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On the Dispersive Nature of the Power Dissipatec
Into a Lossy Half-Space Close to a Radiating
Source

Andrea CozzaMember, |IEEE, and Benoit DeratMember, |EEE

Abstract— In this paper, we study how the power dissipated o,&r
into a lossy medium excited by a nearby antenna is affected
by drifts in the electrical parameters of the lossy medium.
The statistical distribution of the sensitivity of the disspated
power is determined by means of a spectral analysis of the
transmission of electromagnetic energy from air into the Igsy
half-space. A clear link is drawn between the reactive contg %
of the field excited by the source and the dispersiveness of ¢h
sensitivity. The case of a stratified structure is also addigsed, ® -
by defining a modification factor representing the alteration of X 2
the transmissivity and of its sensitivity when a buffer laye is
introduced. All of the results provided point out that, in general,
the SenSitiVity of the total amount of power dissipated intothe Fig. 1. The planar configuration used for the spectral aimlys
half-space cannot be predicted independently from a precés
knowledge of the source characteristics, unless under a paxial
propagation approximation or in a far-field configuration.

with respect to the lossy half-space characteristics forwang
Index Terms—Antennas, Lossy Media, Near Field, Plane- source and 2) to prove that the TDP sensitivity is statiijica
Wave Spectrum, Sensitivity Analysis, Specific Absorption Bte, dispersed with respect to the characteristics of the source
Stratified Media. hence leading to a non-negligible uncertainty. In paréicuh
the context of SAR assessment, available sensitivity aealy
. INTRODUCTION are very limited in scope, addressing such canonic sources

In many practical configurations antennas stand near &5 diPoles [4] and normally impinging plane waves, which
a lossy half-space; an example of historical importance are not always reprgsentatwe of actual ones. AIthoug_h the
that of radiating sources placed over a lossy soil [1]. MarffOPosed approach is based on a closed-form analysis, the
other applications involve a similar scenario: radio-treqcy '€Sults presented here do not assume a far-field configoratio
hyperthermia [2] and Specific Absorption-Rate (SAR) asseggr the radiation source, which is a key point for their pieetit
ment [3] are but two examples. All of these configurationlése'
share a common concern, that of being able to estimate the
amount of power that will be dissipated into the lossy medium !!- TRANSMISSION THROUGH DIELECTRIC INTERFACES
In the context of the present discussion, we will refer to The scenario here considered is briefly depicted in Fig. 1. A
the concept of Total Dissipate Power (TDP). Depending gitanar interface’, separates two half-spaces, one containing
the actual application, the TDP needs to be maximized @arradiating antenna and the other one a lossy homogeneous
minimized, but all the same its value closely depends on thielectric. The first half-space is assumed to be air, but any
electrical properties of the concerned medium, namely tlgher non-magnetic medium could be considered, whereas
electric conductivityc and the relative permittivity,.. The the second one is characterized by the electric parameters
basic need of a proper estimation of these parameters tians ., which can be summed up by means of the complex
appears as a potential difficulty in the computation of thgermittivity € = ¢, — jo/(weo).

TDP; hence, it is fundamental to investigate how the TDP Rather than working in the space domain, it is convenient
can be affected by a variation of the electrical parametérsto introduce a Plane-Wave Expansion (PWE), which allows
the medium, be that due to a drift in time or rather to at® represent the electric field distribution over a plane as a
uncertainty in their knowledge. superposition of plane waves or Plane-Wave Spectrum (PWS).

The primary aim of this paper is twofold: 1) to provideConsidering the electric fiel&(R) over a plane, its PWS

a model capable of predicting the sensitivity of the TDE(K) is defined as [5]:
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hereafter, capital hatted quantities will stand for PWSse T the medium can be described as a lossy dielectric, d.e;
rationale for this approach is that in the spectral domain dtege,.. The first requirement is necessary so that the propagator
is much easier to represent the propagation of complex fiettbdulus|P(K, z)| be almost flat over the entire bandwidth of
topographies through stratified media. The PWS over plartke source PWS, allowing the approximatibn ~ kqy; the
at other distances at the right of>; can be easily computedsecond assumption is needed in order to simplify the final
introducing the propagatdP(K, z) = exp(—jk.z): results, although closed-form expressions could be given e

- - in a more general case. Under such conditions, (8) becomes

EK,z2)=EXK,0)P(K,z) , (2)
with &, = /k2 —|K]? as the longitudinal propagation TDP ~ g/HEthIZdK: @5 - 9)

constant, and: the propagation constant for the considered ) ) ) )
medium. The norms used throughout this work are to Beherec is the free-space wave impedance, and having defined

intended asL? norms applied to complex vectors, unlesdS in signal analysis thegnal energy & = ||Etx(R)Hiz as the
explicitly declared otherwise. square of thel.? norm of the field distribution oveE .

The PWE formalism can be defined just over the tangentialA M&jor issue in this approach is that whenever the dietectri
components of the vectors involved; for this reason, we willterface is in the near-field region of the source, coupling

decompose the electric field PWS as mechanisms will likely ensue. For a given distamcleetween
. . the source and the half-space, the field impinging on the
E=El+E.z | (3) dielectric interface may differ from the one that would beame

having defined the tangential part of the PWS Iab — sured at the same distance in a free-space configuratioeeThe

E,i + E,j. The overall PWSE can be derived by recalling phenomena notwithstanding, the approach here proposed can

that Gauss law in a homogeneous medium in absence of lo5C Pe applied to near-field configurations, without ang los
sources reads ds- E = 0. ie. of generality. Indeed, the coupling between one source and

a passive scatterer can be regarded as given by an infinite

b = _K - El (4) series of separate interactions. This can be referred theas t
N k. ’ multiple-interaction paradigm, and it has been appliedy=an
wherek = K + k.Z is the propagation vector for a p|aneother scenarios, in the definition of probe-correction ni®de
wave. Thus, (3) can be recast as for near-field measurement techniques [6].

The basic idea is that the time-domain evolution of the

. (1) (1) R R coupling is naturally represented through a series of gmpl
E= ! % El = TEl . (5) interactions, that can be divided into scattering, trattimgi
—kl _k_y and receiving events. The actual ﬁeﬂlﬂnC impinging over the

half-space is thus generally not the one that would be radliat
Let us now consider the interfade,: for each plane wave j, 3 free-space configuration, e.g. in a far-field scenario

impinging from the left side, there will be a transmittedm#a pyt rather the superposition of all the multiple-interanti

wave. Imposing the continuity of the tangential componefits contributions, i.e. the steady-state field including théual

the electric field through the air-dielectric interfac% AWS Coup”ng' This approach is Comp'ete'y generaL with the far
joll (K) of the incident electric field over; (i.e., on the air field scenario as a special case.

mc

side) and the PWS’S]L'X(K) of the field over: (on the right
side) are related by [5]: [1l. SENSITIVITY ANALYSIS
EL‘X(K) = Ho(K)E” (K) , (6) We proceed by deriving a sensitivity model for the TDP, as

. m_c ) discussed in Section Ill-A.A; subsequently, this model \é
wherell, (K) is the spectral transmission operator for a Plandsed in order to investigate how the TDP sensitivity is lohke

interface, as recalled in Appendix |. Hereafter, Reand K- o pyys of the source (and ultimately to the field it radiates)
dependency of, respectively, the spatial and spectratif™® o\ inq in Section 111-B.B that for a given configuration the

will be omitted most of the time for the sake of simplicity. sensitivity is, in general, not a deterministic value, bather
The TDP is related to the transmitted field by a random variable

TDP = 0/ |Ew (R, 2)|?dV 7
Q A. Perturbation model

where () is the volume occupied by the lossy half-space. The sensitivity of the TDP to variations éfcan be assessed

Thanks to Parseval theorem (as applied ayg}, we can state by applying a perturbation approach to the transmissiomequ

that & tion (6). While a perturbation of has a direct impact on the
TDP = o'/ de . (8) TDP, it will have a higher-order effect on the reflectivity of
—2Im {k. } the medium interface, as seen from free-space. In othersyord

We will now introduce the only two major assumptions useid will be hardly noticed by the source: it will be shown in
throughout this work: 1) the spatial bandwidtw of the Section VI that this idea is viable, as long as the dielectric
electric field PWS, satisfies the conditibpw < ko|x|, where contrast|x| stays high. This conclusion is intuitively justified
x = V/é is the dielectric contrast of the lossy medium and )y the fact that the fundamental quantity in source-hadfesp



interactions is the dielectric contrast between the twoimedsS : C2*2 — C, hereafter referred to as the sensitivity operator:
which is negligibly affected by the lossy medium perturbati

this phenomenon was already pointed out in [7]. Therefdre, i /Eﬂf A E‘t‘de
will be assumed that the total incident electric fidg,.(R) S(A) = 5 (18)
fulfills the condition |9E:e/d¢]| < [0 /0¢. / HTEL'X dK
The second order Taylor expansion of (9) with respect to
the complex dielectric permittivity reads: Therefore, we can now provide the following fundamental
result:
M‘ﬂ:§+@+ﬁ_g+%+6ﬁg . (10) §=2RG{S(D1)5€} . (19)
TDP & & @ 28 2y Ja & €
, This formulation has the advantage of pointing out the fact
with: that the sensitivity is of course dependent on the PWS of the
IV (1) excitation, but that in fact its behavior is controlled byearel,
ﬁ T 2¢, modeled through the matri,, that is common to every
62\/5 1 Se source. In other wordsD; represents the transfer function
= - u (12) between the PWS of the impinging wave and the sensitivity
ver der € that its components will experience while being transrditte

The TDP sensitivity depends & /€ andée, /e, sensitivity Nto the lossy medium. .
terms; since the latter are trivial, we will focus our anays The development applied to the linear term can also be
on the former. Moreover, in the subsequent statisticalysisl @Pplied to the quadratic term in (10), the only difference
of the sensitivity,de, /e, introduces a mere offset, withoutb_e'”g th_at it is now necessary to consider the second-order
accounting for the statistical dispersion of the TDP sarisit  differential of the norm of a vectov:

We will detail here the proposed analysis method for the ., v | g O*v )
first-order termd€/E, the second-order being derived fun- dv|* =2 a—pdp —|—2Re{v 6—192(dp) } ,  (20)
damentally in the same way. Knowing that the first-order
differential of the norm of a complex vector is related to 1€Nce
the differential of a complex variable by o Re {(02)25(Dy)}
AV = 2re {v* ap 13) +jaEs(Dy) @1)

. having introduced the following matrices:
where the apeX stands for the Hermitian transpose, we can

write: D, — TH 32_'1'4_,1‘321_101_1_1Jr
6E = 2R, {(r / Bl aEtde} (14) o e
= aReyoe | BixTaz : OT OT1
0¢ ol ollo 1
+ 2 5% 5z I, ) (22)
Using (5) and (6), together with the hypothesis of a weakly D; = DD, . (23)

sensitive source, the following quadratic form is obtained
The model thus derived allows computing the TDP sensi-
5& — 2Re {6€/Eth1EL|XdK} : (15) tivity for a given source, just requiring as an input the PWS
of the field impinging on the lossy half-space. An interegtin
by-product of the proposed analysis is that the frequency

having defined matrixD, as follows:
g ! dependency of the TDP sensitivity is dominated by the term

D, = T'D (16) J¢€ = de, — joo/(weo), as seen in (19) and (21). The fact
, OT oy, that this term contains d/f associated to the electrical
D, = 9 +T¥H0 : (17) conductivity term means that any model approximating it

) ) o .. through a polynomial expansion is bound to need high-order
A great part of the results dealing with the sensitivity vié o5 This is actually the case, as proved by the choice made
expregsed as functlons of the transmltted_ PWS. The ragong] [4], where a third-order frequency polynomial had been
for this choice is that the PWS oE. is more regular necessary. The proposed representation, being deriveddro

than the one in air, so that its envelope is more easily, sical analysis, thus leads to a more effective definitibn
described and reproduced. This is important for the sulesequy, . sensitivity.

statistical analysis. Moreover, the mathematical angligsalso

simplified thanks to this formalism, since the propertieshef o .

different operators are more readily applicable. In angcte B- Statistical analysis

results are not affected by this choice, since the ARYS and The previous results can be used for investigating the

E.. are biunivocally related through the transmission operatdollowing problem: how does the TDP sensitivity depend on
All the derivatives involving the transmission matriceg arthe PWS of the source? We will here describe the PW§

reported in Appendix I. It is sensible to define the operatais a stationary random process and study how the energy
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Fig. 2. Eigenvalues of the Hermitian and skew-Hermitiantgaf operator
D; associated to the linear sensitivity term, at 0.9 GHz (slifig), 2.5 GHz 0.008- E : f
(dash line) and 6 GHz (dotted line). The results here showarcethe cut .
ky = 0. 0.006
<
0.004
sensitivity 0 /€ is statistically distributed as a consequenc
of the randomness of the source PWS. 0.002
This problem can be solved easily by means of (18), sin

all the quantities involved can be computed directly withot 10
any need of actual simulations or measurements. Nevesthel
(18) requires to impose a certain PWS distribution; it is
possible to prove that the sensitivity actually depends$ jusg. 3. Eigenvalues of the Hermitian and skew-Hermitiantpaf operator
on the envelope of the PWS, since (18) involves quadrafiz and D3 (last picture) associated to the quadratic sensitivitynteat
. - : 0.9 GHz (solid line), 2.5 GHz (dash line) and 6 GHz (dotte@)irnThe results
expressions [8] (see Appendix II). For_th|s reason, thegnrer | = chown regard the o, — 0.
normalized spectrum envelope(K) will be considered, as

defined by:
w(K) = =i (24) Of matrix A, where this last stands for any of the derivative
/ ||]33” HQdK ' operatordD;. This result is noteworthy, since it states that the
£ average of the sensitivity over all the possible sourcegddp

In the context of a statistical analysis, the sensitivitgep exclusively on the properties of the lossy medium and the
ator defined in (18) can be evaluated directly; the focus wilverage spectral content of the source.
be put on studying the first two statistical moments of the The dispersion of the TDP sensitivity around its average can
sensitivity for a given PWS energy-density spectr(niK)). be assessed by studying the eigenvalues of the three derivat
Since all the quantities in (19) and (21) are deterministit boperatorsD;. Indeed:

for the sensitivity operator, the statistical analysisl viglcus
on this last term. /min )\H’de S S(AH) S /max)\deK (26)
In particular, the following approximation holds (see Ap-
pendix 1I) as long as the spatial bandwidtfw of the /min/\sde < S(Ag) < /max)\sde , (27)
normalized energy-density spectrufw(K)) of the average ) . o )
source is smaller thaty|/: so that, the dlsta_nce b(_atween the e|genvalue_ pairs is at direc
measure of the dispersive nature of the sensitivity.
(S(A)) ~ / [S\H(K) + Xs(K)] (w(K))dK | (25) In order to test these ideas, we will hereafter consider a

B / planar SAR assessment configuration as a practical applica-
where Ay and \g are the arithmetic means of, respectivelytion, since it is an interesting example of high-contrassio
the eigenvalues of the Hermitian and the skew-Hermitiatspaconfiguration; the nominal electrical parameters of thesyos



Freq. (GHz) ¢ o (S/m)  [x| Dig jDis D2y jDas Ds

0.9 41.5 0.97 6.77 (S) —94 38 3.6 -39 1.0

2.5 39.2 1.8 6.42 eq. (25) —94 41 36 —41 1.1

6 36.2 4.45 6.23 0.9 GHz paraxial —88 38 33 3.7 0091

(52) 9.2 38 0.36 038 0.10

TABLE | (S) —113 36 5.7 —4.2 1.4

THE ELECTRICAL CHARACTERISTICS OF TISSUEEQUIVALENT LIQUIDS eg. (25) —108 34 55 —4.0 1.3
2.5 GHz paraxial —100 31 4.9 —3.4 1.1

FORSARASSESSMENT CONFIGURATIONSAS SET IN[9]. (52) 11.0 3.4 0.53 0.39  0.13

(S) —113 39 —58 48 15

eq. (25) —114 40 -5.9 49 15

6.0 GHz paraxial —106 36 —5.4 4.3 1.3

medium are thus imposed by international standards, such (52) 11 39 058 047 0.14

as [9], and are reported in Table I.
TABLE I

Therefore, the associated elgenvalues are Sho_Wn m_ Fig. ZSENSITIVITYOPERATORS FOR AGAUSSIAN-ENVELOPEPWS ,WITH
and 3, as computed for the three half-space configurations g):
Table I. The spectral variable was normalized with respect t
the free-space wave-numbgy. MatricesD; andD, were ex-
panded into their Hermitian and skew-Hermitian components
as explained in Appendix Il, where®¥; is already Hermitian.

Figures 2 and 3 show that each pair of eigenvalues coincideported in Section VI. Much worse is the fact that the paaaxi
around the originK = 0, i.e., for normal paraxial incidence.approximation fails to acknowledge the intrinsic vari#pibf
The L2-integrable discontinuities arounkl, are due to the the sensitivity with respect to the source PWS; the seiitsitiv
branch singularity in the spectrum of Green’s function [10]s indeed collapsed into a deterministic value, rather than
a similar behavior is present arourig|x|, fundamentally statistical distribution.
due to the same phenomena, but mitigated by losses. ConStatistical distributions for the five operators are shown
versely, it can be noticed that the distance between each paiFig. 4 for the same Gaussian PWS envelope, but for a
of eigenvalues widens with the time and space frequeneyianging spectral bandwidthsy, for a frequency of 6 GHz.
This trend gets much stronger when getting beyépdi.e., It appears that the casesw = ko/2, i.e., with very little
when considering reactive components of the source PWgactive components, is indeed well described by the palraxi
More specifically, the skew-Hermitian components present approximation; but as soon as the reactive content incsease
increased distance with respect to the purely Hermitiarsongae sensitivity moves away and spreads. This trend is in
for a givenK. Looking at (19), the skew-Hermitian componengccordance with the results presented in Fig. 2 and 3 and the
operates over the variations in the conductivitythis means previous considerations about the distance between tlea-eig
that the reactive components of the source PWS will halues. It is therefore not possible to neglect the varitgtiif
affected in a more variable way in response to variatioise sensitivity due to the source characteristics. Theaspi®
of the conductivity than equal-strength modifications oé thquantified in Table Il forkgw = ko, showing that considering
permittivity. These simple conclusions already show tiha&t t a 95 % margin of confidence implies an uncertainty4e£0 %
sensitivity will present an higher degree of variability feear-  for the sensitivity, approximating the distributions asuGsian
field sources, richer in reactive energy, than far-field onesnes.
where no reactive component is available; this is coheréht w
the common-sense perception that the TDP sensitivity is not
dispersed for a far-field configuration.

In order to assess these findings, the sensitivity operatorgn many practical cases the lossy dielectric may not face
were studied in several ways: 1) equation (25) was used ftirectly the air half-space, but buffer layers of compleslelc-
assessing the average sensitivity, 2) a deterministicnasti tric permittivity €;; and thickness;; are interposed between
was given assuming a paraxial propagation, thus consiglerthe two half-spaces, for € [1, N,] where N, is the number
the approximatiort(D)(K) ~ S(D)(0); and finally 3) equa- of buffer layers. Although the previous model was developed
tion (18) was directly evaluated by considering a poputatib under a half-space assumption, it can be promptly exteraed t
ten thousand random realizations for the transmitted PWE. R stratified configuration; in the following discussion, w#l w
this last case, we considered a Gaussian energy-density sgesume that all the media have negligible losses with réspec
trum with a —3 dB bandwidthkgw = ko, with a zero-mean to the inner medium. Therefore, for the sake of computing the
Gaussian distribution. This choice is justified in the cahtd TDP, the only important quantity is the PV\]E%‘Jx of the field
SAR assessment tests for telecommunications, where souttcansmitted into the lossy dielectric. This can be computed
are usually not highly directive. Table 1l shows the resolts directly in the case of a stratified structure, by cascadirgy t
this analysis. It turns out that the paraxial approximattonot relationships reported in Appendix I. In order to simplifyet
very effective when compared to (25); nevertheless, itvadlo notations, hereafter all of the quantities related to tleetelc
to introduce a very simple model for the average sensitiagy field will refer to the tangential component.

NDWIDTH ko. ALL THE RESULTS MUST BE MULTIPLIED BY A FACTOR
10—4,

IV. INCLUDING THE PRESENCE OF BUFFER LAYERS
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% 0.3+ R
2025 | In this Section we first investigate how the presence of a
| 1 buffer layer affects the TDP, in particular by extending the
201 1 analysis of the role of the reactive energy of the sourcenThe
e 000; A | we focus on the modification of the TDP sensitivity.
0 \_" ' L \\‘ L L N Il ' Il Il
oot M gy 0 % 4 A Impact on the TDP
04 ‘ The PWSE,, of the field transmitted into the lossy medium
035" ﬂ 8 can be regarded as having been generated in a configuration
£ 03- . involving just two media, i.e., the right half-space made of
S 025l i the lossy dielectric and the left one in air, as in the origina
S o2 | description. To this end, an equivalent source needs to be
8 s | introduced, much in the same way as for a Thevenin equivalent
% ol | circuit. For the case of a single additional layer as dediate
T \ Fig. 5, we can write:
0.05¢ : | 1
I L I - L h ‘\u n — -1 _.].kzss n .
% 35 4 45 5 55 6 65 Ep = ILR ™ 1Le Eine (28)
S(DZH) x107 W|th
0d- | - R=1+e¢ =TI, . (29)
%0-35’ il MatricesI'; and I'y; are the reflection matrices at the two
2 0.3 ] dielectric interfaces, as given in Appendix I, wheréag and
2025 1 k., are the longitudinal propagation constants for, respelgtiv
g 02 1 the free-space and the shell media.
8015 I The PWS transmitted in the non-stratified configuration was
- 01r 1 given by (6): ) ) '
oot S RN Eix = MoEipce 70 (30)
_g _\ = I _\ — \ _\ —~ I '_\ _‘ L — . ) ) ) )
° ° e 6?S(DZS)G > ° e Xm—f' By comparing (28) and (30), it is possible to define an
0.7 ‘ equivalent PWSE,, impinging from the air side (with no
s i shell) as :
Sos . Eix = IEoqe%0° = TI{EE e 7F=00 | (31)
EO"" i having introduced the correction matr&
30.3r b .
E =11 'TIL,R 'IIje i(h2heo)s (32)
gO.Zf N
< oal | Under a weakly-sensitive source assumption, the impadteof t
' shell on the TDP can be assessed by computing the ratio of the

92 17 is 18 o) 2 22 24 26 signal energy¢, for the shell configuration and the original
3 x10 one &, that are related to the definition of the TDP given

in (9), while expressing all the spectral quantities as fions
Fig. 4. Statistical distributions of the sensitivity optera for the Hermitian of the transmitted PWS:
and skew-Hermitian components of the three derivative inesrD;, as 1
computed for a Gaussian-distributed PWS with a Gaussieel@re energy- TDP, &, [ITL =11, Etx,OHQLQ
density function with—3 dB spatial bandwidttkgw /ko equal to 0.5, 1 and TDP = 5_ = HE H2 ) (33)
2. The working frequency is 6 GHz and the lossy medium is $igecin 0 0 tx,0ll 1,2
Table 1.
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inner lossy dielectric are tissue-equivalent liquids ascdbed in Table I. due to the presence of a dielectric shell for a 6 GHz SAR cordign.

whereE o is the PWS transmitted with no shell present. Thienpinging PWS. This same approach yields the results shown

previous expression can be bound as in Fig. 7 : although the average modification of the TDP
£ is not strongly affected, the more reactive the source, the
5—5 < /|\1‘IOEH51||2w(K)dK . (34) more statistically dispersed is the TDP. It is fundamental t
0

bear in mind that the scenario here considered presents a

This formulation can be usefully employed in assessing tlperfect knowledge of the electrical characteristics ofltssy
overall effect of a buffer layer on the TDP. Indeed, the nxatrimedium.
HOEH(]l accounts for the modification of the transmissivity The effectiveness of the bound given in (34) is proven in
of the PWS from the air side to the lossy medium in th@able Ill, where for the 6 GHz configuration, withgy =
presence of a buffer layer; again, its effect is weightedhsy tk,, the maximum modification of 1.41 well represents the
energy-normalized spectrum(K). dispersiveness shown in Figure 7.

The norm ofZ is related to

=] < ||| T )[R Y ; (35) B. Impact on the TDP sensitivity

the first tw bound to h finit | q The equivalent-source approach can now be applied to
€ first wo norms art.a ound to have a tinite value, gue &oerive the sensitivity of the TDP in the stratified configioat
their physical meaning: they account for the transmissizin

the other hand|R~!|| may be unbounded, since it represem)gelfjmg
standing-wave phenomena. This can lead to a strong increagd; LS CT s
in the TDP as soon as a resonance can be physically instateg)e ~  p¢ R ILie " Ejy +
inside the shell region. Cikeaspe 1 20 1 o
An example of the behavior of II,EII, || is given in — Ilze R I‘1¥R e I, E;e (36)

Fig. 6, for the case of SAR tissue-equivalent liquids with a5 shown in Section VI, the sensitivity of the reflection

a shell 2 mm thick, with a relative permittivity; = 4. matrices is one order of magnitude smaller than that of the
These results clearly prove that the TDP is indeed modifigd,nsmission ones. Hence. we can claim that:

by the presence of the buffer, especially (as expected) at

those frequencies where its thickness is comparable with OBy - aHQR*l‘I L 37)
the wavelength. These conclusions support and complete the 0¢ — OE ! me
findings reported in [12], [13]. Comparing this result to the sensitivity obtained in thet firs

Fig. 6 shows that the shell affects the TDP in two ways: 1) iflace with no buffer yields:
the visible region (with respect to air), the shell operaesn

impedance transformer, providing a better matching betwee OE¢ | 01lo =R e ikass (38)
the wave-impedances in air and in the lossy dielectric; 2) in ge — oe T ’

the reactive region, it allows the transmission of more tieac where

energy (K| > ko) if 1 < ¢5 < ¢, since it behaves as a OTI N\ L oI .

lens focusing PWS components towards the direction normal Z' = ( ~0> 2RI e ik h0)s (39)
to the dielectric interfaces. It is this last phenomenort tha 0¢ 0¢

gives the strongest contribution to the TDP modification. As Plugging (31) and (38) into (14) provides a tool for com-
a consequence, modification of the reactive part may haveaing the new linear sensitivities as in the case with ndl.she
non negligible effect on the topography of the electric fieldhe fundamental quantity that dominates the modification of
inside the lossy medium. the sensitivities is the product of the norms of the two necasi

As in the case treated in Section IlI-B.B, the impact o and Z’. An example of the spectral behaviour [&'|| is
a shell on the TDP depends on the reactive content of thleown in Fig. 8: as opposed to the modification of the TDP, the
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norm of the first derivative of the transmitted PWS is gergral g 035 Kaw=2 Ky
not strongly affected when compared to the case with no,shc 5 03r H
especially for sources with a poor reactive content. Agthia, S 0.25- , \
. . . . . o
statistical distributions related to the source PWS hawenbe 3z o2- |
. . . =
computed and are shown in Fig. 9. These results give a be' $o.1sf ,
insight into the modification of the linear sensitivitieadeed, £ o.1r ,
the sensitivity to the conductivity (imaginary part®fis more 0.05t ; . } k
strongly affected than the one to the permittivity. In paurtar, 8 o5 o o5 o oo —0’8 55 : e
its average value decreases for a more reactive source ar ' ' ' ' (Im SYi(m S )’ ' ' '

spreads over a quite larger support.

The derivation of a closed-form upper-bound is not feasibkey. 9. Statistical distributions of the modification of theear sensitivity
for the modification of the linear sensitivities. Nevertsd, operator due to the presence of a dielectric shell for a 6 GAR Sonfigu-

the followi b d id inf tion: ration. The real part is related to the sensitivity to thdedigic permittivity
e 1ollowing bound provides some information: er, While the imaginary part deals with the sensitivity to tlenductivity o.

|S(D1r) +jS(Di1s)ls
|S(D1g) +jiS(MDis)lo —

< [ ImeEn P Pe0dK  @o)
where the indices stands for “shell” and “no shell”. TOP  S(Dix) S(Dis)
The statistical results for the modification of the TDP and () 1.008 0.87 0.80
its sensitivities are summarized in Table Il féiy = ko, (). 0.0034  0.0066 0.02
together with the value of th tion fact ludted 09CGHz - paradal 101 0.92 086
ogether wi e value of the correction factors evaludt upper bound  1.009 (1.07) X
a paraxial propagation and the upper bounds given in (34)
and (40). As for the results shown in Table I, though the ) 1.04 0.88 0.79
para_x_ial model_ p_rovides a fairly good estimate fpr the_agera 2.5 GHz pér'af(im 01'90130 0'00_8;4 %_08%4
modifications, it is unable to account for the dispersiorythe upper bound  1.03 (1.13) -
induce. Moreover, it cannot explain neither the strongeraot
for more reactive sources, nor the shift in the linear saityit <<_'2>> é:(l)g 8:82 8:22
related to the conductivity (see Fig. 9). 6.0 GHz  paraxial 1.16 1.02 0.98
For the sake of brevity, we will not derive here the second- upper bound — 1.41  (1.33) )
order sensitivity in the case of a shell. Nevertheless, #mes TABLE IlI

approaCh can t_‘)e extended to include S.UCI:T anaIySIS‘ We %]DIFICATION OF THETDP AND ITS LINEAR SENSITIVITIES IN PRESENCE
conclude that, in the case of SAR applications, the presence ¢ A pie ecTRIC SHELL WITH s = 2 MM AND €. — 4, FOR A

of a shell has not a fundamental impact on how the TDP reag{g s s an-enveLoPEPWSWITH kg = ko. THE BOUND FOR THETDP
to modifications in the permittivity,., whereas the sensitivity MODIFICATION IS GIVEN BY (34), WHEREAS THE VALUES IN

to the conductivityc is more strongly spread and lowered. PARENTHESES CORRESPOND TO THE BOUN(A0).
Moreover, the shell can indeed strongly increase the teansf

of energy between the two half-spaces, as well as lead to a

further uncertainty in the evaluation of the TDP for a given

near-field source.



45 000G As an example, the PWS components over the spectral radius

4 i T2aohe |IK|| = 1.1k experience an attenuation of 25 dB after a
a5 P4 propagation distance of one wavelength. In many practical
N situations such a distance is not enough to justify a fadfiel
g 3 analysis; nevertheless, although the field topography loas n
> 25 ; \\ yet assumed its far-field configuration, a distance \ofs

enough to enforce a PWS with almost the same envelope
w(K) that would be obtained in a truly far-field analysis. Thus,
/ from the TDP point of view, these two configurations coincide
A o o 0 Recalling that the eigenvalues of all the sensitivity opmEsa
1IK[1/k . . . .
° vary very slowly over the air active region (see Fig. 2 and 3),
they can be fairly approximated by considering their values
Fig. 10. The maximum eigenvalue of the mat¥!T, as computed for the in the origin. This means that even in a configuration that
three SAR configurations in Table I. does not satisfy the far-field criteria, a paraxial analysis
be applied.
Under a paraxial approach, the transmission opeiiprs
V. NEGLECTING THE NORMAL COMPONENT just a scalar function, given by
There have been several discussions about whether the 9
normal componenk’, be negligible or not [3]. In other words, Iy = — (45)
is it possible to approximatéE|| with ||El| ? This same I+Xx
assumption is used throughout this paper. An answer to this be compared with the exact expression (55). It is thus

question can be given by recalling that [11] necessary to define the sensitivities of the transmissionste
|| = | TE!|? = EM T TR < v(K) B! . (41) Loy 1 (46)
wherev(K) is the maximum eigenvalue of the matfiX'T. floafne 21X(1 )
This allows writing 100 14X (47)
. , I, oe? 43 (1 + x)?
1< w <v(K) . (42) and, finally, the sensitivities of the signal enegwas required
IEI(K)[? by (10)
A useful rule of thumb for deciding whether the normal 5E 5
. . . €
component can be neglected involves again the hypothesis = ~ —Re{li} (48)
ksw < ko|x|: in this case, the normal component can be X( +2X)
neglected. As an example validating this statement, theupp 52_5 o1 ‘ e
boundr(K) is shown in Fig. 10 for several frequencies, as E T 2Ix(1+x)
computed for standard tissue-equivalent liquids. 1 14 3x 9
Back in the spatial domain, the impact 8% on the TDP + §Re {m(&) } : (49)
can also be assessed; indeed: o ) )
These results can be applied in practice as long as theveacti
< TDP < /V(K)w(K)dK 7 (43) content of a source is negligible, thus providing a simplg wa
TDP!! of predicting the sensitivity of the TDP together with (10).
having definedrDP!' as the TDP obtained by neglectitg. It is also interesting to consider the reflection coefficiept

The band-limitedness of the PWS means that the upper-bo&“dhe air-dielectric interface as seen from air and itstireda
for the error on the TDP for SAR configurations must be lowe€NSItvity:

than 4 % for a Gaussian-envelope PWS withy = k¢ and x—1
1 % for kgw = ko/2, whereas it can be as high as 20 % for Lo = Y+ 1 (50)
Ty 0¢ IX(2—1)]

VI. PARAXIAL APPROXIMATION ) ) o
This last result can be used to explain the low sensitivity

di I? the Er(:woustanalyss, no gstﬁurgptllont W?Stmf;’dzon tJi‘fethe incident field to drifts in the lossy medium. To this
IStance between the source and the dielectric inter 2 end, let us consider the powé% = P,, (1 — |TI';,|?) radiated

the rgact_ive components (in air) of the PWS were consideredb@ a lossless antenndy, is here the steady-state reflection
.con'Fnt_)utlng to the TDP. Nevertheless,.the propagél@g,z) coefficient as seen from the antenna feed-line, and it is
In air imposes a very strong 'c_lttenuauon to the reactivespark, s affected by the reflections over the dielectric intsafa
as expressed by the attenuation-per-wavelergi - Considering the free-space reflection coefficiént at the
antenna input porf’;, can be written as
z

Z\ _ 1K\
Ads)s (K,X)—4Owlog(e)X (ko 1. (44) T el (52)
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where « is related to the transmitting properties of the an- By applying the derivative chain-rule, the first derivative
tenna [14]; the finite directivity of the antenna implies tthaoIl/d¢ is given by:
|a| < 1. These considerations lead to the following result:

OIl  OII Oky 59
1 |90Pr| _ 2|alis| |0Tg (53) 0 Oky 08 (59)
Pr| 0¢ | 1—|Tif?| 0¢ where
and finally to ol _ —2X‘1B%BY1X (60)
L |9Fr L ! 54 aké Y, +Y 8—k12 61
Pr| % | < T= 0l XL+ )7 &9 R D
2 2 2
Therefore, the relative sensitivity of the power radiatgd b ks kag {kﬂ + w—ﬂol] (62)
the antenna is approximately bounded [by,|/|x|, which ko ky
is at least one order of magnitude smaller than the signal- e 2—\/5 : (63)
energy sensitivity. This result proves that, unless in ayver
near-field configuration, the power radiated by the antenHathe same way, the second derivative is given by:
is less strongly affected by changes in the lossy half-space O 0TI [0k \?  OII 9%k»
characteristics than the TDP, as reported in [7]. —=— (== —_—— (64)
92 Oky? ( 0¢ > ko O&2
VII. CONCLUSIONS where2
We have introduced a spectral approach for the analysis of 8_1'2 = 2X'B <2%B% +
the sensitivity of the TDP to drifts of the electrical propies Ok2 ) Oke Oz
of a lossy half-space. The definition of a sensitivity operat _ 90 Y2) BY,;X (65)
and of the derivative matrices has shown that their eigeeal Oks”
distribution leads to a clear understanding of complex phen 02Y, K2 ) K2
ena, such as the dispersiveness of the TDP sensitivity and in Dhn = Y K, + lwuokz ) iz, + 1] (66)
particular the fact that the sensitivity to the conducivis ) = ’ =
more critical. The same approach was extended to the case 9k _ k1 (67)
of a stratified structure, in order to investigate how a less! e 4e3/2 -
shell modifies the TDP and its sensitivity. Concerning the derivatives of tHE operator, we get:
In all these scenarios, the fundamental role played by the _ _
reactive content of the source PWS was highlighted, paintin oT 0 0 1 k2
out how it gives rise to a statistically dispersive behavioli 9 0 0 2 %3 (68)
the TDP and its sensitivity to drifts in the electrical pasters L ke Ky =2
of the lossy medium. Hence, the very idea of characteriziRg,q
the sensitivity in a deterministic way, independently from 92T [0 0] 3
the source, is not physically sound, especially for nedd-fie S = 0 0 Zkf’l (69)
sources. These results should thus lead to a better unairsta ¢ ke Ky 22
ing of the phenomena involved in near-field configurations, ) )
such as in SAR applications. APPENDIX I
PROOF OF(25)
APPENDIXI The sensitivity operator defined in (18) operates over a
DEFINITION OF THE SPECTRAL TRANSMISSION OPERATOR matrix A € C2%2. We consider at first the fact that any
AND RELATED DERIVATIVES matrix can be decomposed into the sum of an Hermitian part

The transmission and the reflection operators, respegtivét ahnd a sk?vv_—Herm_n;]an_onAS.l Hence, the matnxi?H
I and T, for a dielectric interface between two media ar Orthonormal, i.e., with eigenvaluesy; € R, as well as

defined as [5]: JjAg; this Ia!st clgim implies that the eigenvalu§§i_ of Ag
are purely imaginary. Furthermore, thanks to their symynetr
m = 2XYY, +Yy) 'YX (55) properties the diagonalization matrices are orthonorma] t
I = X NY,+Y2) MY, - Y2)X (56) SO that one can write:
1 2 k2 — - H
Y, - - { klk k’fm kzkz%rz (57) Ay = XpApXi (70)
wpokzs | TRaRy K7 — Ry As = XsAsXE | (71)
X = 0 1 58
= -1 0 J (58) whereA ¢ are diagonal matrices containing the eigenvalues

of, respectively, the Hermitian and the skew-Hermitian eom
beingk.; = k? — | K||?, i € [1,2]. ponent of A. Imposingv = EL‘X, we are able to write the



integrand of the numerator of (18) as:
(1]
(2]

viAv e%AHeH + egASeS

Z)\Hi|eHi|2+Z)\sz‘|eSi|2 , (72)

o . . 3
having introduced the representation of the vestanto the B3l

new basis given by the diagonalization matriceg and A g
as: [4]
XIP{IV

H
st 5

(73)
(74)

ey
es [5]
6
where the terms\y; and \g; are the eigenvalues of, respec-[ ]
tively, matricesAy and Ag. [7]
As shown in Section V, matrid® T ~ 1 for any source (8]
with kgw < kolx|. Recalling thatX z X! = X XH =1, we
can state that [l

viTHTY ~ Z lem:|> = Z lesi|® (75)
leading to
[10]
S(A) =~ ) / pY— dK + [11]
— [12]
€g;
+ > / Asi [osi dK (76) 13

In order to compute the statistical average $ifA), the

following functions need to be studied [14]

w; |ei|2

2 Z/|em|2dK

where e stands forey or eg. This function represents the
energy distribution of the PWS normalized to its total egerg

it can thus be regarded as a function describing an envelope.
Only one component of the PWS, as represented over the
diagonalized basis, is considered, according to the vdltieeo
index 7. It is reasonable to assume that the two components
of this function are identically distributed; thereforédeir
averages are identical too. Hence, the energy-densityrsppec

(w) = (w;), Vi can be defined, yielding

: (77)

(S(A)) ~ / A (K) + As(K)] (w(K))dK (78)

where \; and \g are the arithmetic means of, respectively,
the eigenvalues of matriceAy and Ag. The fact that the
same envelope has been used for the Hermitian and the
skew-Hermitian parts is due to the unitary property of the
diagonalization matrices. The energy content of the PWS is
therefore not modified passing from one basis to the other.
No assumption has been made in order to come to this result;
it is therefore independent of the probability distributiof

the energy-density spectrum.
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