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THE p-ADIC EISENSTEIN MEASURE ANDSHAHIDI-TYPE p-ADIC INTEGRAL FOR SL(2)S. GELBART, S. MILLER, A. PANCHISHKIN, AND F. SHAHIDIOur general goal is two-fold: �rst, to onstrut p-adi Eisensteinmeasures on lassial groups using the method of modular distibutionsand seond, to apply Shahidi-type theory to onstrut ertain p-adi
L-funtions using Fourier expansions of these series.In the present paper we on�ne ourselves with the group SL(2), andwe try to explain our tehniques in this ase.ContentsIntrodution and Motivation 11. Statement of the main result 32. Fourier expansion of lassial Eisenstein series on SL2 43. Method of modular distributions 64. p-adi L-Funtions and Mellin Transforms 135. Axiomati haraterization of the properties of �� 156. Fourier expansion of Eisenstein series on lassial groups 25Referenes 25Introdution and MotivationThe theory of omplex valued automorphi L-funtions is now fairlywell understood, espeially the role played by the Langlands Program.Let us quikly survey (parts of) this theory.Conjeture 1 (Langlands). To eah redutive group G over anumber �eld K , eah automorphi (omplex) representation � of G ,and eah �nite dimensional representation r of the (omplex) group
LG , there is de�ned an automorphi L-funtion L(s;�;r), whih en-joys an analyti ontinuation and funtional equation generalizing theRiemann zeta funtion �s=2�(s=2)�(s) (or Artin's L-funtion L(s;�),when G = (1)when K is arbitrary, � = Id, LG = Gal(L=K ), and r isa n-dimensional Artin representation �, et.).1991 Mathematis Subjet Classi�ation. 22E50 (Primary); 11F85, 14M17(Seondary). 1



2 S. GELBART, S. MILLER, A. PANCHISHKIN, AND F. SHAHIDISome Speial Cases. Take G = GL(2) over a number �eld Kand LG = GL(2;C ); take r to be the k + 1 dimensional (symmetripower) representation on homogeneous polynomials of degree k in twovariables and � any automorphi representation of G . Then when k = 1we have [JaLa℄, k = 2 [Ge-Ja℄, k = 3 [Kim-Sh℄, k = 4 [Kim℄, and for
k > 4 the set of poles of L(s;�;r) is unknown.Conjeture 2 (Funtoriality). Suppose we are given two redu-tive groups G and G 0, an analyti homomorphism � :LG ! LG 0, andan automorphi representation � = 
 �v of G . Then there is an auto-morphi representation �0 = 
 �0v of G 0 suh that for all v 62 S�0 (i.e.unrami�ed v), t(�0v)is the onjugay lass in LG 0whih ontains t(�v).In partiular

L(s;�
0
;r

0
)= L(s;�;r

0� �)for eah �nite-dimensional representation r0 of LG 0.This FuntorialityConjeture gives us the similar onjetures madefor the L-funtions of number theory, and (an in�nity) of new onestoo. For example, the funtoriality of symmetri power liftings gives usthe Conjetures of Ramanujan, Selberg, and Sato-Tate (inludingMaass forms). More importantly, over a great range of subjets thisConjeture suggests to us the
"Algebraic"versus
"Analytic"results of number theory, a good example being Artin's-Langlands'Conjeture: L(s;�)= L(s;��):One small approah towards these two Conjetures has been throughvarious methods of de�ning and exploring these L-funtions. Thesehave inluded the method of (1) Tate, Godement-Jaquet [Go-Ja℄, (2)Rankin-Selberg (see, for example [Ja℄ ) (3) "doubling" à la Piatetski-Shapiro and Rallis [GRPS℄, developed also by S.Boeherer [Boe85℄,(4) Shimura [Shi75℄, and (5) Shahidi [Sha88℄, [GeSha℄.Our (long term) goal is to study p-adi L-funtions in similar waysas omplex L-funtions. In partiular, we are interested in those p-adi

L-funtions that arise via a p-adi analysis of Shahidi's method in (5).Let us again review the omplex analysis of (5). We start with theEisenstein series
E (s;P;’;g)=

X

2P r G

’s(g);



THE p-ADIC EISENSTEIN MEASURE AND p-ADIC SHAHIDI INTEGRAL 3on G attahed to a maximal paraboli subgroup P = M U P , an auto-morphi representation � of M ; this series generalizes
E (z;s)=

1

2

X ys

jcz+ dj2s
; (c;d)= 1;

M is the Levi omponent of P , and ’ belongs to the spae of theindued representation IndGP (�), ’s = ’ 
 jdetM (� )js
A
.Langlands in [La℄ (generalizing Selberg) showed that the "onstantterm" of E (s) was analytially ontinuable with a funtional equa-tion and was expressible in terms of L(s;�;rj) (in the numerator anddenominator). Shahidi then omputed a non-onstant Fourier oe�-ient whih eventually yielded the analyti ontinuation and funtionalequation of almost all L(s;�;rj). Along the way, the  � th Fourieroe�ient of E (s;P;’;e) is determined:

E  (e;’;s)=
Y

v2S

W v(ev)

mY

j= 1

1

LS(1+ js;�;~rj)
;where rj are ertain fundamental representations of the L-group LM ,

~rj their ontragredient. What does this say about the simplest possible
(G;M )pair? With G = SL(2), M N = B , � = I, and  a non-trivialharater of N , let

E  (s;’;e)=

Z

E (s;’;n) (n)dn;the integration being over the quotient spae of N (A )by N (Q ). Then
E  (s;’;e)= W 1 (s)

1

�(1+ s)
:We shall see in this paper how this result arries over p-adially.1. Statement of the main resultTheorem 1.1. Assume that p is regular. Then there exists an ex-pliitely de�ned p-adi measure �� on Z�

p suh that for all even positiveintegers k > 0 one has
Z

Z
�
p

y
k
p�

�
= ck(p)�(1� k)

� 1
(1� p

k� 1
)
� 1
:Here ck(p)= �(k)4ikp2k� 1(p� 1), ykp(y)= yk for all y 2 Z

�
p. Moreover,the distribution �� an be expressed through the �rst Fourier oe�ientof (1)E �, the one-variable measure attahed to a ertain two-variablemeasure E �.Note that in aordane with p.125 of [Wa82℄ the fator g(T;�) ofthe p-adi L-funtion is invertible for all primes, if � = 1, and if p is



4 S. GELBART, S. MILLER, A. PANCHISHKIN, AND F. SHAHIDIregular then this statement remains true for all �. The fatorization inquestion (p.127) has the form
A(T)=

Y
g(T;�);A(T)= p

�
P(T)U(T)2 �;where U(T) is a unit, P(T) is a polynomial of degree � (in our ase

� = 0 and � = 0).Remarks.1) The equality of this Theorem expresses a omparison between theevaluation of the omplex L-funtion (say, in page 81 of [GeSh℄) at
s= � k and the value of the p-adi integral on the left.2) The speial values on the right side of of Theorem 1.1 ome fromevaluation of ertain p-adi integrals of the distribution �� onstrutedin the proof. This is the reverse order of interpolation of the speial val-ues: there the p-adi analyti funtion is onstruted from the speialvalues, as for example in Theorem 5.11 at p.57 of [Wa82℄, and [Ko77℄,Chapter 2, p.46, not the other way around.3) For a non regular p suh a distribution an not exist, beausethe p-adi Mellin transform of a bounded distribution must be holo-morphi. However, one ould expet to onstrut an element of thefration algebra of the algebra of bounded distributions having a sim-ilar interpolation property; its p-adi Mellin transform would de�ne ameromorphi p-adi analyti funtion with a �nite number of poles.In order to onstrut the distribution ��, the Eisenstein series ofhigher level are used.2. Fourier expansion of lassial Eisenstein series on SL2In this setion we would like to prepare the onstrution of the Eisen-stein measure oming from the Fourier expansion of the two types oflassial Eisenstein series of weight k � 3 [Ka76℄.Let us reall de�nitions and some of their properties.Let k � 3. Put for a;b2 Z=N Z,

E k;N (z;a;b)=
X

(cz+ d)
� k 2 M k(�(N ))(2.1)in the spae M k(�(N )) of modular forms of weight k for �(N ), see[Miy℄, p.271, where (c;d)� (a;b)m odN and (c;d)6= (0;0).The ation of � =

�
� �

 �

�

2 SL2(Z) is given by
[E k;N (z;a;b)]jk� = Ek;N (z;a1;b1)(2.2)



THE p-ADIC EISENSTEIN MEASURE AND p-ADIC SHAHIDI INTEGRAL 5with (a1;b1)= (a;b)� using the equality (2.1); the ation of the invo-lution W N =

�
0 � 1

N 0

� is given by
[E k;N (z;a;b)]jk

�
0 � 1

N 0

�

= N
k=2
E k;N (N z;b;� a):(2.3)We write the Fourier expansion of the series (2.1) using Proposition2.2 in [PaTV℄, �2.Proposition 2.1. Suppose that k � 3. Then there is the followingFourier expansion:

E k;N (z;a;b)= �

�
a

N

�

[�(k;b;N )+ (� 1)
k
�(k;� b;N )]

+
(� 2�i)k

N k�(k)
�

� X

dd0> 0
d0� a m od N

sgn(d)d
k� 1

e(
db

N
)e(

dd0z

N
)

�

;where e(x)= exp(2�ix), �(x)= 1 if x is an integer, �(x)= 0 other-wise, and �(k;a;N )= X

0< n� a m od N

n
� k denotes the value of the partialRiemann zeta funtion.Proof. See [PaTV℄, �2, with s= 0 and k � 3.Next we de�ne

E
�
k;N (z;a;b)=

X

(c;d)� (a;b)m od N

(c;d)= 1

(cz+ d)
� k(2.4)where (c;d)� (a;b)m odN and (c;d)= 1.One an express the series (2.4) in terms of the series (2.1) usingHeke's method (ompare with Heke's formula (8) in [He27℄):

E
�
k;N (z;a;b)=

X

(c;d)� (a;b) m od N

X

�j(c;d)

�(�)(cz+ d)
� k(2.5)

=

1X

�= 1

�(�)�
� k

X

(c0;d0)� (a0;b0)m od N 0

(c
0
z+ d

0
)
� k

=

1X

�= 1

�(�)�
� k
E k;N 0(z;a

0
;b

0
)=

X

�0jN

�(�
0
)�

0� k

1X

�00= 1

�(�
00
)�

00� k
E k;N 0(z;a

0
;b

0
)

=
X

t m od N

(t;N )= 1

ctE k;N (z;ta;tb)2 M k(�(N ));



6 S. GELBART, S. MILLER, A. PANCHISHKIN, AND F. SHAHIDIwhere we write
�0= (pm ;�);N0= pm =�0;(a0;b0)= (a=�0;b=�0);� = �0�00;and

ct=

8
><

>:

X

tn� 1 m od N

�(n)

nk
; if (t;N )= 1

0; if (t;N )> 1(here � denotes the Moebius funtion!).3. Method of modular distributionsIn this setion we desribe the method of modular distributions asdeveloped in [PaTV℄ and apply it to the series E � in order to onstrutthe p-adi analyti families of Fourier expansions from E �.We start with the �Igusa tower�.Let A be an algebrai extension K of Q p or its ring of integers O K .Let us �x an embedding ip :Q ,! C p (where C p is the Tate �eld, i.e.the ompletion of an algebrai losure of Q p)and let M k(�1(p
m );A),

M k(�0(p
m ); ;A) be the submodules of A[[q]] generated by the q-expansions of the form

ip(f)=
X

n� 0

ip(an(f))q
n 2 A[[q]];where f = P

n� 0
an(f)q

n 2 M k(�1(p
m );Q)is a lassial modular formwith algebrai Fourier oe�ients an(f)2 Q in i� 1p (A). One puts

M k = [
m � 0

M k(p
m
);where M k(p

m )= M k(�1(p
m );A).We all M k the modular Igusa tower (see [Ig℄ and also setion 8.4 of[Hi04℄).Now onsider the ommutative pro�nite group
Z
�
p = lim

 �

m

(Z=p
m
Z)

�and its group X = Hom cont(Z
�
p;C

�
p )of (ontinuous) p-adi haraters(this is a C p-analyti Lie group analogous to Hom cont(R

�
+ ;C

� )�= C (by
s 7! (y 7! ys)). The group X is isomorphi to a �nite union of diss
U = fz2 C p jjzjp < 1g: H om cont(Z

�
p;C

�
p)=

H om cont(�
�
p� 1;C

�
p)� H omcont((1+ pZp);C

�
p) (1+ p7! 1+ z 2 U);so it has a natural p-adi analyti struture.The p-adi L-funtion L :X ! C p is a meromorphi funtion on Xoming from a p-adi measure on Z�

p. A distribution on Z�
p with values



THE p-ADIC EISENSTEIN MEASURE AND p-ADIC SHAHIDI INTEGRAL 7in any A -module M (or an "M -valued distribution") is a morphism of
A -modules

�:Step(Z
�
p;A)! M ; ’ 7! �(’)=:

Z

Y

’(y)�;where A is a normed topologial ring ontaining Zp. In partiular,an A -valued distribution an be onstruted from � by applying an
A -linear mapping ‘:M ! A .In the ase M = M k we all a distribution � with vaues in M amodular distribution.Examples of distributions with values in M k. Let �:Step(Z �

p;C p)!

M k be a distribution on Z�
p with values in M k.a) Eisenstein distributions. For an arbitrary N , let us onsider thefollowing Eisenstein distributions: put

E k;N (z;a;b):=
N k� 1�(k)

(� 2�i)k

X

x m odN

e(� ax=N )Ek;N (N z;x;b)

= �

�
b

N

�

�(1� k;a;N )+
X

0< dd0;d� a;d0� bm odN

sgnd� d
k� 1

e(dd
0
z)2 M k(N

2
);

(3.1)(ompare with the q-expansions in (2.14) in [PaTV℄, �2, and in Proposi-tion 2.1). These series are holomorphi modular forms and these seriesprodue distributions on Y � Y with values in M k:
�((a+ (p

m
)� (b+ (p

m
))=

E k((a+ (p
m
)� (b+ (p

m
)):= E k;pm (z;a;b)2 M k(p

2m
):b) Partial modular forms. This example is not diretly used in the proofof our Main theorem, however, it lari�es the nature of the modulardistributions. For any f = P

n� 0
an(f)q

n 2 M k(SL2(Z))one puts
�f(a+ (p

m
)):=

X

n� 0

n� a( m od pm )

an(f)q
n 2 M k(p

2m
):) Partial theta series (also with a spherial polynomial, see [Hi85℄ and�5 of [PaIAS℄). Also, this nie example is not diretly used in the proofof our Main theorem, and we reserve it for future appliations.Remarks. i) For any Dirihlet harater � m od pm viewed as a funtionon Z�

p with values in ip(Q ab), the integral
Z

Y

�(y)d�f = �f(�)=
X

n� 0

�(n)an(f)q
n 2 M k(N

2
p
2m
)oinides then with the twisted modular form f� . Notie that thisintegral is just a �nite sum of partial modular forms.



8 S. GELBART, S. MILLER, A. PANCHISHKIN, AND F. SHAHIDIii) The distributions a), b), ) are bounded (after a regularisation ofthe onstant term in a)) with respet to the p-adi norm on M k =

[pm M k(�1(p
m );A) � A[[q]]given by jgjp = supn ja(n;g)jp for g =

P

n� 0
a(n;g)gn 2 M k(�1(p

m );A)).iii) Starting from distributions a), b), ) one an onstrut many otherdistributions, for example, using the operation of onvolution on Z�
p (asin [Hi85℄, where the ase of the onvolution of a theta distribution withan Eisenstein distribution was onsidered).A new onstrution. It provides a rather simple method whih at-tahes to a distribution � on Z �

p with values in a suitable vetor spae
M k of modular forms, a family ��;�;f of p-adi measures on Z�

p parametrizedby non-zero eigenvalues � assoiated with primitive eigenforms f.The idea is to use the operator U = Up of Atkin-Lehner whih ats on
M k by g jU =

P

n� 0
a(pn;g)qn, where g = P

n� 0
a(n;g)qn 2 M k �

A[[q]], a(n;g)2 A .De�nition 3.1. a) For an � 2 A put M k
(�)

= Ker(U � �I) the A -submodule of M k of eigenfuntions of the A -linear operator U (of theeigenvalue �).b) Put M k
�
= [n� 1Ker(U � �I)n the �-primary (harateristi)

A -submodule of M k. Let us de�ne U � as the restrition of U to M k
� .) Put M k

�
(pm )= M k

� \ M k(p
m ), M k

(�)
(pm )= M k

(�)\ M k(p
m ).Proposition 3.2. Let A = Q p. If N 0 = N p, then U m (M k(N 0p

m ))�

M k(N 0).Proof follows from a known formula [Se73℄,
U
m
= p

m (k=2� 1)
W N 0p

m Tr
N 0p

m

N 0
W N 0

;where gjkW N (z)= (
p
N z)� kg(� 1=N z):M k(N )! M k(N ) the maininvolution of level N (over the omplex numbers).Proposition 3.3. Let A = Q p and let � be a non-zero element of A ;thena) (U �)m : M k

�
(N 0p

m )
�
� ! M k

�
(N 0p

m ) is an invertible Q p-linearoperator.b) The Q p-vetor subspae M k
�
(N 0p

m )= M k
�
(N 0) is independentof m (a "ontrol theorem").) Let ��;m :M k(N 0p

m )! M k
�
(N 0p

m ) be the anonial projetoronto the �-primary subspae of U (of the kernel
Ker��;m =

\

n� 1

Im (U � �I)
n
= � �6= �M k

�
(N 0p

m
));



THE p-ADIC EISENSTEIN MEASURE AND p-ADIC SHAHIDI INTEGRAL 9then the following diagram is ommutative:
M k(N 0p

m )
��;m

//

U m

��

M k
�
(N 0p

m )

o(U � )m

��

M k(N 0) ��;0
// M k

�
(N 0)Proof. Due to the redution theory of endomorphisms in a �nite dimen-sional subspae over a �eld K , the projetor ��;m onto the �-primarysubspae S

n� 1
Ker(U � �I)n has the kernel T

n� 1
Im (U � �I)n and itan be expressed as a polynomial of U with oe�ients in K , hene

��;m ommutes with U . On the other hand, the restrition of ��;m on
M k(N 0)oinides with ��;0 :M k(N 0)! M k

�
(N 0)beause its imageis [

n� 1

Ker(U � �I)
n \ M k(N 0)=

[

n� 1

Ker(U jM k(N 0)
� �I)

n
;and the kernel is

\

n� 1

Im (U � �I)
n \ M k(N 0)=

\

n� 1

Im (U jM k(N 0) � �I)
n
:De�ne the �-primary part ��(�)= � � of � by the equality

�
�
(a+ (p

m
))= (U

�
)
� m 0

h

��;0(�(a+ (p
m
))jU m 0

)

i(3.2)valid for all su�iently big m 0� 0.Our next task will be to apply this method to the one dimensionalEisenstein distribution (1)E �, and given by a natural summation pro-edure (we shall see in (3.5) that this distribution has a geometrimeaning as a ertain distribution on the orbit spae related to the fol-lowing ation of the group Z
�
p on the produt Zp � Zp by the formula

(t;(a;b))7! (at� 1;tb)):
(1)
E
�
(a+ (p

m
))= E

�
k;pm (a):= (p

m
)
k� 1

�(k)�

X

x;bm odpm

e

�

�
ax

pm

�

E
�
k;pm (p

m
z;x;b)2 M k:(3.3)Here for a omplex number k � 3 and a;bm odpm we use the series

E
�
k;pm (z;a;b)=

X
(cz+ d)

� k

((c;d)oprime;(c;d)� (a;b)m odp
m
):Notie that we onsider the Eisenstein series of one omplex variable;however, the Eisenstein distribution depends on two p-adi variables,denoted by a and b, (a;b)2 Z

2
p.



10 S. GELBART, S. MILLER, A. PANCHISHKIN, AND F. SHAHIDINotie that there exists also a two-dimensional distribution
E
�
(a+ (p

m
);b+ (p

m
))= E

�
k;pm (a;b):= (p

m
)
k� 1

�(k)�

X

x m odpm

e

�

�
ax

pm

�

E
�
k;pm (p

m
z;x;b)2 M k:(3.4)The use of the Möbius transform shows that one has (ompare againwith Heke's formula at page 476 in [He27℄)

E
�
k;pm (z;a;b)=

X

tm od pm

E k;pm (z;ta;tb)ct 2 M k:Let us substitute this identity into (3.4) giving
E
�
(a+ (p

m
);b+ (p

m
))= E

�
k;pm (a;b):= (p

m
)
k� 1

�(k)�

X

x m odpm

e

�

�
ax

pm

�
X

tm od pm

ctE k;pm (p
m
z;tx;tb)(3.5)

= (p
m
)
k� 1

�(k)�

X

tm odpm

X

x0 m od pm

e

�

�
at� 1x0

pm

�

ctE k;pm (p
m
z;x

0
;tb)

= (p
m
)
k� 1

�(k)
X

tm odpm

ctE k;pm (at
� 1
;tb)2 M k;where we have used the previously de�ned Eisenstein distribution (3.1).It follows from their de�nition that the numbers

ct=

8
><

>:

X

tn� 1 m od pm

�(n)

nk
; if (t;pm )= 1

0; if (t;pm )> 1form themselves a omplex-valued distribution (i.e. with values in A =

C ) �k suh that
Z

Z
�
p

�(y)�k(y)= L(k;��)
� 1
(1� ��(p)p

� k
)
� 1
(1+ ��(� 1)(� 1)

k
):Let us explain in more detail: indeed,

�k(t+ (p
m
))=

8
><

>:

X

tn� 1 m od pm

�(n)

nk
; if (t;pm )= 1

0; if (t;pm )> 1



THE p-ADIC EISENSTEIN MEASURE AND p-ADIC SHAHIDI INTEGRAL 11is a partial Dirihlet series, so that the �nite-additivity learly holds inthe absolutely onvergent ase (like in [Co-PeRi℄, �1). Moreover
�(tn)= 1) �(t)= ��(n);
Z

Z
�
p

�(y)�k(y)=
X

tm od pm

�(t)�k(t+ (p
m
))=

X

(n;p)= 1

�(n)��(n)n
� k

= L(k;��)
� 1
(1� ��(p)p

� k
)
� 1
(1+ ��(� 1)(� 1)

k
);that is, a Dirihlet series with the Euler p-fator removed from its Eulerprodut.Hene the formula (3.5) de�nes a two-variable Eisenstein distribution

E k;pm (a;b)and of the one-variable distribution �k. This de�nition willbe used with k � 3.A geometri meaning of this onstrution is related to the ation ofthe group Z�
p on the produt Zp � Zp by the formula

(t;(a;b))7! (at
� 1
;tb)and follows from the formula (3:5). This ation produes a natural(two-variable) distribution E �

k;pm (a;b) on the produt Zp � Zp out ofthe two distributions E k;pm (a;b)and �k(t). Then the one variable dis-tribution
(1)
E
�
k;pm (a)=

X

bm od pm

E
�
k;pm (a;b)given by (3.3) an be viewed as the diret image (the integration alongthe �bers) of the two-variable distribution E �

k;pm (a;b)with respet tothe projetion of Zp � Zp onto the �rst omponent.In order to give another explanation of the distribution property ofthe series (3.3) one an also use the following Eisenstein series with aDirihlet harater � m od pm :
E k(�)=

X

a;b2Z=pm Z

�(a)E k(a;b;p
m
)=

X

a;b2Z=pm Z

�(a)E k;pm (a;b)= (p
m
)
k� 1

�(k)

�
X

a;b2Z=pm Z

�(a)
X

xm odpm

e

�

�
ax

pm

�

E k;pm (p
m
z;x;b)

= L(1� k;�)+
X

a;b2Z=pm Z

�(a)
X

0< dd0;d� a;d0� bm odpm

sgnd� d
k� 1

e(dd
0
z)2 M k(p

m
);
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L(1� k;�)=

X

a;b2Z=pm Z

�(a)�

�
b

pm

�

�(1� k;a;p
m
)Let us substitute this identity into (3.3) giving

(1)
E
�
(a+ (p

m
))= E

�
k;pm (a)

:= (p
m
)
k� 1

�(k)�
X

x;bm odpm

e

�

�
ax

pm

�(3.6)
=

X

tm od pm

E k;pm (p
m
z;tx;tb)ct

= (p
m
)
k� 1

�(k)�

X

tm od pm

X

x0;bm odpm

e

�

�
at� 1x0

pm

�

E k;pm (p
m
z;x

0
;tb)ct

(p
m
)
k� 1

�(k)
X

tm odpm

ctE k;pm (at
� 1
;tb)2 M k:where x0= tx m od pm (notie that t2 (Z=pm Z)� is invertible).We obtain again the geometri meaning of this onstrution relatedto the ation of the group Z�

p on the produt Zp � Zp by the formula
(t;(a;b))7! (at

� 1
;tb)whih will also follow from the formula (3:6) (to be dissused below).This ation produes a natural (two-variable) distribution E �

k;pm (a;b)on the orbit spae out of the two distributions E k;pm (a;b) and �k(t).Then the one variable distribution (3.3)
(1)
E
�
k;pm (a)=

X

bm od pm

E
�
k;pm (a;b)is obtained by "integration along the �bers".Also we an evaluate the integrals R

Z
�
p

�E �
k;pm

=
X

a m od pm

�(a)E
�
k;pm (a)

X

tm odpm

X

a;bm od pm

ctE k;pm (at
� 1
;tb)

=
X

tm odpm

X

a;bm od pm

�(t)�(at
� 1
)ctE k;pm (at

� 1
;tb)(3.7)

=
X

tm odpm

�(t)ct

X

a0;b0 m od pm

�(a
0
)E k;pm (a

0
;b

0
)

= L(k;��)
� 1
(1� ��(p)p

� k
)
� 1 � Ek(�);
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Z

Z
�
p

�(y)�k(y)= L(k;��)
� 1
(1� ��(p)p

� k
)
� 1
(1+ ��(� 1)(� 1)

k
):Let k � 3 be an integer. Then we onsider the Eisenstein distribu-tions �k =

(1)E �
k of weight k, and take � = 1.De�nition 3.4. The numerially-valued distributions ��k is given bythe equality
�
�
k(a+ (p

m
))= ‘(�1(

(1)
E
�
k(a+ (p

m
))));where �1 :M k ! M k

1 � M k(N p) is the anonial projetion (3.2) to
M 1

k with � = 1.Reall that this Proposition assures that di�erent ��;m an be gluedtogether using the ommutative diagram, so we do not have to worryabout the exat level of this Eisenstein series de�ning the Eisensteindistribution. Also, ‘:M k
(1) ! A is given by ‘(P

n
anq

n)= a1.We shall establish the boundedness of eah distribution ��k under theassumptions of the Theorem 1.1 in Setion 1.In Setion 4 we explain how to obtain the inverse of the Kubota-Leopoldt zeta-funtion from the distributions ��k of the de�nition 3.4.4. p-adi L-Funtions and Mellin TransformsLet us reall with the notation �
(c)

(p)
(� k)= (1� pk)(1� ck+ 1)�(� k)(for c> 1 oprime to p) the following theorem:Theorem 4.1 (Kummer). For any polynomial h(x) = P n

i= 0
�ix

i 2

Zp[x]over Zp suh that x 2 Zp =) h(x)2 pm Zp one has
nX

i= 0

�i�
(c)

(p)
(� i)2 p

m
Zp:The result of Kubota and Leopoldt has a very natural interpretationin the framework of the theory of non-Arhimedean integration (dueto B. Mazur): there exists a p-adi measure �(c) on Z

�
p with values in

Zp suh that R
Z
�

p
xkp�

(c) = �
(c)

(p)
(� k).Indeed, Mazur's result an be explained as follows: if we integrate

h(x)over Z�
p we exatly get the above ongruene (see Theorem 4.1).On the other hand, in order to de�ne a measure �(c) satisfying theabove ondition it su�es for any ontinuous funtion � :Z�p ! Zp tode�ne its integral R

Z
�

p
�(x)�(c). For this purpose we approximate �(x)by a polynomial (for whih the integral is already de�ned), and thenpass to the limit.
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� is an element of thetorsion subgroup

X
tors

p � Xp = Hom cont(Z
�
p ;C

�
p )and the above equality also holds for the speial values L(� k;�)of theDirihlet L-series

L(s;�)=

1X

n= 1

�(n)n
� s
=
Y

p

(1� �(p)p
� s
)
� 1
;so that we have

�p(�x
k
p)= ip

�
(1� �(p)p

k
)L(� k;�)

�
(k � 1;k 2 Z;� 2 X

tors

p ):The onstrution of Kubota and Leopoldt is equivalent to the existeneof a p-adi analyti funtion �p :X p ! C p with a single pole at thepoint x = x� 1p , whih beomes a bounded holomorphi funtion on X pafter multipliation by the elementary fator (xpx � 1), (x 2 Xp), andis uniquely determined by the ondition
�p(x

k
p)= (1� p

k
)�(� k)(k � 1):This original onstrution was suessesfully used by K. Iwasawafor the desription of the lass groups of ylotomi �elds. The Mainonjeture by Iwasawa, relating zeroes of the p-adi zeta-funtion andthe lass groups of ylotomi �elds was proved by Mazur and Wilesin [MW84℄, impying that for a regular prime p, the Kubota-Leopoldtzeta funtion has no zeroes.Remark on �c and the pole of �p. The single simple pole of �p(x)at the point x = x� 1p an be removed by the regularizing fator

(c
k+ 1 � 1)= (x(c)c� 1) for x = x

k
p:This regularizing fator omes diretly from the Kummer theorem.However suh a fator would not be neeeded for a regular prime pand the measure �� beause in this ase the funtion �� 1p is holomor-phi on X p with a single simple zero. Also, notie that for a non regularprime the onstrution of �� would require a ertain regularizing fatorwith a �nite number of zeroes whih orrespond to zeroes of �p(x), dueto the theorem of Mazur-Wiles (see [MW84℄).The main result says that there exists a p-adi measure �� whihprovides an interpolation of the inverse speial values

�(1� k)
� 1
(1� p

k� 1
)
� 1that is, for all k � 3 � m od pm one has

Z

Z
�
p

x
k
p(y)�

�
= �

�
k(Z

�
p):



THE p-ADIC EISENSTEIN MEASURE AND p-ADIC SHAHIDI INTEGRAL 15In order to larify the relation between �� and ��k notie that
Z

Z
�
p

’(y)x
k
p(y)�

�
=

Z

Z
�
p

’(y)�
�
k;where xkp(y)= y

k
;for any ontinuous funtion ’(y).In other words, the Mellin transform of the distributions �� oinidesessentially with the inverse Kubota-Leopoldt zeta-funtion �� 1p (x), thatis, up to normalization,

Z

Z
�
p

x(y)�
�
(y)= �

� 1
p (x);where x 2 X p. Reall that X p is the following p-adi analyti Lie group:

X p = Hom cont(Z
�
p ;C

�
p ):In partiular, for any k � 3, and x = xk� 1p one has

�
� 1
p (x)=

Z

Z
�
p

x
k
p�

�
= (1� p

k� 1
)
� 1
�(1� k)

� 1
(k � 3 even):5. Axiomati haraterization of the properties of ��Reall (see De�nition 3.4): for any k � 3 we put �k = E �

k, � = 1,and
�
�
k(a+ (p

m
))= ‘(�1(

(1)
E
�
k(a+ (p

m
))));where

(1)
E
�
k(a+ (p

m
))=

X

n

an;k(a+ (p
m
))q

n
;

�1 :M k ! M k
1 � M k(N p) is de�ned using Proposition 3.3, whihassures that di�erent ��;m an be glued together using the ommutativediagram, so we do not have to worry about the exat level of thisEisenstein series de�ning the Eisenstein distribution; also, ‘:M k

1 ! Ais given by
‘(
X

n

anq
n
)= a1:Remarks.1) We establish the boundedness of �� under the assumptions of theTheorem 1.1 in two steps. First, we give an axiomati haraterizationof this situation, and then we hek that this haraterization is atuallyvalid in our ase.By (3.2 ) one has

�1(
(1)
E
�
k(a+ (p

m
)))= (U

1

p)
� m 0

(�1;0(
(1)
E
�
k(a+ (p

m
)))jU m 0

p )for any su�iently large m 0. Keeping in mind that �1;0 is �xed and U 1
pis invertible, we see that it su�es to prove that

�
(1)
E
�
k(a+ (p

m
))jU m 0

p = �
X

n

anpm 0
;k(a+ (p

m
))q

n 2 O p[[q]]
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�
p independent of m 0 (i.e. the Fourier oe�ients in theRHS are p-bounded).2) Evaluation of the linear form
�
�
k(a+ (p

m
))= ‘(�1(

(1)
E
�
k(a+ (p

m
))))makes it possible to ompute all the integrals

X

a m od pm

�(a)�
�
k(a+ (p

m
))= ‘(�1(

(1)
E
�
k(�)))in an expliit form.Proof of 1): we may and will suppose that n = 1, whih is only neededfor our purposes, and m 0� 0 (in view of the distribution property for

E �,-First step: to substitute formulas of Proposition 2.1 into (2.5) (andto arry out the summation over d;d0;�;�0)-Seond step: to ompute the Fourier oe�ients of the series (1)E �-Third step: to evaluate the partiular Fourier oe�ient a
pm

0Reall that we assume k � 3 (that is, assuming the absolute onver-gene and holomorphy).Let us use the identity (2.5) and ompute the Fourier expansion ofthe series (3.3) with k � 3:
(1)
E
�
k(a+ (p

m
))=

(1)
E
�
k;pm (a+ (p

m
))= E

�
k;pm (a)(5.1)

:= (p
m
)
k� 1

�(k)
X

x;bm odpm

e(� ax=(p
m
))E

�
k;pm (p

m
z;x;b)where

E
�
k;pm (p

m
z;x;b)=

X

tm od pm

ctE k;pm (p
m
z;tx;tb);(5.2)and

ct=

8
><

>:

X

tn� 1 m od pm

�(n)

nk
; if (t;pm )= 1

0; if (t;pm )> 1(here � denotes again the Moebius funtion!).Then the diret substituion a := at;b:= bt;N := pm ;z := pm z intothe Fourier expansion of Proposition 2.1 gives:
(1)
E
�
k(a+ (p

m
))= E

�
k;pm (a)= (p

m
)
k� 1

�(k)
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�

X

x;bm odpm

e(� ax=(p
m
))

X

tm od pm

ctE k;pm (p
m
z;tx;tb)

= (p
m
)
k� 1

�(k)
X

x;bm odpm

e(� ax=(p
m
))

X

tm od pm

�

�

�
xt

pm

�

[�(k;bt;p
m
)+ (� 1)

k
�(k;� bt;p

m
)]ct

+ ct
(� 2�i)k

(pm )k�(k)

X

dd0> 0
d0� xtm od N

sgn(d)d
k� 1

e(
dbt

pm
)e(dd

0
z):Reall that we wish to ompute only the Fourier oe�ient a

pm
0
;k
,that is, we put dd0= pm

0, giving the formula
a
pm

0
;k
(
(1)
E
�
k(a+ (p

m
)))= (p

m
)
� 1
(� 2�i)

k

X

x;b;tm odpm

e(� ax=(p
m
))

X

dd0= pm
0

d0� xtm od N

ctsgn(d)d
k� 1

e(
dbt

pm
):(5.3)In the summation over d;d0 in (5.3) one has d = � pm d;d0= � pm

0� m d ,where m d = 0;:::;m 0. Thus,
apm 0

;k(
(1)
E
�
k(a+ (p

m
)))= (p

m
)
� 1
(� 2�i)

k�

X

x;b;tm odpm

e(� ax=(p
m
))

X

tn� 1 m od pm

�(n)

nk
(5.4)

� X

m d= 0;:::;m
0

pm
0
� m d� xtm od N

d
k� 1

e(
dbt

pm
)�

X

m d= 0;:::;m
0

pm
0
� m d� � xtm od N

d
k� 1

e(
dbt

pm
)

�

:Let us evaluate next Heke's oe�ients
ct=

8
><

>:

X

tn� 1 m od pm

�(n)

nk
; if (t;pm )= 1

0; if (t;pm )> 1:

;in order to relate them with the value �(1� k)� 1 of the Theorem 1.1(here � denotes again the Moebius funtion!).Notie that for k � 2 one has
X

n� 1

�(n)

nk
= �(k)

� 1
;
X

n� 1

�(n)
�(n)

nk
= L(k;�)

� 1
;
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X

tn� 1 m od pm

�(n)

nk
=

1

’(pm )

X

� m od pm

X

(tn;m od pm )= 1

�(tn)�(n)

nk
(5.5)

=
1

’(pm )

X

� m od pm

�(t)L(k;��)
� 1
;in view of the orthogonality relations. Reall that the numbers

ct=

8
><

>:

X

tn� 1 m od pm

�(n)

nk
; if (t;pm )= 1

0; if (t;pm )> 1form themselves a omplex-valued distribution (i.e. with values in A =

C ) �k suh that for N = 1
Z

Z
�
p

�(y)�k(y)= L(k;��)
� 1
(1� ��(p)p

� k
)
� 1
(1+ ��(� 1)(� 1)

k
):Let us rewrite (5.4) using (5.5). It follows that

apm 0
;k(

(1)
E
�
k(a+ (p

m
)))= (p

m
)
� 1
(� 2�i)

k 1

’(pm )
�

X

x;tm odpm

X

� m od pm

e(� ax=(p
m
))�(t)L(k;��)

� 1
(1+ ��(� 1)(� 1)k)

(1� ��(p)p� k)
(5.6)

� X

m d= 0;:::;m
0

pm
0
� m d� xtm od pm

d
k� 1

e(
dbt

pm
)�

X

m d= 0;:::;m
0

pm
0
� m d� � xtm od pm

d
k� 1

e(
dbt

pm
)

�

:Let us reall the abstrat Kummer ongruenes giving the followinguseful riterion for the existene of a measure with given properties.Proposition 5.1 (The abstrat Kummer ongruenes (see [Ka78℄)).Let Y = Z
�
p, and ffig be a system of ontinuous funtions fi 2

C(Y;O p)in the ring C(Y;O p)of all ontinuous funtions on the ompattotally disonneted group Y with values in the ring of integers O p of
C p suh that C p-linear span of ffig is dense in C(Y;O ). Let also faigbe any system of elements ai2 O p. Then the existene of an O p-valuedmeasure � on Z

�
p with the property

Z

Y

fid� = aiis equivalent to the following ongruenes: for an arbitrary hoie ofelements bi2 Cp, almost all of whih vanish,(5.7) X

i

bifi(y)2 p
m O p for all y 2 Y implies X

i

biai2 p
m O p:In order to prove the abstrat Kummer ongruenes under the as-sumptions of our theorem, we need to show that the algebrai number



THE p-ADIC EISENSTEIN MEASURE AND p-ADIC SHAHIDI INTEGRAL 19(5.6) has bounded denominator, that is, for a �xed non-zero integer Cindependent of � and k, the number
C �

X

x;b;tm odpm

X

� m od pm

e(� ax=(p
m
))�(t)

(� 2�i)k

L(k;��)

(1+ ��(� 1)(� 1)k)

(1� ��(p)p� k)

� X

m d= 0;:::;m
0

pm
0
� m d� xtm od pm

d
k� 1

e(
dbt

pm
)�

X

m d= 0;:::;m
0

pm
0
� m d� � xtm od pm

d
k� 1

e(
dbt

pm
)

�
(5.8)
is divisible by (pm )2.Note that the role of the dense family fi of Proposition 5.1 here isplayed by the family of all Dirihlet's haraters, so that the bounded-ness ondition of this proposition beomes the main ongruene

8y 2 Z
�
p;
X

i

bi�i(y)� 0m od p
m ) C

X

i

bi�
�
k(�i)� 0m od p

m
;(5.9)see also [Bö-Sh℄, �9, [Co-Sh℄, p.134 and Theorem 3.14, [KMS℄, [Shm01℄,�9, [CourPa℄, �4.6.5 "Main ongruenes for the Fourier expansions ofregularized distributions", [PaMMJ2℄, �5.2 "Main ongruene for theFourier expansions", and [PaTV℄, ongruene (4.9).Note that for a Dirihlet harater � = fi, we speify the oe�ient

ai as the right hand side of the linear ombination of haraters givenby (5.8).Moreover, eah ontinuous funtion an be approximated by linearombinations of delta funtions �U (y)of open subsets:
�U (y)=

(

1; if y 2 U;

0; sinon. It su�es therefore to treat only the those lin-ear ombinations whih produe delta funtions �U (y)of open subsetsin terms of Dirihlet haraters:
�(a+ (p

m
))(y)=

1

’(pm )

X

� m od pm

��(a)�(y):In order to establish the divisibility in (5.9) for suh linear ombina-tions, let us hange the order of summation in the multiple sum (5.8)
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X

m d= 0;:::;m
0

d
k� 1

(� 2�i)k

L(k;��)

(1+ ��(� 1)(� 1)k)

(1� ��(p)p� k)

�
X

x;b;tm od pm

pm
0
� m d� xtm od pm

�(t)e(
dbt� ax

pm
)

�
X

m d= 0;:::;m
0

d
k� 1

X

� m od pm

(� 2�i)k

L(k;��)

(1+ ��(� 1)(� 1)k)

(1� ��(p)p� k)
(5.10)

�
X

x;b;tm od pm

pm
0
� m d� � xtm od pm

�(t)e(
dbt� ax

pm
):Let us prove that for k � 3 and for any Dirihlet harater � m od pmof ondutor C�jp

m the term in the sum over � m od pm in (5.10) isdivisible by C 2
� � (pm =C�)

2 = (pm )2, that is, the inner sum is divisibleby (pm =C�)
2, and
(� 2�i)k

L(k;��)

(1+ ��(� 1)(� 1)k)

(1� ��(p)p� k)
is divisible by C 2

�:(5.11)In order to prove the divisibility by (5.11), let's use the funtionalequation for the Dirihlet L-funtions for the primitive haraters, see[Wa82℄, p.29:
�(s)cos

�
�(s� �)

2

�

L(s;��)=
G(�)

2i�

�
2�

C�

� s

L(1� s;�);(5.12)where G(�) = P

u m odC �
�(u)e

�
u

C �

� is the Gauss sum. Substitution
s= k gives

(� 2�i)k

L(k;��)
= �(k)cos

�
�(k� �)

2

�
2i�

G(�)
C
k
�L(1� k;�)

� 1
:(5.13)Let us take into aount the fat that for a regular prime p the p-adi

L-funtion does not vanish (due to the theorem by Mazur-Wiles, seesetion 4), so that its inverse values
L(1� k;�)

� 1
(1� �(p)p

k� 1
)
� 1(5.14)are all p-adially integral after multiplying by a onstant c0independentof � and k.Sine C�

G(��)
= �(� 1)G(�) is always an algebrai integer, and k � 3,we obtain the divisibility by C 2

� of the value
(� 2�i)k

L(k;��)
= �(k)cos

�
�(k� �)

2

�
2i�C�

G(��)
C
k� 1
� L(1� k;�)

� 1
:(5.15)
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X

x;b;tm od pm

pm
0
� m d� � xtm od pm

�(t)e

�
dbt� ax

pm

�(5.16)for any �xed d = � pm d taking into aount that �(t)depends only on
tm od C� , that is t� t0 m od C�, t= t0 + C�t

0, where t0 runs throughlasses m odpm =C�.A diret substitution of t= t0+ C�t
0 into (5.16) transforms this sumas follows:

X

x;b;tm od pm

pm
0
� m d� � xtm od pm

�(t)e

�
dbt� ax

pm

�

=

X

t0 m odC �

�(t0)
X

x;bm od pm

pm
0
� m d� � xtm od pm

X

t0m odpm =C �

e

�
db(t0 + C�t

0)� ax

pm

�
(5.17)

X

t0 m odC �

�(t0)e

�
dbt0

pm

�
X

x;bm od pm

pm
0
� m d� � xtm od pm

X

t0m odpm =C �

e

�
dbC�t

0� ax

pm

�

:A diret omputation of the last exponential sum provides its divisibil-ity by (pm =C�)
2 as laimed. This �nishes the proof of the boundednessof �� (as well as that of ��k).Note that the Kummer ongruenes are used here in the equivalentform of the boundedness of a ertain distribution.This, by Proposition (5.1), �nishes the proof of boundedness of ��(as well as that of ��k).For the statement 2), we need to evaluate the Fourier oe�ients(5.6)(and the integrals of the related numerially valued distributions):

apm 0
;k(

(1)
E
�
k(a+ (p

m
)))= (p

m
)
� 1
(� 2�i)

k 1

’(pm )
�

X

x;tm odpm

X

� m od pm

e(� ax=(p
m
))�(t)L(k;��)

� 1(1+ ��(� 1)(� 1)k)

(1� ��(p)p� k)
�

(5.18)
� X

m d= 0;:::;m
0

pm
0
� m d� xtm od pm

d
k� 1

e(
dbt

pm
)�

X

m d= 0;:::;m
0

pm
0
� m d� � xtm od pm

d
k� 1

e(
dbt

pm
)

�

=
1

’(pm )pm

X

m d= 0;:::;m
0

d
k� 1

X

� m od pm

(� 2�i)k

L(k;��)

(1+ ��(� 1)(� 1)k)

(1� ��(p)p� k)
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�

X

t0 m odC �

�(t0)e

�
dbt0

pm

�
X

x;bm od pm

pm
0
� m d� xtm od pm

X

t0m odpm =C �

e

�
dbC�t

0� ax

pm

�

�
1

’(pm )pm

X

m d= 0;:::;m
0

d
k� 1

X

� m od pm

(� 2�i)k

L(k;��)

(1+ ��(� 1)(� 1)k)

(1� ��(p)p� k)

�
X

t0 m odC �

�(t0)e

�
dbt0

pm

�
X

x;bm od pm

pm
0
� m d� � xtm od pm

X

t0m odpm =C �

e

�
dbC�t

0� ax

pm

�

:Finally, let's ompute the integrals ��k(�) from the expression (5.18)by arrying out the summations a m od pm . This an be done using theformula (5.5).Let's rewrite our formulae as follows:
Z

Z
�
p

�
�
k =

X

a m od pm

(a;p)= 1

apm 0
;k(E

�
k(a+ (p

m
)))=(5.19)

1

’(pm )pm

X

m d= 0;:::;m
0

d
k� 1

X

� m od pm

(� 2�i)k

L(k;��)

(1+ ��(� 1)(� 1)k)

(1� ��(p)p� k)

X

t0 m odC �

�(t0)e

�
dbt0

pm

�

�
X

a;x;bm od pm

(a;p)= 1;pm
0
� m d� xtm od pm

X

t0m odpm =C �

e

�
dbC�t

0� ax

pm

�

�
1

’(pm )pm

X

m d= 0;:::;m
0

d
k� 1

X

� m od pm

(� 2�i)k

L(k;��)

(1+ ��(� 1)(� 1)k)

(1� ��(p)p� k)

X

t0 m odC �

�(t0)e

�
dbt0

pm

�

�
X

a;x;bm od pm

(a;p)= 1;pm
0
� m d� � xtm od pm

X

t0m odpm =C �

e

�
dbC�t

0� ax

pm

�

:Next let's notie that the main term in the RHS in (5.19) is given by(5.13):
(� 2�i)k

L(k;��)
= �(k)cos

�
�(k� �)

2

�
2i�

G(�)
C
k
�L(1� k;�)

� 1
:In order to obtain the RHS of Theorem 1.1 it su�es to substitute thelast expression to (5.19) and to arry out all the summations.The �rst summation is

X

t0 m odC �

�(t0)e

�
dbt0

pm

�

=

(

(’(pm )=’(C�))��(db)G(�); if (db;C�)= 1

0; otherwisewhere G(�)= P

u m odC �
�(u)e

�
u

C �

� is the Gauss sum.



THE p-ADIC EISENSTEIN MEASURE AND p-ADIC SHAHIDI INTEGRAL 23The seond summation is
X

t0m odpm =C �

e

�
dbC�t

0

pm

�

=

(

pm =C�; if (pm =C�)jdb;

0; otherwise :Hene, the only non-zero terms our when d = 1, (b;C�)= 1. Inthis ase m d = 0, and
X

a;x m od pm ;(a;p)= 1;

pm
0
� m d� � xtm od pm

e

�

�
ax

pm

�

= ’(p
m
) for m 0

> 2m :The expression (5.19) simpli�es to the following:
Z

Z�p

�
�
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X
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;k(E

�
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m
)))=

(p
m
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2
X
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X

� m od pm

��(b)
(� 2�i)k

L(k;��)

(1+ ��(� 1)(� 1)k)

(1� ��(p)p� k)
G(�)=

(5.20)
�(k)

X

bm odpm ;(b;p)= 1

X

� m od pm

��(b)cos

�
�(k� �)

2

�

2i
�
C
k
�L(1� k;�)

� 1

�
(1+ ��(� 1)(� 1)k)

(1� ��(p)p� k)
:Let us use

L(1� k;�)
� 1

=

1X
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�(n)�(n)

ns

�
�
�
s= 1� kin order to simplify the summation in (5.20) as follows:
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C
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X

bm odpm ;(b;p)= 1
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�
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2

�
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�

mX
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p
km 0

X
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(1+ ��(� 1)(� 1)k)
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��(b)�(n)
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�
�
�
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:

(5.21)
It su�es to treat the ase m = 1. Then (5.21) beomes
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�(k)p

k
X
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�
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2

�
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�

1X
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�(n)
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�
�
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X
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��(b)�(n)+ (1+ (� 1)
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)

1X
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�(n)n
� s

�
�
�
s= 1� k

:

(5.22)Let us take into aount that k is even, and 1� k is odd. The onlynon-zero terms in the �rst sum orrespond to �(� 1)= (� 1)k, in whihase � = 0, cos� �(k� �)

2

�

= (� 1)k=2 = ik. Moreover �(� p)= 0 fornon-trivial �, and (1+ (� 1)k+ 1)= 0 for even k.Then (5.22) transforms to
�(k)4(ip)
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(
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X

� m od p
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��(b)�(n)in (5.23), giving
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= �(k)4(ip)
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((1� p

k� 1
)
� 1 � 1):Here we took into aount that
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�(k)4(ip)

k
(p� 1)�(1� k)

� 1
p
k� 1

(1� p
k� 1

)
� 1(5.25)

= �(k)4i
k
p
2k� 1

(p� 1)�(1� k)
� 1
(1� p

k� 1
)
� 1
:This omputation �nishes the proof of Theorem 1.1.6. Fourier expansion of Eisenstein series on lassialgroupsDi�erent approahes to Eisenstein series, their families and relateddistributions will be developed for other lassial groups.The fat that the onstrution of the above Eisenstein distribution

E � has a geometri meaning related to the ation of the group Z
�
p onthe produt Zp � Zp by the formula

(t;(a;b))7! (at
� 1
;tb)gives also a hint for the future development.Note that a similar onstrution of the Eisenstein distributions isontained in [DarDas℄, p.330. It relates Eisenstein distributions on thespae X � Zp � Zp of all primitive p-adi paires, to the Eisensteindistributions on the p-adi projetive line P1(Q p).We plan to use the methods of [GeSha℄, [Sha78℄, [Sha81℄, [Sha88℄,and the Eisenstein measure in [HLiSk℄ and [HLiSk-Ra℄.Referenes[AV℄ Amie, Y. and Vélu, J., Distributions p-adiques assoiées aux sériesde Heke, Journées Arithmétiques de Bordeaux (Conf. Univ. Bordeaux,1974), Astérisque no. 24/25, So. Math. Frane, Paris 1975, 119 - 131[Boe85℄ Böherer, S., Über die Funktionalgleihung Automorpher L-Funktionnen zur Siegelshen Modulgruppe, J. reine angew. Math. 362(1985), p 146-168.[Bö-Sh℄ Böherer, S., and Shmidt, C.-G., p-adi measures attahed to Siegelmodular forms, Ann. Inst. Fourier 50, N �5, 1375-1443 (2000).[Co℄ Coates, J. On p�adi L�funtions. Sem. Bourbaki, 40eme annee, 1987-88, n� 701, Asterisque (1989) 177�178.[Co-PeRi℄ Coates, J. and Perrin-Riou, B., On p-adi L-funtions attahed tomotives over Q , Advaned Studies in Pure Math. 17, 23-54 (1989)[Co-Sh℄ Coates, J., Shmidt, C.-G., Iwasawa theory for the symmetri squareof an ellipti urve. Journal für die reine und angewandte Mathematik,104-156[CoPB℄ Coleman, R. F., p-adi Banah spaes and families of modular forms,Invent. Math. 127, No.3, 417-479 (1997)[CoM℄ Coleman, R. andMazur, B., The eigenurve, Sholl, A. J. (ed.) et al.,Galois representations in arithmeti algebrai geometry. Proeedings ofthe symposium, Durham, UK, July 9�18, 1996. Cambridge: CambridgeUniversity Press. Lond. Math. So. Let. Note Ser. 254, 1-113 (1998).
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