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A MILSTEIN-TYPE SCHEME WITHOUT LEVY AREA TERMS FOR
SDES DRIVEN BY FRACTIONAL BROWNIAN MOTION

A. DEYA, A. NEUENKIRCH, S. TINDEL

ABSTRACT. In this article, we study the numerical approximation of stochastic differ-
ential equations driven by a multidimensional fractional Brownian motion (fBm) with
Hurst parameter greater than 1/3. We introduce an implementable scheme for these
equations, which is based on a second order Taylor expansion, where the usual Lévy
area terms are replaced by products of increments of the driving fBm. The convergence
of our scheme is shown by means of a combination of rough paths techniques and error
bounds for the discretisation of the Lévy area terms.

1. INTRODUCTION AND MAIN RESULTS

Fractional Brownian motion (fBm in short for the remainder of the article) is a nat-
ural generalisation of the usual Brownian motion, insofar as it is defined as a centered
Gaussian process B = {By; t € R} with continuous sample paths, whose increments
(6B)s := B; — Bs, s,t € R, are characterised by their variance E[(6B)?2,] = |t — s|*".
Here the parameter H € (0, 1), which is called Hurst parameter, governs in particular the
Holder regularity of the sample paths of B by a standard application of Kolmogorov’s
criterion: fBm has Hoélder continuous sample paths of order A for all A < H. The par-
ticular case H = 1/2 corresponds to the usual Brownian motion, so the cases H # 1/2
are a natural extension of the classical situation, allowing e.g. any prescribed Hoélder
regularity of the driving process. Moreover, fBm is H-self similar, i.e. for any ¢ > 0 the
process {c” B, Je; t € Ry} is again a fBm, and also has stationarity increments, that is
for any h > 0 the process {Bi1;, — Bp; t € R, } is a fBm.

These properties (partially) explain why stochastic equations driven by fBm have
received considerable attention during the last two decades. Indeed, many physical sys-
tems seem to be governed by a Gaussian noise with different properties than classical
Brownian motion. Fractional Brownian motion as driving noise is used e.g. in electrical
engineering [[3, [J], or biophysics [, B3, B4]. Moreover, after some controversial discus-
sions (see [f] for a summary of the early developments) fBm has established itself also in
financial modelling, see e.g. [[7, B]. For empirical studies of fractional Brownian motion
in finance see e.g. [{, Bd, [l]. All these situations lead to different kind of stochastic
differential equations (SDEs), whose simplest prototype can be formally written as

m t
Yi=a+ Z/ o (Y,)dBY, te0,T], acR (1)
i=1 70
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2 A. DEYA, A. NEUENKIRCH, S. TINDEL

where 0 = (o,...,0™) is a smooth enough function from R? to R™™ and B =
(BW, ..., BM™) is a m-dimensional fBm with Hurst parameter H > 1/3.

At a mathematical level, fractional differential equations of type ([) are typically
handled (for H # 1/2) by pathwise or semi-pathwise methods. Indeed for H > 1/2, the
integrals fot a(Y,) dBY,i=1,...,m, in (M) can be defined using Young integration
or fractional calculus tools, and these methods also yield the existence of a unique
solution, see e.g. [B3, fd]. When 1/4 < H < 1/2, the existence and uniqueness result
for equation ([l) can be seen as the canonical example of an application of the rough
paths theory. The reader is referred to [[L@, P for the original version of the rough paths
theory, and to [[§] for a (slightly) simpler algebraic setting which will be used in the
current article. In the particular case 1/3 < H < 1/2, the rough path machinery can
be summarised very briefly as follows: assume that our driving signal B allows to define
iterated integrals with respect to itself. Then one can define and solve equation ([) in a
reasonable class of processes.

Once SDEs driven by fBm are solved, it is quite natural (as in the case of SDEs
driven by the usual Brownian motion) to study the stochastic processes they define.
However, even if some progress has been made in this direction, e.g. concerning the law
of the solution [, @], B9 or its ergodic properties [B{], the picture here is far from being
complete. Moreover, explicit solutions of stochastic differential equations driven by fBm
are rarely known, as in the case of SDEs driven by classical Brownian motion. Thus one
has to rely on numerical methods for the simulation of these equations.

So far, some numerical schemes for equations like ([)) have already been studied in the
literature. In the following, we consider uniform grids of the form {t;, = kT/n; 0 < k <
n} for a fixed T' > 0. The simplest approximation method is the Euler scheme defined
by

Y()n =a,
Y =Y+ Za<i><3@g)53,§;1k+l, k=0,....n—1.

i=1
For H > 1/2, the Euler scheme converges to the solution of the SDE ([l). See e.g.
in [20], where an almost sure convergence rate n~2#=U+¢ with ¢ > 0 arbitrarily small is
established. A detailed analysis of the one-dimensional case is given in [Pg], where the
exact convergence rate n~2f*! and the asymptotic error distribution are derived.

However, the Euler scheme is not appropriate to approximate SDEs driven by fBm
when 1/3 < H < 1/2. This is easily illustrated by the following one-dimensional exam-
ple, in which B denotes a one-dimensional fBm: consider the equation

dY, =Y,dB,, te]l0,1], Yo =1,
whose exact solution is
Y= eXp<Bt)7 te [07 1]

The Euler approximation for this equation at the final time point ¢ = 1 can be written

as
n—1

Y = H(l + <5B)k/n,(k+1)/n>-
k=0
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So for n € N sufficiently large and using a Taylor expansion, we have

3
,_.

 10B)esm eyl + 1)
0

n—1
1
Y/" = exp (Z log(1 + <5B)k/n,(k+1)/n)> = exp (Bl B

k=0

B
Il

where lim,, .. p,, 0 for H>1 /3. Now it is well known that

—

3

\(6B)ke/m,(k+1)m]> — 00
0

i

for H < 1/2 as n — oo, which implies that lim,, . Y7* = 0. This is obviously incompat-
ible with a convergence towards Y; = exp(B;). In the case H = 1/2 this phenomenon
is also well known: here the Euler scheme converges to the It6 solution and not to the
Stratonovich solution of SDE ([T}).

To obtain a convergent numerical method Davie proposed in [[] a scheme of Milstein
type. For this, assume that all iterated integrals of B with respect to itself are collected
into a m x m matrix B2, i.e. set

t U
BZ(LJ)z//ngﬂng), 0<s<t<T, 1<ij<m.

The matrix B2 (respectively its elements) is (are) usually called Lévy area. Davie’s
scheme is then given by

Yy =a, (2)
Y =YY OBy, + Z DOV BE, , (i,j), k=0,...,n—1,
i=1 ij=1

with the differential operator D% = Efl:l alz)&rl. (Recall that we use the notation
§BYW = B — BY for s,t € [0,7].) This scheme is shown to be convergent as long as
H > 1/3 in [fJ], with an almost sure convergence rate of n~G# =Y+ for ¢ > 0 arbitrarily
small. This result has then been extended in [[[d] to an abstract rough path with arbitrary
regularity, under further assumptions on the higher order iterated integral of the driving
signal.

As the classical Milstein scheme for SDEs driven by Brownian motion, the Milstein-
type scheme ([]) is in general not a directly implementable method. Indeed, unless the
commutativity condition

D5l = pli) gl i,j=1,...,m,

holds, the simulation of the iterated integrals Btktk _(4,7) is necessary. However, the law
of these integrals is unknown, so that they can not be simulated directly and have to be
approximated.

In this article we replace the iterated integrals by a simple product of increments, i.e.
we use the approximation

§BY) (3)

tetit

sBY

tetita

N | —

B?ktk+1 (27 j) ~
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This leads to the following simpler Milstein-type scheme: Set Zf = a and

trlbcﬂ = Zn + Z g 5Btktk+1 +5 Z D ( ) 5Btktk+1 5Btktk+1 (4)
1,j=1
for k=0,...,n— 1. Moreover, for t € (tk,tk+1), define
no Lotk con
Z Ztk T/n (52 )tktk+17 <5>

ie. if t € [0,7] is not a discretisation point, then Z is defined by piecewise linear
interpolation. This scheme is now directly implementable and is still convergent.

Theorem 1.1. Assume that o € C3(R%R¥™>™) is bounded with bounded derivatives.
Let Y be the solution to equation (1) and Z™ the Milstein approximation given by (§)
and ). Moreover, let 1/3 < v < H. Then, there exists a finite and non-negative
random variable Ny o1 such that

1Y = 2"l 00 < 100 - V/log(n) - =) (6)
formn > 1.

Here || - ||x.00,r denotes the x-Holder norm of a function f : [0,7] — R, i.e

||f||f€,oo,T: sup |f(t)|+ sup M

te[0,T] s5,t€[0,7T) [t — s|"

(7)

Remark 1.2. Note that the almost sure estimate (f]) cannot be turned into an L'-estimate
for [|[Y —Z™||, 00,r. This is a common consequence of the use of the rough paths method,
which exhibits non-integrable (random) constants, as a careful examination of the proof
of Theorem P.§ would show. See also [Id] for further details.

Our strategy to prove the above Theorem consists of two steps. First we determine
the error between Y and its Wong-Zakai approximation

_t—a+2/ "YdBW" te0,T], aeR% (8)

where
" t— 1t
Bt = Btk + T—/’]’I, (5B>tktk+l7 t E [O, T] 5

i.e. B in equation ([]) is replaced with its piecewise linear interpolation. (For a survey
on Wong-Zakai approximations for standard SDEs see e.g. [Bd].) Here, we denote the
Lévy area corresponding to B" by B". Using the Lipschitzness of the 1t6 map of Y,
i.e. the solution of equation ([lJ) depends continuously in appropriate Holder norms on
B and the Lévy-area B, and error bounds for the difference between B and B"™ resp. B
and B™, we obtain

1Y = Z"| o < g o - V/log(n) - n =70,
(1)

where 7y, 7 is a finite and non-negative random variable.

In the second step we analyse the difference between Z and Z". The second order
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Taylor scheme with stepsize T'/n for classical ordinary differential equations applied to
the Wong-Zakai approximation (§) gives our simplified Milstein scheme ([]). So to obtain

the error bound
n =N 2 (-
12" = Z" oo < Mg - V/1og(m) <m0,

we can proceed in a similar way as for the numerical analysis of classical ordinary
differential equations. We first determine the one-step error and then control the error
propagation using a global stability result with respect to the initial value for differential
equations driven by rough paths. The latter can be considered as a substitute for
Gronwall’s lemma in this context.

Combining both error bounds then gives Theorem [L1].

Remark 1.3. For H = 1/2 the scheme (f]) corresponds to the classical Milstein scheme

for Stratonovich SDEs driven by Brownian motion, while our scheme (f) corresponds to
the so called simplified Milstein scheme. See e.g. [RJ).

Remark 1.4. At the price of further computations, which are simpler than the ones in
this article, our convergence result can be extended to an equation with drift, i.e. to

t m t
Y, = a+/ b(Y,) du+2/ c(v,)dBY, te0,T], acR
0 i—1 70

where b : R? — R? is a C} function and where the other coefficients satisfy the as-
sumptions of Theorem [[.]. Indeed, the equation above can be treated like our original
system () by adding a component Bt(o) = t to the fractional Brownian motion. The
additional iterated integrals of B(® with respect to BY) for j = 1,...,m are easier
to handle than B2(7, ) for 7,7 € {1,...,m}, since they are classical Riemann-Stieltjes
integrals. For sake of conciseness we do not include the corresponding details.

Remark 1.5. Theorem [[L]] requires o to be bounded. However, if o € C3(R%; R>™) is
neither bounded nor has bounded derivatives but equation ([l]) has still a unique pathwise
solution in the sense of Theorem P.§ below, then the assertion of Theorem [ is still
valid. This follows from a standard localisation procedure, see e.g. [BJ]], and applies in
particular to affine-linear coefficients.

Remark 1.6. The error bound of Theorem [[.1] is sharp. To see this, consider the most
simple equation

ay" =aBY, te[0,T], Yy=a€cR,
for which our approximation obviously reduces to Z™ = B". Then, due to results of

Hiisler, Piterbarg and Seleznjev ([I4]) for the deviation of a Gaussian process from its
linear approximation, one can prove that

lim P (£(n) - Y = 2%}y er < 00) =0,
n— o0
if
liminf £(n) - \/log(n) -n~¥=" = 0. 9)
n—oo

For further details see Section [I.3
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Remark 1.7. If the Wong-Zakai approximation is discretised with an arbitrary numerical
scheme for ODEs of at least second order (e.g. Heun, Runge-Kutta 4), then the arising
scheme for equation ([]) satisfies the same error bound as the proposed modified Milstein
scheme. So, the strategy of our proof is in fact an instruction for the construction of
arbitrary implementable and convergent numerical schemes for SDEs driven by fBm.

Remark 1.8. Instead of replacing the Lévy terms in Davie’s scheme by the "rough”
approximation (f) one could discretise these terms very finely using the results contained
in [BI], where (exact) convergence rates for approximations of the Lévy area are derived.
However, it is well known that already for SDEs driven by Brownian motion such a
scheme is rarely efficient, if the convergence rate of the scheme is measured in terms of
its computational cost. For a survey on the complexity of the approximation of SDEs
driven by Brownian motion, see e.g. [B7)].

The v-Holder norm, which appears in Theorem [[.1] since the Ito-map of Y is only
Lipschitz in appropriate Holder norms with 1/3 < v < H and thus is natural in the
rough path setting, is not typical for measuring the error of approximations to stochastic
differential equations. A more standard criterion would be the error with respect to the
supremum norm, i.e.

IY = 2o = sup |Y — 27,
t€[0,7]
The error (in the supremum norm) of the piecewise linear interpolation of fractional
Brownian motion is of order \/log(n)n=*, see [[4]. Moreover, for the iterated inte-

gral fOT fou dBSY dB? the proposed Milstein-type scheme leads to the trapezoidal type
approximation

1 n—1
52 (Bl + B (B, - BY).
k=0

The LP-error for this approximation is of order n=2#+1/2 see [BI].
Based on these two findings, our guess for the rate of convergence in supremum norm

is that
1Y = Z"|cor < Mior - V1og(n) - (n77 + ”_2H+1/2)

holds under the assumptions of Theorem [[.]. This conjecture is also supported by the
numerical examples we give in Section 4.

The remainder of this article is structured as follows: In Section P we recall some
basic facts on algebraic integration and rough differential equations. The proofs of
Theorem and Remark are given in Section 3 and 4. Finally, Section 5 contains
the mentioned numerical examples.

2. ALGEBRAIC INTEGRATION AND DIFFERENTIAL EQUATIONS

In this section, we recall the main concepts of algebraic integration, which will be
essential to define the generalized integrals in our setting. Namely, we state the definition
of the spaces of increments, of the operator ¢, and its inverse called A (or sewing map
according to the terminology of [[]). We also recall some elementary but useful algebraic
relations on the spaces of increments. The interested reader is sent to [[§ for a complete
account on the topic, or to [[1], [J] for a more detailed summary.
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2.1. Increments. The extended integral we deal with is based on the notion of incre-
ments, together with an elementary operator ¢ acting on them.

The notion of increment can be introduced in the following way: for two arbitrary real
numbers (5 > 1 > 0, a vector space V', and an integer k > 1, we denote by C([(1, (2]; V)
the set of continuous functions ¢ : [¢;, 62]’“ — V such that g;,..,, = 0 whenever t; = t,11
for some ¢ € {0,...,k — 1}. Such a function will be called a (k — 1)-increment, and
we will set Ci([01,la]; V) = Ug>1Ci([¢1, €2]; V). To simplify the notation, we will write
Cr(V), if there is no ambiguity about [¢1, {5].

The operator § is an operator acting on k-increments, and is defined as follows on
Cr(V):

k+1
0:C(V) = Ceni (V) (69)etn = D (= 1) Gyt (10)

i=1
where #; means that this particular argument is omitted. Then a fundamental property
of ¢, which is easily verified, is that 66 = 0, where 06 is considered as an operator from
Cr(V) to Cryo(V). We will denote ZCi (V') = Cr(V') N Kerd and BC, (V') = C,(V) N Imd.

Some simple examples of actions of §, which will be the ones we will really use through-
out the article, are obtained by letting g € C;(V) and h € Co(V). Then, for any
t,u,s € [(1, 5], we have

(5g)st =0t — Gs and (5h)sut = hst - hsu - hut~ (]-1)

Our future discussions will mainly rely on k-increments with & = 2 or k = 3, for
which we will use some analytical assumptions. Namely, we measure the size of these
increments by Holder norms defined in the following way: for f € Co(V) let

fs
Il = sup 2

S,té[ﬁl,ﬁg] |t - S|M

and  Cy(V) ={f € Co(V); [fllx < o0}

Using this notation, we define in a natural way
CL(V) ={f € Cu(V); [[6f]ln < oo},

and recall that we have also defined a norm || - ||, 0o at equation (). In the same way,

for h € C5(V'), we set

|hsut|
h = sup
|| ||’va s,u7te[£17£2} |u o $|“/|t . u|p7

||h||M = inf {ZHhiHPi,M—pi; h = Zhla 0< Pi < ”} )

where the last infimum is taken over all sequences {h;, i € N} C C3(V) such that
h =", h; and over all choices of the numbers p; € (0, ). Then |||, is easily seen to be
a norm on C3(V'), and we define

Cs(V) :={h € C3(V); [[Af], < o0}

Eventually, let C37(V) = U,~:C5(V), and note that the same kind of norms can be
considered on the spaces ZC3(V), leading to the definition of the spaces ZC4 (V') and
ZC3" (V). In order to avoid ambiguities, we denote in the following by N-;C5] the

(12)
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r-Holder norm on the space Cj, for j = 1,2,3. For ¢ € C;(V), we also set N[(;C) (V)] =
Supsé[h;ﬁg}j ”CSHV

The operator § can be inverted under some Hoélder regularity conditions, which is
essential for the construction of our generalized integrals.

Theorem 2.1 (The sewing map). Let u > 1. For any h € ZC{(V), there exists a
unique Ah € C5§(V') such that 6(Ah) = h. Furthermore,

1
ARl < oo N G (V)] (13)
This gives rise to a continuous linear map A : ZC4 (V) — Cy (V') such that SA = idzep v

Proof. The original proof of this result can be found in [[§]. We refer to [}, [9] for two
simplified versions.

t

The sewing map creates a first link between the structures we just introduced and the
problem of integration of irregular functions:

Corollary 2.2 (Integration of small increments). For any 1-increment g € Co(V') such
that 6g € C3+, set h = (id — Ad)g. Then, there exists f € C1(V) such that h = 6f and

(0f)st = |Hlsltr|n . Z Gtitiyrs
where the limit is over any partition g = {ty = s,...,t, =t} of [s, t] whose mesh tends
to zero. The I-increment 0 f is the indefinite integral of the 1-increment g.

We also need some product rules for the operator §. For this recall the following
convention: for g € C, ([, (o]RM) and h € C,,([l1, l2]; RYP) let gh be the element of
Cner,l([ﬁl, 62], Rl,p) defined by

(gh)tl ..... tman_1 — Gti,..tn htn ..... b1 (14)
for t1,... tyman_1 € [01,ls]. With this notation, the following elementary rule holds true:

Proposition 2.3. Let g € Cy([(1, lo); R and h € Cy([€1, €5]; RY). Then gh is an element
of Co([€1, 62); RY) and 6(gh) = dgh — g dh.

2.2. Random differential equations. One of the main appeals of the algebraic inte-
gration theory is that differential equations driven by a y-Hdélder signal x can be defined
and solved rather quickly in this setting. In the case of an Holder exponent v > 1/3, the
required structures are just the notion of controlled processes and the Lévy area based
on x.

Indeed, let us consider an equation of the form
dy; = o(y;) doy = Zcr (y,)dat, t€l0,T], Yo = a, (15)

where a is a given initial condition in R?, x is an element of CV([O T]; R™), and o is a
smooth enough function from R¢ to R4™. Then it is natural (see [Bg] for further expla-
nations) that the increments of a candidate for a solution to ([[f) should be controlled
by the increments of x in the following way:
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Definition 2.4. Let z be a path in Cf(RY) with 1/3 < k <. We say that z is a weakly
controlled path based on x if zo = a, with a € RY, and §z € C5§(R?) has a decomposition
dz = (dx +r, that is, for any s,t € [0,T],

(5Z)St - Cs(éx)st + Tst, (16)
with ¢ € CE(RE™) and r € C2¢(RY).

The space of weakly controlled paths will be denoted by an(Rd), and a process z €

Q7 ,(R?) can be considered in fact as a couple (z,¢). The space QFf (R?) is endowed
with a natural semi-norm given by

Nz QF 4 (RY)] (17)
= Nz CF (RY)] + NG CLRY™)] + NG CF (RE™)] + N G (R,

where the quantities Ng;CJ] have been defined in Section .1 For the Lévy area
associated to x we assume the following structure:

Hypothesis 1. The path z : [0,T] — R™ is ~-Hélder continuous with % <~v <1

and admits a so-called Lévy area, that is, a process x> € Cy'(R™™), which satisfies
0x% = dx ® dx, namely

[<5X2)5W] <Z7.]) = [5xi]5u[5xj]ut7
for any s,u,t € [0,T] and i,5 € {1,...,m}.

To illustrate the idea behind the construction of the generalized integral assume that
the paths z and z are smooth and also for simplicity that d = m = 1. Then the
Riemann-Stieltjes integral of z with respect to x is well defined and we have

/t 2udx, = z5(xy — x5) + /t(zu — zg)dx, = 25(01) g + /t(éz)sud:cu
for 61 <s gst < ly. If z admits the dz}composition (I4) we obtains
/ (62 il — / (02w pon) e = / (62) iy + / Cpdrs. (18)
Moreover,sif we set S S 8

¢
(x?)st i= / (0) gy dy, <5<t <y,

then it is quickly verified that x2 is the associated Lévy area to x. Hence we can write

t t
/ Zudxu - Zs(éx)sz + Cs (Xz)st + / Psu dxu

Now rewrite this equation as

t t
/ Psu dxu - / Zudxu - Zs((;x)st - Cs (Xz)st (19)

and apply the increment operator § to both sides of this equation. For smooth paths z

and x we have
o (/zd:p) =0, 0(zdx) = —dzdx,
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by Proposition B.3. Hence, applying these relations to the right hand side of ([[9), using
the decomposition ([[q), the properties of the Lévy area and again Proposition P.3, we
obtain

5(/ pd‘”)Lt (5 (0 )ut + (5 ()t — G (5%

- gs(éx)su (5x)ut + psu (5x)ut + (5C)su(X2)ut - Cs(éx)su (5x)ut
= Psu(07)ut + (6C) su <X2)ut-

So in summary, we have derived the representation

5(/ pd:c)]m — a0t (6 (6t

As we are dealing with smooth paths we have § ( i pd:c) € ZC;" and thus belongs to
the domain of A due to Proposition B.1. (Recall that 60 = 0.) Hence, it follows

t
[ b= A (pin+ dcx2).

and inserting this identity into ([[§) we end up with

t
/ Zudr, = 2,(67) g + (o (X2t + Ay (péaz +6C X2) )

Since in addition
pox +6¢x? = —§(26x + (x?),
we can also write this as

/zud:pu = (id — Ad) (20 + (x?).

Thus we have expressed the Riemann-Stieltjes integral of z with respect to z in terms
of the sewing map A, of the Lévy area x2 and of increments of z resp. x. This can now
be generalized to the non-smooth case. Note that Corollary P.9 justifies the use of the
notion integral.

In the following, we denote by A* the transposition of a vector resp. matrix, and by
Ay - Ay = Tr(A; A3) the inner product of two vectors or two matrices A; and As.

Proposition 2.5. For fired % < Kk <7, let x be a path satisfying Hypothesis []. Further-
more, let z € QF ([(1,€5];R™) such that the increments of z are given by ([I4). Define
zZ by Z2p, = & with & € R and

(02)s = [([d —A0)(z*0x + ¢ - x*)] , (20)

for bty < s <t <Ay Then J(2"dx) = 2 is a well-defined element of Q ;([1,l2]; R)
and coincides with the usual Riemann integral, whenever z and x are smooth functions.

Moreover, the Holder norm of J(z* dx) can be estimated in terms of the Hélder norm
of the integrator z. (For this and also for a proof of the above Proposition, see e.g. [[§.)
This allows to use a fixed point argument to obtain the existence of a unique solution
for rough differential equations.

Theorem 2.6. For fized % < Kk < 7, let x be a path satisfying Hypothesis [1, and let
o € C3(R%GRE™) be bounded with bounded derivatives. Then we have:
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(1) Equation ([I3) admits a unique solution y in QF ([0, T];R?) for any T >0, and
there exists a polynomial Pr : R? — R* such that

Nly; Q2 ([0, T RY)] < Pr(|l]ly00m, 1%3]|2,) (21)
holds.
(2) Let F: R x C7([0, T];R™) x C57([0, T]); R™™) — C}([0, T];R?) be the mapping
defined by
F (a,x,x2) =1,

where y is the unique solution of equation ([IJ). This mapping is locally Lips-
chitz continuous in the following sense: Let T be another driving rough path with
corresponding Lévy area X2 and a be another initial condition. Moreover denote
by y the unique solution of the corresponding differential equation. Then, there
exists an increasing function Kp : R* — Rt such that

1y = Gllyo0r < Kr([[2lly00: 12,00, 12325, [1%2]|25) (22)
x (la—=a| + | = &llyoor + [IX* = %225)

holds, where we recall that || f||ycor = || fllcc + [|6f|l, denotes the usual Hélder
norm of a path f € Cy([0,T];R).

Remark 2.7. Inequality ([21) implies in particular

[(69)st = 0 (y5) (69)st| < 1t = 5| Pr([|[l00., [%%[127). (23)
This estimate will be required in the proof of Lemma [[.3.

The above Theorem improves (slightly) the original formulation of the Lipschitz conti-
nuity of the It6 map F, which can be found in [I[§], concerning the control of the solution
in terms of the driving signal. Therefore (and also for completeness) we provide some
details of its proof in the appendix. A similar continuity result can be found in [[q],
where the classical approach of Lyons and Qian to rough differential equations is used.

2.3. Application to fBm. The application of the rough path theory to an equation
with a particular driving signal relies on the existence of the Lévy area fulfilling Hy-
pothesis . In our setting, the driving process is given by an m-dimensional fractional
Brownian motion (BW, ..., B™) with Hurst parameter v > 1/3.

To the best of our knowledge, there are three known possibilities to show the existence
of the associated Lévy area B? = (B2(i,7))ij=1,..m: (i) By a piecewise dyadic linear
interpolation of the paths of B, as done in [{]. (ii) Using Malliavin calculus tools in
order to define B? as a Russo-Vallois iterated integral, similarly to what is done in [B0]
to construct a delayed fractional Lévy area. (iii) By means of the analytic approximation
of B introduced by Unterberger in [B7]. Actually, all three methods lead to the same
Lévy area. The equivalence between the first two constructions has been established
by Coutin and Qian through a representation formula (see Theorem 4 in [f]). The
convergence results we are going to establish show that the Lévy area recently obtained
by Unterberger in [B7] coincide with the previous ones. Note that this question had been
left open by the author in the latter reference, so that the following Proposition B.7q has
an interest in itself (see also [BI] for a partial result in this direction).
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We resort here to the analytic definition of the fractional Lévy area, since we use the
pointwise estimates of [BI]], which were derived in this setting. Let us recall the main
features of the analytic approach.

2.3.1. Definition of the analytic fBm. The article [B7] introduces the fractional Brownian
motion as the real part of the trace on R of an analytic process I' (called: analytic
fractional Brownian motion [B]) defined on the complex upper-half plane IIT = {z €
C; $(z) > 0}. This is achieved by an explicit series construction: for k > 0 and z € I,

set
. [H(1—2H) 2—2H+k:) 24\ 2 =) (24)
QCOSWH I'(2—2H)k! 2i z2+i)
where T stands for the usual Gamma function. These functions are well-defined on ITT,
and it can be checked that

S (oo )i ) - (S emins)

where K"~ is a positive kernel defined on R% x R x R given by

H(1-2H), .
2cosmH (=i

K"~ (ng;x,y) = —y) + )2

We also set

!

H(1—2H
K’*(n;x,y)ZQ

o 2H 2
S eos ] (TiE —y) )T

Now define the Gaussian process IV with ”time parameter” z € II* by

= fil2) (25)

k>0

where (&)r>0 are independent standard complex Gaussian variables, i.e. E[¢;&] = 0,

E[¢;&] = 6% The Cayley transform z + 2= - maps IT* to D, where D stands for the unit
disk of the complex plane. This allows to prove that the series defining I is a random
entire series which is analytic on the unit disk and hence the process IV is analytic on
IT*. Furthermore, restricting to the horizontal line R + i, the following identity holds:

E[l'(z +in/2)T(y +in/2)] = K"~ (n;2,y).

One may now integrate the process I'" over any path ~ : (0,1) — II" with endpoints
7(0) =0 and (1) = z € IT" UR (the result does not depend on the particular path but
only on the endpoint z). The resulting process, which is denoted by I, is still analytic on
IT*. Furthermore, the real part of the boundary value of I' on R is a fractional Brownian
motion. Another way to look at this is to define I'(n) := {['(t +in);t € R} as a regular
process living on R, and to observe that the real part of I'(n) converges for n — 0 to a
fractional Brownian motion. The following Proposition summarises what has been said
so far:

Proposition 2.8 (see [B7, BH]). Let I” be the process defined on 1Tt by relation (29).
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(1) Let v :(0,1) — II™ be a continuous path with endpoints y(0) = 0 and y(1) = =
and set I', = f7 I du. Then T is an analytic process on IIt. Furthermore, as

z runs along any path in 1Tt going to t € R, the random variables T, converge
almost surely to a random variable called again T';.

(2) The family {T';; t € R} defines a centered Gaussian complez-valued process whose
paths are almost surely k-Hdélder continuous for any k < H. Its real part B :=
{2RT;; t € R} has the same law as fBm.

(3) The family of centered Gaussian real-valued processes B(n) := {2RT144,; t € R}
converges a.s. to B in a-Hélder norm for any o < H, on any interval [0,T]
with T > 0. Its infinitesimal covariance kernel E[B,(n) B, (n)] is K'(n;x,y) =

K" (,y) + K (1 2,y).
2.3.2. Definition of the Lévy area. Consider now an m-dimensional analytic fBm I' =

(DM ..., Tt). Since the process B(7) is smooth, one can define the following integrals
in the Riemann sense for all 0 < s <t < T, 1< 71,50 <m and n > 0:

t ul )
B2}y, jy) — / B9 (1) / B9 (). (26)

It turns out that B27 converges in the Holder spaces C3% from Section P.1] (see [B7, BJ)),
which allows to define the Lévy area in the following way:

Proposition 2.9. Let T > 0 and define B*" by equation (Bq). Let also 0 < v < H.
Then B satisfies Hypothesis [ in the following sense:

(1) The couple (B(n), B%") converges in LP(;C] ([0, T]; R) x C37 ([0, T)% R™™)) for
allp > 1 to a couple (B,B?), where B is a fractional Brownian motion.
(2) The increment B? satisfies the algebraic relation B2 = 6B ® §B.

One of the advantages of the analytic approach is that an expression for the covariances
of the Lévy area can be easily derived by dominated convergence. We have

E [Bgltl( )B82t2 i ] (27)

= H*(2H — 1) / / / / [y — ua |22 vy — vo|* 2 duvy dvy dugy duy

for0<s;<t;<sy<tp<Tandi,j=1,.

Moreover, B(n) satisfies similar statlonarlty and scaling properties as the fBm itself.

Lemma 2.10. We have
(1) (stationarity)

{(6BM)sutss 0<Su<T =5} ={B(n)y, 0<u<T s},
(2) (scaling)
{B)ew, 0 <u<T/c} £ {CHB (Z) , 0<u< T/c} :

The above Lemma can be shown by straightforward calculations exploiting that B(n)
is a Gaussian process with covariance kernel K’ and will be useful to derive the scaling
property of the fractional Lévy area. See Lemma B.1 below.
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3. APPROXIMATION OF THE LEVY AREA

Let P, r be the uniform partition {t} = %, k=0,...,n} of [0,T], and let B™T be
the linear interpolation of B based on the points of P, 7. More precisely, B™ is defined
as follows: for t € [0,77], let k € {0,1,...,n — 1} be such that ¢} <t <}, ;. Then we

have
. e
Bt T — Btz + < T/nk> <5B)t2tﬁ+1' (28)

Let also B%™T be the Lévy area of BT, which is simply defined in the Riemann sense
by

t u1 . .
B2 (i, ) = / / dB" aprt),

The first step in the convergence analysis of our Milstein type scheme is to determine the
rate of convergence of the couple (B™T B2?™T) towards (B,B?). The current section
is devoted to this step, which can be seen as an extension of [BI] to Holder norms.
Throughout the remainder of this article we will denote unspecified non-negative and
finite random variables by 6, indicating by indices on which quantities they depend.
Similarly, we will denote unspecified constants, whose specific value is not relevant, by

Cor K.

3.1. Preliminary tools. As a first preliminary step, let us state the following elemen-
tary lemma about the stationarity and scaling properties of the fBm B and its piecewise
linear interpolation B™T resp. about the scaling property of the Lévy areas B2 and

B2,n7T.
Lemma 3.1. Consider a point s € P, r. Then
{(0B)sursr 6B™ )guys), 0<u<T —s} £ (B, BMT), 0<u<T—s}. (29)

Furthermore, if ¢ > 0, then

{(Bew, BE"), 0 <u < T/c} £ {e"(B,, B*7/9), 0 <u < T/e} . (30)
Finally, let s,t € P, r with s <t. Then we have
.. n .. L .. ,n, —8 ..
(B2(i,), BE""(i,4)) = (t — )™ (B3, (i), Bo"""" (i, 5)) (31)

foralli,j=1,...,m.

Proof. These assertions are of course consequences of the stationarity and scaling prop-
erties of fBm, i.e. for any ¢ > 0 the process

B = " BY) (32)
is again a fBm, and for any h € R the process
B = (6B, .4 (33)

is a fBm.
Recall that the points of P, r are given by ' = % for all 7 € N, and introduce the

two mappings F™" and F"" defined on Ry by F™"(u) = ¢7 and F"(u) = 7, if
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" < u < t?,. With these notations, one has Bi"" = G™*(B),, where the measurable
mapping G™T : C(RT; R™) — C(R*;R™) is defined by

n,T u— Ff,T(“) +
G" (y)u = YprT () + Ti/n (yFrT(u) - ny’T(u)) ) ueR".

Now, in order to establish (B9), note that FI""(u + s) = F'"(u) + s if s € Pop. It is
then easily seen that

((53)57._,_5, (5Bn7T)8,-+8) - ((53)57._,_5, GmT((aB)S,--i-S)a
so that, due to the stationarity property of fBm, the following identity in law for processes
holds true:
n ‘C' n n
(0B)s 0 (9B™),. 1) £ (B,G™T(B)) = (B, B"T).

The proof of (BT) is quite similar. In fact, one has F3'7(c-u) = ¢ Fi""/°(u) and so
BT = G™T/¢(B,.),. Thus it holds, thanks to the scaling property of fBm,

(B.., B®T) = (B,., G*"/*(B,.)) £ (" B, G""/*(¢" B)).

Identity (B0) is then a consequence of the linearity of G™7/¢.
Now it remains to establish (BI]). Note first that Proposition B.9 implies that

(B%,B%"") _l1m (B(n)%,B(n)%™") (34)

st st st

in probability. Here B(n)2t"T is the Lévy area associated to the piecewise linear inter-
polation of B(n) with stepsize T'/n.
Since B(n) is analytic, the above Lévy areas can be approximated by a standard Euler
quadrature rule, i.e. we have
B(n)% = Jim ZuB(n)?%)  B()%"" = lim T(B(n)3"") (35)

st k—00

almost surely, where

LB =Y {OBO. g} © {OBO) fomminiptooane

i=0
k
2n,T n, T n, ) )
LB = Y {GBO™ ) s} © {OBO™) i)
i=0
Using again the G™7 notation and setting n® = 7 we have

(Zu(B(n)2), Tn(B(n)%"")) =

(i {(58( Vst s>+s} ®{ [(53(77))3,%@,3”4 - [(53(7,))57% (t_s>+s] }
ST {GT(GBO)ss) gy — G (GBM)sts) sy )

1=0
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Thus, invoking Lemma P-I( and setting 7** , we end up with

(Ik(B(n) ). Ze(B()%""))

L
:<ZB %ts 5B( ))k(t S)L(t 5)7

k

=GB gy © OC™T (B -y 520
= (D2 B s @ OBOD) 1420y
= k
> G B) ) @ (GG (B o) g2 )
£ ((t - S)szgB (1) ® (OB (1)) ¢ e
PSS @I (B (), (66 (B (), )
that is -
(Z(B)2), TBm?Z")) (36)

= (t—s)* (I’“ (B<t 2 s)zl)’z"“ <B<t j s)z;an/(t_S)))

Clearly, we also have
2 2
B( 7 ) - limZk(B< I ) ) (37)
t—s/01 k—oo t—s/01

N \2nT/(t=s) ) 2,n,T/(t—s)
B ( ) = lim 7, (B ( ) )
t—s/o1 k—oo t—s/o1

almost surely and

2 2,n,T/(t—s)

=

t—s/o1 t—s
in probability. So, combining (B4), (B3), (BA), (B7) and (BY), we obtain

B (B, B1)|

= lin B [o(Z(B0)?), ZB0A)))

k—o00,m—0

= i B o - Pz (B ()7, ) - 92z (B () )

k—o00,m—0
—E ¢ ((t - 9B, (t - 9By T))]

for any function ¢ € Cp((R™ @ R™)?), which concludes the proof of (B1)).
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The next auxiliary result is an upper bound of the modulus of continuity of fBm and
is a consequence of Theorem 3.1 in [BY].

Lemma 3.2. Let T > 0. There exists h* > 0 and a finite and non-negative random
variable O p+ 7 such that

sup  [(0B)isrn] < Opper - . |log(1/h)]
t€[0,7—h]

for all h € (0, h*).
The classical Garsia lemma reads as follows:

Lemma 3.3. For all v > 0 and p > 1 there exists a constant C., ,; > 0 such that

. 5f uv|2p 1/(2]7)
N[f;C1([0,T);RY] < C,pa (/ / |u_v|2w+2d dv)

for all f € C([0,T];RY).

Finally, we also need to control the Hoélder smoothness of elements of Cy, beyond the
case of increments of functions in C;. The following is a generalization of the Garsia-
Rodemich-Rumsey lemma above.

Lemma 3.4. Let k> 0 and p > 1. Let R € Co([0,T]; RY) with 6R € C5([0,T]; RM). If

R
/ / o — o[ dudv < 00,

then R € C5([0, T};RY). In particular, there exists a constant Cj,; > 0, such that
N[R; ¢ ([0, T, RY)]

‘R ‘Qp 1/(217)
< Crpi (/ / - du dv) + Cropy N[6R; C5([0, T); RY] .

lu — U|2np+2

3.2. Approximation results. Recall that our aim here is to show the convergence of
the couple (B™T,B2™T) towards (B,B?) in some suitable Holder spaces. A similar
result was obtained in [f], but with the following differences: (i) The authors in [fj
studied the p-variation norm of B2 — B%2"7 using dyadic discretisations, while we are
working in the Holder setting. (ii) The rate of convergence for the approximation was
not their main concern, and the convergence rate stated in [, Corollary 20] is not sharp.

Let us now start with a first moment estimate for the difference B2 — B2™7 for
which we will use the error bound for a trapezoidal approximation of B2 derived in [B1].
Moreover, recall that we denote by B™' the piecewise linear interpolation of B on [0, 7]
with respect to the uniform partition P, r = {t}; k =0,...,n}, where ¢t} = ==, and by
B2 the corresponding Lévy area.

Proposition 3.5. Let p > 1 and H > 1/4. Then, we have

»\ 1/p
(E‘BS,T _ Ba,;,T‘ ) <K, T2H |, —2H+1/2
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Proof. First note that the random variable Bf Bg:;’T belongs to the sum of the first
and the second chaos of B (we refer to [BJ] for a specific description of these notions).
So all moments of Bf . — Ba’;’T are equivalent and it suffices to show that there exists
a constant K > 0 such that, forall 2,7 =1,...,m

Y

o\ 1/2
(E ’B?LT - Bg;;xT’ ) < K. T L m2HH2, (39)

Consider first the diagonal elements of B&T—Bg”;’T. In this case, we have B 1(j,7) =
(B¥)2/2 and

Bo7" (7.4) = /0 B0 ATV

k=0 k=0
n—1
1 2 1
=3 (8908, + 5 (652.)") = 5 (59)
k=0
Hence it follows
B2 (4, ) — Byp'(7.4) = / BY dBY) — / BT gpr ) = g, (40)
0 0

Now consider the off-diagonal terms of Bg’T — Bg,’;’T. Without loss of generality we
can assume that ¢ > j. Proceeding as above we have

T
| 1y
/ B0 Bt = =N (BY + Bt(n) )5Btntn

0

(\]
?’”M
)

Thus, [BI, Theorem 1.2] can be applied and yields

(B[B2: ) - B2

) < K - T2H X n72H+1/2' (41)
O

The next result gives an error bound for the piecewise linear interpolation of B. Note
that similar estimates as in the next lemma can be found in [L0], where the case H > 1/2
is considered.

Lemma 3.6. Let 0 < v < H. Then, there exists a finite and non-negative random
variable O v such that

N[B"’T — B;C{ ([0, T])] < Op~1-+/log(n) - n~H=7)
forn > 1.

Proof. Clearly, we have to find appropriate bounds for
16(B™T — B)y|, s,t €10,7).
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First note that there exists a strictly positive xp, such that the mapping f : (0,7] —

0,00), f(x) =277 /| log(1/x)] is increasing on x € (0,5 ,). Without loss of general-
ity, we assume that 7'/n < inf(zy.,h*), where h* is defined by Lemma B.9.

(i) First, consider the case where |t —s| > L. Let us assume also without loss of

generality that {f < s <t} < <t <t} for some k <[ and recall that t} = kT'/n.
Then

nT _ S—tZ nT t_tln
BS = Bt;cl + ( T/n ) 5Bt2t2+1 and Bt = Bt? + < T/TL ) 5Btftf+la
so that
[6(B™" = B)at| < |0Bys| + 0Byl + 0Byey, | + 0By, |

™H
<40y r+/|log(n/T)] (5) < Ot — 5|7/ log(n)|n~H=7)

using Lemma B.2.
(ii) Now, suppose that |t — s| < T'/n with for instance ¢} < s <t <, . In this case,

t—s
T/n (0B)ze

(5Bn7T)St —

1
and thus
16(B™T — B)y| < |6By| + [6B%T

T H-1
< TIORTLTC = 9t = 51 + 6t — o Tomto T 1)
< O/ TIoB L/~ Nt — 517 +2lt — 7y Thoglmln ==,

Using the monotonicity of z — 777, /|log(1/z)], it follows
16(B™T — B) | < Our|t — s|7/|log(n)n=FH=7).

(iii) The same estimate as above also holds true if [t —s| < T'/n and t} < s <}, <
t<ty,.
(iv) Combining (i)-(iii) yields the assertion.

Now we determine the error for the approximation of the Lévy area.

Lemma 3.7. Let 1/4 < v < H. Then, there ezists a finite and non-negative random
variable O v such that

N [B*™T — B?; c([o, )] < 0nqr - \/log(n) - n~H=)
forn > 1.

Proof. In this proof we will denote constants (which depend only on p, ¢, ¢, v and T)
by K, regardless of their value.

Step 1. We will first show that

<E ‘N[B2,n,T o ]_3)27 622’Y<[O’ T])] ‘q) 1/q < K. (n72(H—fy) + n*H). (42)
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For this, we have to consider the family of increments A™7 (i, j) € Cy, defined by

t t
A 0,g) = [(0BO)dBY ~ [ 6BTO).,apyt o)

fore,7 =1,...,m. By symmetry we can assume 1 < j <17 < m.
We distinguish several cases for s, ¢ € [0, T].

(i) Assume that |t —s| > £ and s,t € Pz, ie. s =% and t = L for k < [. Then the
scaling properties of fBm, see Lemma B.1], yield

t—s t—s
A £ [ pasy - [ o apmo
0 0

1 1
£t — s ( / BYABY) — / BT/=9.6) dB[j’T/(ts)’(j)).

0 0

Since % = ;% we have
(BTI00 4y [0,1]} = (B0, 4 ¢ [0,1]}

Now Proposition B.3 gives

1/p
(E ‘AQ,;T(z’,j)‘p) <K -|t—s]*" )l - k|,2H+1/2 <K-|t— 3\1/2 . 2HA1/2
<K-|t— 3|2“/ . n—Z(H—v)’ (43)

with v > 1/4.
ii) Assume now that (t — s L with s <7, <t? <t <t ,. Using the cohomologic
n k41 I+1°
relatlon S(OA™T (4, 7)) stn g = O, we obtain

k+171
A0 5) = Al (69) + AR (6, 7) + At (i.)
+ (AT (0, 5))atp, o+ SCA™T (0, )i e (44)

For the term A?L;Fitln(i, J), we can use the first step to deduce

»\ 1/p
(E ‘A?"T 7 . .7) > S K- ‘tln — tZJrl‘Q,y . n72(H*'Y) S K . ‘t . 8‘2’\/ . n72(H*7),

To deal with the last two terms of (f4]), remember the algebraic relation

§(A™T(i,5)) = 6BY . sBY) — BT . spmT0) (45)

which entails here

5(A™ G et ol < OB g, | [GBD gl + 0B D)oy |- 105D

k+1

and we easily get

p\ 1/p
<E ‘5(A”’T(i,j))stg+lt ) <K-Jt—s" (T/m)T < K|t — s (n 2 4t

Similarly we obtain the same estimate for E[|6(A™" (7, 7)) mel?]'/".
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As for the term Agt’g 1(2’,]’) one has, on the one hand,
+

oy A e\ VP - I e\ /P
(E / (0B"),, dBY ) = |tr., — s <E / BY dBW ) (46)
s 0

<K -t — s pT2H), (47)
where v < H. On the other hand,

t’rl
/ r 5BQ&T,(Z‘) dB[j’T’(j)

t2+1 (U _ tn T
OB 6By
/; (T/TL) ’ t t t t

So for v < H, an application of the Cauchy-Schwarz inequality yields

(e

Putting together relation ([6]) and (i), we obtain (E[|A:lgg+l(i,j)|p])1/p < K|t—s-
n72(H77)

_ ’53322(@)5 tﬂf(])

k"k+1

tZ p 1/p
/ - (6B™T0),, aB» ") ) <K -|t— s n2H), (48)

. Furthermore, the term AZA{(Z’, j) can be handled along the same lines.

(iii) It only remains to analyze the case (t —s) < L. For ) < s <t < ¢}, we have

(k|

and thus

t ' ey Ve
(6BD),, dBY ) <K-|t—s P <K-|t—s|*. n2H)

and
Bn JT( Bn T,(5)

(t —5)? n,T, (i
2Ty PP

P\ 1/p
) <K-|t— S|2v o 2(H=)

(x

The case (t —s) < L and t} < s <}, <t <{},, can be treated analogously.

/(5BnT )SudBnT ()

s

(iv) Combining steps (i)—(iii) yields that
1/p
(E ‘AZ,;T(i,j)‘p> <K Jt— s (n 20 4o H) (49)
for all s,t € [0,7] and 1/4 <~ < H.

Step 2. Before we can apply Lemma B.4, we need additional preparations. First, notice
that (E3) can also be written as
5(B*=B*"") = [§ (B—B"")] @B +4dB"" @ [§ (B - B"")],

so that

‘5(B2 - B2’n’T)sut|

<[t —ul'ls —ul” 2N6B: C3] - N18(B — B™"); €3] + (N18(B — B™"); C31)%)

and thus

N[6(B? = B*"T); 3] < 2N[6B;C3] - N[6(B — B™");C3] + (N[6(B — B™"); C3))%.

Lemma B.q now gives

N[5(B* — B*"T); C;V} < Op 1 - \/log(n) - n~H=)., (50)
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Step 3. Using (p0), Lemma B.4 entails

N[(B? — B2, c%o 7]

T | B2,n,T) |2p 1/(2p)
<K </ / - dudv) + K -0yyr - \/log(n) -n~ W=7,

u — 1)|4’YP+2

for all p > 1. To finish the proof, it remains to show that
|Rupl < 0,57 - /log(n) - n~H=7) (51)

T | B2,n,T)uv|2p 1/(2p)
</ / u—v|47p+2 dudv) )

However, using (f9) with v + /2 instead of v, we have

E B2 B2,n,T 2p
E|Rnp|2p</ / ( Ju du dv

|u — 'U|4’Yp+2

T 4yp+2
< K/ / |u | R du dv - ( 4(H—~—¢/2)p _|_n*2Hp)’

|u — U|4’YP+2

where

ie.
T T
(E[Ry, )/ < K/ / lu— |2 dudv - (n 20T 4o~
o Jo

So for p > %, it holds
(E|Rn,p|2p)1/(2p) <K- (n*2(H*“f)+€ + n’H).

Now, set @ = min{2(H — v) — ¢, H} and let § > 0. From the Chebyshev-Markov
inequality it follows

n—2p€

6%

E[Ry, "

n2prla—e)
02r s K

P(n*c|R,,| > 0) <

Since p > 1/e we have

> PR, > 0) < 00

n=1
for all 6 > 0. The Borel-Cantelli Lemma implies now that n* ¢|R,,,| — 0 a.s. for
n — oo, which gives (F1]) by choosing € > 0 appropriately, since

a—ec=min{2(H —vy—¢),H—¢} >H—".
U

Recall that the Wong-Zakai approximation Z of Y has been defined at equation (f)
by

Z—a—l—Z/ " dBWOnT e 0,T], a € RY. (52)
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In particular, Z can be expressed as Z = = F (a, B*T B2™T) using Theorem P.g. Hence,
as a direct application of Lemmata [.g and B.7 and invoking the Lipschitzness of I, we
obtain the following error bound for the Wong-Zakai approximation.

Proposition 3.8. Let T > 0 and 1/3 < v < H. Then, there exists a finite random
variable ng)%mT such that

——n 1 _ _
1Y = Z" |l oo < 0y o - V/log(n) - =)

forn > 1.

4. DISCRETISING THE WONG-ZAKAI APPROXIMATION

In the last section we have established an error bound for the Wong-Zakai approxima-
tion Z" of the real solution Y. As mentioned in the introduction, the Milstein scheme
corresponding to Z is exactly our simplified Milstein scheme (B). Thus, it remains to
determine the discretisation error for Z' itself. To this aim, we first give a general error
bound for the Milstein scheme for ordinary differential equations (ODESs) driven by a
smooth path x. Since Theorem P.§ allows to derive a non-classical stability result (in
~v-Hélder norm) for the flow of an ODE driven by a smooth path, we can follow here the
techniques of the numerical analysis for classical ODEs. In a second step, we will apply
these bounds to our particular fBm approximation.

4.1. The Milstein scheme for ODEs driven by smooth paths. In this section,
consider a piecewise differentiable path z € C([0,T];R!) and a function g € C3(R%; R%!)
which is bounded with bounded derivatives. For the ordinary differential equation

!
=3 gDy da’, tel0,T], aeR’ (53)
=1
the classical second order Taylor scheme with stepsize T'/n reads as: z{ = a and
Lo 0) l - th+1
i =2+ 30wy + ) DY) / drgdel,(54)
i=1 ij=1 Uk

where D = Ez 1 gp 8p, and where we have set 2} = Zin with ¢} = kT'/n. For notational
simplicity we will write in the following ¢, instead of t” Introducing the numerical flow

lt1 . )
U(z;tg, tpr1) =2+ Zg 5xtktk+1 + Z DO )/ 5%(52)3 dxgﬂ) (55)
173

i=1 i,7=1

we can write this scheme as
2y = a, 2y = Uz te, ter1), k=0,...,n—1.
For ¢ > k we also define
Wz tk, tg) = V(s tg1,g) © U5 tgytg1) 0+ - 0 W(z; bk, tiya).
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Moreover, the flow ®(z;s,t) of the ODE (BJ) is given by ®(z;s,t) := vy, where y is
the unique solution of

l
b= g0y dal, telsT), y=z (56)
=1

A straightforward Taylor expansion of the flow of the ODE gives that the one-step
error

e = P(23tk, te1) — V(25 tes tig)
satisfies

Ire] < C - - sup ||1)(2‘)D(j)g(10)||C>O . ME (57)

tetk+
t
/ || dw
S

Furthermore, considering the smooth path z as a rough path, Theorem P.§ directly
yields the following stability result for the flow:

with
3
M, =

Proposition 4.1. Let 1/3 < v < 1 and set ||x|, = |||, + |x%|l2,. Then, there exists
an increasing function Cr : R — R such that

|((I>(Zv Svt) — (I)(gv Svt)) — (Z — 2)|

|t = s

< Cr([lx[l5) - |z = 2] (58)

and
|®(z;5,1) — (255, 8)| < Cr(lIx]]5) - [z — 2| (59)
for all s,t € 0,T] and 2,z € R,

The following stability result is crucial to derive the announced error bound for the
Milstein scheme.

Proposition 4.2. Let x € C([0,T];R!) be a piecewise differentiable path, and g €
C3(REGREY . Consider the flow ® given by equation ([B4) and the numerical flow ¥
defined by relation ([BF). For k = 0,...,n, let ty, = kT/n, yi, = ®(a;0,t) and 2z, =
U(a;0,t). Moreover recall that we have set

t 3
/ ] du
S

M? = ., 0<s<t<T
Then, there exists an increasing function Cyp : R — Rt such that we have

q—1
e, — 24| < Cr(([x]l,) - Mitkﬂ (60)
k=0
q—1 p—1
0(y — Zn)tptq| < Cr(lxl4) - { Mtitkﬂ + |ty —tp|" - Z Mtitkﬂ} (61)
k=p k=0

for0<p<q<n.
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Proof. We will use the classical decomposition of the error in terms of the exact and the
numerical flow: Since 2z} = ®(2}; ty, tx) and v, = P(2f;to, tx), one has

1

Yty — 7 = P23 to,ty) — @2 tg,te) = D (P2 ths ty) — P(2yri tirns b))

0

i

B
Il

Furthermore, thanks to the relation
(I)(Z]Zv tka tq) - q)(q)('z]?v tk7 tk—l—l); tk+17 tq)a
the stability result (B9) implies
[Pkt tg) — P2kt t)| < Orllxlly) - [ @2 s tran) — 2544

However, (B7) gives

}q)(zﬁstk,tm) - zl?+1’ = (2 e tor) — W2 te, b)) < O
from which (B0) is easily deduced.

Moreover, for ¢ > p we also have

0y = 2"ty = (Wit ta) — ur,) — (V25 tptg) — 7))
= (Q(Ws,itps ta) = Yr,) — (P23t ty) — 2)) — (Ulzpitp ty) — Plzyitn,ty)) -
Analogously to the derivation of (B0), one can show that

tktk+1’

(W (25 tps tg) = (23 tp, 1) < C- Cr([lx]]5) Z et (62)

Using (Bg) and (B0) we trivially end up with (B1)).

4.2. Application to fBm. In order to apply Proposition .3 to the Wong-Zakai ap-
proximation Z given by (P2 note once again that our Milstein-type scheme Z! = a
and

Z€+1 = ZIZ + Z o 5Btktk+1 +35 Z D ( ) 5Btktk+1 5Btktk+1

5,j=1

is obtained by discretising the Wong-Zakai approximation with the standard second
order Taylor scheme with stepsize T'/n given by (B4). In fact, doing so we obtain the
numerical flow

n . th+1 ) ‘
Ut te) == 2+ Y oD ()BT + Z DO l)( / sBOT g,
= 23

1,7=1

Since B™T is the piecewise linear interpolation of B on [0,7] with stepsize T'/n, the
above iterated integrals can be now expressed as products of increments of B. Indeed,
according to the fact that

u—tk

5B trti41 T/

= 6B

for w € (tg,tri1), (63)

tetk+1

BT = Z(6B)

tku
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it is readily checked that

4 . tkt1 4 , 1 4 .
(Z)7n7T _ (l) (Z)7n7T JL,T _ (Z) ( )
0B, = 0By, and /t sB"" dBI T = 5 6B, OB
k
Moreover, invoking relation (fJ) and Lemma B.3, we get
ley1 |
| 1B du) < b o)),
tg
for n large enough. Consequently, relation (B]]) yields
VAR
wp  PE T uul g gy (64)
pq=0,1,...n—1,p7#q |ty — tq|7
for all v < H and all n large enough.
This gives in particular
AR
sp =D dunl g g2 (65)

p,g=0,1,...,n—1, p#q |tp - tq|y
for 1/3<~vy< H.

Now it remains to "lift” this error estimate to [0,7]. For this we need the following
smoothness result for the Wong-Zakai approximation.

Lemma 4.3. Let T > 0 and recall that Z' is defined by equation (53). Then there
exists h™* > 0 and a finite and non-negative random variable O p++ » 1 such that for all

h € (0,h™) and all n > 7% we have

sup |(57n)t7t+h| S HH,h**,o,T . h,H © A/ ‘ lOg(l/h)‘

t€[0,T—h]

Proof. As already mentioned in the proof of Lemma B.6, note that there exists zy > 0
such that the map x — 2% /|log(1/z)]| is increasing on (0, xy]. Set h** = min(xg, h*),
where h* is defined by Lemma B3, and let s,t € [0, 7] such that |t — s| < h**.

(i) From (B2) and (BJ), we deduce
(6775 = o(ZDHOB" )ul < |t =" G(IB"T],)

for 1/3 < k < < H and an increasing function G : R — R*. Choosing &, 7y sufficiently
large, we obtain

——n ——n ]-
(62"t — o(Z)(EB™ )| < Opper |t — 5| log<|t_8|>.

(ii) Assume that t; < s <t < ;1. One has
0(Z)(OB™)at| < O o - [t — 5| - (n/T) "7/ log(n/T)|.
Since |t —s| < T/n,ie. n/T <1/(t—s), it follows
(62" )atl < Ope o - (£ = 9)" - /[ og(1/(t — 5))].
(ili) Now let t;_; < s <t <t, <t <t,; with [ <p. Then
(6B™ ) = (B = By,) + (0B)1, + (B, — BI'T). (66)
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As in the proof of Lemma B.§, this easily yields
|0(Z)(0B™)st| < Opre o - (t = 5) - /| log(1/(t — 9))| (67)
for |t — s| < T/n. Whenever |t — s| > T'/n, decomposition (bd) gives

[0(Z2) B )| < W (T )™ /TR TN 40110 -ty /1 o1/ (8, — 1)

Using that o — 2 \/|log(1/z)| is increasing, relation ([7) is easily recovered.

(iv) Combining the steps (i)-(iii) yields the assertion.

O
Proposition 4.4. Let T > 0 and 1/3 < v < H. Then, there exists a finite and non-
negative random variable ng’)%a,T such that

n —n 2 o
||Z -7 ||ﬂ/,oo,T < nl(ri)%a,T . 10g(n) o =)
forn > 1.

Proof. Denote by U™ the piecewise linear interpolation with stepsize T'/n of the Wong-

Zakai approximation Z . Proceeding as in the proof of Lemma B.G and using Lemma
B3 we have

10" = Z" oo < Oty - V/log(n) - n 77,

Thus, it remains to consider the difference between U™ and Z™. For t € [ty, g 1] for
some k we have

n n =n n U=tk =n n
Up =2 =7y~ 2yt BT = 2
Assuming additionally that s € [t;, ¢, 1] and ¢ € [tg, tx41] for some | < k, we have
n n 0k n =1k ¢ n n 5=t oz n
(U™ = 2" = (2" = Z" )u,, + T—/77,5<Z = 2"t — T—/n(S(Z = 2" un,- (68)

(i) Assume that [+ 1 < k. Applying (B5) to relation (B) and according to the fact that
(s —t;) <T/n, (t —tx) <T/n, we obtain

6(U" = Z")at| < Ornor |t = s[7-n”F\/log(n). (69)
(ii) Assume that [ = k. Here (B§) simplifies to
t—5S_,—n n
5(U" _ Zn)st — T/n 5(2 —7Z )tktk-H

and thus (63) combined with the fact that |t—s| < T'/n gives an estimate of the form ([9)
again.

Finally, the case £ = [+ 1 can be treated in a similar manner, and this completes the
proof.

t

Remark 4.5. Putting together Propositions B.§ and [.4, our Main Theorem [.1] now
follows.
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4.3. Optimality of the error bound. Reviewing the steps of the derivation of our
main result, one realises that the final convergence rate n=(=7),/log(n) is directly
linked to the error (measured in the y-Hélder norm) of the piecewise linear interpolation
of fractional Brownian motion. All other estimates lead to higher rates of convergence.
As a result, in order to prove the optimality of our result, it is natural to consider the
most simple equation

dyV =dBY, te[0,T], Yo=acR,
for which our Milstein-type approximation is given by Z" = BT,
First, observe that

1) _ p);n,T
IY = Z"|yoer = [|BY = BOST| 7> sup 6(B B )t

5,t€[0,T] |t - 5|’y
|B(1) _ B(1)7n7T|
> sup ! ! .
t€[0,T] 2

Using the scaling and stationarity properties of fBm, we get

Sup | | TH| t | ETHvsup n—H| t_ t |
t€[0,T] W te[O 1] TVt“/ t€[o,n] n=ty
> n~H=ITH=Y qup |B, — B £ HEDTHA gup |B, — B} """ 7. (70)
te[l,n] te[0,n—1]

Now let us recall the following result of [[4]:

O (sup ’Bt—Bf’1’ —crnvn> i)G,

On \ te[0,1]

where G is a Gumbel distribution, lim,,_,. —=2— = 1 and lim,,_,o. n"70,, = cy. This
\/2log

implies in particular

sup ’Bt — Bf’1’ 2R ey
log(n) tef0,1]
Applying again the scaling property of fBm gives

1
sup |B; — B;""| N
log(n) tefo.n
and so
sup }Bt Bf_l’"_1’ -5 V2ey.

Going back to ([7Q), this ﬁnally ylelds

lim P (4(n)-||Y — Z"|y0or < 00) =0,

n—o0
if
lim inf £(n) - y/log(n) -n~ "= = oo,
n—oo

which corresponds to our claim at Remark [[.G.
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5. NUMERICAL EXAMPLES

In the introduction, we stated the conjecture that the error in the supremum norm of
our proposed modified Milstein scheme satisfies

Y — Z"|cor < Mo - v/ 10g(n) - (n_H + n_2H+1/2).

+ - mod milstein schemg * - mod milstein scheme
— conv. order 2H-112 — conv. order 2H-112

stepsize stepsize

+ - mod milstein schemg *
—— conv. order 2H-112 *

2yt
5

stepsize stepsize

FIGURE 1. Equation ([7])): pathwise maximum error vs. step size for four
sample paths for H = 0.4.

Note that if U™ denotes the piecewise linear interpolation of Z with stepsize T'/n, then
we have

1Y = U"looir < Npzor - v/log(n) - 0",
which follows from a straightforward modification of the Lemmata B.6 and .3 Since
furthermore

Y = 2 < Y = U oo+ max [Yiryn — Ziyal,

it suffices to consider the maximal error in the discretisation points, i.e.

n
max |Y]€T/n - ZkT/n|7
k=0,...,n

to support our conjecture.
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+ - mod milstein schemg * - mod milstein scheme
— conv. order 2H-112 — conv. order 2H-112 o

stepsize

stepsize stepsize

FIGURE 2. Equation ([])): pathwise maximum error vs. step size for four
sample paths for H = 0.7.

Our first example will be the SDE
dY, = cos(Y;) dBY +sin(V;)dB®, te[0,1], Yy=1. (71)
Figure 1 shows the maximum error in the discretization points, i.e.

max |Yir/n(w) = Zii(@)],
k=0,...,n

which for brevity we call in the following maximum error, versus the step size 1/n for
four different sample paths w € € for H = 0.4, while Figure 2 shows the maximum
error versus the step size 1/n for four different sample paths w € Q for H = 0.7. (So
small values on the x-axis correspond to small stepsizes, while small values on the y-axis
correspond to small errors and vice versa.)

The numerical reference solution is obtained by using our Milstein-type scheme with
very small stepsize. Since we use log-log-coordinates, the straight lines correspond to
the convergence order 2H — 1/2. The stars correspond to the error of the Milstein-type
scheme. For H = 0.4 the estimated convergence rates are in acceptable accordance with
our conjecture, while for H = 0.7 they are in good accordance.

As second example we consider the linear equation

ayV =yvPaB®, ay” =yVaB®, tefo,1, yV=1v"=2 (12)
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T T T T T T
" *  mod milstein schemg | *  mod milstein schemg
10" conv. order 2H-1/2 1 10 H conv. order 2H-1/2

10° b

107

stepsize stepsize

T T T T T T
*  mod milstein schemg .\ #  mod milstein schemg
conv. order 2H-1/2 10" conv. order 2H-1/2

10*

10° b

107

stepsize stepsize

FIGURE 3. Equation ([79): pathwise maximum error vs. step size for four
sample paths for H = 0.4.

Figures 3 and 4 show again the maximum error versus the step size for four different sam-
ple paths for H = 0.4 and H = 0.7, respectively. Again the estimated covergence rates
are in acceptable accordance with our conjecture for H = 0.4 and in good accordance
for H=0.7.

Note that the convergence order 2H — 1/2 is quite slow for small H. In particular,
for H = 0.4 the convergence order equals 0.3. We suppose that this effect also causes
the fluctuating behaviour in the estimated convergence rates in the case H = 0.4.

6. APPENDIX: PROOF OF THEOREM P.6|

6.1. Existence and uniqueness of the solution. This section gives some details of
the proof of point (1) of Theorem P.§ in the case v < 1/2. The case v > 1/2 is simpler
and thus omitted.

The solution to equation ([[J) is obtained via a fixed-point argument, which is first
applied locally and then extended to the whole interval [0, T].
Notations. For Q% ([(1, (5]; R?) we will write in the following only Q% ([¢1, £5]) to simplify
the notation. In particular, note that the norm N5 Qf ,([01, £2])] does not depend on
a € R%. Moreover, for y € Q%([¢y,{5]), which admits the decomposition

(53/)815 = Cs(ég)st + Tsts
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10'

T T
¥ mod milstein schemg
conv. order 2H-1/2
0

10'

T T
*  mod milstein schemg
conv. order 2H-1/2

10° b

10
2 107
H

10°F

107k

10'5 L L L L 10'5 L L L L
10° 10" 10° 107 10" 10° 10° 10 10° 107 10" 10°
s(epslze slepslze

10*

3 T T
#  mod milstein schemg
conv. order 2H-1/2
o

T T
*  mod milstein schemg
conv. order 2H-1/2

10° F

107
2107}
5

10°F

10°'F

10° n n n n 10°
= " . 2 1

stepsize stepsize

FIGURE 4. Equation ([3): pathwise maximum error vs. step size for four
sample paths for H = 0.7.

we set

v =C Y=

Local considerations. Consider a time 0 < Ty < T and for any y € Q%([0, Ty]), define z =
I, (y) as the unique process in Q%([0, 7)) such that zo = yo and (02)s = Tsi(o(y) dx).

Ify,y € Qi([ovTO]) with (?/0793) = (ﬂoa??g) = (a,a(a)), and if z = FTo(y)vg = PTO(?])?
then some standard differential calculus easily leads to

Nz Q2([0, To))] < e {1+ 15 "Ny; Q5([0, To))]? } (73)
and
Nz — 2 ([0, Ty))]
< Ty Ny — g; Q:([0, To))] {1+ Nly; Q2((0, To)))* + Ng; Qu([0, To)* ), (74)

with ¢, = ¢(1+ ||z]|, + [|x?||2,) for some constant ¢ > 1. Now set Ty = (4¢2)~/0=%) and
Ry, = 2¢,, so that, if in addition Ny; Q%([0, Ty])] < Ry, then by ([3), Nz; Q%([0, To))]
< RTO and, if also N[ga Qﬁ([O,Tg])] < RToa by (@)7

Nz = 2 Q2([0.T)] < e Ny — §: @20, Tu])] - (42) /07 {14 8¢2}.
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Observe that 3 —2k/(y — k) <0 for 1/3 <k <~ <1/2 and so

1 K/ (y—K) 1 2
Cx(4cz.)7ﬁ/(wili) {1 + 803.} — <Z) {Ciizi/(’yfﬁ) + 8027211/(77“)} S 9 (Z) < 1

As a result, I'y, is a strict contraction of the following closed subset of Q7 ([0, 7p)):
Bio@yrn, = 10 € (0. T0)); (yo.95) = (a,0(a)) , Ny; ([0, To])] < Ry}

Let us denote by 3’0 the fixed point of the restriction of I'z; to B(a (@), B
0

Extending the solution. One can use the same arguments as in the previous step for the
set

BZTQ
(yig (ygg))’RTo
= {y € Qi([T()?ZTO]); (miyg})) - (?/zT}?aU (sz“g)) ) N[:U? Qi([TOaZTO])] < RTO}’ (75)

and this provides us with an extension of the solution on [T}, 27p], denoted by 3*%
Repeat the procedure until [0, 7] is covered, and then define

Ny Ny

§ i1 § 1T
y_ yO_ ’LlT()ZT() y - y 0' ZlT()ZT()}

where Ny, is the smallest integer such that Ny, - TO >T.
It is not hard to see that y is a solution to the system ([[f). Moreover,

Nly; ©((0, TT)]

< s NI Q(I(k = DTo ATD] + {1+ el ) 2N Q((k = 1)To, KTu))]

< Ry, + Ry, - Ny - {1+ all,} < 26, (1+ (T/Tg + 1) (1 + [al},))
<2, (14 (144-T -0 (14 |l])).

which gives the estimate (2). The unicity of this solution is easy to prove due to ([(4).
The details are left to the reader.

6.2. Continuity of the It6 map. We shall now prove point (2) in Theorem PR.6. For
this, let us again introduce some notation:

Notation: If y € QF and gy € QF for two different driving signals z, Z, define
Ny =5 Q5% = Ny, y*) = (5:5°): Q"] = Ny — : C/] + Ny* — 5]
+ Ny — 75 6.
Local considerations. Consider a time T > 0. From the decomposition
0y = G)st = [0(ys) = a(Gs)] - (62)st + 0 (Fs) - 0w — T)st + [y20" () — §70' ()] - %2,
+ 950" (s) - [x% = X5 + M ([0(y)F = 0(9)F] - 62+ 0(9)F - 6(x — 7)
+0[y"o'(y) — 570’ ()] - x5, + (570 (7)) - [x* = %7]),
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where we have used

(0y)st = [(id =A0)(o(y) - 0z + (o (y))" - x7)],

some standard computations yield

Ny — g;: Q5*([0, To))]
< rayg {TONY — 05 Qo ([0, To))] + ||z = &l + [[x* = X2[|2y + |a — a}
with
Cogyg = L1+ 2l + 13 |2y + 2] + %2 ]l2y + Ny; Qu([0, TH]? + Ng; Qi ([0, TN},

for some constant ¢ > 0. Now remember that Ny; Q%([0,T])] < Pr(||z||, [|x*[|2,), as
well as Ny; Q%([0,T))] < Pr(||Z|l, [|X*|l2,), for a certain polynomial function Pr, so
that ¢, 7,5 < Cuz, where ¢,z > 0 stands for a polynomial expression of ||z]|,, [|x?]|2,
and || 7|, | X%||2,- Set Ty = (2¢,z) """ and in this way

Ny =55 Qe ([0, To])] < 2ca {2 — &l + [[x* = %*[l2y + |a — al} .

Extending the inequality. With the same arguments as in the above step, we get, for any
kE>1,

Ny — 55 Qe ([kTo, (k + 1) To))]
< 2eoz {llv = 2l + l1x* = %22y + lyrr, — Grn| }

k-1
< 265 {H$ — &y 4 1%* = K2y + |a —al + T Y Ny — §; Q0 ([ITo, (1 + 1)To])]}
=0
and as a result

Ny = 53 Q" ([KTo, (k + DTo))] < 2ca - € {llo = Ty + x* = X*|l2y + [0 — al}

using the discrete version of Gronwall’s Lemma.
Inequality () is then a direct consequence of

Nrp,—1
Nly—5:¢1(0, TN < D Ny —5; Q2 ([kTo, (k + DTo))),
k=0
where Nrp, is the smallest integer such that N, - Ty > T, so that Ny < 14+ T/T, <
14+T - (2¢,2)".
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