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Introduction

A ttheul ti m atestateofdam age,quasi -bri ttl em ateri al scan beregarded asgranul ar m ateri al s w hose behavi or,due to grai n i nterl ock,i s strongl y dependent on the con nem ent. C l assi cal yi el d cri teri a (M ohr-C oul om b, D rucker-Prager, . . . ) use the con nem ent (the hydrostati c strai n) as a rei nforcem ent factor. B ut there i s experi m entalevi dence that el asti ci ty of pow der m ateri al s, thus thei r free energy,al so depend on i t [ 1] . T hatpoi nti sgeneral l y nottaken i nto account i n dam age m odel s. A s a consequence,the l arge di l antancy observed at these states,for exam pl e on concretes [ 2,3] ,i s poorl y descri bed by cl assi caldam age m odel s as apparent Poi sson' s rati o cannot exceed 0. 5,the l i m i t for l i near el asti ci ty,w hi l e experi m ents exhi bi t greater val ues. A nother speci ci ty ofconcrete behavi ori s the very di erentcrack angl esobserved i n tensi on and com pressi on. In m ostdam agem odel s,theH adam artand R i cecri teri on [START_REF] W R Udni Ckiand J R I Ce | C ondi ti ons for the l ocal i zati on ofdeform ati on i n pressure-sensi ti ve di l atantm ateri al s[END_REF][START_REF] En E B I L L Adon | O n l ocal i zati on i n ducti l e-bri ttl e m ateri al s under com pressi ve l oadi ngs[END_REF]l eadsto thesam e l ocal i zati on angl e i n both cases.Furtherm ore,fora concrete speci m en,even after a rupture i n tensi on,som e carryi ng capaci ty i n com pressi on rem ai ns: thi s i m pl i es a dam age l evelat the onset ofl ocal i zati on m uch l ower i n tensi on than i n com pressi on. T he present m odel descri bes these e ects that are general l y m i ssed by m ost ofdam age m odel s.

T hi swork,i n conti nui ty w i th [START_REF] Le | C ontribution a l a m od el isation du com portem entdesb etons[END_REF] ,consti tutesan attem ptto use a non convex potenti ali n the el d ofdam age m echani cs. For thi s reason,a si m pl e i sotropi c dam agel aw i sconsi dered.A si n the K el vi n' sapproach ofel asti ci ty [START_REF] Ski | O n hooke' s l aw[END_REF] ,pl asti ci ty theory,soi lm echani csand som e dam age m odel s [START_REF] Pi | O n ani sotropi c dam age theory. Fail ure criteria ofStructured m edia[END_REF] ,the i sotropi c and devi atori c decom posi ti on i s used. T he retai ned yi el d cri teri on [START_REF] Coi | A new yi el d cri teri on for the concrete m ateri al s[END_REF]i s sm ooth and convex. T he m odeli s i denti ed w i th respect to the wel lknow n uni axi aland m ul ti axi al testi ngs of [ 3] .

C onstitutive law

H elm holtz free energy. T he dam age l eveli s descri bed by the scal arvari abl e d that ranges from 0 for sound m ateri alto 1 for ful l y dam aged m ateri al [START_REF] Lem Ai Tre | A C ourse on D am age M echanics[END_REF] . T he presentm odeli san i sotropi c one:the hydrostati c and devi atori c parti ti ons ofthe stress = h + d and the strai n " = " h + " d are used (detai l s are gi ven i n A ppendi x A ).T he state vari abl es(" d ;" h ;d)descri be the m ateri al ' sstate and, w i th respectto the general i zed standard m ateri alfram ework [START_REF] Uoc Son N Guyen | Sur l es m at eri aux standards g en eral i s es[END_REF] ,the associ ated therm odynam i c forcesare respecti vel y ( d ; h ;Y )w here Y i sthe energy rel ease rate densi ty. T he proposed free energy i s:

2 (" d ;" h ;d)= 3K " h :" h + 2 1 d(1 + 2'" h ) " d :" d ;
(1) w here " h = tr(")= p 3 (A ppendi x A ). T he new constant i ntroduced i s ', the other ones are the m ass densi ty and the bul k and shear m odul i ,respecti vel y K and . T he rol e of' w i l lbe detai l ed further but i t can be al ready seen that i t i ntroduces a cubi c term i n the free energy and that setti ng ' = 0 l eads to a si m pl e dam age m odeli n w hi ch onl y the devi atori c part i s a ected by dam age. T hi s choi ce has been m ade i n orderto getri d ofthe uni l aterale ectofdam age on bul k m odul us (that com es from crack openi ng and cl osure) because the use of posi ti ve parts of the strai n tensor i nduces di cul ti es associ ated w i th non regul ar free energy [START_REF] Pi Erre B Ernard B Adel ; B Apti Ste Lebl Ond | A ppl icati on ofsom e ani sotropi c dam age m odelto the predi cti on ofthe fai l ure of som e com pl ex i ndustri alconcretestructure[END_REF] . In Eq.1 tensors " h and " d can be repl aced by thei r al gebrai c val ues " h and " d (A ppendi x A ).

Stress to strain relationship. T he hydrostati c and devi atori c stresses,as therm odynam i c forces,are obtai ned by di erenti ati on ofthe free energy w i th respect to " h and " d :

h = 3K " h 2 p 3 'd(" d ) 2 I; (2) d = 2 1 d(1 + 2'" h ) " d : (3) 
Setti ng d = 0 l eads to recover the l i near i sotropi c el asti ci ty l aw i n the K el vi n' s decom posi ti on form [START_REF] Ski | O n hooke' s l aw[END_REF] . T he devi atori c stress and strai n rem ai n col l i near together(and col l i nearto the uni tary tensorD ,see A ppendi x A ).O nce projected on the orthogonaltensor base (I;D ),the previ ous expressi on becom es:

h = 3K " h 2 'd(" d ) 2 ; ( 4 
) d = 2 1 d 2'd" h " d : (5) 
Letussupposean i m posed devi atori cstrai n w hi l ethehydrostati cstrai n rem ai ns equalto zero (i sochori c transform ati on) then a con ni ng pressure ( h < 0) i s necessary to keep the vol um e unchanged:

h (" h = 0;" d )= 2 'd(" d ) 2 : (6) 
Letussupposenow thatthedevi atori cstrai n i sjoi ned w i th an hydrostati cstress i m posed equalto zero then an i nduced di l atati on " h > 0 ari ses:

" h ( h = 0;" d )= 2 'd(" d ) 2 1 d : (7) 
T hese two aspectsare rel evantto the di l atancy e ecti n concrete-l i ke m ateri al s.

T he m i cro-m echani calpoi ntofvi ew associ ated to these e ectsi sthe surm ounti ng ofconcrete parti cl es,i nduci ng voi ds creati on,that ari ses under i rreversi bl e sheari ng [START_REF] Yazdaniand | A n ani sotropi c dam age m odelw i th di l atati on for concrete[END_REF][START_REF]coi sand G i anniR oyerC arfagni .Structured deform ati on ofdamaged conti nua w i th cohesi ve-fri cti onalsl i di ng rough fractures[END_REF] . E lastic tangent m odulus. T he tangentm odul usi sde ned asH = d =d". In caseofel asti ctransform ati on,d rem ai ns xed,then H reducesto H 0 = @ =@". From the stress to strai n rel ati ons (2,3),we have:

H 0 = 3K 2~ 3 I I + 2~ I I " d + " d I ; (8) 
2~ = @ d @" d = 2 (1 d) 4 'd" h ; (9) = 4 'd p 3 : (10) 
In thi s expressi on I i s the fourth order i denti ty w hose expressi on i n i ndex form i s [ I] ijkl = ( ik jl + il jk )=2, the sym bol refers to the tensor product and (from Eq.5) ~ represents the apparentshear m odul us. T hen H 0 has the i ndex sym m etri es ofan el asti ci ty tensor: [

H 0 ] ijkl = [ H 0 ] klij = [ H 0 ] ijlk .
Inverse stress to strain relationship. W hen d 6 = 0,(the case d = 0 i s strai ghtforward),repl aci ng " h i n Eq.5 by i ts val ue (Eq.4)gi ves, rst," d asthe sol uti onsofa thi rd orderequati on and,second,the rel ati on between " h and " d :

(" d ) 3 + p" d + q = 0; p = 2'd h 3K (1 d) 4 ' 2 d 2 ; q = 3K d 8 2 ' 2 d 2 ; " h = h + 2 'd " d 2 3K : (11) 
T he di scri m i nant = (p=3) 3 + (q=2) 2 l eads to anal yse from one to three real sol uti ons. T hi s non uni vocali nverse rel ati onshi p woul d not be used i n ni te el em ent cal cul ati on,but we shal lhave to consi der these three possi bi l i ti es for the sem i -anal yti calresol uti ons i n Sec.5 and 6.

3 Free energy analysis

T he proposed H el m hol tz non convex free energy exhi bi tscom pl ex behavi orthat has to be careful l y studi ed. Fi g.1 show s the contour pl ot of the free energy de ned by Eq. 1. T he transform ati on A PC Z i s the com pressi on studi ed i n Sec.5 and the dam age val ue retai ned for the draw i ng i s d(C ), the m axi m um reached duri ng thi s transform ati on.

Fi gure 1: Iso-val ues ofthe free energy i n the D rucker-Pragerpl ane for d= 0. 64 P ositivity ofthe free energy. Itsi gni esthatthe m ateri alcannotrestore m oreenergy than hasbeen stored i nsi de.In l i nearel asti ci ty,i ti sassoci ated w i th the posi ti veness of the K el vi n' s m odul i(3K ;2 ) and i nfers cl assi c bounds for the Poi sson' srati o ( 1 6 6 0: 5). In the generalcase,from Eq.1 we have:

< 0 , " d > s 3K 2~ " h : (12) 
T hi s condi ti on corresponds to the forbi dden dom ai n i nsi de the curve = 0 i n Fi g.1. It onl y exi sts w hen ~ < 0. It w i l lbe show n i n Sec.3 that i t cannot be reached duri ng a transform ati on because l ocal i zati on occurs at l east w hen ~ = 0. P articular lines. Li nesofi nterestare the l ociof d = 0 and h = 0. From Eq.5 we have:

" h = 1 d 2'd ) d = 0: (13) 
From Eq.9,thi s corresponds to ~ = 0. O n the ri ght si de ofthi s l i ne on Fi g.1, ~ < 0. T he second sol uti on for d = 0 i s m ore cl assi cal l y " d = 0. T he l ocus of h = 0 (Fi g.1) i s gi ven by Eq.4:

" d = s 3K " h 2 'd ) h = 0: (14) 
B etween the devi atori c axi s " h = 0 and thi s l i ne, " h > 0 and h < 0. T hi s represents the di l atancy e ect ofthe m odel : the devi atori c strai n i nduces di l atancy even i fthe m ateri ali s under (m oderated) pressure. T he saddl e poi nt H i s de ned as the i ntersecti on ofthe two l i nes h = 0 and d = 0,we have:

" h (H )= 1 d 2'd ; " d (H )= 1 2'd s 3K (1 d); (H )= 3K (1 d) 2 8' 2 d 2 : (15)
A s (H ) = 0, i t corresponds to an unstabl e free stress state w i th "(H ) 6 = 0. Fi nal l y,i tcan be easi l y show n thatthe poi ntN ,correspondi ng to the m i ni m um devi atori c strai n for = 0 i s such as:

" h (N )= 2" h (H )," d (N )= p 2" d (H
). P ositivity of the energy release rate. T he energy rel ease rate Y i s associ ated w i th the dam age d:

Y = d dd = (1 + 2'" h )(" d ) 2 : (16) 
T he therm aldi ssi pati on i s _

q d i = Y _ d.
A s dam age d cannot physi cal l y decrease, i ts posi ti veness i m pl i es that i fY i s negati ve,the evol uti on ofthe dam age m ust stop:

" h < 1 2' ) _ d = 0: (17) 
In the exam pl e ofSec.5,' = 160 then thi s condi ti on i s " h < 3: 1210 3 . T hat regi on, denoted as _ d = 0 on Fi g. 1 corresponds to hi gh con nem ents out of m ost practi calappl i cati ons (far to be reached i n the presented exam pl es); i t i s strongl y due to the i ni ti alchoi ce ofdam age acti ng onl y on the hydrostati c part. O ne can rem ark that som e experi m ents tend to con rm the exi stence of a dam age l ocki ng at hi gh con nem ents [START_REF] Url I On | C om paction des b etons : el em ents de m od el isation et caract erisation exp erim ental e. Phd thesi s[END_REF] .

Localization. T he H adam art and R i ce cri teri on [START_REF] W R Udni Ckiand J R I Ce | C ondi ti ons for the l ocal i zati on ofdeform ati on i n pressure-sensi ti ve di l atantm ateri al s[END_REF][START_REF] En E B I L L Adon | O n l ocal i zati on i n ducti l e-bri ttl e m ateri al s under com pressi ve l oadi ngs[END_REF]ofl ocal i zati on authori zes the exi stence ofa l ocal i zati on pl ane (a concentrati on ofl arge strai ns) orthogonalto the uni t vectorñ as soon as: det(ñ: H : ñ)6 0:

A l though we sti l lconsi der here el asti c transform ati ons,we assum e thi s l ocali zati on to correspond to the appari ti on ofa m acroscopi c crack.O nce appeared, the dam age m odelceases to appl y as the body i s spl i t i nto pi eces: i t i nfers a restri cti on to the dom ai n ofde ni ti on ofthe m odel . A m ong possi bl e vectorsñ, we consi derñ I ,an ei genvector ofthe strai n devi ator tensor,then " d : ñI = " d I ñI , w here " d I i s the correspondi ng ei genval ue of" d (a pri nci paldevi atori c strai n). A s H = H 0 i n thi s case,Eq.8 gi ve:

ñI : H 0 : ñI = 3K + ~ 3 2 " d I ñI ñI + ~ I: (19) 
T he determ i nant ofthi s expressi on i s:

det(ñ I : H 0 : ñI )= ~ 2 3K + 4~ 3 2 " d I : (20) 
T hi s show s that ~ = 0 i s a su ci ent condi ti on of l ocal i zati on. T he dom ai n (grayed) on the ri ght si de of thi s l i ne i n Fi g. 1 w i l lnot be concerned by the possi bl e evol uti ons. From Eq.12,i t al ways contai ns the dom ai n 6 0. From Eq.63," d I > " d = p 6 > 0,consi deri ng that K , ~ and are posi ti ve and usi ng Eq.9 and 10,we obtai n a second su ci ent condi ti on for l ocal i zati on:

" d > 3K + 4 (1 d) 4 p 2 'd p 2" h : (21) 
T he correspondi ng l i ne i s denoted as on the Fi g.1. T he l ocal i zati on occurs at l east w hen a transform ati on reaches the l i nes or ~ = 0;the dom ai n above them (grayed)i s not concerned by possi bl e evol uti ons.

O ther rem arks about stability. T he currentl i ne ! passes by the saddl e poi nt H .From i ts de ni ti on _

" h = h = _ " d = d com es: 2 (1 d)" d _ " h 4 'd" h " d _ " h = 3K " h _ " d 2 'd(" d ) 2 _ " d : (22) 
T hi sexpressi on hasno si m pl e anal yti c sol uti on and ! hasbeen draw n on Fi g.1 w i th a steepest sl ope al gori thm . B el ow !, the stress tends to bri ng back the system to the stabl e ori gi nalstate 0;above ! i ttendsto m ake the system reach the dom ai n above the l i ne w here the l ocal i zati on occurs. T hen the dom ai n between ! and can be consi dered as unstabl e, l eadi ng to an i nstantaneous evol uti on towards the l i nes and ~ = 0 w here the l ocal i zati on occurs. by [START_REF] Coi | A new yi el d cri teri on for the concrete m ateri al s[END_REF] . Its shape,sm ooth and convex,can be regarded as a softened approxim ati on ofthe Von M i ses and R anki ne cri teri ons. It i s i n good agreem ent w i th the el asti c l i m i t i denti ed by [ 3]i n bi axi altesti ngs (Fi g.2). T he rst m em ber correspondsto the Von M i sesexpressi on;the second one,due to a tensorexponenti al ,grow thsqui ckl y forposi ti ve val uesofany pri nci palstress.T he m ateri al constants are y ,that pri nci pal l y rul es the l i m i t stress i n com pressi on and 0 , that strongl y i n uences the tensi on to com pressi on stress rati o. T he functi ons g(d) and h(d),w i th g(0) = h(0) = 1,are hardeni ng functi ons (w hose detai l ed expressi ons are gi ven by Eq.47 and 48).

D issipative behaviour

f( ;d)= j j d j j g(d) + 0 h(d) exp 0 p 3 y : (23) 
N am i ng ( I ; II ; III ) the ei genval uesofthe stress tensorand consi deri ng sound m ateri al(d = 0),thi s cri teri on w ri tes:

f( I ; II ; III ;d = 0) = r ( II III ) 2 + ( III I ) 2 + ( I II ) 2 3 + 0 s exp 2 I 0 + exp 2 II 0 + exp 2 III 0 p 3 ! y : (24) 
T he i denti cati on of( 0 ; y ) i s done w i th respect to the m easured el asti c l i m i t stresses c = 9: 98 M Pa i n pure com pressi on and t = 1: 29 M Pa i n pure tensi on. T he di erence f( t ;0;0;0) f( c ;0;0;0)gi ves:

0 s exp 2 t 0 + 2 + t r 2 3 = 0 s exp 2 c 0 + 2 c r 2 3 : (25) 
T hi s equati on accepts a num eri c resol uti on gi ven by the i ntersecti on ofthe two functi ons of 0 that correspond to l eft and ri ght m em bers. T hi s i ntersecti on i s uni que because each one i s m onotoni c. T he val ue of y i s obtai ned from f( t ;0;0;0)= 0 or f( c ;0;0;0)= 0. N um eri calval ues of( 0 ; y ) are reported i n tabl e (1).

Tangent m odulus and evolution equation. In case ofdi ssi pati ve transform ati on,the consi stency equati on df( ;d) = 0 and the di erenti alof (";d) gi ve the dam age evol uti on dd:

dd = @f @d + @f @ : @ @d 1 @f @ :H 0 :d": (26) 
and the expressi on ofthe tangent m odul us H = d =d":

H = " I+ @f @d 1 @ @d @f @ # 1 :H 0 : (27) 
T he i nverse of the fourth rank tensor can easi l y be obtai ned i n a conveni ent tensori albase [START_REF] Ski | O n hooke' s l aw[END_REF]asthe i nverse ofa 6x6 square m atri x.T he i nvol ved deri vati ves are obtai ned w i thout di cul ty from Eq.2,3 and 23:

@f @d = j j d j j g 0 (d) g 2 (d) 0 h 0 (d) h 2 (d) exp 0 p 3 ; (28) @f @ = d g(d)j j d j j + 1 h(d) exp(2 = 0 ) j jexp( = 0 )j j ; (29) 
@ @d = 2 '(" d ) 2 I p 3 2 (1 + 2'" h )" d : (30) 
T he el asti ci ty equati ons(2,3),the yi el d condi ti on [START_REF] Truski Novsky | T herm odynam i cs of ratei ndependant pl asti ci ty[END_REF]and the evol uti on equati ons(26 to 30)consti tute thesetthati srequi red forthe useofthem odelw i thi n a FEM code.

Tension and com pression sim ulation

Stress to strain relationship. T he stress tensor expresses as = ẽ1 ẽ1 . D ue to the i sotropy ofboth the m ateri aland the m odel ,the strai n tensorw ri tes:

" = 2 4 " 0 0 0 ~ " 0 0 0 ~ " 3 5 : (31) 
w here " i sthe uni -di m ensi onalstrai n and ~ the apparentPoi sson' srati o.U si ng the projecti on equati ons(57,58)and denoti ng D = " d =j j " d j j(see A ppendi x A ), we have: (32)

D = si gn("(1 + ~ )) 2 
" h = 1 2~ p 3 "; " d = r 2 3 j "(1 + ~ )j: (33) 
U si ng these equati ons i n Eq.4 and 5 l eads to two expressi ons for the stress to strai n rel ati onshi p:

= 3K (1 2~ )" 4 'd p 3 (1 + ~ ) 2 " 2 ; (34) = 2 1 d 2'd 1 2~ p 3 " (1 + ~ )": (35) 
El i m i nati ng between them gi ves a second order equati on i n ~ :

~ 2 12 'd p 3 "+ ~ 2 (1 d)+ 6K + 12 'd" p 3 + 2 (1 d) 3K = 0: (36)
Eq. 34 or 35 gi ves from zero to two sol uti ons for a gi ven strai n " (these sol uti ons correspond to di erent val ues of~ ,then to di erent strai n tensors ").

D issipative transform ations equations. T he yi el d functi on (23) becom es:

f ( ;d)= r 2 3 j j g(d) + 0 h(d) s exp 2 0 + 2 p 3 ! y : (37) 
A s i n the general3D case,from the di erenti alof (";d) and the consi stency equati on df ( ;d)= 0 i s obtai ned the stress to strai n di erenti alrel ati onshi p:

d @f @d + @f @ @ @d = @f @d @ @" d": (38) 
From Eq.37 we have:

@f @ = r 2 3 si gn( ) g(d) + exp 2 0 h(d) r 2 + exp 2 0 ; (39) 
@f @d = r 2 3 j j g 0 (d) g 2 (d) 0 h 0 (d) h 2 (d) s 2 + exp 2 0 p 3 ! : (40) 
From the stress to strai n rel ati onshi p (Eq.34, 35 and 36),the fol l ow i ng deri vati ves,i n w hi ch @ =@" i sthe tangentYoung m odul usand the di scri m i nant(i n Eq.36),are obtai ned:

@ @" = 3K (1 2~ ) 8 p 3 'd(1 + ~ ) 2 " 3K + 4 p 3 'd(1 + ~ )" 2" @~ @" ; (41) 3 2 "(1 + ~ ) @ @d = 2' p 3 2" @~ @" 1 + 2~ (1 + ~ )" 1 + 2' 1 2~ p 3 " 2(1 + ~ )+ 2" @~ @" ; (42) 2" @~ @" = (1 + 2~ ) 2 (1 d)+ 12 'd"= p 3 p : (43) 
Localization in tension and com pression. In thetensi on orcom pressi on state,the axi s 1 i s the sym m etry axi s. A s axi s 2 and 3 have an equi val ent rol e, we can de ne w i th no restri cti on ñ i n the pl ane [ ẽ1 ;ẽ 2 ] as: ñ = cos( )ẽ 1 + si n( )ẽ 2 . For di ssi pati ve transform ati ons,the generalequati ons ofSec.4 al l ow to com putedet(ñ: H : ñ)num eri cal l y by searchi ng i tsm i ni m um val uew i th respect to . T he non convex potenti alauthori zes possi bl e l ocal i zati on duri ng el asti c transform ati ons.From Eq.8 we have:

ñ: H 0 : ñ = 2 4 b+ (a + 4c)cos 2 ( ) (a + c)si n( )cos( ) 0 (a + c)si n( )cos( ) b+ (a 2c)si n 2 ( ) 0 0 0 b 3 5 ; (44) 
a = K + 3 (1 d) 2 3 p 3 'd(1 2~ )"; b= (1 d) 2 p 3 'd(1 2~ )"; c = 4 3 p 3 'd(1+ ~ )": (45) 
Identi cation. T hei denti cati on oftheYoung M odul usE = 31: 2 G Pa and the Poi sson' s rati o = 0: 162 bei ng very cl assi c,they w i l lnot be detai l ed;the correspondi ng bul k and shear m odul i(K ; ) are gi ven i n tabl e (1). T he procedure ofi denti cati on of( 0 ; y )i sgi ven i n Sec.4.El i m i nati ng d between Eq.34 and 35 gi ves the fol l ow i ng expressi on that can be used w i th the experi m ental data i n order to determ i ne ':

' = p 3 2 =" 3K (1 2~ ) 3K "(1 2~ ) 2 2 "(1 + ~ ) 2 + ~ : (46) 
T he hardeni ng functi ons g(d) and h(d) are i denti ed w i th respect to the transform ati on A C (see Fi g.3). T hei r structure has been chosen i n order to have a sm ooth transi ti on at the yi el di ng poi nt A . U niaxialcom pression sim ulation. T hesetofequati ons(31 to 43)de nes the strai n dri ven com pressi on and tensi on curves (Fi g.3 and 4),al l ow i ng the com pari son w i th K upfer' s data (ci rcl es). T he com pressi on starts by the l i near el asti c transform ati on O A ,w i th d = 0. T he m ateri albegi ns to yi el d atpoi nt A w here (A )= c . T he transform ati on A B C correspondsto the dam age grow th, up to poi nt C w here d(C )= 0: 64. T he l ocal i zati on cri teri on i s never reached duri ng A B C .A t poi nt P, ~ = 0: 5: the m ateri albegi ns to di l ate. U nl oadi ngs such asO B O ford = 0: 5 and O C O ford = 0: 64 revealweak nonl i nearel asti ci ty: i tcan benoti ced thatthecurvatureofO C (thetangentm odul usdecreasesasthe l oad i ncreases)i squal i tati vel y i n good agreem entw i th theexperi m entsof [START_REF] Sal Ah R Am | C ontribution a l a m od el isation du com portm entm ul tiaxial du b eton endom m ag e avec description du caract ere unil at eral[END_REF]for exam pl e. O fcourse hysteresi s l oops or perm anent strai ns are not descri bed by the presentsi m pl e form ofthe m odelthatdoesnottakesi nto accountpl asti ci ty e ects. Poi ntC correspondsto a hori zontalsl ope for the transform ati on.T hen d = 0 and,asthe val ue of@f=@d 6 = 0 atthi spoi nt,Eq.38 show sthat@ =@" = 0: the el asti c transform ati on O C Z has a al so an hori zontaltangent at poi nt C . A fterC ,@ =@" < 0,the transform ati on C Z i sa non l i nearel asti csofteni ng.T he dam age rem ai ns xed at d(C ). From som e poi nt just before Z,an unl oadi ng fol l ow s the unreal i sti c el asti c transform ati on ZC O (thi s aspect of the m odel rem ai ns to be enhanced). A t poi nt Z the l ocal i zati on condi ti on rel ati ve to the el asti c transform ati ons (Eq.45), i s reached and thi s poi nt i s cl ose to the Fi gure 3: U ni axi alcom pressi on si m ul ati on experi m ental breakdow n poi nt i denti ed by K upfer (al though thi s val ue has notbeen used duri ng the i denti cati on process).T he conti nuati on ofthe el asti c transform ati on after Z i s, for i nform ati on,draw n on Fi g.1; as " h and " d are dependent upon " by Eq.33,they becom e si m ul taneousl y equalto zero at the saddl e poi ntH .T he l ocal i zati on ari sesatpoi ntZ forthe angl e c = 56 degrees: the crack pl ane i s rather cl ose to the l oad axi s ẽ1 , as cl assi cal l y observed i n experi m ents. T he apparent Poi sson' s rati o ~ reaches 0. 70 at the poi nt Z and thi sl argeval ue,thatcannotbereached by a cl assi cdam agem odel ,i sresponsi bl e ofthe good descri pti on ofthe transverse strai n.

g(d) = 1 + g 0 p d; (47) h(d) = 1 d + h 0 ( p d d): (48 
U niaxial tension sim ulation. T he tensi on curve (Fi g.4) i s al so referred to poi nts A , B , C ' , Z w hose rol es are si m i l ar to the ones used i n com pressi on. T he yi el di ng occurs at poi nt A ,at the i denti ed val ue t that i s,accordi ng to K upfer and con rm ed by [START_REF]A cousti c em i ssi on and post-cri ti calm echani calbehavi our ofa concrete under tensi l e stress[END_REF] ,l ess than the hal fofthe peak stress: thi s resul t i s di erent from the cl assi c vi si on ofa fragi l e behavi or i n tensi on. A t poi nt C ' , @f=@d = 0 then (from Eq.38)the sl ope i s hori zontal .Iti s notreached because the l ocal i zati on occursbefore,atpoi ntZ,duri ng the di ssi pati ve transform ati on. If [START_REF]A cousti c em i ssi on and post-cri ti calm echani calbehavi our ofa concrete under tensi l e stress[END_REF]descri besa post-peak evol uti on,K upferdoesnot,nei therthi sm odelw i th the retai ned constants. A gai n,al though not used i n the i denti cati on process, the stress (Z) i s cl ose to the experi m entalval ue. T he angl e ofl ocal i zati on at poi ntZ i s t = 27 degrees,l eadi ng to a crack pl ane rathercl ose to be orthogonal to the tensi l e axi sẽ 1 ,ascom m onl y observed (m oreoverm ostofdam age m odel s suppose a crack at 0 degree). T he l ateralstrai n, due to l ow dam age val ues, rem ai ns very sm al l , consi stentl y w i th experi m ents. T he dam age val ue at the l ocal i zati on poi nt d(Z)= 0: 22 i s weak: al though i sotropi c,thi s m odelal l ow s to have a rupture i n tensi on and to keep a l oadi ng capaci ty i n com pressi on.

Fi gure 4: U ni axi altensi on si m ul ati on

E qui-biaxial sim ulations

In thi s secti on we consi der an equi -bi axi all oadi ng (strai n dri ven) i n order to val i date the m odel w i th the constants i denti ed i n tensi on and com pressi on. T he stresstensori s = (ẽ 2 ẽ2 + ẽ3 ẽ3 ). D ue to the i ni ti ali sotropy ofboth the m ateri aland the m odel ,the strai n tensor w ri tes: 

" h = 2 ^ p 3 "; " d = r 2 3 j "(1 + ^ )j: (50) 
U si ng these equati ons i n Eq. 4 and 5 gi ves two expressi ons for the stress to strai n rel ati onshi p:

= 3K 2 (2 ^ )" 2 'd p 3 (1 + ^ ) 2 " 2 ; (52) = 2 1 d 2'd 2 ^ p 3 " (1 + ^ )": (53) 
El i m i nati ng gi vesthe fol l ow i ng second orderequati on w hi ch acceptsfrom zero to two sol uti ons i n ^ :

^ 2 2 p 3 'd"+ ^ 2 (1 d)+ 3K 2 + 2 (1 d) 3K 2 p 3 'd" = 0: (54)
O ther cal cul iare si m i l ar to the previ ous case. E qui-biaxial com pression sim ulation. D i rectl y dependent upon the Fi gure 5: Equi -bi axi alcom pressi on si m ul ati on yi el d surface,the yi el d poi nt A (Fi g.5) i s wel ldepi cted. T he dam age i ncreases duri ng transform ati on A Z up to d(Z)= 0: 70,thi s val ue bei ng greater than the m axi m alone obtai ned i n uni axi alcom pressi on.A tpoi ntZ,(w hi ch i sbefore the poi ntC 'w here@f=@d = 0)the l ocal i zati on condi ti on fordi ssi pati vetransform ati ons(Eq.18)i sreached.T hel ocal i zati on angl ei s cc = 40 degrees,consi stentl y w i th K upfer' s postm ortem pi cture. T he coni calcrack shape i n Fi g.5 has been chosen i n order to respect the sym m etry axi s ofthe probl em . W i thout contradi cti on,the observed structure i spyram i dal ,thi s shape al l ow i ng the ki nem ati cs ofthe concrete pi eces. T he l ocal i zati on appears too qui ckl y and the l arge di l atancy i sa l i ttl e overesti m ated.M oreover,thi spostpeak regi on di ersaccordi ng to di erentexperi m entalm ethodsand concretes:forexam pl e the hi gh strength concrete tested by [START_REF] Arzouk | B ehavi or of hi gh-strength concrete under bi axi alstresses[END_REF]exhi bi ts no post peak. E qui-biaxial tension sim ulation. T he part before the peak stress i s i n good agreem entw i th the experi m entsforboth axi aland l ateralstrai ns(Fi g.6). C ontrary to experi m ents,a di ssi pati ve post-peak evol uti on C ' Z i s descri bed (i t represents a m i nor probl em com pared to the el asti c transform ati on C Z i n the uni axi alcom pressi on case). T he dam age d(Z)= 0: 67 at ul ti m ate poi nt reaches about the sam e val ue than i n bi axi altensi on. T he l ocal i zati on angl e tt = 12: 6 degreesobtai ned i n thi s case i nvol vescracksapproxi m ati vel y orthogonalto the l oad di recti ons,very consi stentw i th K upfer' spostm ortem pi ctures.A gai n,the Fi gure 6: Equi -bi axi altensi on si m ul ati on coni calshape i s onl y the representati on ofthe sym m etry ofthe probl em as the m odelonl y de nes the angl e ofthe crack,not i ts shape.

C onclusions

T hi s study show s that the si m pl e coupl i ng i ntroduced between the hydrostati c and devi atori c partsofthe strai n i n the free energy l eadsto a num ber ofconsequences,even i fthe pri m ary e ect,the non l i near el asti ci ty,sl i ghtl y i n uences the shape of the el asti c di scharges. T he i m portant di l atancy of the concrete at ul ti m ate stages i s wel ldepi cted. T he l ocal i zati on cri teri on i s used as an i ndi cator of the creati on of a m acroscopi c crack,i t appl i es at stress and strai n l evel s that are qui te consi stent w i th experi m ents. T he dam age val ue predi cted at l ocal i zati on i n pure tensi on rem ai ns sm al l ,l etti ng to the m ateri alsom e l oad beari ng capaci ty,forexam pl e forfurthercom pressi on.T he crack angl e gi ven by the l ocal i zati on condi ti on i sdi erenti n tensi on and com pressi on and consi stent w i th observati ons.

T he descri pti on ofthese e ects consti tutes an i m provem ent w i th respect to m ost ofavai l abl e dam age m odel s ofcom parabl e com pl exi ty ( ve constants are used). T hey are parti cul arl y rel evant w hen,as i n earthquake engi neeri ng,the response of a concrete structure under severe condi ti ons i s consi dered. T he gl obalstructure of the m odel and i ts em beddi ng therm odynam i c fram ework, opens the way to num eri cali m pl em entati on w i thi n a ni te el em ent code.

T he i ntroducti on of a pl asti ci ty form al i sm [START_REF] Fr Ed Eri C R Agueneau | D am age m odelfor concrete l i ke m ateri al s coupl i ng cracki ng and fri cti on,contri buti on towards structuraldam pi ng: Fi rst uni axi alappl i cati on[END_REF][START_REF] Saeb | A coupl ed el astopl asti c dam age m odelfor geom ateri al s. C om p[END_REF]woul d hel p to descri be m i ssi ng e ects such as hysteresi s l oops and perm anent strai ns and to correct som e i rrel evant post-peak responses. T he hydrostati c part of the free energy coul d be a ected by dam age i n order to extent the el d ofappl i cati on ofthe m odelto con ned statesand avoi d the dam age l ocki ng condi ti on presenti n the actualform . T he three-di m ensi onnalstress to strai n rel ati onshi p i s uni vocal , however the i nverse one i s not: i nteresti ng theoreti calanal ysi s can be done on stressdri ven l oadi ngsasthey m ay i nvol ve m ul tiphased states(thi srefersto the work of [START_REF] Ksen | Equi l i bri um ofbars[END_REF]i n el asti ci ty and [START_REF] Arfagni | A m echani calm odel for the el asti c-pasti c behavi or of m etal l i c bars[END_REF][START_REF] Truski Novsky | T herm odynam i cs of ratei ndependant pl asti ci ty[END_REF]i n pl asti ci ty).

A ppendices A Tensorialform alism

For any sym m etri c second order tensor A the hydrostati c and devi atori c parts are denoted respecti vel y by A h and A d . T he hydrostati c part i s obtai ned by the projecti on onto the norm ed hydrostati ctensorI= p 3 (w here I i sthe i denti ty tensor).

A = A h + A d (55) 
A h = A : I p 3

I p 3 (56) 
T he sym bol ": " denotes the doubl e contracti on i.e. A : I = A ij ji = tr(A ).

In thi s m odel ,the devi atori c parts d and " d (ofthe C auchy stress and the i n ni tesi m al strai n ") w i l l rem ai n col l i near but m ay be a priori of opposi te di recti ons.W e choose to de ne thi sdi recti on w i th respectto the norm ed tensor D gi ven by: D = " d j j " d j j (57)

T he norm used i s the eucl i dean naturalone i.e. j j A j j= p A ij A ij . T he al gebrai c val ues (" h ;" d ; h ; d ) are de ned as: O ne can rem ark that " d i s posi ti ve but d can a priori ei ther be posi ti ve or negati ve. T hese projecti ons are know n under the nam es p and q w here p = h = p 3 and q = p 3=2j d ji n soi l s m echani cs.

B U sefulproperty of the deviator 

" d I > " d II > " d III (61) 
T hi s l eads to the fol l ow i ng expressi ons: [ 2] P Jam et, A l ai n M i l l ard, and G N ahas. Tri axi al behavi our of a m i croconcrete com pl ete stress-strai n for con ni ng pressures rangi ng from 0 to 100 M Pa.In Proc.ofInt.C onf.on C oncrete under M ul tiaxialC onditions, vol um e 1,pages133{140,Toul ouse,France,1984.U ni versi t ePaulSabati er.

[ 3] H el m utK upfer,H ubertK H i l sdorf,and H ubertR usch.B ehavi orofconcrete under bi axi alstresses.A C I Journal ,66: 656{666,1969.
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  ield surface. T hi s yi el d surface i s based on the el asti c cri teri on proposed Fi gure 2: Ini ti alyi el d surface (M Pa)
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  " 6 0. T he projecti on equati ons (57,58) gi ve:D = si gn("(1 + ^ ))

" h = " : I p 3 ; h = : I p 3 ;

 33 " d = " :D ; d = :D (58)

6 ;" d = p 6 ]

 66 d ) 2 3(" d II ) 2 (62) A s soon as " d II evol ves between i ts bounds [ " d = p (gi ven respecti vel y by " d II = " d III and " d II = " d I ),these functi ons are m onotoni c and: A nna O ugl ova,Y vesB erthaud,M arcFran coi s,and Fran coi sFoct.M echani cal properti es of ferri c oxi de form ed by corrosi on i n rei nforced concrete structures. C orrosion Sci.,48: 3988{4000,2006.

  T he sorted ei genval ues of" d are (" d I ;" d II ;" d III ). From Eq.58,we have:

	(" d I ) 2 + (" d II ) 2 + (" d III ) 2 = (" d ) 2	(59)
	" d I + " d II + " d III = 0	(60)