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Linearization by Output Injection under Approximate Sampling

Salvatore Monaco'* and Dorothée Normand-Cyrot?

'Dipartimento di Informatica e Sistemistica ‘Antonio Ruberti’ Universitd La Sapienza via Ariosto 25, 00185 Roma, Italy
?Laboratoire des Signaux et Systemes, CNRS-ESE, Plateau de Moulon, 91190, Gif-sur-Yvette, France

Linearization by output injection has been studied in
both continuous time and discrete-time contexts. In this
paper we discuss the possible preservation of such a
property under sampling. It is shown that it can be
maintained under approximate sampling up to the order
of the system itself.

Keywords: Observer forms, nonlinear sampled-data
systems, discrete-time systems, nonlinear observer
design.

1. Introduction

Linearization by coordinates change and output
injection has been firstly studied in a continuous-time
context in [16], [17], and further extended and
developed as a basic tool for observer design (we refer
to [13] for survey on the subject). Even less popular,
the same problem has been investigated in discrete
time pursuing different approaches (see [7, 11, 15, 19,
20, 29]). While techniques and results are similar when
dealing with maps or vector fields, that is for con-
tinuous-time or discrete-time uncontrolled dynamics,
specialized studies are necessary when controlled
equations are investigated.

In this paper linearization by output injection is
revised as the dual problem of linearization under
state feedback ([5, 9, 14, 18, 21]). The geometric con-
ditions ensuring linearization through coordinates
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change and feedback or output injection admit similar
formulations for both continuous-time and discrete-
time systems. Such a similarity is possible making use of
an alternate representation of controlled discrete-time
dynamics as two coupled differential/difference equa-
tions rather than a map parameterized by the control.
In this context the authors showed how results on
structural and control properties admit similar for-
mulations [23]. In this formalism, feedback linearization
was studied in [24], starting from the geometric condi-
tions to the computations of structural invariants and
controller normal forms, possibly through successive
approximations of increasing degree. Following the
same lines, normal forms associated with linearization
under coordinates change and output injection, have
been recently computed making use of successive
transformations of increasing degree in [3, 26].

These analogies in the results’ formulation legitim-
ate the question of their preservation under sampling,
i. e. when applied to the discrete-time model issued
from the sampling of the continuous system: a prob-
lem which has been widely investigated in the literat-
ure. Different sampling procedures give rise to
sampled equivalent models which may exhibit differ-
ent characteristics w. r. to the preservation of some
continuous time properties. For, multirate or higher
order holding procedures have been introduced to
maintain properties under sampling ([10], [27]). As far
as feedback linearization is concerned, the problem
has been firstly addressed starting from [1] and then
studied in an approximate context in [2] and [25].
In these papers, more strictly linked to the present



contribution, we showed that feedback linearization
can be preserved under sampling up to the system
order making use of a new filtered output mapping.
Moreover, multirate control strategies or multirate
sampling procedures have been proposed to enlarge
the degree of approximation or to achieve exact
solutions [10].

On these bases, we show in this paper that equi-
valence through coordinates change to the observer
form can be preserved under sampling up to the
system order, say 7, the result is constructive for the
coordinates change. It relies on the existence of a fic-
titious vector field with respect to which the given
output mapping has relative degree equal to n. It is
immediately understood that this result is the dual of
the one in [2] where feedback linearization is achieved
through the existence of a fictitious output mapping
which has relative degree equal to n. The effects of
sampling over the observer design have been investi-
gated in [8] and [28]; in particular in [8], the authors
proved that for systems over R’ linearization by
output injection under sampling is in fact equivalent
to linear equivalence. The present work shows that
preservation under time-sampling is in fact possible
over R" when considering the approximate sampled
model at the order # in the sampling time ¢. This result
suggests to use the approximate model of order n for
designing the sampled-data observer since increasing
the accuracy of the sampled model by considering
higher order terms would only bring to additional
computational complexity even if linearization by
output injection could be assured. The present work is
based on [6] regarding geometric necessary and suffi-
cient conditions for equivalence to the linear observer
form through coordinates change and to [25] where a
complete description of the sampled equivalent to an
input-affine system is given. This paper represents an
extended version of [27].

The paper is organized as follows. Section 2 sets the
problem and recalls the geometric conditions ensuring
linearization through coordinates change and output
injection in the continuous-time and discrete-time
contexts. Linearization by output injection under
sampling is set in the differential/difference context in
section 3 where the conditions of section 2 are speci-
fied on the sampled equivalent model. In section 4 the
main result is given and a constructive procedure for
computing the coordinates change which solves the
problem is detailed for unforced and forced dynamics
with extra conditions on the output injection. The
algorithm is worked out on an example: an elementary
application in state estimation of the duffing oscil-
lator. Some conclusions end the paper.

Some standard notations : Given 7, a vector field over
R, L. denotes the associated formal Lie derivative
which acts over real valued functions #: R — Rasa
first order differential operator L.k := dhr; the Lie
bracket ad, 7, :=[7,7,] between two vector fields
over R" is described by the non commuting product
Ly, - = L L;, — L, L;;; the Lie series associated with
L, is defined by its exponential expansion
=1+, L,—,, usually denoted as e”, which gives
€"h(x) = h(e"x); given a diffeomorphism & on R,
Adg7 denotes the transport of 7 along & satisfying
AdeT = ([Ix®]7)|o1 = (42-7)|,. All maps and
vector fields, possibly parameterized, are assumed
analytic. The manipulations performed over the
asymptotic series expansions are formal ones, no
convergence studies are performed.

2. Linearization by Output Injection

2.1. In Continuous Time

Let >, denote a SISO input-affine system

X(1) = fx(1)) + g(x(0))u(2)
y(1) = h(x(1)) (1)
where x€ R", y€ R, fand g are analytic vector fields

and / an analytic mapping. Assuming, without any
loss of generality, that (0,0) is an equilibrium pair,

f(0)=0, h(0)=0, linearization by output injection

stands for the equivalence under coordinates change
to the observer canonical form COF

(1) = Aoz (1) + (1), u(1))
y(t) = Coz(1) 2)

with (4, Cp) in the Brunovsky observability form

[ TP |
1

Ao=10 ,
0 0 1 0

Co=(0 - 0 1)

and ¢¥(y,u): R x R—R", an analytic map charac-
terizing the input-output injection: i.e. the injection on
the dynamics which should render linear the dynamics
itself.



The problem, referred to as linearization by output
injection as opposed to feedback linearization, is of
interest in the design of nonlinear observers. It results
from (2) that

2(1) = AoZ(1) +p((1), u(1)) + K(y = CoZ)
estimates the state with a linear error dynamics:
é(t) = (Ao — KCo)e(t).

Conditions ensuring local equivalence of > to (2) are
well known.

Theorem 2.1: [16, 17] X, is locally equivalent to the
observer canonical form (2) if and only if

o A, ;p(dh, dLh..., dLF'R)(0) = n;

e Ao [rc,-, rc_,,'] =0 for i+j€2,2n—-1];

o A g, ril=0 for ie€ll,n—1];

where r.y is the vector field solution of

dh 0
dHrL’l = dL/h el = 0 (3)
n—1
dLy'h 1
and ro = —adsr_y = (1) "ad) vy for i€ 2, n].

Moreover, the coordinates change ®(x) satisfies

[Jx (I)] X (rcl rcn) = Idn

with 1, the n x n-identity matrix.

Remark: Applying the Jacobian identity, condition
A 1s recognized to be equivalent to [r.,r.]=0 for
i €[2,2n-2].

Remark: In the uncontrolled case (g=0) in (1),
under the stronger condition A, : [r;, ;] = 0 for i+
J € [2,2n+ 1] (equivalently [r.,r.;] = 0 for i € [2,2n]),
one gets linear equivalence under linear output injection.

Remark: The “fictitious” controlled dynamics
x(t) = f(x)+ wr.(x) with output mapping y=/h(x)
exhibits a relative degree equal ton, (L, i = 0,L, ,h =
0,...,L, ,h=0)with moreover L, h = 1.

Ten—1 Ten

2.2. In Discrete Time

A discrete-time dynamics is usually represented as a
map

Xk — X1 = F(oxe, ug) (4)

where x € R",u € R and F(.,u) is an analytic map,
analytically parameterized by u. In [22], we proposed

an alternate representation as two differential/
difference equations - DDR

xT = Fy(x) (5)
dx™(u)
du

= G(x"(u),u) with x7(0)=x" (6)

where x*(u) indicates a curve in R" parameterized
by u. (4) and (5-6) describe the same discrete-time
dynamics provided that G(x,u) satisfies

.: OF(x, u)

G(F(x, w)u) =

: ()

Indeed, the integration of (6) with respect to u between
0 and u; with initial condition specified by (5),
xt(0) = Fo(xy) := F(x¢,0), returns x, in (4), i.e.

X" (ur) =x"(0) —&—/OW G(x"(v),v)dv = F(xy,uy).

In the same way w.r. to an output mapping y = h(x),
one has

Vit = h(x*(0)) + /0 " Lo (0)dv
— b () = h(F(x, ).

The Taylor expansion of G(x,u) in powers of u

Glx. 1) = Go(x) + 326G ®

i>1

gets the analytic vector fields G;(x), i > 0, which play
a fundamental role in the geometric characterization
of the properties under study.

Let ¥, denote the DDR (5-6) with output map
y = h(x), and define the canonical observer differen-
tial/difference representation (CO-DDR) as the DDR
of the COF (2). Denoting by ; the i — th component
of v, and assuming, without loss of generality, that

wl(yv u)

dy (0,0
possible preliminary linear output injection. One has

: # 0, which can be achieved through a

Proposition 2.1: The discrete-time observer canonical

form

Zip1 = Aoz + Y(Vi, ux)
y=Coz )



admits the DDR
= Aoz + () (10)
dzt (u)
du

= G(z{ (), u);
y = Coz

with (Ao, Co) in the Brunovsky form, 1¥(y)
and

=(»,0)

9 (.u)

G(ZT(M)ﬂ Ll) = ou |'1/;I"(:T(u),u)

where 7' (., u) indicates the inverse of 11 (., u), the first

component of (., u).
Proof: The result is an immediate consequence of the

definition of the differential equation and the par-
ticular form of the matrix 4o so getting with z; (0) =

1)

) =00 + [ GF (), )
0 <
Remark: The input-output injection term (11) takes
the form

By, u) = 9 (nu)

Ou

Theorem 2.2: [6] X, is locally equivalent to the
discrete-time observer canonical form if and only if

o Ay :p(dh,d(hoFO),-~-,d(hoF”*‘>(0) —n;
o Ap :[ra,rai] = 0; i€ 2,n]
o Aus: [Gp,rdi] =0 fOl‘ i€ [27’1]’ D> 0;
where the vector field rq) satisfies
dh 0
dHgrg := rg = 12
dral dhom | 0 (12)
dho F}! 1

and for i € [2,n), rg’s are given by
rgi = AdFOrd,-,l = Angflrdl.

Moreover the coordinates change, ®,4, satisfies

[Jx‘Pd]( rdl -« -Tdn ) = Idn~
Condition A is the observability rank condition which
ensures the existence and uniqueness of r; satisfying
(12); A requires first order nilpotency of the distri-
bution generated by the vector fields (rg,---,r4) and
guarantees the existence of a coordinates change as well
as the specific structure of (10); A, guarantees the
specific structure (11).

It is worthy to note the strict analogy between
statements of Theorem 2.1 and Theorem 2.2.

1(vyu), u).

Remark: The fictitious controlled dynamics
x*(0) = Fo(x)
+
dxdiu) = rai(x" (u))

with output mapping y = /(x) has relative degree equal
to n; ie using the DDR formalism (L, # =0,L, , h =

ral
0,.. ,h = 0) with moreover L, i1 =1 # 0.

du

3. Linearization by Output Injection Under
Sampling

Assuming the control variable u(z) constant over small
time intervals of amplitude 6, with value u; over
[k, (k+1)6[ for k > 0, the sampled equivalent
system, Ef, is the discrete-time system which reproduces
the state and output evolutions of ¥, at the sampling
instants for any xo = x(¢ = 0). As well known the dis-
crete-time dynamics is drift invertible for small 6, i.e.
Fi(x) =e¥(x) and (F)) '(x)=e ¥(x). As a con-
sequence G°(x, u) satisfying (7) exists and it is uniquely

defined by  GO(x,u) i OF (1)

ou x=F-5(x,u) with

F(x,u) = e¥"¢(x). It is a matter of computations to
verify that the DDR
¥ = F(x) (13)
+
dxd—tfu) =G (x"(u),u) with x"(0)=x" (14)

y=h(x) (15)

describes the sampled equivalent 3 of 3. Its input-
state or output-state evolutions match, at the sam-
pling instants ¢ = k6 those of X.. Combinatoric rela-
tions between the continuous-time model and its
sampled equivalent are detailed in [25], we just recall
what is necessary in the present context. First, G°(., 1)
is described by its asymptotic expansion in §

6
Gé(.,u):/e s(ads+uadg gds—G8+Z 'Gé 16)
0 i>1

as well as each G¢ =

Z[)>l+l ol Glp fori > 0so gettlng
for the first ones

[
- —1y e
ng/e d’gds::Z;;( ;! ady e (17)
0 P
P 16p+1
szz( (p)+1 ch ladfg,ad)g] (18)
p>2

where C ,,(p 7 denotes the binomial.



We note that the term in 6” in G‘s described by (17) is
the Lie bracket ad? ™! g which contains the vector field
g one-time and the vector field £, (p — 1)-times. G} in
(18) involves Lie brackets of the first order in the ddj
of the form [adjg, ady” '] in &' for p > 1. Such a
term contains g, two- tlmes and f, (p — 1)-times. More
in general, GY can be iteratively deduced according to

a combinatoric rule; it involves Lie brackets of order i

in the ad;g and it contains g, (i 4+ 1)-times. The trans-
port of any G along F) is denoted by Ad R G? and its

transport along F), g-times is defined as Ad ,sG
because F)o...o F) = F¥.

Theorem 3.1: /27] X is locally equivalent to the dis-
crete-time observer canonical form (10-11) if and only
if there exists T > 0 such that for any 6 € [0, T), the
conditions below hold true

o Ay : p(dh,de?h, - -, de " D7h)(0) =
o Ay :[ra,ry] =0 for i€[2,n];
o Az :[Gh,rg] =0 for i€[2,n],p>0;

where the vector field ry satisfies:

dh 0
8, . : _| :
dH rg1 = de("—2>§/h rg1 = 0 (19)
de(n—l)éfh 6)1—1

and rg is the transport of rg_ along FS, Fg = e~ %ads
riog = e Uy for i€ [2,n]. Moreover, the co-
ordinates change ®° satisfies

[qu)b}( Is1 rsn) = 6n71]dn-

When it is referred to a sampled model, the observer
canonical form maintains the discrete-time structure
(9-10-11) with é-dependent output injection 1)° and
vector field G°.

Assuming X locally equivalent to the observer
canonical form (2), the present paper discusses the
possible preservation of such a property under
approximated sampling. The loss of linearization by
output injection under sampling, as noted in [8], is the
natural counterpart of what occurs when investigating
the dual problem of feedback linearization under
sampling. As a matter of fact, preservation of linear-
ization by feedback under sampling should imply
linear equivalence as conjectured in [1] and proved for
n=2. However, some approximate result can be
proven. As proposed in [2], feedback linearization can
be maintained till an approximation order with
respect to the sampling period equal to the state
dimension. The same idea is here developed with
respect to linearization by output injection. Our result

stands in proving that the conditions above can be
maintained in an approximate meaning. More pre-
cisely, these conditions, reformulated as equalities
between asymptotic expansions in 6, hold true up to a
certain degree of approximation. With this in mind the
following definition is mandatory.

Definition 3.1: Assuming X. linearizable by output-
injection, the property is maintained under sampling if
there exists T >0 such that for any 6 € [0, T] the sam-
pled equivalent model satisfies the property. Approx-
imate solution at order p stands for the existence of a
solution on the approximate sampled model at order p in
8 (error in O(6"*1)).

The problem has been approached in [27] where we
showed that linearization by output injection could be
maintained under sampling thanks to the computa-
tion of a ““fictitious” é-dependent vector field with
respect to which the relative degree is maintained
equal to n at order n — 1 (i.e. up to an error in O(&")).
As a matter of fact, a stronger result can be proven.

Theorem 3.2: For X, locally linear equivalent by
output injection, there exists T > 0 such that for any 6 €
[0, T'] a vector field ry can be computed to satisfy (19)
at any degree of approximation in 6.

Proof: The proof works out showing first that
dH® = H(6)dH + 0(8") (20)
with H(6) € R"™", invertible by construction for any
6 €]0, 7]
| 0 0o - 0
| 6%/2 :
Ho)=|1 256 28

: - i
I (n—1)s U s

Then, given r,; satisfying (3), we set in (19)

[6310)
n—1 60420
rgl = Z 8 aor. = (Fet « - Ten) :
i=1 (5"720&,,,1()
0

Since ry; must solve (19) in O(8"), due to (20), we have

Qo 0
=My ) = M), (21)

Qp—10 1



where (M), is the last column of M, € R"=1*(=1)
invertible by construction; i.e.

0 fo%
N 0 ... 1 .
0 _ H(9) Lo :
M N o1 : : n—2
1o.Lo) |0 e
ap—10 0
so getting
1 1 1 1
(n—1)! (n—=2)! 2
2n—l 2n—2
M, = (n—1)! (n—2)! 4 2
(’71');771 71' n—2 e (’iwz
Enfl)! (?;17)2)! T : 2 n—1

Setting now in (19), ry = Z;le 8o + bauit ) reis 1. €.

o + ooy
60‘20 + 520(2]
ra=(re oo Fen) :
6’1720411710 + 6n71a’1711
0
and solving equality (19) in 0(5»1+1),
0
0
1
" ,
H(8)dH.ry + 22 2 U = |
n! ) : 0
' 6;171
(n—1)"
leads to
1
aqq (x)
_ dy(x) "
Tl M
CVn—ll(-x) (I/l—|— 1)”

with d,(x) := dLjh(x).rq and ajg =1 computed
from (21). Iterating the procedure and setting
re = Zf;ll 5 + boyy + ‘;—2104,2 +...)re, a solution
to (19) up to increasing approximation order in §

exists thanks to the invertibility of M. The proof is
constructive for the successive oy, which are functions
of x forp > 1. <

Starting from the so computed vector field ry,
truncated at a certain approximation in 4, special
assumptions on the output injection must be taken
into account to satisfy conditions Ay, 4,3 in Theorem
3.1 so maintaining the observer canonical structure
under approximate sampling. This is the case in [27]
where the output injection is assumed piecewise con-
stant. A more general result is proposed in the sequel
where we describe a procedure for computing a
6-dependent coordinates transformation ®° under
which the approximate sampled model exhibits the
sampled observer canonical form - sampled COF.

4. Approximate Sampled COF, an Algorithm

We first describe an algorithm for computing a
coordinates transformation under which the COF
structure is recovered under n-th order approximate
sampling; i.e. starting from a continuous-time COF,
an approximate sampled COF is described. The
algorithm is proposed below for unforced systems
¥.(0), and then extended to forced ones X, (u) under
some extra conditions on the output injection.

4.1. The Algorithm for X.(0)

Starting from the continuous-time COF over R"

X1 = 1(x)

Xo=x1 4+ 2(x)

Xn = Xp_1 + n(xn)
V=X (22)

we look for a coordinates change z = T?(x) such that
in the new coordinates, the sampled equivalent model,
truncated at order # in § exhibits a sampled COF. The
proof is constructive for T.

e Initialization - set z, := x, = y.

e Step 1 — compute the evolution of y, truncated at
order n in 6 (n-th order approximation)

6% 8" (n
y(k+1):y+§y+?y+~-+m(y)



and put in evidence in the r.h.s. the terms which
depend on y only, denoted by a,(y, §), from the terms
which depend on the state variables x;,i € [1,n — 1]
denoted by §,(x, 8). One gets

y(k—|— 1) = Zn(k + 1) = Oén(Zn,(S) + ﬂn(xv 6) (23)
with
Bu(x,6) = 68u1(x) + ...+ %ﬂmn(x)

and by construction §,;(x) = x,_;. Set

Zp—1 = Bu(x,6) + (—

with CP (=
n (n p)
takes the form

n'c z, (24)

By construction, the z,-dynamics

Zn(k-i- ) =Zy_1+ C _1Zn T+ an(Zmé)
= Zp—-1 + 1/);1(.)})
so recovering the desired structure over the n-th

equation where ¥%(y) := C!_,y + a(», 6) specifies the
n-th component of the output injection.

e Step 2 — compute the n-th order approximate
evolution of z,_;. From (23 — 24) and dropping the
(x, 6)-dependency for simplicity, one gets

3 n—1
= Bat 8+ +
+ <_1)1C711 I(Oén(Zn, ) + ﬂn)
= (1 n 1>ﬁf’l +ﬁn 1 +Oén 1(27176) (25)

where o, (z,, §) contains the terms in the r.h.s. which
depend onz, only; 3, 1(x,6) is a new fterm contarnmg

anl(k+ 1)

ﬁf(fl*l)

all ~the terms in 63,(x,6) + 5 5 Bu(x,8) + -+
(né ] 5,1” 1)(x 6) which do not depend on z, only,
so getting
6) =6 il
ﬁnfl(x: ) — ﬁn71,2+~'+mﬂn71‘n
with 5,1,1_’2 = X,_>. Set
Zpn-2 = (l - Cl ])ﬂn +ﬂn 1+ Cn 1Zn (26)

so that, from (25-26), the z,_;-dynamics takes the
form
Zp(k+1) :=z49 — C,%_lz,, + a,—1(zn, 6)
=zZp2+ @[}ifl(y)
SO recovering the desired structure with output injec-
tion term, ¢%_, (y) := —C>_,y + a1 (1, 6).

.. Iterate the steps so characterlzmg the (i+ 1)-th
step as follows.

e Step (i + 1) — compute the n-th order approximate
evolution of z,_;

i

Zn,j(k"‘ 1) = Z(_l)pcﬁflﬂn
p=0
i—1
+ ( )an 2ﬂn 1+ Z an 36}1 2+
p=0
1
+ (_l)pcﬁ_[ﬂn—i—l + ﬂn—i(x7 6) + an—i(znv 6)
p=0

where «,,_; regroups terms in the r.h.s. which depend
on z, only while 8, and 3,_1,..., 8,_; regroups terms
which do not depend on z, only. One gets

n

ﬂ”—i(xv 6) - 6i+lﬂn—i, i1+t mﬂn—i,n
with ﬂn—i, i+1 = Xp—i—1- Set
Z”*H:Z pC/J 15)1—’_2 PCP 25}1 1+...

p:0

+Z(—
p=0

l)pcz_iﬂnfifl +ﬂnﬂ+(_1) CI _1Zn

and verify that the z, ;-dynamics takes the form
Zn-ilk +1) = zy—ia (k) + wﬁ_i(y)

so describing the output-injection term v _,(y).

e Step (n — 1) -
evolution at order n

compute the approximate z,-

k+1)=(1+(=1)'Ch_ +...+ (=128,
+(1+(=1)! C‘ A (D)) B
+.. +(1—|—( ) C2)63(x (5)4—62—"-0(2(2,”6)

( l)n 2ﬁn+( ) ﬁ1171+---+52+a2(2m6)
where «; (z,,6) regroups terms in the r.h.s. which
depend on z, only and (3,(x,é) those which do not
depend on z, only so getting

n

/82 = 6”71/82,1171 + ... +552,n

with 52,11—1 = Xxj. Set

==D" 8+ (=D V8, + .
— B+ B+ (1) )z,



so computing the z;-dynamics

. n—1
zl<k+1>=<—1>"2<ﬁn+6ﬁn+...+(n‘s_l)!ﬂ,§"1>>
. n—2
(=D B+ 68+t o 42

2
o (Bt 8+ 2 )+ (Ba o)
+ (_1)’171 (an(zn) + Bu(x,6)) = a1 (zn) +5B2

rewritten as z; (k + 1) = ¢4 (y) with ¢} () := o (z,) +

8B because 83, = §'x, = 8"y () is a function of y
only and 7 (—1)"Ch = 0.

4.2. Approximate Sampled COF for Unforced
Dynamics

The result of the previous algorithm is summarized
below.

Theorem 4.1: Linearization by output injection of
Y.(0) is maintained under approximate sampling at
order n through the coordinates transformation

z=®%(x) = T(®(x)) (27)

where ® denotes the coordinates change which trans-
forms %.(0) into its COF (22) and T is the coordinates
change computed through the algorithm.

Proof: Taking in mind that the algorithm has been
worked out on the approximate sampled equivalent,
S(®(X)) of the continuous-time COF, ®(X,) and
that the procedures of applying a coordinates trans-
formation and sampling commute So® = do §,
we can deduce ®° from the composition (27).
More precisely, setting ®° = T® o ®, one has ®° o § =
T’ o ® oS =T’0So® so proving that ®° transforms
directly the approximate sampled equivalent model
S(2:(0)) of £.(0) into the sampled canonical normal
form issued from the algorithm, T°(S(®(X.)) provi-
ded homogeneous approximations in § up to order
n are performed. <

Remark: In [8], it was conjectured (proven for n=2)
that preservation under sampling of linear equivalence
through output-injection should imply linear equivalence
of ¥.. Our result shows that preservation holds true
for any n but up to order n in 6.

Example: Let us illustrate the computation over R>.
Consider the continuous-time uncontrolled COF

X1= 1(x)
Xa=x14+ 2(x2)
y=x2

and its approximate sampled equivalent at order 2 in §

2

5 !
xi(k+1)=x14+6 1+5 (X1 4+1n)

2
ok 1) =0 81+ ) 4 o (51 +1)
y=X2

which clearly does not preserve the observer structure;
(.), () ,...indicate the successive derivatives w.r.t. its
arguments of the function into the parentheses.
According to the algorithm, one sets z; = x; and puts
in evidence in zy(k + 1) = y(k+ 1) the parts which
depend on z; only from the remaining ones, so getting

(k4 1) = ax(z2) + fa(x, 6)
2
:szrM}eri( 1+ ,2 2)

62 !
+ 6x1 + 5w2x1.

Setting z; = B2(x, §) — z», one recovers

2k +1) =21 (k) + 22(k) + aa (z2(k)) = 21 + 3 (»)

so defining ¥} as 13 := 2o + 6br + ‘;—2, (1 4+ 5 2). The
z;-dynamics
2

6 !’
zi(k+1)=6(x +5¢1)++§ 2x1 —22(k+1)

2 &
1—5 z¢21=¢(1§()’)

=—x2—0th +5

depends on z, = x; = y only as 1, depends on x; only.
In conclusion, the coordinates change, z = T5(x)
described by

62

z1 = Ox +E

transforms the approximate sampled equivalent to the
COF into the 2nd order sampled COF over R>

/le — X723 Z) = X (28)

62 !
zik+1)=—-2-96 2+5(¢1— 2 )
2

(S '
nk+1)=2z1+22+6 2+E(1/11+ 2 2)

Yy = 23.



To complete the discussion, it is a matter of compu-
tations to verify that the Jacobian of T’ satisfies the
condition set in Theorem 2.3; i.e.

[J.T?] (10 1) =68Ip+ O(&)
where the vector field ¢ is computed to satisfy (19) up
to an error in O(8%) and 7§ := e~%49 so getting up

to 6

5 5 6

1 =ra =5 d(X)ra; 13 = ra = g d(x)ra +8ra
with dh(x ) L, i(x). In the present case, because
ret = (1,0)",ra = (1,0)" and ds(x) = 5, one gets in
0(8)

(s )=
0 1 0 o 0d6)

The specific structure of the n-th order sampled COF
over R" can be described in terms of the continuous-
time COF according to the same procedure.

4.3. Approximate Sampled COF for Controlled
Dynamics

The result stated can be extended to controlled sys-
tems ¥, (u) admitting a COF (2) with output injection
satisfying the condition

azwi(ya ”)

=0 f j
you or i€

[2,n] (29)

which is equivalent to assume that the derivatives
“(») do not depend on u except |(y,u). The fol-
lowing result holds true.

Theorem 4.2: Linearization by output injection of
Y. (u) is maintained under approximate sampling at
order n through the coordinates transformation (27) if
the conditions (29) are satisfied.

Proof: 1t is readily understood that under (29), the
output injection in (2) takes the form

U(y,u)=( 10

Linearity in u of the input-output injection ¢; > 2(y, u)
guarantees that the algorithm proposed above works
out identically yielding to a coordinates change which
does not depend on the control variable which is
assumed constant over the sampling intervals.
Relaxing (29) yields to a coordinates change which
depends on u. <

”)7bzu+¢2(y)7 e >bnu+ ﬂ(y))T

Remark: An interesting case is represented by con-
trolled system X.(u) having relative degree n,
(LeLfh=0;k=0,---n—2;L, L} 'h #0).

Example: Let us illustrate the procedure on the
controlled COF over R with input-output injection
satisfying (29)

fCl = 1(X3,u)

Xo=x1+ 2(x3)

X3=x2+ 3(x3)

y=x3

with approximate sampled equivalent at order 3 in 6

xi(k+1)=x1+6 1(u) +2le 1) (32 + 3)

500 )

"

L) (v + 3)°
L)Y (2 + 43))

xg(k + 1)) =Xy + (5(261 + wz) +§—2!(¢1 (u)
+ 5(x2+ 1))

53
+3!( 1) (2 + ¥3) +
+ ,2 3(X2+¢3)+

x3(k+1) = x3 + 6(x2 +13)
2

_|_
_|_
+

S(x1 4 1)
2(X2 + ’(/}3)2)

+oy (v e+ 3002+ ¢3))
';
+ = 3l (1 (u) + ’ 5 (X2 4+ 3)
+ 500+ s)?
+ S+ )+ P+ )
y=2X3

where the u-dependency is in v; only. Setting z3 := x3,
one deduces from z3(k + 1)
2

a3z 8u) =34+ 8 s+ 5+ )
53 / "o
ty W)+ 5 5+ 59
+ /3 2+ /32 3)
2

B3(x,0) : —5Y2+2 (x1+ 3x2)
63 ! "
+§( X2+ 53X

+ 53X +2 s+ $x).



Setting z; := (3(x, §) — 2z3, one computes
Z3(k + 1) =z +2z3 + OZ3(Z3, 5)
=2z + wg(ZS,U)-

Moreover, by computing

Zz(k-i— 1) = —2043(23,(5, u) — ﬁ3(23,5)

+ 6f35(z3,6) +‘;—2!33(23, 6)
with
86 = 8201+ )+ (0n (0
+ nln+es)+ 50+ 1)
‘;_2!53:532( 1)+ (x4 13))

we get

2k + 1) = ax(z3, 6, u(k))
— B33(23,0) + pa(z3,6)

with

63
a(z3,6,u) := =203+ 6" 2+ 5 (241 (u)
+ /2 3+ /3 2)
63 " "
Ba(x,6) = 8x) Jr?( X5 + P3t3x)
+ /2X2 + ;xl).
Setting z| := —f33 + (> + z3, one has

2k 4+ 1) =z — z3 + ax(z3, 6, u)
=1I +¢g(z3a”)

with ¥4(z3,u) := —z3 + ax(z3, 6,u) and also
zitk+1) =3+ fs — s — 63

52 .. .
*jﬁfrﬁfr&ﬁz

2

!

_23+5¢3+5( %"‘ 3 3)
( ) =20y 3205 2+ 3+ 7 3)
¢?(Z37 )

In conclusion, the coordinates change, z = T°(x)

82 )
zZ] = —(SXz -I—E(Xl — 3)62)

53 " " !
+3 (20333 +  3¥3x2 + 39,2
+ 24p3x; —
52
Zy = 0xy + = o

63

+ 5(
+ 21?21#3)(2 + ,32X2) —2X3

I3=X3=)

/32x2) + X3

(x1+ 3x2)

! " 2 !
2 X2+ 3X5 FPsx

transforms the controlled continuous-time COF over
R? into the controlled approximate sampled COF at
order 31in é

zi(k +1) = ¢ (z3(k), u(k))

2k +1) = z1(k) + 95 (23 (k), u(k))

23k + 1) = z2(k) + 95 (z3(k), u(k))
y=1z3

with the 1%(z3,u) described above for i=[1,3].

4.4. The Duffing Oscillator

A very simple example is the duffing oscillator which
admits the COF

X1 —X2 — X5
X2 = X1
y=x2
with 9 = —x» — x3 and v» = 0. Under approximate

sampling at order 2, the COF structure is lost

xi(k+1) = x; +6(—x2 — x3)
52
5 (

+—(=x] — 3x§x1)

2
X2k + 1) = x2 + 6x; +E(_x2 —x3)

y = X2.

It is straightforward to verify that the coordinates
change (28) takes the very simple linear form

Z1 :6x1 — X2

ZIp =X =)



+ continuous; * sampled; o emulated
1 T T T

Fig. 1. 6 =0.05.

+ continuous; * sampled; o emulated

Fig. 2. 6 = 0.05.

so getting under transformation and up to an error in
0(&%) the Sampled COF

62
—I+ ) (=22

zi(k+1) fzg)

62
k+1)=2z422 —&—?(—22 — zg)
Yy = Zz2.

It is a simple exercise to verify that the discrete-time
observer

2

2

Gk+1)=—y+—(—y =) +ki(y — 2) (30)

2

Hk+1)=2+2+5

(—y =) +hka(y—2)
Y=o

yields to a linear error dynamics e1(k + 2) + ke (k) +
k2€1<k-‘r 1) =0fore =z — 2.

11

+ continuous; * sampled; o emulated

T T
o
O
O
4 I O n
O
o
g o &
2 S o 8
™| o) Q
o Q
g ;
0% I} Q
04 o3 5 o)
o) o ]
O e} o
@) 8 o
" o o o
-2 ] o o:
a =i o
Q O
le) o
4+ Q a
o) €]
o) o
O " o
—6 % i i a
0 1 2 3 4 5
Fig. 4. 6=0.1.

In Figs. 1-4, the behavior of the approximate
sampled observer (30) with eigenvalues at e~! is
compared with the sampled values of the continuous-
time observer, which has linear error dynamics with
eigenvalues \; = A\, = —1, and with the approximate
sampled observer at the first order in the output
injection with eigenvalues at zero, named emulated, 1.
e. given by

Ak+1) =2 -8y — & —ki(y— %)
Sk +1) =2 4 62 — ky(y — 22)

Y=o

(1)

In all the simulations the observer dynamics is initi-
alized at zero and the evolution of x| is represented
together with its estimates. It results from the figures
that to a fast convergence, which is typical of a discrete-
time device, the proposed observer associates very good
steady state performances. Figs 1 and 2 show how the



performances of the emulated observer degraded with
the initial error: the system evolves starting from xo =
(0.5,—0.5)" and xo = (1,—1)", respectively. Figs. 3
and 4 put in light the performances of the proposed
sampled observer also when increasing the sampling
interval and the initial error xo = (0.5, —2)", while the
convergence of the emulated observer is lost even by
reducing the sampling interval.

5. Conclusions

In this paper we have shown that linearization through
coordinates change and input-output injection of un-
controlled dynamics can be preserved under sampling
up to approximations at order n, the state dimension.
The proof is constructive for the coordinates change so
exhibiting n-th order approximate sampled counter-
parts of COF over R". The result is extended to con-
trolled dynamics with reference to a specific structure
of the input-output injection. A global version of these
results, with respect to the x-dependency, could be
given assuming that the conditions hold globally and
assuming completeness of the vector fields describing
the continuous-time dynamics. Work is progressing to
relax the extra conditions set on the output injection by
considering multi-output injections; i.e. depending also
on time instants internal to the sampling intervals, a
concept some how similar to multirate control.
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