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Abstract

In this paper, we present several results concerning vector potentials and scalar
potentials with data in Sobolev spaces with negative exponents, in a not neces-
sarily simply-connected, three-dimensional domain. We then apply these results to
Poincaré’s theorem and to Korn’s inequality.

1 Weak versions of a classical theorem of Poincaré

In this work, (the results of which were announced in [2]), €2 is a bounded open
connected subset of R? with a Lipschitz-continuous boundary I'. The notation
x/(, ) x denotes the duality pairing between a topological space X and its dual
X'. The letter C denotes a constant that is not necessarily the same at its
various occurrences.

We begin with a weak version of a well-known theorem of Poincaré. Here as
elsewhere in this paper, “weak” means that the result to which it is attached
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Theorem 1.1. Let f € H-™(Q)3 for some integer m > 0. Then the following
properties are equivalent:

() #-m@p(fs Plap@s =0 forall ¢ € Vi, = {p € HF'(Q)*; div ¢ = 0},

(N I o N frall A — S oA O(ON3 A A — N



To begin with, let f € H=™(Q)? be such that curl f = 0 in 2. We then use
the same argument as in [8]: We know that there exist a unique w € HJ*(Q2)?
and a unique p € H "™ (Q)/R (see [5]) such that

A"u +grad p=f and divu =0 in . (1)

Hence A™curl u = 0 in 2 so that the hypoellipticity (see [10]) of the polyhar-
monic operator A™ implies that curl u € C*(Q)3. Since div u = 0, we deduce
that Au = curl curl u € C*(Q)3. This also implies that A™w belongs to
C>(2)? and is an irrotational vector field. By the classical Poincaré theorem,
there exists ¢ € C>*(2)® such that A™u = grad ¢. Thus, f = grad (p + q)
and, thanks to [4] proposition 2.10, the function p 4+ ¢ belongs to the space
H-m+1(Q). O

We can give another proof of the implication (iv) == (iii) by using the
following theorem:

Theorem 1.2. Assume that both € and R3 \ Q are simply-connected. Let
w € HMQ)3, m > 0, be a vector field that satisfies div u = 0 in Q. Then
there exists a vector potential v in Hy ' (Q)? such that

u=curl ¢, divA™Mp=0 inQ, and [¢|gnp < Ol s
(2)

Proof. Let w € HJ'(Q2)? be such that divu = 0 in Q and let @ denote the
extension of w by 0 in R*\ Q. Thus u € H*(R?)?, div a4 = 0 in R?, and there
exist an open ball B containing Q and a vector field w € HJ"™'(B)? such that
u = curl w, div A™"w =0 in B, and

Hw ”Hm+1(B)3 S OH’U, ||Hm(B)3.

The open set Q' := B\ Q is bounded, has a Lipschitz-continuous boundary
and is simply-connected. Furthermore, the vector field w’ := w|q belongs to
H™(Q))? and satisfies curl w’ = 0 in . Therefore there exists a function
X' € H'(Y) such that w’ = grad ' in €. Hence in fact x' € H™"2(Q)) and
the estimate

X [[m+20) < Cllw|[ ey
holds. Since the function ' € H™()’) can be extended to a function Y in
H™2(R3), with

X[ 23y < ClX || me2y < Cllw'|| gme@rys,

the vector field ¢ := w —grad Y belongs to the space H™"(B)3 and satisfies
@lor = 0. Then the restriction ¢ := @|q belongs to the space HJ™(Q2)3,
satisfies the estimate (2), and curl @ = curl w = @ in B. Thus u = curl ¢



in . Let now p denote the unique solution in the space Hy""%(Q) of A" 2p =
div A™* 1, so that the estimate

Pllamrz@) < Cll@lame @y

holds. Then the function ¥ = ¢ — grad p satisfies (2). O

We can give yet another proof of the above implication (iv) = (iii):
Consider again the solution u € HJ(Q)® to (1) and let v € HJ"™(Q)?
denote the vector potential of uw as given by theorem 1.2. We then have
A"curl u = 0. If m = 2k, for some integer k > 1, then

H-m—1(Q)3 (A™curl u, ”>Hg"+1(9)3 = H71(Q)3<Akcurl u, Ak'U>Hé.(Q)3
= / AFy - AFcurl v dx
Q

= ||Ak“||%2(9)3-

This implies that A*4 = 0 in Q and thus u = 0 since u € HJ(2)3. The case
m = 2k + 1 follows by a similar argument. 0

2 Scalar Potentials

Let I';, 0 < i < I, denote the connected components of the boundary I' of the
domain €2, I'g being the boundary of the only unbounded connected component
of R3\ Q2. We do not assume that €2 is simply-connected, however we assume
that there exist J connected and oriented surfaces ¥;, 1 < j < J contained in
€2, with the following properties: each surface ¥; is an open subset of a smooth
manifold, the boundary of 3; is contained in I' for 1 < j < J, the intersection
¥; N Y is empty for i # j, and finally the open set Q° = Q\ U/, %; is
simply-connected and pseudo-Lipschitz in the sense of [1]. Each such surface
¥; is called a cut. Finally, let [-]; denote the jump of a function over each cut
Y, 1<5<J.

We then define the spaces

H(curl,Q) = {v € L*(Q)*; curl v € L*(Q)*},
H(div,Q) = {v € L*(Q)?; div v € L*(Q)},

each one being equipped with the graph norm, and their subspaces

Hy(curl,Q) = {v € H(curl,2); v x n =0 on I},
Hy(div,Q) ={v € H(div,Q); v-n =0 onT}.



For any function ¢ in H'(Q°), grad ¢ denotes the gradient of ¢ in the
sense of distributions in 2'(Q°). It belongs to L*(2°)? and therefore can be
extended to L?*(Q2)3. In order to distinguish this extension from the gradient

of ¢ in 2'(Q2), we denote it by grad ¢. Finally, we remark that the space
Kr(Q) :={w € H(curl,Q) N Hy(div,); curl w =0 and divw =0 in Q}

is of dimension equal to J: As shown in [1] Prop. 3.14, it is spanned by the

vector fields grad ¢, 1 < j < .J, where each function ¢; € H'(Q°), which is
unique up to an additive constant, satisfies

quT =0 in Q°,
Ong, =0, on T, (3)

[q] | = constant, [Onq] ]k =0, (Ong] , 1)x, =5 for 1 <k <.

where (-, )y, denotes the duality pairing between the spaces H~/?(%;) and
HY2(%y).

Theorem 2.1. Given any function f € L*(Q)3 that satisfies
curl f=0 inQ and /f-'u de =0  forallw e Kp(Q), (4)
Q
there exists a scalar potential x in H*(Q2) such that

F=gradyx nQ and |\l < Olf s (5)

Proof. 1t suffices to show that, given any vector field v € Hy(div,2) such
that div v = 0 in €2, there holds [, f - v dz = 0. Let

J
z=)Y (v-n, 1)y, grad qu
j=1

and w = v — z. According to [1], theorem 3.17, there exists a vector potential
¥ € L*(Q)3 that satisfies w = curl 9, divy =0in Qand ¢ x m =0 on I.
Hence

/Qf-v dw:/ﬂf-curlgbdw:O.

The result is then a consequence of theorem 1.1: there exists a function
x € H'(Q) satisfying (5). O

Remark 2.2. (1) Any function f € L*(Q2)3 that satisfies curl f = 0 in  can
be decomposed as:

—_~—

f=grad y +grad p, with y € H'(Q) and grad pec Kp(Q).




Such a result was alluded to in [11].

(2) The second condition in (4) is trivially satisfied when € is simply-connected,
since Kr(§2) = {0} in this case.

Theorem 2.3. Given any distribution f € Hy(div, Q)" that satisfies
curl f =0 in) and Ho(div,Q)’<f s v>Ho(div,Q) =0 forall ve KT(Q),
(6)

there exists a scalar potential x in L*(Q2) such that

f=grad x inQ and [x[lr20) < Clflnoiv.0)- (7)

Proof. Let f € Hy(div, ) be such that curl f = 0 in 2. Hence (see proposi-
tion 1 of [6]) there exist » € L*(2)? and x, € L*(Q2) such that

F=v+grad xo inQ and |92 + [Ixo0llz2) < Clf |l Hoc@iv.y- (8)

Observe that, thanks to the density of 2(Q2)3 in Hy(div, ),

Ho(div,0) (8rad Xo, V)my@iv,o) =0 forall v € Kp().

Therefore, the function ¢ € L?*(Q)? satisfies relations (4). By theorem 2.1,
there exists a function p € H*(Q2) such that

Yp=gradp inQ and |pllme) < Cllellrzqe < Cllf @0y
Hence the function y = p + xo satisfies the announced properties. O

Remark 2.4. Note that this theorem is an extension of the equivalence (iii)
<= (iv) in theorem 1.1 with m = 1 to the case where 2 is not simply-
connected.

More generally, let us introduce, for any integer m > 0, the space
H{'(div,Q):={v € Hy(div,Q); dive € H]"'(Q)},

which coincides with Hy(div, 2) for m = 0. Its dual space, denoted by H =™ (div, 2),
can then be characterized by

H™(div,Q) = {tp + grad x; ¥ € Hy(div,Q)", x € H"(Q)}.

One can also show that 2(Q2)? is dense in H}*(div, ) and that the following
Green formula holds for any x € H™"(div,Q?) and v € HJ'(div,):

H—m(div,9)<grad X5 'U>H6"(div,Q) + H—m(ﬂ)<X7 diV”>H5n(Q) = 0. (9>



As a consequence of theorem 2.3, it is easy to prove the following theorem,
which shows that property (iv) in theorem 1.1 also holds when € is not
simply-connected.

Theorem 2.5. For any distribution f € H™™(div, ) that satisfies (6), there
exists a scalar potential x in H™"™()) such that

Proof. We give the proof when m = 1; the general case is similar. Let f €
H~!(div, ) satisfy (6). Then, there exist 9 € Hy(div, Q) and xo, € H ()
such that

f=v+grad xo inQ and ||Y| a0y + [[Xollz-1@) < Cllflla-1@iv.0)-
(11)

Observe that, thanks to (11), we have
H-1(dive)(grad Xo, v)pi@ve) = — #-1@)(Xo, divo)giq) =0

for all v € Kp(Q). By theorem 2.3, there exists a function p € L?(Q) such
that ¢ = grad p and the estimate (7) holds. Then the function x = xo + p
satisfies the announced properties. O

3 Vector potentials in H}"(Q)3

First, we recall some results concerning the existence of tangential vector po-
tential (see [1] for proofs).

Below, (-,-)r, denotes the duality pairing between the spaces H~/2(I;)
and H'?(T;). Given any function u € H(div,) that satisfies

diveu=0 inQ and (u-n,l)r, =0 0<i<]I, (12)
there exists a vector potential 4 in L?*(€2)? such that
u = curl ¥, divep=0 inQ, and - -n=0 onl, (13)
satisfying the estimate
1]l 22 < Cllullr2 s (14)

Moreover, there exists a unique vector field ¢ € L*(Q2)? satisfying (13) and
such that
(Wom, 1)y, =0, 1<j<J, (15)



and the estimate (14) holds. When € is of class "1, then 4 belongs to H'()3
and the estimate

1] @ps < Cllu]l2 (16)

holds. If moreover w € H™(Q)? and Q is of class €™, for some integer
m > 0, then 1) belongs to H™(Q)? and the estimate

[l msr @y < Clluflam@p (17)

holds. We also recall the result concerning the existence of normal vector
potentials (see again [1] for proofs). For any vector field w € H(div,{2) that
satisfies

divu=0 inQ, w-n=0 onl' and (u-n, 1)y, =0, 1<5<J, (18)
there exists a vector potential 1 in L?(2)% such that
u=curly, divey=0 inQ and ¥ x n=0 onl, (19)

and the estimate
%223 < Cflul|r2(@) (20)

holds. Moreover, there exists a unique vector field 1 € L*(Q2)? satisfying (19)
and such that

(p-n,r, =0 0<i<I, (21)
and the estimate (20) holds. When w is more regular, then (16) and (17) are
also satisfied.

Remark 3.1. Let u be a vector field in H(div, 2) that satisfies:
diveu =0 inQ2 and w-n=0 onl.
Using the same arguments as those of theorem 2.1, it is easy to verify that
(u-n,l)y, =0, 1<5<,
if and only if

/u-gradquda::O forall1 <j<.J
Q

Another kind of less standard but useful vector potential is given by the
following theorem.

Theorem 3.2. Assume that the boundary of the domain Q is of class €'.
For any function w in H(div,Q) satisfying (18), there exists a vector potential
¥ in H}(Q)?, such that

w=curl ¥ and divAyYp =0 inQ, ||Y|m@s < Cllullrz@s.  (22)



Proof. Given any vector field u € H(div, ) satisfying (18), we associate the
vector potential 1p, € H'(Q)? satisfying (19) and the estimate

[ollmp < Cllullze@)ys-

That T is of class ! implies that the normal trace 1p, - n belongs to
H'2(T'). Hence, the fourth-order problem

A*x=0 inQ, x=0 and d,x=%,-n onl
has a unique solution y in H?(2) satisfying the estimate

Ixllzrz@) < Clitbo - /ey < Cllullzz@p

Then the vector field
Y =1, —grad x
satisfies (22). O

The vector field v given by the previous theorem is unique up to vector
fields belonging to the space

K;(Q):={w € Hy(Q)*; curl w =0 and div (Aw) =0 in Q}
(see proposition 3.4 below).
Corollary 3.3. Assume that the boundary of the domain € is of class €™ !,
for some integer m > 0. For any vector field w € H™(2)3 that satisfies (18),

there exists a vector potential v in (H™Q) N HY(Q))? satisfying

u=curly and divAyp =0 inQ and ||| gmirp < Cllu|gm@ps.

Proof. Under the given assumptions, the vector potential @ given by the
previous theorem belongs to H™"(Q)3 and its normal trace 1 - n belongs
to H™Y/2(T), on the one hand. On the other hand, the solution y to the
fourth-order problem found in the previous belongs to H™12(£2)3. O

We now characterize the space K} ().

Proposition 3.4. Assume that the boundary of the domain € is of class €11
Then the space K} (Q) is spanned by the vector fields grad ¢}, 1 <1 < I, where



each g} is the unique solution in H?(2) to the problem

A%ql =0 in €2,

| 1 1<k<I
q; To and q; T, 5lk7 = k >~ 1, (23)
Ongt =0 onT,

(8nAq1 1>Fk = 0k and <8nAq21, ]_>F0 = —1, 1< k < 1.

Proof. First, we prove that the space Kj({2) and the space
Gl:={grad q € H)(Q)*; A?’¢=0 in Q}

coincide. First, it is clear that G is included in K{(£2). Second, given w €
K}(Q), let w denote the extension by zero of w to an open ball B containing
Q. Since curl w = 0 in B, w is the gradient of a function ¢ € H?*(B).
Moreover, ¢ = 0 in B\ §, so that ¢’ := ¢|q belongs to HZ(f2). Since ,w =
grad ¢, one finds that w belongs to G*.

Moreover, it is clear that the set of vector fields grad ¢;, 1 < ¢ < I, where
q; € H*(Q) is the unique solution to

A%g; =0 in Q,
To Ty
Ong; =0 onT,

spans G* (= K}(2)).
One still has to check the last line of (23). Introduce now

My:={r € H*(Q); r| =0andv| = 64, 1<k<I, 9 =0onT}

o

g

For 1 <4 < I, the problem: find ¢} in M, such that

Vr € Mo, / Ag} Ardx = —r Lo (25)

Q i
has a unique solution. Furthermore, the following Green’s formula can be
proven by a density argument, for any functions ¢ and r in M, with A2%q in

L*(Q):
/Q(A2q)q~ dr = /QAq Ardz + ;r . (On(Aq), Dr,.

This formula implies that the solution ¢/ to (25) satisfies (23). The vector
fields grad ¢}, 1 <i < I, are clearly linearly independent and they belong to
K}(£2). Consequently, they form a basis of K}(€). O




Proposition 3.5. Assume that the boundary of the domain € is of class €.
Given any function w in H(div,Q) satisfying (18), there exists a unique vector
potential ¥ in H}(Q)? satisfying

u=curl ¥, divAy =0 in Q and (0,(div Ay), I)r, =0, 0<:< 1.

(26)
Moreover, the estimate (16) holds.

Proof. Let (v, — grad x) be the potential vector of u given in the proof of
theorem 3.2. Then the vector field

I
=1, —grad x + > _(0.(AX), L)r, grad ¢;

=1

satisfies (26) (note that the quantities (9,(Ax), 1)r, are well defined since
A%y =0). O

Corollary 3.6. Assume that the boundary of the domain Q is of class €™ !
for some integer m > 0. Given any function w in H™(Q)? that satisfies (18),
there exists a unique vector potential v in (H™Q) N HE ()3 satisfying

u =curl ¥, div Ayp=0in Q and (0,(div A¢), 1), =0, 0<i< ][
and the estimate (17).

Theorem 3.7. Assume that the boundary of the domain Q is of class €.
Given any function w in H}(Q)? that satisfies

divu =0 inQ and (u-m, 1)y, =0, 1<5<, (27)
there exists a vector potential v in HZ(2)3 such that
u=curly and divA’p =0 inQ and |[v¢|pzaps < Cllumoy:.
(28)

Proof. Given u in H}(€)? that satisfies (27), let ¢ € (H*(Q2)NH(2))? denote
the vector potential given by corollary 3.6. The sixth-order problem

2
Ay =0 1inQ, X—g[z—o and gé—g::n onT, (29)

has a unique solution y € H3(Q) that satisfies the estimate

2%
Ixllzrs@) < Cllz = llaemys < Cllelmes < Cllullme:.

10



Note that the last boundary condition in (29) can be written as

0 Jp
<8ngradx> -n—a—n-n

For any unit tangent vector 7 on I', we have:

on or; 7" Ox; V7 o

Also, one can show that (d,grad x) -7 = 0, which implies that the relation
opgrad x = O, holds. So, the vector field ¥» = ¢ — grad y belongs to
H?(Q)? and satisfies (28). O

The vector field ¥ given by Theoerm 3.7 is unique up to vector fields in
the space

K3 (Q):={w € H}(Q)* curl w =0 and div A%w =0 in Q},
which we now characterize.

Proposition 3.8. Assume that the boundary of the domain € is of class €.
Then the space K2(S2) is spanned by the vector fields grad ¢?, 1 <1 < I, where
each function g? is the unique solution in H3(Q2) to the problem

A3q? =0 in ,

2] 2l =4, <k<
q; Iy 0 and ¢ n, Oikes 1<k<I, (30)
OnG? = 02¢? =0 on T,

(Gn(Aqu) s 1>Fk = 5ik and (8n(A2qf) y 1>F0 = —1, 1 S k S I

Proof. First, we prove that the space KZ(Q) coincides with the space
G*:={grad q € Hj()*;, A’q=0 in Q},

using the same argument as in proposition 3.4. We next note that the set of
vector fields grad ¢;, 1 <14 < I, where ¢; € H?(Q) is the unique solution to
the problem

A3g =0 in €2,
i . 0 and ¢;

anqi = 82% =0 on F,

=0k, 1 <k <1, (31)
I

spans K2(Q).

11



Let now

Ms:={r € H*(Q); r = Oy, 1<k<I,0,r=0r=0o0nT}.

=0, r

To

Ty

For 1 <4 < I, the problem: find ¢? in Mj3 such that

Vr € Ms, / grad Aq’ - grad Ardz =r Lo (32)
Q

i

has a unique solution. Furthermore, the following Green’s formula can be

proved by a density argument, for any functions ¢ and r in Ms with A3q in
L2(92):

I
/(A3q)r dr = —/ grad Ag-grad Ardz + ZT
@ Q@ i=1

- (0n(8%) )r,.

This formula shows that the solution ¢? of (32) satisfies (30). The vector fields
grad ¢?, 1 < i < I, are clearly linearly independent and they belong to
KZ2(2). Consequently, they form a basis of KZ((). O

Corollary 3.9. Assume that the boundary of the domain 0 is of class €*".
Given any function w in HY(Q)® such that (27) holds, there exists a unique
vector potential v in HZ(Q)? satisfying

u = curl 9, div A%y =0in Q and(9,(div Ay), I)r, =0, 0<i<I,
with the corresponding estimate.
More generally, we can prove using the same arguments:

Theorem 3.10. Assume that boundary of the domain € is of class €™ 11
for some integer m > 1. Given any vector field uw in HJ"(Q)? that satisfies
(27), there exists a vector potential ¥ in H{"™ ()3 such that

u=curl p and div A" =0 in Qand ||¢|gmip < Cllullgnn):

(33)

Moreover, there exists a unique vector potential ¥ in HJ™'(Q)3, satisfying
(33) and

(Opdiv Ap™ ! 1)p, =0, 0<i<I. (34)

Remark 3.11. Similar results are found in Borchers & Sohr [7], but with
different proof.

Let © be a domain with a boundary of class €™ 1! for some integer m > 1
and let w in HJ*(2)* be such that div u = 0. If Q is simply-connected (J = 0),
and T is connected (I = 0), then there exists a unique vector potential ¢ in
H"™H(Q)? satisfying (33).

12



4 Weak vector potentials

First, we note that the continuous embeddings Hy(curl, Q) — H~1(Q)? and
Hy(div, Q)" — H~(Q)? hold. Besides, given any f € H~*(Q2)?, we know that
there exist a unique u € H}(Q)3 and y € L*(2) such that

f=—-Au+grad y and divu =0 inQ, (35)
and satisfying the estimate
1wl + Ixl2@r < ClFE-1 @)
Letting & = curl u, we obtain the decomposition f = curl & + grad y with
divé=0inQand €-n =0onT. Since & € L*(Q)? and x € L?(), it follows
that curl & € Hy(curl, Q)" and grad x € Hy(div,2)’, so that
H™Y(Q)* = Hy(curl, Q)" + Hy(div, Q). (36)

Proposition 4.1. Assume that the boundary of the domain ) is of class

€11, Then, for any f in the dual space Hy(div,Q)’, there exist a unique w €

(H2(Q)NH(Q))? and x € L*(Q) solution to (35) and satisfying the estimate
w202 + X[lz2)/r < CIF [l Ho@iv.y-

Proof. Let f be in the dual space of Hy(div,2). We know (see proposition 1
of [6]) that there exist » € L*(2)? and x, € L*(Q) such that

f=v+grad xo and |||z + [[Xollz2) < Clf || moaiv.0y - (37)

Thanks to the regularity of T', there exist u € (H?*(Q) N H}(Q))? and
p € HY(Q) satisfying

P =—Au +grad p and divu =0 in , (38)
with
|wllz22 + Pl @r < CllYll @)
Then u and x = p + X, satisfy the announced properties. O

We next consider the space
Kn(Q2):={w € Hy(curl,Q) N H(div,Q); curl w =0 and div w =0 in Q}

which is of dimension I. As shown in proposition 3.18 of [1], this space is
spanned by the vector fields grad ¢, 1 <14 < N, where each function ¢ €

13



H'(Q) is the unique solution to the problem

AqlN = O in Q,
q;.N =0 on I, <@nqua Dr, = —1, (39)

¢V = constant on Ty, (9,¢", I)r, = i, for 1 <k < I.

Theorem 4.2. Given any distribution f in the dual space Ho(curl, Q)" that
satisfies

div f =0 in Q and Ho(curl,Q)’<f s 'v>H0(curl,Q) =0 forall ve KN(Q),

(40)
there exists a vector potential € in L*(Q)3 such that

f=curl & with divéE=0 inQ and £€-m=0 onl, (41)
and such that the following estimate holds:

1€] 223 < CIIf || mo(cur oy - (42)

Proof. Let f be in the dual space Hy(curl, ). According to corollary 5 of [6],
there exist ¥ € L*(Q)3 and &, € L*(2)? with div &, =0in Qand &,-n =0
on I', such that f =1 + curl €, and such that the estimate

1%l 23 + [|€ollz2 @) < Cllf |l mo(curry

holds. Thanks to the density of 2(Q2)? in Hy(curl, ), we deduce that for all
v € Kn(Q), we have

Ho(curl,Q)’<Curl EO ) v>Ho(cur1,Q) = 0.

Since div f = 0, it follows that div @» = 0. Then, thanks to the orthogonality
relations

Ho(curl7Q)’<.f ) grad C]i\[)Ho(culrl,S‘Z) =0 foralli= ... I,

the relations (¢-n , 1)r, = 0 are satisfied for all¢ = 1, ..., I. There thus exists
a vector potential ¢ € L*(Q)? (see theorem 3.12 of [1]) such that 1 = curl ¢,
with div ¢ =01in Q and ¢ - n = 0 on I'; and such that

||80||L2(Q)3 < CH'P”L?(Q)&

Hence, the vector field £ = &, + ¢ possesses the announced properties. n

Remark 4.3. The previous theorem has been established in [6] when I' is
connected, in which case Ky = {0}.
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For any integer m > 0, let us introduce the space
Hj'(curl, Q) := {v € Hy(curl,Q); curl v € HJ'(Q2)*}.
We can easily characterize its dual space, as:
H ™ ™(curl,Q) = {3 + curl &; 9 € Hy(curl,Q), £ € H ™(Q)*}.

We can prove that 2(€)? is dense in HJ*(curl, Q) and that the following Green
formula holds: for any & € H ™ (curl,2) and v € H*(curl, Q)

H*m(curl,ﬂ)<curl€> U>H5n(cur1,ﬂ) + H*m(Q)3<€a Clll“l’U>H5n(Q)3 = 0. (43)

By using the decomposition (1) with (m + 1) instead of m, it is easy to prove
(as in Section 2) that

H " YQ)? = H ™(curl,Q) + H ™(div ,Q), form > 1.

Theorem 4.4. For any distribution f in the dual space H™'(curl, Q) that
satisfies

divf=0 inQ and (f, v) =0, forall ve Ky(Q) (44)
there exists a vector potential & in H~1(Q)? such that

f=curl§ divE=0 in{, and |’£HH—1(Q)3 < CHfHH—l(curl,Q)- (45)

Proof. Given f in the dual space H!(curl, ), there exist fy € Hy(curl, Q)
and £, € H~1(Q)? such that f = fo + curl £, and satisfying the estimate

| foll zo(eurry + 1€ollz-10)2 < Cllflla-1 (curro)-

Since &, € H1(Q)3, there exists 8y € L*(Q)? satisfying div 8y = 0 in €,
0y-n =0 on T, and there exists x € L?(Q) such that £, = curl 8, + grad Y
and

1600223 + x| z2)/r < Cll&ollz-1(02)5-

Since fo € Hp(curl,Q)', then fo = v, + curl ¢, with ¢, € L*(Q)3,
Yo € L*(Q)3, div g, =01in Q, ¢,-n =0 on I' and

%ol 2@ + llPollzz@) < Cllfoll Ho(curray -

Then f = 9,+curl ¢,+curl curl 8, = ¢, +curl p, with p = ¢p,+curl 6,
div . = 0 in €2, and the estimate

%ollz2s + lllz-1@) < Cllfllz-1(curre)

15



holds.
Thanks to the density of 2(Q)? in H}(curl, ), we infer that
H~1(curl,Q) <C111'l L, v)H&(curl,Q) = 07 for all v € KN(Q)
Since div f = 0, div ¢, = 0 and therefore the condition (¢, - n , 1)r, = 0 is
automatically satisfied for any i = 0,..., 1. Then by (12), there exists a vector
potential ¢ € L*(2)® such that

Po=curl ¢, dive=0 in) and ¢-n=0 onl,

and
lellr2@ < Cllpoll 2o

Hence, the vector field & = p + ¢ satisfies the announced properties. m

More generally, we can prove:

Theorem 4.5. Given any integer m > 0 and any distribution f in the dual
space H " (curl, Q) that satisfies (44), there exists a vector potential &€ in
H=™(Q)? such that

f=curl & with divE=0 inQ, and|[[§]|g-m@32 < C|fllz—(curLo)-

5 Weak versions of Korn’s inequality

Finally, we consider tensor fields. The next theorem generalizes theorem 3.2
of [8] and theorem 7 of [3] to Sobolev spaces with negative exponents.

In what follows, the subscript s denotes a space of symmetrix matrix fields.

Theorem 5.1. Assume that ) is simply-connected. Given an integer m > 0,
let e = (ei) € H;™(Q)**3 be a symmetric matriz field that satisfies the
following compatibility conditions for all i,7,k,l € {1,2,3}:

82% 826]'[ 82€jk 8261'[

ikl = - - —0 i HUHQ). (4
Hisi 8x13xj+8xk8xi Or0z;  Owp0x; 0 in (). (46)

Then there exists a vector field v € H™™ Q) such that e;; = 3(9;v; + Oyv;)
and v is unique up to vector fields in the space R(2) = {a + b ANidg; a,b €
R3}.
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Proof. Given e = (e;;) € H;™(Q)*3, let fix := Ojei. — Osejr. Then fin €
H~™"1(Q) and, thanks to the compatibility conditions (46), we have

0 0
%fijk = @fz‘jk

Hence the implication (iii) == (iv) in theorem 1.1 shows that there exist
distributions p;; € H~"(2), unique up to additive constants, such that dyp;; =

fijk-

Besides, since 0yp;; = —0kpji, we can choose the distributions p;; in such
a way that p;; + p;; = 0. Noting that the distributions ¢;; := e;; + p;; belong
to H~"(Q2) and satisfy 0xq;; = 0;qir, we again resort to theorem 1.1 to assert
the existence of distributions v; € H~""1(Q), unique up to additive constants,
such that 0;v; = g;;. O

For any integer m > 0, let
B(Q) = {e € H,™(Q)™, Zule) = 0}
and

H™HQ)3 .= H™(Q)3/R(Q).
By the previous theorem, given any e = (e;;) € E(2), there exists a unique
v = (3;) € H™(Q)? such that e;; = (9,0 + jv;). We may thus define
a linear mapping F : E(Q) — H-"(Q)? by F(e) = o. Using the same
method as in [8], we can then prove the following Korn’s inequality in Sobolev
spaces with negative exponents:

Theorem 5.2. The linear mapping F : E(Q) — H™"TY(Q)? is an isomor-
phism. Besides, there exists a constant C > 0 such that

infreR(Q)H'U + ’I’||H—m+1(Q)3 < CZ ||57;j('0)||H—m(Q) for all v € Hierl(Q):&,
)

and

H’U”H—m-&-l(g)?, S C(H’U HH—m(Q)3 + Z ”gij(v)HH—m(Q)) fOI' all NS H7m+1(Q)3
(2]

where i5(v) = 5(d;v; + Ov;).

Remark 5.3. Analogous techniques would likewise extend to Sobolev spaces
with negative exponents the results obtained for non-simply connected do-
mains in [9], [12] and [13].
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