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Extension of the matrix Bartlett’s formula
to the third and fourth-order and to noisy linear models
with application to parameter estimation

Jean-Pierre Delmas, Yann Meurisse

Abstract

This paper focuses on the extension of the asymptotic covariance of the sample covariance (denoted
Bartlett’s formula) of linear processes to third- and fourth-order sample cumulant and to noisy linear
processes. Closed-form expressions of the asymptotic covariance and cross-covariance of the sample
second-, third- and fourth-order cumulants are derived in a relatively straightforward manner thanks
to a matrix polyspectral representation and a symbolic calculus akin to a high level language. As an
application of these extended formulae, we underscore the sensitivity of the asymptotic performance
of estimated ARMA parameters by an arbitrary third- or fourth order-based algorithm with respect
to the signal to noise ratio, the spectra of the linear process, and the colored additive noise.

Index terms: Statistical performance analysis, Bartlett’s formula, third-order cumulant, fourth-order
cumulant, noisy linear process.
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1 Introduction

The problem of estimating the parameters of linear time-invariant nonminimum phase systems when only output
data are available from higher-order statistics has been intensively studied. The use of the cumulants in time series
analysis has a long-back history, starting with the classical paper of Brillinger and Rosenblatt [1] (see also the
Brillinger’s book [2]). Giannakis [3] was the first to show that the parameters of a gth-order MA system can be
calculated from only the system’s output cumulant with his third- and fourth-order formulae. From this pioneering
work, many contributions have dealt with higher-order statistics based algorithms to estimate the MA, AR, ARMA
parameters of linear systems driven by an independent and identically distributed non-Gaussian sequence corrupted
(or not) by additive Gaussian noise that may be colored (see e.g., [4]-[8] and the reference therein).

The statistical performance of the proposed algorithms has been analyzed only by Monte-Carlo simulations
except to our knowledge in the work by Porat and Friedlander [5] and by Dandawaté and Giannakis [9][10]. This
former work gives closed-form expressions for the asymptotic variances and covariances of the sample third-order
moments of ARMA processes, thanks to a state-space representation focused on the noise-free case only. The
latter work is dedicated to estimates of the asymptotic variances and covariances of sample kth-order cumulants of
arbitrary mixtures of deterministic, stationary and non-stationary processes satisfying a mixing condition, based
on smoothed cross periodograms.

The purpose of this paper is to give closed-form expressions of the asymptotic variances and covariances of the
sample third- and fourth-order cumulants of linear processes corrupted by an additive white or colored Gaussian or
non-Gaussian noise. In addition, naturally, this work provides tools for performance evaluation and comparison of
identification algorithms based on sample third- or fourth-order cumulants in these conditions. The computation
of each asymptotic variance/covariance in the noisy case turns to be a very tedious task. For example, for zero-
mean real-valued processes, the number of terms is 222 [resp. 6022] to express variance/covariance of the sample
third-order [resp. fourth-order] moments in the noisy case to 41 [resp. 715] terms in the noise-free case. To
overcome this computational difficulty, we propose in this paper to start from another point of view, and to derive
these variance/covariance via a matrix polyspectral approach. As a result, the complexity of the derivation of
these different terms will not increase from the noise-free to the noisy case. Furthermore, to avoid overly laborious
calculations, we use a symbolic calculus akin to a high level language.

This paper is organized as follows. After the data model and some notations are given in Section 2, the
second-order Bartlett’s formula is recalled in Section 3 and expressed in a matrix polyspectral closed-form in the
noisy case for real-valued processes. This approach is extended in Section 4 and 5 to the third- and fourth-order
respectively. Because the derivation developped for the second-order would be very tedious, a symbolic algorithm
based on a few well defined rules is used. Matrix closed-form expressions of the asymptotic covariance of the third-
order sample moment and the asymptotic cross-covariance between the second and third-order sample moments
are given in the noisy case for zero-mean real-valued processes in Section 4. For the fourth-order, we focus on
zero-mean complex processes circular up to the fourth-order as examples in Section 5, where we get closed-form
expressions of the asymptotic covariance of the second and fourth-order sample cumulants and the asymptotic
cross-covariances between the second and fourth-order sample cumulants in the noisy case. Finally, the sensitivity
of the asymptotic performance of the estimated ARMA parameters by an arbitrary third or fourth order-based
algorithm to the signal to noise ratio (SNR), the spectra of the linear process, and the colored additive noise is
addressed in Section 6. As an example, the asymptotic lower bound for the variances of third- or fourth-order
algorithms are compared to the asymptotic variances given by the so-called C(k, ¢) algorithms for non-Gaussian
first or second-order moving average processes [abbreviated as MA(1) and MA(2) in the sequel] corrupted by a
Gaussian first-order autoregressive process (abbreviated as AR(1) in the sequel).

The following notations are used throughout the paper. The range of all summations is understood to be from
—00 to 0o except the specified summations and the range of all integrations is A = [-1/2,1/2]. Cov(x,y) is used
for real and complex-valued random vectors and means E(xy”) — E(x)E(yT).

2 Data model
Consider the following linear process: = Zn: intti—n

where h,, is real-valued in Sections 3 and 4 [res%t complex-valued in Section 5] with > |hn| < oo and the
observation of z; is noisy:

The input sequence u; is zero-mean, independent and identically distributed, and non-Gaussian, real-valued with

K3, L E(u}) # 0 and E(u?) < oo in Sections 3 and 4 [resp. complex-valued, circular up to the fourth-order with



K4, o Eluf| — 2(Elu?])? # 0 and E|us|® < oo in Section 5]. The measurement noise sequence ¢; is assumed to

be zero-mean, colored stationary with unknown power spectrum and is independent of u;. In Sections 3 and 4,
€ is real-valued Gaussian or non-Gaussian, with E(e?) o o? and with sixth-order cumulants ¢§, , ;. %ef
Cum(ey,, . . ., €) satisfying >, ... D7 [cf, 4, 4| <oo. So, the polyspectra of y;, ; and €; are defined up to the

fifth-order ot ‘
Se(flaf%"‘vfp) = Z"'ZCgl,...,tpe_z2w(tlf1+m+tpfp)’
ty

And in Sections 5, € is circular complex-valued with E|e?| def o? and with eighth-order cumulants ¢, , . def

Cum(€r,, €15+ €tay 15 €Ly, -+ -1 €1 ) Satisfying Do, .37, e tl,tg,...,t7| < 0. So, the polyspectra of y;, z; and ¢, are
defined up to the seventh-order

d f ,‘
Se(fl?f?a"'vaP 1 < Z Z cotop— 1 Z27"(t1f1+~~+t2p—1f2p—1).

top—1

In Sections 3 and 4, the second-order moment cf def E(ztxtyr) and third-order moment cil def E(zixiqpiyr)

. . . def
are estimated from 7' consecutive mesurements by the associated sample moments: ¢&(T) = * Zt | Tt otk

def T 1 . def T
and ¢ (T) = 7,1 TtTe4kTe4r - These moments are stacked in the vectors ¢§ = (cf,...,cf, 1)
def

X —

T T T T T T T T :
e = (c0:CGar-1C015-15C100 1 Cly—1.05-1) » €3(T) and c§(T) are defined in the same way. In Sec-

9

. def def

tion 5, the second-order moment cf = E(ziz}, ;) and fourth-order cumulant cf, = BE(wx], yrenivi,,) —
E(zixf, Bzt ,,) — B(rag, ) E(repr], ) are estimated from T consecutive mesurements by the associ-
ated sample cumulants: ¢} (T) and ¢f,,, (7). These cumulants are stacked in increasing order in the vectors

def . .
z <€ T x T T T
ci = (8,000,015 ++CEy—1.04-1,0,—1) and c{(T) is defined in the same way.

3 Second-order Bartlett’s formula

3.1 Noise-free case

Under the above assumptions, c¢5(7) is asymptotically Gaussian (see e.g., [11, Th. 3.3 ]):
VT (¢§(T) = ¢f) 5 N (05 C3)

where 5 stands for convergence in distribution and Cg, = limy o, TCov (c5(T),c5(T')) is given by Bartlett’s
formula (see e.g. [12, rel. 6, p. 255]):

lim T'Cov (c;(T), ¢/ (T)) = Z (cFefipy+cfnei + C:tr—&-k,t,l) .

T—o0
t

Using Parseval’s theorem and the Fourier relationship between the covariance and the spectral density S, (f) of x;
and between the fourth-order cumulant and the trispectrum S, (f1, f2, f3) of a¢, we get the following alternative
matrix polyspectral Bartlett’s formula:

2= [ SHONDR (1) + N (Dldf + [ S~ fadel e (o) (3.1)

with e(f) def (1,e27f .. e?m(L2=DNT where T and H stand for transpose and conjugate transpose respectively.
We note that an elementwise counterpart of this relation was derived in [2, rel. 5.10.15] by another approach.

3.2 Noisy case

Under the assumptions of Section 2, the asymptotic normality and (3.1) apply in the noisy case, by replacing z;
by y = ¢ + €. Furthermore, from the independence assumption, S, (f) = Sz(f) + Se(f) and S, (f1, f2, f3) =

"We note that both cf(7) and cf ;(T') can be defined in several other ways, differing in the manner in which the end data
are treated. But all these definitions are asymptotically equivalent.



Sz (f1, f2, f3) + Sc(f1, f2, f3), and thus there holds:
Ci, = C§,2+2/ Se(f)Sz(f)[e(f)eH(f)+e(f)eT(f)]df+/ SZ(f)le(f)e™ (f) +e(f)e” (f)ldf
A A
b [ h fen)e" () dhdse (3.2)
A2

We note that the last term of (3.2) vanishes if the additive noise is Gaussian.

4 Third-order Bartlett’s formula

4.1 Noise-free case

Under the assumptions of Section 2, [c¢%(T'),c3(T)] is asymptotically Gaussian (see e.g., [1]):

T T) —cT r 0 Cz Cz
7 (45 8) (S )
c5(T) —c 0 C§,3T C§,3
where C3 ;3 = limp_,, TCov (c5(7T'),c5(T)) and C3 3 = limg_,o, TCov (c5(T),c5(T)), and it is straightforward to
get (see e.g., [13, rel.10.5.2]):

8

Th_r)réo TCov (¢i(T),¢f,,(T)) = zt: [E(@0Zk: @1 t4m) — LT ] (4.1)
Tlglclx) TCov (cf (1), ¢, . (T)) = Z [E(To@ k1T T4 mTign) — CF1Co ] - (4.2)

t

To proceed, deducing relations similar to eq. (3.1) along the same lines is possible in principle but such a derivation
would be extremely tedious. A much more interesting approach, which consists of devising a symbolic calculus
akin to a high level language, is used. Based on a few well defined rules, this algorithm allows us to automatically
perform the following steps:

o Generate all partitions given by the cumulants-to-moments formula (Leonov Shiryaev formula) [13, Th.10.1]
expressing the fifth- (E(xo2gx12¢1124m) of (4.1)) and sixth-order moments (E(zoxp2i 2Tt mTtin) of (4.2))
as functions of sums of products of cumulants;

e Fliminate the zero terms using the zero-mean property;

e Construct sets of similar expressions w.r.t. the number of terms x4, , in each product of cumulants. For
each such set of similar expressions (3 sets for E(xozx2tTt1%t4m) and 6 sets for E(xoTiZiZiTirmTiin)), a
representative term is chosen to be analytically expressed by a polyspectral formula, as proved in Appendix

A.

Consequently, using the (.) notation introduced in [14] to avoid listing explicitly all the partitions, we obtain:

E(xorrai@ipi@iym) = Cum(xo, T, Te, Toql, Team)

Cum(zg, 2k, ¢ ) Cum(s4 g, Trim)(10) (4.3)

+
Q

0
um(xo, Tk, iy Tty Tipmy Tidn)
0
0

(

E(xozkiZtTipmTien) = (
m(zo, Tk, T, ) Cum (et pm, Tean ) (15)

(

(

Cu
Cum(zg, 2k, ;) Cum(zt, Ttm, Te4n)(10)
Cu

+ o+ +

m(zo, k) Cum(zy, x¢) Cum (T4 m, Tegn)(15).
And an example, the expression Cum(zg, x, x¢)Cum(x¢4y, Te4m)(10) can be broken down into three sets:
Cum(zo, T, ) Cum(@s41, T4m ) (10)
= Crpm—kCl,—t T Ct41—kCm,—t T Ct Cm—i,—t4k—1 + Co—kCrm—i,—t—1 T Ct+1Cm,—t—k T CoymCl —t+k

xT xT T xT €T T
FCr—1Ck,t T CnCltl T € Cht4m (4.4)

xr T
+Ckcl,m



and the last term cancels with —cfcf,, in summation (4.1). So, this expression reduces to two sets of similar
expressions. Using expressions (4.1), (4.3) and (4.4) the following matrix polyspectral extensions of Bartlett’s
formula is proved in Appendix A, where each polyspectral integral is associated with a set of the previous similar

expressions:

lim TCov (c3(T), c%(T)) — /A Sulfis =1, fos F) B psdffads

T—o0
4 /A Sufr, )8 (F) BN dfs + /A Se( 08, (F)BR R, (45)

where matrices Eq 5 3, Eglg and Eggg are defined in Appendix B.

With the same procedure, the following matrix polyspectral formula is derived from (4.2):

lim T'Cov (c5(T),c35(T)) = /A4Sz(f1,f27f3,f4,—f3—f4)E1,2,3,4df1df2df3df4

T—o00
+ / Su(f1s f3)S2 (fo, f3)EVS sdfrdfadfs + / Su(f1, f2,0)S.(f3)EC) sdf1dfadfs
A3 A3
[ e P )Su o+ FOB s+ [ SO ()S(RIES s
+ /A Su(f)S: ()8 + B dndr, (4.6)

@

where the different matrices E;” are defined in Appendix B.

4.2 Noisy case

In the noisy case, the third-order relations are derived in the same way as for the second-order, because the
independence of z; and ¢; ensures the additivity of their polyspectra. Therefore, for example, for additive Gaussian
noise, we get from (4.5) and (4.6):

Cg,:s = 5,3
4 / Su(2)Ss (f1, OB )dfdfs + / S.(}1)Sa(fr. f2)EDdf df (4.7)
A2 A2
Cg,g = C§,3

4 /A St F3)SaUhr, o o VB il dfadfs + /A Sf)Su (s 2 OBE) g dfod
b [ SRS 0):(1) + S S0, o+ 5.(0)So (1) S IBL)d

[Se(£1)Se(£2)82(0) + Se(0)Se(£2)Sa(f1) + Se(0)Se(f1) Sz (f2) B ) dfrdlf

2

[Se(f1 + f2)Su(f1)Su(f2) + Se(f1)Su(f2)Sa(fr + fo) + Se(f2)Su(1)Sa (f1 + f2)|ESSdf1dfo

2

[Se(f1)Se(f1 + f2)Su(f2) + Se(f2)Se(fi + f2)Su(f1) + Se(f1)Se(f2)Su (1 + f2)|ESdf1dfo

2

+
TS ST

+

wn

+ [ SU0)S(f)Se () B Sdfdf> + /A SI)Scf2)Sefu + fo) BYYdfadfe. (48)

A2

The influence of the additive colored noise on these asymptotic covariances is difficult to analyse from these
expressions. However from the SNR point of view, we note that for a specific distribution of u;, C3 3 and C3 4
are proportional to o2 and o8 respectively, whereas the noise additive terms are proportional to o203 and a8 +
20202 + azo?ol respectively, where the terms (o;);—123 depend on the ARMA model and spectral shape of the
additive noise. In the case where the noise spectrum has sharp resonances, the dominant term of the previous
expression is given by the last term of (4.8). For example, for an AR(1) noise (e; = e; + be;_1), because it is proved



in Appendix C that

3
/A2 Se(fl)Se(f2)S€(f1 + f2)df1df2 = 0-56 (1_1_23) ; (49)

this dominant term grows unbounded as b approaches +1 and, therefore contributes to the degradation of the
performance when the SNR is decreasing, as will be seen in Section 6.3.

5 Fourth-order Bartlett’s formula

In this section, we focus on zero-mean complex processes circular up to the fourth-order ? as example.

5.1 Noise-free case

Under the assumptions of Section 2, [c%(T'),c%(T)] is asymptotically Gaussian 3 (see e.g., [1]):

c3(T)—c5 \ ¢ 0 Ci, C3y 2.2 5
T ( 2 2 ) 5N : , , 2 P
A (gn g )5 ((0) (e at) (efd o
where C5, = limy o T'Cov (c5(T),c*5(T)), 5o = limp_o TCov (c5(T),c5(T)), 54 =
limy o TCov (c5(T),¢*5(T)), C'54 = limp_ o TCov (c5(T),ci(T)), C{, = limp o TCov (c§(T),c*5(T))

and C'} 4 = limp_,o TCov (c§(T),c5(T)). With the approach used to prove the real-valued Bartlett’s formula in
[13, sec. 4.1, 4.2], it is straightforward to get:

. T * T _ €T T x
Th_{%o TCov (ci(T),c* (T)) = zt: (cFe® bt + Koapre)
Jim TCov (c{(T),¢f(T)) = Y _(efe" i+ i) -

t

Similarly to the real-valued Bartlett’s formula (3.1), we get the following alternative matrix polyspectral Bartlett’s
formula:

T
2,2

/ S2(f)e(f)e” ()df + / Su(fus for—Foe( fr)e” (F2)dfydf (5.1)
A A2

T
C 2,2

/ S2(f)e(f)e (F)df + / Su(frs—fo. f2)e(f1)e” (fo)dfydfe. (5.2)
A A2

Then to express C3 ,,C'5 4, C§ 4, C'y 4 in function of the polyspectra of x;, we first note that because

dof 1 T 1 T 1 T 1 T 1 T

x € * * * * * *

cl,m,n(T) = T Z xt:ct+lxt+mxt+n — <T Z xtxt+l> <T Z xt"rmxt—}-n) — (T Z xtmt—&-n) (T Z xt+m1’t+l> 5
t=1 t=1 t=1 t=1

t=1

we get the following first order expansion:

1 * * T
T Zt mtmt-i—lxﬂ”mwﬂrn - p“l,mm
) % Dot ey —cf
o T _ T x T T * T
cl,m,n(T) - Cl,m,n - ( 1 “Ch—m TG —C_m TCn ) T Zt Tt+mLiyn — Ch—m +O(aT)7
1 T Zt xtm:+n - cfz
T > TipmTi =y

[edy

2A zero-mean complex processes x; is circular up to the r-order iff E(Ils0,=p xyk [Iss,— xi’l’*) = 0 for all positive

integers ag, by, p, g such that p+ ¢ < r and p # q.

3The distribution of a zero-mean Gaussian complex multivariate random variable x is characterized by the two covariance

matrices £; % E(xx”) and =, & E(xx”). This distribution is denoted A'(0; 31, >).

4We note that despite the cumulants are rich of symmetries, the non-circular complex Gaussian asymptotic distribution
of ¢5(T) [resp. c¢i(T")] is not characterized by C3 5 [resp. C% 4] only.



def .
where i, = E(2:2] 1 Tt4m2iy,). Using cf(T) — cf

1 *
T Do LtLy g,

— ¢} and the previous expansion, we get

thanks to the asymptotic covariances of the sample moments derived from [13, rel.10.5.2] extended to the complex
case, the asymptotic cross-covariance of the second- and fourth-order sample cumulants.

Dot [E($0$k$t$t+l$t+mmt+n) - Cklul,m,n}

> [Blwomimiyy,) — Cic‘f]
TIE)I;O T'Cov (Ck (T)7C;E,m,n(T)) = ( 1 _Cﬂrvlfm clw _Clx—’m _sz ) Zt [E(xox,*;xt+mx§+n
> [B(woriaiayy, Ckc ]
> [B(owiwmayy,) — cief ]
(5.3)
To get limyp_, o T'Cov <c}§7l7m(T), c‘f;’p’q(T))7 we use the same approach for which we have:
T
T T T T ¢t € : x o\ T
Th—I>Icl>o TCov (¢ y (1), (1)) = (1, —cfy, =k, —CE_y —C) ( e é ) (L=, —cp,—ch_,, —ch)
with
1= Z [E('T’O‘r;:zlx:n'rtz:-&-nxt-i-px:—i-q) - p‘i,l,m“fz,p,q] )
¢
Dot [E(xox,txtxf+nxt+px:+q) - C%l“‘(”rxL,qu} 2o [Brozyzer pmeiaiy,,) — n/’[’k,l,m}
c 2t (Bl o]y Terpiyg) — €yl p g c 2ot [BLOpTgml i) = Cphi m}
2 = w s 3 =
Zt [E(on;knztxr+nxt+pxr+q) - CﬁLqu,p,q] Zt E($0$ xtmt+k$t+lxt+m) qu‘k L m:|
| 5 (Bt e g) — bt ] X [Blratisatisrion) = bt

O = | Beffloinri) ] | T fEarinai) - d6)] ]
' > [B(mzlzxy,,) — ¢kl Y, [E(azlzjna:t+px§+q) — Co1C—p
[ S [Blohrimts,) - che] X [Bleomhripting — chei_y] ]
(C)y = I q 4—p
' | 2 [Blmwiaryy,) —cien] X [E(fvzfv?;wt+pw2‘+q) — C_iCq—p
(C)l 9 = Zt =E(x0xkxtx;k+q) Cic‘;] Zt [E(xoxltxt+Px:+n) - Cicﬁfp] :|
’ | Do 7E(xlena:tx;f‘+q) - cfnilcg] Dot [E(mlzfnxt+pxj+n) - cﬁ%lcﬁ_p]
(0)2 5 = Zt =E(x0xmmtxt+q) - C?:ncg} Zt [E($0.’E;l$t+p$:+n) Cmcn p]
’ | X [Blmrjzeaty,) —cicg] X4 Bz pai,) — e,

To proceed, the moments in the four last summations of (5.3) and in C are expressed by cumulants. For example:

Z [E(zozjmexsy;) — cicf]

t

Y [Blworizeimeiy,) — ckeh ]
t

Z [E(xox,’;xtx;‘+n) — cici]
t

> [E

t

(Z0TRTe4mTTy1) = CRCT ]

xT T xT
E (Ct C bkl T Ck,t,t+l)

t

E T T T
(Ct+nc—t+k—m + ck,t+m,t+n)
t

xr T T
E (Ct Cpihtn T Ck,t,t+n)

t

X xXr i
E (Ct+lcft+k7m + Ck,t+m,t+l) )
t

then these sommations are evaluated similarly to the real-valued polyspectral Bartlett’s formula (3.1).
The summations of sixth-order moments in cg, c3 and in the first term of (5.3), and summations of eighth-

order moments in ¢; are expressed as functions of polyspectra of z; from our symbolic calculus akin to a high
level language based on a few well defined rules used in Section 4. Here, the zero terms are eliminated according
to the circularity property up to the fourth-order, and the sets of similar expressions are constructed w.r.t. the
number of terms x;;, and xj , in each product of cumulants. For each such set of similar expressions (6 sets
for E(zxoxyzix}, 2t meyy,) and 21 sets for E(woxjziz), 2y, Tt4p77,,)), a representative term is chosen to be



analytically expressed by a polyspectral formula derived in the same way as for the third-order case proved in
Appendix A. We get:

E(zorizerimiemeiy,) = Cum(zo, Tp, T, T1yy, Tepm, Tiyn)
+  Cum(wo, x5, ¢, 1) Cum(Tepm, 74, )(9)
+  Cum(w, zy)Cum(zy, 7)) Cum(Topym, 74, )(6). (5.4)

and

Q

* * * * * * * *
E(xomkxlwmmt$t+nwt+:ﬂxt+q) UL, Lg, Ll Ly Lty Liypy Li+ps mtJrq)

Cum(xo, T3, 21, Ty, o, Ty ,) Cum( @y, xz‘+q)(16)
Cum(xg, xy,, 1, z;, ) Cum(zs, 27, , Tegp, xf+q)(18)
Cu
Cu

m (o, Tf, o1, Ty, ) Cum(zy, 27, ) Cum(zy g p, 274, ) (72)

+ o+ o+

m (o, vj,) Cum(zy, x, )Cum(xys, 7y, ) Cum(ws gy, 74, )(24), (5.5)

~

where for example, the second line of (5.4) gives:

* * * _ T T T T T T z T

Cum(wo, zy, 24, xt+l)cum($t+m7 xt+n)(9) = Chtt41Cn—m T Cktt+nCl—m T Ck t+m,t+1Cn T Ck,t4m,t+nCl
T XT T XL

Cl,ft,ncthmfk + lem,ftfm,nfmctfk

i T T T
Crom,—t+4+kCil T Clom,—t+kCt4n

+ o+ +

T T
Ck:cl,m,'rw

and because the last term cancels with —cfuf,, ,, in the summation }_, [E($o$k$t$t+l$t+m$t+n) ChM . |» this
line gives three sets of similar expressions.

The limits lim7_, o TCov (¢f(T), ¢*7,, ,.(T)) and limp_, o, TCov (C‘};l’m(T), c*fl7p7q(T)) are evaluated similarly.

Finally, our symbolic calculus delivers:

o IMTEX polyspectral expressions of C3 ,, C'5 4, C§, and C'] ; similar to (4.5)(4.6), but not reproduced here
due to lack of space. They are available from the authors upon request.

e Matlab function files allowing one to compute the numerical values of these expressions (see subsection 6.2).

We have chosen to consider zero-mean processes which are complex circular up to the fourth-order. Naturally
our methodology can be applied to the cases of zero-mean real-valued processes or zero-mean complex processes
circular up to the second-order. The only difference is due to distinct rules of elimination of the zero terms.

5.2 Noisy case

In the noisy case, the fourth-order relations are derived in the same way as for the second and third-order, thanks
to the additivity of the polyspectra of x; and e;.

6 Application to estimation of ARMA parameters

It is beyond the scope of this paper to analyze the statistical performance of the identification algorithms based
on sample third- or fourth-order cumulants proposed in the literature. Instead, we unveil the influence of colored
additive noise on the potential asymptotic performance of such an arbitrary algorithm. In that purpose, asymptotic
lower bound for the covariance of third- or fourth-order estimators and asymptotic covariance of an arbitrary third-
or fourth order-based algorithm are considered where a special attention is given on the statistics involved.

6.1 Asymptotic lower bound on the covariance

To apply the notion of asymptotic minimum variance (AMV) estimators [5] (also called asymptotically best con-
sistent estimators in [15]), the involved sample cumulants c¥(7") must satisfy three conditions:

e If © denotes the real-valued parameters (real and imaginary parts in the case of complex processes) of noisy
ARMA model, © must be identifiable from ¢¥(©) in the following sense: ¢¥(©) = c¥(0') = 0 =0’ °.

5We note that the definition of © depends on the choice of the cumulants ¢¥ and the a priori knowledge on the distribution
of the measurement noise ¢;.



e The involved third- or fourth-order algorithms considered as mappings which associate to c¥(7T'), the estimate
O(T): c¥(T) — O(T) = alg(c¥(T')) must be real [resp. complex] differentiable w.r.t. c¥(T) at the point
c¥(©) for real-[resp. complex] valued processes.

e The covariance X of the asymptotic distribution of the sample cumulants ¢¥(7T") must be nonsingular.

These two latter conditions do not raise any problem for real-valued processes. However, for complex-valued
processes, c¢¥(7') must collect real-valued cumulants (e.g., ¢§(T') and ¢f o o(T')) and complex valued cumulants and
their conjugate (e.g., cj(T) and ¢}"(T) for k # 0) to satisfy the second condition (see [16]). In addition, to
satisfy the third condition, redundant cumulant samples must be withdrawn. In these conditions, the asymptotic
covariance Cg of an estimator of © given by an arbitrary third- or fourth-order algorithm is bounded below by the
real symmetric positive definite matrix [F#(0)X~1(0)F(0)] !

Ce > [F7(0)S7'(O)F(0)] " (6.1)

where F(0O) def %. Furthermore, there exists a nonlinear least square algorithm (dubbed the AMV algorithm
[5]) whose covariance of the asymptotic distribution of the estimate of © satisfies (6.1) with equality. In practice,
€; is Gaussian distributed and if third- or fourth-order cumulants are considered, the parametrization © can be
partitioned as © = [0T,0T]7 where ©; collects the parameters of the ARMA filter of interest and where O
collects the parameters o2, k3, ,...,02 of the sequences u; and e;. Consequently, the covariance of the asymptotic
distribution of the minimum variance third- or fourth-order ARMA estimator is given by the top left “ARMA
corner” of [FH(©)X~1(O©)F(©)]~!. Then, because c¥(0) is linear with respect to O, i.e., c¥(0) = ¥(01)0,

implies F = [Fy, ¥] with F; Lof agg?)’ the matrix inversion lemma gives

_ -1
Co, = (F{fz:*lFl —Fixlg [why-te] ! \I;Hzlel)
-1
= (FTZ712PE 0y 3712F)) (6.2)
where Pé_l /2q denotes the projector onto the orthogonal complement of the columns of »1/2w.

6.2 Asymptotic covariance of an arbitrary third- or fourth-order estimator

The asymptotic performance of an arbitrary third or fourth order-based algorithm that estimates the ARMA
parameters 07 of a noisy ARMA model can be derived (see e.g., [13, Th.3.16]) from the asymptotic normality of
[c3(T), e5(T)] or [e5(T), ci(T)]:

VT (0,(T) - ©1) 5% N(0;G(0)=(0)GH (0))

where G(0) is the differential of the algorithm considered as a mapping, evaluated at point ©, and X(O) is the
asymptotic covariance matrix of the sample cumulants involved in the algorithm deduced from C3 ,, C§ 5, C4 5 for
the third-order real case or C ,, C'5 ,, C4 ,, C'3,, C,, C'}, for the fourth-order complex case.

Our symbolic calculus translates the polyspectral expressions of these different asymptotic covariance matrices
into rational fraction expressions w.r.t. the ARMA process z; and AR(1) process ¢; coefficients, under the form
of matlab function files. These files allow one to compute the numerical values of these matrices for particular
values of the parameters and are available from the authors upon request. They allow the interested practitioner
to evaluate the performance of third- or fourth-order algorithms by simple computation of the differential G(©)
of the algorithm and selection of the 3(©) involved. The programs giving the numerical values of (CY )ii=2,3
and (Ci’ I c’ zj)i7j=2,4 are built along the following steps. First, each polyspectral integral expression obtained in
Section 4 and 5 is symbolically expressed as functions of H(f) def >, hne 2™ and of the transfer function G(f)
of the measurement noise generator driven by the independent Gaussian sequence e; of power o2, thanks to the
relations (see e.g., [4, rel. (C-24)]) extended to the complex case:

Sy(f) = oiH* (=NH(=[)+ G (-)G(-]),
Sy(fi,-o s fp) = Kprr H()H(f2) ... H(fp)H(=f1 — fa...— fp—1), p>1 (real case)
Sy(fiy. oy fop—1) = Kop H (—fL)H(f2)...H (—fop—1)H(—=f1 — f2... — fop-1), p>1 (complex case).



Second, the transfer functions H(f) and G(f) are expressed in terms of the parameters of the MA process x; and
AR process €; (e.g., a and b in Section 6.3) and, finally, the polyspectral integrals are symbolically computed as
functions of the MA and AR parameters for (L;);=1, ... 4 fixed, thanks to the relation

/ E E cal“_ake_i%(o‘lf1+"'+akf"')df1df2...dfk=Co...0,
Ak
a1

o

where Eal Y cal,,,ake‘iQW(alfl"’"""“kf’“) are deduced from the polyspectral expressions evaluated as functions

of H(f) and G(f).

6.3 Illustrative numerical examples

As examples, three experiments are proposed for which noisy MA(1) or MA(2) process are considered. The SNR is
defined as SN R(dB) = 10log1o(E(x2)/E(e?)). In the two first experiments, the processes are real-valued, the input
uy is exponentially distributed with mean adjusted to zero, power o2 and k3, = (k — 1)!0* and the measurement
noise €; is either Gaussian i.i.d. or Gaussian AR(1), (e; = e; + be;—1 where e; is Gaussian i.i.d.).

In the first experiment an MA(1) is considered where ©®; = a and ©3 = k3,. Fig.l shows the
normalized asymptotic lower bound ¢ for the asymptotic variance of estimates of a based on the third-
order diagonal 7 cumulants {c{ ,(T);k = 0,...,L — 1} and {¢,(T);k = 1,...,L — 1} ® as a function
of the SNR for different values of L for white noise. For k > 2, the sample cumulants CZJC(T) and
cg’k(T) are consistent estimates of zero. But nevertheless, Fig.l1 shows that they contribute to improve
the performance. This extends to noisy processes an observation shown in the noise-free case in [5].

10°[

normalized asymptotic variance of a

I
abh w

100 i i i
[0} 5 10 15 20 25 30

SNR (dB)

Fig.1 Third-order normalized lower bound for the asymptotic variance of estimates of a as a function of the SNR for
different values of L.

Figs.2 and 3 show the lower bound for the asymptotic variance of estimates of a (a = 0.5) based on the sample
third-order cumulants (cf o(T),cg,(T),c{ ;(T)) and the asymptotic theoretical and empirical variance given by
the so-called C(k,q) formula of Giannakis [3] (a(T) = ¢{,(T)/c§,(T)) respectively for white and AR(1) noise

: 11 (1+a%)*"2 1
(b = 0.99) as a function of the SNR. Because G(©) = [ —} = “54— [-1,%], we note that from the

K3, ' aK3, 203

5The normalized asymptotic lower bounds and asymptotic theoretical variances are computed for 7 = 1. That means
that the actual asymptotic lower bounds and asymptotic theoretical variances are obtained from the results given here by
dividing by T

"We restrict this example to diagonal cumulants because the off-diagonal third-order cumulants carry almost no additional
information beyond the information in the diagonal ones in the MA(1) process case, as it was shown in the noise-free case
in [5].

8The cumulants in the second set are called diagonal because of the relationship con ="k 1
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expression of Cj ; given in Section 4.2, we get for the C(k, q) estimator:
o2 ol ab
. . € € €
Jim T'Var(a(T) = vo + 51(;%) + ﬁz(gf;}) + 53(0*3) (6.3)
where vy does not depend on the powers of x; and ¢. We see from these two figures that below a
certain threshold (which is typically related to the noise spectrum), the asymptotic variance of the esti-
mate of a grows rapidly with the noise level. Beyond this threshold (for SNR> 10dB [resp. SNR>
20dB] for white noise [resp. AR(1) noise]), the asymptotic variance is approximately constant.  This
proves that the AMV3 and the C(k,q) algorithms are insensitive to noise in a large domain. Further-
more, we note that contrary to the asymptotic lower bound, the asymptotic variance given by the C(k,q)

algorithm strongly degrades for sharp resonant AR(1) noise compared to white noise of the same power.
E

10 F T T
2 white noise
107°L : .
©
©
[«3)
(&)
c
.©
€107 .
L F ]
°
a
1=
2}
© 6 (@)
107 E
x e (1) ]
%
10'5 | | | | | | |
-10 -5 (6] 5 10 15 20 25 30

SNR (dB)

Fig.2 Third-order asymptotic lower bound (1) and asymptotic theoretical and empirical (averaged on 100 independent
Monte Carlo runs) variance given by the C(k, q) formula (2) as a function of the SNR, for T = 10°.

105 i T

AR noise

asymptotic variance of a

-10 -5 0 5 10 15 20 25 30
SNR (dB)
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Fig.3 Third-order asymptotic lower bound (1) and asymptotic theoretical and empirical (averaged on 100 independent
Monte Carlo runs) variance given by the C(k, q) formula (2) as a function of the SNR. for T = 10°.

Figs.4 and 5 show the asymptotic lower bound and the asymptotic theoretical and empirical vari-
ance given by the C(k,q) algorithm as a function of the parameter b of the AR(1) noise & and of
the parameter a of the MA(1) process x:, respectively. =~ We see that the performance is very sensi-
tive to the spectrum of the MA(1) process x;, but relatively insensitive to the spectrum of the addi-
tive noise €; except when b approaches 1 [see (4.9)] where the performance of any third order-based al-
gorithm dramatically degrades. We note that the asymptotic variance given by the C(k,q) algorithm at-

tains the asymptotic lower bound for a = 1 9 and is inadequate to estimate a parameter a close to zero.
10"

© 10T 1

ks

[

o

c

.8

S

>

L

<] e o IELLEALE © BRSSO} s o

o

IS

D A3

BAO T | » » 7
¥ * * |

10’4 I I I I I I I I I
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
b

Fig.4 Third-order asymptotic lower bound (1) and asymptotic theoretical and empirical (averaged on 1000 independent
Monte Carlo runs) variance given by the C(k, ¢) formula (2) as a function of the noise parameter b for a = 0.5, SNR = 10dB
and T = 10*.

9This property has been confirmed for all values of b and SNR, but we have not succeded in proving it analytically.
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asymptotic variance of a

-5 i i i i i i i

-2 -1.5 -1 -0.5 (0] 0.5 1 1.5 2

10

Fig.b Third-order asymptotic lower bound (1) and asymptotic theoretical and empirical (averaged on 1000 independent
Monte Carlo runs) variance given by the C(k, ¢) formula (2) as a function of the MA parameter a for b = 0.5, SNR = 10dB
and T = 10"

Figs.6a and 6.b show the theoretical asymptotic lower bound and the empirical asymptotic vari-
ance given by the AMV3 and the C(k,q) algorithms as a function of the number T of samples
for two values of SNR. We see that the domain of validity of our asymptotic analysis roughly do
not depend on the algorithm, but is sensitive to the SNR. Naturally this domain of wvalidity in-
creases with increasing SNR (T' > 4000 for SNR = 0dB and T > 1000 for SNR = 20dB).

asymptotic variance of a

-4 i i

10" 10° 10* 10°

T

Fig.6a Third-order theoretical asymptotic lower bound and empirical (averaged on 1000 independent Monte Carlo runs)
asymptotic variance given by the AMV3 (1) and C(k, q) (2) algorithms as a function of T, for a = 0.5, b = 0.5 and SNR=0dB.
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Fig.6b Third-order theoretical asymptotic lower bound and empirical (averaged on 1000 independent Monte Carlo runs)
asymptotic variance given by the AMV3 (1) and C(k, ¢) (2) algorithms as a function of T', for a = 0.5,b = 0.5 and SNR=20dB.

In the second experiment an MA(2) process is considered where ©1 = (a1,a2)? and ©y = k3,. Fig.7a [resp.
7b] shows the normalized asymptotic lower bound and theoretical variance given by the C(k,q) algorithm for
the estimated parameters a; [resp. az] as a function of the parameters as [resp. aj] of the MA(2) process
x¢. As for the MA(1) case, we see that the performance is very sensitive to the value of the MA parameters.
As for MA(1), we see that the performance is very sensitive to the spectrum of z;. We note that contrary to
the MA(1) case, no algorithm is adequate to estimate a parameter as close to zero. Furthermore, the perfor-
mance of the C(k, q) algorithm is practically uniformly optimal among the class of third order-based algorithms.
2

10

10

1@

asymptotic variance of al

@)

10'4 i i i i i i i

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
a2

Fig.7a Third-order theoretical asymptotic lower bound and empirical (averaged on 1000 independent Monte Carlo runs)
asymptotic variance given by the AMV3 and C(k,q) algorithms for the estimated parameter a; as a function of as for
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a1 =0.8,b=0.5, SNR=10dB and T = 10°.
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Fig.7b  Third-order theoretical asymptotic lower bound and empirical (averaged on 1000 independent Monte Carlo runs)
asymptotic variance given by the AMV3 and C(k,q) algorithms for the estimated parameter a2 as a function of a1 for
az =0.5,b=0.5, SNR = 10dB and T = 10°.

In the third experiment, the processes are complex-valued, the input wu; is a 8PSK modulation with power
02 and Ky, = —op, ke, = 408, kg, = —3305 0 and ¢ is either complex circular Gaussian i.i.d. or AR(1)
(e = €:—1 + be; where e; complex circular Gaussian i.i.d.).

Figs.8 and 9 show the normalized lower bound for the asymptotic variance (Tr(Ce,))
f

of estimates of (a = 0.5e'T) based on the sample fourth-order cumulants c¥(7) =

a
{cb.0.0(T),c801(T),c10(T), ¢t 1 (T),¢Y o1 (T),¢f 1 1(T)} ' and the normalized asymptotic variances given
by the so-called C'(k, q) formula (1) extended to the complex case and by the following modified C(k, q) formulae

(2)(3):
o o(T) = c511(T)/c5,0,4(T)) (1),
o a(T) =i,

e a(T) = 021/,1,1(T)/011/,0,1<T) because ¢1 11 = kg,a*|a]? and ¢1 91 = H4ua*2 (3),

(T) /cO 0, 1(T)* because ¢1,01 = f<;4ua*2 and co0,1 = ka,a" (2),

for white and AR(1) noise (b = 0.999) as a function of the SNR. We note that here ©; = (R(a),S(a))” and
Oy = Ky4,. Similarly to the third-order case, we see from these two figures that beyond a certain threshold, the
asymptotic lower bound and the asymptotic variance of the estimate of a grows rapidly with the noise level. Beyond
this threshold (for about SNR> 15dB), the asymptotic variance is approximately constant. Furthermore, we see

Because for up to fourth-order circular processes rgs, = Eluf| — 9 E|ut|E|uf| + 2 x 6 (E[uf|)® and xs, = Eluf| —

16 Ejul|Eluf| — 18 Eluf|Eluf| + 2 x 72 Blut|(B|ui])? — 6 x 24 (Elui|)*.

HBecause Chy Kok def Cum(yo, Yi, » Yra» Yiy )» We note that, cf o o(T), cg1,(T) = cf | o(T) are real valued, cf,,(T) =
! 0.0(T) = c§ 1, (T) are complex valued. Consequently the statistic ¢/(T’) used for the AMV4 estimator is composed of

{Cg,o,o (T), 08,1,1 (T), Cg,O,l (T), C?,o,l (T), Czlj,m(T): 08,0,1*(T)7 Clil,o,l*(T% clll,l,l*(T)}‘
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that below this threshold, the asymptotic variances given by all the C(k, ¢) algorithms grow more rapidly than in
the third-order with the noise level as anticipated from the relation (6.3) extented to the fourth-order case

2 4 6 ]
Jim TVar(a(T) = vo+ | Bu(05) + Ba(£5) + o(5) + Ba( )

We see that the C(k, q) formula outperforms the modified C'(k, ¢) formulae except for small SNR where their per-
formance is similar. Furthermore, we note that contrary to all the C'(k, ¢) formulae whose performance degrades for
AR(1) noise compared to white noise of the same power, the AMV estimate improves for small SNR. Consequently,
there must be fourth-order algorithms much more efficient than the C(k, q) formulae for small SNR.
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Fig.8 Fourth-order normalized asymptotic lower bound (AMV4) and variances given by the C(k, ¢) formulae (1)(2)(3) as
a function of the SNR.
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Fig.9 Fourth-order normalized asymptotic lower bound (AMV4) and variances given by the C(k, ¢) formulae (1)(2)(3) as
a function of the SNR.

Fig.10 shows the normalized asymptotic lower bound based on c¥(T") (AMV4), the normalized asymp-
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totic lower bound based on the statistics used in the C(k,q) formula (1) and the modified C(k,q) for-

mula (2), ie., based on c¥ (T) o {cb11(T), ¢t 01 (T), ¢4 o1 (T),cf 01" (T),¢Y 51" (T)} (AMV4’) and the nor-

malized asymptotic variance given by the C(k,q) formula (1) and by the modified C(k,q) formulae (2)
and (3) as a function of the parameter b of the AR(1) noise ¢;. Because these variances are rela-
tively constant and symmetric w.r.t. zero, we focus on the [0.999 1] domain of b where only the per-
formance of the C(k,q) formulae degrades when b approaches +1. The AMV4 and the AMV4’ are rel-

atively insensitive to the spectrum of the additive noise ¢; including in the immediate vicinity of +1.

10 r r

[y
o
©

N

normalized asymptotic variance of a
[a=Y
o

[y
o
(N

1 AmMv4

AMV4

10
0.999 0.9992 0.9994 0.9996 0.9998 1

Fig.10 Fourth-order normalized asymptotic lower bounds (AMV4) (AMV4’) and normalized asymptotic variance given by
the C(k, q) formulae (1)(2)(3) as a function of the noise parameter b for a = 0.5¢'% and SNR = 10dB.

Fig.11 shows the asymptotic lower bound based on ¢¥(T") (AMV4) and the asymptotic theoretical and empirical
variance given by the C(k,q) formula (1), by the modified C(k,q) formulae (2) and (3) as a function of the
parameter a’ (a = a’e’? with a’ € (—2,+2)) of the MA(1) process z;. We see that the performance is very
sensitive to the spectrum of the MA(1) process x;. Furthermore, we note that there is no uniformly minimum
variance estimator among the three C'(k, ¢) formulae which are inadequate to estimate a parameter a close to zero.
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Fig.11 Fourth-order asymptotic lower bound (AMV4) and asymptotic theoretical and empirical (averaged on 100 inde-
pendent Monte Carlo runs) variance given by the C(k, q) formulae (1),(2) and (3) as a function of the MA parameter a’ for
b=0.999, SNR = 10dB and T = 10°.

Finally, Fig.12 shows the normalized asymptotic lower bound for the asymptotic variance of esti-
mates of a computed for three different cases: when the statistic ¢¥(7') consists of the sample co-
variances only 2 {cf(T),c{(T),c{(T)"} (AMV2), when the statistic c¢¥(T) consists of the sample fourth-
order cumulants only {Cg,o,o(T)»03,1,1(T),03,0,1(T)7C211,0,1(T)v011/,1,1(T)768,0,1*(T)a 011},0,1*(T)7C?1/,1,1*(T)} (AMV4)
and when the statistic c¢¥(T") consists of the preceding sample covariances and sample fourth-order cumu-
lants (AMV24). This figure also exhibits the normalized asymptotic variance given by the C(k,q) formu-
lae (1)(2)(3). In order for the parameter a to be identifiable from the sample covariance only, this fig-
ure is drawn in the noise free case. As we see from this figure, there is a considerable amount of infor-
mation in the fourth-order sample cumulants compared to the information in the sample covariances. Fur-
thermore, we note that contrary to the noisy case, the AMV vanishes for a parameter a close to zero.

2 As estimation methods based on the sample covariances only cannot distinguish between non-minimum phase and
minimum phase processes having the same spectrum, the bound for this case applies only to estimators that are based on

prior knowledge of the zero locations within a sufficiently small error.
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Fig.12 Fourth-order normalized asymptotic lower bound based on sample covariances only (AMV2), on sample fourth-
order cumulants only (AMV4) and on sample covariances and fourth-order cumulants (AMV24) and normalized asymptotic
variance given by the C(k, ¢) formulae (1)(2)(3) as a function of the MA parameter a’.

Naturally, these examples are totally inadequate for predicting the asymptotic performance of a specific third- or
fourth-order algorithm in the presence of additive colored noise. They simply show the potentially large sensitivity
of the asymptotic performance of an arbitrary algorithm to the spectra of the linear process and of the colored
noise.

7 Conclusion

This paper has extended Bartlett’s formula to the third- and fourth-order and to noisy linear processes thanks to
a polyspectral approach and a symbolic calculus akin a high level language. As an application of these closed-form
expressions, the sensitivity of the asymptotic performance of the estimated ARMA parameters by an arbitrary
third or fourth order-based algorithm to the SNR, the spectra of the linear process, and the colored additive
noise is addressed. Such sensitivity analysis has been possible thanks to the numerical expressions derived from
our theoretical expressions, whereas Monte-Carlo simulations have accommodated only particular scenarios until
now. As an example, the asymptotic lower bound for the variances of third- or fourth-order algorithms are
compared to the asymptotic variances given by the so-called C'(k, ¢) algorithms for non-Gaussian first or second-
order MA processes corrupted by a Gaussian first-order AR process with respect to the SNR and to the MA and
AR parameters. In particular we have shown that the performance presents a threshold effect with respect to
the SNR and are very sensitive to the spectrum of the MA process, but relatively insensitive to the AR spectrum
except for sharp resonances.

20



A Appendix: Proof of eq. (4.5)

Because [, e?™/7df =1if 7 =0and [, e?™7df =0if 7 #0,

Z Cum(ajm Thoy Tty Ti41, xter) = / Z Z Z Z c?1,t,t2,t36_i2ﬂ'[fl (tl—k)+f2(tz—t—l)+f3(ts—t—m)]dfldedfs
A

t to i3

_ / Sulfis— o fo fo, fo)e BB
yAN

and Su(f1, —f2 = f3, f2, f3) = Sz (f1, = f1, f2, f3) from [4].
Then looking at each term of » _, Cum(xo, Tk, z¢) Cum (441, T44.m)[10], there appears a term cfcf,, which vanishes
in (4.1), three terms of the form }_, cgcf ;. and six terms of the form }, ¢f', ¢, 5 which become respectively

Zczcg,ﬂr'y = CZ/ ZZC:tE1.,t€_i27r[fl(t1_B)+0t]df1
¢ At

= cfy/ Sz(fl,O)eizwflﬂdfl :/2Sm(fl,O)Sz(f2)€i27r[flﬁ+f2a]dfldf27
o AN

S taiis = [ 150 [ Suh eI = [ S () f)e g,
7 N

because the second term is a convolution product of ¢f and ¢ 5, at the point 7 = «, since

S Sa(f, f1)e?2mlFB+ 131 4f, is the Fourier transform of the sequence (cf_wﬁ)TeZ. Combining these groups of terms,

the matrix expression (4.5) is obtained.

B Appendix: Expressions of the different matrices Eg-i) of Section 4

Our symbolic algorithm gives rels. (4.5) and (4.6) where matrices Egi) are composed of finite sums of
ei2r(frartfra2tf3a3) defined by the following:

Ei23 L (e ®e3)
B} = ei(e]wel +ef el +elboe])tei(e] vel +el wel +efl,oel)
B} < ei(e] ®ef +ef @ef e mef)
Ei1234 o eel ®eqge;
Eglgg def exel ® e§73e3T + esel ® e§73e1T +eel ® e3e§{3 + esel ® e1e£{3
+ e1e§ & e3e2T + eleg ® eg,e3T + egeg &® elezT + egeg ® eleg + e373e{{3 & egelT
E(12%3 dﬁf ege{ (24 e§e2T + eoe{ (24 egeg -+ ege{ X eOeQT + eleg (24 egeg —+ eleg (24 egeg -+ eleg X eze3T
E) © erell, @eszel +erel ®essells +erel ®eszel +eszel, wee]
+ e273e§ ® elegf'3 + e2,3eg ® eleg: + eleg ® ef72)3e§ + e1e§{3 ® e’{’2)3eg
+ eej® eT,z,segs
Ef’% - e1egT & eoeg + e1eoT ® eoeg + e1eg & eOeOT + eoezT ® eleg + eOeOT ® eleg + eoeg ® eleg
+ eel @ejell +eel ®eiel +eel @etel
EY‘% def esel ® 61)2952 + egef{Q ® e ged
+ eée{ ® eltgefz + e172e1T ® e;‘e{{Q + e’gef{Q ® el’ge{ + 91’2652 ® egelT
where eg 2 (1,..., 1), ep & (1,e27fr _ e27(L=1I)T and ey, & (1, e27(ntf) | e2n@L=DUrtfNT g 1

(1,2 Untfitfm) e2n(L=D)(fstfitfmNT k1 m =1,2,3, (L = Ly in the first three eqs. and L = Lj elsewhere).
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C Appendix: Proof of eq. (4.9)

Because S(f1) = >, o2blFle=i2mkf1,

/ Sé(fl)Se(fg)Se(fl + fz)dfldfg / ZZZg?b‘l|b|k|b\m|e*i27r[(k+m)f1+(l+m)f2]dfldf2
A2 A2 k l m

> 1+
_ 6113m| _ 6 3k | _ 6
= Em oob =0, <1—|—2mg_lb > =0, (1—63)'

References

[1] D.R. Brillinger and M. Rosenblatt, “Asymptotic theory of k-order spectra,” in Spectral analysis of times series,
Ed. B.Harris, pp. 153-188. New York, Wiley, 1967.

[2] D.R. Brillinger, Times series; data analysis and theory, Holden Day, Inc. 1981.

[3] G.B. Giannakis, “Cumulants: A powerful tool in signal processing,” Proc. of the IEEE, vol. 75, no. 9, pp.
1333-1334, Sept. 1987.

[4] J.M. Mendel, “Tutorial on higher-order statistics (spectra) in signal processing and system theory: Theoretical
results and some applications,” Proc. of the IEEE, vol. 79, no. 3, pp. 278-305, March 1991.

[5] B. Porat and B. Friedlander, “Performance analysis of parameter estimation algorithms based on high-order
moments,” Int. J. Adaptive Control, Signal Processing, vol. 3, pp. 191-229, 1989.

[6] G.B. Giannakis and J.M. Mendel, “Identification of nonminimum phase system using higher order statistics,”
IEEFE Trans. Acoust., Speech, Signal Processing, vol. 37, no. 3, pp. 360-376, March 1989.

[7] J.K. Tugnait, “New results on FIR system identification using higher order statistics,” IEEE Trans. Signal
Processing, vol. 39, no. 10, pp. 2216-2221, Oct. 1991.

[8] X.D. Zhang and Y.S. Zhang, “FIR system identification using higher order statistics alone,” IEEE Trans. Signal
Processing, vol. 42, no. 10, pp. 2854-2858, Oct. 1994.

[9] A.V. Dandawaté and G.B. Giannakis, “Asymptotic properties and covariance expressions of k-th-order sample
moments and cumulants,” Asilomar Conf. Signals, Syst., Comput., Pacific Grove, pp. 1186-1190, November
1993.

[10] A.V. Dandawaté and G.B. Giannakis, “Asymptotic theory of mixed time averages and k-th-order cyclic-
moment and cumulant statistics,” IEEE Trans. Information theory, vol. 41, no. 1, pp. 216-232, January 1995.

M. Rosenblatt, “Stationary sequences and random fields,” Birkhduser, Boston, 1985.

M.S. Bartlett, An introduction of stochastic process, 2nd ed. Cambridge University Press, 1966.
B. Porat, Digital processing of random signals, Theory and Methods, Prentice Hall, 1994.

P. McCullagh, Tensor methods in statistics, Chapman and Hall, 1986.

T. Séderstrom and P. Stoica, System identification, Prentice Hall, 1989.

J.P. Delmas, “Asymptotically minimum variance second-order estimation for non-circular signal with appli-
cation to DOA estimation,” IEEE Trans. Signal Processing, vol. 52, no. 5, pp. 1235-1241, May 2004.

22



