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A N A LY T IC C O N T IN U AT IO N O F SO M E ZETA FU N C T IO N S

G AU TA M IBH O W M IK (K A N JIN A M E H ER E)

1.Introduction

Thecontentsofthispaperwerepresented aslecturesattheM iuraW interSchool

on Zeta and L-functions held in 2008. Though the analytic continuation ofzeta

functionsbeyond its region ofabsolute convergence isa fundam entalquestion,in

generalnot m uch is known about the conditions that guarantee a m erom orphic

continuation.Itisalsointerestingtoknow how farsuch afunction can becontinued,

thatiswherethe naturalboundary ofanalyticcontinuation lies.

Thechoiceoffunctionsthatareconsidered hereare‘arbitrary’,thatisa m atter

ofpersonaltasteand expertise.M ostoftheworkreported ison whatIhavestudied

or actually contributed to together with m y co-authors. The word ‘som e’in the

title isto indicate thatthough the paperisexpository,itisnotexhaustive. O nly

outlinesofproofshavesom etim esbeen provided.

In the �rstpartwe considerEulerproducts. O ne ofthe m ostim portantappli-

cationsofzeta functionsisthe asym ptoticestim ation ofthe sum ofitscoe�cients

via Perron’sform ula,thatis,the useofthe equation

X

n� x

an =
1

2�i

c+ i1Z

c� i1

� X

n� 1

an

ns

�
xs

s
ds:

To use thisrelation,one usually shiftsthe path ofintegration to the left,thereby

reducingthecontribution oftheterm xs.Thisbecom espossibleonly ifthefunction

D (s) =
P

an
ns is holom orphic on the new path. In Section 3 details ofcertain

exam plesfrom heightzeta functionsand zeta functionsofgroupshavebeen given.

Clearly allzeta functionsdo nothaveEulerproductexpansions,one im portant

class ofexam ples being m ultiple zeta functions which have been studied often in

recent years. Not m any generalm ethods exist and here I treat the case ofthe

G oldbach generating function associated to G r(n),the num berofrepresentations

ofn asthe sum ofr prim es

1X

k1= 1

� � �

1X

kr= 1

�(k1):::�(kr)

(k1 + k2 + � � � + kr)
s
=

1X

n= 1

G r(n)

ns
:

where� isthe classicalvon-M angoldtfunction.

In alm ostallexam plesthe naturalboundary,ifitcan be obtained,corresponds

totheintuitivelyexpected boundaryand thiscan in factbeprovedin aprobabilistic

sense.Howeveroneofthedi�cultiesin actually obtaining theboundary isthatour

analysesoften depend on the distribution ofzerosofthe Riem ann zeta function,

and thuson yetunproved hypotheses(see,forexam ple,Theorem 3 orTheorem 7

below).
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Iwould liketo thank Jean-PierreK ahaneforhiscom m entson Theorem 4 and to

K ohjiM atsum oto forhonouring m ewith a kanjinam e.Q u’ilssoienticirem erci�es!

2. Euler products

M any Dirichlet-seriesoccurring in practice satisfy an Eulerproductand ifthis

productissim pleweoften getsom einform ation on thedom ain ofconvergenceofthe

Dirichletseries.Am ong such casesistheproductoverallprim esp ofa polynom ial

in p� s. O ne ofthe oldestideas is due to Esterm ann [20]who obtained a precise

criterion forthe continuation to the whole com plex plane ofthe Eulerproductof

an integerpolynom ialin p� s.Heproved theexistenceofthefollowing dichotom y :

T heorem 1. Let

h(X )= 1+ a1X + � � � + adX
d
=

dY

j= 1

(1� �jX )2 Z[X ]

then Z(h;s)=
Q

p
h(p� s) is absolutely convergentfor <(s)> 1 and can be m ero-

m orphically continued to thehalfplane<(s)> 0.Ifh(X )isa productofcyclotom ic

polynom ials,i.e.ifj�jj= 1 for every j,then and only then can Z(h;s)be contin-

ued to the whole com plex plane.In allothercasesthe im aginary axisisthe natural

boundary.

The strategy ofhisproofwasto show thatevery pointon the line< s= 0 isan

accum ulation pointofpolesorzerosofZ. Esterm ann’sm ethod wassubsequently

generalised by m any authors.

Dahlquist [14],for exam ple,extended the above case to h being any analytic

function with isolated singularities within the unit circle. He used the concept

ofvertex num bersand showed thatexceptfor the case where h(p� s) hasa �nite

num ber offactors ofthe form (1 � p� �s)� �� ,there is a naturalboundary ofthe

zeta function at< s= 0.

Later, K urokawa [26] continued on the idea of Esterm ann to cases where h

depends on the traces ofrepresentations ofa topologicalgroup and solved Lin-

nik’sproblem fortheanalyticcontinuation ofscalarproductsoftheHecke-L series

L(s;�i)where �i are G r�osssencharakters(notnecessarily of�nite order)of�nite

extensionsofan algebraicnum ber�eld.Hisresultcan bestated m oreprecisely as:

LetF=Q bea �niteextension and K i=F ber �niteextensionsofdegreeni each.

ThescalarproductL(s;�1;:::;�r)hastheim aginary axisasthenaturalboundary

exceptwhen

(n1;:::;nr) = (1;::::::;1;?) or

= (1;::::;1;2;2);

in which case L(s;�1;:::;�r) can be continued to the whole ofC (ibid. PartII,

Theorem 4).

Thereisofcourse,no reason to believethatthenaturalboundary would always

be a line.In an exam pleinvolving the Euler-phifunction [32]

Z(s)=

1X

n= 1

1

�(n)s
=
Y

p

�
1+ (p� 1)

� s
(1� p

� s
)
� 1
�
;

the boundary ofcontinuation isan open,sim ply connected,dense setofthe half-

plane< s> � 1.
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Thequestion ofanalyticcontinuation ofEulerproductsin severalvariablesoccur

naturally in very m any contexts.To cite justone exam ple,in the study ofstrings

over p� adic �elds [10], products of5-point am plitudes for the open strings are

considered,wherethe am plitudesarede�ned asp� adicintegrals

A
p

5(ki)=

Z

Q 2

p

jx jk1k2jy jk1k3j1� x jk2k4j1� y jk3k4jx � y jk2k3 dxdy:

The product
Q

p
A
p

5 can be analytically continued to the whole ofC,which gives

interesting relationsofsuch am plitudeswith realones.

W ewould thuslikeam ultivariableEsterm ann typeoftheorem .Forthisweneed

som enotation [4].Letusconsidern-variableintegerpolynom ialshk and let

h(X 1;:::;X n;X n+ 1)= 1+

dX

k= 0

hk(X 1;:::;X n)X
k
n+ 1:

Theexponentsofthem onom ialoccurringin thisexpressiondeterm ineapolyhedron

in Rn and enableustogiveadescription ofthedom ain ofconvergencefortheEuler

productin n com plex variablesZ(h;s1;:::;sn)=
Q

p prim e
h(p� s1;:::;p� sn ).Thus

wede�ne,for� 2 R,

V (h;�):=

d\

k= 0

fs2 C
n j<(h�;si)> k+ � 8 � 2 E xt(hk)g

whereE xt(hk)isthesetofthosepointswhich do notbelong to theinteriorofany

closed segm entoftheNewton polyhedron ofhk.W eshow thatthegeom etry ofthe

naturalboundary isthatofa tubeoveraconvex setwith piecewiselinearboundary

and givea criterion foritsexistence which isanalogousto Theorem 1.

A polynom ialh in severalvariablesiscalled cyclotom ic,ifthereexistsa�niteset

ofnon-negative integersm i;j and a �nite setofintegersintegers (j)j= 1;:::;q such

that:

h(X )=

qY

j= 1

(1� X
m 1;j

1 :::X
m n ;j

n )
j:

In [4]weprovethateitherh iscyclotom ic,oritdeterm inesa naturalboundary of

m erom orphy,i.e.

T heorem 2. The Euler product

Z(h;s)= Z(h;s1;:::;sn)=
Y

p

h(p
� s1;:::;p

� sn )

converges absolutely in the dom ain V (h;1)and can be m erom orphically continued

to the dom ain V (h;0).

M oreover,Z(h;s)can be continued to the whole com plex space Cn ifand only if

h iscyclotom ic. In allother cases V (h;0)isa naturalboundary.

Using Newton polyhedra we can write the above asa productofRiem ann zeta

functionsand a holom orphicfunction in V (h;1=r),forevery naturalnum berr,i.e.

Z(h;s)=
� Y

1� jm j� N r

�(hm ;si)(m )
�
G 1=r(s)
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where m isa n-tuple ofpositive integers,fN rg an increasing sequence ofpositive

integers and G (s) an absolutely convergent Euler product. W e then treat sepa-

rately the caseswhere the setfm :(m )6= 0g is �nite orin�nite to show thata

m erom orphiccontinuation to V (h;�)isnotpossibleforany � < 0.

A resultsim ilarto the above theorem can also be obtained forEulerproducts

ofanalytic functions on the unit poly-disc P (1) in C
n rather than polynom ials

(op.cit. Theorem 4). HoweverTheorem 2 isin generalnotenough to treatEuler

products ofthe form
Q

p
h(p;p� s) which occur,for exam ple,in zeta functions of

groupsand heightzeta functions. In certain casesauthorshave been able to �nd

naturalboundariesofsuch Eulerproductswhileeven foran apparently sim plecase

like f(s)=
Q

p

�

1+ p� s + p1� 2s
�

[15]we m ightbe unable to provide a com plete

answer(seethe nextsection).

In fact it does not su�ce to prove that each point is a lim it point ofpoles or

zerosofthe singlefactors,sincepolesand zeroscould cancel.In certain situations

it is possible to �nd conditions which ensure that too m uch cancellation am ong

potentialsingularitiesisim possible and thereby getinform ation on serieslike the

onejustcited.Forinstance,in [6]weobtain :

T heorem 3.Assum etheRiem ann �-function hasin� nitely m any zeroso� theline
1

2
+ it.Supposethatf isa function oftheform f(s)=

Q

�� 1
�(�(s�1

2
)+ 1

2
)n� where

theexponentsn� are rationalintegersand the series
P

n�

2��
convergesabsolutely for

every � > 0.Then f isholom orphic in the halfplane <s> 1 and hasm erom orphic

continuation in the halfplane <s > 1

2
. Denote by P the setofprim e num bers p,

such thatnp > 0,and suppose thatfor all� > 0 we have P ((1+ �)x)� P (x)�

x

p
5� 1

2 log
2
x. Then the line =s = 1

2
is the naturalboundary off;m ore precisely,

every pointofthisline isaccum ulation pointofzerosoff.

Togetthisresultweneed som ecom binatorialgeom etry on thelinesofDahlquist

[14].Thefollowing isa sketch ofthe argum entto getthe abovenaturalboundary.

By assum ption ofthefalsity oftheRiem ann hypothesis,forevery � > 0 and every t

thereisazero� = �+ iT of�,suchthatP (T=t)� P (T=((1+ �)t))� (T=t)� log
2
(T=t),

where� =
p
5� 1

2
.Instead ofshowing thatthisparticular� cannotbecancelled out

by poles or zeros ofother factors,,we show that not allzeros can be cancelled

out. If
�� 1=2

p
+ 1

2
isnota zero off forany p 2 P and any T

p
2 [t;(1+ �)t],using

com binatorialargum entswereach thecontradictory conclusion that� <
p
5� 1

2
.So

in every squareoftheform fs:< s2 [1
2
;1
2
+ �];= s2 [t;t+ �]g,thereisa zero off.

Concerning generalEulerproductsofpolynom ialsin p and p� s,there existsa

conjecture[16].

C onjecture 1. Let W (x;y) =
P

n;m
an;m x

nym be an integralpolynom ial with

W (x;0) = 1. Then D (s) =
Q

p
W (p;p� s) is m erom orphically continuable to the

whole com plex plane ifand ifonly ifitis a � nite productofRiem ann �-functions.

M oreover,in the lattercase if� = m axfn
m
:an;m 6= 0g,then < s= � isthe natural

boundary ofD .

Though allknown exam ples con�rm this it is stillfar from being resolved. In

factwebelievethatany re�nem entofEsterm ann’sm ethod isnotenough to prove

thisconjecture [8].



A N A LY T IC C O N T IN U AT IO N O F SO M E ZETA FU N C T IO N S 5

W e de�ne an obstructing pointz to be a com plex num ber with < z = �,such

thatthereexistsa sequenceofcom plex num berszi,< zi > �,zi ! z,such thatD

hasa poleora zero in zi foralli.O bviously,each obstructing pointisan essential

singularity forD ,the conversenotbeing true in general.

Since D m ay notbe convergenton the half-plane < s > �,to continue itm ero-

m orphically itiswritten asa productofRiem ann �-functionsand a function R(s)

holom orphic,zero-free,and bounded on every half-plane < s > � + �. Thusthere

existintegerscn;m such that

D (s)=
Y

n;m

�(ns+ m )
cn ;m � R(s):

W hen approxim ating D (s)by a productofRiem ann �-functions,the m ain contri-

bution com esfrom m onom ialsan;m x
nym with n

m
= �.W ecollectthesem onom ials

togetherin ~W thatis,wehave

W (x;y)= ~W (x;y)+
X �

n;m
an;m x

n
y
m
;

where
P �

m eanssum m ation overallpairsn;m with n

m
< � (in [17]theterm inology

‘ghostpolynom ial’isused).

W e can classify such polynom ialsinto exclusive,non-em pty casesasfollows:

(1) W = ~W and W iscyclotom ic;in thiscase,D isa�niteproductofRiem ann

�-functions;

(2) ~W is not cyclotom ic;in this case,every point ofthe line < s = � is an

obstruction point;

(3) W 6= ~W , ~W is cyclotom ic,and there are in�nitely m any pairs n;m with

an;m 6= 0 and n

m
< � < n+ 1

m
;in thiscase,� isan obstruction point;

(4) W 6= ~W , ~W is cyclotom ic,there are only �nitely m any pairs n;m with

an;m 6= 0 and n

m
< � < n+ 1

m
,butthere are in�nitely m any prim esp such

that the equation W (p;p� s)= 0 hasa solution s0 with < s0 > �;in this

caseevery pointofthe line < s= � isan obstruction point;

(5) Noneoftheabove;in thiscase,nopointontheline< s= � isanobstruction

point.

In the third case we need an understanding ofthe zeros ofthe Riem ann-zeta

function to have inform ation aboutthe m erom orphic continuation and aswe will

seein thenextsection thatthism ay only giveconditionalanswers.Howeverin the

last case we m ight be able to say nothing about the analytic continuation as we

willsee in theexam ple ofD (s)=
Q

p
(1� p2� s + p� s).

W e would need som e really new ideasto understand Eulerproductsofpolyno-

m ialsin p and p� s.

2.1.A random series. From a probabilistic point ofview,it is usualto study

random Dirichletseriesand show thatalm ostsurely they havenaturalboundaries.

Such generic conditions com fort us in the beliefthat for a Dirichlet series there

should be m erom orphiccontinuation up to an expected dom ain.

O ften in thede�nition ofarandom seriesthecoe�cientsarerandom (forexam ple

in K ahane [25]orQ u�e�elec [29]). In the following [6]we use random variablesin

the exponentto resem blethe EulerproductsW (p;p� s)discussed before.
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W ecallafunction regularin adom ain ifitism erom orphicup to adiscretesetof

branch pointsin the dom ain,thatis,itisholom orphicwith the exception ofpoles

and branch points.W ecan now statethe following probabilisticresult:

T heorem 4. Let(a�);(b�);(c�) be realsequences,such thata�;b� ! 1 ,and set

�h = lim sup
�! 1

� b�
a�
.Let�� be a sequence ofindependentrealrandom variables,such

that

lim inf
�! 1

m ax
x2R

P (�� = x)= 0;

and suppose thatfor � > �h the series

1X

�= 1

jc� + ��j

2a� �+ b�

convergesalm ostsurely.Then with probability 1 the function

Z(s)=

1Y

�= 1

�(a�s+ b�)
c� + ��

is regular in the half-plane < s > �h and has the line < s = �h as its natural

boundary.

To givean idea oftheargum entsused in theproofwelets0 = �h + itbea point

on thesupposed boundary with t6= 0 rational,and considerthesquareS with side

length 2

n
centred in s0.For� > 0 given,weshow thatwith probability > 1� � the

function Z iseithernotm erom orphicon S,orhasa zero ora pole in S.Then for

a suitably chosen index � weconsider

Z�(s)=

1Y

�6= �

�(a�s+ b�)
c� + �� :

such thatifZ ism erom orphicon S,soisZ�.LetD 1 bethedivisoroftherestriction

ofZ� to S,and letD 2 bethedivisorof�(a�s+ b�)restricted to S.W eshow that

D 1 + (c� + ��)D 2 isnon-trivialwith probability > 1� �. The num berofzerosof

�(a�s+ b�)in S equalsN (T + h)� N (T),whereN denotesthenum berofzerosof�

with im aginarypart� T,and T and h arecertain realnum berssatisfyingT � 1000

and h � 6.Using a classicalestim ate[2],wecan show thatD2 isnon-trivial.

W e note thatin the initialstatem entofthe abovetheorem ,the term ‘holom or-

phic’appeared instead of‘regular’(Theorem 3,ibid.). In fact,aspointed outby

J-P.K ahane,the �nite productof�-functionsdom inating the behaviourofZ in a

half-plane< s> �h + � can yield branch pointsatallpolesand zerosoftheinvolved

�-functions.

3.Examples

3.1.Zeta function ofa sym plectic group. The localzeta function associated

to the algebraicgroup G isde�ned as

Zp(G;s)=

Z

G
+

p

jdet(g)j� sp d�

where G+p = G(Q p)\ M n(Zp) ,j:jp denotes the p-adic valuation and � is the

norm alised Haarm easureon G(Zp).In [17],du Sautoy and G runewald provethat
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the naturalboundary ofthe zeta function Z(G;s) ofthe sym plectic group G Sp6

given by [24]

Z(s=3) = �(s)�(s� 3)�(s� 5)�(s� 6)
Y

p

�

1+ p
1� s

+ p
2� s

+ p
3� s

+ p
4� s

+ p
5� 2s

�

hasanaturalboundary at< s= 4

3
.Toshow thateverypointon theboundaryisan

accum ulation pointofzeros,the authorsconsiderthepartialderivativesat(0;� 1)

ofthe equation 1+ (1+ V + V 2 + V 3)U + V 3U 2 = 0 where V = p� 1; U = p4� s.

TheIm plicitFunction Theorem then guaranteestheexistenceofa solution forthe

above equation in U = � 1+ V + 
(V ),where for p large enough 
(V )contains

term ssm allerthan p� 2.Thusforevery integern thereisa solution

s= 4�
log(1� p� 1 + 
(p� 1))

logp
+
(2n � 1)�i

logp
:

Now fora largeprim ep and a �xed pointA with < s= 4 on theboundary wecan

�nd a sequenceofintegersnp such that
(2np� 1)�

logp
! =(A).Furtherthe factthat

�
log(1� p� 1 + 
(p� 1))

logp
> 0

for large enough p m eans that Z(s=3) cannot be continued beyond its assum ed

boundary < s= 4.

Notice that this is an exam ple ofthe ‘lucky’situation we encountered in the

fourth caseofthe classi�cation of
Q
W (p;p� s).

3.2.H eight zeta functions. Severalpeople in the recentpasthave studied the

analytic propertiesofheightzeta functionsassociated to counting rationalpoints

on algebraicvarieties.O fparticularinterestisthecaseofavariety with am pleanti-

canonicalbundle (called a Fano variety)V overa num ber�eld k whosek-rational

points are Zariskidense in V ,for a heightfunction H de�ned naturally overthe

anti-canonicalsheaf.Herean im portantm otivation isM anin’sconjecturethat,for

U a suitably de�ned open subsetofV ,

jfx 2 U (k):H (x)� tgj� C t(logt)
r� 1

as t! 1 . In the above,C is a non zero constant and r the rank ofthe Picard

group ofV . There is a further conjecture,due to Peyre [28],on the constant C

relating itto the Tam agawa m easure.

W ewillconcentrateon Pn,theprojectiven-spaceoverthe�eld Q with theclas-

sicalnorm alised heightfunction H n :Pn� 1 ! R> 0 de�ned by H (x)= m axifjxijg,

wheregcd(x1;:::;xn+ 1)= 1.(O therde�nitionsoftheheightexistbutweshallnot

treatthem here.The interested readercould see,forexam ple,[19]).

W e now givedetailsofanalyticcontinuation and boundariesofa few zeta func-

tionsin the abovecontextwhich haveEulerproductsin severalvariables.

3.2.1.A cubic surface. For studying the above case,it is possible to �rst choose

the anti-canonicalline bundle and assum e thatitbe am ple.Thisthen determ ines

a projective em bedding ofthe desingularised m odelofthe variety using a fan de-

com position into �nitely m any sim plicalintegralcones(fordetailssee,forexam ple,
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[12]or[30]).Thezeta function isthen de�ned,for< s largeenough,as

ZU (s)=
X

x2U

1

H (x)s
:

De la Bretecheand Swinnerton-Dyer[13]proved thatthe zeta function associated

to singular cubic surfaces has a naturalboundary at < s = 3=4. W e follow the

treatm entof[11]to give a sum m ary oftheir originalproofwhere they study the

m ulti-variablefunction

Z(s1;s2;s3)=
X

x1x2x3= x
3

4

gcd(x1;x2;x3)= 1

1

x
s1
1 x

s2
2 x

s3
3

outside the union ofthree linesin the hyper-surfacex4 = 0.The Eulerproductof

thisfunction isgiven by

Y

p

1+
P
(1� p3si)p� (2sj+ sk )� p� (3s1+ 3s2+ 3s3)

(1� p3s1)(1� p3s2)(1� p3s3)

where in the sum each ofi;j;k take the values1;2;3. The above is then written

with the help offunctions ‘convenient’for < s > 3

4
and F (s) which involves the

Eulerproductofa polynom ialin two variables

W (x;y)= 1+ (1� x
3
y)(x

6
y
� 2

+ x
5
y
� 1

+ x
4
+ x

2
y
2
+ xy

3
+ y

4
)� x

9
y
3

with x = p� 1=4; y = p3=4� s. Here again the authorssucceed in establishing that

every pointon the assum ed boundary isthe lim itpointofa subsetofzerosofthe

function F (s)=
Q

p
W (p� 1=4;p3=4� s)

Q 4

j= � 2
(1� p� (1+ j(s� 1)).Fora �xed prim ep,

the num berofzeroswith < s> 3

4
ofW ,i.e.

3

4
+

1

4
p
2p1=4 logp

+ O
� 1

p3=4 logp

�

islarge.Now for<s> 3

4
+ 1

N
,thereexistsuitably chosen �nitenum berofintegers

b(k;k0)such that

F (s)=
Y

k;k0

k� k0=4+ k0=N > 1

�(k + k
0
(s� 1))

b(k;k
0
)
Y

p

W N (p
� 1=4

;p
3=4� s

)

where

W N (p
� 1=4

;p
3=4� s

)= W (p
� 1=4

;p
3=4� s

)
Y

k;k0

k� k0=4+ k0=N > 1

(1� p
(k+ k

0
(s� 1))

)
b(k;k

0
)
:

The zeros ofW N (p
� 1=4;p3=4� s) and W (p� 1=4;p3=4� s) are the sam e. Further for

every real� onecan constructa sub-sequenceofitszeroswhich convergeto 3

4
+ i�

and which arenotpolesof
Y

k;k0

k� k0=4+ k0=N > 1

�(k + k
0
(s� 1))

b(k;k
0
)
:

These zerosare again the zerosofF (s) and therefore no continuation is possible

beyond the assum ed boundary.
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Forwhatconcernsthe asym ptotics,itisknown that

j
�
x 2 U :H (x)� t

	
j= tQ (logt)+ O (t7=8+ �)

wherethedegreeofQ is6 and theleading coe�cientis 1

6

Q

p
f(1� 1=p)7(1+ 7=p+

1=p)g.

3.2.2.An n-fold product. In [4],we considerinstead an im plicitprojectiveem bed-

ding determ ined by a �nite setofequationsand do notneed a fan decom position.

LetX be a toric variety and A d;n = A a d� n integerm atrix allofwhose row

sum sarezero.The rationalpointsofthe toricvariety arede�ned by

X (A):= f(x1;� � � ;xn)2 P
n� 1

(Q ):
Y

i:aj;i� 0

x
aj;i

i =
Y

i:aj;i< 0

x
� aj;i

i 8jg

and the m axim altorusU (A)com prisesofthose elem entsofX (A)the productof

whose coordinatesisnon-zero. Each pointin the m axim altoruscorrespondsto a

uniquen-tuple ofco-prim epositiveintegerswhich we denoteby (m 1;� � � ;mn).

W ede�neam ultivariablezetafunction,for< si > 1,com parabletotheoneused

fortoricvarietiesin [12]as

ZA (s)=
X

m i2N

FA (m 1;� � � ;mn)

m
s1
1 :::m

sn
n

;

where

FA (m 1;� � � ;mn) = 1 if gcd (m 1;� � � ;mn)= 1;
Y

i

m
aj;i

i = 1 8j;

= 0 otherwise.

The de�ning equations are m ultiplicative and we thus get an Euler product

expansion ofan analyticfunction in n com plex variables

ZA (s)=
Y

p

hA (p
s1;:::;p

sn ):

Now the function hA (X )isexpressed asa rationalfunction
Y

�2K

(1� X
�
)
� c(�)

W (X )

forpositiveintegersc(�),a �niteindex setK and an integern-variablepolynom ial

W .W ecan prove,using Theorem 2,thatZA (s)hasa naturalboundary.In fact,it

ispossible to explicitly describe the whole boundary ofanalytic continuation (see

[4],Theorem 6).The description ofthe analyticcontinuation ofthiszeta function

can now beused to deducetheasym ptoticpropertiesoftheheightdensity function

on U (A)becauseofthe equation

j
�
x 2 U (A):H (x)= m ax

i
jm i(x)j� t

	
j= C (A)

X

m i� t

FA (m 1;� � � ;mn)

whereC (A)isa com putable constant.

Asa specialcase,wegetasym ptoticresultsforthenum berofn-fold productsof

relatively prim e positive integersthatequalthe nth powerofan integer. Batyrev

and Tschinkel[3]showed that this problem is equivalent to the asym ptotic de-

scription ofthe heightdensity function on the m axim altorusofthe hyper-surface
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x1 � � � xn = xnn+ 1.Now thatthere isonly one equation involved,i.e.d = 1,we use

the m atrix A n = (1;� � � ;1;� n)and the rationalpointsare

U (A n):= f(x1;� � � ;xn+ 1)2 P
n
(Q ):x1 � � � xn = x

n
n+ 1;; x1 � � � xn 6= 0g:

To expresshA n
(X )precisely asa rationalfunction on the unitpoly-disc P (1)we

noticethatif

hA n
(X )=

X

�

X
�

for� 2 N
n+ 1
0 ,tosatisfy thede�nition ofFA n

werequirethatA n(�)= 0.Thusfora

n-tupler,weusethenotation jrjforitsweight,i.e.thesum ofitsn coordinatesand

forallr such thatjrj=n isa non-negative integer,we letl(r)= (r1;:::;rn;jrj=n).

Furtherweensurethatthe condition ofcoprim ality ofthe p� i ism etand obtain

hA n
(X )= (

nY

i= 1

(1� X
n
i X n+ 1)

� 1
)

X

jrj=n2N0

X
r1
1 :::X

rn
n X

jrj=n

n+ 1 :

Thesum in theexpression aboveisnotcyclotom icand thisgivesthenaturalbound-

ary of

ZA n
(s)= R �

Y

p

(
X

r2D n

1

phl(r);si
)

forR a �nite productofRiem ann zeta functions,to be

V (0)= fs2 C
n+ 1 j<(hl(r);si)> 0 8 r2 D ng:

Using theaboveanalyticpropertiesand a m ultivariableTauberian theorem [12]we

provethat

T heorem 5. There exists� > 0 such that

j
�
x 2 U (A n):H (x)� t

	
j= tQ n(logt)+ O (t1� �)

where Q n(logt)isa non-vanishing polynom ialofdegree dn =
�
2n� 1

n

�
� n � 1.

Actually we can describe the lastpolynom ialratherprecisely foralln � 3 ([4],

Theorem 7).

3.3.U nlucky cases. In the last two subsections we could give satisfactory de-

scriptionsoftheanalyticbehaviouroftheEulerproducts.Thisneed notalwaysbe

possible. In the following we can only show the existence ofa conditionalnatural

boundary [6].

P roposition 1.Supposethattherearein� nitely m any zerosof� o� theline1
2
+ it.

Then the function

f(s)=
Y

p

�

1+ p
� s

+ p
1� 2s

�

hasm erom orphic continuation to the halfplane <s> 1

2
,and the line <s= 1

2
isthe

naturalboundary off.

Thisisan exam ple ofcase (3)ofourclassi�cation ofthe previoussection. W e

notice that the realparts ofthe zerosoff(s) are exactly 1

2
and thus we can not

constructa sub-sequence ofzerosorpoleswhich would converge on each pointof
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the presum ed naturalboundary <s = 1

2
. The conditionalresultabove isattained

by expressing f(s)asa productoffunctions‘convenient’for<s> 1

2
and

Y

m � 1

�((4m + 1)s� 2m )

�((4m + 3)s� 2m � 1)
;

which isofthe type considered in Theorem 3.

W e nextconsiderthe EulerproductD (s)=
Q

p
(1� p2� s + p� s)which can be

written as

D (s)=
Y

p

(1� p
2� s

)
Y

p

(1+
p� s

1� p2� s
)= �(s� 2)D

�
(s):

W e expect a naturalboundary at < s = 2,or at leastan essentialsingularity at

s= 2,and ouronly m ethod to provethisisto approach thispointfrom the right.

Butfor< s= � > 2 we estim atethe second productas

X

p

X

n� 1

jp2n� (2n+ 1)sj�
X

p

p
� 2

X

n� 1

p
� n(�� 2) �

X

p

p
� 2 1

1� 2�� 2
:

So theproductforD � convergesabsolutely in thehalf-plane< s> 2,in particular,

D � does not have any zerosor poles in this half-plane. This exam ple falls under

case (5) ofthe classi�cation m entioned. It is worse than Proposition 1 where we

could not unconditionally prove the existence ofzeros or poles clustering on the

assum ed boundary whereasheresuch zerosorpolesdo noteven exist.

4.N o Euler products

Therearenum erouscontextsin which wecom eacrosszetafunctionsthatdonot

have an Eulerproduct. W e cite justtwo exam ples. The �rst,m entioned because

itcom esfrom a contextquitedi�erentfrom theotherexam pleswetreated,isthat

ofDirichletseriesgenerated by �nite autom ata.

Roughly speaking,a sequence (un)with valuesin a �nite setis d-autom atic if

wecan com putethen-th term ofthesequenceby feeding thebased representation

ofn to a �nite state m achine.O ne ofthe bestknown am ong 2-autom atic casesis

the Thue-M orsesequence,

01 10 1001 10010110 � � �

generated by thesubstitution m aps0 ! 01;1 ! 10.TheDirichletseries
P 1

n= 0
un
ns

corresponding to a d-autom aticsequencecan bem erom orphically continued to the

wholecom plexplane.Am ongconsequencesitisproved[1]thatautom aticsequences

have logarithm ic densities. It would be interesting to know how Dirichlet series

associated to non autom atic sequences(like the in�nite Fibonacciword generated

by the substitutions0! 01;1 ! 0)behave.

The second exam pleisin severalvariables.TheEuler-Zagiersum de�ned as

�r(s1;� � � ;sr)=

1X

m 1= 1

� � �

1X

m r= 1

m
� s1
1 (m 1 + m 2)

� s2 � � � (m1 + � � � + mr)
� sr

hasbeen studied with m uch enthusiasm .Thisfunction can be analytically contin-

ued to the whole Cr space. M atsum oto introduced the generalised m ultiple zeta
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function

�r((s1;� � � ;sr);(�1;� � � ;�r);(w1;� � � ;wr))=

rX

j= 1

1X

m j= 0

rY

i= 1

(�i+ m 1w1 � � � + miwi)
� si

wherewi;m i arecom plex param eterswith branchesoflogarithm ssuitably de�ned.

Thistoo can be continued asa m erom orphic function to the whole Cr plane. W e

do notwish to elaborate on thissubjectbutthe interested readercan �nd details

elsewhere(see,forexam ple,the expository paper[27]forreferences).

4.1.G oldbach zeta function. Here we consider the num ber G r(n); r � 2,of

representationsofn asthesum ofr prim es.Egam iand M atsum oto[18]introduced

the generating function

�r(s)=

1X

k1= 1

� � �

1X

kr= 1

�(k1):::�(kr)

(k1 + k2 + � � � + kr)
s
=

1X

n= 1

G r(n)

ns

usingthevon M angoldtfunction �.Thisseriesisabsolutelyconvergentfor< s> r,

and has a sim ple pole at s = r. It is clear that to study the analytic properties

in thiscontextitisnecessary to haveinform ation on the zero-freeregion of�,the

Riem ann zeta function,and the presence ofeven one zero of� m ay prevent us

from having usefulinform ation. Allresultsthatwe willtalk aboutwilltherefore

be underthe assum ption ofthe Riem ann Hypothesis(RH).

W e can show thatfrom the analyticpointofview,underRH,�r isdeterm ined

by the caser= 2 [7].

T heorem 6. Suppose thatthe Riem ann Hypothesis is true. Then for any r � 3

there existpolynom ials fr(s);gr(s);hr(s),such that

�r(s)= fr(s)�(s� r+ 1)+ gr(s)
�0

�
(s� r+ 1)+ hr(s)�2(s� r+ 2)+ R(s);

where R(s)is holom orphic in the half-plane <s > r� 1 and uniform ly bounded in

each half-strip ofthe form <s> r+ 1,T < =s< T + 1,with T > 0.

Thisisdone by com puting the function using the circle m ethod which give the

threem ain term s.A bound (underRH)for

X

n� x

�(n)e
2�i�n �

X

n� x

e
2�i�n

gives an errorterm oforder O (xr� 1� �) for som e � positive for allbut the above

threeterm s.

It is thus im portant to consider the situation ofr = 2. W e recallthat this

caseoccursin theconsideration oftheG oldbach conjecturethatevery even integer

largerthan 2 isthe sum oftwo prim es. To study thisproblem often itisnatural

to considerthe corresponding problem for� and try to show thatG 2(n)> C
p
n.

Now,assum ing the RH,the authorsin [18]described the analytic continuation

of�2 and for obtaining a naturalboundary they used unproved assum ptions on

thedistribution oftheim aginary partsofzerosof�.In thiscontextwedenotethe

setofim aginary partsofnon-trivialzerosof� by �. The beliefthatthe positive

elem entsin � arerationally independentisfolkloricand Fujii[21]used thefollowing

specialcase:
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C onjecture 2. Suppose that1 + 2 = 3 + 4 6= 0 with i 2 �. Then f1;2g =

f3;4g.

In [18]an e�ective version ofthe aboveconjectureisform ulated,i.e.

C onjecture 3. There is som e � < �

2
,such thatfor 1;:::;4 2 � we have either

f1;2g = f3;4g,or

j(1 + 2)� (3 + 4)j� exp
�
� �(j1j+ j2j+ j3j+ j4j)

�
;

and itisproven that:

T heorem 7.SupposetheRiem ann hypothesisholdstrue.Then �2(s)can bem ero-

m orphically continued into the half-plane <s> 1 with an in� nitude ofpoleson the

line 3

2
+ it.Ifin addition Conjecture3holdstrue,then theline< s= 1isthenatural

boundary of�2.M oreprecisely,thesetofpoints1+ i� with lim �& 1 j�(�+ �)j= 1

isdense on R.

In [ibid.]the authorsconjectured thatunderthe sam e assum ptionsthe dom ain

ofm erom orphic continuation of�r should be the half-plane <s > r� 1. Notice

thata directconsequenceofTheorem 6 con�rm sthe following :

T heorem 8.IftheRH holdstrue,then �r(s)hasa naturalboundary at<s= r� 1

for allr� 2 ifand only if�2(s)hasa naturalboundary at<s= 1.

In [7]itisalsoshown thatiftheRH and Conjecture2 hold true,then �2(s)does

havea naturalboundary at<s= 1 and a singularity can be described precisely as

T heorem 9. Ifthe RH holds true,then �2 has a singularity at2�1,where �1 =
1

2
+ 14:1347:::iisthe � rstrootof�.M oreover,

lim
�& 0

(� � 1)j�2(2�1 + �)j> 0:

Thislastresulthelpsusobtain an 
-resultforG r(n).W econsidertheoscillating

term

H r(x)= � r
X

�

xr� 1+ �

�(1+ �):::(r� 1+ �)

wherethesum m ation runsoverallnon-trivialzerosof�.Thegenerating Dirichlet

seriesfor
X

n� x

G r(n)�
1

r!
x
r � Hr(x)

hasa singularity at2�1 + r� 1,which givesthe following :

C orollary 1. Suppose thatRH holds true.Then we have

X

n� x

G r(n)=
1

r!
x
r
+ H r(x)+ 
(x

r� 1
):

In fact the quality ofthe error term does not im prove with increasing r. W e

m ention a few historicalfacts aboutthe errorterm . Fujii[21]obtained under the

RH
X

n� x

G 2(n)= x
2
=2+ O (x3=2)
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which he laterim proved [22],by explicitly writing the oscillating term ,to
X

n� x

G 2(n)= x
2
=2+ H 2(x)+ O ((xlogx)4=3):

Further,in [9]we used the distribution ofprim esin shortintervalsto estim ate

exponentialsum scloseto the point0 and proved that

T heorem 10. Suppose thatthe RH istrue.Then we have

X

n� x

G 2(n)=
1

2
x
2
+ H 2(x)+ O (xlog

5
x);

and
X

n� x

G 2(n)=
1

2
x
2
+ H 2(x)+ 
+ (xloglogx):

which con�rm sthe conjecturalvalue ofthe errorterm [18,Conj.2.2].

RecentlyG ranville[23]usedtheerrorterm O ((xlogx)4=3)toobtainanew charac-

terisation oftheRH,i.e.forthe‘twin prim econstant’C2,theRiem ann Hypothesis

isequivalentto the estim ate

X

n� x

G 2(n)� nC2

Y

pjn

p� 1

p� 2
� x

3=2+ o(1)
:

Using the G RH one could sim ilarly �nd bounds for the exponentialsum s in

question which would give

T heorem 11.TheGeneralised Riem ann HypothesisforDirichletL-functionsL(s;�),

� m od q,isequivalentto the estim ate

X

n� x; qjn

G 2(n)=
1

�(q)

X

n� x

G 2(n)+ O (x1+ o(1));

asannounced in [ibid.Theorem 1C].

5.C onsequences

O ne ofthe am using consequences ofthe existence ofa naturalboundary is to

suggestthatthereisa‘natural’lim ittowhatcan beachieved forasym ptoticresults

associated to Dirichletseriesby using com plex analysis.A naturalboundary could

show thenon-existenceofcertain asym ptoticresultsinvolvingerrorterm sand thus

im ply the existence ofan inverse result,i.e.an 
-term . Usually when proving an


-result we �rst derive an explicit form ula with oscillating term s and then show

thattheseterm scannotcanceleach otheroutforallchoicesoftheparam eters.In

[6]weshow thateven ifweallow forin�niteoscillatory sum sto bepartofthem ain

term s,we stillgetlowerboundsforthe errorterm s. Thusa naturalboundary at

<s = � precludes the existence ofan explicit form ula with m ain term s over the

zerosofthe Riem ann zeta function and an errorterm O (x�). W e state thism ore

precisely as:

P roposition 2. Letan be a sequence ofcom plex num berssuch thatthe generating

Dirichlet-series has a naturalboundary at<s = �h. Then there does notexistan

explicitform ula ofthe form

A(x):=
X

n� x

an =
X

�2R

c�x
�
+ O (x�)
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forany sequence cwith jc�j� (1+ j�j)c and jR \ fs:<s> �;j=sj< Tgj� Tc and

for any � < �h.In particular,for any sequence �i;�i,1 � i� k and any � > 0 we

have

A(x)=
X

�ix
�i + 
(x

�h � �):

In practice,theintegraltaken overtheshifted path need notalwaysconvergeand

wem ay notbe ableto obtain an explicitform ula.Thiscan happen even when the

seriesism erom orphicin theentireplane,forexam ple,theage-old divisorproblem

wherewehavean 
-estim ateofsizex 1=4 though thecorresponding Dirichlet-series

�2(s)ism erom orphicon C.

However,in certain cases we can actually obtain explicit form ulae ifwe �nd

boundson thegrowth oftheDirichlet-series.W econsideracaseofan Eulerproduct
Q

p
W (p;p� s) which we have already encountered as the p-adic zeta function of

G Sp6.Thiscan beinterpreted asa countingfunction [5]by establishing a bijection

between rightcosetsof2t� 2tsym plecticm atricesand sub m odulesof�niteindex

ofZ2t which areequalto theirdualsand called polarised.

T heorem 12.Denote by an the num berofpolarised sub m odulesofZ6 ofordern.

Then we have for every � > 0

(1) A(x):=
X

n� 1

ane
� n=x

= c1x
7=3

+ c2x
2
+ c3x

5=3
+
X

�

��x
�+ 8

6 + O (x4=3+ �);

where � runs over allzeros of�, and the coe� cients c1,c2,c3, and �� are nu-

m erically com putable constants. M oreover,the error term cannotbe im proved to

O (x4=3� �)for any � xed � > 0.

The interpretation above allowsus to use the zeta function Z(G Sp6;s) as the

generating function foran.Applying the M ellin transform weobtain

A(x)=
1

2�i

3+ i1Z

3� i1

Z(s)�(s)x
s
ds:

For � and � > 0 �xed,we have �(� + it) � e� (
�

2
� �)t. W e now choose a path

(following Tur�an [31,Appendix G ]) to shift the integration. The integralon this

new path isbounded aboveby x4=3+ �.Hence,weobtain the form ula

A(x)=
X

< �> 4=3+ �

�(�)x
�
ress= �Z(s)+ O (x4=3+ �);

where� runsoverthepolesofZ(s),and allcom plexnum bers4=3+ �=6.W ealready

saw that< s= 4

3
isthenaturalboundary forZ(s)and asin Proposition 2,wenow

getan 
-result.

Them oralofthestory isnotnecessarily to getthebestpossible
-resultbutto

show thata non-trivialresultisobtainableby thism ethod.
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