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NUMERICAL SIMULATION OF BSDES WITH DRIVERS OF
QUADRATIC GROWTH

By ADRIEN RicHOU

Université Rennes 1

This article deals with the numerical resolution of Markovian
backward stochastic differential equations (BSDEs) with drivers of
quadratic growth with respect to z and bounded terminal conditions.
We first show some bound estimates on the process Z and we specify
the Zhang’s path regularity theorem. Then we give a new time dis-
cretization scheme with a nonuniform time net for such BSDEs and
we obtain an explicit convergence rate for this scheme.

1. Introduction. Since the early nineties, there has been an increasing
interest for backward stochastic differential equations (BSDEs). These equa-
tions have a wide range of applications in stochastic control, in finance or
in partial differential equation theory. A particular class of BSDE has been
studied for a few years: BSDEs with drivers of quadratic growth with re-
spect to the variable z. This class arises, for example, in the context of utility
optimization problems with exponential utility functions or alternatively in
questions related to risk minimization for the entropic risk measure (see,
e.g., [13]). Many papers deal with existence and uniqueness of solution for
such BSDEs; we refer the reader to [17, 18] when the terminal condition
is bounded and [3, 4, 9] for the unbounded case. Our concern is rather re-
lated to the simulation of BSDEs and more precisely time discretization of
BSDEs coupled with a forward stochastic differential equation (SDE). Ac-
tually, the design of efficient algorithms which are able to solve BSDEs in
any reasonable dimension has been intensely studied since the first work of
Chevance [6] (see, e.g., [1, 11, 19]). But in all these works, the driver of the
BSDE is a Lipschitz function with respect to z and this assumption plays a
key role in their proofs. In a recent paper, Cheridito and Stadje [5] studied
approximation of BSDEs by backward stochastic difference equations which
are based on random walks instead of Brownian motions. They obtain a
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convergence result when the driver has a subquadratic growth with respect
to z and they give an example where this approximation does not converge
when the driver has a quadratic growth. To the best of our knowledge, the
only work where the time approximation of a BSDE with a quadratic growth
with respect to z is studied is the one of Imkeller and Reis [14]. Notice that,
when the driver has a specific form (roughly speaking, the driver is a sum
of a quadratic term z +— C|z|? and a function that has a linear growth with
respect to z), it is possible to get around the problem by using an exponen-
tial transformation method (see [15]) or by using results on fully coupled
forward-backward differential equations (see [7]).

To explain the ideas of this paper, let us introduce (X,Y, Z) the solution
to the forward—backward system

t t
Xt:x+/ b(s,Xs)ds+/ o(s)dWs,
0 0

T T
Y, = g(X7) + / (5, X0, Yo, Z0) ds — / Z,dw,,
t t

where ¢ is bounded, f is locally Lipschitz and has a quadratic growth with
respect to z. A well-known result is that when ¢ is a Lipschitz function
with Lipschitz constant K, then the process Z is bounded by C(K,+ 1)
(see Theorem 3.1). So, in this case, the driver of the BSDE is a Lipschitz
function with respect to z and we are able to use standard results about
discretization of BSDEs. Because of the above observation, this paper will
focus on the case that the terminal function g is not Lipschitz. To obtain
our main results, we will assume that ¢g is an a-Holder function but it is also
possible to adapt our methods when g is not a-Hélder; for example, Remark
4.13 deals with the case of an indicator function of a smooth domain. Let
us notice that the time approximation of BSDEs with an irregular terminal
function has already been studied by Gobet and Makhlouf [12] when the
generator is a Lipschitz function with respect to z.

In light of previous observation, a simple idea is to do an approximation
of (Y, Z) by the solution (Y™, Z") to the BSDE

T T
VY —gn(r)+ [ ps XYY 2N ds— [ zYaw,
t t
where gy is a Lipschitz approximation of g. Thanks to bounded mean os-
cillation martingale (BMO martingale in the sequel) tools, we have an error
estimate for this approximation (see, e.g., [2, 14] or Proposition 4.2). For ex-
ample, if g is a-Holder, we are able to obtain the error bound CK;]\? /(=a)
(see Proposition 4.11). Moreover, we can have an error estimate for the time
discretization of the approximated BSDE thanks to any numerical scheme

for BSDEs with Lipschitz driver. But this error estimate depends on Ky, ;
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roughly speaking, this error is Ce“®inn=1 with n the number of discretiza-
tion times. The exponential term results from the use of Gronwall’s inequal-
ity. Finally, when g is a-Holder and K, = NN, the global error bound is

1 eCN2
1) c(Na L )

So, when N increases, n~! will have to become small very quickly and the
speed of convergence turns out to be bad; if we take N = (% logn)'/? with
0 < e < 1, then the global error bound becomes C.(logn)~ /(1) The
same drawback appears in the work of Imkeller and Reis [14]. Indeed, their
idea is to do an approximation of (Y, Z) by the solution (Y, Z") to the
truncated BSDE

T T
Y = g(Xp) + / Fls, X0 YN o (Z)) ds — / ZV aw,,
t t

where hy : R4 — R4 is a smooth modification of the projection on the
open Kuclidean ball of radius N about 0. Thanks to several statements
concerning the path regularity and stochastic smoothness of the solution
processes, the authors show that for any 5 > 1, the approximation error is
lower than CgN —B. So they obtain the global error bound

1 €C’N2
2) Cs(37+ )
and, consequently, the speed of convergence also turns out to be bad; if we
take N = (g logn)/? with 0 < & < 1, then the global error bound becomes
Cp-(logn)=F/2.
Another idea is to use an estimate of Z that does not depend on K. So
we extend a result of [8] which shows

M
(T —t)1/2’

Let us notice that this type of estimation is well known in the case of drivers
with linear growth as a consequence of the Bismut—Elworthy formula (see,
e.g., [10]). But in our case, we do not need to suppose that o is invertible.
Then, thanks to this estimation, we know that when ¢t < T, f(¢,-,-,-) is a
Lipschitz function with respect to z and the Lipschitz constant depends
on t. So we are able to modify the classical uniform time net to obtain a
convergence speed for a modified time discretization scheme for our BSDE;
the idea is to put more discretization points near the final time 7" than near
0. Roughly speaking, our discretization grid is equal to

c k/n
wet(-(2)7), vzken

(3) |Zs| < My + 0<t<T.
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with € a parameter. But due to technical reasons we need to apply this
modified time discretization scheme to the approximated BSDE

T T
}/tNﬁ :gN(XT) +/ fE(S’Xs’}/sN,E’ZéN,E) ds _/ ZéV,s AW,
t t

with

fs(sa €r,Y, Z) = ]]-SST—Ef(Sv €r,y, Z) + 1'-8>T—€f(87 €r,Y, 0)
Thanks to the estimate (3), we obtain a speed convergence for the time
discretization scheme of this approximated BSDE (see Theorem 4.9). More-
over, BMO tools give us again an estimate of the approximation error
(see Proposition 4.2). Finally, if we suppose that g is a-Holder, we prove
that we can choose properly N and ¢ to obtain the global error estimate
Cn~20/(2=a)(2+K)=2420) (gee Theorem 4.14) where K > 0 depends on con-
stant My defined in equation (3) and constants related to f. Let us notice
that such a speed of convergence where constants related to f, g, b and o
appear in the power of n is unusual. Even if we have an error far better than
(1) or (2), this result is not very interesting in practice because the speed of
convergence strongly depends on K. But, when b is bounded, we prove that
we can take My as small as we want in (3). Finally, we obtain a global error
estimate lower than C,n~(®=" for all 5 > 0 (see Theorem 4.17).

To conclude, it could be interesting to do some comparisons between our
work and the article of Gobet and Makhlouf [12]. We already explain that
this paper studies the time approximation of Lipschitz BSDEs with irregular
terminal functions. These authors show that the error of approximation is
lower than Cpn~* when g is an a-Hoélder function and the discretization
grid is uniform. So, our better speed of convergence is very close to their
result. Nevertheless, they also show that it is possible to obtain the classical
speed of convergence, that is to say Cn~!, when we use the nonuniform grid
given by

k 1/p
tk::T—T<1——> , 0<k<n,
n

with 8 < a. It is interesting to notice that we both use nonuniform time dis-
cretization points but their grid is different than our grid; the accumulation
speed of discretization points near the terminal time 7' is not the same; it
is faster in our case.

The paper is organized as follows. In the introductory Section 2 we recall
some of the well-known results concerning SDEs and BSDEs. In Section
3 we establish some estimates concerning the process Z; we show a first
uniform bound for Z, then a time dependent bound and finally we specify
the classical path regularity theorem. In Section 4 we define a modified time
discretization scheme for BSDEs with a nonuniform time net and we obtain
an explicit error bound.



NUMERICAL SIMULATION OF QUADRATIC BSDES 5

2. Preliminaries.

2.1. Notation. Throughout this paper, (W;);>¢ will denote a d-dimensional
Brownian motion, defined on a probability space (2, F,P). For ¢t > 0, let F;
denote the o-algebra o(W;0 < s <t), augmented with the P-null sets of
F. The Euclidean norm on R? will be denoted by |- |. The operator norm
induced by |-| on the space of linear operator is also denoted by |-|. For
p>2, méeN, we denote further:

(1) SP(R™) or SP when no confusion is possible, the space of all adapted
processes (Y3);e(o,7] with values in R™ normed by
p11/p
1Y llsr =E[( sup vil)"] ™
te[0,7
S°(R™) or 8%, the space of bounded measurable processes;
(2) MP(R™) or MP, the space of all progressively measurable processes
(Zt)iejo,r) With values in R™ normed by

T p/291/p
||Z||Mp:E[</ \ZSPds) ] .
0

In the following we keep the same notation C' for all finite, nonnegative
constants that appear in our computations; they may depend on known
parameters deriving from assumptions and on 7" but not on any of the
approximation and discretization parameters. In the same spirit, we keep
the same notation 7 for all finite, positive constants that we can take as
small as we want independently of the approximation and discretization
parameters.

2.2. Some results on BMO martingales. In our work, the space of BMO
martingales play a key role for the a priori estimates needed in our analysis of
BSDEs. We refer the reader to [16] for the theory of BMO martingales and we
just recall the properties that we will use in the sequel. Let &; = fot ¢s dWs,
t € [0,7T], be a real square integrable martingale with respect to the Brownian
filtration. Then ® is a BMO martingale if

T 1/2
|®]lsmo = sup E[(@)r — (@), F ]2 = sup E[/ ¢§ds\ﬂ] < o0,
r€[0,T] 7€[0,T T

where the supremum is taken over all stopping times in [0,7; (®) denotes
the quadratic variation of ®. In our case, the very important feature of BMO
martingales is the following lemma.

LEMMA 2.1. Let ® be a BMO martingale. Then we have:
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(1) The stochastic exponential

t 1 t
5(‘13)t=5t=eXP</ ¢deS—§/ ‘¢s‘2d8>, 0<t<T,
0 0

is a uniformly integrable martingale.

(2) Thanks to the reverse Hdélder inequality, there exists p > 1 such that
Er € LP. The maximal p with this property can be expressed in terms of the
BMO norm of ®.

(3) YneN*, E[(fy |¢s|?ds)"] < nl]|®]|Z0-

2.3. The backward—forward system. Given functions b, o, g and f, for
r € RY we will deal with the solution (X, Y, Z) to the following system of (de-
coupled) backward—forward stochastic differential equations: for ¢ € [0, 7],

t t
(4) Xt:x+/0 b(s,Xs)ds+/0 o(s)dWs,

T T
(5) Y, = g(Xr) + / F(s, Xo, Yy, Z) ds — / Z,dw,.
t t

For the functions that appear in the above system of equations we give some
general assumptions.

(HX0). b:]0,7] x R? — R%, o:[0,T] — R are measurable functions.
There exist four positive constants My, K, M, and K, such that V¢, ¢ €
[0,T], Vz,2’' € RY,

Ib(t, 2)] < My(1+ |a]),
b(t, @) — b(t',a)| < Ky(|z — a'| + |t — ¢]/2),
o (t)] < M,
o(t) — o (t)] < Kot — ¢

(HY0). f:[0,7] x R x R x R™*? 5 R, g:R? — R are measurable func-
tions. There exist five positive constants My, Ky ., K¢, Kf. and M, such
that Vt € [0,7)], Vo,2’ € RY, Yy, € R, ¥z, 2’ € RIX4,

£ (82, 2)| < Mp(1+[y] + 2%,
|fta,y,2) — f(t,2,y, )| < Kpolo — 2’| + Ky ly — |
+ (Kpz+ Ly (|2 + )]z = 2],
lg(z)| < M.

We next recall some results on BSDEs with quadratic growth. For their
original version and their proof we refer to [2, 17] and [14].
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THEOREM 2.2.  Under (HXO0), (HYO0), the system (4)-(5) has a unique
solution (X,Y,Z) € 8? x 8 x M2. The martingale Z * W belongs to the
space of BMO martingales and ||Z « W{|gmo only depends on T, My and
M. Moreover, there exists > 1 such that E(Z W)€ L".

3. Some useful estimates of Z.
3.1. A first bound for Z.

THEOREM 3.1.  Suppose that (HX0), (HYO) hold and that g is Lipschitz
with Lipschitz constant K,. Then, there exists a version of Z such that,
vt e[0,T],

|Z4] < A DT N (K, + TK ).

ProoOF. First, we suppose that b, g and f are differentiable with re-
spect to z, y and z. Then (X,Y,7) is differentiable with respect to x and
(VX,VY,VZ) is the solution of

t
6) VX,=1, —|—/ Vb(s, Xs)VXsds,
0
T
VY, = Vg(Xr)V X7 — / Y Z, dW,
t
T
(7) +/ Vaf(s,X6,Ys, Zs)VXs +V, (5, X5, Ys, Z) VY ds
t

T
+/ vzf(87X57}/;7Zs)Vst5u
t

where VXt = (8X§/8mj)1§i,j§d, VYt = t(a}/}/al‘j)lgjgd S Rle, VZt = (8Ztl/
0x9) 1< j<q and ftT VZ,dW, means

T . .
> [ vzyaw:
1<i<d’t

with (VZ)" denoting the ith line of the d x d matrix process VZ. Thanks
to usual transformations on the BSDE we obtain

t
efO Vyf(57X57Y57Zs) dSv}/t

- ef(;r Vyf(s,Xs,Ys,Zs) dng(XT)VXT

T
_ / eJs Vot wXu Y2 dug 7 gy,
t

T
+/ elo Vol wXuYuZo)dug  f(s X, Yy, Z,)V X, ds
t
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with dW, = dW, — V. f(s, X, Yy, Z) ds. We have
2

/ V. f (s, X, Y, Z,) dWV,
0

BMO

T
= sup E[/ \sz(s,Xs,Ys,Zs)\st\]:T]
T€[0,T T

T
§c<1+ sup E[/ \ZSPdst
7€[0,T] T

=C(1+Z*Wlguo)-

Since Z * W belongs to the space of BMO martingales,

< +00.
BMO

/ V. f (5. X, Yy Z,) AW,
0

Lemma 2.1 gives us that E( [, V.f(s, X, Ys, Z;) dWs); is a uniformly inte-
grable martingale so we are able to apply Girsanov’s theorem: there exists
a probability Q under which (W);g(o,7 is a Brownian motion. Then,

t
efO Vyf(57X57Y57Zs) dSv}/t

—EQ [efoT Vi f(8,Xs,Ys,2Z5) dng(XT)VXT

T
+ / elo Vol XuYuZu)dusg £ XY, Z)V X, ds|Fy
t

and
(8) VY| < Bt Er)T (K + TK;,),

because |V X;| < ef*T. Moreover, thanks to the Malliavin calculus, it is clas-
sical to show that a version of (Z;),ep0,7] is given by (VY (VXy) "o (t))epo,r)-
So we obtain

| Z4] < BT M, | VY| < PRt Er) TN (K + TK;,)  as.,

because |[VX; 1| < efT,

When b, g and f are not differentiable, we can also prove the result by a
standard approximation and stability results for BSDEs with linear growth.
O

REMARK 3.2. Thanks to Theorem 3.1, the generator f becomes a Lip-
schitz function with respect to z, so we are able to use standard results
about time discretization of BSDEs. In this case, we obtain that the error
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of approximation is lower than Cn~! with n the number of discretization
times (see, e.g., [1, 11]). Let us notice that, in all studies about discretization
of BSDEs, we do not care about the constant in the error bound; we only
consider the asymptotic speed of convergence. But, with a practical point of
view, the constant could play an important role, particularly for small n. In
our case, the generator f may be viewed as Lipschitz in z with a Lipschitz
constant Ce2EvtKr0)T So if we apply the standard result, the generic con-

) ) ) 22K+ K )T :
stant in the rate of convergence will be in the order of Ce . This
is, of course, not desirable because it blows up when Kj, Ky, or T increase.
We think that it could be interesting to see if we are able to observe such a
phenomena with numerical simulation.

3.2. A time dependent estimate of Z. We will introduce two alternative
assumptions.

(HX1). b is differentiable with respect to z and o is differentiable with
respect to t. There exists A € Rt such that Vi € R?

(9) ‘o (s)['o(s)'Vb(s,x) — o’ (s)lnl < X'no(s)|*.
(HX1’). o is invertible and V¢ € [0,T], |o(t) 1| < M 1.

Ezample. Assumption (HX1) is verified when, Vs € [0,T], Vb(s,-) com-
mutes with o(s) and 3A:[0,T] — R4 bounded such that o’(t) = o(t) A(t).

THEOREM 3.3. Suppose that (HX0), (HYO0) hold and that (HX1) or
(HX1") holds. Moreover, suppose that g is lower (or upper) semi-continuous.
Then there exists a version of Z and there exist two constants C,C’ € RT
that depend only in T', My, My, Ky¢., K¢y, Ky, and Ly, such that, Vt €
0,77,

|Z,| <C+C'(T —t)"1/2,
PrROOF. In a first time, we will suppose that (HX1) holds and that f,
g are differentiable with respect to z, y and z. Then (Y, Z) is differentiable
with respect to z and (VY,VZ) is the solution of the BSDE

T
VY; = Vg(X7)V X7 — / V7, dW,
t
T
+ / Vo f (8, X0, Yo, Z0)V X 4V f (5, Xo, Yo Z4)VYs ds
t

T
+ / V.f(s,Xs,Ys, Zs)VZsds.
t
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Thanks to usual transformations we obtain
efot Vyf(s,Xs,Ys,Z5) dsv}/t

t
+ / eho Vul (W Xu Yo Zu)dug p(5 XY, Z)V X, ds
0

_ ef(;r Vyf(s’Xs’Ys’Zs)dsvg(XT)VXT

T
+ / oJs Vol XuYaZiduyy £ (s X, Y., 7,V X, ds
0

T
_ / efos Vyf(u,Xu,Yu,Zu)duVZS dWS
t

with dW, = dW, — V.f(s,Xs,Ys, Zs)ds. We can rewrite it as
T

(10) F,=Fr— / elo Vol wXuYuZu)dug 7 gy,
t

with
Fy o= edo Vol (5:X6Ye Z0) dsyyy,

t
+/ elo Vol XuYuZu)dug f(s XY, Z)V X, ds.
0

Z * W belongs to the space of BMO martingales so we are able to apply
Girsanov’s theorem: there exists a probability Q under which (W)¢(o 1) is
a Brownian motion. Thanks to the Malliavin calculus, it is possible to show
that (VY;(VXy) o (t))teor) is a version of Z. Now we define

t
g 1= / gfo vyf(u’XMYu’Zu)duvxf(&Xs: Ys, ZS)VXS ds (VXt)_IU(t)a
0

Zy = Fy(VX,) lo(t) = elo Vol 6:XaYaZods 7 4 as
Ft = ektFt(VXt)_l.

Since dV X, = Vb(t, X;)V X, dt, then d(VX;) ™t = —(VX,)"1Vb(t, X;) dt and
thanks to [t6’s formula,

dZ; = dF,(VX;) Lo (t) — Fi(VX,) " Vb(t, X;)o(t) dt + F,(VXy) Lo’ (t) dt
and
d(eMZ;) = F;(\d — Vb(t, X;))o(t) dt + Fyo' (t) dt 4+ M dF (VX)) "o (t).
Finally,
dleM Zi? = 2[\|Fio(t)]? — Fyo(t)['o(t)'Vb(t, X;) — to’ ()] Fy] dt
+d(M); + dM;
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with M, := fg M dFy(VXs) lo(s) and My a Q-martingale. Thanks to the
assumption (HX1) we are able to conclude that |e Z;|? is a Q-submartingale.

Hence,
T ~
EQ [/ e8| Z, 2 ds\ft]
t

> M Z, (T 1)
> Mo Val 6 Xo Yo Zo)ds 7 4o AT — 1) as,
which implies
\Zt|2(T )= o2 =2 I Vyf(s,Xs,Ys,Z5) ds 2t
x |efo Vol (e XeYaZi)ds 7, 4 o 0| 2(T — 1)

S C(eQAt|efot Vyf(57X57Y57Zs)dsZt + at‘2 —+ 1)(T — t)

T
<C<E@[/ eQAs\ZS\st\]:t]—i—(T—t)) a.s.
t

with C' a constant that only depends on T', Ky, M,, Ky,, Ky, and A.
Moreover, we have, a.s.,

T T
E? [/ e”stsPds\ft] < CE® [/ |Z? + \as\QdSIft]
t t

< C(IZ|lgmo) + (T —1)-

But [|Z|gmo(q) does not depend on K, because (Y, Z) is a solution of the
following quadratic BSDE:

T
Y, = g(X7) + / (F(5, X, Yor Zs) — 2o o f (5, X, Vo, Z24)) ds
t

T ~
—/ ZsdWs.
t

Finally, | Z;| < C(1 + (T —t)~/?) ass.

When o is invertible, the inequality (9) is verified with A := M1 (M, K+
K,). Since this A does not depend on Vb and o', we can prove the result
when b(t,-) and o are not differentiable by a standard approximation and
stability results for BSDEs with linear growth. So, we are allowed to replace
assumption (HX1) by (HX1').

When f is not differentiable and ¢ is only Lipschitz, we can prove the
result by a standard approximation and stability results for linear BSDEs.
But we notice that our estimation on Z does not depend on K. This allows

(11)
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us to weaken the hypothesis on g further; when ¢ is only lower or upper
semi-continuous the result stays true. The proof is the same as the proof of
Proposition 4.3 in [8]. O

REMARK 3.4. The previous proof gives us a more precise estimation for
a version of Z when f is differentiable with respect to z:Vt € [0, 7],

T 1/2
|Z;| < C + C'ER [/ \ZSPds\ft] (T — 1)~ 12
t

REMARK 3.5. When assumption (HX1) or (HX1) is not verified, the
process Z may blow up before T'. Zhang gives an example of such a phe-
nomenon in dimension 1; we refer the reader to Example 1 in [20].

3.3. Zhang’s path regularity theorem. Let 0 =tg<t;<---<t, =T be
any given partition of [0,7] and denote ¢,, the mesh size of this partition.
We define a set of random variables

B 1 tit1
Zy E[/ sts\]:ti] Vie{0,...,n—1}.
t;

=

tiv1 —1t;
Then we are able to give a more detailed version at Theorem 3.4.3 in [21].

THEOREM 3.6. Suppose that (HX0), (HYO) hold and g is a Lipschitz
function with Lipschitz constant K,. Then we have

n—1 Lit1 _
ZE[/ | Z; — Zti|2dt] <C(1+K2)on,
=0 ti

where C'is a positive constant independent of 6, and K.

Proor. We will follow the proof of Theorem 5.6 in [14]; we just need
to specify how the estimate depends on K. First, it is not difficult to show
that Z;, is the best F;,-measurable approximation of Z in M2 ([t;, t;41]),

that is,
tiy1 B tit1
E[/ \Zt—Zti|2dt] = inf EU |Zt—ZZ»\2dt}
t; ZieLQ(Q’]:ii) t;

In particular,

tir1 B tit1
E[/ |Zt—Zti\2dt]<E[/ \Zt—Zti|2dt].
ti ti

In the same spirit as previous proofs, we suppose in a first time that b, ¢
and f are differentiable with respect to x, y and z. So,

Zi— Zy, = VY (VX)) to(t) = VY (VX)) lot) =L + L +13  as.,
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with I} = VY, (VX;)~ ( (t) = o(t)), I = VYi((VXe)™! = (VX)) o(t:)
and I3 = V(Y; — Y;,)(VXy,)"to(t;). First, thanks to the estimation (8) we
have

|L[? < |VY PR T K2t — 4] < C(1+ K7)6n.

We obtain the same estimation for |I5| because

t
(VX)) = (VX)) < /(VXS)_1Vb(s,XS)ds < KpeBoT )t —ty).

t
Last, |I3] < M,efT|VY; — VY, |. So,

n—1 it
ZE[/ \I3|2dt] <Cé, ZE[GSS sup |VY; — VY| }
i=0

tG[tl tl+1i

By using the BSDE (7), (HYO0), the estimate on VX, and the estimate (8),
we have

t 2
VY, VY[ < o( [carr)+ \vzﬂs,xs,ys,Zs>|\vzs\>ds)
t;

t 2

+C < VZs dWs> .
t;

The inequalities of Hélder and Burkholder-Davis—Gundy give us

ZE[QSS sup |VY; — VY}W

te[tzyt%kli

n—1

tit1
SC(l—i—Kg)—i—C E E(/ |sz(5aXSaYSaZs)HVZs|dS>
i=0 ti

tz 1
+CIE</ \VZ, |2ds>
t;

<C(1+K)})

2

T 2 T
+ CE (/ |sz(5,XS,Ys,ZS)HVZs|d5> +/ \VZS\st}
0 0

<C(+K})

+CIE-</OT(1+ \ZS\Q)ds) </OT|VZS\2ds> +/OT|VZS|2ds]

<C(1+K)})

el ([ e P )|
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forall p>1 and ¢ > 1 such that 1/p+1/¢ = 1. But, (VY,VZ) is the solution
of BSDE (7) so, from Corollary 9 in [2], there exists g that only depends on
I|Z « W||Bmo such that

E K/OT \vzs\stﬂ v <C(1+K7).

Moreover, we can apply Lemma 2.1 to obtain the estimate

T p11/p
E[(/ wuaw>} < O 2130 < C.
0

Finally,
n—1 tiv1
SR U T2 dt} <C(+ K2)s,
i=0 ti

and

n-1 tit1 _ n—l tit1

ZEU |Zt—Zti\2dt} gZE[/ (11| + | L2 + | I3)%) dt

i= i=0 ti

<C(1+ K)o O

4. Convergence of a modified time discretization scheme for the BSDE.

4.1. An approximation of the quadratic BSDE. In a first time we will
approximate our quadratic BSDE (5) by another one. We set ¢ € ]0,7'] and

N e N. Let (YtN’i ZtN’a) be the solution of the BSDE
T T

(12) YtN’EZQN(XT)Jr/ fE(S,Xs,YSN’E,Zév’E)ds—/ ZN=aw,
t t

with

fe(saxayv Z) = ]lng—ef(S»fU,y» Z) + ]].5>T_5f(8,l‘,y,0)

and gy a Lipschitz approximation of g with Lipschitz constant N. f€ verifies
assumption (HYO0) with the same constants as f. Since gy is a Lipschitz
function, Z™V* has a bounded version and the BSDE (12) is a BSDE with a
linear growth. Moreover, we can apply Theorem 3.3 to obtain the following
proposition.

PROPOSITION 4.1. Let us assume that (HXO0), (HY0) and (HX1) or
(HX1") hold. There exists a version of Z™¢ and there exist three constants
M,1,M, 2, M,3€R" that do not depend on N and € such that, Vs € [0,T],

M.
,21/2) A (Mas(N + 1)),

ZNE < (Mo +
70 (M g
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Thanks to BMO tools we have a stability result for quadratic BSDEs (see
[2] and [14]).

PROPOSITION 4.2. Let us assume that (HX0) and (HYO) hold. There
exists a constant C' that does not depend on N and e such that

T
E[ sup |Y;"° —m?] +EU 12, — Zt\th] < C(e1(N) + ea(N,e))
t€[0,7 0

with

e1(N) :=E[lgn (Xr) — g(X1)[*]"/1,
1/q

T 2q
ea(N,e) := EK/T \F(t X, YV, 205 — £t X0, Y,V 5, 0) dt> }
—€

and q defined in Theorem 2.2.

REMARK 4.3. The authors of [14] obtain this result with ¢? instead of q.
Nevertheless, we are able to obtain the good result by applying the estimates
of [2].

Then, in a second time, we will approximate our modified backward—
forward system by a discrete-time one. We will slightly modify the classical
discretization by using a nonequidistant net with 2n + 1 discretization times.
We define the n + 1 first discretization times on [0,7 — €] by

c k/n
th=T(1-(=
=r(-(z) )
and we use an equidistant net on [T'—¢,T'| for the last n discretization times

2n —k
tk:T—<n )6, n<k<2n.
n

We denote the time step by (hy 1= tg41—tk)o<k<2n—1. We consider (X7} Jo<r<an
the classical Euler scheme for X given by
Xy =z,
(13)
XZZ_H = Xg; + hkb(tk, Xg;) + U(tk)(Wtk+1 - Wtk)

for 0 < k < 2n — 1. We denote p,: R4 — R4 the projection on the ball

Mz,2
B<0,Mz,1 + (T _ 8)1/2>
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with M, 1 and M, 5 given by Proposition 4.1. Finally, we denote (YV:&n, ZzN.en)
our time approximation of (Y5, ZN:¢). This couple is obtained by a slight
modification of the classical dynamic programming equation

YN,&n _ gN(Xth),

ton
N.e, 1 Ne,
(14) Zi oS Pl (h_kEtk [Ytk; n(WtkH Wyl
(15) }/tivyfyn = Etk [}/ti\livn] + thtk I:fE(tk7 XZ’;; , }/tivislyn’ ZtJZ,E,n)L

where 0 <k <2n —1 and E;, stand for the conditional expectation given
Fi, - Let us notice that the classical dynamic programming equation does not
use a projection in (14); it is the only difference with our time approximation
(see, e.g., [11] for the classical case). This projection comes directly from the
estimate of Z in Proposition 4.1. The aim of our work is to study the error
of discretization

2n—1 tho1
e(N,e,n):= sup E[|Ytiv’5’n -Y, A+ Z E [/ \Zt]Z’E’n — 7y dt} .
0<k<2n =L,

It is easy to see that
e(N,e,n) <C(e1(N)+ez(N,e) +e3(N,e,n))
with e;(N) and ex(V,e) defined in Proposition 4.2 and

2n—1 i1
e3(N,e,n):= sup E[D’tiv’an — Yti\fem + Z E[/ \Z;Z’a’n —zlNe)? dt] .
0<k<2n P ,

4.2. Study of the time approximation error e3(N,e,n). We need an extra
assumption.

(HY1). There exists a positive constant Ky, such that Vt,t¢' € [0,T],
Vr eRY, Vy € R, Vz € R1X4,

fta,y,2) — F(t 2y, 2)| < K|t — ]2

Moreover, we set ¢ =Tn~% and N = n®, with a,b € R™* two parameters.

Before giving our error estimates, we recall two technical lemmas that we
will prove in Appendices A and B.

LEMMA 4.4. For all constant M > 0 there exists a constant C' that de-
pends only on T, M and a, such that
2n—1
[[a+Mr)<C  vneN
=0
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LEMMA 4.5.  For all constants My > 0 and My > 0 there exists a constant
C' that depends only on T, My, My and a, such that

n—1 h
H (1 + Mih; + M271> < On*Mz,
Pl T —ti11

First, we give a convergence result for the Euler scheme.

PROPOSITION 4.6. Assume (HXO0) holds. Then there exists a constant
C' that does not depend on n, such that

Inn
sup E[|X;, — X]'[?) <C—.
0<k<2n n

PrROOF. We just have to copy the classical proof to obtain, thanks to
Lemma 4.4,
sup E[|X;, — X['[*]<C sup h;=Chy.
0<k<2n 0<i<2n—1

But
Inn

ho=T(1—n"%")<C—,
n

because (1 — n*a/”) ~ aTlnT" when n — 400, so the proof is complete. [J

Now, let us treat the BSDE approximation. In a first time we will study
the time approximation error on [1' — ¢, 7.

PROPOSITION 4.7.  Assume that (HX0), (HYO0) and (HY1) hold. Then
there exists a constant C that does not depend on n and such that

2n—1
E YN,a,n YN,E 2 < E bet1 ZN,E,n ZN,a 2d <
sSup Htk - |]+Z \ |t,c —Z, "Pdt| <
k

127
n<k<2n k—n

Clnn
nl-20

PrOOF. The BSDE (12) has a linear growth with respect to z on [T' —
e, T] so we are allowed to apply classical results which give us that

2n—1

tet+1
sp BV VPl SB[z - 2 pal
n<k<2n k—n tr

< ¢ (Ellaw(Cer) - v (XD + £

by using the fact that gy is N-Lipschitz and by applying Proposition 4.6.
O
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REMARK 4.8.

(1) When a > 1 —2b, then e =Tn~* = 0o(n**"!Inn). We do not need to
have a discretization grid on [T"—¢,T]; n + 2 points of discretization are
sufficient on [0, 7.

(2) When a <1 — 2b, then it is possible to take only [n¢]| discretization
points on [T'—¢,T] with a4 ¢ =1—2b. In this case the error bound becomes

2n—1

tht1
sup BV YR+ SB| [z - g
n<k<2n = LUy

Inn 1
< C<n1—2b + na-l—c)
and the Proposition 4.7 stays true.

Now, let us see what happens on [0,7 — ¢].

THEOREM 4.9.  Assume that (HXO0), (HY0), (HY1) and (HX1) or (HX1")
hold. Then for all n >0, there exists a constant C that does not depend on
N, € and n, such that

2n—1
sup EHYN’E’n—YN’EP]_i_ n E|:/tk+1 ‘ZN’&n—ZN’EPdt < C
0<k<2n i b Zk;o n te t = 1-2bKa

with K = 4(1+n)L3 ,MZ,.

ProOF. First, we will study the error on Y. From (12) and (15) we get

N,e N,e,n
Ytk o Y;fk

_ Etk [YN,E o YN,s,n]

tkt+1 tkt+1

et N,e Nge n yNen Nen
+Etk (f(‘g?XS?}/S ’ 7ZS ' )_f(tkath>}/;fk+1 7Ztk ))ds
ty
We introduce a parameter v > 0 that will be chosen later. Thanks to Propo-
sition 4.1 and assumption (HYO0), f is Lipschitz on [tg,t;41] with a Lipschitz

constant Ky := K + ﬁ where K? = 2Ly .M. 2. A combination of

Young’s inequality (a + b)% < (1 + yghg)a? + (1 + %—]Lhk)b2 and properties of
f gives

N7 N7 b
EJY, " =Y, "

< (1 + il E|Ey, [V — v, om) 2

tet+1 tet+1
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1 tk‘H gn
(16) + (1 +n)PK? (hk+%>E/ ZNe — 205" ds

173

1 2 Bt 2
+C<hk+—> <hk+/ E| X, — X]| ds>

Yk tr

1 tet+1 n
+C<hk+—) </ B[y —yo |2ds)

Vk tr

~N.,en NE n
ZN’ = Etk[ (Wtk+1 - Wtk)]

173 i lkt1

We define

So, thk\f,e,n = ptM(ZtJZ’E’”). Moreover, Proposition 4.1 implies that zNe =

ptkH(ZéV’E) and, since py, ., is 1-Lipschitz, we have

(17) |Zévv€ _ ZN7E,TL|2 — ‘ptk+1 (ZNE) ptk+1(ZNE n)‘2 < ‘ZNa Zt]Z’&n‘Q'

ty

As in Theorem 3.6, we define Ztk’e by

B tet+1
thtJZ’E::IEtk/ ZNeds

ty
trt1
NE
—Etk << bttt +A f(S,XS,}/;N’E,ZS]V’a) d5> t(Wthrl — Wtk))
k

Clearly,

tet1 B
E/ 1z — Z)om 2 ds
(18) "
tkt+1
:E/ |ZN< — Z)V7| 2 ds + hyE| 27 — 2o

173

The Cauchy—Schwarz inequality yields
|Etk (( NE - YN’am)t(Wtk-‘-l - Wtk))|2

tet+1 tet+1

Nv’ N?7
< h{Be, (1Y = Yo" ) — B (Vi — Yo s™I%)

k1 trt1 tet1
and consequently
7N7 ~N7 ’ 2
h‘kE|Ztk S - Ztk : n‘
(19) <O+ PEE, (Y =Y ") = 1B (Vi = Y]

k+1 tet+1 tet+1 tet+1

tet+1
+ ChiE / f(s, X5, Y5, ZN9) 2 ds.

ty
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Plugging (18) and (19) into (16), we get

E|Y;N’€ _ Y;N,e,n|2
k k

< (1 + hi ) BBy, [Y,F — v,V em))2

tkt+1 tet+1

2 1 s N.e ~N,e |2
+ ()RR (e E/ 12N — ZN42 ds
k

tg
1 thet1
+C<hk+—> <h%—|—/ E‘XS—X&PCZS
Tk Ly
trt1
N N? k)
+/t E|Y, ’5—Ytk+51"\2ds>
k

1 £ g,n
(L4 n)BE (hk n %>E[Etk<mN* _ypNenpy

k+1 tkt+1

— By (Y = Y™

lkt1 lkt1
1 tht1
+CK? <hk+—>th/ |f (s, X5, YV5, ZN€) 2 ds.

Yk tr

Now write
N7 N’ ’ 2 N7 N’ 2 N7 N7 ) 2

(20)  EY,W =Y O <2E[YSC Y, T+ 2EY, S Y
(21) E|IX, — X['|* < 2E|X, — X,,|” + 2E|X,, — X[ |?

and we obtain

N7 N77 2
B[V, =Y, "

< (1 + ) B[Ry, [V 5 — Yo 2

lkt1 lkt1

2 1 s Ne  7Ngp2
R (B [ 128 - 2P as
k b

1 tet1
+C<hk+’y_) <hz+/ E| X, — Xy, [*ds + hiE| Xy, —ng)
k

ty

tet+1 tet+1 lkt1

1 trt1
+C <hk + —> </ E[YNe —vNe P ds + B[V — va@”|2>
Tk ty

1 £ E,nNn
(14 )R (hk n %)E[Etkuﬂ’ _ypenp)

lkt1 lkt1

= By (Y = Yo s ™)

tet+1 tet+1

1 tet+1
+CK}, (hk + %)hkﬂz / f(s, X5, Y2, Z05) 2 ds.

173
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Taking v = (1 +7)?3K? and for hj, small enough, it gives
E|YtN £ YN ein)2
< (1+ Chy+ (L+ )P K2R )E|Y,Y = V=" 2 4 Ch}
+ Chy, Jmax E\th _XQJZ

tein Ne _ ZNep Kk 2
+CE/ iz _zNepasto [ EIX, - X, [P ds
tr tg
tk+1 tk+1
+C E|YyNe — tk+1|2ds—|—0th/ f(s, X5, YV2, ZNe)2 g,
tx ty

because KZhy < C(hg + hy(T — tgy1)"t) < CT” The Gronwall’s lemma
gives us

DD Ay

n—1[j—1
gc H(1+chi+(1+n)2/3K§hi)]
[h + h; Jnax E|th Xg|2
Jj+ _
+E/t (\Zév’E—fo’E\QJrle—th\2+|32N’5—iﬁﬁf\2)d5
)
tj+1
+hjE/ 1f(s, X, Y2, ZN4) 2 ds
tj
n—1
+ | [T+ Chi+ (L +0)3K2h:) | By, — v, o2,
=0

Then, we apply Lemma 4.5.
E[Y, " =Y,
< O+ (E?)?a

ho + max E|X,, — X['?
0<i<n
J+1
+ZE</ 207 = 2P 1K= X P Y - Y5 )

tn
*’“’E/o \f(s,XsA@N’iZéVﬂPds+E|Yti?5—th’s’”\Q]'
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A classical estimation gives us E[| X, — Xy, [*] <|s — ¢;]. Moreover, since
ZN¢ is bounded,

tn
B [ 156X YN 2N ds
0
tn
<CT(1+|YN4|) +CE U |Zév’5|4ds]
0

T
<CT(1+ |YVe| ) + Cn™E [/ |ZNe? ds} .
0

But we have an a priori estimate for E[ fOT |ZN#|2 ds] that does not depend
on N and €. So

tn
(22) IE/O £ (s, X5, YNE ZNE) 2 ds < On?.
With the same type of argument we also have
N’
(23) E[Y)Ne — Y, %12 < Chjn®.

ti+
If we add Zhang’s path regularity Theorem 3.6, Propositions 4.6 and 4.7,
we finally obtain

2b
Ne y Ngmn|2 (14n)(K?)2a M Inn B Inn
(24) E[Y;, Y, T = ont ' n Cn172b7(1+77)(K2)2a'

Now, let us deal with the error on Z. First of all, (17) gives us
n—1 tri1 n—1 thpr
ZE{/ \ZtJZ,s,n _ ZtN’E\th] < ZE[/ |thkv,s,n _ ZtN’EIth '
k=0 tk Py t

For 0 <k <n—1, we can use (18) and (19) to obtain

ter1
E[/ \ZfZ’s’"—ZfV’E\th}

ty

thr1
§E|:\/t |ZtJZ7€_Zt]V,E|2dt:|
k

N,e N,e,n N,e N,e,n
+ (L) PER (1Y, = Yoo i"1P) = [Be (V5 = Vi 5™

k+1 tet+1 tr41 tht1
tet+1
+0hkﬂz[/ If(s,Xs,YsN’E,ZéV’E)\QdS]-
173
Inequality (22) and estimates for Z give us

n—1

lkt1
ZE[/t |z e — Z{V’E\th}
k

k=0
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— s —N,e N, 2
SZE / |2y, " — Z, 7| dt
k=0 bk

n—1
+ (14 BB IV — V0" 2) — By, (V20T — V0™

k1 trt1 tht1 tet1
k=0

T
(25) +0hoE[/ |f(s,Xs,Y;N’5,Z£V’€>\2ds}
0

“ bet1 ~N,e N, 2
<ZE[/ Zy," =2, dt]

k=0 /tk
n—1
N, N, N, N,
+ (1402 B[Ry, (Y = Yoy o ) — By (VS = Y TP
k=0

+ CE[[Y,* = Y] 4+ Chon®
with an index change in the penultimate line. Then, by using (16) we get

N,e N,e,n N,e N,e,n
(1+m)*PE[Es, (1Y, = Yo ="1%) = B (Vi = Yirry " I’]

ty lg+1 lit1
N N
o) CohiBIE, [V =Y, 3P
2%

2 1 Ko N. N,e,n 2
+ (1 kG (ot — E/ ZNe — ZVem 2 g
k tk

1
+ C<hk + 7) hi(he+ sup E[X,— X724V - v o).
k s€|

lkt1
testiq]

Thanks to (20), (21), (23) and a classical estimation on E[| X — X3, |?] we
have

sup  E[ X, - X} 24|y Ne - YN’E’"P]

tet1
SE[tk,tk+1]

< C(hen™ + B[V, — Y05 ).

k1 [
Let us set v; = 3(1 +n)K?. We recall that hyK? < % — 0 when n — 0.
So, for n big enough, (26) becomes

(1 +m)?PEEe ([Y, = Y2) — |y, (V0 — Y™ )

trt1 trt1

Cl 1 tk+1
< nnEHYtN’E . YN,E,n|2] + §E/ ‘Zé\f,s B ZN,s,n|2dS

— k+1 lkt1 173
n te

+ Chohyn®.
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If we inject this last estimate in (25) and we use Theorem 3.6, we obtain

1n71 tk+1
g B|f, Al
k=0 7tk

< Chon®®+Clnn su E[|YVe — yVem2),
S 0 0<k§2_1 [ thi1 thy1 |]

By using (24) and Proposition 4.7, we finally have

2n—1

sup E[[Y,V"" -, +ZEU 2,05 — 22 dt
0<k<2n

(Inn)?

< Cn172b7Ka

with K =4(1+ n)L%ZMZQ,Q. Since this estimate is true for every n > 0, we
have proved the result. [

4.3. Study of the global error e(N,e,n). Let us study errors e;(/N) and
62(]\7, E).

PROPOSITION 4.10. Let us assume that (HX0) and (HYO) hold. There
exists a constant C' >0 such that

C

€2(N,€) S W

Proor. We just have to notice that
(X0, V5 2809 = £, X0, Y0 0) < 0| 20 P
and |Z| is bounded by Cn?. O

For gn we use the classical Lipschitz approximation

gn(x) =inf{g(u) + N|z — ul|u € R¢}.

PROPOSITION 4.11.  We assume that (HXO0) holds and g is a-Hdlder.
Then, there exists a constant C' such that

C

e1(N) < 2ba/(1—a)

PROOF. gy is a N-Lipschitz function and gy — g when N — +00 uni-
formly on R%. More precisely, we have

c
|9_9N|oo§m- O
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REMARK 4.12. For some explicit examples, it is possible to have a bet-
ter convergence speed. For example, let us take g(x) = (|z|*1;>0) A C and
assume that o is invertible. Then, we can use the fact that this function is
not Lipschitz only in 0 and obtain

61(N)< ¢

—1/(1—a)\1/
S b=y P T E[ON /a=a)yl/a <

— pb/(1-a))(2a+1/q)

REMARK 4.13. It is also possible to obtain convergence speed when g
is not a-Holder. For example, we assume that o is invertible and we set

g(x) = Hle 1,,>0(x). Then
d 1/q

el(N)<C Z;IP’((XT)i €OUYND| <=

C C

Now we are able to gather all these errors.

THEOREM 4.14.  We assume that (HX0), (HYO0), (HY1) and (HX1) or
(HX1") hold. We assume also that g is a-Holder. Then for all n >0, there
exists a constant C' > 0 that does not depend on n such that

C
n2a/((2—a)(2+K)—2+2a)

e(n):=e(N,e,n) <
with I = 4(1 +n)L%_M2,.

Proor. Thanks to Theorem 4.9, Propositions 4.10 and 4.11 we have

e(n)§12(jk+20+ .
nl=20—Ka = p2a—4b ' ,2ab/(1-a)

Then we only need to set a:= ;i—%’ and b:= (2_0()(21}?)_24_20( to obtain the
result. [

COROLLARY 4.15.  We assume that assumptions of Theorem 4.14 hold.

Moreover, we assume that f has a sub-quadratic growth with respect to z;
there exists 0 < B < 1 such that, for allt €[0,T], x € R, y € R, z,2' € R1*4,

f(t,y,2) = F(toy, 2) < (Ko + Lya(2) + [217)]2 = 2.

Then we are allowed to take K as small as we want. So, for all n >0, there
exists a constant C' > 0 that does not depend on n such that

C

no=n’

e(n) <

REMARK 4.16. We are able to specify Remark 4.8 in our case, when

_ 142b _ 11—«
a= ok and b= =R =7
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(1) When K < 2239 that is to say, when a < 2/3 and K is sufficiently

2—a
small, then we do not need to have a discretization grid on [T —¢,T].

(2) When K > 239 then it is possible to take only [n¢] discretization

2—a

points on [T' — ¢, T with

3o —4

T TR K 2424

Theorem 4.14 is not interesting in practice because the speed of conver-
gence depends strongly on K. But we see that the global error becomes
e(n) < na—c,n when we are allowed to choose K as small as we want. Under
extra assumption we can show that we are allowed to take the constant M, o
as small as we want.

(HX2). b is bounded on [0,7] x R? by a constant M.

THEOREM 4.17. We assume that (HX0), (HY0), (HY1), (HX2) and
(HX1) or (HX1') hold. We assume also that g is a-Hdélder. Then for all
n >0, there exists a constant C > 0 that does not depend on n such that

C

e(n) < T

REMARK 4.18. With the assumptions of the previous theorem, it is
also possible to have an estimate of the global error for examples given in
Remarks 4.12 and 4.13. When g(z) = (|z|*1;>0) A C, we have

C
e(n) < — ey a0

and when g(x) = H?Zl 1,,>0(x), we have

C
e(n) = g

PROOF OF THEOREM 4.17. First, we suppose that f is differentiable
with respect to z. Thanks to Remark 3.4 we see that it is sufficient to show

that
ve [ [T N.e |2
EQ U |ZN ds\]-"t]
t

is small uniformly in w, N and ¢ when ¢ is close to T. We will obtain an
estimation for this quantity by applying the same computation as [2] for the
BMO norm estimate of Z, page 831. Thus, we have

T
B | [ 125 askR| < B o) - (N IF + O -
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with o(z) = (2™ — 2¢(x +m) —1)/(2¢%), m = |Y | and c that depends
on constants in assumption (HY0) but does not depend on V,f. Let us
notice that m, ¢ and so ¢ do not depend on N and €. Since Y is bounded,
p is a Lipschitz function, so

T
E2Y* [/ |25 dsﬂ < CEY (Y7 — Y| R + O(T — 1),
t

We denote by (YN:ehz zNetry the solution of BSDE (12) when X = x.
As usual, we set X2 = 2 and Z2*5% = 0 for s < t and we define ulNE(t, ) =

YtN’E’t’gE. Then we give a proposition that we will prove in Appendix C.

PROPOSITION 4.19.  We assume that (HX0), (HYO0), (HY1), (HX2) and
(HX1) or (HX1') hold. We assume also that g is uniformly continuous on
RY. Then u™N¢ is uniformly continuous on [0,T] x RY and there exists w a
concave modulus of continuity for all functions in {u™N*|N € N,e >0}, that
is, w does not depend on N and €.

Then
EQ [y, - vV R

=B[N (T, Xp) — u™Ne(t, X0) || F)

N,e
SEEL g ai, oS (T X ) R (8 X))

+2\YN,5‘OO11‘LTU | F]

(5) dWs|>v

<EQ (T —t|+1 X7 — X))

| 1 o(s) dWs|<v

+ 2|y Ve o1 | 5]

|ftTa(s) dWs|>v
with dW, = dW, — V. f<(s, X,, Y%, ZV¥) ds. But,
| X1 — X¢]

T
/ b(s, Xs)ds
t

T T
+/ szs(s,Xs,}gN’E,Zév’E)ds—k/ o(s)dW,
t t

]l| [ o(s)dWs|<v

= ]]'|ftTa(s) AW, |<v

T
< My(T —t) +u+0/ (14 |ZN=))ds
t

T 1/2
<C(T—t)+u+C(T—t)1/2</ |Zév’5\2ds> .
t
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Since w is concave, we have by Jensen’s inequality

E@Nva[wﬂT—ﬂ +1‘ftTU |XT_Xt‘)‘]:t]

(s)dWs|§u
N,e T 1/2
<w<C\T—t|—|—u+C(T—t)1/2EQ ’ K/ \Z;Vﬂ?ds> (ED
t

T 1/2
Sw(C’\T—ﬂ+I/+C(T—t)1/2EQN’E [/ |Zév’5|2ds\]-"t] >
t

<w(CIT —t|+ v+ C(T — )"*| 24| smo(@))-

But, ||ZV “|lBmo(g) only depends on constants in assumption (HYO0), so it
is bounded uniformly in N and . Moreover, | ftTa(s) dW,| is independent
N,e

of F; so we have by the Markov inequality
N g T
EY [0 47 o) i 5 i = @ ’5< /t o(s)dWs| > V>

YE
_ca—pi

1%

Finally, we have

- . . T —t)Y/2
B2 [y — vV F) <w(@|T — V2 + )+ 0L =0T

<w(C|T —t|"? +|T —t|''*y + C|T —t|'/*

by setting v = [T — t|'/4 and EQ"*[[V — vV¢|| F] = 0 uniformly in w, N
and € when t — T. When f is not differentiable with respect to z but is only

locally Lipschitz, then we can prove the result by a standard approximation.
O

APPENDIX A: PROOF OF LEMMA 4.4
We have

2n—1 n—1 2n—1
(1+Mhi): (1+Mhi) (1+Mhi) .
L= (e )(TTo- )

1=0 i=n

First,

IN

2n—1 T n
IT + M) <1+M—> <C.
n

1=n
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Moreover, for 0<i<n—1,
h; = biv1 — b = Tnfai/n(l - (alnn)/n) < Tnfaz/n

thanks to the convexity of the exponential function. So

n—1 n—1

[T+ nn) < H (1 + MTan_‘”/”lnn>

n
1=0

Inn
n

1
Zln 1+MTa —ai/n n”))
n

(2
el G
<
o

< exp( MT alnn 1-(1/n%)
n 1—(1/na/”)
a/n
< ex MTalnn n® )
n ne/n—1
But,
Inn n%" Inn 1 1

)

nopam 1" ‘n (alnn)/n “a

when n — 4o00. Thus, we have shown the result.

APPENDIX B: PROOF OF LEMMA 4.5

Thanks to Lemma 4.4, we have

29

[T550 (1+ Mihi+ Mohi /(T = ti1)) _ Ty M, |
[T (14 Mohi /(T —tipn)) g <1 e Mahi /(T = tiy1) h2>
n—1
< [[a+Mn)<c
=0

So we just have to show that

n—1

h;
(CEBTLT
i=0 T —tin
But
h; a/n
14+ Mo——— =1+ My(n*™ —1).

T—tiy
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So

n—1

I1 <1 + MQL) = (14 My(n®" — 1))"

pairs T —ti41
1 In?
:exp(nln(1+aM2ﬂ+o(n_j>>)
n n

1 2
:exp<aMglnn—|—O< 1 n>> ~ Mz,

n

when n — 4o00. Thus, we have shown the result.

APPENDIX C: PROOF OF PROPOSITION 4.19

We will prove this proposition as the authors of [9] do for their Proposition
4.2. In this proof we omit the superscript NV,e for u, Y and Z to be more
readable. Let x¢, 7} € R? and t,t) € [0,7]. By an argument of symmetry we
are allowed to suppose that to <t{. We have

Ju(to, x0) — u(to, =p)| < [u(to, x0) — u(to, p)| + [u(to, 2p) — u(ty, 2p)|-

Let us begin with the first term. We will use a classical argument of lin-
earization:

to, / , to, /
YO = V{0 = g (Xfp) = g (X7 7)

T ) /
+/ QS(X§0,IO - X;O’xo) _i_ﬁs(}/sto,xo . }/Sto,xo)ds
t

T / ~
- / (ZLo™0 — 270 W
t

with
to.x to, ! to,x! to, ! to, ! to,x!
€ 0,40 0 0 € 0 0 0
Fe(s, X" 0 Y 70 Z50) — fo(s, X 70 Ys 70 Zg )

Qg 1= 7 )
to,T to,z
Xlomo _ xloh

. to, !
if Xgo’xo — X" £0 and ag = 0 elsewhere,
t0,T0 1 t0,x0 ryt0,TH to,xo v10,%) to,T]
,B L fE(S,XS 71/8 7ZS )—fE(S,XS 73/8 7ZS )
s = 7 ,
to,To tO,fBO
Yot =Y
. to, to,x!
if X% — X270 =0 and B, =0 elsewhere
S bl
to,z0 v t0,Z0 rrt0,To to,zo yrto,xo r10:%(
fs(quS 71/8 7ZS )_f6(87XS 71/8 7ZS )

‘Z§07x0 . Z§va6|2

Vs =

’
% t(Zzo,Io _ Z§07I0)7
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if Ztowo _ Z19%0 £ and ~5 = 0 elsewhere and dW; := dW; — 75 ds. By a
BMO argument, there exists a probability Q under which W is a Brownian
motion. Then we apply a classical transformation to obtain

t ’
EQ [efto Bs ds (}/tt07550 o }/nyxo )]

T /
= e g (X1) — g (X127)

T s /
+/ asefio Pu du(Xéo’IO — Xzo’%) ds]
t

0

and
|u(to, zo) — u(to, xp)|

/ T !
< c(Bu(a x| Bt - X0 ) as)
t

0

with w a modulus of continuity of g that is also a modulus of continuity for
gn. We are allowed to suppose that w is concave; indeed, there exist two
positive constants a and b such that w(z) < az + b, then the concave hull of
x = w(z)V (Iz>1(ax + b)) is also a modulus of continuity of g. So Jensen’s
inequality gives us

lu(to, z0) — u(to, z)]

/ T !
< 0w - X+ [ B - X ds ).

to

By using the fact that b is bounded we can prove the following proposition
exactly as authors of [9] do for their Proposition 4.7.

ProrosiTioN C.1. 3IC >0 that does not depend on N and e such that
vt t' € [0,T], Vx,2' € RY, Vs € [0,T],

ECXL" - XU < O(le — o' + [t - ]'/?).
Then,
|u(to, o) — ulto, 24)| < C(w(|zo — 2]) + w0 — ()
Now we will study the second term,
[uto, ) — u(th, wh)| = [V ™0 — Y070

to,x() tg,() t,@() tg,()
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First,

th ! /
Fs, 20, Y2070 0)ds| < Clto — th.

£0+70 t0,70
[V, 070 =Y, <
0 to

to

Moreover, as for the first term we have
t ! ! !
L A )

T , ,
— B8 g () — g ()

and

Y™~ Y070) < Clao(lt — th/2) + [to — th]/2).
Finally,

[ulto, 2h) — ulth, 7h)] < Clw(lto — th/2) + |to — /%)
and

[u(to, z0) — u(to, 7]
< C(w(|ao — xp]) + wllto — toI"/) + o — x| + [to — tp]"?).

So wu is uniformly continuous on [0, 7] x R? and this function has a modulus
of continuity that does not depend on N and e. Moreover, we are allowed
to suppose that this modulus of continuity is concave.
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