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Abstract—This paper presents a new criterion to deal with However, in practical applications, i.i.d. training samples
training data heterogeneity in space-time adaptive processing are scarce since the environments are very frequently hetero-
(STAP). It is based on Siegel measure, which is a distance inganagys (e.g., see [2]). Since the presence of heterogeneous
the space of Hermitian positive definite matrices, and consists in | tli in the training data. leads t bi d .
computing the distance between the covariance matrix estimated samples (Qu 'er_s) In the training data, leads 1o a_ lase vaarl-
from training data and an a priori matrix. After deriving a test ~ ance matrix estimate, the performance of adaptive algorithms
based on this distance, the statistical behavior of Siegel distancedegrade. To take this problem into account, preprocessing
is analyzed, as a function of the number of training samples. schemes of the training data have been developed. An im-
Its probability density function (PDF) is derived and related to portant class of solutions are based on non homogeneity

that of the generalized inner product (GIP) in the case of one . . . .
single training snapshot. Finally, simulations are performed to detection (NHD). The principle of NHD techniques is to detect

illustrate the interest of preprocessing training data using Siegel and excise nonhomogeneous training snapshots to avoid a
distance, in terms of STAP signal to interference plus noise ratio bias in the covariance matrix estimation and thus keep good

(SINR) performance. SINR performance for STAP algorithms. For instance, the GIP
Index Terms—STAP, Siegel distance, Generalized Inner Prod- [3], [4] is a commonly-used NHD technique which aims at
uct detecting outliers in the training snapshots. For each sample
x of the training data, it consists in computing a scalar value

equal tox?R~'x, whereR is the SCM derived from all
STAP is a well-known technique used for clutter mitigatiothe training data. Then, the resulting value is compared to a
in radar applications among any others. For a cell undéweshold and the sample is removed from the training samples
test (CUT), STAP algorithms are based on the estimatidfithe value exceeds the threshold. Other techniques also exist,
of the covariance matrix of clutter and background noisbased for instance on power tests or on more sophisticated
In an ideal situation, there exist training samples which atechniques like the projection statistics test (PS) [5].
independent and identically distributed (i.i.d.) and share theln this paper, we consider the context of a forward-looking
same covariance matrix. In that case, the true covariance madar where data heterogeneity is mostly due to the pres-
trix is estimated by its maximum-likelihood covariance matrience/absence of clutter in the training data and to the fact
(the sample covariance matrix (SCM) under the assumptithat clutter characteristics depend on physical parameters and
of Gaussian training samples) and the estimation improveary with range and Doppler [6]. Other factors can also gen-
when the number of training samples increases. Consequerghate heterogeneities such as for instance complex scattering
the performance of adaptive filters increases with the numbenvironments. In that context, heterogeneous training data
of training samples. For instance, when the sample matgannot only be modelled by discrete outliers, but other models
inversion (SMI) STAP processor [1] is used, the average SINRust be developed [7]. In that condition, the use of NHD
performance becomes within 3 dB of the optimal performan¢echniques may not be the most appropriate solution to deal
when more thar2 N (where N is the number of space-timewith it. Moreover, although these techniques can be efficient
degrees of freedom) samples are used. to detect one or more outliers in the data, they can have an

I. INTRODUCTION



high computational complexity since they need to process earrelated but white from sample to sample during a pulse.
of the different samples in the training data. The number @hey are assumed to be zero-mean, with power depending on
operations is therefore proportional to that number of trainirteir direction of arrival (DOA) and distance.
samples.

Here, we propose another approach which aims at haviBg Problem statement

good SINR performance on powerful clutter areas, with- sTap filtering consists in computing, for each sample of
out degrading the performance with respect to conventiongh nrimary data, an adaptive filter based on the inverse of
processing on other areas, and by minimizing the number 9f octimated covariance matrix. Let us dengtethe primary
detection tests. It consists in computing a SCM with a fe@’ample to be filteredR, its covariance matrix énﬂk(i)k_l .
training samples in the neighborhood of the CUT (so that wge secondary samples in the neighborhoocklof/vhicﬂ are

limit clutter heterogeneity which extends with the distance tQsaq for the estimation of the covariance mafRix This one
the CUT). Then, a test on the resulting SCM is performed {gy e computed by:

decide whether powerful clutter is present in the training data

or not and whether there is a need to implement an adaptive N 1 K . N
filter or not. This test is significant since when a small number R; = i Z 2y ()21 (1)
of samples are used to compute an adaptive filter, estimation k=1

errors occur, which limit the algorithm SINR performancein the case where the secondary samples are composed of
Choosing a non-adaptive filter on background noise therefasgckground noise alone Gaussian distributed, the estimated

avoids those SINR performance losses. Then, let us note thgfariance will be distributed with the following Wishart
compared to NHD techniques, this algorithm does not neggtribution:

any detection for each training sample, but only for the SCM R, ~ W(N, K, R).
computed for each CUT.

To test whether using a STAP filter based on the SCHefore filtering the primary sample, our problem is first to
is useful, we compute the distance between the backgrowgtide whetherR,; is the SCM of R (hypothesisH,) or
noise covariance matrix (which is assumed to be known jibt. Then, to optimize the SINR, we apply the filBr ¢
this paper) and the SCM. The chosen distance is the Sieggked orR under hypothesi${, or the adaptive filteﬁﬂ(p
distance [8], which is defined on the space of Hermitiagased orRR; otherwise, where is the spatio-temporal steering

positive matrices. vector of the target.
This paper is organized as follows. In Section I, data model

and problem statement are presented. Then, in Section Ill, thelll. U seE OFSIEGEL DISTANCE BETWEENHERMITIAN
expression of Siegel distance is given and its PDF in the case POSITIVE DEFINITE MATRICES

of an SCM estimated with one training snapshot is derived. . .
Finally, simulations are performed in Section IV to iIIustrat@" Test based on Siegel distance

the SINR performance of the proposed scheme. __To test the hypothesiK,,, we compute the distance between
R, andR.. We choose the Siegel distance, since it is a distance

[I. PROBLEM STATEMENT - " - i .
© s on the space of Hermitian positive definite matrices, with good

A. Data model invariance properties [9], [10]. This distance is defined by:
Let us consider an airborne radar with an arbitrary array R R 9
composed ofN sensors. The radar emits ad-pulse wave- d(R,R;)?* = HIog(R‘l/QRiR‘l/Q)H

form. Then, let us suppose that the environment be composed N
of clutter, background noise and a moving target. For STAP Z |ng()\n)

processing, the data is divided into two sets of data called —~

primary and secondary data. The primary data consists of R

the samples to be filtered and is composed of backgrountiere(\,),—1.. n are the generalized eigenvalueq Bf;, R),
noise, and possibly clutter and signal. The secondary datgual to the eigenvalues & 'R; or R~'/?R,R~!/2 where

is the training data, and is supposed to be only composBd!/? is an arbitrary square root dR. The test consists

of background noise and possibly clutter. We deniteghe in comparingd(R,R;) with a thresholds. If the distance
number of secondary samples used to compute adaptive filisrbelow the threshold, we decide to implement processing
and assume that for each adaptive filter, thiesecondary using the a priori matriR, whereas in the contrary case, we
samples used for its computation share the same distributionplement STAP algorithm based on the SAM. It is clear
The background noise is modelled by a zero-mean i.i.d. cothat sinceR~'/2R;R~'/2 ~ W(N, K,I), under hypothesis
plex process not necessarily spatially white, with covarian@é,, wherel is the identity matrix of dimensionV, the test
matrix R. Then, the signal is considered as deterministic, withased on this distance is constant false alarm rate (CFAR).
unknown power, but known direction and speed. Finally, tHadeed, the joint density of the eigenvalueskof /2R, R /2
clutter is modelled by elementary reflectors. Those ones aed consequently that @f(R,.) only depends or’{ and N
supposed to be motionless, spatially and from pulse to pulsed not on the background covariance matrix.



B. Sta“st'cal anaIyS|S Of S|ege| d|Stance Theoretical and empirical PDF for GIP and Siegel distancel

Now, to fix the threshold, we need to analyze the statistical
behavior of Siegel distancéA supprimer: First, we consider .
the particular cas& = 1). But deriving the theoretical PDF of
the Siegel distance for arbitra#y is rather challenging except 2
for the specific casé( = 1. In this case, although(R,.) is
not defined R; is singular), the Siegel distance PDF can be s
derived and compared to that of the GIP, using a regularizatios.
For instance, let us add the known covariance matiteand 1
considerR; + €R.

In that case, we have: 05

N F
d(].{7 ﬁl + eR)2 — Z IOQQ()\n(Rilﬁi + EI)) oLl

n=1

-05 L L L L L L L I I |

SinceR 'R, is rank-one, it has a single non-zero eigenvalue ° * ¥
which is equal to

A = Tr(R_lzl (i)zl(i)H) F+ig.+l. Theoretical (=) and empirical PDF for Siegel distaneej and GIP
= Tr(z1()"R 12, (4)) e
= Zl(Z.)HRilzl(i)
converges to zero whea tends to zero. That figure shows
that the choice ofe, which is arbitrary, defines different
schemes associated with different threshaldsach threshold
being chosen to have a given type-| error, and therefore very
dependent on the value ef In the following, we will make
d(R, ﬁi) = \/Iog(Q +€)2 + (N — 1)log(e)2. (1) the choicer = 1 for simplicity. Then, for comparison, we also
) plot the empirical and theoretical PDF ¢f obtained by (2).
When the data are composed of background noise aloQgs note that whatever the value of the variance ofQ is
the PDF ofz (i) is known, and the corresponding PDF ofyych arger than that ab which results from the application
Q can be computed. For instance, whey(i) are Gaussian o the |ogarithm function in the definition of Siegel distance.
distributed, it is well known that the PDF ¢} follows a Chi- Then, we consider the case wheie> 1. Since,R; is not
Squared distribution witt\' degrees of freedom [4], given by: yitive definite fork < N, we still consider the regularized

gVt Y matrice. In that case, the derivation of the theoretical PDF of
fale) = F(N)e 0<g<oo @) Siegel distance is challenging. Therefore, we only consider the
mean and variance afx = d(R,R; + €R) for K > 1. For

wherel'(N) is the Euler-Gamma function. Therefore, the PDEqi, moments. we compute asymptotic values Wit We
of the Siegel distance given by (1) can be easily deduced afgfe-

a straightforward change of variable. It is given by:

1 Vd2—a 1 —eVdP-a 2 —a+te N -~
Ip(d) = Flle g eme e E{dic} = B{,| 3 log?(\(R-1R; + eI))}
—Vd?>—a _ \N-1 —efm—\/rﬂ—a+e d 3
(e e ] d?—a ®) and E{d%} is equal to

which is equal to the GIP measure denot@d The largest
eigenvalue oR 'R, + €I is therefore equal t@) + ¢, whereas
the other eigenvalues are equaletoln that case, the Siegel
distance is then a function of the GIP measure, given by:

n=1

for d > \/a wherea = (N — 1)log(e)?, which reduces to

N
ed _ 1) (N-1) E{ 1og?(An (R™IR; + €I)) log? (A (R™IR,; + €I))}.
ot = LD e g iy P

for e = 1. For computing the limiting values of the mean and variance

Fig.1 presents a comparison of the PDF of obtained of dx, whenK — oo, we use the continuity of the eigenvalue
from Monte-Carlo realizations using simulated data with thi@nction. Thus, we obtain
theoretical value obtained by (3) fof = 4 with 4 values ofe.

In the simulation, we consider white noise, with unitary power, _ N )
so thatR = I. We note a goof fit between the theoretical and Aim Edg} = Z log”(An((1 +€)1))
empirical PDF of the Siegel distance. Moreover, we observe n=1

that the mean ofD tends to infinity whereas its variance = VNlog(l+e)
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Fig. 2. Empirical (-+) PDF of Siegel distance for five values ¢f with Fig. 3. Power map vs range and Doppler cell.
e=1.
and The number of pulses is equal fd = 256 and the number

~ of range cells is equal t60. The objective of the proposed
. 2 9 9 processing is to attain the maximal STAP SINR performance.
A BEldk}= Z Z log”(An (1 +€)1)) log™ (A (L +€)I)) | the illustrations, we plot the normalized SINR, i.e., the ratio
”fln = ) between the SINR and its optimal value (obtained in exact
= Klgﬂoo E{dx} statistics with background noise alone).

which shows that the variance converges to zero whéen First, we compare n terms of SINR perfqrmapce, the
standard STAP processing based on the estimation of the

increases to infinity. ) _ _ ; o
In Fig.2, we plot the empirical PDF for Siegel distance, fopoise covariance matrix, to the processing based on a priori

different values ofK for N = 4, with ¢ = 1 and white noise backgrouqd noise _co_variance _matrix (t_hat .Wi" b(_a callec_j in
of unit power. We see that the variance &f converges to the following a priorl processing), Wh'Ch. is optimal W".[h
zero very rapidly. Then, in Tab.l, we compute the empiric ackground noise alone. Thus,.we plot in Fig.4 the normalized
mean ofdgx as a function ofK. We see that the asymptotic INR for both STAP processing (computed with the SMI

value v/ log(2) ~ 1.386 is obtained very rapidly as well. algorithm with diagonal loading) and a priori processing, at
a given (peut étre péciser cette Doppler cell pour pouvoir

K 1 2 4 16 100 00 mieux s'appuyer sur la Fig.3)oppler cell and with a number
E{dy} | 1.53 | 1.513 | 1.466 | 1.408 | 1.39 | 1.386 of training samples equal td{ = 20. Both SINR must
be compared to the optimal SINR which is reached under
assumption of a known clutter + noise covariance matrix.
IV. SIMULATIONS Depending on the range cell, 3 areas must be distinguished.

We now illustrate the proposed scheme with simulation’g.rom range cell 0 to range cell 15, we observe that a priori

Thus, let us consider the context of an airborne radar Wimocessing is sufficient to attain optimal performance, since
rectahgular array composed of — 4 subarrays. More at those range cells, clutter is less powerful than background

precisely, we consider the case of a forward-looking rad ise as can be seen from Fig.3. By comparison, STAP with

for which clutter is distributed along an ellipse in the angle- 20 samples leads to poor .SINR performance. From range
ell 15 to range cell 30, clutter is powerful and performance of

Doppler plane which varies with distance [6]. This naturall . . T
Ppier p whien varies wi ! [6] ! . %pnon processing significantly degrades. In that case, STAP

leads to clutter heterogeneity. Therefore, for each prim ful si it all 0 the SINR up to about
sample to filter, the number of secondary samgiesharing IS very useiul since It allows o increase the » Up o abou
0 dB. Note that at range cell 17, the clutter that is present in

the same distribution as the CUT is limited. Consequently, _ o
errors occur in the estimation of the noise covariance matri ’e SCM estimated from the ce_lls a_round It, IS very s_trong
what leads to performance degradation. In Fig.3, we illustral S ShOV_V” by the_ pOwWer map i F|g.$), whereas it is not
clutter heterogeneities by showing a clutter + noise power m esent in the a priori covariance matranally, the 3rd area

IS between range cell 30 to 60, where the performance of a

ILet us note that this is a natural result sifie is a consistent estimate P1Or p_rocessmg becomes better than those_ of STAP, though
of R. clutter is more powerful than background noise, as shown by

Tab.l: Empirical mean oflx as a function ofi’



normalized SINR (dB)

discontinuities) and to avoid significant SINR losses, resulting
from the presence of clutter, when using a priori processing.
Finally, let us note that the use of this scheme can be extended
to the case where several a priori matrices are available, for
instance for knowledge-aided STAP.

V. CONCLUSIONS

In this paper, we have considered the use of Siegel distance,
in radar array processing. We have proposed to compute the
distance between the SCM of training data and an a priori
covariance matrix before STAP processing, to decide what
kind of filter to use. After having analyzed the statistical
behavior of the Siegel distance, we have performed simulations
to illustrate the interest of that preprocessing in terms of STAP

-18 I 1 I I L L
0 10 20 30 40 50 60
range cell number
(1]
Fig. 4. Normalized SINR vs range cell, at Doppler cell 100, for optimal
(—), a priori (+-+) and STAP algorithm (- - -).
(2]
K=20
3]
(4]
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g
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Fig. 5.  Normalized SINR vs range cell, at Doppler cell 100, for optimal

processing (-), and the proposed scheme (*).

power map in Fig.3.

Then, we implement the proposed scheme. Depending on
the value of Siegel distance, it consists in choosing between
a priori and estimated from training data covariance matrix,
for space-time processing. In Fig.5, we compare the resulting
normalized SINR of the proposed scheme to the optimal SINR.
The thresholds is chosen by use of Monte Carlo simulations
with background noise alone, so that the type-I error is less
than10-6.

We observe that this scheme makes a good choice between
conventional STAP and a priori filter since it allows to
attain good SINR performance. It allows both to improve the
performance of conventional STAP processing on the areas of
background noise alone (except in the close vicinity of clutter

SINR performance.
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