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ESSEN T IA L SIN G U LA R IT IES O F EU LER P R O D U C T S

G AU TA M IBH O W M IK A N D JA N -CH R ISTO PH SCH LAG E-PU CH TA

A bstract. W e classify singularitiesofD irichletseries having Euler products

which are rational functions of p and p
� s for p a prim e num ber and give

exam ples ofnaturalboundaries from zeta functions ofgroups and heightzeta

functions.

1.Introduction and results

M any Dirichlet-seriesoccurring in practicesatisfy an Euler-product,and ifthey

do so,the Euler-productis often the easiestway to access the series. Therefore,

itisim portantto deduce inform ation on the seriesfrom the Euler-productrepre-

sentation. O ne ofthe m ostim portantapplications ofDirichlet-series,going back

to Riem ann,istheasym ptoticestim ation ofthesum ofitscoe�cientsvia Perron’s

form ula,thatis,the useofthe equation

X

n� x

an =
1

2�i

c+ i1Z

c� i1

� X

n� 1

an

ns

�
xs

s
ds:

To use thisrelation,one usually shiftsthe path ofintegration to the left,thereby

reducingthecontribution oftheterm xs.Thisbecom espossibleonly ifthefunction

D (s)=
P

an
ns isholom orphicon thenew path and thereforethequestion ofcontin-

uation ofDirichlet-seriesbeyond theirdom ain ofabsolute convergenceisa central

issuein thistheory.In fact,theim portanceoftheRiem ann hypothesisstem sfrom

thefactthatitwould allow usto m ovethe path ofintegration forD (s)=
�
0

�
(s)to

the line1=2+ � withoutm eeting any singularity besidesthe obviouspole at1.

Esterm ann[4]appearsto be the �rstto addressthis problem . He showed that

foran integervalued polynom ialW (x)with W (0)= 1 the Dirichlet-seriesD (s)=
Q

p
W (p� s) can either be written as a �nite product ofthe form

Q

�� N
�(�s)c�

forcertain integersc�,and istherefore m erom orphically continuable to the whole

com plex plane,oriscontinuable to the half-plane < s > 0. In the lattercase the

line < s = 0 is the naturalboundary ofthe Dirichlet-series. The strategy ofhis

proofwas to show thatevery pointon the line < s = 0 is an accum ulation point

ofpoles or zeros ofD . Note that �,the Riem ann-zeta function itself,does not

fallam ong the cases under consideration,since W (X ) = (1� X )� 1 is a rational

function. Dahlquist[5]generalized Esterm ann’swork allowing W to be a function

holom orphic in the unit circle with the exception ofisolated singularities and in

particularcoveringthecasethatW berational.Thism ethod ofproofwasextended

tom uch greatergenerality,interestbeingsparked by�-functionsofnilpotentgroups

introduced by G runewald,Segaland Sm ith[9]as wellas height zeta functions[3].
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Functions arising in these contexts are often of the form D (s) =
Q
W (p;p� s)

for an integralpolynom ialW . Du Sautoy and G runewald[7]gave a criterion for

such a function to havea naturalboundary which,in a probabilisticsense,applies

to alm ost allpolynom ials. Again,it is shown that every point on the presum ed

boundary isan accum ulation pointofzerosorpoles.Thefollowing conjecture,see

forexam ple[8,1.11][7,1.4],isbelieved to be true.

C onjecture 1. Let W (x;y) =
P

n;m
an;m x

nym be an integralpolynom ial with

W (x;0) = 1. Then D (s) =
Q

p
W (p;p� s) is m erom orphically continuable to the

whole com plex plane ifand ifonly ifitis a � nite productofRiem ann �-functions.

M oreover,in the latter case if� = m axf n
m
:m � 1;an;m 6= 0g,then < s= � isthe

naturalboundary ofD .

In thispaperwe show thatany re�nem entofEsterm ann’sm ethod isbound to

failto provethisconjecture.

IfW (X ;Y )isa rationalfunction,weexpand W into a powerseriesW (X ;Y )=
P

n;m � 0
an;m X

nY m ,and de�ne � = supf n+ 1

m
:m � 1;an;m 6= 0g,� = supfn

m
:

m � 1;an;m 6= 0g. It is easy to see that the suprem um is actually attained,and

that the function ~W = 1 +
P

n
m
= �

an;m X
nY m is again a rationalfunction. W e

call ~W the m ain partofW ,sinceonly ~W isresponsibleforthe convergenceofthe

productD (s).ForW a polynom ial ~W wascalled theghostofW in [7].A rational

function W is called cyclotom ic ifit can be written as the productofcyclotom ic

polynom ialsand theirinverses.

W e de�ne an obstructing pointz to be a com plex num ber with < z = �,such

thatthereexistsa sequenceofcom plex num berszi,< zi > �,zi ! z,such thatD

hasa poleora zero in zi foralli.O bviously,each obstructing pointisan essential

singularity forD ,the conversenotbeing true in general.

O urm ain resultisthe following.

T heorem 1. LetW (X ;Y )be a rationalfunction,which can be written as
P (X ;Y )

Q (X ;Y )
,

where P;Q 2 Z[X ;Y ]satisfy P (X ;0)= Q (X ;0)= 1. De� ne an;m ;�;~W and D as

above. Then the productrepresentation ofD converges in the half-plane < s > �,

D can m erom orphically continued into the half-plane < s> �,and precisely one of

the following holds true.

(1) W iscyclotom ic and onceitsunitary factorsarerem oved,W = ~W ;in this

case D isa � nite productofRiem ann �-functions;

(2) ~W is not cyclotom ic; in this case every point ofthe line < s = � is an

obstructing point;

(3) W 6= ~W , ~W is cyclotom ic and there are in� nitely m any pairs n;m with

an;m 6= 0 and n

m
< � < n+ 1

m
;in thiscase � isan obstructing point;

(4) W 6= ~W , ~W is cyclotom ic, there are only � nitely m any pairs n;m with

an;m 6= 0 and n

m
< � < n+ 1

m
,butthere are in� nitely m any prim es p such

thatthe equation W (p;p� s)= 0 has a solution s0 with < s0 > �;in this

case every pointofthe line < s= � is an obstructing point;

(5) Noneoftheabove;in thiscaseno pointon theline< s= � isan obstructing

point.

W e rem ark that each ofthese cases actually occurs,that is,there are Euler-

productsforwhich Esterm ann’sapproach cannotwork.



ESSEN T IA L SIN G U LA R IT IES 3

Notice that while in the third case we need inform ation on the zeros ofthe

Riem ann-zeta function to know about the m erom orphic continuation,in the last

casewe can say nothing abouttheircontinuation.

W hiletheaboveclassi�cation lookspretty technical,thesecasesactually behave

quite di�erently. To illustrate this point we consider a dom ain 
 � C with a

function f :
 ! C,letN � (
)the num berofzerosand polesoff in 
 counted

with positive m ultiplicity,thatis,an n-fold zero ora pole ofordern iscounted n

tim es.Then wehavethe following.

C orollary 1. LetW be a rationalfunction,and de� ne � as above. Then one of

the following two statem entsholds true:

(1) For every � > 0 we have N� (fjz� �j< �;<z > 0g)= 1 ;

(2) W e have N � (f<z > �;j=zj< Tg= O (T logT).

If W isa polynom ialand weassum etheRiem ann hypothesisaswellastheQ -linear

independence ofthe im aginary parts ofthe non-trivialzeros of�,then there exist

constantsc1;c2,such thatN � (f<z > �;j=zj< Tg)= c1T logT + c2T + O (logT).

Finally werem ark thatfor�-functionsofnilpotentgroupsthe generalization to

rationalfunctionsisirrelevant,sincea resultofdu Sautoy[6]im pliesthatif�G (s)=
Q

p W (p;p� s) for a rationalfunction W (X ;Y )=
P (X ;Y )

Q (X ;Y )
,then Q is a cyclotom ic

polynom ial,that is,�G can be written as the product of�nitely m any Riem ann

�-functionsand a Dirichlet-seriesofthe form
Q

p
W (p;p� s)with W a polynom ial.

However,forotherapplicationsitisindeed im portantto study rationalfunctions,

one such exam ple occurs in the recent work ofde la Bret�eche and Swynnerton-

Dyer[3].

2.Proof of case 2

In this section we show that if ~W is not cyclotom ic,then < s = � is the nat-

uralboundary ofthe m erom orphic continuation ofD . For W a polynom ialthis

wasshown by du Sautoy and G runewald[7],ourproofclosely followstheirlinesof

reasoning.

Them ain di�erencebetween thecaseofa polynom ialand a rationalfunction is

thatforpolynom ialsthe localzeroscreated by di�erentprim escan nevercancel,

whereasfora rationalfunction thezerosofthenum eratorbelonging to som eprim e

num ber p m ight coincide with zeros ofthe denom inator belonging to som e other

prim eq,and m aythereforenotcontributetothezerosorpolesneeded toprovethat

som epointon thepresum ed boundary isaclusterpoint.W ecould excludethepos-

sibility ofcancellationsby assum ingsom eunproven hypothesesfrom transcendence

theory,however,here we show thatwe can dealwith thiscase unconditionally by

provingthattheam ountofcancellation rem ainslim ited.W e�rstconsiderthecase

ofcancellations between the num erator and denom inator com ing from the sam e

prim enum ber.

Lem m a 1. LetP;Q 2 Z[X ;Y ]be co-prim e non-constantpolynom ials. Then there

are only � nitely m any prim es p, such that for som e com plex num ber s we have

P (p;p� s)= Q (p;p� s)= 0.

Proof. Let V be the variety ofhP;Q i over C. Assum e there are in�nitely m any

pairs(p;s),forwhich the equation P (p;p� s)= Q (p;p� s)= 0 holdstrue. Then V

is in�nite,hence,at least one-dim ensional. Since P and Q are non-constant,we
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haveV 6= C
2,hence,V isone-dim ensional.LetV 0bea one-dim ensionalirreducible

com ponent, and let R be a generator of the idealcorresponding to V 0. Then

hP;Q i� hRi,thatis,R dividesP and Q ,which im pliesthatR isconstant.Buta

constantpolynom ialcannotde�nea one-dim ensionalvariety and thiscontradiction

provesourclaim . �

Next we use the following graph-theoretic result,describing graphs which are

rathercloseto trees.W e calla cyclein a graph m inim alifitisoflength � 3,and

notthe union oftwo cyclesofsm allerlength.

Lem m a 2. LetG be a graph,k � 2 an integer,such thatevery vertex has degree

� 3k,and thatthere existsa sym m etric relation � on the vertices,such thatevery

vertex v isin relation to atm ostk othervertices,and every m inim alcycle passing

through v also passesthrough oneoftheverticesin relation to v.Then G isin� nite.

Proof. Suppose that G were �nite, and �x som e vertex v0. W e calla geodesic

path good ifno two verticesofthepath stand in relation to each other.W ewantto

constructan in�nitegood path.Notethatp1 and p2 aregood pathsof�nitelength,

they cannotintersectin butone point,forotherwise their union would contain a

cycle,and choosing one ofthe intersection pointswewould obtain a contradiction

with the de�nition ofa good path. Hence,the union ofthe good paths starting

in v0 form s a tree. There are � 3k vertices connected to v0,at m ost k ofwhich

are forbidden. Hence,the �rstlayerofthe tree containsatleast2k points. Each

ofthese pointsisconnected to atleast3k otherpoints.Itstandsin relation to at

m ostk ofthem and hencewecan extend every path in atleast2k ways,and ofall

these pathsatm ostk stand in relation with v0. Hence,the second layercontains

atleast4k � k points. Denote by ni the num berofpointsin the i-th layerofthe

tree.Then,continuing in thisway,weobtain

ni+ 1 � 2kni� k(ni� 1 + � � � + n1 + 1):

From thisand the assum ption thatk � 2 itfollowsby induction thatni+ 1 � kni,

hence,the tree and thereforethe graph G,which containsthe tree,isin�nite. �

Notetheim portanceofsym m etry:iftherelation isallowed tobenon-sym m etric,

we can gettwo regulartrees,and identify theirleaves. Then every m inim alcycle

passing through one point either passes through its parent node or the m irror

im ageofthepoint.Thusin theabsenceofsym m etry theresultbecom eswrong for

arbitrarily largevalency even fork = 2.

W e can now proveourresulton non-cancellation.

Lem m a 3. LetP;Q 2 Z[X ;Y ]be co-prim e polynom ials with � de� ned as in the

introduction. Let� > 0 be given,and suppose thatfor a prim e p0 su� ciently large

P (p0;p
� s
0 ) has a zero on the segm ent [� + it;� + it+ �], where � > �. Then

Q

p

P (p;p
� s

)

Q (p;p� s)
has a zero or a pole on thissegm ent.

Proof. Since the localzeros converge to the line < s = �,there are only �nitely

m any prim esp forwhich thenum eratorordenom inatorhasa zero,hence,wem ay

assum ethatP (p;p� s);Q (p;p� s)6= 0 forp > p0.Foreach prim ep letz
p

1;:::;z
p

k
be

the rootsofthe equation P (p;p� s)= 0 in the segm ent< s = �,0 � = s � 2�
logp

,

and letw
p

1;:::;w
p

‘
betherootsoftheequation Q (p;p� s)= 0on thissegm ent.Such

rootsneed notexistbutifthey do then theirnum berisbounded independently of
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p.TherootsoftheequationsP (p;p� s)= 0 and Q (p;p� s)= 0 form a pattern with

period 2�i
logp

.Ifp0 issu�ciently large,then � becom esarbitrary sm all,hence,ifp is

notlargethen theequationsP (p;p� s)= 0 and Q (p;p� s)= 0 do nothavesolutions

on the line < s = � + �. Letp1 be the leastprim e forwhich such solutionsexist.

For p1 su�ciently large and p > p 1,either P (p;p
� s) = 0 has no solution on the

segm entunderconsideration orithasatleast
�
� log p

2�

�
such solutions.Notethatby

�xing� and choosingp0 su�ciently largewecan m akethisexpression aslargeaswe

need. Furthernote thatby choosing p0 large we can ensure,in view ofLem m a 1,

thatP (p;p� s)= Q (p;p� s)= 0 hasno solution on the line < s= � + �.

W e now de�ne a bipartite graph G asfollows:The verticesofthe graph are all

com plex num bersz
p

i in onesetand allcom plex num bersw
p

i in theotherset,where

p� p0.Two verticesz
p

i,w
q

j arejoined by an edgeifthereexistsa com plex num ber

swith < s= �+ �,t� = s� t+ �,such thatsiscongruentto z
p

i m odulo
2�i

logp
,and

congruentto w
q

j m odulo 2�i
logq

. In otherwords,the existence ofan edge indicates

thatoneofthezerosofP (p;p� s)obtained from z
p

i by periodicity cancelswith one

zero ofQ (q;q� s)obtained from w
q

j.If
Q

p

P (p;p
� s

)

Q (p;p� s)
hasneithera zero nora poleon

the segm ent,then every zero ofone ofthe polynom ialscancelswith a zero ofthe

otherpolynom ial,thatis,every vertex hasvalency atleast
�
� log p1
2�

�
.

W enextbound thenum berofcycles.Supposethatz
p1
i1
� w

p2
i2
� � � � � w

p‘
i‘
� z

p1
i1
.

Then thereisa com plex num bersin thesegm entwhich iscongruentto z
p1
i1
m odulo

2�i
logp1

and congruenttow
p2
i2
m odulo 2�i

logp2
.G oingaround thecycleand collectingthe

di�erenceswe obtain an equation ofthe form 2�i
P

i
�i

log pi
= 0,�i 2 Z,which can

only hold ifthecom bined coe�cientsvanish foreach occurringprim e.Howeverthe

coe�cientscannotvanish ifsom e prim e occursonly once. Ifthe cycle ism inim al

the sam e vertex cannot occur twice,hence,there is som e j such that p1 = pj,

but i1 6= ij. Hence,every m inim alcycle containing z
p1
i1

m ust contain z
pj
ij

or w
pj
ij

for som e i 6= j. The relation de�ned by x
p

i � x
q

j , p = q, x 2 fz;wg is an

equivalence relation with equivalence classesbounded by som e constantK . Ifwe

choose p1 > exp(6�K �� 1), the assum ptions of Lem m a 2 are satis�ed, and we

concludethatG is�nite.

But we already know that there is no p > p0 for which P (p;p� s) = 0 or

Q (p;p� s) = 0 has a solution,that is,G is �nite. This contradiction com pletes

the proof. �

Using Lem m a 3 the proofnow proceeds in the sam e fashion as in the polyno-

m ialcase;forthe detailswe referthe readerto the proofgiven by du Sautoy and

G runewald[7].

3.D evelopment in cyclotomic factors

A rationalfunction W (X ;Y ) with W (X ;0) = 1 can be written as an in�nite

productofpolynom ialsofthe form (1� X aY b). Here convergence ism eantwith

respectto thetopology ofform alpowerseries,thatis,a product
Q

1

i= 1
(1� X aiY bi)

convergestoapowerseriesf ifforeachN thereexistsan i0,such thatfori1 > i0 the

partialproduct
Q i1

i= 1
(1� X aiY bi)coincideswith f forallcoe�cientsofm onom ials

X aY b with a;b< N .Theexistenceofsuch an extension isquiteobvious,however,

we need som e explicitinform ation on the factorsthatoccurand we shalldevelop

the necessary inform ation here.
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Fora setA � R
2 de�ne the convex cone A generated by A to be the sm allest

convex subsetcontaining �a foralla 2 A and � > 1. A pointa ofA isextrem al,

ifitiscontained in the boundary ofA and thereexistsa tangentto A intersecting

A precisely in a,orsettheoretically speaking,ifA nfag 6= A.Note thata convex

coneform san additivesem i-group asa subsem igroup ofR2.

To a form alpowerseriesW =
P

n;m
an;m X

nY m 2 Z[[X ;Y ]]weassociatetheset

A W = f(n;m ):an;m 6= 0g.Supposewestartwith arationalfunction W 2 Z[X ;Y ],

which isofthe form
P (X ;Y )

Q (X ;Y )
with P (X ;0)= Q (X ;0)= 1.Then

1

Q (X ;Y )
=

1X

�= 0

�
Q (X ;Y )� 1

��
=
X

n;m

bn;m X
n
Y
m
;

say,wherethe convergenceofthe geom etricseriesasa form alpowerseriesfollows

from thefactthatevery m onom ialin Q isdivisibleby Y .Thesetf(n;m ):bn;m 6=

0g � R
2 is contained in the sem igroup generated by the points corresponding to

m onom ialsin Q ,butm ay be strictly sm aller,asthere could be unforeseen cancel-

lations.M ultiplying the powerseriesby P (X ;Y ),we obtain thatA W iscontained

within �nitely m any shifted copiesofA Q � 1.

Let(n;m )beanextrem alpointofA w .ThenwehaveW = (1� X nY m )� an ;m W 1(X ;Y ),

where W 1(X ;Y ) = (1 � X nY m )an ;m W (X ;Y ). O bviously,W 1(X ;Y ) is a form al

powerserieswith integercoe�cients,weclaim thatA W 1
isa propersubsetofA W .

In fact,them onom ialsofW 1 areobtained by taking them onom ialsofA W ,m ulti-

plying them by som e powerofX nY m ,and possibly adding up the contribution of

di�erentm onom ials.Hence,A W 1
iscontained in the sem igroup generated by A W .

But(n;m )isnotin A W 1
,and since(n;m )wasassum ed to beextrem al,weobtain

A W 1
� hA W inf(n;m )g� A W nf(n;m )g� A W :

Taking the convex cone is a hulloperator,thus A W 1
is a proper subset ofA W .

Since we begin and end with a subsetofN2,we can repeatthisprocedure so that

after�nitely m any stepsthe resulting powerseriesW k containsno non-vanishing

coe�cients a n;m with n < N ;m < M . This su�ces to prove the existence ofa

productdecom position,in fact,ifoneisnotinterested in theoccurring cyclotom ic

factorsone could avoid powerseriesand stay within the realm ofpolynom ialsby

setting W 1(X ;Y )= (1+ X nY m )� an ;m W (X ;Y )wheneveran;m isnegative. How-

ever,in thisway we trade oneoperation involving powerseriesforin�nitely m any

involving polynom ials,which isbetteravoided foractualcalculations.

W hile we can easily determ ine a super-setofA W 1
,in generalwe cannotprove

thatsom ecoe�cientofW 1 doesnotvanish,thatis,knowing only A W and notthe

coe�cientswe cannotshow thatA W 1
isaslarge aswe suspectitto be. However,

itiseasy to seethatwhen elim inating oneextrem alpointallotherextrem alpoints

rem ain untouched. In particular,ifwe want to expand a polynom ialW into a

product ofcyclotom ic polynom ials,at som e stage we have to use every extrem al

pointofA W ,and thecoe�cientattached to thispointhasnotchanged beforethis

step,by induction itfollowsthatthe expansion asa cyclotom icproductisunique.

W e now assum e that ~W iscyclotom ic,while W isnot.W e furtherassum ethat
~W isa polynom ial,and thatthe num eratorofW isnotdivisible by a cyclotom ic

polynom ial. W e can always satisfy these assum ptions by m ultiplying or dividing

W with cyclotom ic polynom ials,which correspondsto the m ultiplying ordividing

D with certain shifted �-functions,and doesnotchange ourproblem . O uraim is



ESSEN T IA L SIN G U LA R IT IES 7

to �nd som einform ation on thesetf(n;m ):cn;m 6= 0g,wherethecoe�cientsc n;m

arede�ned via the expansion W (X ;Y )=
Q
(1� X nY m )cn ;m .

In the�rststep werem oveallpointson theline n
m
= �.Byassum ption wecan do

sobyusing�nitelym anycyclotom icpolynom ials.TheresultingpowerseriesbeW 1.

Theinverseoftheproductof�nitely m any cyclotom icpolynom ialsisapowerseries

with polesatcertain rootsofunity,hence,wecan expressthesequenceofcoe�cients

as a polynom ialin n and Ram anujan-sum s cd(n) for d dividing som e integer q.

Consider som e point (n;m ) 2 A W ,and com pute the coe�cient attached to this

pointin W 1.IfA W doesnotcontain a point(n0;m 0),such that(n � n0;m � m 0)is

collinearto (�;1),then thiscoe�cientisclearly 0.O therwiseweconsiderallpoints

(n1;m 1);:::;(nk;m k) in A W ,which are on the parallelto (�t;t) through (n;m ).

The coe�cients ofW 1 attached to points on ‘ are linear com binations ofshifted

coe�cientsofinverse cyclotom ic polynom ials,hence,they can be written assom e

polynom ialwith periodic coe�cients. In particular,either there are only �nitely

m any non-vanishing coe�cients,orthere existsa com plete arithm etic progression

ofnon-vanishing coe�cients.Hence,we�nd thatA W 1
iscontained within a locally

�nitesetoflinesparallelto (�t;t),and every lineeithercontainsonly �nitely m any

points,ora com pletearithm eticprogression.Supposethatevery linecontainsonly

�nitely m any points. Then there existssom e �0 > �,such thatA W 1
iscontained

in f(s;t) :s � �1tg,in particular,W 1 is regular in f(z1;z2) :jz1j
� � jz2jg. But

W 1 =
P

Q ~W
,and by assum ption P isnotdivisibleby ~W ,therefore,thereexistpoints

(z1;z2),where ~W vanishes,but P does not,and these points are singularities of

W 1 satisfying jz1j
� � jz2j. Hence,there exists som e line containing a com plete

arithm eticprogression.

Let (x;0)+ t(�;1) be the unique line containing in�nitely m any elem ents of

A W 1
,such thatforeach y > 0 the line (y;0)+ t(�;1)containsonly �nitely m any

elem ents (n1;m 1);:::;(nk;m k) ofA W 1
. Set � = � x,that is,the distance ofthe

rightboundary ofA W from the line (x;0)+ t(�;1)m easured horizontaly,and set

�i = � m i�=ni,thatis,�i isthe distance of(ni;m i)from the rightboundary,also

m easured horizontally,and �� = m in�i > 0.

W enow elim inatethepointsai toobtain thepowerseriesW 2.W hen doingsowe

introducelotsofnew elem entsto theleftoftheline(x;0)+ t(�;1),which areofno

interesttous,and �nitely m anypointson thislineortotherightofthisline,in fact,

wecan getpointsatm ostatthepointsoftheform �(ni;m i)+ �(nj;m j),�;� 2 N,

�;� > 0.Notethatthehorizontaldistancefrom thelinet(�;1)isadditive,thatis,

A W 2
iscontained in theintersection ofA W and thehalf-planeto theleftoftheline

(x;0)+ t(�;1),togetherwith �nitely m any pointsbetween thelines(x;0)+ t(�;1)

and t(�;1),each ofwhich hasdistanceatleast2�� from thelatterline.Repeating

thisprocedure,wecan again doublethisdistance,and after�nitely m any stepsthis

m inim aldistance islargerthan the width ofthe strip,which m eansthatwe have

arrived ata powerseriesW 3 such thatA W 3
iscontained in the intersection ofA W

and the half-plane to the left ofthe line (x;0)+ t(�;1). M oreover,since ateach

step there are only �nitely m any points changed on the line (x;0)+ t(�;1) ,we

seethatthe intersection ofA W 3
with thisline equalsthe intersection ofA W 1

with

this line up to �nitely m any inclusions or om issions. Since an in�nite arithm etic

progression,from which �nitely m any points are deleted stillcontains an in�nite

arithm eticprogression,weseethatA W 3
containsan in�nitearithm eticprogression.
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Nextweelim inatethepointson A W startingatthebottom and workingupwards.

W hen elim inating a point,weintroduce(possibly in�nitely m any)new points,but

allofthem are on the leftofthe line (x;0)+ t(�;1). Hence,afterin�nitely m any

stepswearriveata powerseriesW 4,forwhich A W 4
iscontained in theintersection

ofA W and the open half-planeto the leftof(x;0)+ t(�;1).

Fortunately, from this point on we can be less explicit. Consider the set of

di�erencesofthe setsA W i
from the line t(�;1). Taking the di�erencesisa sem i-

group hom om orphism ,hence,at each stage the set ofdi�erences is contained in

the sem i-group generated by the di�erences we started with. But since W is a

polynom ial,this sem i-group is �nitely generated,and therefore discrete. Hence,

no m atter how we elim inate term s,at each stage the set A W i
is contained in a

setofparallelsto t(�;1)intersecting the realaxisin a discrete setofnon-positive

num bers.

Collecting thecyclotom icfactorsused during thisprocedure,wehaveproven the

following.

Lem m a 4. LetW (X ;Y )be a rationalfunction such that ~W (X ;Y )isa cyclotom ic

polynom ial, butW itselfis not cyclotom ic. De� ne � as above. Then there is a

uniqueexpansion W (X ;Y )=
Q

n;m
(1� X nY m )cn ;m .The setC = f(n;m ):cn;m 6=

0g contains an in� nite arithm etic progression with di� erence a m ultiple of(�;1),

only � nitely m any elem ents to the right ofthis line,and allentries are on lines

parallelto t(�;1), such that the lines intersect the realaxis in a discrete set of

points.

4.Proof of case 3

W e prove that � is an obstructing point. For integersn;m with cn;m 6= 0 the

factor�(� n + m s)cn ;m createsa poleora zero at n+ 1
m

,which for n+ 1
m

> � isto the

rightofthe supposed boundary. Hence,if� isnotan obstructing point,forsom e

� > 0 and allrationalnum bers� 2 (�;� + �)wewould have
P

n + 1

m
= �

cn;m = 0.W e

now show thatthisisim possible by proving thatthere are pairs(n;m )with n+ 1
m

arbitrarily closeto �,cn;m 6= 0,such thatthe sum consistsofa singleterm ,and is

thereforenon-zero aswell.

Let k
‘
be the slope ofthe rays.Letf(ni;m i)g be a listofthe starting pointsof

theraysdescribed in Lem m a 4,where(n0;m 0)de�nestheright-m ostray.Takean

integerq,such thatckm �+ n0;‘q�+ m 0
6= 0 forallbut�nitely m any naturalnum bers

�.Letd be thegreatestcom m on divisorofm 0 and q.Theprim enum bertheorem

for arithm etic progressionsguaranteesin�nitely m any �,such that ‘�+ m 0

d
= p is

prim e.Supposethereisa pairn0;m 0belonging to anotherray,such thatcn0;m 0 6= 0

and n
0
+ 1

m 0 = k�+ n0
‘�+ m 0

. The point(n0;m 0)m ustlie on one ofthe �nitely m any rays,

hence,we can write n0 = k�0+ n1,m
0 = ‘�0+ m 1. Since p is a divisor ofthe

denom inator ofthe right hand side,it also has to divide the denom inator ofthe

lefthand side. W e obtain thatp dividesboth ‘� + m 0 and ‘�0+ m 1. Restricting,

ifnecessary,to an arithm etic progression,we obtain an in�nitude ofindices such

that‘�0+ m 1 = t(‘� + m 0),wheret2 [0;1]isa rationalnum berwith denom inator

dividing d.Hence,weobtain thatthe equations

‘�
0+ m 1 = t(‘� + m 0); t(k�0+ n1)= k� + n0
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have in�nitely m any solutions �;�0 2 N. Two linear equations in two variables,

noneofwhich istrivial,can only havein�nitely m any solutions,iftheseequations

areequivalent,thatis,t2 = 1,which im pliest= 1 since tispositive by de�nition.

Hence,writing the equationsasvectors,we have

(� � �
0)

�
k

‘

�

=

�
n1

m 1

�

�

�
n0

m 0

�

;

that is,the vector linking
�
n0

m 0

�
with

�
n1

m 1

�
is collinear with

�
k

‘

�
,contrary to the

assum ption that n0;m 0 was on a ray other than that ofn;m . Hence,poles of�-

factorsaccum ulate at�.Itrem ainsto check thatthese polesarenotcancelled by

zerosofotherfactors.Sincezerosof�-factorsareneverpositivereals,thesefactors

do not cause problem s. Suppose that a pole of�(ns� m ) cancels with a zero of

the localfactorW (p;p� s),thatis,W (p;p� (m + 1)=n)= 0.Since W hascoe�cients

in Z,thisim pliesthatp� (m + 1)=n isalgebraicofdegreeatm ostequalto thedegree

ofW ,hence, m + 1

n
can be reduced to a fraction with denom inator at m ost equal

to the degree ofW .There areonly �nitely m any rationalnum bersin the interval

[�;� + 1]with bounded denom inator,hence,only �nitely m any ofthepolescan be

cancelled,thatis,� isin factan obstructing point.

Forthecorollary notethatin cases(2){(4)� isan obstructing point,thatis,in

these casesthe �rstcondition ofthe corollary holdstrue. In case (1)and (5),we

can representD astheproductof�nitely m any Riem ann �-functionsm ultiplied by

som e function which isholom orphic in the half-plane < s > �,and haszerosonly

wherethe �nitely m any localfactorsvanish.A localfactorbelonging to the prim e

p creates a 2�i

logp
-periodic pattern ofzeros,hence,the num ber ofzeros and poles

is bounded above by the num ber ofzerosofthe �nitely m any �-functions,which

is O (T logT),and the �nitely m any sets ofperiodic patterns,which create O (T)

zeros.Hence,N � (f<z > �;j=zj< Tg)isO (T logT).Itm ay happen thatthereare

signi�cantly lesspolesorzeros,ifpolesofonefactorcoincidewith polesofanother

factor,however,weclaim thatunderRH and theassum ption oflinearindependence

ofzerostheam ountofcancellation isnegligible.First,iftheim aginarypartofzeros

of� areQ -linearlyindependent,then wecannothave�(n1s� m 1)= �(n2s� m 2)= 0

for integers n1;n2;m 1;m 2 with (n1;m 1) 6= (n2;m 2),that is,zeros and poles of

di�erent �-factors cannot cancel. There is no cancellation am ong localfactors,

since localfactorscan only have zerosand neverpoles.Now considercancellation

am ong zeros oflocalfactors and �-factors. W e want to show that there are at

m ost�nitely m any cancellations. Suppose otherwise. Since there are only �nitely

m any localfactorsand �nitely m any �-factors,an in�nitude ofcancellation would

im ply thatthere are in�nitely m any cancellationsam ong one localfactorand one

�-factor. The zeros ofa localfactor are ofthe form �i +
2k�i
log p

,where �i is the

logarithm ofoneofthe rootsofW (p;X )= 0 chosen in such a way that0 � =�i <
2�i
logp

. Since an algebraic equation has only �nitely m any roots,an in�nitude of

cancellationsim pliesthatforsom ecom plex num ber� and in�nitely m any integers

k wehave�(n(�+ 2k�i

log p
)� m )= 0.Choose4 di�erentsuch integersk1;:::;k4,and

let�1;:::;�4 be the corresponding rootsof�.Then we have�1 � �2 =
2(k1� k2)n�

logp
,

�3 � �4 =
2(k3� k4)n�

logp
,thatis,(k3 � k4)(�1 � �2)= (k1 � k2)(�3 � �4),which gives

a linearrelation am ong thezerosof�,contradicting ourassum ption.Hence,ifthe

im aginary parsoftherootsof� areQ -linearindependent,thenum berofzerosand
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poles ofD in som e dom ain coincides with the sum ofthe num bers ofzeros and

polesofallfactors,up to som ebounded error,and ourclaim follows.

5.Examples

In thissection we giveexam plesto show thatourclassi�cation isnon-trivialin

the sensethatevery caseactually occurs.

Exam ple 1.Thesum
P

1

n= 1

�
2
(n)�(n)

ns =
�(s)�(s� 1)

�(2s)�(2s� 2)
correspondstothepolynom ial

W (X ;Y )= (1+ Y )(1+ X Y ),whilethesum
P

1

n= 1

�(n)

ns = �(s)�(s� 1)corresponds

to the rationalfunction W (X ;Y )= 1

(1+ Y )(1+ X Y )
.

Exam ple 2. (a) Let 
(n) be the num ber ofprim e divisors ofn counted with

m ultiplicity.Then
P

1

n= 1
2

 (n )

ns =
Q

p
(1+ 2

ps
(1� p� s)))correspondsto the rational

function W (X ;Y )= 1+ 2Y

1� Y
with m ain part1+ 2Y ,which isnotcyclotom ic.

(b) Let G be the direct product ofthree copies ofthe Heisenberg-group,a/n(G )

the num berofnorm alsubgroupsofG ofindex n. Then �/G (s)=
P

1

n= 1

a
/
n (G )

ns was

com puted by Taylor[11]and can be written asa �nite productof�-functionsand

an Euler-productoftheform
Q

p
W (p;p� s),whereW consistsof14m onom ialsand

~W (X ;Y )= 1� 2X 13Y 8,which isnotcyclotom ic.

Exam ple 3. (a) Let G be the free nilpotent group ofclass two with three gen-

erators. Then �/G (s) can be written as a �nite product of �-functions and the

Euler-product
Q

p
W (p;p� s),where

W (X ;Y )= 1+ X
3
Y
3 + X

4
Y
3 + X

6
Y
5 + X

7
Y
5 + X

10
Y
8
:

W e have ~W (X ;Y )= 1+ X 7Y 5,which clearly doesnotdivide W ,hence,while ~W

iscyclotom ic,W isnot.Hence,W isnotcase1 or2.Theorem 1 im pliesthat7=5

isan essentialsingularity of�/G .Du Sautoy and W oodward[8]showed thatin fact

the line< s= 7=5 isthe naturalboundary for�/G .

(b) Now considerthe product

f(s)=
Y

p

�

1+ p
� s + p

1� 2s
�

Again,the polynom ialW (X ;Y )= 1+ Y + X Y 2 isnotcyclotom ic,while ~W iscy-

clotom ic.Again,Theorem 1im pliesthat1=2isan obstructingpointoff.However,

the question whetherthere existsanotherpointon the line < s= 1=2 which isan

obstructing pointisessentially equivalentto the Riem ann hypothesis.W e have

f(s) =
�(s)�(2s� 1)�(3s� 1)

�(2s)�(4s� 2)
R(s)

�
Y

m � 1

�((4m + 1)s� 2m )

�((4m + 3)s� 2m � 1)�((8m + 2)s� 4m )
;

hence,if� hasonly �nitely m any zeroso� theline1=2+ it,then therighthand side

hasonly �nitely m any zerosin the dom ain < s > 1=2,j= sj> �,hence,1=2 isthe

uniqueobstructingpointon thisline.O n theotherhand,if�(s)hasin�nitely m any

non-realzeroso� the line 1=2+ it,then every pointon thisline isan obstructing

pointforf (confer[1]).
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Hence,whileforsom epolynom ialsthenaturalboundary can bedeterm ined,we

do notexpectany generalprogressin thiscase.

Exam ple 4. (a) The localzeta function associated to the algebraic group G is

de�ned as

Zp(G;s)=

Z

G
+
p

jdet(g)j� sp d�

where G+p = G (Q p)\ M n(Zp) ,j:jp denotes the p-adic valuation and � is the

norm alised Haarm easure on G(Zp). In particularthe zeta function associated to

the group G = G Sp6[10]isgiven by

Z(s=3)= �(s)�(s� 3)�(s� 5)�(s� 6)
Y

p

�

1+ p
1� s + p

2� s + p
3� s + p

4� s + p
5� 2s

�

:

Thepolynom ial

W (X ;Y )= 1+ (X + X
2 + X

3 + X
4)Y + X

5
Y
2

satis�estherelation ~W (X ;Y )= 1+ X 4Y ,thatis, ~W iscyclotom ic,whileW isnot.

Du Sautoy an G runewald[7]showed thatin the cyclotom ic expansion ofW there

areonly �nitely m any (n;m )with cn;m 6= 0 and n+ 1

m
> 4,and thatW (p;p� s)= 0

hassolutionswith < s > 4 forin�nitely m any prim es,hence,W isan exam ple of

type4,and Z(s=3)hasthe naturalboundary < s= 4.

(b) LetV be the cubic variety x1x2x3 = x34,U be the open subsetf~x 2 V [ Z
4 :

x4 6= 0g,H the usualheightfunction.De la Bret�echeand SirSwynnerton-Dyer[3]

showed thatZ(s)=
P

x2U
H (x)� s can be written asthe productof�nitely m any

�-functions,a function holom orphic in a half-plane strictly largerthan < s > 3=4,

and a function having an Euler-productcorresponding to the rationalfunction

W (X ;Y )= 1+ (1� X
3
Y )(X 6

Y
� 2 + X

5
Y
� 1 + X

4 + X
2
Y
2 + X Y

3 + Y
4)� X

9
Y
3
:

They showed that in the cyclotom ic expansion ofthis function there occur only

�nitely m any term s cn;m X
nY m with cn;m 6= 0 and n+ 1

m
> 3

4
,and allbut �nitely

m any localfactorshave a zero to the rightof< s = 3=4,hence,< s = 3=4 isthe

naturalboundary ofZ(s).

Exam ple 5. Let J2(n) be the Jacobsthal-function,i.e. J2(n) = # f(x;y) :1 �

x;y � n;(x;y;n)= 1g,andde�neg(s)=
P

n� 1

�(n)J2(n)

n2 .SinceJ2 ism ultiplicative,

g hasan Euler-product,which can be com puted to give

g(s)=
Y

p

�

1+ p
� s � p

2� s
�

:

W e have

g(s)=
Y

p

(1� p
2� s)

Y

p

(1+
p� s

1� p2� s
)= �(s� 2)D�(s);

say.For� = < s> 2+ � the EulerproductforD� convergesuniform ly,since

X

p

�
�

p� s

1� p2� s

�
��

X

p

p� �

1� 22� �
�
�(2)

�
:

Hence,D � is holom orphic and non-zero in < s > 2,thatis,no point on the line

< s = 2 is an obstructing point,that is,Esterm ann’s m ethod cannot prove the

existenceofa singlesingularity ofthisfunction.
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6.C omparison of our classification w ith the classification of du

Sautoy and W oodward

In [8],du Sautoyand W oodward considerseveralclassesofpolynom ialsforwhich

they can prove Conjecture 1. Since their classesdo not coincide with the classes

described in Theorem 1,wenow describehow the two classi�cationscom pare.W e

willreferto theclassesdescribed in Theorem 1 as‘cases’,whilewewillcontinueto

referto the polynom ialsofdu Sautoy and W oodward by theiroriginalappellation

of‘type’.

Polynom ials oftype Iare polynom ials W such that ~W is not cyclotom ic,this

classcoincideswith polynom ialsin case(2).

Polynom ialsoftype IIarepolynom ialsW such that ~W iscyclotom ic,thereare

only �nitely m any cn;m > 0 with n+ 1

m
> �,and forin�nitely m any prim eswehave

thatW (p;p� s)haszerosto the rightof�. Thisclasscontainsallpolynom ialsin

case (4),and allpolynom ials oftype II fallunder case (3) or (4),but there are

polynom ialsin case (3)which are notoftype II. Forpolynom ialsoftype IIthey

prove thatthe line < s = � isthe naturalboundary ofm erom orphic continuation

ofD ,theirresultforpolynom ialsthereforeclearly supersedestherelevantpartsof

Theorem 1.

Polynom ialsoftypeIIIarepolynom ialsW asin typeII,buttherearein�nitely

m any pairsn;m with cn;m > 0, n+ 1
m

> �. These polynom ialsfallundercase (3),

they show underthe Riem ann hypothesisthat< s= � isa naturalboundary.For

such polynom ials the results are incom parable,our results are unconditional,yet

weaker.

Polynom ialsoftype IV are polynom ialswith in�nitely m any pairs(n;m )satis-

fying cn;m 6= 0 and
n+ 1=2

m
> �,and such thatwith theexception of�nitely m any p

there are no localzerosto the rightof< s = �. Forsuch polynom ialsdu Sautoy

and W oodward show that< s= � isthe naturalboundary,ifthe im aginary parts

ofthe zerosof� areQ -linearly independent.Allpolynom ialsoftype IV fallunder

case(3),again,the resultsareincom parable.

Polynom ialsoftype V are polynom ialsW such that ~W iscyclotom ic,with the

exception of�nitely m any p thereareno localzerosto therightof�,and thereare

only �nitely m any pairsn;m with cn;m 6= 0 and n+ 1

m
� �.Thiscorrespond to case

(5).

Polynom ialsoftype VIarepolynom ialsW such that ~W iscyclotom ic,with the

exception of�nitely m any p there are no localzeros to the right of�,there are

in�nitely m any pairs (n;m ) with cn;m 6= 0 and n+ 1
m

> �,only �nitely m any of

which satisfy
n+ 1=2

m
> �.These fallundercase(3).

Case(1)doesnotoccurin theirclassi�cation asitisjustly regarded astrivial.

7.C omparison w ith the multivariable case

Theobjectofourstudy hasbeen theDirichlet-seriesD (s)=
Q
W (p;p� s).This

willbe called the 11
2
-variableproblem since the polynom ialhastwo variables,but

the Dirichlet-series depends on only one com plex variable. Ifthe coe�cients of

the above series have som e arithem eticalm eaning, and this m eaning translates

into a statem ent on each m onom ialofW ,then the Dirichlet-series D (s1;s2) =Q

p
W (p� s1;p� s2) retains m ore inform ation,and it could be fruitfulto consider

thisfunction instead.O fcourse,thegain in inform ation could beattherisk ofthe
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technicaldi�cultiesintroduced by considering severalvariables.However,herewe

show thatthem ultivariableproblem isactually easierthen theoriginalquestion of

11
2
-variables.

W herethereisno explicitreferenceto p,theproblem ofa naturalboundary was

com pletely solved by Essouabri,Lichtin and the �rstnam ed author[2].

T heorem 2. Let W 2 Z[X 1;:::;X k]be a polynom ialsatisfying W (0;:::;0) =

1. Set D (s1;:::;sk) =
Q

p
W (p� s1;:::;p� sk ). Then D can be m erom orphically

continued to the whole com plex plane ifand only ifW is cyclotom ic. Ifitcannot

be continued to the whole com plex plane,then itsm axim aldom ain ofm erom orphic

continuation is the intersection ofa � nite num ber ofe� ectively com putable half-

spaces. The bounding hyper-plane ofeach ofthese half-spaces passes through the

origin.

At�rstsightone m ay think thatonecan passfrom the 2-dim ensionalby �xing

s1,however,thisdestroysthe structure ofthe problem ,asisdem onstrated by the

following.

Exam ple 6. The Dirichlet-seriesD (s1;s2)=
Q

p
1+ (2� p� s1)p� s2 asa function

oftwo variablescan be m erom orphically continued into the setf(s1;s2):< s2 >

0;< s1 + s2 > 0g,and the boundary ofthissetisthe naturalboundary ofm ero-

m orphic continuation.Ifwe �x s1 with < s1 � 0,and view D asa function ofs1,

then D can be continued to C ifand only ifs1 = 0. In every othercase the line

< s2 = 0 isthe naturalboundary.

Proof. The behaviourofD (s1;s2)followsfrom [2,Theorem 2]. Ifwe �x s1,then

1+ (2 � p� s1)p� s2 has zeros with relatively large realpart,provided that either

<s1 > 0,or<s1 = 0 and <p� s1 < 0. In the �rstcase we can argue asin the case

that ~W isnotcyclotom ic.By theprim enum bertheorem forshortintervalswe�nd

thatthenum berofprim enum bersp < x satisfying<p� s1 < 0isgreaterthan c x

logx
,

and weseethatwe can again adaptthe proofforthe case ~W non-cyclotom ic. �

In otherwords,thenaturalboundary forthe11
2
-variableproblem isthesam eas

forthe 2-variable problem ,with one exception,in which the 11
2
-variable problem

collapses to a 1-variable problem ,and in which case the Euler-product becom es

continuablebeyond the 2-variableboundary.

It seem s likely thatthis behaviour should be the prevalentone,it is less clear

whatprecisely \thisbehaviour" is.O nequite strong possibility isthe following:

Suppose thatD (s1;s2)=
Q

p
W (p� s1;p� s2)hasa naturalboundary at< s1 = 0.

Then there are only � nitely m any valuess2,forwhich the specialization D (� ;s2)is

m erom orphically continuable beyond < s1 = 0.

However,thisstatem entisrightnow supported only by a generallack ofexam -

ples,and thefactthatexam ple6looksquitenatural,sowedonotdareaconjecture.

Howeverwe believe thatsom e progressin thisdirection could be easierto obtain

than directly handling Conjecture 1. In particular those cases,in which zeros of

� pose a seriousthreatforlocalzeroswould becom e a loteasiersince thistype of

cancellation can only a�ecta countablenum berofvaluesfors2.
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