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ASYMPTOTICS OF ¢-PLANCHEREL MEASURES

VALENTIN FERAY AND PIERRE-LOIC MELIOT

ABSTRACT. In this paper, we are interested in the asymptotic size of rows and columns of a random
Young diagram under a natural deformation of the Plancherel measure coming from Hecke algebras. The
first lines of such diagrams are typically of order n, so it does not fit in the context studied by P. Biane
and P. éniady. Using the theory of polynomial functions on Young diagrams of Kerov and Olshanski,
we are able to compute explicitly the first- and second-order asymptotics of the length of the first rows.
Our method works also for other measures, for instance those coming from Schur-Weyl representations.

1. INTRODUCTION

1.1. Background. Given a combinatorial family of planar objects, it is natural to ask if, with a good
rescaling, there is a limiting continuous object when the size tends to infinity. In the case of Young
diagrams endowed with Plancherel measure, this question has been solved in 1977 independently by A.
Vershik and S. Kerov [KV77] and B. Logan and L. Shepp [LS77]. Then V. Ivanov and G. Olshanski
[[O02], using unpublished notes of S. Kerov, have been able to describe the fluctuations of diagrams
around this limit shape.

The Plancherel measure is natural when we look at Young diagrams of a given size n (whose set
will be denoted %), because it is related to the regular representation of &,. But there are many
other interesting measures on Young diagrams and we can look for a limiting continuous object in these
cases also. P. Biane has proven the existence of a limiting shape under some general conditions on the
character values of the representation associated to the measure [BiaOl]. This includes some natural
representations, like the one on (C)®" appearing in Schur-Weyl duality under some conditions on n and
N. In this context, the second-order asymptotics has been studied by P. Sniady [SniO6J.

The results mentioned above give a limit shape for the Young diagrams rescaled by 1/y/n, where n
is the number of boxes of the diagram. In particular, the existence of a limit shape implies that the
probability that a random diagram has a long row or column (of length > \/n) tends to 0. So it is not
a good formalism to study the asymptotic behavior of non-balanced Young diagrams, such as diagrams
under the g-Plancherel measure.

This measure is a natural g-analog of the Plancherel measure, and it has been introduced first by E.
Strahov in [Str0§]. In this paper, he looks at the asymptotic behavior of diagrams under this measure.
By generalizing Kerov’s method of a differential growth model [Ker96], he obtained a limit shape for a
diagram under the g-Plancherel measure with a parameter ¢ depending of the size of the diagrams.

We have mentioned above that, if we fix g, there is no hope to find a limit shape of diagrams rescaled
by 1/+/n as the first rows or columns are very big. In this paper, we give the precise behavior (first- and
second-order asymptotics) of the length of these first rows or columns (either rows or columns, depending
on the value of ¢, are of order ©(n)). This is a good description of the shape of the diagram as almost all
the weight of the diagram lies in these rows or columns. Our method is closed to the one of the papers
[TO02, Sni06.

A natural question arising after this result on g-Plancherel measure is the following. Can our method be
adapted to measures for which typical diagrams have rows of intermediate scaling ©(n®) with 1/2 < a < 1:
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intermediate between the balanced case (o« = 1/2) and the g-Plancherel case (o = 1)? The answer is yes
and, as examples, we look at measures associated to Schur-Weyl duality. In these cases, the method gives
results on the global shape of the diagram, but not the precise behavior of the first rows and columns.
Indeed, as for balanced diagrams, the asymptotic behavior of the lengths of the first rows and columns is
not a direct consequence of the existence of the limit shape. For instance, in the case of the Plancherel
measure, a consequent amount of extra work is needed: see [BDJ99, BDJ0O, [Oko00, BOOOQ].

1.2. Results.

1.2.1. First rows of a random Young diagram under the q-Plancherel measure. Let us suppose ¢ < 1. In
this paper, we compute the asymptotic behavior (law of large numbers and central limit theorem) of the
vector containing the lengths of the first k£ rows of a random diagram under the g-Plancherel measure M, 4.
Note that Theorem [0 implies that the k first rows contain asymptotically (1 — ¢*) x n boxes, therefore
describing the length of theses rows gives a good description of the diagram. As M, ,-1(X') = My 4())
(this follows from Definition[I]), in the case ¢ > 1, our result gives the asymptotic behavior of the columns,
which are, in this case, the relevant quantities.

Theorem 1 (First order asymptotics). Suppose ¢ < 1. If A = (A1 > A2 > ---) denotes a Young diagram
of size n under the q-Plancherel measure (cf. figureld), then

Y X
Vi>1, = —u,, 1—q)¢h
- ,

where the arrow — g, , means convergence in probability.

FIGURE 1. A random Young diagram A = (101,51,28,8,7,3,1, 1) of size 200 under the
1/2-Plancherel measure.

Theorem 2 (Second order asymptotics). Under the same hypothesis, if Yy, q.; is the rescaled deviation
Ai i—
Vi (2= a-04).

then we have convergence of the finite-dimensional laws of the random process (Y, q4.i)i>1 towards those
of a gaussian process (Yy;)i>1 with:

EYg] =0 5 EYZ]l=0-9d¢ '—1-9?¢" " ; cov(YouYe,)=—-(1-q?¢ 72

In particular, two different coordinates Y, ; and Y; ; are negatively correlated. For the readers not
accustomed to the topology of convergence in law, let us give a more concrete version of Theorem

Given € > 0 and for any positive real numbers 1, ..., z,, Theorem 2l ensures that, for n big enough:
; 1 o1 Lr txo-lx
P[Vie[l,r], [Mi—(1—-q) ¢ 'n §xi\/ﬁ—7/ / e”~ 2z dX|<g,
[Vie [Lr], | —(1-q) | ] a0 ). ).

where @ is the symmetric matrix with coefficients Q;; = d;; (1 —¢) ¢~ — (1 —¢)? ¢/ 2, which is positive
definite because of the Hadamard rule (in each column, the diagonal coefficient is positive and strictly
bigger than the sum of the absolute values of the other coordinates).
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1.2.2. Other measures. As mentioned in paragraph [[LI] our method is quite general. We can establish
limit shape theorems with different rescalings. As example, in paragraph [6 we introduce some natural
probability measures on Young diagrams. We obtain the following result:

Theorem 3. Let (A\,)n be the sequence of random Young diagrams described in paragraph [0l Let us
assume N ~ c-n® with a < 1/2 if we rescaled \, by n'=% in the horizontal direction and n® in the
vertical direction, the new sequence converges in probability towards a rectangle of side ¢ and ¢~ '.

More precisely, for each €,m > 0, there exists an integer ng such that, for each n > ng, the border of the
diagram Ay, is, after rescaling and with probability greater than 1 — e, contained in the hatched area:

xn

4

T xnpl—o
C

FIGURE 2. Limit shape of a rescaled random diagram under the Schur-Weyl measure of
parameters ¢ > 0 and a < 1/2.

Unfortunately, one can not use this to give the precise behavior of the first row of the diagram. The
only result we have is the following one (which is a consequence of Proposition 22)):

Proposition 4. Let )\, be the sequence of random diagrams described in paragraph [6.1. Let us assume
that N ~ ecn® with o < 1/2. For any € > 0, one has A1 = o(n'=%*¢) in probability.

1.2.3. Longest increasing subsequence. It is well-known that the length of the first row of a Young diagram
of size n under Plancherel measure has the same distribution as the length of the longest increasing
subsequence of a random permutation of size n (under the uniform distribution). Indeed, the shape of
the tableaux obtained by Robinson-Schensted bijection defines a map

G, — {\Fn},

which sends the length of the longest increasing subsequence on the length of the first row of A\. The
image of the uniform distribution on &,, is the Plancherel measure on Young diagrams of size n, and this
explains the aforementioned result.

Our results on the ¢-Plancherel measure can also be interpreted in the context of longest increasing
subsequences. Indeed, E. Strahov [Str0§] has noticed that the g-Plancherel measure is the image by the
map above of the probability measure defined by

Vo, Plo] = Z - ¢™),
where imaj(c), called major index, is the sum of the positions of the descents of ¢ and Z = 1/[n],! is the

normalization constant such that the probabilities sum to 1. So Theorems [I] and 2l imply the following
result:
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Theorem 5. Let g be a real in ]0,1[ and n an integer. Consider the distribution on permutations such
that the probability to pick a permutation o is proportional to ¢"™(?) . The length L(o) of the longest
increasing subsequence of a permutation under this distribution is equivalent in probability to n(1l — q).
Moreover, the rescaled deviation (£(a) —n(1—q))/+/n converges in law towards a centered normal law of
variance (1 —q) — (1 — q)2.

As mentioned in subsection [6.1] the measure considered in section [ is the image of the uniform
distribution on words of length n with letters from 1 to N by RSK algorithm. Therefore Proposition @
implies:

Corollary 6. Fiz ¢ >0 and 0 < a < 1/2. Let £ be the length of the longest non-decreasing subsequence
of a random word with n letters between 1 and c- [n®|. When n tends to infinity, one has in probability:
¢ = o(nt=te).

1.3. Tools. Since we are looking at measures on diagrams of a given size, irreducible character values on
a given permutation can be seen as random variables. Moreover, in our context, their expectations are
easy to compute. Therefore we would like to express other random variables, linked directly to the shape
of the diagrams in terms of the character value. This can be done thanks to Kerov’s and Olshanski’s
theory of polynomial functions on the set of Young diagrams (see [KO94]). Note that the general idea
described here is already the one used by Kerov for his central limit theorem (see [[002]).

In this article, we shall use the power sums of Frobenius coordinates. With an adequate gradation on
the functions on Young diagrams, we shall easily find their asymptotic behavior under the g-Plancherel
measure. Going back to the behavior of the first rows is then a technical step.

1.4. Some open questions.

1.4.1. Precise behavior of the first line. Proposition (respectively Corollary[@l) gives only an upper bound
for the behavior of the first row of the considered diagrams (respectively the length of the longest non-
decreasing subsequence of a random word). It would be nice to obtain the precise behavior (equivalent
and perhaps fluctuation) of these random variables. If we follow [Oko0Q0], the first step is to study the
asymptotic behavior of the observable py with a parameter k which tends also to infinity (as quickly as
some power of n for example). Such a result could be deduced from the expression p, in terms of X’s
(normalized characters), but unfortunately, equation (2]) is hard to invert.

1.4.2. Concrete realization of power sums in the center of the symmetric group algebras. We will see in
section [3] that the relations between some functions on Young diagrams can be understood as relations
in the center of the symmetric group algebras via the abstract Fourier transform. Therefore, if we want
to understand better the expression of the p,’s in terms of the X’s (and we would like to, see the first
open problem!), one way to do it would be to describe in a nice way the image of the p,’s by the abstract
Fourier transform. One could also use the power sums of Jucys-Murphy elements which have a simple
definition in C&,, and have the same top homogeneous component as the p, (with a shift of index and
up to a multiplicative constant).

1.5. Outline of the paper. In section 2, we define the g-Plancherel measure and recall its basic pro-
perties. Then, in section [B] we introduce families of observables of diagrams, which will be useful in the
proof of the main theorems. Sections ] and [l are respectively devoted to the proofs of Theorems [l and
In section [l we study other measures with the same tools.
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2. THE ¢-PLANCHEREL MEASURE

In this section, we define and present basic properties of the g-Plancherel measure. The characterization
given in paragraph[2.2lis the one which will be used in the next sections. The algebraic interpretation of
paragraph gives some motivation to look at this measure.

2.1. Definition.

Definition 1. The g-Plancherel measure on the set %, of Young diagrams of size n is the probability
measure M, 4 defined by:
Dy(q) dim A

{nl}y
where dim \ is the dimension of the irreducible representation of &, indexed by \, and Dx(q) is its generic
degree defined in |[GP00, Chapter 8].

VAEn, M,,{\}) =M, =

This is a natural g-analog of the Plancherel measure defined by E. Strahov [Str08] (for instance, it could
also be defined by a Markov process which generalizes the Plancherel growth process, see figure B)). In
the two next paragraphs, we shall explain why this g-analog is natural in the context of Hecke algebras
and general linear groups in finite characteristic.

I:'D:l;Mqul

q+1 q+1
D =q
Maq =q/(qg+1) D:‘ D=1; Mz2,q=1/(qg+1)
. g+1 %> +q
‘L q2+q+1 q2+q+1 1
el Frari
) 11,7
Msq=1/(q +2¢% +2q+1)
5 | | D=d"+4q
bea Mg = (20)/(¢ +q+1) )
Frarrart/ Maa = a7 /(47 +2¢° +2¢ + 1) L Phe P N N
2204204 5 o
a4 4a? ATt
Ma,q = 1/(¢% + 3¢5 + 5¢*
+q+1 D=q'+q° +6¢% +5¢ + 3¢ + 1)
P+a+atl Muaq = (2¢%)/(q* + 3% +4¢> + 3¢ + 1)
D = q6 \ 2
q”+qg+1
My,q =q%/(q% + 3¢° + 5¢* | #1245+ 2¢2 129 +1

+64% +5¢% + 3¢ + 1) | |

L | L | D= @ +q>+q
D=q¢"+q"+4* My, = (39)/(q* +2¢° + 2¢® + 2q + 1)
Myq = (3¢%)/(¢* +2¢° +2¢® + 2¢ + 1)

FIGURE 3. Generic degrees, g-Plancherel measures and g-transition probabilities on di-
agrams of size n < 4.
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2.2. Link with representation of the Hecke algebras. The ¢-Plancherel measure appears naturally
in the abstract harmonic analysis of the Iwahori-Hecke algebras 4%, ;. Recall that if n € N and ¢ is a
complex parameter, then 7, ; is the complex associative algebra with generators 77,75,...,7T,—1 and
relations:

braid relations: Vi, T;T417T; = Tip1TiTi41;
commutation relations: V|j —i| > 2, T;T; = T;T;;
quadratic relations: Vi, (T; —¢)(T; +1) = 0.
We recover the symmetric group algebra CS,, for ¢ = 1. For any value of ¢, one can define an element
corresponding to a permutation o € G,,:
T, =1:,T, ... T;,

where 0 = $;, 8, - -+ i, is a minimal decomposition of ¢ in elementary transpositions (thanks to the
Matsumoto theorem, the result does not depend on which minimal decomposition we choose). It can
be shown that (T, )see, forms a linear basis of 77, , (see for example [Mat99] or [GP00]). Moreover, if
g # 0 is not a root of unity (in the following, we assume that we are in this case, as ¢ is a positive real
number), then 7, , is a semi-simple algebra abstractly isomorphic to C&,,, and have consequently the
same theory of representations: the irreducible %, ;-modules are parameterized by the partitions of size
n, and each Specht module S*(¢) has for dimension

n!
We will denote by ¢*(q) the trace of the simple module S*(g), and by x*(g) the normalized character,
so that ¢*(q) = (dim A) x*(g). Both objects are central linear forms on %, ,.

dim S*(q) = dim S* = (hook length formula).

Let us consider the regular trace of the Iwahori-Hecke algebra:

1 fo=1id
7 (T,) = ifo 1. ,
0 otherwise.

The decomposition of 7, in the basis of normalized g-characters x*(q) writes as:

(1) = 3 Mo = 3 2@ o

|
\EX, N {nl}q

Of course, this characterizes the Plancherel measure. Therefore, if we consider the g-characters on a fixed
element T, as a function of the indexing partition A, its expectation under the g-Plancherel measure
is 74(T%), that is either 0 or 1. Using this, we will be able to compute expectations of observables of
diagrams.

Remark 1. We will prove in this article that we have in fact a concentration of the g-characters around
the regular trace, see Corollary [[3

2.3. Interpretation in the representation theory of GL,(F,). If ¢ = p°® is a power of a prime
number, the previous identities may be interpreted in the setting of the representation theory of the
group of invertible n x n matrices GL(n,F,). Indeed, it is a well-known fact [Iwa64] that the relations
defining J7,, , are those of the convolution algebra

CB(n,Fy)\GL(n, Fy)/B(n,Fy)] = {f € C[GL(n,Fy)] | ¥b,0" € B(n, Fy), f(bgd") = f(9)},

where B(n,F,) is the Borel subgroup of GL(n, F,), containing the invertible upper-triangular matrices.

Now, consider the GL(n,F,)-module of functions on the flag variety GL(n,F,)/B(n,F,) — or, in
other words, right B(n, F,)-invariant complex functions on GL(n,F,). Since GL(n,F,) acts transitively
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on the flag variety, a GL(n,F,)-endomorphism u of this module is entirely determined by a function
h € C[GL(n,F4)] such that:
u(Lp(n,r,)) Z h(g

geG
Moreover, the condition u € Endar,(n,r,) C[GL(n,F,)/B(n,F,)] implies that A is left and right B(n,[F,)-
invariant. As a consequence, we have an isomorphism
A, 4 = C[B(n, Fy)\GL(n,F,)/B(n,F,)] ~ Endgrn,r,) CI[GL(n,Fy)/B(n, Fy)],
whence a decomposition of the (GL(n, F,), %4, 4)-bimodule C[GL(n,F,)/B(n,F,)] similar to the classical
Schur-Weyl duality between GL(n,C) and &,;:

L(nqu)m{C[GL(n7 u-_q)/B(/]% |}_ ﬂjfn P Z U}x ®C S)\( )
AEX,,

lSO

The Uy (q) are called unipotent modules of GL(n, F,). Each Ux(q) is irreducible and of complex dimension

. {n!}q
dimUx(q) = Dalg) = ¢V T
H(i,j)eA{h(ZJ)}q
where b(\) = > .(¢ — 1)\;. Thus, the natural probability measure M, , on the set of characters of
,.q is also the natural probability measure on the set of unipotent characters of GL(n, F,). Moreover,
the regular trace 7, is just the restriction of the normalized trace of EndcC[GL(n,F,)/B(n,F,)] to the
subalgebra of GL(n, F,)-morphisms, that is to say, 4, 4.

3. OBSERVABLES OF DIAGRAMS

In this section, we introduce the algebra of observables of diagrams &. This subalgebra of the algebra
of functions on the set of all Young diagrams % = | | ., %, is isomorphic to the algebra of (complex)
symmetric functions, and it is known to be a powerful tool in the setting of asymptotic representation
theory of symmetric groups, see [[002]. In this paper, the authors introduced four algebraic basis of
O the power sums (pg)r>1 in the Frobenius coordinates, the power sums (Pg)r>2 in the interlacing
coordinates, the normalized characters (Xx)r>1 and the free cumulants (Rg)g>2. In the following, we
shall use the power sums py, the normalized characters X} and their quantizations X}, 4; this section is
devoted to their presentation.

3.1. Power sums of Frobenius coordinates. If \ is a partition of size n, we recall that its Frobenius
coordinates (a;, b;)1<i<q are defined by a; = A\; — i and b; = i’ — i, with ¢ less than the size d of the
diagonal of the diagram. The modified Frobenius coordinates are (Ay, By) = ((af)lgigd, (—bf)lgigd)
with o} = a; +1/2 and bf = b; + 1/2, see figure @ on the next page. Let us define the function py on the
set % of all Young diagrams: py(A) is the k-th power sum of the alphabet Ay — By (with the notations

of A-rings). In other words,
d

pe(N) = (af)" = (=b])".
i=1
Note that pi()) is simply the size |A| of the diagram (whence the modification of the coordinates).

We denote by & the algebra generated by the functions (px)r>1; it is the algebra of polynomial functions
on Young diagrams introduced by S. Kerov and G. Olshanski in [KO94], but we use here the notations
of [TO02]. Tt can be shown that the pj are algebraically independent over C, and as a consequence, the
Pp = Pp1Pps - - Dp,. (Where p runs over all partitions) form a linear basis of &. The algebra of observables
of diagrams has therefore a canonical gradation given by:

degp, = [p| = p1 +p2+ -+ pr.
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FIGURE 4. Modified Frobenius coordinates of a Young diagram drawn in Russian style.
For instance, aj is here equal to 31/2, and —b5 = —23/2.

3.2. Normalized characters. Another graded algebraic basis may be considered: the normalized cha-
racters (Xg)r>1. If p and A are two partitions of respective sizes k and n, we define the following function

on %

2N =
o) 0 if k> n,

where n*f = n(n —1)---(n — k + 1) is the k-th falling factorial of n, the partition p’ = p1"~* is the

partition p completed with parts of size 1, and o, is any permutation in &,, with cycle decomposition of

type p’.

{nik xMopin-n) ifk<n

In the case where A has only one part (character values on cycles), by using the Frobenius formula
Mp) = (sx| pp) (cf. [Mac95, §1.7], and in particular the corollary 1.7.7), it can be shown that X is
a polynomial in the (p;);<k. To compute these polynomials, one can use the following Proposition (see
[IO02, Propositions 3.3 and 3.4, 4.4 and 4.5]):

Proposition 7. If k > 1, the observable X}y, writes as

k
(2) 5 = [tFY H1—]—1/2 - exp ZPJ — (1= kt)7)

?rl»—‘

As a consequence, the top homogeneous component of Xy is pr, and (Xy)k>1 is a algebraic basis of the
algebra 0.

Ezxamples 1. Xy = p1, Xy = po, X3 = p3 — %pll + %ph Yy = ps — dpor + %pz.

By abstract Fourier transform Z(C&,,) +» C&,) = C%,,, we may interpret a function on Young diagrams
with n boxes as an element of the center of the group algebra CS,,. Thus a function f on all Young
diagrams can be seen as sequences of elements (fy),>1 with f, € Z(C&,,) for all n. In the case of the
normalized characters X,, this sequence has a very nice expression, see [SniOG]:

(Epl,pg ..... pr)n: Z (a117a12;-'-7a1p1>(a217a22;---;a2p2> (arlyar%---yarpr)
a(i,j)eﬂl,n}]
ai a5y
(3) = Y CA)C(A) - O(A),

Vi, A;€A(n, pi)
Vi#£j, A»LI'_WAJZQ
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where A(n, k) is the set of k-arrangements of [1,n] and C(A) is the cycle corresponding to a sequence A
of distinct numbers. It is easy to check that these elements verify

e, 2,0 =x(Z,)n):

Hence, the element in the equation (3] corresponds to the function X, on Young diagrams by the abstract
Fourier transform, so the notation are coherent. Moreover, formula (3] allows to do computations for all
n simultaneously and in this case, we will forget the index n (for example in next paragraph).

3.3. Products of normalized characters. As abstract Fourier transform is a ring homomorphism,
the convolution product in the center of the symmetric group algebra corresponds to the point-wise
multiplication of functions over Young diagrams of size n. But, in Z(C&,,), one has

DIEDIES > > C(A1)C(Az) -+ C(A;) C(B1) C(Bz) -+ C(By).
Vi, A;€A(n, pu;) Vi, B;€A(n,v;)
Vi£j, AiNA;=0 Vi#j, B;NB;=0
As the A;’s and the B;’s may have elements in common, this is not equal to X,,u,. Let us split this double
summation over a;; and by in the following way. To each indexing sequence a; ;, bx;, We associate the
partial matching between the sets Ia = (7, j)1<j<p, (indices of the a’s) and Ip = (k,{)1<k<s,, which links
(4,7) and (k,1) if and only if a; ; = bg;. When we sum the quantity

(4) C(A1)C(As) --- C(A,) C(B1) C(By) -+ C(By)

over indexing sequences with a given partial matching, we obtain ¥, for some p depending on the
matching. Indeed, if we know which of the a; ;’s are equal to which of the by ;’s, the product @) can be
rewritten as a product of cycles with disjoint supports in a way which does not depend of the values of
the a’s and of the b’s. Finally,

L2 = Z Zp(ary;
where the sum runs over partial matchings M of the set of indices of the a’s with the set of indices of
the b’s.

Ezample 2. Let us compute X5 - X'3. The set of indices of the a’s (resp. the b’s) is {1, 2} (resp. {1,2,3}).

e If A and B have no common element, the product C'(A4) C(B) is a 3-cycle multiplied by a 2-cycle
with disjoint supports and the corresponding sum is X3 5.

e If a; = by, but all other elements are different, then (ay a2 as3) - (a1 b2) = (a1 b2 as az). When
we sum on all possible values of a1, be, as, as (all different), one obtains Y.

The result is the same for any of the 6 matchings of size 1.

e If a; = by and as = be, then (a1,as2,a3) - (a1,a2) = (a1,as3)(az). When we sum on all possible
values of aj, ag, ag, one obtains X5 ; (note, that here it is important to remember that we have
to sum over indices az even if its value does not change the permutation).

Once again, the result is the same for any of the 6 matchings of size 2.

Thus, Xy - X3 = 2273 + 624 + 622)1.

In general, one has the following properties:
(1) The size of p(M) is simply |u| + |v| — |M| where |M]| is the size of the matching.
(2) The term corresponding to the empty matching is X,y,. Thus,

S Su=Suut Y, L, Z
lol<|pl+v|
By induction, one obtains that, if k1 > ko > ... >k,

_ P
Dy Ty T, = Ly + > Choy oo ey 20
lp|<ki--Akn
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This triangular relation can be inverted, so the X, are in the algebra & and span it linearly.
Moreover, X, is a non-homogeneous element of degree |p| and its homogeneous component of
maximal degree is p,,.

(3) If w = (1) and v = (m), all matchings of size 1 give a term Xji,,—1. As they are ml such
matchings, one has

21 X = Zim +ml Xpm—1 + (terms of degree at most [ + m — 2).

3.4. Another product. In this paragraph, we recall the definition of the disjoint product e on & (see
[Sni06]), which will be useful in section [l It is enough to give the value of the product of two elements
of the basis X,:

YyeX, =X 0.
If we look at the description of the classical product on the X, given at the previous paragraph, taking
the product e consists in keeping in the result the terms indexed by families of disjoint indices. This
remark can be generalized to expression of the kind:

XJ = ) ClA)--0OA),
V3, AjG.A(n,i]‘)
G(ai,j)€G

where G(a; ;) is, as in the previous paragraph, the graph describing which of the a; ;’s are equal and G
a collection of admissible graphs. The following lemma will be useful in subsection 5.1t

Lemma 8. The disjoint product of two such expressions is given by:

G G
Xil i ® Xz/l

vvvvv ?

..... i ey @ il

where GLIG' is the collection of all graphs obtained by disjoint union of a graph of G and a graph of G'. In
other words, the disjoint product of two expressions as above is obtained by keeping in the usual product
only terms such that the two families of indices are disjoint.

Proof. As in the previous paragraph, the summation over sequences of indices corresponding to a given
graph gives a term X,. Therefore:

and we have

GegGG'eg’
_ XQUQ O

. - cy .
Llyeenslryly eyl

3.5. g-characters. In this paragraph, we present a quantization of the X-basis of & corresponding to
renormalized g-characters of the Iwahori-Hecke algebras. In [Ram91], A. Ram uses the Schur-Weyl decom-
position of (C™)®" in irreducible (U, (sl(m, C)), 7, 4)-bimodules to compute explicitly the characters of
the Iwahori-Hecke algebra 57, , — the reader can also consult [RRW96] and [RRI7]. These computations
lead to a generalization of the usual Frobenius-Schur formula. Recall that the latter writes as:

Vp € Dy pp(X) = Y Mp)sa(X).
AEX,,

First, we need a g-analog of the character value ¢*(p). Given two permutations ¢ and 7 in the same
conjugacy class of &,,, the T-basis elements T, and T can have different traces in a %, ;-module: for
instance, (1,2) and (1,3) are conjugate in &3, but x(1(1,2)) = ¢ and x(T{1,3)) = ¢> if we consider the one-
dimensional index representation. However, if ¢ and 7 are of minimal Coxeter length in their conjugacy
classes, then one has x(7,) = x(T) for any character x. Moreover, the values of a character x on these
particular elements determine x, see [Ram91l Propositions 5.1 and 5.2] or [GP00, §8.2] for the general
case of an Iwahori-Hecke algebra of a Coxeter group. Consequently, if

op=(L2,...,p0) (p1+Lp1+2,....p14p2) - (o1t F+patl...op++pr),
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then ¢*(q) is entirely determined by the values ¢*(p, q) = g)‘(Tgp, q), where p runs over %,. As in the
case ¢ = 1, we denote by x*(p, q) the rescaled character value (divided by the dimension of the module).

We shall also need a g-analog of the power sum pg(X). Let ¢ (X, ¢) be the symmetric function defined
by the formulas

k
(X, q) = il 1 he(X(1—q™')) (A-ring notations, X is an alphabet and ¢~' is a variable),
q-—

k

=4 Z (1- q_l)g(u) my(X) = qfll Z (¢" - 1)(2u)_lpu(X)v

q—1
HED, HE P

where ¢* — 1 means []._, (¢"* — 1), and where z, equals [I;>, @™ m;! if p writes multiplicatively as
1m12m2  g™s. This is a slightly modified version of the Hall-Littlewood polynomial Py (X, ¢~ ') described
in [Mac95, Chapter 3]. We can now state Ram’s generalization of Frobenius-Schur formula:

Proposition 9 (¢-Frobenius-Schur formula). If g, = qp, - - - @p, , then the following generalized Frobenius-
Schur formula holds:

Vp € Wy Gp(X,0) = Y Mpiq) sa(X).
AEY,

Many combinatoric rules follow from Proposition [@ e.g., a quantization of the classical Murnaghan-
Nakayama rule, see [RR97, §2]. For the asymptotic analysis of the g-Plancherel measures, we shall use a
triangular relation between ¢-characters and standard characters:

H0.0) = X)) = s (X =7 3) [ 52(X)
_ o aq" > (hp(X — ¢ X) | pu(X = ¢ X)) (pu(X — ¢71X) | s2(X))
(q =D = {pv | Do)
B (q—ll)“”) 62;/ =y <hpz|upu> el = (q—ll)«p) EZ;, T ) )

As for ¢ = 1, we define the following function on the set % of all Young diagrams:

APl A 1|/\Hp\, if < |\l;
Ep.,q()‘)—{|0| X e q) if [p| <A

else.
If |p| = |A\| = n, the previous formula can be rewritten:
g’ —1
(5) (¢=D)" TN = Y —— wu|hp) (V)
ve#, v

This is of course also true for |p| > |A|. We will show that it still holds for k = |p| < |A| = n. In this case,
the scalar product (h,q»-x|p,) in the sum above writes as:

<hp 1”*k|pu> = <hp(p1)n_k ’ pl/> = Z (an e 'Zﬂ'm)_l <p7r(p1)n_k ’ pu>

7"'1eg=yp1 )~~~77Tmea‘yﬂm

= Z Zpin—t (Zmy = 2m, )t Lp—rin—t) = (20 Lipmpy1n-+)) Z (Zpy = 2, )" Liyp=m)

= (2/2) ﬂ(u:ukln”f) Z (2my - 'Zﬂm)71 (Pr | Do) = (20/20,) ﬂ(u:uklnf’c) <hp | Pu.)
T1yesTTm
As a consequence, formula (@) can be seen as an equality of functions on #/. Note that this relation
between the symbols X, ;, and X, is triangular, because (p, | h,) = 0 unless v is finer than p. Moreover,
as (mp)pew is the dual basis of (h,),co, the inverse relation is easily obtained. We conclude that:
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Proposition 10 (Quantization of the algebra of observables). The symbols (X, ;) e form a C(q)-basis
of O(q) = 0 ®c C(q) and yield a quantization of the basis (X,)pca of 0. Moreover, the transition
matrices between the X, , and the X, are triangular, given by:

(6) (0= 5,00 = 3= T2 4o | ) 200
vEW), v

(7 @ =150 = X (0= 1 | ) g
vEW),

4. FIRST ORDER ASYMPTOTICS
This section is devoted to the proof of Theorem [l Let us fix a real ¢ €]0,1[. The first step of the

proof is the convergence of power sums of Frobenius coordinates.

4.1. Convergence of power sums. The g-Plancherel measure is a measure on Young diagrams, so the
functions on Young diagrams and in particular the elements of & are in this context random variables.
In particular we will denote by E their expectation. Thanks to the characterization of the g-Plancherel
measure with the normalized trace (paragraph [2.2]), one has immediately:

ntt o if p= 1%,
El%pal = {O else

By using the triangular relation between the X', and the X, 4, we obtain:

1 . g— 1)l
E[X,] = 71 > (g =1 (my | py) E[X),q] = (qpi_)l”“p' (myi | pp)
Ve,
_ (- q)”! Lol
(8) =T "

This gives in particular the asymptotic order of magnitude:
E[Z,] = O(nlpl) — O(ndcg(ﬂp))

In fact, this is true for any measure on Young diagrams, but not always precise enough (for example, to
study the usual Plancherel measure, one has to use the fact that it is O(n(PI+£(?))/2)) In this context,
the exact computation above shows that we could not find a better bound. As (X,),c# is a linear basis
of 0, the previous estimation remains true for any element of &.

Lemma 11. For any x € O, one has E[x] = O(nd°&®)),

This lemma allows us to forget terms of lower degree when we want to look at the asymptotic behavior
of the expectation of some observable. In particular, one can obtain the following result for the power
sums of the Frobenius coordinates:

Lemma 12 (Convergence of power sums). Under the q-Plancherel measures, we have convergence in
probability of the renormalized power sums pg(X\):

Pr(N) (1-q)*

Vk > 1 L
SO T =g

Proof. An immediate consequence of equation (§) is that E[X,]/nl?l — (1 — ¢)l?l/(1 — ¢#) when n goes
to infinity. But X, — p, is an observable of degree less than |p| — 1, so the same holds for p,:
Elp,] _ (1-q)"

lim =
n—oo n‘P‘ 1— q°
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Fix € > 0 and k¥ > 1. The Bienaymé-Chebyshev inequality ensures that

2
pe  (1-q)* 1 pe (1—qF
Mﬂvq[m‘qu el = gb F 0 gF
1 (E E 1—qf  (1—¢*
<L [P;l;k] _ g [pkk] (1-9q) n (1-9q) ,
€ n n 1—q* 1—gkk
whence the result by using the estimations of E[p,] for p = (k) and p = (k, k). O

Corollary 13 (Convergence of the characters and g-characters). Under the g-Plancherel measures, we
have the following convergences in probability:

2p (=g (1—g)
Vp S @, m —)Mn,q qu .e. X (p) —>Mn’q W,
Y . A
Vp € @, il M, 5p:1‘9‘ e X (P, Q) M, 5p:1\9\-
Proof. Tt is a direct consequence of Proposition [7] Lemmas [[1] and |

4.2. Convergence of lengths of rows. Note that the limit values of the rescaled px’s are the power
sums of the sequence ((1 —q), (1 —q)gq, (1 — q)q?,...). Indeed,

- - 1—g)t
1— k _(i—-1)k — ( .
Z;( 2)"q T
In this paragraph, we will show that the convergence of the power sums implies the convergence of the
sequence. This will finish the proof of Theorem [11

The main idea is to consider, given a Young diagram A of size n, the probability measure X defined
by
d
Xy = Z(af()\)/n) S(az(ny/n) (07 (A)/n) 8—pr (3 /n)-
i=1
The k-th moment of X, is exactly pyy1(\)/n**1. So, thanks Lemma[I2 under g-Plancherel measure, the
moments of X, which can be seen as random variables, converge in probability towards the moments of

the measure
oo

Xoo;q = Z(l - q)qi71 5(17q)qi*1-

i=1
Lemma 14. As usual, we consider a sequence of random diagrams X\, € %, taken with q-Plancherel
measure. At any point x # (1 —q) ¢!

that is to say:
R VA S ) U

y<z _ (1-q)¢i~'<z
ny€Ax+Bx

, one has convergence in probability of the repartition functions,

Proof. In the following, we consider A — X as a measure-valued random variable X, 4; its law is by
definition the image of M,, 4 by A — X. The set .#([—1, 1]) of signed Radon measures on [—1, 1], where
X4 takes its values, is the dual of €([—1,1]) and is compact and metrizable for the *-weak topologyll.
Indeed, if (f)nen is a sequence of continuous functions dense in %'([—1,1]), then

d(my,mg) = Z 2% max(1, [mi(fn) —ma(fn)])

neN

It isa particular case of the Prohorov theorem: if F is a separable and complete metric space (in other words, a polish
space), then the same holds for the set of probability measures .# (E), see [Bil69, Chapter 1]. As a consequence, convergence
in probability makes sense for random probability measures on a closed subset of the real line.
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is a distance compatible with the topology of .Z([—1, 1]). We choose { fn}nen = Q[X] (dense by Stone-
Weierstrass theorem), thus the convergence of moments implies that X,, , converges in probability in
(A ([-1,1]),d) towards X o

But, for Radon measures on the real line, the weak convergence X, , — X is equivalent to the
convergence of repartition functions Fx,, , (x) — Fx_, () at points z € [~1,1] where Fx__  is continuous
— it is a part of the Portmanteau theorem ([Bil69, Chapter1]). O

End of proof of Theorem[d. Now, let us take z = 1 — ¢ + n with n > 0 sufficiently small. We also fix

1—¢g>e¢e>0. Note that Fx_., =1 on a vicinity of . Consequently, for n big enough and outside a set
of arbitrary small probability, all rows of \ are smaller than nx, because
Fx, (z Z|y| >Fx, () —e=1-¢c>q,
y<z
nyEA—i—E

and this could not be if a row were bigger than n(1 — ¢+ n). Indeed, we would then have
ka(l) > FXn,q(x)+1—q+77> 1+7n>1.

Hence, for n big enough, af(\)/n is smaller than x outside a set of arbitrary small probability. Now, if
' =1—¢q—mn, then Fx_ , = ¢ on a vicinity of 2/, and therefore, for n big enough and outside a set of
arbitrary small probability, some rows of A\ are bigger than nx'; otherwise, we would have

FXA(l) ZFXA(JJ/) SFXm:q($/)+€:q+€< 1.

We conclude that for n big enough and outside a set of arbitrary small probability, the rescaled first
column aj(\)/n is between 2’ and z. Consequently, aj(\)/n converges in probability towards 1 — ¢, and
the same argument holds for the following rows (with an induction on the index 4 of the row). Of course,
ar(A)/n — Xi/n = 0(1/n), so we have proved Theorem [Tl O

Remark 2. If we take = 0 in Lemma [[4] then we see that Zl 1 b¥(N)/n goes to 0 in probability: so,
the order of magnitude of the columns is a o(n). Unfortunately, we are not able to give an equivalent for
the quantities A, (¢ > 1).

Remark 3. The proof will work for any measure for which we can compute expectation of character
values as soon as (the following condition implies the convergence of variance of power sums towards 0
in Lemma [I2]):

E(Skr) = E(Zk)? + o(n?v).
This is similar to the result obtained by Biane for balanced diagrams in [Bia01].

4.3. Link with the infinite Hecke algebra. The technicalities of the previous paragraph could have
been avoided by using a general result of Kerov that ensures that, if (A, )nen is a (random) sequence of di-
agrams of size n such that the normalized characters y*» converge (in probability), then the renormalized
Frobenius coordinates (a}(An)/n,bf(An)/n) have a limit (a, §) in the Thoma simplex

Q—{((az)z>17(ﬂz)z>l) |lon > >-->0, B> B2 > >0, 7—1—2(0%4'[31')20}7

i=1
cf. [KV81], [Ker03] and [KOV04]. Moreover, this limit can be computed, using the limit of the normalized
characters. Therefore using Kerov’s result, one could deduce directly Theorem [ from Corollary [[3] and
skip the previous paragraph. However, Kerov’s arguments can not be used for fluctuations and we would
need the measure-valued random variable X, 4 in subsection

We give here more details on Kerov’s arguments and how they fit for our work. This can be skipped
during a first reading of the paper.
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It is well-known that this infinite-dimensional simplex is involved in the representation theory of G
and its Hecke algebra /% 4; let us recall briefly why. Since G is a wild group (i.e. with factor rep-
resentations of type II or III), there is no hope to obtain a complete classification of all the unitary
representations of C&.,. However, such a classification has been obtained for the finite factor represen-
tations, i.e., the unitary representations U : C&o — Z(H) whose von Neumann algebras .# (U(CS,))
admit a finite trace, see [Tho64] and [Oko94]. Let us denote by H (%) the convex compact set of nor-
malized harmonic complex functions on the Young graph #. Then, H (%) parameterizes the normalized
characters of G, and its boundary H (#') parameterizes the irreducible characters of C&4,. Moreover,
this boundary can also be described topologically as the Thoma simplex, and if z € C&,, and («, 3) € 9,

then
X (@) =" sala,B)HNx),
AEX,,
where sy (a, ) denotes the super-symmetric Schur function sy taken on the difference of alphabets a — 3.
Finally, if © € C&,, and if (Ay)n>m is a sequence of diagrams of sizes n such that the renormalized
Frobenius coordinates (a}(\,)/n,bi(A\,)/n) have a limit (o, 8) € Q, then

XM (@) = x> ().

By harmonic analysis on the Young graph, S. Kerov showed the converse statement: the convergence
of characters implies the existence of limit frequencies («, 3). Moreover, the same results hold for the
infinite Hecke algebra %%, 4: it suffices to replace the characters by the g-characters in the previous
argument. Now, Corollary can be viewed as a concentration result of the g-characters around the
regular trace 7, of # 4: indeed, x*(p,q) —m,., Tq(p) for any partition p. Since

X (To,q) = D sala, B) ™0, q) = Gl By q),

A,

a simple computation shows that 7, = x“(q) with w = (((1 — ¢)¢""*);>1,0). In other words, the g-
Plancherel measure of the infinite Hecke algebra is the Dirac at w, and the limit frequencies of the rows
and columns of a random Young diagram under the g-Plancherel measures could have been deduced
directly from Corollary [[3] and the result of Kerov.

Note that, to use Kerov’s result, we need a convergence in probability of character values and not only
the convergence of the expectations: in other words, only subsection [£.2] can be avoided. In addition, our
method is interesting as the measure X will be used in the analysis of fluctuations (paragraph [B.3)).

Remark 4. In subsection[Z3] we have seen an algebraic interpretation of the regular trace 74 on 4%, 4. It is
the restriction of the usual trace of the space End¢ C[GL(n, F,)/B(n,F,)] to the subalgebra of GL(n, Fy)-
morphisms, which is isomorphic to C[B(n,F,)\GL(n,F4)/B(n,F4)]. There is a similar interpretation
for 7, on % 4, but one has to consider the group GLB(F,), which is slightly bigger than GL(o0, ¢),
see [KV98]. Then, 7, is the restriction of the usual trace of L'(GLB(F,), mHaar) to the subalgebra
of compactly supported functions that are constant on B(oo, [4)-double cosets, this subalgebra being
isomorphic to J 4.

5. SECOND ORDER ASYMPTOTICS

In this section, we investigate the second order asymptotics of the rows of diagrams under the ¢-
Plancherel measure and we prove Theorem As in the previous section, the first part of the proof
consists in studying asymptotics of pg. In particular, we shall prove:

Proposition 15 (Fluctuations of p;). Under the q-Plancherel measure, we have the following convergence
result. If we denote the renormalized centered power sum by

Waga() = v (2R HR,

nt
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then, for any k > 1, the finite random vector (Wi q.1, Wn g2, .., Wa.qx) converges in law towards a
gaussian vector of covariance matrix:
1 1
cov(Wo 1, Wy ) = lm (1 — g)t™ — .
( q,! q-,m) ( Q) 1_ ql+m—1,l 1_ ql’m

Before we start, recall that the algebra of observables & admits two different products: the usual product
of (commuting) observables - and the disjoint product e, cf. section[Bl We shall denote by & the algebra
with the latter product, and by E¢ the identification & — ¢*. The proof of Proposition [[5 relies on the
interaction of the two products and on the expectation of character values E[X,] = n*Pl (1—g)l°l/(1—¢).

5.1. Bound for cumulants. This kind of results (computing the fluctuations of an observable from the
character values) has already been stated by P. Sniady in the case where the characters are small and the
corresponding diagrams balanced. Here, we have to use different observables and a different gradation,
but the ideas of the proof are the same, and the definitions of the different cumulants used here come
from [SniOG]. In particular we shall use joint cumulants of random variables k(X71, ..., X,), which can be
defined by inductior on r:

E[Xl X2Xr] = Z k(Xieﬂ'1)k(Xi€7r2) "'k(XzEmz)'
of (12}

A centered gaussian vector (Y1,...,Y%) is characterized by the fact that all k(Y;,,...,Y; ) are equal to
0 for r # 2. Moreover, the values for » = 2 give then the covariance matrix. Therefore, the proof of
Proposition [IH consists in computing the limit of k(Wy, ¢,i15 .., Wh.q,,.). In fact, we will show a stronger
result than the convergence towards 0 for r > 3:

Lemma 16 (Order of magnitude of cumulants). For any x1,xs,...,z, € O, one has:

k(z1,...,2.) =0 (nng(“)*'"*ng(”””*’”“) .

The end of this subsection is devoted to the proof of this lemma. Thanks to the multi-linearity of
cumulants (for 7 > 2) and a good behavior with respect to products (see [LS59] and [Sni06, Theorem 4.4]),
it is enough to prove this lemma with the x; in any graded algebraic basis of &. A good choice is the basis
(X%)k>1; indeed, we have already computed the expectation of these observables under the g-Plancherel
measure. Unfortunately, we do not know their joint moments E[X;, --- X; ], which are different from
what we have computed in the previous section, namely, E[X;, . ;. ].

5.1.1. Cumulants k®. This difficulty disappears if we use the algebra &°, because ¥;, @---0%;, =3 ;.
This algebra gives rise to a new kind of cumulants, the so-called disjoint cumulants, which we shall
denote by k*(X1,...,X,). Their definition is the same as for k(Xi,...,X,), except that the product of
observables is now the disjoint product:

(9) E[X;0Xo0--0 X, ] = > k*(Xiem) k* (Xier,) -+ k*(Xien,)-
7 partition

of {1,2,...,r}

It is easy to prove the analog of Lemma [16] for these disjoint cumulants:
Lemma 17 (Order of magnitude of disjoint cumulants). For any x1,xo,...,x, € O, one has:

k*(z1,...,2,) = O (ndeg(“”'”*deg(“)_”l) .

2It can also be defined via generating functions.
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Proof. As for classical cumulants, it is enough to prove it for z; = X;,. In this case, the left-hand side of
@) is simply

] (g — 1)t Fir
""" T I - 1)
Except for the factor nt(1+-+ir) everything is multiplicative with respect to the parts of X\. More
formally, there exist numbers «; such that:

Pt tin)

E[X,,..i.] = HO%- i),
J

Haiy‘ [E[El,...,l }
j N——

i1+---+ip times
An immediate induction implies that:
I b)) 1

B (i X)) = | [T ews | B°(21, 1)

i1 times ip times

5 geeey

But x*(X1:) = n¥ for any A, so the corresponding cumulants do not depend on the measure considered
on Young diagrams, and we can use the result of P. Sniady who proved (|Sni06, Lemma 4.8]) that:

KX 1051, 1) =0ttt
——

yr

i1 times ipr times

This ends the proof of this lemma. O

5.1.2. Cumulants k'd. The last problem is to link classical and disjoint cumulants. Thanks to the com-

mutativity of the diagram below
|Eid

7 7
E:Mn>\ A:Mn,q
C

this can be done by using a result of Brillinger [Bri69]. One obtains the following formula, see [Sni06,
Proposition 4.1]:

(10) kX1, X, Xn) = k(K (Xier), K (Xicr,), - B (Xien,)),
THn

where k¢ is the cumulant corresponding to the identity map E'¢ of the diagram (note that k'd takes value
in 0), that is to say that it is defined by

X1 Xoo o X = Z K Xier,) @ K (Xicn,) o - 0 k' (Xicx, ).
7 partition
of {1,2,...,r}
We will prove the following bound on the degree of identity cumulants. For any 41, ...,%,, one has:
(11) deg (K(Ss,,...,5:,)) <iv+ - +ip — (r—1).

Note that it is not the same as [SniOG, Theorem 4.3]; indeed, we use a different gradation on the algebra
of observables.

Let us begin by looking at k'4(X;,, ..., %; ) for small values of n. For n = 1, by definition k'¢(X;) = X;.
For n = 2, one has:
kid(zilvziz) = Eil : 21 - 21'1,1'2-
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But one has also

A1€A(nyi1), As€A(n,iz)
i = > C(A1) C(A4y).

A1€A(N,1), As€EA(n,iz)
A1NAs=0

b))

so the difference k'd is equal to the same expression with the sum restricted to pairs of arrangements
which have a non-empty intersection:

KDy, 2i,) = > C(A1) O(Ay).
A1€A(n,i1), As€A(n,iz)
Aq mA2#®
It turns out that the identity cumulants satisfy a similar identity in the general case, and the intersections
between the A; play again a significant role. First, note that:

Tno = S O C(A,)
Vi, AjEA(’n,,ij)

Given a family A1, ..., A, of arrangements, we consider the relation ~; defined by k ~1 | & ApNA; # 0.
It can be completed in an equivalence relation; let us denote by w(Aq, ..., A,) the corresponding partition
of [1,r]. Obviously, this partition depends only on which indices are equal and not on the values they
take, so the sum of C(Ay)---C(A,) over arrangements corresponding to a given partition is of the form

X Zgl _____ i, (notation of paragraph[3.4)) and we can use Lemma [§ on this kind of expression.
Lemma 18. For any i1, ...,i,, one has:

KN, .., 5) = > C(A1)---C(A,).
Vi, Aj€A(n,i;)
(AL Ar) ={[Lr]}

Proof. We will prove this statement by induction on r. As explained above, it is true for r = 1,2. Let
us suppose that it is true for all s < r — 1. Because of the definition of the disjoint product e, for every
non-trivial set partition 7, one has:

B (Siex,) o K'Y (Die,) 0 - 0k (Tier,) = Y. C(A1)---C(4,).
Vi, Aj€A(ni;)
F(Al,...,AT):TF

Indeed, the induction hypothesis applies for each part 7;, so we only keep terms corresponding to sequences

of arrangements for which two numbers in the same part of 7w are in the same part of w(A44,...,A,).
Besides, when we make the product e, we take only disjoint set of indices (using Lemma []), so two
numbers in different parts of m cannot be in the same part of 7(A44,..., 4;).

We use now the inductive definition of kd:

EYZ, X)) = Sy X — Z B ( Dier,) o K'Y (Zicr,) o -+ 0 K Ziex,)
mA{[1,r]}

= Y c@--ci) - Y > C(A)---CA,)
V3, Aj E‘A(nvij) W#{ﬂlxr]]} v{’AAj e-’j(")xi])

— > C(A)---C(A),
Vi, AjEA(n,ij)
7T(A1 »»»»» AT):{IILT]]}

which is exactly the equality we wanted at rank r. 0
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Now, for every sequence of arrangements A1,..., A, such that w(A;,...,A,) is the trivial partition
{[1,7]}, the cardinal of |A; U---U A,| is smaller than é; + --- 4+ 4, — (r — 1), because one has at least
r — 1 equalities between different elements of these arrangements. So, k'4(X;,,..., ¥; ) can be written as

a linear combination of X\ with |A| <43 + -+ 4, — (r — 1), which ends the proof of equation (IT.

Finally, equations (I0) and (1), together with Lemma [I7, end the proof of Lemma

5.2. Computation of covariances. Now, let us compute explicitly the limit (co)variances of the
rescaled deviations of the Y. First, note that if [ and m are two positive integers, then:

k* (21, Sm) = E[Z) @ D] — E[Z)] E[Zn] = E[S1m] — E[Z1] E[Z)0]

1— l4+m 1— l4+m
_ (1 _(ZJ)l,m (nu+m _pH n¢m) — _lm (1 _(Z)l,m pltm=1 4 O(nl+m72)
The last identity follows from the development of the falling factorial:
e =k _ k(k; 1) nk-1 + O(nk72)

Now, we can compute the higher term of the standard cumulant k(X;, X,,,) if we use the graded develop-
ment of X; X, — X ,, in the algebra of observables:
k(X X)) = K4, D) + k(2 Zm) = E[5 20 — Zim] + (21, Zm)

(1 _ q)ler
1— ql,m
=Im (1 _ )l-‘rm 1 _ 1 nl-i—m—l + O(nl+m—2)

- q 1— qlerfl,l 1— ql,m

We have therefore proved:

Proposition 19 (Fluctuations of X). If we denote Zn 41 = V/n(Zg/n* — (1 — q)*/(1 — ¢¥)), then
(Zn.gk)2<k<k converges in law towards a gaussian vector (Zyr)o<k<i, with the following covariance
matrix:

=E[lm X4m_1] —Im n! Tl L O(nttmT2)

1 1
k(Zq1s Zgm) = Im (1- q)l+m (1 — gltm—11 1 qz,m>
End of the proof of Proposition[I2 It turns out that the sequence (W, ¢ k)r>2 of the rescaled deviations
of power sums has the same limit law (Z, x)r>2. Indeed, we have already shown that the limit of the
rescaled deviations of power sums is a gaussian vector, and it suffices then to show that k(p;, p,,) has the
same higher term as k(X;, X,,). According to the proposition[7] each symbol X} is a rational polynomial
in the p;< with higher term pj. So, we can use the multi-linearity of joint cumulants to write:

k(X X)) = k(pr, pm) + (cumulants of observables a;, b; with dega; + degb; < I+ m).
But if @ and b are two observables of degree A and B, then we have seen that k(a,b) is a O(nATB~1),

As a consequence, the remaining terms are all O(n!*™~2). This ends the proof of Proposition [I5l |

Remark 5. Lemma implies also that the rescaled g-characters converge towards a gaussian vector.
But for these g-characters, we are unable to give a general formula for the covariance because one has no
good description of the product X, , Xy ,. However, we can compute it for some given partitions p and

A: for instance,
E[(X24)% _ (a1 —0q)°
n4 - (1 +q+q2
Note that this value does not vanish except for ¢ = 1, which means that the g-character x,(21"2) has
fluctuations of order n=/2 (and not n~' as in the case ¢ = 1). This seems to be also the case for the
other g-characters.

) n~! + lower degree terms.
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5.3. Fluctuations of rows. As before, we denote by X the probability measure on [—1, 1] associated
to a Young diagram A, and by X, the limit probability measure of the X, under the g-Plancherel
measures. If f € €1([—1,1]) is a continuously differentiable function on [—1;1], we define the rescaled
deviation of f under g-Plancherel measure. It is the random variable D,, 4(f) obtained by composition
of g-Plancherel measure by the function:

A= /i (Xk(f) - XOO;q(f)) )
where p(f) is a short notation for fil fdu.

In this context, the convergence in law of rescaled power sums can be reformulated as a convergence

in law of the vector (qu(xl))KKlC towards a gaussian vector (Zg,;) of covariance matrix:

k(Zgts Zggm) = Xoog(+ D) (m+ 1) 2'2™) — ([ 4+ 1)(m + 1) Xooyg(2') Xooyg(a™);
= Xooyg ((xlﬂ)/ (xmﬂ)/) — Xooyg ((zlﬂ)/) Xooig ((xm+1)/) .
Recall that with respect to the ¢'-topology, R[X] is dense in the space of continuously differentiable
functions ¢1([—1,1]). By using this density together with the bilinearity of D, , and covariance, we

conclude that for any functions fi, fo,..., fr € €*([—1,1]), the vector of rescaled deviations D, ,(f;)
converges towards a gaussian vector (Zg;y, )ic[1,r] of covariance matrix:

k(Zg., Zq;fj) = Xooyg ((zfs) (xfj)l) — Xooig ((zfi)") Xooiq ((Uﬁfg)/) .

Proof of Theorem[2. 1fi > 1, we denote by f; a class ¥ and non-negative function such that f;(z) = 1 on
a vicinity V; of ¢! (1 — ¢) and fi(z) = 0 outside a vicinity W; D V;, ¢f. figure[5l We shall also suppose
that the W; are disjoint open sets; in particular, Xe.q(fi) = ¢""*(1 — ¢). Since f/(¢""'(1 —¢q)) = 0,
(xf:) (¢ (1 —q)) = fi(¢""*(1 — q)) = 1, and as a consequence,

Xooig((x fi(2))?) = Xosq((@ fil2)) )2 = ¢ (1 —q) = V(1 - 9)%.

¢ (1-q)
I T

W;

FIGURE 5. Graphical representation of the test function f;.

Moreover, f; f; = 0 for all i # j, and the same holds for f; f}, f/ f; or f! f. Therefore, the covariance
matrix of the corresponding limit gaussian vector (Zg.,)i>1 is:

Noiq (2 fi(@)) (2 f5(2))") = Xooiq (2 fi(2))") Xooiq (2 f5(2))) = —Xoosq (2 fi(2))") Xooiq (z f5(2)));
_ _(1 _ q)2 qi+j—2'

Finally, for n big enough and outside a set of arbitrary small probability, af(X)/n is in V;, aj_{(A)/n is

in V;_1 and aj,(\)/n is in Viy,. Thus, with a probability close to 1, the support of X and the support

of f; # 0 intersect only at af(\)/n, and X»(fi) = ai(\)/n. As a consequence,

*

Jn <CLZT()‘) —¢ 1 - q)) = Vn (Xa(fi) = Xooig(fi))

outside a set of arbitrary small probability, and the repartition functions of these random variables have
the same asymptotic behavior. Theorem 2] follows then from the estimation af(A) = A; + O(1). O
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6. SCHUR-WEYL REPRESENTATIONS

In this section, we use the same tools to study other measures on partitions and to describe asymp-
totically the shape of the diagrams. The purpose of this section is to show that our method works as
soon as the typical length of the first rows of the diagram is of order n® with a > 1/2 and not only with
a=1.

6.1. Decomposition of tensor representations. We consider the following representation of the sym-
metric group: &, acts on the space (CV)®" by commuting the vectors of the pure tensors. Its character is
very easy to compute: x(p) = NP, where £(p) is the number of parts of the partition p (or, equivalently,
the number of cycles of any permutation of type p).

This representation can be decomposed into irreducible representations of &,,: let us denote my the
multiplicity of the irreducible module S). We associate to this decomposition the following measure on

partitions

my - dim(S)\)
In other words, P[}] is the dimension of the isotypic component of type A divided by the total dimension
of the module (CV)®". Note that this is a very natural way to construct measure on Young diagrams of

a given size: the same construction with the regular representation gives rise to the Plancherel measure.

An interesting thing with this kind of measure is that the expectation of rescaled character values is
proportional to the character of the representation. In the case we are looking at (the action of &,, on

(c)em),
E[x,] = el X0

N’n,
= pel . ) =lpl,

Let us finish this paragraph by a little remark. By Schur-Weyl duality, one has the following isomorphism
of &,, x GL(N, C)-modules
(CM)Em @VA ® Ua,
AbFn
where Uy is an irreducible GL(N, C)-module. Moreover, the dimension of Uy is the number of semi-
standard tableaux of shape A with entries lower or equal than N. So,
standard tableaux semistandard tableaux
{ of shape A H ' H of shape A (entries < N) H
Nn
This implies, as mentioned in paragraph [[LZ3] that this measure is in fact the image of the uniform
distribution on words of length n and letters from 1 to N by RSK algorithm.

PA =

6.2. Asymptotic shape of the diagrams. In the previous paragraph, we introduced some measure
on Young diagrams of size n. Here we are interested in the asymptotic shape of typical diagrams when
n tends to infinity. That means, as the measure we introduced also depends on an other parameter IV,
that we have to choose a value of NV for each n. The case where the parameter N is equivalent of an
expression of the kind 1/¢-n® with « > 1/2 has already been solved by P. Biane [Bia0ll, paragraph 3.1].
So we will look at the case av < 1/2.

Using the formula for expectation of normalized character values of the previous paragraph, one has:

(12) E[X,] = ntlel . N =lel o clol=€(p)  lpl+al(p)—alp|

As in section [ the first step is to show that the power sums have the same asymptotic behavior. Lemma
[[Tis true in this context, but not strong enough to obtain such a result. Unfortunately, with the gradation
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we give in section Bl it is not possible to have a stronger upper bound. Thus one has to introduce another
gradation on 0.

6.2.1. Gradations on O. Let us define (this may not be an integer, but it does not matter):

deg,, (pp) = |p| + al(p) — alpl.

As in the case a = 0, the expression of Y in terms of power sums (Proposition [7]) gives us the degree
and the top homogeneous component of X,,.

Lemma 20. For any p € %, one has:
X, = pp + terms of lower degree.

Proof. Tt is enough to prove this for p = (k). Note that the a-degree can be written as:
dego(pa) = (1 = 20)[Al + a(|A] + £()).

(1) The first term is a positive multiple (recall that o < 1/2) of the usual gradation, so if p) appears
with a non-zero coefficient in X, one has |\| < k, with equality if and only if A = (k).

(2) The second term is a non-negative multiple of 2deg; /5(A) = |A[ + £(A). An easy consequence of
Proposition [ is that all p) appearing in X fulfill the condition |A| + ¢()\) < k + 1. Note that
we do not have the same necessary condition of equality as before: in fact, deg; /2 1s a classical
gradation of & (see [I002]), for which the top homogeneous component of X, is not p,,.

Finally, X', has degree |p| + al(p) — a|pl|, and its top homogeneous component for the new gradation is
Dp- O

6.2.2. Convergence of rescaled power sums and concentration of characters. Using equation (I2]), one has
the following analog of Lemma [TT] (the gradation has been chosen in this purpose):

Lemma 21. For any x € O, one has: E[z] = O(nd®8(®)),
Now, we have all the tools to prove the convergence of rescaled powers sums:

Proposition 22. Let (N,,)n,>1 be a sequence of positive integers such that Ny, ~ c-n® for some o < 1/2.
Under the measure associated with the action of symmetric groups on the spaces (CN#)®"  one has the
following convergence in probability:

Pk
nk+a—ak

— L

Proof. Equation ([I2)), Lemma 20 and Lemma 2T imply that:
Elp,] ~ cP=p) |l +at(p)—alp|
The result follows thanks to Bienaymé-Chebyshev inequality as in the case a = 0. g

Corollary 23 (Concentration of characters). Under the same assumptions, in probability,

2

Tz el
nlel+atl(p)—alp|
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6.2.3. Consequences on the shape of diagrams. To deduce some results on the shape of diagrams from
the convergence of the quantities pp/(n*T*~2%), one has to interpret them as the moments of some
measure-valued random variables. Therefore we define for a Young diagram A the measure:

d

Xna = (a;(N)/n' ™)

i=1

O(az(n)/n1==)

nOt

O(_p+ I—a

* 1- (=b;(N)/n'—)

(57 () o) HEA

With this definition, Proposition can be read as the convergence in probability of the moments of
this random-valued measure towards the sequence (1,c,c?,...), which is obviously the sequence of the
moments of the measure 6.

As explained in Lemma [I4] this implies the convergence of the repartition functions. It is an easy
exercise left to the reader to show that this convergence can be reformulated as in Proposition Bl

Remark 6. The vector space (CV)®" is also a representation of the unitary group Uy and, using Schur-
Weyl duality, its isotypic components under the action of Uy are the same as under the action of S,.
As a consequence, results of article [CSOQJ can be used to study the asymptotic shape of the diagram. It
turns out that, in the case a < 1/2, this approach gives finer results than ours. Nevertheless, as they are
two independent parameters, the space (CV)®" remains a good example to show that our method works

with any intermediate decay of character values between O(1) and O(\/ﬁ_‘pH_é(p )).
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