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Some numerical simulations of large deformations of heterogeneous
hyperelastic media

Philippe Aubert · Christian Licht · Stéphane Pagano

Abstract Numerical experiments done on a two-

dimensional stratified two-phase composite corroborate

theoretical results on homogeneization of media capable of

large deformations.
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1 Introduction

Determining the behaviour of a structure made of a highly

heterogeneous hyper-elastic material is a rather difficult

numerical problem. The homogenization theory, whose

purpose is to determine the macroscopic behaviour of such

materials, may provide some help. In some cases of periodic

heterogeneity distribution, macroscopic behaviour is that of

a homogeneous material, with an explicit expression of the

homogenized bulk energy density. The well-known formula

derived in the seventies [2,9,13–15] for linearly elastic media

also works in the case of convex energy densities [10] that

satisfy the growth conditions:

∃ p > 1 ∃ a, b > 0 such that

a |F |p ≤ W (y, F) ≤ b(1 + |F |p) ∀F ∈ Md ,∀y ∈ Y (1)

where F is the deformation gradient, Md the set of d × d

matrices, d (= 2 or 3) the space dimension and Y the basic

cell which describes the periodicity of the medium. The
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homogenized density reads as:

W hom(F) = in f

⎧
⎨
⎩

1

|Y |

∫

Y

W (y, F + ∇ψ)dy,

ψ ∈ Vper (Y )

⎫
⎬
⎭ (2)

where |Y | is the volume (or area) of Y and Vper is the subspace

of the Y -periodic fields of the Sobolev space W 1,p(Y )d .

But it is well known [4] that the convexity of the stored

energy is not suitable for the framework of large deforma-

tions. For non convex densities which satisfy the growth con-

dition (1) and:

∃ c > 0 such that∣∣W (y, F) − W (y, F ′)
∣∣

≤ c
(

1+|F |p−1+
∣∣F ′

∣∣p−1
) ∣∣F −F ′

∣∣ ∀F, F ′ ∈ Md (3)

Braides [3] and Müller [11] have established that the

homogenized energy density is given by:

W hom(F) = in f {W n(F); n = 1, 2, 3, ...}

wi th W n(F) = in f

⎧
⎨
⎩

1

|nY |

∫

nY

W (y, F + ∇ψ)dy,

ψ ∈ Vper (nY )

⎫
⎬
⎭ (4)

The difference between the expression (2) for convex W and

the expression (4) for non convex W is considerable. For con-

vex W , it is sufficient to consider fields which are periodic

in one cell Y , so that Y is representative of the medium from

both the geometrical and mechanical points of view. For non
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