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A bstract. W e prove globalsubelliptic estim ates for system s ofquadratic dif-

ferentialoperators. Q uadratic di�erentialoperators are operators de�ned in the

W eylquantization by com plex-valued quadratic sym bols.In a previouswork,we

pointed outtheexistence ofa particularlinearsubvectorspacein thephasespace

intrinsically associated to their W eylsym bols,called singular space,which rules

a num ber offairly generalproperties ofnon-elliptic quadratic operators. A bout

the subelliptic propertiesofthese operators,we established thatquadratic oper-

ators with zero singular spaces ful�llglobalsubelliptic estim ates with a loss of

derivativesdepending on certain algebraic propertiesofthe H am ilton m apsasso-

ciated to theirW eylsym bols.Thepurpose ofthe presentwork isto prove sim ilar

globalsubelliptic estim ates for overdeterm ined system s ofquadratic operators.

W e establish here a sim ple criterion for the subellipticity ofthese system s giv-

ing an explicitm easure ofthe lossofderivatives and highlighting the non-trivial

interactions played by the di�erentoperators com posing those system s.

1.Introduction

1.1.M iscellaneous facts about quadratic di�erentialoperators. In a recent

jointwork with M .Hitrik,weinvestigated spectraland sem igroup propertiesofnon-

elliptic quadratic operators. Q uadratic operators are pseudodi�erentialoperators

de�ned in the W eylquantization

(1.1) q
w (x;D x)u(x)=

1

(2�)n

Z

R2n

e
i(x� y):�

q

�
x + y

2
;�

�

u(y)dyd�;

by som e sym bols q(x;�),with (x;�) 2 R
n � R

n and n 2 N
�,which are com plex-

valued quadratic form s. Since these sym bolsare quadratic form s,the corresponding

operators in (1.1) are in fact di�erentialoperators. Indeed,the W eylquantization

ofthe quadratic sym bolx���,with (�;�)2 N
2n and j� + �j= 2,isthe di�erential

operator

x�D �
x + D �

xx
�

2
; D x = i

� 1
@x:

O ne can also notice that quadratic di�erentialoperatorsare a prioriform ally non-

selfadjointsince theirW eylsym bolsin (1.1)arecom plex-valued.

Considering quadratic operatorswhose W eylsym bolshave realpartswith a sign,

say here,W eylsym bolswith non-negativerealparts

(1.2) Re q� 0;

we pointed out in [2]the existence ofa particular linear subvector space S in the

phase space Rn
x � R

n
�
intrinsically associated to their W eylsym bols q(x;�),called

singular space,which seem s to play a basic r̂ole in the understanding ofa num ber
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offairly generalpropertiesofnon-elliptic quadratic operators. M ore speci�cally,we

�rstproved in [2](Theorem 1.2.1)thatwhen the singularspace S hasa sym plectic

structurethen the associated heatequation

(1.3)

(
@u

@t
(t;x)+ q

w (x;D x)u(t;x)= 0

u(t;� )jt= 0 = u0 2 L2(Rn);

issm oothing in every direction ofthe orthogonalcom plem entS�? ofS with respect

to the canonicalsym plecticform � on R2n,

(1.4) �
�
(x;�);(y;�)

�
= �:y� x:�; (x;�)2 R

2n
;(y;�)2 R

2n
;

thatis,that,if(x0;�0)aresom elinearsym plecticcoordinateson thesym plecticspace

S�? then wehaveforallt> 0,N 2 N and u 2 L2(Rn),

(1.5)
�
(1+ jx0j2 + j�0j2)N

�w
e
� tq

w
(x;D x )u 2 L

2(Rn):

W e also proved in [2](See Section 1.4.1 and Theorem 1.2.2) that when the W eyl

sym bolq ofa quadraticoperatorful�lls(1.2)and an assum ption ofpartialellipticity

on itssingularspaceS in the sensethat

(1.6) (x;�)2 S; q(x;�)= 0) (x;�)= 0;

then this singularspace alwayshas a sym plectic structure and the spectrum ofthe

operatorqw (x;D x) is only com posed ofa countable num ber ofeigenvaluesof�nite

m ultiplicity,with a sim ilarstructureastheoneestablished by J.Sj�ostrand forelliptic

quadratic operators in his classicalwork [18]. Elliptic quadratic operators are the

quadraticoperatorswhosesym bolssatisfy the condition ofglobalellipticity

(x;�)2 R
2n
; q(x;�)= 0 ) (x;�)= 0;

on thewholephasespaceR2n.Letusrecallherethatspectralpropertiesofquadratic

operatorsareplaying a basic r̂olein theanalysisofpartialdi�erentialoperatorswith

double characteristics. This is particularly the case in som e generalresults about

hypoellipticity. W e referthe readerto [4],[18],aswellasChapter22 of[5]together

with allthe referencesgiven there.

In the present paper,we are interested in studying the subelliptic properties of

overdeterm ined system s ofnon-selfadjoint quadratic operators. This work can be

viewed asanaturalextension oftheanalysisled in [17],in which weinvestigated in the

scalarcasethe r̂oleplayed by thesingularspacewhen studying subellipticproperties

ofquadraticoperators.W eaim hereatshowing how theanalysisled in thisprevious

work can be pushed furtherwhen dealing with overdeterm ined system sofquadratic

operators.W e shallsee thatthe techniquesintroduced in [17]are su�ciently robust

to be extended to the system case and that they turn out to be su�ciently sharp

to highlight phenom ena ofnon-trivialinteractions between the di�erent quadratic

operators com posing a system . In this paper, we shalltherefore be interested in

establishing som eglobalsubelliptic estim atesofthe type

(1.7)


�
h(x;�)i2(1� �)

�w
u


L 2

.

NX

j= 1

kqwj (x;D x)ukL 2 + kukL 2;

whereh(x;�)i= (1+ jxj2+ j�j2)1=2 and � > 0;forsystem softheN quadraticoperators

qwj (x;D x),with 1 � j � N . The positive param eter � > 0 appearing in (1.7) will

m easure the loss ofderivatives with respect to the elliptic case (case � = 0). As

in the scalar case studied in [17],we aim at giving a sim ple criterion for system s

ofquadratic operators ensuring that a globalsubelliptic estim ate ofthe type (1.7)
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holdstogetherwith an explicitcharacterization ofthe associated lossofderivatives.

Thislossofderivatives� willbecharacterized in term sofalgebraicconditionson the

Ham ilton m apsassociated to theW eylsym bolsofthequadraticoperatorscom posing

the system .

In this work,we study the subellipticity ofoverdeterm ined system s in the sense

given by P.Bolley,J.Cam us and J.Nourrigat in [1](Theorem 1.1). In this sem i-

nalwork,theseauthorsstudy them icrolocalsubellipticity ofoverdeterm ined system s

ofpseudodi�erentialoperators.M ore speci�cally,they establish the subellipticity of

system s com posed ofpseudodi�erentialoperatorswith realprincipalsym bols satis-

fying the H�orm ander-K ohn condition.M oregenerally,in the case ofoverdeterm ined

system sofnon-selfadjointpseudodi�erentialoperators,the greatestachievem entsup

to now were obtained by J.Nourrigat in [8]and [9]. In these two m ajor works,

J.Nourrigatstudiesthem icrolocalsubellipticity and m axim alhypoellipticity forsys-

tem sofnon-selfadjointpseudodi�erentialoperatorsby them ean ofrepresentationsof

nilpotentgroups.W eshallexplain in thefollowinghow thealgebraiccondition on the

Ham ilton m aps(1.18)in Theorem 1.2.1relateswith theseform erresults.M orespecif-

ically,we shallcom m enton its link with the H�orm ander-K ohn condition appearing

in [1](Theorem 1.1).

Beforegivingtheprecisestatem entofourm ain result,weshallrecallm iscellaneous

notationsaboutquadraticdi�erentialoperatorsand theresultsobtained in thescalar

case.In allthe following,weconsider

qj :R
n
x � R

n
� ! C

(x;�) 7! qj(x;�);

with 1 � j� N ,N com plex-valued quadraticform swith non-negativerealparts

(1.8) Re qj(x;�)� 0;(x;�)2 R
2n
;n 2 N

�
:

W eknow from [6](p.425)thatthem axim alclosed realization ofa quadraticoperator

qw (x;D x) whose W eylsym bolhas a non-negative realpart, i.e., the operator on

L2(Rn)with the dom ain

D (q)=
�
u 2 L

2(Rn):qw (x;D x)u 2 L
2(Rn)

	
;

coincideswith the graph closureofitsrestriction to S(Rn),

q
w (x;D x):S(R

n)! S(Rn):

Associated to a quadraticsym bolqisthenum ericalrange�(q)de�ned astheclosure

in the com plex planeofallitsvalues

(1.9) �(q)= q(R n
x � R

n
�
):

W ealsorecallfrom [5]thattheHam ilton m ap F 2 M 2n(C)associatedtothequadratic

form q isthe m ap uniquely de�ned by the identity

(1.10) q
�
(x;�);(y;�)

�
= �

�
(x;�);F (y;�)

�
;(x;�)2 R

2n
;(y;�)2 R

2n
;

where q
�
� ;�
�
stands for the polarized form associated to the quadratic form q. It

directly followsfrom the de�nition ofthe Ham ilton m ap F thatitsrealpartand its

im aginary part

ReF =
1

2
(F + F )and Im F =

1

2i
(F � F );

aretheHam ilton m apsassociated to thequadraticform sReqand Im q,respectively.

O necan alsonoticefrom (1.10)thatan Ham ilton m ap isalwaysskew-sym m etricwith
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respectto �. This is just a consequence ofthe propertiesofskew-sym m etry ofthe

sym plectic form and sym m etry ofthe polarized form

(1.11) 8X ;Y 2 R
2n
;�(X ;F Y )= q(X ;Y )= q(Y ;X )= �(Y;F X )= � �(F X ;Y ):

Associated to the sym bolq,we de�ned in [2]itssingularspaceS asthe following

intersection ofkernels

(1.12) S =

� + 1\

j= 0

K er
�
Re F (Im F )j

��

\ R2n
;

where the notations Re F and Im F stand respectively for the realpart and the

im aginarypartoftheHam ilton m ap associated toq.NoticethattheCayley-Ham ilton

theorem applied to Im F showsthat

(Im F )kX 2 Vect
�
X ;:::;(Im F )2n� 1X

�
; X 2 R

2n
;k 2 N;

where Vect
�
X ;:::;(Im F )2n� 1X

�
is the vector space spanned by the vectors X ,...,

(Im F )2n� 1X ;and thereforethesingularspaceisactually equaltothefollowing�nite

intersection ofthe kernels

(1.13) S =

� 2n� 1\

j= 0

K er
�
Re F (Im F )j

��

\ R2n
:

Considering a quadraticoperatorqw (x;D x)whoseW eylsym bol

q:Rn
x � R

n
� ! C

(x;�) 7! q(x;�);

hasa non-negative realpart,Re q � 0,we established in [17](Theorem 1.2.1)that

when itssingularspaceS isreduced tof0g,theoperatorqw (x;D x)ful�llsthefollowing

globalsubelliptic estim ate

(1.14) 9C > 0;8u 2 D (q);


�
h(x;�)i2=(2k0+ 1)

�w
u


L 2

� C
�
kqw (x;D x)ukL 2 + kukL 2

�
;

where k0 stands for the sm allest non-negative integer,0 � k0 � 2n � 1,such that

the intersection ofthe following k0 + 1 kernelswith the phase space R2n isreduced

to f0g,

(1.15)

� k0\

j= 0

K er
�
Re F (Im F )j

��

\ R2n = f0g:

Notice that the loss ofderivatives � = 2k0=(2k0 + 1),appearing in the subelliptic

estim ate (1.14)directly dependson the non-negativeintegerk0 characterized by the

algebraiccondition (1.15).

M ore generally,considering a quadratic operator qw (x;D x) whose W eylsym bol

hasa non-negativerealpartwith a singularspace S which m ay di�erfrom f0g,but

does have a sym plectic structure in the sense that the restriction ofthe canonical

sym plecticform � to S isnon-degenerate,weproved in [17](Theorem 1.2.2)thatthe

operatorqw (x;D x)issubelliptic in any direction ofthe orthogonalcom plem entS
�?

ofthesingularspacewith respectto thesym plecticform � in thesensethat,if(x0;�0)

aresom elinearsym plectic coordinateson S�? then wehave

9C > 0;8u 2 D (q);


�
h(x0;�0)i2=(2k0+ 1)

�w
u


L 2

� C
�
kqw (x;D x)ukL 2 + kukL 2

�
;
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with h(x0;�0)i= (1+ jx0j2 + j�0j2)1=2,where k0 standsforthe sm allestnon-negative

integer,0� k0 � 2n � 1,such that

(1.16) S =

� k0\

j= 0

K er
�
Re F (Im F )j

��

\ R2n
:

Finally,we end these few recallsby underlining thatthe assum ption aboutthe sym -

plectic structure ofthe singularspace is alwaysful�lled by any quadratic sym bolq

which satis�esthe assum ption ofpartialellipticity on itssingularspaceS,

(x;�)2 S; q(x;�)= 0) (x;�)= 0:

W e referthe readerto Section 1.4.1 in [2]fora proofofthisfact.

1.2.Statem entofthe m ain result. Consideringasystem ofN quadraticoperators

qwj (x;D x),1� j� N ,whoseW eylsym bolsqj haveallnon-negativerealparts

(1.17) Reqj(x;�)� 0;(x;�)2 R
2n
; n 2 N

�
;

and denoting by Fj theirassociated Ham ilton m aps,them ain resultcontained in this

articleisthe following:

T heorem 1.2.1.Considera system ofN quadratic operatorsqwj (x;D x),1� j� N ,

satisfying (1.17).Ifthere existsk0 2 N such that

(1.18)

� \

0� k� k0

\

j= 1;:::;N ;

(l1;:::;lk)2f1;:::;N g
k

K er(Re FjIm Fl1:::Im Flk )

�

\ R2n = f0g;

then this overdeterm ined system ofquadratic operators is subelliptic with a loss of

� = 2k0=(2k0 + 1) derivatives, that is, that there exists C > 0 such that for all

u 2 D (q1)\ :::\ D (qN ),

(1.19)


�
h(x;�)i2=(2k0+ 1)

�w
u


L 2

� C

� NX

j= 1

kqwj (x;D x)ukL 2 + kukL 2

�

;

with h(x;�)i= (1+ jxj2 + j�j2)1=2.

Rem ark.Letusm akeclearthatthe intersection ofkernels

\

j= 1;:::;N ;

(l1;:::;lk)2f1;:::;N g
k

K er(Re FjIm Fl1:::Im Flk );

isto be understood as
\

j= 1;:::;N

K erReFj;

when k = 0.
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1.3.Exam ple of a subelliptic system of quadratic operators. The following

exam ple ofsubelliptic system ofquadratic operators shows that Theorem 1.2.1 re-

ally highlightsnew non-trivialinteraction phenom ena between thedi�erentoperators

com posing a system ,which cannotbederived from theresultofsubellipticity known

in the scalarcase(Theorem 1.2.1 in [17]).Indeed,de�ne the quadraticform s

qj(x;�)= x
2
1 + �

2
1 + i(�21 + xj+ 1�1)and ~qj(x;�)= x

2
1 + �

2
1 + i(�21 + �j+ 1�1);

for1 � j � n � 1 and (x;�)2 R
2n,with n � 2. A directcom putation using (1.10)

and (1.13)showsthatthe singularspaceofthe quadraticform

n� 1X

j= 1

(�jqj + ~�j~qj);

forsom erealnum bers�j;~�j verifying

n� 1X

j= 1

(�j + ~�j)> 0;

isgiven by

S =

n

(x;�)2 R
2n :x1 = �1 =

n� 1X

j= 1

(�jxj+ 1 + ~�j�j+ 1)= 0

o

;

which isalwaysa non-zero subvectorspace. Itthen followsthatone cannotdeduce

any resultaboutthe subellipticity ofthe scalaroperator

n� 1X

j= 1

(�jq
w
j (x;D x)+ ~�j~q

w
j (x;D x));

in ordertogetthesubellipticity oftheoverdeterm ined system com posed by the2n� 2

operators qwj (x;D x) and ~qwj (x;D x),for 1 � j � n � 1. Nevertheless,by denoting

respectively Fj and ~Fj the Ham ilton m apsofthe quadraticform sqj and ~qj,another

directcom putation using (1.10)showsthat

K erRe Fj \ K er(Re FjIm Fj)\ R
2n = f(x;�)2 R

2n :x1 = �1 = xj+ 1 = 0g

and

K erRe ~Fj \ K er(Re ~FjIm ~Fj)\ R
2n = f(x;�)2 R

2n :x1 = �1 = �j+ 1 = 0g:

O ne can then deduce from Theorem 1.2.1 the following globalsubelliptic estim ate

with a lossof2=3 derivatives



�
h(x;�)i2=3

�w
u


L 2

.

n� 1X

j= 1

�
kqwj (x;D x)ukL 2 + k~qwj (x;D x)ukL 2

�
+ kukL 2:

O fcourse,Theorem 1.2.1 can highlightm orecom plex interactionsbetween thedi�er-

ent operatorscom posing the system when we consideroperatorswith di�erent real

parts.
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1.4.C om m ents on the condition for subellipticity. Theorem 1.2.1 givesa very

explicit and sim ple algebraic condition on the Ham ilton m aps ofquadratic opera-

tors ensuring the subellipticity ofthe system . Let us notice that this condition is

very easy to handle and allowsto directly m easure the associated lossofderivatives

by a straightforward com putation. W e shallnow explain how this is related to the

H�orm ander-K ohncondition.Recallfrom [1](Theorem 1.1)thattheH�orm ander-K ohn

condition form icrolocalsubellipticity ofoverdeterm ined system sofpseudodi�erential

operators with realprincipalsym bols;reads as the existence ofan elliptic iterated

com m utator of the operators com posing the system . In the case of a system of

non-selfadjoint quadratic operators (qwj )1� j� N ,ifwe assum e in addition that this

system ism axim alhypoelliptic1,the naturalcondition becom esto ask the ellipticity

ofan iterated com m utator ofthe realparts ((Re qj)
w )1� j� N and im aginary parts

((Im qj)
w )1� j� N oftheoperatorscom posingthesystem .Com ingback to ourspeci�c

condition forsubellipticity (1.18),we �rstnotice thatin the scalarcase,itreadsas

the existenceofa non-negativeintegerk0 such that

� k0\

j= 0

K er[Re F (Im F )j]

�

\ R2n = f0g;

with F standing forthe Ham ilton m ap ofthe unique operatorqw (x;D x)com posing

thesystem .Asrecalled in [17](Section 1.2),thiscondition im pliesthat,forany non-

zero point in the phase space X 0 2 R
2n,we can �nd a non-negative integerk such

that

8 0 � j� 2k� 1;H
j

Im q
Re q(X 0)= 0 and H 2k

Im qRe q(X 0)6= 0;

whereH Im q standsforthe Ham ilton vector�eld ofIm q,

H Im q =
@Im q

@�
�
@

@x
�
@Im q

@x
�
@

@�
:

Thisshowsthatthe 2kth iterated com m utator

[Im q
w
;[Im q

w
;[:::;[Im q

w
;Reqw ]]]:::]= (� 1)k(H 2k

Im qRe q)
w
;

with exactly 2k term sIm qw in left-hand-sideofthe aboveform ula;iselliptic atX 0;

and underlinesthe intim ate link between (1.18)and the H�orm ander-K ohn condition

in thescalarcase.In thesystem case,thesituation ism orecom plicated and thislink

islessobviousto highlightexplicitly.M orespeci�cally,we shallsee in thiscase that

the algebraiccondition (1.18)im pliesthatthe quadraticform

k0X

k= 0

X

j= 1;:::;N ;

(l1;:::;lk)2f1;:::;N g
k

Re qj(Im Fl1:::Im Flk X );

ispositivede�nite.Thisproperty im pliesthatforany non-zero pointX 0 2 R
2n,one

can �nd k 2 N,j2 f1;:::;N g and (l1;:::;lk)2 f1;:::;N gk such that

Re qj(Im Fl1:::Im Flk X 0)> 0:

By considering the m inim alnon-negativeintegerk with thisproperty and using the

sam eargum entsastheonesdeveloped in [2](p.820-822),onecan actually check that

any iterated com m utatoroforderlessorequalto 2k� 1,thatis,

[P1;[P2;[P3;[:::;[Pr;Pr+ 1]:::]]]];

1W e refer to [8]and [9]for conditions and generalresults ofm axim alhypoellipticity for overde-

term ined system s ofnon-selfadjointpseudodi�erentialoperators.
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with r � 2k � 1,Pl = Re qws1 orPl = Im qws2;and where atleastone Pl0 isequalto

Re qws3,for 1 � s1;s2;s3 � N ;are not elliptic at X 0. O ne can also check that the

non-zero term

Re qj(Im Fl1:::Im Flk X 0)> 0;

actually appearswhen expanding the W eylsym bolatX 0 ofthe 2k
th iterated com -

m utator

[Im q
w
lk
;[Im q

w
lk
;[Im q

w
lk� 1

;[Im q
w
lk� 1

;[:::;[Im q
w
l1
;[Im q

w
l1
;Reqwj ]]]:::]

= (� 1)k(H 2
Im qlk

:::H
2
Im ql1

Re qj)
w
:

However,contrary to the scalarcase,there m ay be also othernon-zero term sin this

expansion;and itisnotreally clearifthisnaturalcom m utatorassociated to theterm

Re qj(Im Fl1:::Im Flk X 0);

isactually elliptic atX 0,

H
2
Im qlk

:::H
2
Im ql1

Reqj(X 0)
?

6= 0:

Though itm aybedi�culttodeterm ineexactlyateach pointwhich speci�ccom m uta-

toriselliptic,itisvery likely thatcondition (1.18)ensuresthattheH�orm ander-K ohn

condition isful�lled atany non-zero pointofthe phasespace;and thatthese associ-

ated ellipticcom m utatorsarealloforderlessorequalto 2k0.Itisactually whatthe

loss ofderivatives appearing in the estim ate (1.19)suggests;and this in agreem ent

with theoptim allossofderivativesobtained in [1](Theorem 1.1)for2k0 com m utators

� = 1�
1

2k0 + 1
=

2k0

2k0 + 1
;

sincewe m easurethe lossofderivatives� with respectto the elliptic caseas


(�2(1� �))w u



L 2

.

NX

j= 1

kqwj (x;D x)ukL 2 + kukL 2;

with �2 = h(x;�)i2, because quadratic operators have their W eylsym bols in the

sym bolclassS(�2;�� 2dX 2)whosegain is�2.

Becauseofthesim plicity ofitsassum ptions,Theorem 1.2.1 providesa neatsetting

forprovingglobalsubellipticestim atesforsystem sofquadraticoperators.Itispossi-

blethatsom eoftheseglobalsubelliptic estim atesforsystem sofquadraticoperators

m ay also bederived from theresultsofm icrolocalsubellipticity and m axim alhypoel-

lipticity proved in [1],[8]and [9]. However,given a particular system ofquadratic

operators,onecan noticethatonly checking theH�orm ander-K ohn condition in every

non-zero pointturnsoutto be quite di�cultto do in practice. The sam e com m ent

appliesforcheckingthem axim alhypoellipticity ofthesystem .Anotherinterestofthe

approach wearedeveloping herecom esfrom thefactthattheproofofTheorem 1.2.1

ispurely analyticand doesnotrequireany techniquesofrepresentationsofnilpotent

groups as in [8]or [9]. M oreover,despite its length,the proofprovided here only

involvesfairly elem entary argum entswhose com plexity hasno degree ofcom parison

with the analysisled in [8]and [9].

Finally,letusend thisintroduction by m entioning thatthisresultofsubellipticity

forsystem sofquadraticoperatorsm aybroadennew perspectivesin theunderstanding

ofoverdeterm ined system sofpseudodi�erentialoperatorswith doublecharacteristics;

andthattheconstructionoftheweightfunctionsinProposition2.0.1m aybeoffurther

interest and direct use in future analysis ofdoubly characteristic problem s. In the

scalarcase,this construction ofthe weightfunction speci�c to the structure ofthe



SU B ELLIPT IC EST IM AT ES FO R SY ST EM S O F Q U A D R AT IC O PER AT O R S 9

doublecharacteristicsobtainedin [17](Proposition2.0.1)hasalreadyallowedtoderive

in [3]the precise asym ptoticsforthe resolventnorm ofcertain classofsem iclassical

pseudodi�erentialoperatorsin a neighborhood ofthe doubly characteristic set. O n

the other hand, this deeper understanding ofnon-trivialinteractions between the

di�erentquadraticoperatorscom posing overdeterm ined system sm ay also give hints

on how to analyzethem orecom plex caseofN by N system sofquadraticoperators,

which is a topic of current interest. O n that subject, we refer the reader to the

series ofrecent works on non-com m utative harm onic oscillators by A.Parm eggiani

and M .W akayam a in [10],[11],[12],[13],[14]and [15].

2.Proof of T heorem 1.2.1

In the following,we shalluse the notation S

�
m (X )r;m (X )� 2sdX 2

�
,where 
 is

an open setin R2n,r;s2 R and m 2 C 1 (
;R �
+ ),to stand fortheclassofsym bolsa

verifying

a 2 C
1 (
); 8� 2 N

2n
;9C� > 0;j@�X a(X )j� C�m (X )r� sj�j; X 2 
:

In thecasewhere
 = R
2n,weshalldrop theindex 
 forsim plicity.W eshallalsouse

the notationsf . g and f � g,on 
,forrespectively the estim ates9C > 0,f � C g

and,f . g and g . f,on 
.

TheproofofTheorem 1.2.1 willrely on thefollowing key proposition.Considering

for1 � j� N ,

qj :R
n
x � R

n
� ! C

(x;�) 7! qj(x;�);

with n 2 N
�,N com plex-valued quadraticform swith non-negativerealparts

(2.1) Re qj(x;�)� 0;(x;�)2 R
2n
; 1� j� N ;

weassum ethatthereexista positiveintegerm 2 N
� and an open set
0 in R

2n such

thatthe following sum ofnon-negativequadraticform ssatis�es

(2.2) 9c0 > 0;8X 2 
0;

mX

k= 0

X

j= 1;:::;N ;

(l1;:::;lk)2f1;:::;N g
k

Re qj(Im Fl1:::Im Flk X )� c0jX j2;

wherethe notation Im Fj standsforthe im aginary partofthe Ham ilton m ap Fj as-

sociated to the quadratic form qj. Underthisassum ption,one can then extend the

construction ofthebounded weightfunction donein thescalarcasein [17](Proposi-

tion 2.0.1)to the system caseasfollows:

P roposition 2.0.1.If(qj)1� j� N are N com plex-valued quadratic form son R
2n ver-

ifying (2.1)and (2.2)then there existN real-valued weightfunctions

gj 2 S
 0

�
1;hX i

� 2

2m + 1 dX
2
�
; 1 � j� N ;

such that

(2.3) 9c;c1;:::;cN > 0;8X 2 
0; 1+

NX

j= 1

�
Re qj(X )+ cjH Im qj gj(X )

�
� chX i

2

2m + 1 ;

where the notation H Im qj stands for the Ham ilton vector �eld ofthe im aginary part

ofqj.



10 K A R EL PR AV D A -STA RO V

Asin [17],theconstruction oftheseweightfunctionswillbereally thecoreofthis

work.Thisconstruction willbean adaptation tothesystem caseoftheoneperform ed

in the scalarcase.

To check that we can actually deduce Theorem 1.2.1 from Proposition 2.0.1,we

begin by noticing,asin [17],thatthe assum ptionsofTheorem 1.2.1 im ply thatthe

following sum ofnon-negativequadraticform s

(2.4) 9c0 > 0;r(X )=

k0X

k= 0

X

j= 1;:::;N ;

(l1;:::;lk)2f1;:::;N g
k

Reqj(Im Fl1:::Im Flk X )� c0jX j2;

isactually a positive de�nite quadratic form .Letusindeed considerX 0 2 R
2n such

thatr(X 0)= 0. Then,the non-negativity ofquadratic form sRe qj inducesthatfor

all0 � k � k0,j= 1;:::;N and (l1;:::;lk)2 f1;:::;N gk,

(2.5) Re qj(Im Fl1:::Im Flk X 0)= 0:

By denoting Re qj(X ;Y ) the polar form associated to Re qj,we deduce from the

Cauchy-Schwarzinequality,(1.10)and (2.5)thatforallY 2 R
2n,

jRe qj(Y ;Im Fl1:::Im Flk X 0)j
2 = j�(Y;Re FjIm Fl1:::Im Flk X 0)j

2

� Reqj(Y )Re qj(Im Fl1:::Im Flk X 0)= 0:

ItfollowsthatforallY 2 R
2n,

�(Y;Re FjIm Fl1:::Im Flk X 0)= 0;

which im pliesthatforall0� k � k0,j= 1;:::;N and (l1;:::;lk)2 f1;:::;N gk,

(2.6) Re FjIm Fl1:::Im Flk X 0 = 0;

since� isnon-degenerate.W e �nally deduce (2.4)from the assum ption (1.18).

In the casewherek0 = 0,wenoticethatthe quadraticform

q= q1 + :::+ qN ;

hasa positive de�nite realpart. Thisim pliesin particularthatq iselliptic on R
2n.

O ne can therefore directly deduce from classicalresultsaboutelliptic quadratic dif-

ferentialoperators proved in [18](See Theorem 3.5 in [18]or com m ents about the

elliptic casein Theorem 1.2.1 in [17]),the naturalelliptic a prioriestim ate

9C > 0;8u 2 D (q1)\ :::\ D (qN );


�
h(x;�)i2

�w
u


L 2

� C (kqw (x;D x)ukL 2 + kukL 2);

which easily im plies(1.19).

W e can therefore assum e in the following that k0 � 1 and �nd from Proposi-

tion 2.0.1 som ereal-valued weightfunctions

(2.7) gj 2 S
�
1;hX i

� 2

2k0 + 1 dX
2
�
; 1 � j� N ;

such that

(2.8) 9c;c1;:::;cN > 0;8X 2 R
2n
;1+

NX

j= 1

�
Re qj(X )+ cjH Im qj gj(X )

�
� chX i

2

2k0 + 1 :

For0< "� 1,weconsiderthem ultipliersde�ned in theW ickquantization bysym bols

1� "cjgj.W e recallthatthe de�nition ofthe W ick quantization and som e elem ents
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ofW ick calculusare recalled in Section 4.1. Itfollowsfrom (2.7),(4.4),(4.7),(4.8)

and the Cauchy-Schwarzinequality that

(2.9)

NX

j= 1

Re
�
q
W ick
j u;(1� "cjgj)

W ick
u
�
=

NX

j= 1

�
Re
�
(1� "cjgj)

W ick
q
W ick
j

�
u;u

�

�

NX

j= 1

k1� "cjgjkL 1 kqW ick
j ukL 2kukL 2 .

NX

j= 1

kqW ick
j uk2L 2+ kuk

2
L 2 .

NX

j= 1

k~qwj uk
2
L 2+ kuk

2
L 2;

where

(2.10) ~qj(x;�)= qj

�

x;
�

2�

�

;

because the operators (1 � "cjgj)
W ick whose W ick sym bolare real-valued,are for-

m ally selfadjoint.Indeed,sym bolsr(qj)de�ned in (4.8)areherejustsom econstants

since qj are quadratic form s. The factor 2� in (2.10) com es from the di�erence of

norm alizationschosen between (1.1)and (4.9)(Seerem arkin Section 4.1).Sincefrom

(4.10),

(1� "cjgj)
W ick

q
W ick
j =

h

(1� "cjgj)qj +
"

4�
cjr gj:r qj �

"

4i�
cjfgj;qjg

iW ick

+ Sj;

with kSjkL (L 2(Rn )) . 1,weobtain from thefactthatrealHam iltoniansgetquantized

in the W ick quantization by form ally selfadjointoperatorsthat

NX

j= 1

Re
�
(1� "cjgj)

W ick
q
W ick
j

�
=

NX

j= 1

ReSj

+

NX

j= 1

h

(1� "cjgj)Re qj +
"

4�
cjr gj:r Re qj +

"

4�
cjH Im qj gj

iW ick

;

becausegj arereal-valued sym bols.SinceRe qj � 0 and gj 2 L1 (Rn),wecan choose

the positiveparam eter" su�ciently sm allsuch that

8 1 � j� N ;8X 2 R
2n
; 1� "cjgj(X )�

1

2
;

in orderto deduce from (2.8),(2.9)and (4.3)that

(2.11)
�
(hX i

2

2k0 + 1 )W ick
u;u

�
. kuk2L 2 +

NX

j= 1

k~qwj uk
2
L 2 +

NX

j= 1

�
�
�
(r gj:r Re qj)

W ick
u;u

��
�;

becausefrom (4.1)and (4.2),1W ick = Id:

O ne can then com plete the proofofTheorem 1.2.1 by following exactly the sam e

reasoning as the one used in [17]. W e recallthis reasoning here for the sake of

com pletenessofthiswork.

By denoting ~X =
�
x;�=(2�)

�
and O p

w
�
S(1;dX 2)

�
the operatorsobtained by the

W eylquantization ofsym bolsin the classS(1;dX 2),itfollowsfrom (4.7),(4.8)and

usualresultsofsym boliccalculusthat

(2.12)
�
hX i

2

2k0 + 1

�W ick
�
�
h~X i

2

2k0 + 1

�w
2 O p

w
�
S(1;dX 2)

�

and

(2.13)
�
h~X i

1

2k0 + 1

�w �
h~X i

1

2k0 + 1

�w
�
�
h~X i

2

2k0 + 1

�w
2 O p

w
�
S(1;dX 2)

�
;

sincek0 � 0.By using that
��
h~X i

1

2k0 + 1

�w �
h~X i

1

2k0 + 1

�w
u;u

�
=


�
h~X i

1

2k0 + 1

�w
u

2

L 2
;
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wethereforededuce from (2.11)and the Calder�on-Vaillancourttheorem that

(2.14)


�
h~X i

1

2k0 + 1

�w
u

2

L 2
. kuk2L 2 +

NX

j= 1

k~qwj uk
2
L 2 +

NX

j= 1

�
�
�
(r gj:r Re qj)

W ick
u;u

��
�:

Then,wegetfrom (2.7)and (4.3)that

(2.15)
�
�
�
(r gj:r Re qj)

W ick
u;u

��
�.

�
jr Reqjj

W ick
u;u

�
:

Recalling now the well-known inequality

(2.16) jf0(x)j2 � 2f(x)kf00kL 1 (R);

ful�lled by any non-negative sm ooth function with bounded second derivative,we

deduce from anotheruseof(4.3)that

(2.17)
�
jr Re qjj

W ick
u;u

�
.

�
((Re qj)

1

2 )W ick
u;u

�
.

�
(1+ Reqj)

W ick
u;u

�
;

sinceRe qj isa non-negativequadraticform and that

2(Re qj)
1

2 � 1+ Re qj:

By using the sam eargum entsasin (2.9),weobtain that

�
(1+ Re qj)

W ick
u;u

�
=
�
(Re qj)

W ick
u;u

�
+ kuk2L 2 = Re(qW ick

j u;u)+ kuk2L 2

� kqW ick
j ukL 2kukL 2 + kuk2L 2 . kqW ick

j uk2L 2 + kuk2L 2 . k~qwj uk
2
L 2 + kuk2L 2:

Itthereforefollowsfrom (2.14),(2.15)and (2.17)that

(2.18)


�
h~X i

1

2k0 + 1

�w
u

2

L 2
. kuk2L 2 +

NX

j= 1

k~qwj uk
2
L 2:

In order to im prove the estim ate (2.18),we carefully resum e our previous analysis

and notice thatourpreviousreasoning hasin factestablished that


�
h~X i

1

2k0 + 1

�w
u

2

L 2

. kuk2L 2 +

NX

j= 1

�
�Re

�
q
W ick
j u;(1� "cjgj)

W ick
u
��
�+

NX

j= 1

�
�
�
(r gj:r Re qj)

W ick
u;u

��
�

. kuk2L 2 +

NX

j= 1

�
�Re

�
q
W ick
j u;(1� "cjgj)

W ick
u
��
�+

NX

j= 1

jRe(qW ick
j u;u)j

. kuk2L 2 +

NX

j= 1

�
�Re

�
~qwj u;(1� "cjgj)

W ick
u
��
�+

NX

j= 1

jRe(~qwj u;u)j;

because(1� "cjgj)
W ick isa bounded operatoron L2(Rn),

(2.19) k(1� "cjgj)
W ickkL (L 2) � k1� "cjgjkL 1 (R2n ):

By applying thisestim ateto
�
h~X i

1

2k0 + 1

�w
u,wededucefrom (2.13)and theCalder�on-

Vaillancourttheorem that

(2.20)


�
h~X i

2

2k0 + 1

�w
u

2

L 2
.

NX

j= 1

�
�
�Re

�

~qwj
�
h~X i

1

2k0 + 1

�w
u;
�
h~X i

1

2k0 + 1

�w
u

��
�
�

+

NX

j= 1

�
�
�Re

�

~qwj
�
h~X i

1

2k0 + 1

�w
u;(1� "cjgj)

W ick
�
h~X i

1

2k0 + 1

�w
u

��
�
�+


�
h~X i

1

2k0 + 1

�w
u

2

L 2
+ kuk2L 2:
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Then,by noticing thatthe com m utator

(2.21)
�
~qwj ;

�
h~X i

1

2k0 + 1

�w �
2 O p

w
�
S
�
hX i

1

2k0 + 1 ;hX i� 2dX 2
��
;

because ~qj isa quadraticform ,and that

(2.22)
�
h~X i

� 1

2k0 + 1

�w �
h~X i

1

2k0 + 1

�w
� Id 2 O p

w
�
S(hX i� 2;hX i� 2dX 2)

�
;

we deduce from standard resultsofsym bolic calculusand the Calder�on-Vaillancourt

theorem that


�
~qwj ;

�
h~X i

1

2k0 + 1

�w �
u


L 2

.



�
~qwj ;

�
h~X i

1

2k0 + 1

�w ��
h~X i

� 1

2k0 + 1

�w �
h~X i

1

2k0 + 1

�w
u


L 2

+ kukL 2

.



�
h~X i

1

2k0 + 1

�w
u


L 2

+ kukL 2:(2.23)

By introducing this com m utator,we get from the Cauchy-Schwarz inequality and

(2.23)that

�
�
�Re

�

~qwj
�
h~X i

1

2k0 + 1

�w
u;
�
h~X i

1

2k0 + 1

�w
u

��
�
�.

�
�
�Re

�

~qwj u;
�
h~X i

1

2k0 + 1

�w �
h~X i

1

2k0 + 1

�w
u

��
�
�

+


�
h~X i

1

2k0 + 1

�w
u

2

L 2
+ kuk2L 2:

AnotheruseoftheCauchy-Schwarzinequalityand theCalder�on-Vaillancourttheorem

with (2.13)givesthat
�
�
�Re

�

~qwj u;
�
h~X i

1

2k0 + 1

�w �
h~X i

1

2k0 + 1

�w
u

��
�
�. k~qwj ukL 2



�
h~X i

2

2k0 + 1

�w
u


L 2
+ k~qwj ukL 2kukL 2:

W e then deduce from (2.18)and the previousestim atethat

NX

j= 1

�
�
�Re

�

~qwj
�
h~X i

1

2k0 + 1

�w
u;
�
h~X i

1

2k0 + 1

�w
u

��
�
�

.



�
h~X i

2

2k0 + 1

�w
u


L 2

NX

j= 1

k~qwj ukL 2 +

NX

j= 1

k~qwj uk
2
L 2 + kuk2L 2:

By using again the Cauchy-Schwarzinequality,(2.18),(2.19),(2.20)and (2.23),this

estim ateim pliesthat



�
h~X i

2

2k0 + 1

�w
u

2

L 2
.

NX

j= 1

�
�
�Re

��
~qwj ;

�
h~X i

1

2k0 + 1

�w �
u;(1� "cjgj)

W ick
�
h~X i

1

2k0 + 1

�w
u

��
�
�

(2.24)

+

NX

j= 1

�
�
�Re

�

~qwj u;
�
h~X i

1

2k0 + 1

�w
(1� "cjgj)

W ick
�
h~X i

1

2k0 + 1

�w
u

��
�
�+

NX

j= 1

k~qwj uk
2
L 2 + kuk2L 2

.

NX

j= 1

�
�
�Re

�

~qwj u;
�
h~X i

1

2k0 + 1

�w
(1� "cjgj)

W ick
�
h~X i

1

2k0 + 1

�w
u

��
�
�+

NX

j= 1

k~qwj uk
2
L 2 + kuk2L 2

.

NX

j= 1

k~qwj ukL 2



�
h~X i

1

2k0 + 1

�w
(1� "cjgj)

W ick
�
h~X i

1

2k0 + 1

�w
u


L 2

+

NX

j= 1

k~qwj uk
2
L 2 + kuk2L 2;

becausewegetfrom (2.19)and (2.23)that

�
�
�Re

��
~qwj ;

�
h~X i

1

2k0 + 1

�w �
u;(1� "cjgj)

W ick
�
h~X i

1

2k0 + 1

�w
u

��
�
�.



�
h~X i

1

2k0 + 1

�w
u

2

L 2

+


�
h~X i

1

2k0 + 1

�w
u


L 2
kukL 2:
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Notice now that(2.7),(4.5)and (4.6)im ply that

��
h~X i

1

2k0 + 1

�w
;(1� "cjgj)

W ick
�
2 O p

w
�
S(1;dX 2)

�
;

since(1� "cjgj)
W ick = ~gwj ,with ~gj 2 S(1;dX 2)and k0 � 0.By introducing thisnew

com m utator,we deduce from the Calder�on-Vaillancourttheorem ,(2.13),(2.18)and

(2.19)that



�
h~X i

1

2k0 + 1

�w
(1� "cjgj)

W ick
�
h~X i

1

2k0 + 1

�w
u


L 2

.



�
h~X i

1

2k0 + 1

�w
u


L 2

+

(1� "cjgj)

W ick
�
h~X i

1

2k0 + 1

�w �
h~X i

1

2k0 + 1

�w
u


L 2

.



�
h~X i

1

2k0 + 1

�w
u


L 2

+


�
h~X i

1

2k0 + 1

�w �
h~X i

1

2k0 + 1

�w
u


L 2

.



�
h~X i

2

2k0 + 1

�w
u


L 2

+


�
h~X i

1

2k0 + 1

�w
u


L 2

+ kukL 2

.



�
h~X i

2

2k0 + 1

�w
u


L 2

+

NX

j= 1

k~qwj ukL 2 + kukL 2:

Recalling (2.24),wecan then use thislastestim ateto obtain that

(2.25)


�
h~X i

2

2k0 + 1

�w
u

2

L 2
.

NX

j= 1

k~qwj uk
2
L 2 + kuk2L 2:

By �nally noticing from the hom ogeneity ofdegree2 of~qj thatwehave

(~qj � T)(x;�)=
1

2�
qj(x;�);

ifT standsforthe reallinearsym plectictransform ation

T(x;�)=
�
(2�)�

1

2 x;(2�)
1

2 �
�
;

we deduce from the sym plectic invarianceofthe W eylquantization (Theorem 18.5.9

in [5])that



�
hX i

2

2k0 + 1

�w
u

2

L 2
.

NX

j= 1

kqwj uk
2
L 2 + kuk2L 2;

which provesTheorem 1.2.1.

3.Proof of Proposition 2.0.1

W e prove Proposition 2.0.1 by induction on the positive integerm � 1 appearing

in (2.2). Letm � 1,we shallassum e thatProposition 2.0.1 isful�lled forany open

set
0 ofR
2n,when the positiveintegerin (2.2)isstrictly sm allerthan m .

In thefollowing,wedenoteby  ,� and w som eC 1 (R;[0;1])functionsrespectively

satisfying

(3.1)  = 1 on [� 1;1];supp  � [� 2;2];

(3.2) � = 1 on fx 2 R :1� jxj� 2g;supp � � fx 2 R :1=2� jxj� 3g;

and

(3.3) w = 1 on fx 2 R :jxj� 2g;supp w � fx 2 R :jxj� 1g:

M ore generically,we shalldenote by  j,�j and wj,j 2 N,som e otherC 1 (R;[0;1])

functionssatisfying sim ilarpropertiesasrespectively  ,� and w with possibly di�er-

entchoicesforthe positivenum ericalvalueswhich de�netheirsupportlocalizations.
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Let
0 bean open setofR
2n such that(2.2)isful�lled.Considering thequadratic

form s

(3.4) ~r1;p(X )=

NX

j= 1

Re qj(X ;Im FpX );

(3.5) ~rk;p(X )=
X

j= 1;:::;N

(l1;:::;lk� 1)2f1;:::;N g
k� 1

Re qj(Im Fl1:::Im Flk� 1
X ;Im Fl1:::Im Flk� 1

Im FpX );

forany 1� p � N ,2 � k � m ;

(3.6) r0(X )=

NX

j= 1

Reqj(X ); rk(X )=
X

j= 1;:::;N

(l1;:::;lk)2f1;:::;N g
k

Re qj(Im Fl1:::Im Flk X );

forany 1� k � m ;and de�ning

(3.7) ~gm ;p(X )=  
�
rm � 1(X )hX i

�
2(2m � 1)

2m + 1

�
hX i

� 4m
2m + 1 ~rm ;p(X );

where  is the function de�ned in (3.1)and 1 � p � N ,we getfrom Lem m a 4.2.1

that

H Im qp ~gm ;p(X )= 2 
�
rm � 1(X )hX i

�
2(2m � 1)

2m + 1

� X

j= 1;:::;N

(l1;:::;lm � 1)2f1;:::;N g
m � 1

Re qj(Im Fl1:::Im Flm � 1
Im FpX )

hX i
4m

2m + 1

(3.8)

+ 2 
�
rm � 1(X )hX i

�
2(2m � 1)

2m + 1

�X

j= 1;:::;N

(l1;:::;lm � 1)2f1;:::;N g
m � 1

Reqj(Im Fl1:::Im Flm � 1
X ;Im Fl1:::Im Flm � 1

(Im Fp)
2X )

hX i
4m

2m + 1

+ H Im qp

�

 
�
rm � 1(X )hX i

�
2(2m � 1)

2m + 1

�� ~rm ;p(X )

hX i
4m

2m + 1

+  
�
rm � 1(X )hX i

�
2(2m � 1)

2m + 1

�
H Im qp

�
hX i

� 4m
2m + 1

�
~rm ;p(X ):

W e �rstcheck that

(3.9) ~gm ;p 2 S
�
1;hX i

�
2(2m � 1)

2m + 1 dX
2
�
:

In orderto verify this,wenotice from Lem m a 4.2.6 thatthe quadraticform s

(3.10) Re qj(Im Fl1:::Im Flm � 1
X ;Im Fl1:::Im Flm � 1

Im FpX )

and

(3.11) Re qj(Im Fl1:::Im Flm � 1
X ;Im Fl1:::Im Flm � 1

(Im Fp)
2
X );

belong to the sym bolclass

(3.12) S

�
hX i

4m

2m + 1 ;hX i
�

2(2m � 1)

2m + 1 dX
2
�
;

forany open set
 in R
2n where rm � 1(X ). hX i

2(2m � 1)

2m + 1 . To check this,we justuse

in addition to Lem m a 4.2.6 the obviousestim ates

Re qj(Im Fl1:::Im Flm � 1
Im FpX )

1

2 . hX i

and

Re qj(Im Fl1:::Im Flm � 1
(Im Fp)

2
X )

1

2 . hX i:

M oreover,since

(3.13) hX i�
4m

2m + 1 2 S
�
hX i�

4m

2m + 1 ;hX i� 2dX 2
�
;
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weobtain (3.9)from (3.1),(3.5),(3.6),(3.7),(3.10),(3.12)and Lem m a 4.2.2.

Denoting respectively A 1;p,A 2;p,A 3;p and A 4;p the four term s appearing in the

righthandsideof(3.8),we�rstnoticefrom (3.1),(3.10),(3.12),(3.13)andLem m a4.2.2

that

(3.14) A 2;p 2 S
�
1;hX i

�
2(2m � 1)

2m + 1 dX
2
�
:

Next,by using that

Im qp 2 S
�
hX i2;hX i� 2dX 2

�
;

since Im qp isa quadratic form ,we getfrom (3.1),(3.5),(3.6),(3.10),(3.12),(3.13)

and Lem m a 4.2.2 that

(3.15) A 3;p 2 S
�
hX i

2

2m + 1 ;hX i
�

2(2m � 1)

2m + 1 dX
2
�
;

since

H Im qp

�

 
�
rm � 1(X )hX i

�
2(2m � 1)

2m + 1

��

2 S
�
hX i

2

2m + 1 ;hX i
�

2(2m � 1)

2m + 1 dX
2
�
:

By using now that

H Im qp

�
hX i�

4m

2m + 1

�
2 S

�
hX i�

4m

2m + 1 ;hX i� 2dX 2
�
;

we�nallyobtain from anotheruseof(3.1),(3.5),(3.6),(3.10),(3.12)and Lem m a4.2.2

that

(3.16) A 4;p 2 S
�
1;hX i

�
2(2m � 1)

2m + 1 dX
2
�
:

Since the term A 3;p issupported in

supp  0
�
rm � 1(X )hX i

�
2(2m � 1)

2m + 1

�
;

we deduce from (3.8),(3.14),(3.15) and (3.16) that there exists �0 a C 1 (R;[0;1])

function satisfying sim ilarpropertiesasin (3.2),with possibly di�erentpositive nu-

m ericalvaluesforitssupportlocalization,such that,9c1;c2 > 0,8X 2 R
2n,

c1 + c2�0
�
rm � 1(X )hX i

�
2(2m � 1)

2m + 1

�
hX i

2

2m + 1 +

NX

p= 1

H Im qp ~gm ;p(X )(3.17)

� 2 
�
rm � 1(X )hX i

�
2(2m � 1)

2m + 1

� rm (X )

hX i
4m

2m + 1

:

Recalling (2.2),onecan �nd som epositiveconstantsc3;c4 > 0 such that

(3.18)

m � 1X

k= 0

rk(X )� c3jX j2;

on the open set

(3.19) 
1 =
�
X 2 R

2n :rm (X )< c4jX j2
	
\ 
0:

W hen m � 2,one can �nd according to our induction hypothesis som e real-valued

functions

(3.20) ~gm ;p 2 S
 1

�
1;hX i

� 2

2m � 1 dX
2
�
; 1 � p � N ;

such that

(3.21) 9c5;p > 0;8X 2 
1; 1+

NX

p= 1

�
Reqp(X )+ c5;pH Im qp

~gm ;p(X )
�
& hX i

2

2m � 1 :

Forconvenience,we setin the following ~g1;p = 0 when m = 1.By choosing suitably

 0 and w0 som eC
1 (R;[0;1])functionssatisfying sim ilarpropertiesasthe functions
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respectivelyde�ned in (3.1)and (3.3),with possiblydi�erentpositivenum ericalvalues

fortheirsupportlocalizations,such that

(3.22) supp  0
�
rm (X )jX j� 2

�
w0(X )�

�
X 2 R

2n :rm (X )< c4jX j2
	
;

and setting

(3.23) G m ;p(X )= ~gm ;p(X )+  0
�
rm (X )jX j� 2

�
w0(X )~gm ;p(X );X 2 
0;

we deduce from a straightforward adaptation ofthe Lem m a 4.2.2 by recalling (3.1)

and (3.3)that

(3.24)  0
�
rm (X )jX j� 2

�
w0(X )2 S

�
1;hX i� 2dX 2

�
:

According to (3.9)and (3.20),thisim pliesthat

(3.25) G 1;p 2 S
 0

�
1;hX i�

2

3 dX
2
�
and G m ;p 2 S
 0

�
1;hX i�

2

2m � 1 dX
2
�
;

when m � 2.Since from (3.24),

H Im qp

�
 0
�
rm (X )jX j� 2

�
w0(X )

�
2 S

�
1;hX i� 2dX 2

�
;

becauseIm qp isa quadraticform ,we �rstnoticefrom (3.19),(3.20)and (3.22)that

H Im qp

�
 0
�
rm (X )jX j� 2

�
w0(X )

�
~gm ;p(X )2 S
 0

�
1;hX i

� 2

2m � 1 dX
2
�
;

and then deduce from (3.17),(3.19),(3.21),(3.22)and (3.23)thatthere existsom e

positivecontantsc6;p;c7 > 0 such thatforallX 2 
0,

NX

p= 1

�
Re qp(X )+ c6;pH Im qp G m ;p(X )

�
+ 1+ c7�0

�
rm � 1(X )hX i

�
2(2m � 1)

2m + 1

�
hX i

2

2m + 1

&  
�
rm � 1(X )hX i

�
2(2m � 1)

2m + 1

� rm (X )

hX i
4m

2m + 1

+  0
�
rm (X )jX j� 2

�
w0(X )hX i

2

2m � 1 ;

when m � 2.Since

hX i
2

2m � 1 & hX i
2

2m + 1 and
rm (X )

hX i
4m

2m + 1

& jX j
2

2m + 1 ;

when rm (X ) & jX j2,we deduce from the previous estim ate by distinguishing the

regionsin 
0 where

rm (X ). jX j2 and rm (X )& jX j2;

according to the supportofthe function

 0
�
rm (X )jX j� 2

�
;

thatone can �nd a C 1 (R;[0;1])function w1 with the sam e kind ofsupportasthe

function de�ned in (3.3)such that

(3.26) 9c8;p;c9 > 0;8X 2 
0;

NX

p= 1

�
Re qp(X )+ c8;pH Im qp G m ;p(X )

�

+ c9w1

�
rm � 1(X )hX i

�
2(2m � 1)

2m + 1

�
hX i

2

2m + 1 + 1 & hX i
2

2m + 1 ;

when m � 2.W hen m = 1,wenoticefrom (2.2)that

(3.27) r1(X )& hX i2;

on any setwhere

(3.28) jX j� c10 and r0(X )=

NX

p= 1

Re qp(X )� hX i
2

3 ;
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ifthe positive constantc10 is chosen su�ciently large. M oreover,since in this case

G 1;p = ~g1;p and thatReqp � 0,one can deduce from (3.1),(3.3),(3.17),(3.27)and

(3.28),by distinguishing the regionsin 
0 where

r0(X ). hX i
2

3 and r0(X )& hX i
2

3 ;

according to the supportofthe function

 
�
r0(X )hX i�

2

3

�
;

thatthe estim ate (3.26)isalso ful�lled in the case m = 1. Continuing ourstudy of

the casewherem = 1,wenoticefrom (3.3)and Re qp � 0,thatonecan estim ate

w1

�
r0(X )hX i�

2

3

�
hX i

2

3 . r0(X )=

NX

p= 1

Re qp(X );

for allX 2 R
2n. It therefore follows that one can �nd c11;p > 0 such that for all

X 2 
0,
NX

p= 1

�
Reqp(X )+ c11;pH Im qpG 1;p(X )

�
+ 1 & hX i

2

3 ;

which provesProposition 2.0.1in thecasewherem = 1,and ourinduction hypothesis

in the basiscase.

Assum ing in the following thatm � 2,weshallnow work on the term

w1

�
rm � 1(X )hX i

�
2(2m � 1)

2m + 1

�
hX i

2

2m + 1 ;

appearing in (3.26).By considering som econstants�j � 1,for0 � j� m � 2,whose

valueswillbe successively chosen in the following,we shallprovethatone can write

thatforallX 2 R
2n,

(3.29) w1

 

rm � 1(X )

hX i
2(2m � 1)

2m + 1

!

� ~W 0(X )	 0(X )

+

m � 2X

j= 1

~W 0(X )

� jY

l= 1

W l(X )

�

	 j(X )+ ~W 0(X )

� m � 1Y

l= 1

W l(X )

�

;

with

(3.30) 	 j(X )=  

 

�jrm � j� 2(X )

rm � j� 1(X )
2m � 2j� 3

2m � 2j� 1

!

; 0� j� m � 2;

(3.31) W j(X )= w2

 

�j� 1rm � j� 1(X )

rm � j(X )
2m � 2j� 1

2m � 2j+ 1

!

; 1 � j� m � 1;

(3.32) ~W 0(X )= w1

 

rm � 1(X )

hX i
2(2m � 1)

2m + 1

!

;

where istheC 1 (R;[0;1])function de�ned in(3.1),andw 2 isaC
1 (R;[0;1])function

satisfying sim ilarproperties as the function de�ned in (3.3),with possibly di�erent

positivenum ericalvaluesforitssupportlocalization,in orderto havethat

(3.33) supp  0�
�
w2 = 1

	
and supp w 0

2 �
�
 = 1

	
:

In orderto check (3.29),we begin by noticing from (3.3),(3.31)and (3.32)thatfor

0� j� m � 1,

(3.34) rm � j� 1(X )
1

2m � 2j� 1 & rm � j(X )
1

2m � 2j+ 1 & :::& rm � 1(X )
1

2m � 1 & hX i
2

2m + 1 ;
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on the supportofthe function

supp

�
~W 0

jY

l= 1

W l

�

;if1 � j� m � 1; or,supp ~W 0;ifj= 0:

Notice that the constants in the estim ates (3.34) only depend on the values ofthe

param eters�0,...,�j� 1 butnoton �l,when l� j.Thisshowsthatthe functions

	 0;

� jY

l= 1

W l

�

	 j;for1 � j� m � 2;and

m � 1Y

l= 1

W l;

are well-de�ned on the support ofthe function ~W 0. Now,by noticing from (3.1),

(3.3),(3.30),(3.31)and (3.33)that

(3.35) 1 � 	 j + W j+ 1;

on the supportofthe function

supp

�
~W 0

jY

l= 1

W l

�

;if1 � j� m � 2; or,supp ~W 0;ifj= 0;

wededucetheestim ate(3.29)from a �niteiteration by using thefollowing estim ates

~W 0 � ~W 0	 0 + ~W 0W 1

and

~W 0

� jY

l= 1

W l

�

� ~W 0

� jY

l= 1

W l

�

	 j + ~W 0

� j+ 1Y

l= 1

W l

�

;

forany 1� j� m � 2.O ne can also notice that(3.35)im pliesthat

(3.36) 1 � 	 j +

m � 2X

k= j+ 1

� kY

l= j+ 1

W l

�

	 k +

m � 1Y

l= j+ 1

W l;

on the supportofthe function

supp

�
~W 0

jY

l= 1

W l

�

;if1 � j� m � 2; or,supp ~W 0;ifj= 0:

Since Reqp � 0,wethen getfrom (3.34)that

(3.37) 8X 2 R
2n
; ~W 0(X )

� m � 1Y

l= 1

W l(X )

�

hX i
2

2m + 1 � ~a� 0;:::;� m � 2

NX

p= 1

Reqp(X );

where ~a� 0;:::;� m � 2
isa positiveconstantwhosevaluedependson the param eters

(�l)0� l� m � 2:

W e de�ne for1� p � N ,

(3.38) pj;p(X )= ~W 0(X )

� jY

l= 1

W l(X )

�

	 j(X )
~rm � j� 1;p(X )

rm � j� 1(X )
2m � 2j� 2

2m � 2j� 1

;

for1 � j� m � 2,and

(3.39) p0;p(X )= ~W 0(X )	 0(X )
~rm � 1;p(X )

rm � 1(X )
2m � 2

2m � 1

;
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where the quadratic form s ~rk;p are de�ned in (3.4) and (3.5). W e get from (3.1),

(3.3),(3.30),(3.31),(3.32),(3.34),Lem m a 4.2.2,Lem m a 4.2.4,Lem m a 4.2.5 and

Lem m a 4.2.7 that

(3.40) pj;p 2 S
�
1;hX i

�
2(2m � 2j� 3)

2m + 1 dX
2
�
:

forany 0� j� m � 2.

W e shallnow study the Poisson brackets H Im qp pj;p. In doing so,we begin by

writing that

H Im qppj;p(X )=
�
H Im qp

~W 0

�
(X )

� jY

l= 1

W l(X )

�

	 j(X )
~rm � j� 1;p(X )

rm � j� 1(X )
2m � 2j� 2

2m � 2j� 1

(3.41)

+ ~W 0(X )

� jY

l= 1

W l(X )

��
H Im qp 	 j

�
(X )

~rm � j� 1;p(X )

rm � j� 1(X )
2m � 2j� 2

2m � 2j� 1

+ ~W 0(X )

� jY

l= 1

W l(X )

�

	 j(X )H Im qp

�
rm � j� 1(X )

�
2m � 2j� 2

2m � 2j� 1

�
~rm � j� 1;p(X )

+ ~W 0(X )

� jY

l= 1

W l(X )

�

	 j(X )
H Im qp ~rm � j� 1;p(X )

rm � j� 1(X )
2m � 2j� 2

2m � 2j� 1

+

jX

l= 1

~W 0(X )
�
H Im qp W l

�
(X )

� jY

k= 1

k6= l

W k(X )

�

	 j(X )
~rm � j� 1;p(X )

rm � j� 1(X )
2m � 2j� 2

2m � 2j� 1

;

for1 � j � m � 2. W e denote by respectively B 1;j;p,B 2;j;p,B 3;j;p,B 4;j;p and B 5;j;p

the �ve term sappearing in the righthand side of(3.41). W e also write in the case

wherej= 0,

H Im qpp0;p(X )=
�
H Im qp

~W 0

�
(X )	 0(X )

~rm � 1;p(X )

rm � 1(X )
2m � 2

2m � 1

(3.42)

+ ~W 0(X )
�
H Im qp 	 0

�
(X )

~rm � 1;p(X )

rm � 1(X )
2m � 2

2m � 1

+ ~W 0(X )	 0(X )H Im qp

�
rm � 1(X )

�
2m � 2

2m � 1

�
~rm � 1;p(X )

+ ~W 0(X )	 0(X )
H Im qp ~rm � 1;p(X )

rm � 1(X )
2m � 2

2m � 1

;

and denote asbefore by respectively B 1;0;p,B 2;0;p,B 3;0;p and B 4;0;p the fourterm s

appearing in the righthand sideof(3.42).

Sincetheconstantsin theestim ates(3.34)only depend on thevaluesoftheparam -

eters�0,...,�j� 1;butnoton �l,when l� j;wenoticefrom (3.29),(3.34)and (3.37)

thatthere exista0 > 0 and som e positive constantsaj;� 0;:::;� j� 1
,for1 � j � m � 1,

whosevalueswith respecttotheparam eters(�l)0� l� m � 2 onlydepend on �0,...,�j� 1;

butnoton �l,when l� j;such thatforany constants(�j)1� j� m � 2,with �j � 1;
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and X 2 R
2n,

w1

 

rm � 1(X )

hX i
2(2m � 1)

2m + 1

!

hX i
2

2m + 1 � a0 ~W 0(X )	 0(X )rm � 1(X )
1

2m � 1(3.43)

+

m � 2X

j= 1

�jaj;� 0;:::;� j� 1

~W 0(X )

� jY

l= 1

W l(X )

�

	 j(X )rm � j� 1(X )
1

2m � 2j� 1

+ am � 1;� 0;:::;� m � 2

NX

p= 1

Re qp(X ):

Thepositiveconstanta0 isindependentofanyoftheparam eters(�l)0� l� m � 2.Setting

(3.44) pp = a0p0;p +

m � 2X

j= 1

�jaj;� 0;:::;� j� 1
pj;p;

weknow from (3.40)that

(3.45) pp 2 S
�
1;hX i

� 2

2m + 1 dX
2
�
:

Forany"> 0,weshallprovethatafteraproperchoicefortheconstants(�j)0� j� m � 2

and (�j)1� j� m � 2,with �j � 1,�j � 1,whose valueswilldepend on ";one can �nd

a positiveconstantc12;" > 0 such thatforallX 2 R
2n,

(3.46) c12;"

NX

p= 1

�
Reqp(X )+ H Im qppp(X )

�
+ "hX i

2

2m + 1 � w1

 

rm � 1(X )

hX i
2(2m � 1)

2m + 1

!

hX i
2

2m + 1 :

O nce thisestim ate proved,Proposition 2.0.1 willdirectly follow from (3.25),(3.26),

(3.45)and (3.46),ifwechoosethepositiveparam eter"su�ciently sm alland consider

the weightfunctions

gp = c13;"G m ;p + c14;"pp; 1� p � N ;

aftera suitable choiceforthe positiveconstantsc13;" and c14;".

Let " > 0,it therefore rem ains to choose properly these constants (�j)0� j� m � 2

and (�j)1� j� m � 2,with �j � 1,�j � 1,in orderto satisfy (3.46).

Recalling from (4.22)thatforall1� p � N and 0 � s� m � 2,

(3.47) H Im qp ~rm � s� 1;p(X )= 2
X

j= 1;:::;N

(l1;:::;lm � s� 2)2f1;:::;N g
m � s� 2

Re qj(Im Fl1:::Im Flm � s� 2
Im FpX )

+ 2
X

j= 1;:::;N

(l1;:::;lm � s� 2)2f1;:::;N g
m � s� 2

Reqj(Im Fl1:::Im Flm � s� 2
X ;Im Fl1:::Im Flm � s� 2

(Im Fp)
2
X );

onecan notice by expanding the term

2am � 1;� 0;:::;� m � 2

NX

p= 1

Reqp +

NX

p= 1

H Im qppp;

by using (3.41),(3.42)and (3.44)thatthe term sin

a0

NX

p= 1

B 4;0;p +

m � 2X

j= 1

�jaj;� 0;:::;� j� 1

 
NX

p= 1

B 4;j;p

!

;



22 K A R EL PR AV D A -STA RO V

produced by the term sassociated to
X

j= 1;:::;N

(l1;:::;lm � s� 2)2f1;:::;N g
m � s� 2

Re qj(Im Fl1:::Im Flm � s� 2
Im FpX );

while using (3.47),giveexactly two tim esthe term

a0 ~W 0(X )	 0(X )rm � 1(X )
1

2m � 1(3.48)

+

m � 2X

j= 1

�jaj;� 0;:::;� j� 1

~W 0(X )

� jY

l= 1

W l(X )

�

	 j(X )rm � j� 1(X )
1

2m � 2j� 1

+ am � 1;� 0;:::;� m � 2

NX

p= 1

Re qp(X );

forwhich we havethe estim ate(3.43).To provethe estim ate(3.46),itwilltherefore

besu�cientto check thatalltheotherterm sappearing in (3.41)and (3.42)can also

beallabsorbed in theterm (3.48)afteraproperchoicefortheconstants(�j)0� j� m � 2

and (�j)1� j� m � 2;atthe exception ofa rem ainderterm in

"hX i
2

2m + 1 :

W e shallchoosethese constantsin the following order�0,�1,�1,�2,....,�m � 2 and

�m � 2.

W esuccessively study therem ainingterm sin (3.41)and (3.42),by increasingvalue

ofthe integer0 � j� m � 2.W e �rstnotice from (3.1),(3.3),(3.30),(3.32),(3.42),

Lem m a 4.2.8 and Lem m a 4.2.12 thatone can choose the �rstconstant� 0 � 1 such

thatforallX 2 R
2n,

(3.49) a0

NX

p= 1

jB 1;0;p(X )j. �
� 1

2

0 hX i
2

2m + 1 �
"

m � 1
hX i

2

2m + 1 :

By noticing from (3.34)thatthe estim ates

(3.50) rm (X ). hX i2 . rm � 1(X )
2m + 1

2m � 1 ;

areful�lled on thesupportofthefunction ~W 0,wededucefrom (3.1),(3.30)and (3.42)

thatthe m odulusofthe term sB 3;0;p can be estim ated as

a0

NX

p= 1

jB 3;0;p(X )j= a0

NX

p= 1

�
�rm � 1(X )

2m � 2

2m � 1 H Im qp

�
rm � 1(X )

�
2m � 2

2m � 1

��
�

�
�
�rm � 1(X )

�
2m � 2

2m � 1 ~rm � 1;p(X )
�
�~W 0(X )	 0(X )

. �
� 1

2

0
~W 0(X )	 0(X )rm � 1(X )

1

2m � 1 ;

for allX 2 R
2n;since from Lem m a 4.2.8 and Lem m a 4.2.10,we have for any p in

f1;:::;N g that

�
�rm � 1(X )

2m � 2

2m � 1 H Im qp

�
rm � 1(X )

�
2m � 2

2m � 1

��
�. rm � 1(X )

1

2m � 1

and
�
�rm � 1(X )�

2m � 2

2m � 1 ~rm � 1;p(X )
�
�. �

� 1

2

0 ;

on the supportofthe function ~W 0(X )	 0(X ):By possibly increasing su�ciently the

value ofthe constant �0 which is ofcourse possible while keeping (3.49),one can

controlthisterm with the \good" term (3.48).
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Next,wededuce from (3.1),(3.30),(3.42),(3.50)and Lem m a 4.2.9 thatthe m od-

ulusofthe second term sin B 4;0;p associated to

2
X

j= 1;:::;N

(l1;:::;lm � 2)2f1;:::;N g
m � 2

Re qj(Im Fl1:::Im Flm � 2
X ;Im Fl1:::Im Flm � 2

(Im Fp)
2
X );

while using (3.47),denoted here ~B 4;0;p,

NX

p= 1

~B 4;0;p(X )= ~W 0(X )	 0(X )

�

NX

p= 1

0

B
B
@

H Im qp ~rm � 1;p(X )

rm � 1(X )
2m � 2

2m � 1

� 2
X

j= 1;:::;N

(l1;:::;lm � 2)2f1;:::;N g
m � 2

Reqj(Im Fl1:::Im Flm � 2
Im FpX )

rm � 1(X )
2m � 2

2m � 1

1

C
C
A
;

= ~W 0(X )	 0(X )

 
NX

p= 1

H Im qp ~rm � 1;p(X )

rm � 1(X )
2m � 2

2m � 1

� 2rm � 1(X )
1

2m � 1

!

can be estim ated as

a0

NX

p= 1

j~B 4;0;p(X )j. �
� 1

2

0
~W 0(X )	 0(X )rm � 1(X )

1

2m � 1 ;

for allX 2 R
2n. By possibly increasing su�ciently the value ofthe constant � 0

which isofcourse possible while keeping (3.49),one can also controlthisterm with

the \good" term (3.48). The value ofthe constant �0 is now de�nitively �xed. In

(3.42),itonly rem ainsto study the term sB 2;0;p.

Aboutthese term s,we deduce from (3.1),(3.30),(3.42),(3.50),Lem m a 4.2.8 and

Lem m a 4.2.11 thatforallX 2 R
2n,

(3.51) a0

NX

p= 1

jB 2;0;p(X )j. ~W 0(X )W 1(X )rm � 1(X )
1

2m � 1 :

By using now (3.34)and (3.36)with j= 1,weobtain thatforallX 2 R
2n,

a0

NX

p= 1

jB 2;0;p(X )j� cm � 1;� 0;:::;� m � 2

~W 0(X )

� m � 1Y

l= 1

W l(X )

� NX

p= 1

Re qp(X )

+

m � 2X

j= 1

cj;� 0;:::;� j� 1

~W 0(X )

� jY

l= 1

W l(X )

�

	 j(X )rm � j� 1(X )
1

2m � 2j� 1 ;

which im pliesthat

(3.52) a0

NX

p= 1

jB 2;0;p(X )j� cm � 1;� 0;:::;� m � 2

NX

p= 1

Re qp(X )

+

m � 2X

j= 1

cj;� 0;:::;� j� 1

~W 0(X )

� jY

l= 1

W l(X )

�

	 j(X )rm � j� 1(X )
1

2m � 2j� 1 ;

where the quantities cj;� 0;:::;� j� 1
stand for positive constants whose values depend

on �0,...,�j� 1,butnoton (�k)j� k� m � 2 and (�k)1� k� m � 2;according to therem ark

doneafter(3.34).O necan thereforechoosetheconstant�1 � 1 in (3.44)su�ciently

largein orderto absorb theterm oftheindex j= 1 in thesum appearing in theright
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hand sideoftheestim ate(3.52)by theterm ofsam eindex in the\good"term (3.48).

Thisispossible since the constantsa1;� 0
and c1;� 0

are now �xed afterourchoice of

the param eter�0.

This ends our step index j = 0 in which we have chosen the values for the two

constants�0 and �1 � 1.W eshallnow explain how tochoosetherem ainingconstants

(�j)1� j� m � 2 and (�j)2� j� m � 2 in (3.44)in orderto satisfy (3.46). This choice will

also determ inethevaluesoftheconstants(aj;� 0;:::;� j� 1
)1� j� m � 2 appearing in (3.44).

After this step index j = 0,we have m anaged to absorb allthe term sappearing in

(3.42)in the \good" term (3.48)atthe exception ofa rem aindercom ing from (3.49)

and (3.52),

m � 2X

j= 2

cj;� 0;:::;� j� 1

~W 0(X )

� jY

l= 1

W l(X )

�

	 j(X )rm � j� 1(X )
1

2m � 2j� 1 +
"

m � 1
hX i

2

2m + 1 ;

where one recallthatthe positive constantscj;� 0;:::;� j� 1
only depend on �0,...,�j� 1,

butnoton (�k)j� k� m � 2 and (�k)1� k� m � 2:

W eproceed in thefollowing by �niteinduction and assum ethat,atthebeginning

ofthe step index k,with 1 � k � m � 2,we have already chosen the valuesforthe

constants(�j)0� j� k� 1 and (�j)1� j� k in (3.44);and thatthese choiceshave allowed

to absorb allthe term sappearing in the righthand side of(3.42)and (3.41),when

1� j� k� 1,in the \good" term (3.48)atthe exception ofa rem ainderterm

(3.53)
k

m � 1
"hX i

2

2m + 1 +

m � 2X

j= k+ 1

~cj;� 0;:::;� j� 1;� 1;:::;� k� 1

~W 0(X )

� jY

l= 1

W l(X )

�

	 j(X )rm � j� 1(X )
1

2m � 2j� 1 ;

where the quantities ~cj;� 0;:::;� j� 1;� 1;:::;� k� 1
stand forpositive constantswhose values

only depend on �0,...,�j� 1,�1,...,�k� 1;butnoton (�l)j� l� m � 2 and (�l)k� l� m � 2.

W eshallnow explain how to choosetheconstants�k and;�k+ 1,when k � m � 3;

in thisstep index k in orderto absorb the term sappearing in the righthand side of

(3.41),when j= k,atthe exception ofa rem ainderterm ofthe type (3.53)where k

willbereplaced by k+ 1;in the\good"term (3.48).Sincetheconstants(�j)0� j� k� 1
and (�j)1� j� k havealready been chosen,weshallonly underlinein thefollowing the

dependence ofourestim ateswith respectto the otherparam eters(�j)k� j� m � 2 and

(�j)k+ 1� j� m � 2,whosevaluesrem ain to be chosen.

W enoticefrom (3.1),(3.30),(3.31),(3.32),(3.34),(3.41),Lem m a4.2.8and Lem m a

4.2.12 that one can assum e by choosing the constant�k � 1 su�ciently large that

forallX 2 R
2n,

(3.54) �kak;� 0;:::;� k� 1

NX

p= 1

jB 1;k;p(X )j. �
� 1

2

k
hX i

2

2m + 1 �
"

m � 1
hX i

2

2m + 1 ;

sincethe constants�k,�0,....,�k� 1 havealready been �xed.
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Next,wededucefrom (3.1),(3.30),(3.34)and (3.41)thatthem odulusoftheterm s

B 3;k;p can be estim ated as

�kak;� 0;:::;� k� 1

NX

p= 1

jB 3;k;p(X )j

= �kak;� 0;:::;� k� 1

NX

p= 1

�
�rm � k� 1(X )

2m � 2k� 2

2m � 2k� 1 H Im qp

�
rm � k� 1(X )

�
2m � 2k� 2

2m � 2k� 1

��
�

�
�
�rm � k� 1(X )

�
2m � 2k� 2

2m � 2k� 1 ~rm � k� 1;p(X )
�
� ~W 0(X )

� kY

l= 1

W l(X )

�

	 k(X )

. �
� 1

2

k
~W 0(X )

� kY

l= 1

W l(X )

�

	 k(X )rm � k� 1(X )
1

2m � 2k� 1 ;

for allX 2 R
2n;since from Lem m a 4.2.8 and Lem m a 4.2.10,we have for any p in

f1;:::;N g that

�
�rm � k� 1(X )

2m � 2k� 2

2m � 2k� 1 H Im qp

�
rm � k� 1(X )

�
2m � 2k� 2

2m � 2k� 1

��
�. rm � k� 1(X )

1

2m � 2k� 1

and
�
�rm � k� 1(X )

�
2m � 2k� 2

2m � 2k� 1 ~rm � k� 1;p(X )
�
�. �

� 1

2

k
;

on the supportofthe function

~W 0(X )

� kY

l= 1

W l(X )

�

	 k(X ):

By possibly increasing su�ciently the value ofthe constant � k which is ofcourse

possiblewhilekeeping (3.54),onecan controlthisterm with the\good" term (3.48).

Next,wededuce from (3.1),(3.30),(3.34),(3.41)and Lem m a 4.2.9 thatthe m od-

ulusofthe second term sin B 4;k;p associated to

2
X

j= 1;:::;N

(l1;:::;lm � k� 2)2f1;:::;N g
m � k� 2

Re qj(Im Fl1:::Im Flm � k� 2
X ;Im Fl1:::Im Flm � k� 2

(Im Fp)
2
X );

while using (3.47),denoted here ~B 4;k;p,

NX

p= 1

~B 4;k;p(X )= ~W 0(X )

� kY

l= 1

W l(X )

�

	 k(X )

�

NX

p= 1

0

B
B
@

H Im qp ~rm � k� 1;p(X )

rm � k� 1(X )
2m � 2k� 2

2m � 2k� 1

� 2
X

j= 1;:::;N

(l1;:::;lm � k� 2)2f1;:::;N g
m � k� 2

Re qj(Im Fl1:::Im Flm � k� 2
Im FpX )

rm � k� 1(X )
2m � 2k� 2

2m � 2k� 1

1

C
C
A ;

= ~W 0(X )

� kY

l= 1

W l(X )

�

	 k(X )

 
NX

p= 1

H Im qp ~rm � k� 1;p(X )

rm � k� 1(X )
2m � 2k� 2

2m � 2k� 1

� 2rm � k� 1(X )
1

2m � 2k� 1

!

can be estim ated as

�kak;� 0;:::;� k� 1

NX

p= 1

j~B 4;k;p(X )j. �
� 1

2

k
~W 0(X )

� kY

l= 1

W l(X )

�

	 k(X )rm � k� 1(X )
1

2m � 2k� 1 ;
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for allX 2 R
2n. By possibly increasing su�ciently the value ofthe constant � k

which isofcourse possible while keeping (3.54),one can also controlthisterm with

the \good" term (3.48).

For1� l� k and 1� p � N ,weshallnow study the term

B 5;k;p;l(X )= ~W 0(X )
�
H Im qp W l

�
(X )

� kY

j= 1

j6= l

W j(X )

�

	 k(X )
~rm � k� 1;p(X )

rm � k� 1(X )
2m � 2k� 2

2m � 2k� 1

;

appearing in the term B 5;k;p in (3.41).By noticing that

rm � l� 2(X )� �
� 1
l
rm � l� 1(X )

2m � 2l� 3

2m � 2l� 1 ;

on thesupportofthe function H Im qpW l+ 1,itfollowsfrom (3.1),(3.3),(3.30),(3.31),

(3.32),(3.34),(3.50),Lem m a 4.2.8 and Lem m a 4.2.13 thatforallX 2 R
2n,

�kak;� 0;:::;� k� 1

NX

p= 1

jB 5;k;p;1(X )j. �
� 1

2

k
~W 0(X )	 0(X )rm � 1(X )

1

2m � 1

and

�kak;� 0;:::;� k� 1

NX

p= 1

jB 5;k;p;l(X )j. �
� 1

2

k
~W 0(X )

� l� 1Y

j= 1

W j(X )

�

	 l� 1(X )rm � l(X )
1

2m � 2l+ 1 ;

when l � 2. By possibly increasing again the value ofthe constant �k,one can

thereforecontrolthe term

�kak;� 0;:::;� k� 1

NX

p= 1

B 5;k;p;

with the \good" term (3.48).Thevalue ofthe constant�k isnow de�nitively �xed.

Aboutthe term sB 2;k;p,we deduce from (3.1),(3.30),(3.34),(3.41),Lem m a 4.2.8

and Lem m a 4.2.11 thatforallX 2 R
2n,

(3.55) �kak;� 0;:::;� k� 1

NX

p= 1

jB 2;k;p(X )j. ~W 0(X )

� k+ 1Y

l= 1

W l(X )

�

rm � k� 1(X )
1

2m � 2k� 1 :

By distinguishing two cases,we�rstassum ein the following thatk � m � 3.In this

case,by using (3.34)and (3.36)with j= k+ 1,weobtain thatforallX 2 R
2n,

�kak;� 0;:::;� k� 1

NX

p= 1

jB 2;k;p(X )j

� c
0
m � 1;� 0;:::;� m � 2;� 1;:::;� k

~W 0(X )

� m � 1Y

l= 1

W l(X )

� NX

p= 1

Re qp(X )

+

m � 2X

j= k+ 1

c
0
j;� 0;:::;� j� 1;� 1;:::;� k

~W 0(X )

� jY

l= 1

W l(X )

�

	 j(X )rm � j� 1(X )
1

2m � 2j� 1 ;

which im pliesthat

(3.56) �kak;� 0;:::;� k� 1

NX

p= 1

jB 2;k;p(X )j� c
0
m � 1;� 0;:::;� m � 2;� 1;:::;� k

NX

p= 1

Reqp(X )

+

m � 2X

j= k+ 1

c
0
j;� 0;:::;� j� 1;� 1;:::;� k

~W 0(X )

� jY

l= 1

W l(X )

�

	 j(X )rm � j� 1(X )
1

2m � 2j� 1 ;
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where the quantities c0j;� 0;:::;� j� 1;� 1;:::;� k
stand for positive constants whose values

only depend on �0,...,�j� 1,�1,...,�k,butnoton (�l)j� l� m � 2 and (�l)k+ 1� l� m � 2.

Indeed,werecallthattheconstantsappearing in theestim ates(3.34)only depend on

the valuesofthe param eters�0,...,�j� 1;butnoton (�l)j� l� m � 2 and (�l)1� l� m � 2.

O necan thereforechoosetheconstant�k+ 1 � 1 in (3.44)su�ciently largein orderto

absorb theterm ofindex j= k+ 1 in thesum (3.53);and theterm ofindex j= k+ 1

in the sum appearing in the right hand side ofthe estim ate (3.56),by the term of

sam eindex in the \good" term (3.48).

W hen k = m � 2and taking �m � 2 = 1,itfollowsfrom (3.34),used with j= m � 1,

and (3.55)thatforallX 2 R
2n,

�m � 2am � 2;� 0;:::;� m � 3

NX

p= 1

jB 2;m � 2;p(X )j. ~W 0(X )

� m � 1Y

l= 1

W l(X )

�

r1(X )
1

3(3.57)

.

NX

p= 1

Re qp(X ):

This process allows us to achieve the construction ofthe weight functions pp,1 �

p � N ,satisfying (3.46),which endsthe proofof(3.46).Thisalso endsthe proofof

Proposition 2.0.1.�

4.A ppendix

4.1.W ick calculus. Thepurposeofthissection isto recallthede�nition and basic

propertiesoftheW ick quantization thatweneed fortheproofofTheorem 1.2.1.W e

follow here the presentation ofthe W ick quantization given by N.Lernerin [7]and

referthe readerto hiswork forthe proofsofthe resultsrecalled below.

Them ain property oftheW ick quantization isitsproperty ofpositivity,i.e.,that

non-negativeHam iltoniansde�ne non-negativeoperators

a � 0) a
W ick � 0:

W e recallthat this is not the case for the W eylquantization and refer to [7]for

an explicit exam ple ofnon-negative Ham iltonian de�ning an operator which is not

non-negative.

Beforede�ningproperlytheW ickquantization,we�rstneed torecallthede�nition

ofthe wavepacketstransform ofa function u 2 S(Rn),

W u(y;�)= (u;’y;�)L 2(Rn ) = 2n=4
Z

R
n

u(x)e� �(x� y)
2

e
� 2i�(x� y):�

dx;(y;�)2 R
2n
:

where

’y;�(x)= 2n=4e� �(x� y)
2

e
2i�(x� y):�

; x 2 R
n
;

and x2 = x21+ :::+ x2n.W ith thisde�nition,onecan check (seeLem m a 2.1 in [7])that

them apping u 7! W u iscontinuousfrom S(Rn)to S(R2n),isom etricfrom L2(Rn)to

L2(R2n)and thatwe havethe reconstruction form ula

(4.1) 8u 2 S(Rn);8x 2 R
n
; u(x)=

Z

R
2n

W u(y;�)’y;�(x)dyd�:

By denoting �Y the operatorde�ned in the W eylquantization by the sym bol

pY (X )= 2ne� 2�jX � Y j
2

; Y = (y;�)2 R
2n
;

which isa rank-oneorthogonalprojection
�
�Y u

�
(x)= W u(Y )’Y (x)= (u;’Y )L 2(Rn )’Y (x);
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wede�ne the W ick quantization ofany L 1 (R2n)sym bola as

(4.2) a
W ick =

Z

R
2n

a(Y )�Y dY :

M oregenerally,onecan extend thisde�nition when thesym bola belongsto S0(R2n)

by de�ning the operatoraW ick forany u and v in S(Rn)by

< a
W ick

u;v > S 0(Rn );S(Rn )= < a(Y );(�Y u;v)L 2(Rn ) > S 0(R2n );S(R2n );

where< � ;� >S 0(Rn );S(Rn ) denotesthe duality bracketbetween the spacesS
0(Rn)and

S(Rn).The W ick quantization isa positivequantization

(4.3) a � 0) a
W ick � 0:

In particular,realHam iltoniansgetquantized in this quantization by form ally self-

adjointoperatorsand onehas(seeProposition3.2in [7])thatL1 (R2n)sym bolsde�ne

bounded operatorson L2(Rn)such that

(4.4) kaW ickkL (L 2(Rn )) � kakL 1 (R2n ):

According to Proposition 3.3 in [7],the W ick and W eylquantizationsofa sym bola

arelinked by the following identities

(4.5) a
W ick = ~aw ;

with

(4.6) ~a(X )=

Z

R
2n

a(X + Y )e� 2�jY j
2

2ndY ; X 2 R
2n
;

and

(4.7) a
W ick = a

w + r(a)w ;

wherer(a)standsforthe sym bol

(4.8) r(a)(X )=

Z 1

0

Z

R
2n

(1� �)a00(X + �Y )Y2e� 2�jY j
2

2ndY d�; X 2 R
2n
;

ifweuse herethe norm alization chosen in [7]forthe W eylquantization

(4.9) (aw u)(x)=

Z

R
2n

e
2i�(x� y):�

a

�
x + y

2
;�

�

u(y)dyd�;

which di�ers from the one chosen in this paper. Because ofthis di�erence in nor-

m alizations,certain constant factors willnaturally appear in the core ofthe proof

ofTheorem 1.2.1 while using certain form ulas ofSection 4.1,but these are m inor

adaptations.W e also recallthe following com position form ula obtained in the proof

ofProposition 3.4 in [7],

(4.10) a
W ick

b
W ick =

h

ab�
1

4�
a
0� b

0+
1

4i�
fa;bg

iW ick

+ S;

with kSkL (L 2(Rn )) � dnkakL 1 2(b);when a 2 L1 (R2n) and b is a sm ooth sym bol

satisfying

2(b)= sup
X 2 R

2n ;

T 2 R
2n ;jT j= 1

jb(2)(X )T 2j< + 1 :

The term dn appearing in the previous estim ate stands for a positive constant de-

pending only on thedim ension n,and thenotation fa;bgdenotesthePoisson bracket

fa;bg=
@a

@�
�
@b

@x
�
@a

@x
�
@b

@�
:
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4.2.Som e technicallem m as. Thissecond partofthe appendix isdevoted to the

proofsofseveraltechnicallem m as.

Lem m a 4.2.1. For any 1 � j � N , 1 � p � N , (l1;:::;lk) 2 f1;:::;N gk and

s1;s2 2 N,we have

H Im qp

�

Re qj
�
Im Fl1:::Im Flk (Im Fp)

s1X ;Im Fl1:::Im Flk (Im Fp)
s2X

��

(4.11)

= 2Reqj
�
Im Fl1:::Im Flk (Im Fp)

s1+ 1X ;Im Fl1:::Im Flk (Im Fp)
s2X

�

+ 2Reqj
�
Im Fl1:::Im Flk (Im Fp)

s1X ;Im Fl1:::Im Flk (Im Fp)
s2+ 1X

�
;

where Reqj(X ;Y ) stands for the polarized form associated to the quadratic form

Re qj.

ProofofLem m a 4.2.1. W e begin by noticing from (1.10) and the skew-sym m etry

property ofHam ilton m aps(1.11)thatthe Ham ilton m ap ofthe quadraticform

~r(X )= Reqj
�
Im Fl1:::Im Flk (Im Fp)

s1X ;Im Fl1:::Im Flk (Im Fp)
s2X

�
;

isgiven by

(4.12) ~F =
1

2
(� 1)k+ s1(Im Fp)

s1Im Flk :::Im Fl1Re FjIm Fl1:::Im Flk (Im Fp)
s2

+
1

2
(� 1)k+ s2(Im Fp)

s2Im Flk :::Im Fl1Re FjIm Fl1:::Im Flk (Im Fp)
s1;

since

(� 1)k+ s1�
�
X ;(Im Fp)

s1Im Flk :::Im Fl1Re FjIm Fl1:::Im Flk (Im Fp)
s2X

�
(4.13)

= �
�
Im Fl1:::Im Flk (Im Fp)

s1X ;Re FjIm Fl1:::Im Flk (Im Fp)
s2X

�

= Re qj
�
Im Fl1:::Im Flk (Im Fp)

s1X ;Im Fl1:::Im Flk (Im Fp)
s2X

�

= Re qj
�
Im Fl1:::Im Flk (Im Fp)

s2X ;Im Fl1:::Im Flk (Im Fp)
s1X

�

= �
�
Im Fl1:::Im Flk (Im Fp)

s2X ;Re FjIm Fl1:::Im Flk (Im Fp)
s1X

�

= (� 1)k+ s2�
�
X ;(Im Fp)

s2Im Flk :::Im Fl1Re FjIm Fl1:::Im Flk (Im Fp)
s1X

�
:

Then,a directcom putation (see Lem m a 2 in [16])showsthatthe Ham ilton m ap of

the quadraticform

H Im qp ~r=
�
Im qp;~r

	
=
@Im qp

@�
:
@~r

@x
�
@Im qp

@x
:
@~r

@�
;

isgiven by the com m utator� 2[Im Fp;~F],thatis,

H Im qp ~r(X )= � 2�
�
X ;[Im Fp;~F ]X

�
:

A com putation asin (4.13)then allowsto directly get(4.11).�

Lem m a 4.2.2. Consider a C 1 (R)function f such that

f 2 L
1 (R)and 9c1;c2 > 0; supp f0�

�
x 2 R :c1 � jxj� c2

	
;

and r a non-negative quadratic form then for all0< � � 1,

(4.14) f
�
r(X )hX i� 2�

�
2 S(1;hX i� 2�dX 2):
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ProofofLem m a 4.2.2.Itissu�cientto check that

(4.15) r
�
r(X )hX i� 2�

�
2 S


�
hX i� �;hX i� 2�dX 2

�
;

where 
 is a sm allopen neighborhood ofsupp f 0
�
r(X )hX i� 2�

�
:W e deduce from

(2.16)and the factthatr(X )isa non-negativequadraticform that

r(X )� hX i2�

and

jr r(X )
�
j. r(X )1=2 . hX i�;

on 
. By noticing that0 < � � 1,hX ir 2 S(hX ir;hX i� 2dX 2),forany r 2 R;and

thatthe function r(X )isjusta quadratic form ,we directly deduce (4.15)from the

previousestim atesand the Leibniz’srule,since

r(X )2 S

�
hX i2�;hX i� 2�dX 2

�
:�

In allthe following lem m as,we shalldenote by rk the quadratic form sde�ned in

(3.6)for0 � k � m .

Lem m a 4.2.3. For alls2 R and 0� j� m � 2,we have

rm � j� 1(X )s 2 S

�
rm � j� 1(X )s;rm � j� 1(X )� 1dX 2

�
;

if
 isany open setwhere

rm � j� 1(X )& hX i
2(2m � 2j� 1)

2m + 1 :

ProofofLem m a 4.2.3. Recalling from (3.6) that the sym bolrm � j� 1(X ) is a non-

negativequadraticform and thatwe havefrom (2.16)that

(4.16) jr rm � j� 1(X )j. rm � j� 1(X )
1

2 ;

which im pliesthatforalls2 R,
�
�r
�
rm � j� 1(X )s

��
�

rm � j� 1(X )s
.

�
�r rm � j� 1(X )

�
�

rm � j� 1(X )
(4.17)

. rm � j� 1(X )�
1

2 ;

on 
,we notice thatthe resultofLem m a 4.2.3 istherefore a straightforward conse-

quenceofthe Leibniz’srule.�

Lem m a 4.2.4.Considerthefunction 	 j de�nedin (3.30)then forany0 � j� m � 2,

	 j 2 S


�

1;rm � j� 1(X )
�

2m � 2j� 3

2m � 2j� 1 dX
2
�

;

if
 isany open setwhere

rm � j� 1(X )& hX i
2(2m � 2j� 1)

2m + 1 ;

which im plies in particular that

	 j 2 S

�
1;hX i�

2(2m � 2j� 3)

2m + 1 dX
2
�
:
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ProofofLem m a 4.2.4.W e�rstnoticefrom (3.1)and (3.30)that

rm � j� 2(X )� rm � j� 1(X )
2m � 2j� 3

2m � 2j� 1 ;

on 
\ supp 	 0
j.Since from (2.16),

jr rm � j� 2(X )j. rm � j� 2(X )
1

2(4.18)

. rm � j� 1(X )
2m � 2j� 3

2(2m � 2j� 1);

on 
\ supp 	 0
j,wededucethatthequadraticsym bolrm � j� 2(X )belongsto theclass

(4.19) S
 \supp	 0
j

�

rm � j� 1(X )
2m � 2j� 3

2m � 2j� 1 ;
dX 2

rm � j� 1(X )
2m � 2j� 3

2m � 2j� 1

�

:

Itfollowsfrom Lem m a 4.2.3 that

rm � j� 2(X )

rm � j� 1(X )
2m � 2j� 3

2m � 2j� 1

2 S
 \supp	 0
j

�

1;
dX 2

rm � j� 1(X )
2m � 2j� 3

2m � 2j� 1

�

;

which im pliesthat

	 j 2 S

�
1;rm � j� 1(X )

�
2m � 2j� 3

2m � 2j� 1 dX
2
�
:

Thisendsthe proofofLem m a 4.2.4.�

Lem m a 4.2.5. Consider the function W j de�ned in (3.31) then for any 1 � j �

m � 1,

W j 2 S

�
1;rm � j� 1(X )� 1dX 2

�
;

if
 isany open setwhere

rm � j� 1(X )& hX i
2(2m � 2j� 1)

2m + 1 ;

which im plies in particular that

W j 2 S

�
1;hX i

�
2(2m � 2j� 1)

2m + 1 dX
2
�
:

ProofofLem m a 4.2.5.By noticing from (3.3)and (3.31)that

rm � j� 1(X )� rm � j(X )
2m � 2j� 1

2m � 2j+ 1

and

rm � j(X )& hX i
2(2m � 2j+ 1)

2m + 1 ;

on 
\ supp W 0
j,and thatthe two derivatives 0 and w 0

2 ofthe functionsappearing

in (3.30)and (3.31)havesim ilartypesofsupportasthefunction de�ned in (3.2),we

notice thatwe are exactly in the setting studied in Lem m a 4.2.4 with j replaced by

j� 1. W e therefore deduce the result ofLem m a 4.2.5 from our analysis led in the

proofofLem m a 4.2.4.�

Lem m a 4.2.6. Ifs1,s2 2 N,1 � j;p � N ,(l1;:::;lk)2 f1;:::;N gk then we have
�
�Reqj(Im Fl1:::Im Flk (Im Fp)

s1X ;Im Fl1:::Im Flk (Im Fp)
s2X )

�
�

� Re qj(Im Fl1:::Im Flk (Im Fp)
s1X )

1

2 Re qj(Im Fl1:::Im Flk (Im Fp)
s2X )

1

2

� rk+ s1(X )
1

2 rk+ s2(X )
1

2
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and
�
�r
�
Reqj(Im Fl1:::Im Flk (Im Fp)

s1X ;Im Fl1:::Im Flk (Im Fp)
s2X )

��
�

. Re qj(Im Fl1:::Im Flk (Im Fp)
s1X )

1

2 + Re qj(Im Fl1:::Im Flk (Im Fp)
s2X )

1

2

. rk+ m ax(s1;s2)(X )
1

2 :

ProofofLem m a 4.2.6. By reason ofsym m etry,we can assum e in the following that

s1 � s2.Recalling thatthequadraticform Re qj isnon-negative,the�rstestim ateis

a directconsequence of(3.6)and the Cauchy-Schwarzinequality. Aboutthe second

estim ate,werecallfrom (4.12)thatthe Ham ilton m ap ofthe quadraticform

Re qj(Im Fl1:::Im Flk (Im Fp)
s1X ;Im Fl1:::Im Flk (Im Fp)

s2X );

is

1

2
(� 1)k+ s1(Im Fp)

s1Im Flk :::Im Fl1Re FjIm Fl1:::Im Flk (Im Fp)
s2

+
1

2
(� 1)k+ s2(Im Fp)

s2Im Flk :::Im Fl1Re FjIm Fl1:::Im Flk (Im Fp)
s1:

A directcom putation asin (3.18)of[16]showsthat

r
�
Re qj(Im Fl1:::Im Flk (Im Fp)

s1X ;Im Fl1:::Im Flk (Im Fp)
s2X )

�
(4.20)

= (� 1)k+ s1+ 1�(Im Fp)
s1Im Flk :::Im Fl1ReFjIm Fl1:::Im Flk (Im Fp)

s2

+ (� 1)k+ s2+ 1�(Im Fp)
s2Im Flk :::Im Fl1ReFjIm Fl1:::Im Flk (Im Fp)

s1

where

� =

�
0 In

� In 0

�

:

The notation In standshere forthe n by n identity m atrix. W e deduce from (2.16)

and (4.20)thatforany s2 N,

j(Im Fp)
sIm Flk :::Im Fl1ReFjIm Fl1:::Im Flk (Im Fp)

s
X j(4.21)

.

�
�r
�
Re qj(Im Fl1:::Im Flk (Im Fp)

s
X )

��
�

. Re qj(Im Fl1:::Im Flk (Im Fp)
s
X )

1

2 :

By using twice the estim ate (4.21)with respectively X and (Im Fp)
s2� s1X ,and the

index s= s1,wededucefrom (3.6)and (4.20)thesecond estim atein Lem m a 4.2.6.�

Lem m a 4.2.7.Considerthequadratic form ~rm � j� 1;p de�ned in (3.4)and (3.5)then

for any 0� j� m � 2 and 1 � p� N ,

~rm � j� 1;p(X )

rm � j� 1(X )
2m � 2j� 2

2m � 2j� 1

2 S

�
1;rm � j� 1(X )

�
2m � 2j� 3

2m � 2j� 1 dX
2
�
;

if
 isany open setwhere

rm � j� 1(X )& hX i
2(2m � 2j� 1)

2m + 1

and

rm � j� 2(X ). rm � j� 1(X )
2m � 2j� 3

2m � 2j� 1 ;

which im plies in particular that

~rm � j� 1;p(X )

rm � j� 1(X )
2m � 2j� 2

2m � 2j� 1

2 S

�
1;hX i

�
2(2m � 2j� 3)

2m + 1 dX
2
�
:
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ProofofLem m a 4.2.7.Sincefrom Lem m a 4.2.6,

j~rm � j� 1;p(X )j. rm � j� 1(X )
2m � 2j� 2

2m � 2j� 1

and

jr ~rm � j� 1;p(X )j. rm � j� 1(X )
1

2 + rm � j� 2(X )
1

2

. rm � j� 1(X )
1

2 ;

on 
,wegetthatthe quadraticform ~rm � j� 1;p belongsto the sym bolclass

S

�
rm � j� 1(X )

2m � 2j� 2

2m � 2j� 1 ;rm � j� 1(X )
�

2m � 2j� 3

2m � 2j� 1 dX
2
�
:

O necan then deducethe resultofLem m a 4.2.7 from Lem m a 4.2.3.�

W hen adding a large param eter �j � 1 in the description ofthe open set 
,a

straightforward adaptation ofthe proofofthe previous lem m a gives the following

L1 (
)estim ate with respectto thisparam eter.

Lem m a 4.2.8.Considerthequadratic form ~rm � j� 1;p de�ned in (3.4)and (3.5)then

for any 0� j� m � 2 and 1 � p� N ,


rm � j� 1(X )

�
2m � 2j� 2

2m � 2j� 1 ~rm � j� 1;p(X )


L 1 (
 )

. �
� 1

2

j
;

if
 isany open setwhere

rm � j� 1(X )& hX i
2(2m � 2j� 1)

2m + 1

and

rm � j� 2(X ). �� 1
j
rm � j� 1(X )

2m � 2j� 3

2m � 2j� 1 ;

with �j � 1.

In the following lem m as,we shallcarefully study the dependence ofthe estim ates

with respectto the largeparam eter�j � 1.

Lem m a 4.2.9. For any 0� j� m � 2,we have for allX 2 
,

�
�
�
�
�

NX

p= 1

H Im qp ~rm � j� 1;p(X )

rm � j� 1(X )
2m � 2j� 2

2m � 2j� 1

� 2rm � j� 1(X )
1

2m � 2j� 1

�
�
�
�
�
. �

� 1

2

j rm � j� 1(X )
1

2m � 2j� 1 ;

if
 isany open setwhere

rm � j� 1(X )& hX i
2(2m � 2j� 1)

2m + 1 ;

rm � j� 2(X ). �
� 1
j rm � j� 1(X )

2m � 2j� 3

2m � 2j� 1 ;

rm � j(X ). rm � j� 1(X )
2m � 2j+ 1

2m � 2j� 1 ;

with �j � 1.
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ProofofLem m a 4.2.9.W ebegin by writing from (3.4),(3.5)and Lem m a 4.2.1 that

(4.22)

H Im qp ~rm � j� 1;p(X )= 2
X

s= 1;:::;N

(l1;:::;lm � j� 2)2f1;:::;N g
m � j� 2

Re qs(Im Fl1:::Im Flm � j� 2
Im FpX )

+ 2
X

s= 1;:::;N

(l1;:::;lm � j� 2)2f1;:::;N g
m � j� 2

Re qs(Im Fl1:::Im Flm � j� 2
X ;Im Fl1:::Im Flm � j� 2

(Im Fp)
2
X ):

Lem m a 4.2.9 isthen a consequenceofthe following estim ate
�
�Re qs(Im Fl1:::Im Flm � j� 2

X ;Im Fl1:::Im Flm � j� 2
(Im Fp)

2
X )

�
�

� Re qs(Im Fl1:::Im Flm � j� 2
X )

1

2 Re qs(Im Fl1:::Im Flm � j� 2
(Im Fp)

2
X )

1

2

� rm � j� 2(X )
1

2 rm � j(X )
1

2

. �
� 1

2

j rm � j� 1(X );

ful�lled on 
 thatweobtain from the Cauchy-Schwarzinequality.�

Lem m a 4.2.10. For any 0� j� m � 2 and 1 � p � N ,we have for allX 2 
,
�
�rm � j� 1(X )

2m � 2j� 2

2m � 2j� 1 H Im qp

�
rm � j� 1(X )

�
2m � 2j� 2

2m � 2j� 1

��
�. rm � j� 1(X )

1

2m � 2j� 1 ;

if
 isany open setwhere

rm � j� 1(X )& hX i
2(2m � 2j� 1)

2m + 1 ;

rm � j� 2(X ). �� 1
j
rm � j� 1(X )

2m � 2j� 3

2m � 2j� 1 ;

rm � j(X ). rm � j� 1(X )
2m � 2j+ 1

2m � 2j� 1 ;

with �j � 1.

ProofofLem m a 4.2.10.W e begin by writing from (3.6)and Lem m a 4.2.1 that

(4.23) H Im qprm � j� 1(X )

= 4
X

s= 1;:::;N

(l1;:::;lm � j� 1)2f1;:::;N g
m � j� 1

Re qs(Im Fl1:::Im Flm � j� 1
X ;Im Fl1:::Im Flm � j� 1

Im FpX ):

Since

rm � j� 1(X )
2m � 2j� 2

2m � 2j� 1 H Im qp

�

rm � j� 1(X )
�

2m � 2j� 2

2m � 2j� 1

�

= �
2m � 2j� 2

2m � 2j� 1

H Im qprm � j� 1(X )

rm � j� 1(X )
;

Lem m a 4.2.10 isthen a consequenceofthe following estim ate
�
�Reqs(Im Fl1:::Im Flm � j� 1

X ;Im Fl1:::Im Flm � j� 1
Im FpX )

�
�(4.24)

� Re qs(Im Fl1:::Im Flm � j� 1
X )

1

2 Re qs(Im Fl1:::Im Flm � j� 1
Im FpX )

1

2

� rm � j� 1(X )
1

2 rm � j(X )
1

2

. rm � j� 1(X )
1+ 1

2m � 2j� 1 ;

ful�lled on 
 thatweobtain from the Cauchy-Schwarzinequality.�
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Lem m a 4.2.11. Consider the functions 	 j and W j+ 1 de�ned in (3.30) and (3.31)

then for any 0 � j� m � 2 and 1� p � N ,we have for allX 2 
,

jH Im qp	 j(X )j. �
1

2

j rm � j� 1(X )
1

2m � 2j� 1 W j+ 1(X );

if
 isany open setwhere

rm � j� 1(X )& hX i
2(2m � 2j� 1)

2m + 1 ;

rm � j� 2(X ). �� 1
j
rm � j� 1(X )

2m � 2j� 3

2m � 2j� 1 ;

rm � j(X ). rm � j� 1(X )
2m � 2j+ 1

2m � 2j� 1 ;

with �j � 1.

ProofofLem m a 4.2.11.W e begin by noticing from (3.31)and (3.33)that

(4.25)

�
�
�
�
�
 
0

 

�jrm � j� 2(X )

rm � j� 1(X )
2m � 2j� 3

2m � 2j� 1

! �
�
�
�
�
. W j+ 1(X );

and by writing from Lem m a 4.2.1 that

(4.26) H Im qprm � j� 2(X )

= 4
X

s= 1;:::;N

(l1;:::;lm � j� 2)2f1;:::;N g
m � j� 2

Re qs(Im Fl1:::Im Flm � j� 2
X ;Im Fl1:::Im Flm � j� 2

Im FpX ):

Itfollowsfrom the Cauchy-Schwarzinequality thatforallX 2 
,
�
�Reqs(Im Fl1:::Im Flm � j� 2

X ;Im Fl1:::Im Flm � j� 2
Im FpX )

�
�(4.27)

� Re qs(Im Fl1:::Im Flm � j� 2
X )

1

2 Re qs(Im Fl1:::Im Flm � j� 2
Im FpX )

1

2

� rm � j� 2(X )
1

2 rm � j� 1(X )
1

2

. �
� 1

2

j rm � j� 1(X )
2m � 2j� 2

2m � 2j� 1 :

Then,by writing that

H Im qp

 

�jrm � j� 2(X )

rm � j� 1(X )
2m � 2j� 3

2m � 2j� 1

!

=
�jH Im qprm � j� 2(X )

rm � j� 1(X )
2m � 2j� 3

2m � 2j� 1

�
2m � 2j� 3

2m � 2j� 1

�jrm � j� 2(X )H Im qp rm � j� 1(X )

rm � j� 1(X )
1+

2m � 2j� 3

2m � 2j� 1

:

Lem m a4.2.11isaconsequenceof(3.30),(4.23),(4.24),(4.26),(4.27)and (4.28),since

rm � j� 2(X )� �
� 1
j rm � j� 1(X )

2m � 2j� 3

2m � 2j� 1 ;

on the supportof	 0
j.�

Lem m a 4.2.12. For m � 2,consider the function ~W 0 de�ned in (3.32)then for all

X 2 R
2n and 1� p � N ,

jH Im qp
~W 0(X )j. hX i

2

2m + 1 :

ProofofLem m a 4.2.12.Sincejr Im qp(X )j. hX i,becauseIm qp isaquadraticform ,

Lem m a 4.2.12 isthen a consequenceof(3.3),(3.6),(3.32)and Lem m a 4.2.2.�
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Lem m a 4.2.13. Consider the function W j+ 1 de�ned in (3.31)then for any 0 � j�

m � 2 and 1� p � N ,we have for allX 2 
,

jH Im qpW j+ 1(X )j. �
1

2

j rm � j� 1(X )
1

2m � 2j� 1 	 j(X );

if
 isany open setwhere

rm � j� 1(X )& hX i
2(2m � 2j� 1)

2m + 1 ;

rm � j� 2(X ). �� 1
j rm � j� 1(X )

2m � 2j� 3

2m � 2j� 1 ;

rm � j(X ). rm � j� 1(X )
2m � 2j+ 1

2m � 2j� 1 ;

with �j � 1.

ProofofLem m a 4.2.13. O ne can notice from (3.1),(3.3),(3.30),(3.31)and (3.33)

that

(4.28) 8 0� j� m � 2;

�
�
�
�
�
w
0
2

 

�jrm � j� 2(X )

rm � j� 1(X )
2m � 2j� 3

2m � 2j� 1

! �
�
�
�
�
. 	 j(X );

and thatthe derivativesof	 j and W j+ 1 are exactly the sam e typesoffunctions. It

followsthatLem m a 4.2.13 isjusta straightforward consequenceofLem m a 4.2.11.�
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