = o= () + BT (1) (O] + | E5 (£)v° = S5 (¢, s)us|| = O(e).

The same argument as in the end of the proof of Theorem [B.1 says that vg(t) = S5(¢, s)us with
E§(s)us = us satisfies
viels,T],  Eg(t)vg(t) = v5(t)

and solves the Cauchy problem

iedyvg — ie(9 G (8))v5 (1) = Eg (1) (1A% () Eo(t)v5(t)

v§(t=5) = us.
The uniform boundedness of E§(t) and 9;E§(t) ensures that the solution to (B.14) is well defined
for ', s’ € [0, T] with the uniform estimate

vt',s' € [0,T], | ®5(t,s")| < Cr,
with the parallel transport property
vt s € [0,T], ®5(t,8)E5(s)) = E5(t)5(t',s), [@5(t,s)] ! = d5(s',t).

It suffices to take w®(t) = ®(s,t)S§ (¢, s)us - O
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