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MAHARAM EXTENSION AND SPECTRAL REPRESENTATION
OF STABLE PROCESSES

EMMANUEL ROY

ABSTRACT. We give a second look at stable processes (especially stationary)
by interpreting the self-similar property at the level of the Lévy measure as
characteristic of a Maharam system. This allows us to derive structural results
and their ergodic consequences. As a byproduct, we obtain a “stable processes”
proof of Banach-Lamperti Theorem for o < 2.

1. INTRODUCTION

In a fundamental paper [H], Rosinski revealed the hidden structure of stationary
symmetric a-stable (SaS) processes. Namely, he proved that, through what is
called, following Hardin [E]7 a minimal spectral representation, such a process is
driven by a non-singular dynamical system.

Such a result was proved to classify those processes according to their ergodic
properties such as various kind of mixing. In [E], we used a different approach as
we considered the whole family of stationary infinitely divisible processes without
Gaussian part (called IDp processes). The key tool there was the Lévy measure
system of the process, which was measure-preserving and not just merely non-
singular. As of today, in the stableH case, it remains unclear what was the connection
between the Lévy measure and the non-singular system. This is the purpose of this
paper to fill the gap and go beyond both approaches.

Indeed, we will prove that Lévy measure systems of a-stable processes have
the form of a so-called Maharam system. This observation has some interesting
consequences as it allows us to derive very quickly minimal spectral representations,
to reinforce factorization results, and to refine ergodic classification.

Let us explain very loosely the mathematical features of stable distributions we
will be using. Observe that stable distributions are characterized by a self-similar
property which is obvious when observing the corresponding Lévy process:

If X, is an a-stable Lévy process, then b~ = Xy has the same distribution.

However, if not obvious or useful, this property is also present for any a-stable
object but takes another form. The common feature is to be found in the Lévy
measure:

Loosely speaking, if {X;},.q is an a-stable process indexed by a set S, then
for any positive number ¢ > 0, the image of the Lévy measure @ by the map

Re = A{xi},cq = {emi}y g is c72Q.
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Lye use the terminology “stable” in the traditional acceptation, which is sometimes replaced
by “strictly stable” nowadays.
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This property on the Lévy measure is characteristic of a-stable processes and
can be translated into an ergodic theoretic statement:

The measurable non-singular flow {R.} .., is dissipative and the multiplicative
coefficient ¢~ has an outstanding importance in that matter, since it reveals the
structure of a Maharam’s transformation. The importance is even greater when
there is more invariance involved (stationary a-stable processes, etc...).

The paper is organised as follows. In Section E we recall what a spectral represen-
tation is and in Section E, we give the necessary background in non-singular theory.
Maharam systems are introduced in Sectiong and the link with Lévy measures of
stable processes is exposed in Section ﬂ Spectral representations are obtained in
Sectionﬂ and are refined in Section ﬂ We deduce from the preceding results some
ergodic properties in Section E The continuous case is briefly explained in Section

. The paper ends with Section E and a new proof of Banach-Lamperti Theorem
(for a < 2).

2. SPECTRAL REPRESENTATION

We warn the reader that we will, most of the time, omit the implicit “u-a.e.” or
“modulo null sets” throughout the document.

A family of functions { f;},. C L* (2, F, u) where (Q, F, p) is a o-finite Lebesgue
space is said to be a spectral representation of Sa.S process {X;}, . if

Kiher ={ [ )01 <d“)}tg

holds in distribution, M being an independently scattered Sa.S-random measure
on (2, F) with intensity measure p.

We'll say that a spectral representation is proper if Supp{f:, t € T} = Q. Of
course we obtain a proper representation from a general one by removing the com-
plement of Supp {f:, t € T'}.

To express that a representation contains the strict minimum to define the pro-
cess, the notion of minimality has been introduced (Hardin [f]]):

A spectral representation is said to be {fi},cp C L (2, F, u) minimal if it is

proper and o (%1{f5¢0}, s,t € T) =F.
Hardin proved in [f] the existence of minimal representations for Sa.S processes.

In the stationary case (T' = R or Z), Rosiiiski has explained the form of the
spectral representation:

Theorem 1. (Rosifski) Let { fi},c C L (2, F, ) be a minimal representation of
a stationary SaS-process, then there exists nonsingular flow {¢¢},cp on (2, F, u)
and a cocycle {ai},op for this flow with values in {—1,1} (or in |z| = 1 in the
complex case) such that, for each t € T,

du o a
ftat{ud—u(bt} (f00¢t)-

Those definitions readily extends to general a-stable processes, replacing M by
a general independently scattered a-stable random measure (see [L3]).
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3. SOME TERMINOLOGY

A quadruplet (2, F, u, T) is called a dynamical system or shortly a system if T
is a non-singular automorphism that is a bijective bi-measurable map such that
T*uw ~ p. If To(p) = p then (Q,F,u,T) is a measure-preserving (abr. m.p.)
dynamical system.

A system (Qg, Fa, 2, T2) is said to be a non-singular (resp. measure preserving)
factor of the system (1, Fi, p1, T1) if there exists a measurable non-singular (resp.
measure-preserving) homomorphism between them, that is a measurable map ®
from ©; to Q9 such that ®T7 = To® and P*p; ~ po (resp. P*p; = po) . If O is
invertible and bi-measurable it is called a non-singular (resp. measure-preserving)
isomorphism and the system are said to be non-singular (resp. measure-preserving)
isomorphic.

3.1. Krieger types and factors of Von Neumannn algebras. Consider a non-
singular dynamical system (Q,F, u,T). A set A € F such that p(A) > 0 is said
to be periodic of period n if T°A, 0 < i < n — 1, are disjoint and T"A = A and
wandering if T*A, i € 7 are disjoint. A set is ezhaustive if UpczTFA = Q. A system
is conservative if there is no wandering set and dissipative if there is an exhaustive
wandering set.

(Q, F, 1, T) is said to be of Krieger type:

e [, if there exists an exhaustive set of period n.

e [ if it is dissipative.

e II; if there is no periodic set and exists an equivalent finite T-invariant
measure.

e II . if is conservative with an equivalent infinite T-invariant continuous
measure but no absolutely continuous finite T-invariant measure.

e III if there is no absolutely continuous T-invariant measure.

A Von Neumann algebra M (i.e. a weakly closed self-adjoint unital subalgebra of
the algebra of bounded linear operators of an Hilbert space) is said to be a factor
if M N M’ = C1 where M’ is the commutant of M. Factors are building blocks of
more general Von Neumannn algebra.

Let (2, F,u, T) be an ergodic non-singular system. Take ¥ € L (£, 1) and
consider the operators Ay and Vj, j € Z, acting on L? (Q x Z,p ® m) (m is the
counting measure on Z) defined by

(Agh) (w,i) =¥ (T'w) h (w,4), (V;h) (w,i) = h(w,i—j)

The Von Neumannn algebra generated by Ay and Vj, j € Z, is a factor if and
only if T is ergodic. The fundamental result here is that every factor can be realised
this way.

There exists an algebraic classification of factors due to Murray-Von Neumannn
and Connes using the same types as above which corresponds exactly, through the
above construction, to the Krieger type of (Q, F, u, T).

4. MAHARAM TRANSFORMATION

Definition 2. A m.p. dynamical system is said to be Maharam if it is isomorphic to
(Q X R, F® B, u®e’ds, T) where T is a non singular automorphism of (Q, F, u)

and T is defined by
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T (w,s) := <T(w),sln%(w>>.

Observe that the dissipative flow {7;}, p defined by 7 := (w,s) — (w,s —1)
commutes with 7.

Note that we have chosen the usual additive representation but we could (and
eventually will !) use the following multiplicative representation of a Maharam

system. Take 0 < o < 2, we can represent (Q X R,}'@B,u@esds,f) by the
system (Q XRL,FRBL,u® Sl%ds, Tva) where 7T, is defined by:

T (w,5) = (T @ (Lt @) ) .

The isomorphism being provided by the map (w, s) — (w, (2- 04)_ﬁ e(Q_O‘)s).

Observe that, under this isomorphism, {7}, p is changed into {Se;} " where
o Jtery
St is the multiplication by ¢ on the second coordinate.
In [m], the authors proved the following characterization, as a straightforward

application of Krengel’s representation of dissipative transformations:

Theorem 3. A system (X, A,v,v) is Maharam if and only if there exists a measur-
able flow {Zi},cp commuting with y such that (Zy), v = €'v. {Z},cp corresponds
to {T¢},cr under the isomorphism with the Maharam system under the additive
representation.

In the original theorem they assumed ergodicity of v to prove that the resulting
non-singular transformation 7' in the above representation was actually living on
a non-atomic measure space (€, F, 1). The ergodicity assumption is therefore not
necessary in the way we present this theorem.

We end this section by a very natural lemma which is part of folklore. We provide
a sketch of proof.

Lemma 4. Consider two Maharam systems (Ql xR, FI@B 1 ® Sl%ds,ﬁ)

and (QQ X R%, Fo @ B, pia ® —ri= ds, E) and denote by {St}te]Ri and {Z,g}te]Ri their
respective multiplicative flows. Assume there exists a (measure-preserving) factor
map (resp. isomorphism) ® between the two systems such that, for all t € R7,
Si® = Z;®. Then ® induces a non-singular factor map (resp. isomorphism) ¢
between (Qq, F1,u1,T1) and (o, Fo, pe,T1). If ¢ is a non-singular isomorphism
between (Qq, F1, 1, T1) and (Qa, Fa, po, Th), then it induces a m.p. isomorphism ®
between the two associated Maharam systems such that, for allt € R, 5;® = Z;®.

Proof. We solve the isomorphism case and we skip the standard measure theoretic
issues concerning null sets.

Set @ (w1,t) = (1 (w1,t), Pa (wi,t)) and @71 (wy, 1) = (D7), (w1, ), (®71), (wi,t))
The property ® o S; = Z; o ® for all ¢ € R implies:

((1)1 (wl, t) 5 (I)Q (wl, t)) =0 (wl,t) = (I)OSt (wl, 1) = Ztoq) (wl, 1) = ((I)l (wl, 1) s tq)g (wl, 1))
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Therefore ®; (and also (@‘1)1) doesn’t depend on its second coordinate. As
(wi,1) = &7'®(wy,1)
= (((I)_l)l ((I)l (wl, 1) y 1) , ((I)_l)2 ((I)l (wl, 1) , (I)Q (wl, 1)))

and

(wg,l) = (I)(I)_l (wg,l)
= (@ (7), (@21).1) @ (871), (w2, 1) (€71), (w2, 1))

we can define ¢ (wy) := ®1 (w1, 1), it is invertible and ¢~ (wp) = (®71), (wo, 1).
It is easy to check that ¢ o T7 =T5 o ¢.

Define also ¢ (w1) := Py (w2, 1) > 0, 4z := ¢ufi1.

Take f € L! (ug ® Sl%ds), thanks to Fubini theorem, we get

A0

—1 1
/Qz RY J (w2, 9) slta dspz (dw2) fo®(w,s) Wd5> 1 (dwy)

- " o w w1), S % (w1)® s w
/Q1 ( v (¢ (w1), 5% (w1)) Sirad )Hl(d 1) /Q1 ( Rif(éf’( 1),5) a4 )Hl(d 1)

[ (] fns)oni @on)) iz
R: \JQ, s

We conclude that ¢.ji1 = po where gy := 9 (w1)® p1 (dwr). As ¥ > 0, g ~ p.

Observe that ¢ = (ﬁ%) * o ®.

Let now ¢ be a non-singular isomorphism between (Qy, F1, p1, 71) and (Qg, Fa, p2, T1)

and set @ : (wq,s) — <¢ (w1),s (%) B (w1)>. It is not difficult to check that

® is the desired m.p. isomorphism. O

Remark 5. From this lemma, the Maharam systems associated to (Q, F, u1,T) and
(Q, F, u2, T) where 1 ~ po are isomorphic (take ¢ := Id).

4.1. Refinements of type III (see [[]). Observe that since the flow {S},
commutes with T , it acts non-singularly on the space (Z, v) of ergodic components of
T and is called the associated flow of T'. This flow is ergodic whenever T is ergodic.
In terms of Von Neumannn algebra, the associated flow corresponds exactly to the
flow of weights of Connes and Takesaki [E] The form of this flow allows to classify
ergodic type III systems.

e T is of type IIIy, 0 < A < 1 if the associated flow is the periodic flow

x +— ¢+ tmod (—log A).
e T is of type IIlj if the associated flow is free.
o T is of type III; if the associated flow is the trivial flow on a singleton.

In particular T is ergodic if and only if T is of type III;.

5. LEVY MEASURE AS MAHARAM SYSTEM

5.1. Lévy measure of a-stable processes. For simplicity we will only consider
discrete time stationary processes.
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Definition 6. A shift-invariant Lévy measure @) on (RZ, B®Z) is the Lévy measure
of an a-stable stationary process if and only if it satisfies

(5.1) (R:),Q=1""Q
for any positive ¢, R; being the multiplication by t, i.e.
{xn}ez = {tzn}eZ'

Theorem 7. Let (RZ,B®Z,Q, S) be the Lévy measure system of an «-stable sta-
tionary process. Then there exists a probability space (Q, F, 1), a non singular trans-
formation T, a function f € L* () such that, if M denotes the map (w,t) — tf (w)

then the map © = (w,t) — {M o i’} (w,t)} ) yields an isomorphism of the Ma-
ne
haram system (Q xR, FRB,p® Sl%ds,fa) with (R?, B®%,Q, S).

Proof. First observe that Theorem E can be applied to (RZ, B®Z Q, S) since the
measurable and (obviously) dissipative flow {Rei} satisfies the hypothesis,
o Jier
thanks to Eq () Therefore, there exists an isomorphism ¥ between the Maharam
system (Q X Ry, F @By, pn® —r=ds, Ta) and (R B®%, Q,S) for an appropriate
non-singular system (2, F,u,T). Set f := V¥ (w,1), (ie. ¥(w,1), is the O-th co-
ordinate of the sequence ¥ (w, 1)) and let us check f € L (u). Indeed, as Q is a
Lévy measure, we have:

/RZ zg A1Q (d {xn}nEZ) < 0

but since ¥ is an isomorphism and ¥ (w,t) = ¥o Sy (w,1) = R o ¥ (w,1) =
t¥ (w, 1), we have:

1
/RZ g A1Q (d{zn},ey) = /Q/]R+ U (w,t)g A 1Edtu (dw)

/Q/R (t2\11 (w, 1)3) A 1ta%dt,u (dw) </R 22 A 12;rl dz) /Q U (w, 1) g (dw)

after the change of variable z :=t |¥ (w,1),|. Therefore [, |¥ (w,1)y|" p (dw) <
00. O

In the symmetric case we can precise the theorem:

Theorem 8. Let (RZ,B®Z,Q,S) be the Lévy measure system of a symmetric a-
stable stationary process. Then there exists a probability space (Q,F,u), a non
singular transformation T, a function f € L* (1) and a measurable map ¢ : Q —
{—1,1} such that, if M denotes the map (w,t) — tf (w) then the map (w,t)

{M 0Ty (w, t)} , yields an isomorphism between (Q XRFIB,u® Hl%ds,T_a)
ne s

with (RZ,B®Z,Q, S), Ty, being defined by (w,t) — (Tw,gb(w)t (%:“ (w)) Z>

Proof. Start by applying Theorem ﬂ to the Lévy measure.
Observe that the symmetry involves the presence of a measure preserving invo-
lution I, namely I {,},c; = {—%n},cz- I also preserves the Lévy measure of the
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process. Observe also that I commutes with the shift and with the flow R;. There-
fore I := ©~1]0 is a measure preserving automorphism of (Q xR, FR®B,p® ﬁds, T)

and we can apply Lemma Eto deduce that I induces a non singular involution ¢ on
(Q,F,u, T). Tt is standard that such transformation admits an equivalent finite in-
variant measure so, up to another measure preserving isomorphism, we can assume
that ¢ preserves the probability measure p.
Using Rohklin structure theorem, the compact factor associated to the compact
group {Id, ¢} tells us that we can represent (2, F, u, T) as (X x {—1,1}, AQ P{—-1,1},v @ m, S¢)
where S is a non-singular automorphism of (X, .A,v), m is the Haar measure on
({-1,1},P{-1,1}), € a cocyle from X to {—1,1} and S¢ := (z,¢€) — (Sz,& () €).
It is now clear that (X x {11} xR, (A®@P{-1,1}) @ B,r @ m ® —=ds, EE)
is isomorphic to (X XR*, A®B,v® —==ds, R) thanks to the mapping (z, €, s) —

Isl*

(x,es) and R := (x,8) — (Sm, (45xv (Jc))é s) O

5.2. Maharam systems as Lévy measure. A famous theorem of Krengel [ﬂ]
shows that if a system (2, F, u, T') admits no finite absolutely continuous T-invariant
measure then it possesses a 2-generator, that is, there exists a measurable function
f:Q—={0,1}, p{f =1} < oo, such that o {f o T", n€Z} = F. As f € L*(p)
for every 0 < a < 2, every Maharam system based on a system without finite in-
variant absolutely continuous measure is isomorphic to the Lévy measure system of
an a-stable process for any «. This is the most interesting case as it covers exactly
the family of ergodic stable processes.

6. SPECTRAL REPRESENTATION

It is now very easy to derive spectral representation from the results of the
preceding section.

Theorem 9. If (RZ, B®Z,Q, S) is the Lévy measure system of an a-stable station-
ary process, under the notation of Theorem ﬁ, (Q, F, 1) together with the function
f € L*(n) and the non-singular automorphism T yields a spectral representation
of the process. In the SaS case, consider also the cocycle ¢ as in Theorem B

Proof. Build the Poisson measure over (Q XRL,FRB,u® ﬁds,T_a). It is now
a direct consequence of Theorem 3.12.2, page 156 in [@] O

Note that we don’t have assumed any hypothesis of minimality to get this result,
although it is a consequence of the following result together with Proposition 2.2

in [[IJ].

Theorem 10. Consider a proper spectral representation of the a-stable station-
ary process of Theorem@ given by (K,K, p), a non-singular automorphism R and
g € L*(p). There exists a non-singular factor map ® between (K,K,p, R) and
(€, F, p,T).

Proof. First build the Maharam extension (K XRL,KEQB,p® Sl%, ]:13) and let
M be the map (k,t) — tg (k). Then (k,t) — {M o R" (n,t)} is a factor map

neZ
from (K XRL,KEQB,p® ﬁ, R) to the Lévy measure system associated to the
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a-stable process. Theorem Iﬂ and Lemma@ imply the existence of the desired non
singular factor map . O

7. REFINEMENTS OF THE REPRESENTATION

Factors are building blocks of Von Neumannn algebra, ergodic stationary pro-
cesses are building blocks of stationary processes, prime numbers are the building
blocks of integers, etc. What are the building blocks of stationary infinitely divisible
processes 7 Let’s get more precise:

Given a stationary ID process X, what are the solutions to the equation (in
distribution):

X=X1+X

where X; and X5 are independent stationary ID processes. Of course, if @ is the
Lévy measure of X, then taking X; with Lévy measure ¢;@Q and X5 with Lévy
measure co@ with ¢; + co = 1 gives a solution. If these are the only solutions, we
said in [@] that X is pure, meaning that is impossible to reduce X to “simpler”
pieces. It was then very easy to show that X is pure if and only if its Lévy measure
is ergodic.

In this section, we will try to comment the above equation according to the
Krieger type of the associated non-singular transformation. We won’t deal with
type Il as it is very particular and remains unclear to us.

7.1. The type III; case, pure stable processes. It was an open question whether
there exist pure stable processes. It can now be solved thanks to the Maharam struc-
ture of the Lévy measure: an a-stable process is pure if and only if the underlying
non-singular system is of type II1;.

The existence of pure stable processes (guaranteed by the comments made in
Section ) is reassuring as it validates the specific study of stable processes. We
will see in SectionE that, “in general”, a stationary stable process is weakly mixing,
rigid and pure.

7.2. The type III) case, 0 < A < 1. In this section we derive the form of those
a-stable processes associated with an ergodic, type II1 non-singular automorphism
0< A<

7.2.1. Semi-stable stationary processes. There is a weaker form of stability called
semi-stability (see [[Lg]).

Definition 11. A shift-invariant Lévy measure @) on (RZ, B®Z) is the Lévy measure
of an a-semi-stable stationary process of span b > 0 if and only if it satisfies

(), Q=0"7Q
where Ry is the multiplication by b

{zn}eZ = {bxn}eZ .

Of course by iterating Ry, we easily observe that (Ry=), Q@ = b~ "*Q for all n € Z.
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7.2.2. Discrete Maharam extension. Assume (Q, F, pu,T) is a non-singular system

-1
such that there exists A > 0 so that dTgu E e {\", n € Z} p-almost everywhere. We

can form its discrete Maharam extension, that is, the m.p. system (Q RZ, F B, & A'dn, T)

where \"dn stands for the measure Z/\”én on (Z,B) and T is defined by
neL

dr?
T(w,n) = <Tw,n —log, (IM K (w)> .

As in the continuous case, thanks to Krengel’s representation Theorem of dissi-
pative transformation, we easily derive the following characterization result:

Theorem 12. Let (X, A,v,vy) a m.p. system. Assume there exists A > 0 and a
dissipative transformation Z such that Z~vy = ~vZ and Z.v = Mv. Then (X, A,v,7)

has the form of (is m.p. isomorphic to) a Maharam extension of a non-singular

—1
system (2, F,u,T) so that dT;# E e {\", n€Z} u-almost everywhere.

As a direct application, the Lévy measure system of an a-semi-stable stationary
process with span b can be represented as a discrete Maharam extension as above,
with A = b7

7.2.3. Ergodic decomposition of Maharam extension of type Il transformations.

Let (2, F,u,T) be an ergodic type III, system. Thanks to [E], up to a change
dT; "
ne€Z du £

{A\", n € Z}. Therefore, the discrete Maharam extension (Q ®RZL,F QB,Bu \Ndn, Tv),

where 8 := f07 A e~ *ds, exists and is ergodic (thanks to a well known criteria on
ergodicity of cocycles found in [E]) Now form the product system

dr*
of measure we can assume that 5—#” € {\", n € Z} and moreover |J

e ® ~
ds, T x1Id | .
B )

(Q®Z®[O,—lnA[,f@B@B([O,—1n)\[),ﬁ,u®)\”dn®

The dissipative non singular flow S; : (w,n, s) — (w, n—+ Lff;tAJ ,S+t+1InA {ff;t)\J)
satisfies Sy 0T x Id = T x Ido S; and (Sy), p®@ A"dn®@e~*ds = e L@ A"dn @ e~ *ds
and it is very easy to see that (Z® [0, —InA[,B® B([0,—In\[), A\"dn ® e~*ds) is
just a reparametrization of (R, B, e~*ds) thanks to the mapping (n, s) — —nln A+s.
Therefore (Q RZ@[0,—~InA,F@B®B(0,—In\]), 1 ® \dn®e*ds, T x Id)
can be seen as the Maharam extension of (Q, F, u, T') and then we obtain the ergodic
decomposition of this system: it is the discrete Maharam extension (Q R7Z, F R B, Bu @ A"dn, T)

randomized by the measure %ds on [0,—InA[.

7.2.4. Application to stable processes. Let (RZ,B®Z,Q, S) the Lévy measure sys-
tem of an a-stable process driven by an ergodic type III system (2, F, u, T') and let
f € L (i) be given as in Theorem ﬁ Let b > 1 so that b= = A, we need to obtain
a multiplicative version of the above structure adapted to our parameters. Up to

dT '

1
a ) “ € {b", n € Z} p-almost every-

a change of measure we can assume that (

where. Consider the discrete Maharam extension (Q x Gy, F @ B, i @ mp, f) (in
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a multiplicative representation) where 8 = [ 1b Sl%ds, my is the measure Z g~ %,
geGY

on Gy == {b",neZ} and T := (w,g) — <Tw,g(dT5H1“ (w))a) Form the

system (RZ,B®Z,QS,S) as a factor of (Q x Gy, F @ B, fu® mb,f) given by the

mapping ¢ = (w,g) — {MOTV" (w,g)}nEZ where M (w,g) = ¢f (w) and Q° =

P (B @ my).
Now, as above, we recover the Maharam extension of (€, F,u,T) by consid-

ering (Q x Gy x [1,b[,F @ B® B([1,b]), b1 @ my © grieds, T x Id). As the sys-
tem (G x [1,b], B® B ([1,b]) ,mp ® =ds) is isomorphic to (R7., B, rr=ds) thanks
to (g,t) — gt, we obtain (RZ, B®Z, Q, S) by (RZ x [1,b[,B5% @ B ([1,b]), Q° ® gykrards, S x Id)

and the map ({zn},cz,t) = {tzn},cz- At last, we can check that Q is a Lévy
measure, indeed we know that

/ 2y A1Q (d{zn},eq) < +o0
RZ
but
1

[t = [ ([ n? 110" @t ) e

therefore, for some 1 < s < b, [p, (sx0)2 A 1Q* (d {‘T”}nEZ) < +00 and this is
enough to prove that @° is a Lévy measure.

(RZ, B¥Z Q.S ) is the Lévy measure system of an a-semi-stable stationary pro-
cess with span b. Heuristically, if X has Lévy measure @}, X can be thought
as the continuous sum of independent processes Y?, 1 < t < b weighted by the
probability measure ﬂslﬁds where %Yt has Lévy measure QQ°. More formally, if

((Q x Gy x [1,b))", (Fo B® B([1,b])", (BM ®mp ® Mﬁds) ) (Tv X Id) ) denotes
the Poisson suspension over (Q x Gp x [1,b], F@ B® B([1,b]), Bp®@mp ® Mﬁds, T x Id),
then, if I denotes the stochastic integral as in [§], X, := I{M;} o (Tv X Id) has

Lévy measure @ and Y,, := I {M>s} o (T X Id) where M; (w,g,s) = sgf (w) and

M2 (wvgv S) = gf (w)

We therefore observe that X, is entirely determined by a pure a-semi-stable
stationary process with span b, Y,,. It is very easy to see that X,, and Y, share the
same type of mixing.

7.3. The type I and II cases. This case is easy to deal with as we can assume the
associated ergodic nonsingular system is actually measure preserving, that is, the

Lévy measure system (RZ, B®Z,Q, S) is isomorphic to (Q XRL,FRB,u® sl%ds, T)
where T preserves p and T acts as T x Id, i.e. Tv(w,t) = (Tw,t). Consider-
ing f € L (u) furnished by Theorem E, (Q xRL,FOB,p® Sl%ds,fﬂ) is iso-
morphic to (RZ X R*+,B®Z ®RB,Q°*® Sl%ds,S X Id) through the map (w,t) —
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({f oT" (W)}hez s t) and

/]RZ g A1Q (d{zn},ey) = /Q /]R+ (tf (w))* A 1%@# (dw)

- /]R+ (/R (tzo)* A 1Q° (d {xn}nez)) ta%dt < +o0

For the same reason as above @° is a Lévy measure. We draw the same con-
clusions as in the preceding section taking into account that the weight is now the
infinite measure ta%dt on R% and Q° can be any Lévy measure (of a stationary
process).

8. ERGODIC PROPERTIES

Some ergodic properties of general IDp stationary processes have been given in
terms of ergodic properties of the Lévy measure system in [E]
Let us recall the main Theorem of this paper:

Theorem 13. A stationary IDp process (RZ, B®Z P, S) with Lévy measure system
(R%,B®%,Q, S) is
e ergodic (and then weakly mizing) if and only if (R*,B¥%,Q,S) has no S-
imwvariant set of positive and finite measure
e mizing if and only if (RZ,B®Z, Q, S) is of zero type
e Bernoulli if (RZ, B¥Z.Q, S) is dissipative

For an a-stable stationary processes (RZ, B®Z.Q, S ), it is more interesting to give
them in terms of the associated system (2, F, u, T') related to a minimal spectral
representation. This work has been undergone in the symmetric case (SaS ) in a
series of papers from which we extract the following main results:

Theorem 14. (Samorodnitsky, [[[4]) A stationary Sa.S process is ergodic (and then
weakly mizing) if and only if (Q, F, u, T) admits no absolutely continuous invariant
probability measure.

and (rephrased by us in term of the unitary operator associated to T, i.e. Up :=
—1
fe dT(i"—#“foTonLQ(,u)):

Theorem 15. (Rosinski and Samorodnitsky, ) A stationary SaS process is
mixing if and only if for all f € L? (n), (URf, f>L2(H) — 0 as n tends to infinity
(equivalently if the maximal spectral type of Ur is Rajchman).

Our concern now is to obtain these criteria in the general stable case, using the
Maharam’s framework. We need first to link ergodic properties between a system
and its Maharam extension. This is the purpose of the following theorem of general
interest.

Theorem 16. The Maharam system (Q XRL,FRBL,u® Sl%ds,fa)

e has no fa -invariant set of positive and finite measure if and only if (0, F, p, T')
has no T-invariant probability measure v <

e is of zero type if and only if for all f € L* (n), (URf, f>L2(#) — 0 asn tends
to infinity (equivalently if the maximal spectral type of Ur is Rajchman)

o is dissipative if and only if (Q, F,p,T) is dissipative
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Proof. The first and third assertions are well known, let us prove the second.
Take f € L? (1) with full support on (2, F, ) and assume (U% f, f>L2(#) —0asn

tends to infinity. Consider the Maharam extension (Q XRL,FQBi,u® ﬁds, fa),

denotes by U—T~a the unitary operator associated to Ta and consider g € L? (ﬁds)
Compute

<U;~’af®g,f®g>L2(u®ﬁds) / e ((dﬂ e By ))és>f(w)g(s)u(dw) S%ds
= Jraase [ ((‘”:T“ ) ' u> g (1) —sp (d)
ol [ /S ) (7) £ @) )

= H9H2 (U, f) L2(p)

thanks to Cauchy-Schwarz inequality. This proves that <U%‘ f®g f® g>

IN

12 (4 )
tends to zero and this is enough to prove that (Q xR, FRBi,p® ﬁds, Ta)
is of zero type.

In the other direction:

We can assume that p is a probability measure. We will apply the zero type
property of T to the functions 1®g where g is a positive function in L? (ﬁds) such

that [|gl|, := (fRi g? (u) Sl%ds)p < oo and ||g], = (f]R*+ g9 (u) ﬁds)q < 00
where0<p<1and%+%:1:

U1®g9,1® > — 0,
(Up1es1eg L2 ek d)

as n tends to infinity. But

<U%‘11®g,1®g>L2(u®ﬁds) //* ((dT M( ));u>9(u) ﬁdsﬂ(dw)

1
dT; ™ »
> * d
> ol ol [ (T @) e
dT " u !
> gl lal, | | /T @

thanks to inverse Holder inequality and convexity. This implies that [, % (w)p (dw)
tends to 0 as n tends to infinity. Now take any sets A and B in F, then

[dTo" u n [dTo" u
<UT1AalB L2(p) — / du T lB dw /Q du dw

It is classical that this is enough to prove that, for all f € L2 (u), (UZf, f)
as n tends to infinity. D
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We are now in position to derive the expected ergodic criteria:

Theorem 17. A stationary stable process (RZ,B®Z,P, S) with associated system
(Q,F,u,T) is
e ergodic (and then weakly mizing) if and only if (0, F, pu, T) has no T-invariant
probability measure v < 1
e mizing if and only if for all f € L? (n), (URrF, f>L2(u) — 0 as n tends to
infinity (equivalently if the maximal spectral type of Ur is Rajchman)
e Bernoulli if (0, F,p,T) is dissipative

Proof. This follows immediately from the combination of Theorem ﬂ where we
showed that the Lévy measure of the process has the form of a Maharam system,
and Theorem B ]

In the forthcoming sections, we are interested in less known ergodic properties
(K property and rigidity) that have been neglected in the a-stable litterature.

8.1. K property.

Definition 18. A non-singular system (2, F, u, T') is a K-system if there exists a
_ —-n n d .

sub-o-algebra G C F such that T71G c G, T~"G | {Q,0}, T"G t+ F and d—Tﬁ is

G-measurable.

Theorem 19. If (O, F, 1, T) is a K-system which is not of type 11y then its Ma-

haram extension (Q XRL,FRBL,u® ﬁds, Tva) is remotely infinite.

Proof. Let G be as in Definition B Observe that, as d—dTﬁ is G-measurable, G ® B
is Ta-invariant, that is i;lg ® By C G ® B,. Indeed, take g G-measurable and f

B-measurable, we get:
d 1
) = <g (Tw),s (dTiLu (Tw)) ) .

We are going to show that P := ﬂ Ta’”g ® B4 only contains sets of zero or
neN »

infinite measure. Observe that, as S; commutes with 7, and preserves G ® B
for all ¢ > 0 then , S;* (Ta—"g ®B+) C T;"G ® B, and therefore S;'P C P
for all ¢t > 0. Now consider the measurable union, say K, of P-measurable sets of
finite and positive measure. It is a T,-invariant set and a S;-invariant set as well.
Recall that the non-singular action of the flow S; on the ergodic components of
(Q x RY, F @By, 1 ® —rds, fa) is ergodic, therefore, if K # () then K = Q x R,

mod. v ® ﬁds-
Assume K = Q x R?% , this implies that the measure p ® Sl%ds is o-finite on P

and therefore P is a factor of (Q XRU,FRBi,u® ﬁds, fa) Now consider the

Q=

96 f (o w.9) = <g 1) (Tt )

quotient space (Q X Ri) that we can endow, with a slight abuse of notation with

/P
the o-algebra P. Let p be the image measure of u ® ﬁds by the projection map

m. On ((Q X R*Jr)/P , P, p) fa and the dissipative flow S; induce a transformation
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U and a dissipative flow Z; that satisfy
ﬂ'OTa =Uonm, moS;=UomandUo Z; =Z;0U
Of course, thanks to Theorem E, ((Q X Ri)/P P, p, U) is a Maharam sys-

tem, therefore, we can represent it as (Y xRL,K®By,0® ﬁds,ia) for a
non-singular system (Y,X,o0,L). Applying Lemma , 7 induces a non-singular
factor map I" from (Q,G,u,T) to (Y,K, o, L), which means that there exists a R-
invariant o-algebra Z C G such that I'''K = Z. But we can observe, that for
all n > 0, the factor fa_ "G ® B4 corresponds to a Maharam system that corre-
sponds to the factor T7"G of (,G,u,T). Therefore, for all n > 0, Z C T "G,
ie. ZC ﬂ T-"G = {Q,0}. This means that K = {Y, 0}, or, in other words, that
neN
(Y,K,0,L) is the trivial (one point) system. (Y X R%,K® By, 0 ® —r=ds, Ea)
then possesses lots of invariant sets of positive finite measure, for example A :=
Y x [1,2]. But 771 (A) is in turn a positive and finite measure invariant set for the

system (Q XRL,FRBL,u® ﬁds, Ta) From Theorem , this is not possible
as, by assumption, (2, F, u, T) has no T-invariant probability measure v < p.
We can conclude that K = (). To prove that (Q XRL,F®BL,p® Sl%ds, Tva)

is remotely infinite, it remains to show that \/neZ i;”g ® By = F ® B4+. We only
sketch the proof which consists into verifying that the operation of taking natural
extension and Maharam extension commute:

Of course, we have \/, ., Ta’”g ® By C F® B4. It is not difficult to check

that \/,,., T3 "G ® By corresponds to a Maharam system that we can represent
by a o-algebra H C F. But we also have G C H and as T~ 'H = H, we get

V,nezG C H. By assumption, \/, ., G = F and we deduce H = F which implies

\/neZT;"g@B_,_:}—@B_,_ |:|
As before we deduce the following result for a-stable stationary processes:

Proposition 20. Let (RZ, B¥Z P, S) be a stationary stable process with associated
system (U, F,u,T). If (Q,F, 1, T) is K and not of type 111, then (RZ,B®Z,P, S)
is K.

Proof. This follows from Theorem [[ and from [[[J] where we showed that a sta-
tionary IDp process is K if its Lévy measure system is remotely infinite. (I

Recall that in the probability preserving context, K is strictly stronger than mix-
ing. In [EI], to produce examples of mixing a-stable stationary processes that were
not based on dissipative non-singular systems, the authors considered indeed null
recurrent Makov chains as base systems. These systems are well known examples of
K-systems, therefore Proposition @ shows that the associated a-stable stationary
processes are not just merely mixing but are indeed K.

8.2. Rigidity. We recall that a system (€, F, u, T) is rigid if there exists an increas-
ing sequence ng such that 7™ — Id in the group of non-singular automorphism
on (Q, F, u)(the convergence being equivalent to the weak convergence in L? ()

of the associated unitary operators Upn;, : f +— %’i foT™ to the identity)
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Observe that in the finite measure case, rigidity doesn’t imply ergodicity but
prevents mixing.

Theorem 21. The Maharam system (Q XRL,FRBi,u® ﬁds,fa) is rigid
for the sequence ny if and only (U, F, u,T) is rigid for the sequence ny.

Proof. First observe that the map T T, is a continuous group homomorphism
from the group of non-singular automorphism of (2, F, i) to the group of measure
preserving automorphism of (Q xR, FRBL,p® ﬁds) As T™ — 1Id then
Tg}k — Id therefore Tg}’“ is rigid for the sequence ny,.

Conversely, if T, is rigid for the same sequence, then, as

(U f@g.feg) < Ngll3 U £. £ pagy < lal3 1113

2218 )

N 2 2 N 2
and(UZf© g, f 9 9) o tman) = 1913 W15, we et (U1 0) 1oy = 11
thus T is rigid. O

We need the following general result:

Proposition 22. A stationary IDp stationary process (RZ, B¥Z P, S) is rigid for
the sequence ny if and only if its Lévy measure system (RZ, B¥Z. Q, S) is rigid for
the sequence ny.

Proof. Consider X := {X,,}, ., where X, := {wx},c; — @n on R? and let (a, X)
be a finite linear combination of the coordinates. expi(a, X) — E [expi(a, X)] is
a centered square integrable vector under P whose spectral measure (under P) is

o0
Aa = |E [expi (a, X)]|* Z%O’Zh where o, is the spectral measure of expi{a, X)—1
k=1
under Q (see [[3J]). Therefore 7, (nx) — 7, (0) if and only if Ay (1) — Aq (0). This
implies that expi(a, X) — E[expi{a, X)] is a rigid vector for nj under PP if and only
if expi{a, X) — 1 is a rigid vector for ny under Q). Observe now that the smallest
o-algebra generated by vectors of the kind expi(a, X) — E [expi{a, X)] under P is
B®Z and the same is true with vectors of the kind expi(a, X) — 1 under Q. As
in any dynamical system if there exists a rigid vector for the sequence ny there
exists a non trivial factor which is rigid for the sequence ny, we get the announced
result. O

Proposition 23. A stationary stable process (RZ, B¥Z P, S) with associated system
(Q,F, 1, T) is rigid for the sequence ny if and only (0, F,u,T) is rigid for the
sequence ny.

Proof. This is the combination of the last two results. O

Remark 24. Rigidity, ergodicity and type III; are proved to be generic properties
among non-singular automorphisms (see [P and [{]), therefore, loosely speaking,
“in general” a stationary stable process is weakly mixing, rigid and pure.
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9. THE CONTINUOUS CASE

Maruyama’s proof of the existence of Lévy measures for continuous processes
is not reliable. Therefore, we cannot start from a Lévy measure system as we
did in the discrete time case to deduce the equivalent statements and for example
to deduce spectral representation. However, we can observe that spectral rep-
resentations indeed gives the existence of Lévy measures ! Consider a spectral
representation {f;},.p of a stationary process {X;},.p on a space (Q,F,p). It
is not difficult to to check that the measure @ obtained as the image measure of
1t ® —rr=ds by the map (w, s) — {sf; (w)},;cr- If {6¢},cp is a non-singular measur-

able flow on (9, F, i), then {6715} is a measure-preserving measurable flow on

(X RL,F@B,pu® =d <
+ ,,U® sita S)

10. A NEW PROOF OF BANACH-LAMPERTI THEOREM FOR o < 2.

Banach-Lamperti theorem was central to Hardin’s approach of spectral repre-
sentation. This theorem gives the general form of an isometry U between L% (1)
to L™ (ug) for oo # 2. Obtaining these representations without this theorem allows
indeed to give a new proof of it if @ < 2, using stable processes. This theorem
takes a more pleasant form if we assume that the isometry is proper meaning that
Supp{Uf, f € L*(u1)} = X2 up to a null set. Of course, the general case is easily
deduced.

Theorem 25. (Banach-Lamperti) Let (X1, A1, u1) and (X2, Az, u2) be two Lebesgue
spaces and o < 2. If U is a proper linear isometry from L (u1) to L (uz2), then
there exists a non singular transformation ® from (Xa, Ag, p2) to (X1, A1, 1) such

that
dpi «
= i) .
Uf <d<1>*,u2 o ) fo

Proof. As (X1, A1, 1) is Lebesgue, there exists a L* (111 )-dense collection {14, }
of indicator functions. Consider the a-stable process { Xy}, y defined by

E [expiZaka] =exp | — Za’klAk
k=0 Le(p1)

k=0
for all n € N and (ag,...,a,) € R™. The fact that it is well defined is classical

(see [E] ).

As U is an isometry, we also get

neN

«

[e3

n n
E expiZakal =exp | — ZakUlAk
k=0 k=0 Lo (p2)
As a consequence, we know that the maps 1 : (¢, 21) — (t1a, (z1),...,t1la, (#1),...)

(resp. @2 : (t,x1) = (tULa, (21),...,tUL4, (z1),...)) sends (X1 x R, A1 @ B, 1 ® r=ds)
(resp. (X2 x R%, Ay ® B, 2 @ = ds)) to (RY, BN, Q) where Q is the Lévy mea-

sure of the process {X,},cy. But ¢p is clearly invertible modulo null sets as

UnenAyn = X7 (up to anull set). Therefore <p1_1<p2 maps (Xg X R, Ay @ B,y ® ﬁds)

onto (X1 xRy, A1 @B, 1 ® ﬁds) and intertwines the flows S? : (¢t,23)

(ts,x2) and S! : (t,21) ~ (ts,21). By Lemma [, ¢;'¢2 induces a non-singular
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map @ from (X3, As, uz) to (X1, A1, 1) and it is immediate to check it is the
desired transformation. O

Remark 26. By duality, it is easy to derive the result for o > 2 if U is invertible.
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