N

N

A new dynamical approach of Emden-Fowler equations
and systems

Marie-Francoise Bidaut-Véron, Hector Giacomini

» To cite this version:

Marie-Francoise Bidaut-Véron, Hector Giacomini. A new dynamical approach of Emden-Fowler equa-
tions and systems. 2010. hal-00443694v2

HAL Id: hal-00443694
https://hal.science/hal-00443694v2

Preprint submitted on 23 Feb 2010

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00443694v2
https://hal.archives-ouvertes.fr

A new dynamical approach of Emden-Fowler equations and systems

Marie Francoise BIDAUT-VERON* Hector GTACOMINTI!

Abstract

We give a new approach on general systems of the form

@) —Apu = — div(|Vu|P > Vu) = e |z|* us0?,
—Agv=— div(|Vo|?? Vi) = 5 || utom™,

where Q,p,q, 90, 1,8, m, a,b are real parameters, Q,p,q # 1, and e = +1, e5 = +1. In the
radial case we reduce the problem to a quadratic system of four coupled first order autonomous
equations, of Kolmogorov type. It allows to obtain new local and global existence or nonexistence
results. We consider in particular the case £y = ¢o = 1. We describe the behaviour of the ground
states in two cases where the system is variational. We give a result of existence of ground states
for a nonvariational system with p = ¢ = 2 and s = m > 0, that improves the former ones.
It is obtained by introducing a new type of energy function. In the nonradial case we solve
a conjecture of nonexistence of ground states for the system with p = ¢ =2, = m+ 1 and
w=s+1.

Keywords Elliptic quasilinear systems. Variational or nonvariational problems. Autonomous
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1 Introduction

In this paper we consider the nonnegative solutions of Emden-Fowler equations or systems in
RV(N 2 1),

— Apu = —div(|VulP 2 Vau) = & |2|*u?, (1.1)

—Apu = —div(|VuP 2 Vu) = e |2|* us?,

—Aqv = —div(|Vo|T " Vu) = &3 |z|” uto™,
where Q,p, q, 6, pu, s, m, a,b are real parameters, Q),p,q # 1, and e; = +1, o0 = £1. These problems
are the subject of a very rich litterature, either in the case of source terms (¢ = e = 1) or
absorption terms (¢; = €2 = 1) or mixed terms (¢; = —¢2). In the sequel we are concerned by the

radial solutions, except at Section 9 where the solutions may be nonradial.

In this article we we give a new way of studying the radial solutions. In Section || we reduce
system (G) to a quadratic autonomous system:

X X | x N— Z
Y, vy N— W
(M) t T g1 flq + q—1|>

Zy=Z|N+a—sX -6V =7,
Wy =WIN+b—puX —mY — W],

where t = Inr, and

ru U s U o
X(t)=-—, Y(t)=—-—, Z(t)=—er' il W (t) :—eQTHbuﬂvmW. (1.3)

This system is of Kolmogorov type. The reduction is valid for equations and systems with source
terms , absorption terms , or mixed terms . It is remarkable that in the new system, p and ¢ appear
only as simple coefficients, which allows to treat any value of the parameters, even p or ¢ < 1, and
s,m, 8 or u < 0.

In Section fJl we revisit the well-known scalar case ([L.1]), where (G) becomes two-dimensional. We
show that the phase plane of the system gives at the same time the behaviour of the two equations

—Apu = |z|"u? and — Apu = — |z|* u®,

which is a kind of unification of the two problems, with source terms or absorption terms. For the
case of source term (g7 = 1), we find again the results of [@], [LJ], showing that the new dynamical
approach is simple and does not need regularity results or energy functions. Moreover it gives a
model for the study of system (G). Indeed if p = ¢, a = b and § + s = p + m, system (G) admits
solutions of the form (u,u), where u is a solution of ([.1)) with Q = § + s.

In the sequel of the article we study the case of source terms, i.e. (G) = (S), where

—Ayu = |z|* us®
S{ T (1.4)

—Agv = |z|® uro™.

This system has been studied by many authors, in particular the Hamiltonian problem s = m = 0,
in the linear case p = ¢ = 2, see for example [B0], [B1], B9, [B], B3], [4], and the potential system



where § =m+1, p=s+1and a = b, see [, B4], BJ; the problem with general powers has been
studied in [{], [B9, [Bd], [[] in the linear case and [f], [[2], [Ed] in the quasilinear case, see also [fl],
), [3)-

Here we suppose that 6, > 0, so that the system is always coupled, s, m = 0, and we assume
for simplicity

1<p,g<N, min(p + a,q +b) > 0, D=éu—(p—1-s)(g—1-m)>0. (1.5)

We say that a positive solution (u,v) in (0, R) is reqular at 0 if u,v € C? (0, R)NC([0, R)). Condition
min(p+a, g+b) > 0 guaranties the existence of local regular solutions. Then u,v € C*([0, R)). when
a,b > —1, and «/(0) = ¢v'(0) = 0. The assumption D > 0 is a classical condition of superlinearity
for the system.

We are interessed in the existence or nonexistence of ground states, called G.S., that means
global positive (u,v) in (0,00) and regular at 0. We exclude the case of ”trivial” solutions, (u,v) =
(0,C) or (C,0), where C is a constant, which can exist when s > 0 or m > 0.

In Section f] we give a series of local existence or nonezistence results concerning system (5),
which complete the nonexistence results found in the litterature. They are not based on the fixed
point method, quite hard in general, see for example [1d], 7. We make a dynamical analysis of
the linearization of system (M) near each fixed point, which appears to be performant, even for
the regular solutions. For a better exposition, the proofs are given at Section [L0.

In Section [ we study the global existence of G.S. This problem has been often compared with
the nonexistence of positive solutions of the Dirichlet problem in a ball, see 9], [B0], [12], [[[(3]. Here
we use a shooting method adapted to system (M), which allows to avoid questions of regularity of
system (S). We give a new way of comparison, and improve the former results:

Theorem 1.1 (i) Assume s < %W and m < %j}ﬁqb. If system (S) has no G.S., then

(i) there exist reqular radial solutions such that X (T) = % and Y (T) = % for some T > 0,
with 0 < X < % and0<Y<% on (—oo,T).

(i) there exists a positive radial solution (u,v) of the Dirichlet problem in a ball B(0, R).

This result is a key tool in the next Sections for proving the existence of a G.S. It gives also
new existence results for the Dirichlet problem, see Corollary b.3. We also give a complementary
result:

Proposition 1.2 Assume s 2 %jppml and m 2 %f;ﬁqb. Then all the reqular radial
solutions are G.S.

In Section [ we study the radial solutions of the well known Hamiltonian system

—Au = |z|*v°,
(SH) { —Av = [z]>u,

corresponding to p=q¢ =2 < N, s =m =0, a > —2, which is variational. In the case a =b =0, a
main conjecture was made in [B7:



Conjecture 1.3 System (SH) with a = b =0 admits no (radial or nonradial) G.S. if and only if
(0, ) is under the hyperbola of equation

N N
4 _=N-2
S+1 " pu+1

The question is still open; it was solved in the radial case in [R6], [RY], then partially in [B1], [H],
and up to the dimension N = 4 in [BJ], see references therein. Here we find again and extend to
the case a,b # 0 some results of [R0] relative to the G.S., with a shorter proof. We also give an
existence result for the Dirichlet problem improving a result of [l4].

Theorem 1.4 Let Hg be the critical hyperbola in the plane (§, 1) defined by

N+a N+Db

=N-2 1.
S+1 Tl (16)

Then
(i) System (SH) admits a (unique) radial G.S. if and only if (6, ) is above Hy or on Hy.

(i) The radial Dirichlet problem in a ball has a solution if and only if (0, ) is under Ho.

(iii) On Ho the G.S. has the following behaviour at oo : assuming for example § > %fg, then
lim, oo 7V "2u(r) = a > 0, and

N+b
lim rN=2r=CH0),, — g5 if u< —+,
r—00 N —2
_ N +b
. N—2 .

Tli)rgor v=pF>0 zf,u>—N_2,
_ _ N +b

. N—2 1, o
TILHQOT Inr|" v=5>0 zf,u—N_2.

Our proofs use a Pohozaev type function; in terms of the new variables X,Y, Z, W it contains

a quadratic factor

ptl W™ N+avd N+buw'
£ _ N 1,0 b‘u’ a el bl
g(r)=r" [uv +7r M+1+r R P
Y(N+0b— N —Z)X
= V240 | XY — (W + W)—( ta ) (1.7)
p+1 0+1

As observed in ([R0]) the G.S. can present a non-symmetric behaviour. This non-symmetry phe-
nomena has to be taken in account for solving conjecture ([L.3).

In Section [ we consider the radial solutions of a nonvariational system:

—Au = |z|* u®
SN ’
(SN) { —Av = |z|" utv?,
where p=q¢=2< N,a=b> —2and m = s > 0. For small s it appears as a perturbation of
system (SH). In the litterature very few results are known for such nonvariational systems. Our
main result in this Section is a new result of existence of G.S. valid for any s:




Theorem 1.5 Consider the system (SN), with N > 2, a > —2. We define a curve Cs in the plane

(0,1) by v v v
ro Nta Ny o, V=25 et Ly (1.8)
L+l 6+1 2 L+ 1 0+1

located under the hyperbola defined by (1.8). If (3, ) is above Cs, system (SN) admits a G.S.

This result is obtained by constructing a new type of energy function which contains two terms in
DEREE

ptLys w'tt N4avd N+bud s vu'? s uv'?
(b — N ! ! bu a el
(r)=r [UUJFT it L Sl TSl Thri e 2610 w T3t D) o
_ Y(N+b-W) (N+a—-2)X s s ]
N—2 2 2
=r" "% u | XY — — + X 4+ —Y4. 1.9
[ p+1 d+1 200 +1) 2(p+1) (1.9)

In Section § we consider the radial solutions of the potential system

—Apu = |z|* uSo™HL,

(SP){ a s+1vm’

—Agv = |z|"u

where § = m 4 1,4 = s + 1 and a = b, which is variational, see [B4], [Bd]. Using system (M) we
deduce new results of existence:

Theorem 1.6 Let D be the critical line in the plane (m,s) defined by

N-—p

N —
N+a:(m+1)Tq+(s+1)
Then

(i) System (SP) admits a radial G.S. if and only if (m,s) is above or on D.
(ii) On D the G.S. has the following behaviour: suppose for example ¢ < p. Let \* = N +a —

N—
(s + 1)% —mE=2. Then lim, o0 rpTlpu(r) =a >0, and

q—1
N—g
lim reTo(r)=p4>0 if \* <0, (1.10)
T—00
NP —(q+0)
lim r~ e T=m y(r)=£>0 if \* >0, (1.11)
r—00
N—gq 1
lim ra1 [lnr| a-1-mo(r) =4 >0 if \*=0. (1.12)

r—00

In particular ([1.14) holds if p=q, or ¢ < m + 1.
(iii) The radial Dirichlet problem in a ball has a solution if and only if (m,s) is under D.



In that case we use the following energy function, which deserves to be compared with the one
of Section [ , since it has also a quadratic factor:

|u/|P N—pu|u’|p72 u /|7 N—qv|v’|q72 o
Ep(r) =N | (s + 1)( o + ’ " )+ (m 4+ 1)( 7 + p - ) 4 poystlyml
-1 -1
_ Nz A DWIN —p—(p - 1)X)  (m4+ 1IN —g—(¢-1)Y)
usv™ P q .

(1.13)

Finally in Section | we deduce a nonradial result for the potential system in the case of two
Laplacians:
—Au = |z usv™H
L )
(S ) { —Av = |x|aus+1vm‘

Our result proves a conjecture proposed in [ff], showing that in the subcritical case there exists no
G.S.:
Theorem 1.7 Assume a > —2 and s,m = 0. If

N+2 N+2+ 2(1)
N-2" N-2 7
then system (SL) admits no (radial or nonradial) G.S.

s+m+1 < min( (1.14)

Our proof uses the estimates of [, which up to now are the only extensions of the results of
[(§] to systems. It is based on the construction of a nonradial Pohozaev function extending the
radial one given at ([.L13) for p = ¢ = 2, different from the energy function used in [f.

The case of the system (G) with absorption terms (1 = €3 = —1) or mixed terms (6] = —e2 =
1), studied in [, [{, will be the subject of a second article. Our approach also extends to a system
with gradient terms,

{ —Apu = ey |z u? [Vl |Vl (1.15)

—Ag = e |z’ w o™ | Vul” [Vol*
which will be studied in another work.

Acknoledgment The authors are grateful to Raul Manasevich whose stimulating discussions
encouraged us to study system (G).

2 Reduction to a quadratic system

2.1 The change of unknowns

Here we consider the radial positive solutions r +— (u(r),v(r)) of system (G) on any interval
(R1, R2), that means

/
(’ul‘p_Qul) + =Ly 2./ :Tl—N< N-Lyf/ P20 = —eyroued,
_l’_

/
(]v - 21/) N L |7 2. 701—N< N1y P~ 21/) —eorPuty™.
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Near any point r where u(r) # 0,4/ (r) # 0 and v(r) # 0, v'(r) # 0 we define

ru’ v’ 14a,,s,8 |, /|~P ! 1+4b, . om |, 1|~/
Xt)y=—— Y{t)=—— Z(t)=—er v ‘u | w, W(t)=—eor "utv |v ‘ v,
u v
(2.1)
where t = Inr. Then we find the system
Xi=X | X -2+ L
N— w
(M) =YY -{5+)

Zy=Z[N+a—sX—6Y =2,
Wy =WIN+b—puX —mY — W].

This sytem is quadratic, and moreover a very simple one, of Kolmogorov type: it admits four
invariant hyperplanes: X = 0,Y = 0,Z = 0,W = 0. As a first consequence all the fixed points
of the system are explicite. The trajectories located on these hyperplanes do not correspond to a
solution of system (G); they will be called nonadmissible.

We suppose that the discriminant of the system

D=op—(p—1—s)(g—1—m)#0. (2.2)
Then one can express u, v in terms of the new variables:

w=r V(X PTHZ) POy | WP =T (X 2P (Y e ) et P,

(2.3)
where v and £ are defined by
+a)(g—1—m)+ (g+0b)6 +bp—1—s)+(p+a
7:(p )(g )+ (g )7 5:((1 )(p )+ (p )M7 (2.4)
D D
or equivalently by
(p—l=s)y+p+a=6  (¢g—1-m){+q+b=py. (2.5)

Since system (M) is autonomous, each admissible trajectory 7 in the phase space corresponds to
a solution (u,v) of system (G) unique up to a scaling: if (u,v) is a solution, then for any 6 > 0,
= (07u(fr),05v(0r)) is also a solution.

2.2 Fixed points of system (M)

System (M) has at most 16 fixed points. The main fixed point is

MO = (XO,}/E],ZO,WO) = (7’£,N —-—pP— (p - 1)7’N —q— (q - 1)5) ’ (26)

corresponding to the particular solutions

ug(r) = Ar~,v(r) = Br=%, A,B >0, (2.7)



when they exist, depending on €1, 5. The values of A and B are given by
_ —1-m _ é
AP = (@ H(N =p =~ —1))" " (26 (N =g — (¢ - 1)9))°,
_ —1-s _
BP = (26" ' (N —q— (¢ —1)9)" " (e1?" "N —p—(p—1)y)"
The other fixed points are
N-p N—q

0=(0,0,0,0, No=(0,0N+aN+b), A= (=—"=—=0,0),
p— q—

N — N —
Iy = ( foom JO:(O,—lq,O,O), Ko=(0,0,N +a,0), Lo=(0,0,0,N +b),

— q_

N N — N — N —
Go= (100N +b= ). Hy=(0. —.N+a-"—50)

p—1 qg—1 q—1

and if m #£q—1,

N—p 5Pu—(g+b)  (q— DN +b—2=Lu) —m(N —q)

Py =
0 (p_17 q—l—m P q—l—m )’
b N+b)(g—1) —m(N —
C:(O,— a+b o NAbg=D —m( C])>,
—1-m g—1—m
N —1)—m(N —
Ro— (0 9Fb Ny bT4 ’( +0)(g—1) —m(N —q) ’
qg—1—m qg—1—m qg—1—m

and by symmetry, if s #p — 1,

TS —(p+a) N—g (p— V(N +a— T56) - s(N —p)

ql
QO_( p—l—s ,q—l’ p—l—S ?0),
N —1)—s(N —
Dy= (- 2te o Wta)p-1)=s(N=-p) g}
p—1—s p—1—s
N —1)—s(N —
E R ,0’( +a)(p—1) —s( p)’N+b+M atp \
p—1—s p—1—s p—1—s

2.3 First comments

Remark 2.1 This formulation allows to treat more general systems with signed solutions by re-
ducing the study on intervals where u and v are nonzero. Consider for example the problem

Agu= e ol o, —Ag = e 2 ol u
On any interval where uwv > 0, the couple (|ul,|v]) is a solution of (G). On any interval where

u > 0> v, the couple (u, |v|) satisfies (G) with (e1,e2) replaced by (—e1, —€2).

Remark 2.2 There is another way for reducing the system to an autonomous form: setting

Ut) =r"u, V() =rfv, H(t)=—r0+DE-1) ‘u"p_Q o, K(t) = —rEHD-D) |v/‘q_2 v,



with t = Inr, we find

U, =U — |H|(2*P)/(P*1) H, V,=(U— |K|(2*Q)/((I*1) K,

{ Ho=((p-1)+p- NH+aUV, K =(Qla-1)+q- MK +uvm, &

It extends the well-known transformation of Emden-Fowler in the scalar case when p = 2, used also
m /@/ for general p, see Section[}. When p = q = 2 we obtain

{ Uy + (N —2—=27)U; — (N =2 —7)U + ,U*V° = 0, (2.9)

Vit + (N =2 = 26)V, — £(N — 2 = )V + eUFV™ = 0,

which was extended to the nonradial case and used for Hamiltonian systems (s = m = 0), with
source terms in [§] (1 = e2 = 1) and absorption terms in [}/ (e1 = 2 = —1). Our system is more
adequated for finding the possible behaviours: unlike system (B-8)it has no singularity, since it is
polynomial, also its fized points at oo are not concerned when we deal with solutions u,v > 0.

Remark 2.3 In the specific case p = q = 2, setting
2= XZ =er?t ul 2y o o, w=YW = e |ul "t u o™ 2,
we get the following system

X, =X? - (N-2)X+z Y=Y>—(N-2Y +u,
z=z2+a+(1—-3s)X —4dY], w=w[24+b—puX+ (1—m)Y].

It has been used in [24] for studying the Hamiltonian system (SH). Even in that case we will show

at Section [ that system (M) is more performant, because it is of Kolmogorov type.

Remark 2.4 Assume p = q and a = b. Setting t = ki and <X,Y,2, W) = k(X,Y,Z,W), we
obtain a system of the same type with N,a replaced by ]\7, a, with

N—p_k_N—i-&
N—p ' N+a

It corresponds to the change of unknowns
r=7af) = Cru(r), 8(F) =Cou(r),  Cyp=kEITD 0y = gl tm)/D,

~ _ £ _ _ pta . .
From (B.3) and (2.4), we get ¥/y =£/6 =k = oia- Lhere is one free parameter. In particular

1) we get a system without power (a = 0), by taking

. N
- PV +a) h— P
p+a p+a

)

2) we get a system in dimension N =1, by taking

— (N
<0, CAL:p—i-a ( —i—a)p.
N-—p N-—p



3 The scalar case

We first study the signed solutions of two scalar equations with source or absorption:
_ /
—Apju=—r7¥ <7"N_1 || 2 u') =e|z|*|u|9 tu, (3.1)

withe==41,1<p<N,Q#p—1and p+a>0.

We cannot quote all the huge litterature concerning its solutions, supersolutions or subsolutions,
from the first studies of Emden and Fowler for p = 2, recalled in [Lf]; see for example [@] and [B7],
for any p > 1, and references therein. We set

(N+a)p-1) _ Np-1)+p+pa _ p+a
N-p N-—p ’ T 1—p

Q=

From Remark P.4 we could reduce the system to the case a = 0, in dimension N = p(N+a)/(p+a).
However we do not make the reduction, because we are motivated by the study of system (G), and
also by the nonradial case.

3.1 A common phase plane for the two equations

Near any point r where u(r) # 0 (positive or negative), and /(1) # 0 setting

/
X(t)=-"2, Z(t) = —er™ @ | P (3.2)
u

with £ = Inr, we get a 2-dimensional system

X :X[X_MJFL},
(Mscal) t p—1 p—l
Zy=ZN+a—-QX —Z].

and then |u| =r=7(|Z||X[P~1Y/(@+1-P) This change of unknown was mentioned in [l in the case
p=2,e =1and N = 3. It is remarkable that system (Ms.q;) is the same for the two cases £ = +1,
the only difference is that X (¢)Z(t) has the sign of ¢ :

The equation with source (¢ = 1) is associated to the 15! and 3" quadrant. It is well known that
any local solution has a unique extension on (0,00). The 15! quadrant corresponds to the intervals
where |u| is decreasing, which can be of the following types (0,00), (0, R2),(R1,00),(R1, R2), 0 <
R;1 < Ry < 0. The 3™ quadrant corresponds to the intervals (Ry, R) where |u| is increasing.

The equation with absorption (¢ = —1) is associated to the 27¢ and 4" quadrant. It is

known that the solutions have at most one zero, and their maximal interval of existence can be
(0, Ry), (Ry, 00), (Ry, Ry) or (0,00). The 2"¢ quadrant corresponds to the intervals (Ry, Ro) where
lu| is increasing. The 4" quadrant corresponds to the intervals (0, Ry) or (Ri,00) where |u] is
decreasing.

The fixed points of (Mseq) are

M(]:(Xo,,Zo):(’y,N—p—(p—l)’y), (O’O)a NOZ(OaN+a)a AOZ(

10



In particular My is in the 1% quadrant whenever v < = ——P equivalently @ > @1, and in the 4th
quadrant whenever ) < Q1. It corresponds to the solution

u(r)=Ar77, fore=1,Q>Q;, ore=-1,Q<Qq,

where A = (37~ (W = p = y(p — 1)) /77D

3.2 Local study

We examine the fixed points, where for simplicity we suppose @) # @1, and we deduce local results
for the two equations:

e Point (0,0) : it is a saddle point, and the only trajectories that converge to (0,0) are the
separatrix, contained in the lines X = 0,Y = 0, they are not admissible.

e Point Ny : it is a saddle point: the eigenvalues of the linearized system are p%l and —N. the
trajectories ending at Ny at co are located on the set Z = 0, then there exists a unique trajectory
starting from —oo at Ny; it corresponds to the local existence and uniqueness of regular solutions,
which we obtain easily.

e Point Ag : the eigenvalues of the linearized system are J;T_ and N Q1 - Q). If Q < Q1,
Ap is an unstable node. There is an infinity of traJectorles starting from Ap at —oo; then X(t)

converges exponentially to M=p = P thus lim,_,q 77— P tu=a>0. The corresponding solutions u satisfy
the equation with a Dirac mass at 0. There exists no solution converging to Ag at co. If Q > Q1, Ao
is a saddle point; the trajectories starting from Ay at —oo are not admissible; there is a trajectory

N—p
converging at oo, and then lim, .o, 7?-Tu = a > 0.

e Point M : the eigenvalues Aq, Ay of the linearized system are the roots of equation

Q p+1

N+ (Zo — Xo)A + —— .

XoZy = 0.

For ¢ = 1, My is defined for @) > @Q1; the eigenvalues are imaginary when Xg = Zj, equivalently
v = (N —=p)/p, Q@ = Qa. When Q < @2, My is a source, there exists an infinity of trajectories
such that lim,_,o7r7u = A. When Q > )3, My is a sink, and there exists an infinity of trajectories
such that lim, . 77u = A. When Q = Qa, My is a center, from [J] For e = —1, My is defined
for Q@ < Q1, it is a saddle-point. There exist two trajectories 71,7 converging at oo, such that
lim, , r7u = A and two trajectories Tz, T, converging at 0, such that lim,_,or7u = A.

3.3 Global study

Remark 3.1 System (Mseq;) has no limit cycle for Q # Q2. It is evident when ¢ = —1. When
e = 1, as noticed in [19], it comes from the Dulac’s theorem: setting Xy = f(X,2), Z; = g(X,2),

and
B(X,Z) = XPR/@Q+1=p)=2 7®/Q+1=p)=1 " N[ — By X, + By Z, + B(fx + 9z),

then M = KB with K = (Q2 — Q)Yy(N — p)/p, thus M has no zero for Q # Qo.

11



Then from the Poincaré-Bendixson theorem, any trajectory bounded near -o00 converges to one
of the fixed points. Thus we find again global results:

e Equation with source (¢ = 1). If Q < @1, there is no G.S.: the regular trajectory 7T issued
from Ny cannot converge to a fixed point. Then X tends to oo and the regular solutions u are
changing sign, there is no G.S..

If Q1 < @ < @2, the regular trajectory T cannot converge to My; if it converges to Ay, it is
the unique trajectory converging to Ap; the set delimitated by 7 and X = 0,Z = 0 is invariant,
thus it contains My; and the trajectories issued from My cannot converge to a fixed point, which
is contradictory. then again X tends to oo on 7 and the regular solutions u are changing sign..
The trajectory ending at Ay converges to My at —oo; then there exist solutions v > 0 such that
lim, o r7u = A and lim,_, r%u =a>0.

If @ > @2, the only singular solution at 0 is ug, and the regular solutions are G.S., with
lim, o 77u = A. Indeed My is a sink; the trajectory ending at Ay cannot converge to Ny at —oo,
thus X converges to 0, and Z converges to oo, then u cannot be positive on (0,00).The trajectory
issued from Ny converges to My.

e Equation with absorption (¢ = —1). If @ > @1, all the solutions u defined near 0 are regular;
indeed the trajectories cannot converge to a fixed point.
If @ < @y, we find again easily a well known result: there exists a positive solution u;, unique

up to a scaling, such that lim,_,q r% up = a > 0, and lim, o r7u; = A. Indeed the eigenvalues
at My satisfy Ay < 0 < Ag. There are two trajectories 71, 7{ associated to A;, and the eigenvector
(Xo + |\, —z%). The trajectory 7; satisfies X; > 0 > Z; near oo, and X > %, since Zy < 0,
and X cannot take the value % because at such a point X; < 0; then % < X < Xg and
X; > 0 as long as it is defined; similarly Zy < Z < 0 and Z; < 0; then 77 converge to a fixed point,
necessarily Ao, showing the existence of u;. The trajectory 7 corresponds to solutions u such that
lim, 00 77u = A and lim,_,p u = oo for some R > 0. There are two trajectories Tz, 75, associated
to Ag, defining solutions w such that lim,_or"u = A and changing sign, or with a minimum point
and lim,_, g u = oo for some R > 0. The regular trajectory starts from Ny in the 2"¢ quadrant, it

cannot converge to a fixed point, then lim,_,gu = oo for some R > 0.

e Critical case ) = @2 : it is remarkable that system (Ms.) admits another invariant line,
namely AgNy, given by

X n Z N-p
P+l p
It precisely corresponds to well-known solutions of the two equations

0. (3.3)

u = (K2 o r=DY0=N)/4e) for o Z 1. gy = e ‘ K2 _ ot/ | PN

where K2 = ¢@PtH(N +a)~ (N —p)/(p — 1)) 7.

Remark 3.2 The global results have been obtained without using energy functions. The study of
8] was based on a reduction of type of Remark 2.4, using an energy function linked to the new
unknown. Other energy functions are well-known, of Pohozaev type:

P Q+1 "np=2 1
fg(T):TN ’u‘ _i_gra’U’ +O_U’u‘ u] :TN_p‘u’p’X’p_QX |:p_+—_0,:| ’

P Q+1 T
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Q+1 D Q+1’

Fi(r) = rN-1 <% — %) [W/|P. In the critical case Q = Qa, all these functions coincide and

they are constant, in other words system (My.q) has a first integral. We find again the line ([3.3):
the G.S. are the functions of energy 0.

with o = ?, satisfying Fi(r) = rN-1+a (M - M) |t or with 0 = NE2 leading to

4 Local study of system (95)

In all the sequel we study the system with source terms: (G) = (S). Assumption (L)) is the most
interesting case for studying the existence of the G.S.

We first study the local behaviour of nonnegative solutions (u,v) defined near 0 or near co. It
is well known that any solution (u,v) positive on some interval (0, R) satisfies u’,v" < 0 on (0, R) .
Any solution (u,v) positive on (R, 00), satisfies uv’,v" < 0 near co. We are reduced to study the
system in the region R where X,Y, Z, W > 0, and consider the fixed points in R. Then
ru v’ pltaysyd pltbymoh

xt)=-"2 viy=-"2, zo)=" LT we) =21, (4.1)

u v |u/|p*1 ’ |,Ul|q71 ’
and (X,Y,Z, W) is a solution of system (M) in R if and only if (u,v) defined by
u=r="(ZXP~1)a=1=m)/D (yrya-1y/D. v=r"§(WY I 1) p=1=9)/D (7 xp=1yn/D (4.2)

is a positive solution with u’, v’ < 0. Among the fixed points, the point My defined at (R.6) lies in
R if and only if

and 0<&< —4

0<y< .
v p—1 qg—1

(4.3)

The local study of the system near My appears to be tricky, see Remark [.3. A main difference
with the scalar case is that there always exist a trajectory converging to My at 400 :

Proposition 4.1 (Point My) Assume that ({.3) holds. Then there exist trajectories converging to
My as r — oo, and then solutions (u,v) being defined near oo, such that

lim 7y =a >0, lim rSv=p4>0. (4.4)
r—00

r—00

There ezist trajectories converging to My as v — 0, and thus solutions (u,v) being defined near 0
such that
lim 7y =a >0, limrév=_4>0. (4.5)
r—0 r—0
Proof. Here My € R; setting X = Xo+ X,Y = Yo+ Y. Z = Zo+ Z,W = Wy + W, the
linearized system is B B B
Xy = Xo(X +;52),
~ Y; = Yb(Y:" q%lW)L
Zy = Zy(—sX —0Y — Z),
Wy = Wo(—pX —mY — W).

13



The eigenvalues are the roots A1, Ag, Az, Ag, of equation

m op
YoWo|—-—
g—1 7 p=1g-1)

s
p—1

A=X0) A+ Zp) +

XoYoZoWo = 0.
(4.6)

onO} [(/\ —Yo)(A + Wo) +

This equation is of the form
FO)=M+EN +FXN+G\—H =0,

with
E=7y—Xo+Wy—Y,

F = (Zy — Xo)(Wo = Yo) — *HET X Zp — "™HL Y W,
G = — I 5Y Wo(Zo — Xo) — E172 X0 Zo(Wo — Y),
H = it XoYo ZoWo.

From ([l.5) we have H > 0, then A\jA2A3\s < 0. There exist two real roots A3 < 0 < A4, and
two roots A1, Ag, real with A Ao > 0, or complex. Therefore there exists at least one trajectory
converging to My at oo and another one at —oo. Then ([t.4) and ([L.5) follow from ([.4). Moreover
the convergence is monotone for X, Y, Z, W. ]

Remark 4.2 There exist imaginary roots, namely Re Ay = Re s = 0, if and only if there exists
¢ > 0 such that f(ci) = 0, that means Ec? — G =0, and ¢* — Fc? — H = 0, equivalently

E=G=0, orEG>0andG*—EFG— E*H =0.

Condition E = G =0 means that
(i) either Zy = Xy and Wy =Y, i.e.

(775) - ( 7—)7 (47)

g(N(p—1-s)+p(1—s+a)) p(N(qflfm)Jrq(l*erb)))
p(N—q) ’ q(N—p) )

(ii) or (p —1—s5)(g—1—m) >0 and (v,§) satisfies

in other words (0, ) = (

{ 2N —p—q=py+d§, (4.8)
(I=EWN —g— (-1 =10 - 2)v(N-—p—(p—1)7). '
This gives in general 0,1 or 2 wvalues of (v,§). For example, in the case q’f—l = z% # 1, and
(p—2)(¢g—2) >0 and N > ’;qj:f:; we find another value, different from the one of ({.1) forp # q :
q—2 p—2
(1) =WN—""—-LN———1) (4.9)
pPq—p—4q pPq—p—(q

Moreover the computation shows that it can exist imaginary roots with E,G # 0.

In the case p = ¢ = 2 and s = m the situation is interesting:

14



Proposition 4.3 Assumep=qg=2 and s=m < %, withd+1—s>0,u+1—s5>0. In the
plane (9, 1), let Hg be the hyperbola of equation
1 1 N -2

= 4.10
5—|—1—5+,u—|—1—5 N — (N —2)s’ (4.10)

equivalently v+ & = N —2. Then Hs is contained in the set of points (0, ) for which the linearized
system at My has imaginary roots, and equal when s < 1.

Proof. The assumption D > 0 imply 0 +1 —s >0 and g+ 1 — s > 0; condition £ = G =0
implies s < N/(N —2) and reduces to condition ([.I(). Moreover if s < 1, all the cases are covered.
Indeed 2G = (s — 1)E [YoZp + XoWps], hence GE = 0. |

Next we give a summary of the local existence results obtained by linearization around the
other fixed points of system (M) proved in Section [I(. Recall that ¢ — —oco as r — 0 and ¢ — oo
as r — oo.

Proposition 4.4 (Point Ny) A solution (u,v) is reqular if and only if the corresponding trajectory
converges to Ny when r — 0. For any ug,vg > 0, there exists a unique local reqular solution (u,v)
with initial data (ug,vo).

Proposition 4.5 (Point Ag) If s—p + 5N > N+ a and u —F + m— > N + b, there exist
(admissible) trajectories converging to Ay when r — 00. Ifs P+ 5N q < N +a and ,uN P4
N—

mq_—1 < N + b, the same happens when r — 0. In any case

N-p N—g
limrrtTu=a>0, limr«lo=p3>0. (4.11)

If ST L+ 5N < N+a or ,u £+ mN £ < N + b, there exists no trajectory converging when

r —> oo; if s— + 5N > N+a or ,uN p —|— m— > N + b, there exists no trajectory converging
when r — 0

Prop051t10n 4.6 (Point Py) 1) Assume that g > m+1 and ¢+ b <X ~Pu<N+b-— N_lq. If

v < F there exist trajectories converging to Py when r — oo (and not when r—0). If y > Nop

p—1

the same happens when v — 0 (and not when r — 00).
2)Assumethatq<m+1(mdq+b> ,u>N+b—m];[— andq Pp+m(N —q) #
Ng-1+4(b+1)q. Ify < F there exist tm]ectomes converging to Py when r — 0 (and not when

r—o00). If v > % there exist trajectories converging when r — 0o (and not when when r — 0).

In any case, setting k = q_ll_m(%,u — (g +0)), there holds
N-p
limrrtTu=a>0, limrv=p3>0. (4.12)

Remark 4.7 This result improves the results of existence obtained by the fized point theorem in
[B] in the case of system (RP) with p = q = 2,a = 0,N = 3, 2s +m # 3. The proof is quite
simpler..
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Proposition 4.8 (Point Iy) If %5 > N+a and %,u > N+b, there exist trajectories converging
to Iy when r — 0o, and then

N—
lim rp 1y = B, muv=a>0. (4.13)

li
T—00 T—00

For any s,m = 0, there is no trajectory converging when r — 0.

Proposition 4.9 (Point Gy) Suppose %,u <N+b Ifqg+b< %,u and N + a < %s, there

exist trajectories converging to Go when r — oo. If %,u < q+0b and N—ff’s < N + a, the same

=
happens when r — 0. In any case

N—
limrr 1= B, limv=a>0. (4.14)

Proposition 4.10 (Point Cy) Suppose N +b < %m (hence ¢ < m+1) with m # %ﬁgﬁl)q,

and § > (N+a)q(++l_q). Then there exist trajectories converging to Cy when r — 0o (and not when

r — 0), and then
limu=a>0, limrfv=272, (4.15)

q+b

where k = st

Proposition 4.11 (Point Ry) Assume that N +b < %m (hence ¢ < m + 1) with m #

%fqb%q, and § < (NJra)q(TbH*q). If (era)éT;rl*q) < 4, there exist trajectories converging to
Ry when r — oo (and not when r — 0). If 6 < %, there exist trajectories converging

when r — 0 (and not when r — o0), and then ([[.13) holds again.

We obtain similar results of convergence to the points Q, Jo, Ho, Do, Sg by exchanging p, 4, s, a
and ¢, i1, m,b. There is no admissible trajectory converginf to 0, K, Lo, see Remark [0.1].

5 Global results for system (S)

We are concerned by the existence of global positive solutions. First we find again easily some
known results by using our dynamical approach.

Proposition 5.1 Assume that system (S) admits a positive solution (u,v) in (0,00). Then the
corresponding solution (X,Y, Z, W) of system (M) stays in the box

A:(o,N_f>x<o,%>x(o,N+a)x(o,N+b), (5.1)

i other words

N—p N
u>0, rv+

. : v >0, T1+ausv5 < (N—|—a) ‘UI‘P—l’ g 1bg ™ < (N+b) {v/‘q—l )
pP— C

(5.2)

/
ru +
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and then
w$ TP < Oy Pra) e atl < o @) in (0, 00), (5:3)

where Cy = (N + a)(3=2)P~1, Cy = (N + b)(5=1)47", and

. N—p . N—q . . N=p . : N-g
limrrtu=¢ 20, limreato(r)=c 20, lm inf rr=tu >0, lim inf retov>0. (5.4)
r—0 r—0 r—r00 r—r00

As a consequence if s <p—1orm < q— 1, we have
u< Kir™7, v < Kor™8,  in (0, 00), (5.5)

with K; = C£q*1*m)/DCg/D,K2 _ C{L/DCQ(pflfs)/D.

Proof. The solution of system (M) in R defined on R. On the hyperplane X = % we have

X; > 0, the field is going out. If at some time ¢y, X (t9) = %, then X(t) > % for t > to,

in turn X; =2 X [X - %] > 0, since since Z > 0, thus X(¢) > 2% for t > t1 > tg, then

X; 2 X?/2, which implies that X blows up in finite time; thus X () < % on R; in the same way
Y(t) < %. On the hyperplane Z = N + a we have Z; < 0, the field is entering. If at some time
to, Z(tg) = N +a then Z(t) > N 4 a for t < tg, then Z; £ Z(N 4+ a — Z), since sX + §Y > 0, and
Z blows up in finite time as above; thus Z(¢) < N + a on R, in the same way W (t) < N +b. Then
(F-2),(F-3) and (£.3) follows. By integration it implies that r(N=P)/(P=1y(r) is nondecreasing near
0 or oo, hence (b.4) holds. ]

Next we prove Theorem [[.1].

Proof of Theorem [L.1]. (i) The trajectories of the regular solutions start from Ny = (0,0, N +
a, N +b), from Proposition .4, and the unstable variety V, has dimension 2, from ([L0.1]), ([0.2).
It is given locally by Z = ¢(X,Y), W =¢(X,Y) for (X,Y) € B(0,p)\ {0} C R2

To any (z,y) € B(0,p)\ {0} we associate the unique trajectory 7, in V, going through this
point. If 7 is the maximal interval of existence of a solution on T, then lim;_,7«(X (t) + Y (t)) =
0. Indeed Z, and W satisfy 0 < Z < N +a, 0 < W < N 4 b as long as the solution exists,
because at a time 7" where Z(T') = N + a, we have Z; < 0. If there exists a first time 7" such that

X(T) = % or Y(T) = %, then T' < T*. We consider the open rectangle N of submits

_(N-—-p B N —q _(N—-p N—gq
(070)7 w1_<p_170>7 w2_<07q_1>7 w_<p_17q_1 .

Let U = {(z,y) € B(0,p) : x,y > 0}; then Y = S1 US2 U S3 U S, where

Si={(z,y) €U : Tpy leaves N on (w;,w)}, i=1,2,
Ss={(z,y) €U : Tyyleaves N at w}, S={(z,y)elU: Ty staysin N'}.

N(p—1)+p+pa
N—-p B
Consider the trajectory Tz o on V, associated to (z,0), with z € (0, p), going through M = (z,0,

Any element of S defines a G.S. Assume s < . Let us show that &; is nonempty.
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©(z,0),v(z,0)); it is not admissible for our problem, since it is in the hyperplane Y = 0: it satisfies
the system

X, = Xp' Nop o ]

Zt:Z[N—i—a—sX Z],

Wy=WIN+b—puX — W],

which is not completely coupled. The two equations in X, Z corresponds to the equation

— AU = rU*. (5.6)

The regular solutions of (f.§) are changing sign, since s is subcritical, see Section []. Consider the
solution (X,Y,Z, W) of system (M), of trajectory Tz o, going through M at time 0; it satisﬁes
Y =0, and X(t) > 0, Z(t) > 0 tend to oo in finite time T*, then for any given C > “=L there

exist a first time T' < T* such that X (7) = C, and Y (T) = 0. We have lim; , o W = N —|— b, and
necessarily 0 < W < N +b, in particular 0 < W(T) < N +b; and W, is bounded on (—oco, T*), then

W has a finite limit at 7*. The field at time 7 is transverse to the hyperplane X = ];:f’ : we have

X 2 C ( ) > 0, since Z(T) > 0. From the continuous dependance of the initial data at time 0,
for any 4 > 0, there exists > 0 such that for any (z,y) € B((Z,0),n) and for any (X,Y,Z, W) on
Te,y, there exists a first time 7, such that X (7.) = C, and |Y(t)| < € for any ¢t < T, in particular
for any (z,y) € B((z,0),n) with y > 0, and then 0 < Y (¢) < ¢ for any ¢t < 7. Let us take C' = %.

Then (z,y) € S;. The same arguments imply that S is open. Similarly assuming m < %fqﬁqb

implies that &s is nonempty and open. By connexity S is empty if and only if S is nonempty.

(ii) Here the difficulty is due to the fact that the zeros of u,v correspond to infinite limits
for X,Y, and then the argument of continuous dependance is no more available. We can write
U=MiUMyUM3US, where

M ={(z,y) € U and T, has an infinite branch in X with ¥ bounded},
My ={(z,y) €U : T, has an infinite branch in ¥ with X bounded},
Mgz ={(z,y) €U : T, has an infinite branch in (X,Y)}.

In other words, M is the set of (x,y) € U such that for any (X,Y,Z, W) on 7,,, there exists
a T* such that lim;,7+ X (t)) = oo, and Y (¢) stays bounded on (—oo,T™), that means the set of
(x,y) € U such that for any solution (u,v) corresponding to 7, v vanishes before v; similarly for
M. Otherwise Ms is the set of (z,y) € U such that there exists a T* such that lim;_,p« X (t) =
limy_, 7+ Y (t) = oo, that means (u,v) vanish at the same R* = €T . In that case, from the Hopf
Lemma, lim,_,p (G om R) =1, then lim;_, 7~ % =1.

N(p—1)+ptpa
N-p

the trajectory 7 and take C large enough: C = 2(N P 4 N+|b‘) Let € € (O C) For any (z,y) €
B((z,0),n) with y > 0, and any (X,Y,Z, W) on T, ,, there is a first time 7; such that X (7%) = C,
and 0 < Y (t) £ e for any t £ T.. And X is increasing and X; = X (X — C), thus there exists T*
such that lim;_,7+ X () = co. Setting ¢ = X/Y, we find

We are lead to show that M is nonempty and open for s < We consider again

Z W N — N — C
Pr_x _y 4+ - T S 5 G i
2 p—1 ¢—-1 q¢g—-1 p-1 2

18



then ¢i(T:) > 0. Let 8 = sup{t > T : ¢, > 0}; suppose that 6 is finite; then p(6) > ¢ (1:) =
Cle >2and X (0) SY (0)+C < X (0)/2+ C, which is contradictory. Then ¢ is increasing up
to T*; if limy_, 7+ Y () = oo, then lim;_,7+ ¢ = 1, which is impossible. Then (z,y) € M, thus M;
is nonempty. In the same way M, is open. Indeed for any (z,y) € M; there exists M > 0 such
that 0 < Y (t) £ M/2 on Tz 5. To conclude we argue as above, with (z,0) replaced by (z,7), and
C replaced by C'+ M. [

Proof of Proposition [[.2. Assume s = %W. Consider the Pohozaev type function

F(ry=rN

/P a, s+l N — 1p=2 1 X 1 N —
Wl w5 N pulu u]:TN_pup{_+ P

7
p s+1 P r p o s+1 P

} NG
We find F(0) = 0 and

Flr) = pN-1He N+a N-p st 4 0 S0y
s+1 D s+1
,rN—l-i-av(Sus-i-l N+a _ N-—p _ oY
s+1 P s+ 1

(5.8)

From our assumption, F is decreasing, and Z > 0, thus X < J]\;— Then &1, 83 are empty. If

N(q— 1)+q+qb
N—

moreover m = then Ss is empty, therefore S = U. [

Remark 5.2 Let us only assume that s = W. If one function has a first zero, it is
P

v. Indeed if there exists a first value R where u(R) = 0, and v(r) > 0 on [0,R), then F(R) =
"(R)I” > 0.

As a first consequence we obtain existence results for the Dirichlet problem. It solves an open
problem in the case s > p — 1 or m > ¢ — 1, and extends some former results of [[2] and [E2]. Our
proof, based on the shooting method differs from the proof of [[[J], based on degree theory and
blow-up technique. Our results extend the ones of [[, Theorem 2.2] relative to the case p = ¢ = 2,
obtained by studying the equation satisfied by a suitable function of u, v.

Corollary 5.3 system (S) admits no G.S. and then there is a radial solution of the Dirichlet
problem in a ball in any of the following cases:

(i)p<s+1,g<m+1, and min(s@—i—NT_lq&—(N—{—a) ,u—|—m — (N +b)) £0;

(ii) p<s+1,g>m+1 and S——F];[ 5—(N—|—a)§007’7—p—__1>0;

(iii) p>s+1,g>m+1 and max( J;f_p,f—q—l) 0;

(vw)p=2s+1,g=2m+1 and max(*y—%,g_g_) > 0.

Proof. From Theorem [L.1], we are reduced to prove the nonexistence of G.S.

N—

(i) Assume p < s+ 1, and s—p —|— 40— (N +a) <0. We have —Apu 2 Craqulqéus for large r.
N—

From [}, Theorem 3.1], we find u = O(r (p+a=3=9)/(s+1-P)y "and then s T+ N5 (N+a) 20,
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from (f.4), which contradicts our assumption. In case of equality, we find —Aju = Cr=N for large
r, which is impossible. Then there exists no G.S. This improves ythe result of [[J] where the
minimum is replaced by a maximum.

(ii) Assume p < s+1,¢>m+ 1 and v — % > 0; then u = O(r~7), which contradicts (5.4). If

N—p

Nop _ 0, then limr 71 N9 Hence —Agv = CrP 5t Fym for | h
7_p71:0’t en nmrnr e u:a>0,and§>(}7—r ence —AQAzv = Cr P v or argent en

N—
v = O\ atb=3=20/(@=1-m) _ € There exists C1 > 0 such that C; < rfv < 2C for large 7, from
6, Theorem 3.1] and (), then —Ayu = Cr=% for some C > 0, which is again contradictory.

(iii) (iv) The nonexistence of G.S is obtained by extension of the proof of [[J] to the case a,b # 0.
Moreover (iii) implies the nonexistence of positive solution (u,v), radial or not, in any exterior

domain (R,0) x (R,00), R > 0 from [g]. ]

Corollary 5.4 Assume ([.3) withp=q=2.If6+s = % and p+m = %, then system
(S) admits a G.S.

Proof. It was shown in [Rg], [&1]] by the moving spheres method that the Dirichlet problem has
no radial or nonradial solution. Then Theorem [[.] applies again. [

We aso extend and improve a result of nonexistence of [[[]] for the case p = ¢ =2,a = 0,5 > 1:

Proposition 5.5 Assume s+1>p or vy > %, and

N — N(p—1
- p( q) 5 < (p—1)+pa+p

(g —1)(N —p) N-—-p

Then system (S) admits no G.S. and then there is a solution of the Dirichlet problem. The same
happens by exchanging p, s, §,a,~y with ¢, m, u,b,&.

(5.9)

Proof. Consider the function F defined at (5.7). Suppose that there exists a G.S. Then from

(b.1) and (p.9) we find

N+a N-—-p oY N+a N-—-p 1) N—q>

2 0.
s+1 P s+1>s+1 P s+1qg—1 —

From (f.§), we deduce that F is nondecreasing. First suppose s + 1 > p. From (5.3) and (F.4),it
follows that u = O(r~*) at oo, with k = (p—l—a—&%)/(s—p—l—l). In turn N =PuP = O(rN-P)=kp) =

o(1) from (b.9), then F(r) = o(1) near co. Next assume s + 1 < p and y > %. Then rN~=PyP =
O(rN=P=7P) hence F(r) = o(1) near co. In any case we get a contradiction. ]

6 The Hamiltonian system

Here we consider the nonnegative solutions of the variational Hamiltonian problem (SH) in Q C R¥

—Au = |z]|*2°,

(SH) { —Av = [z u,
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where p=q=2< N,s=m=0,a>b> -2 and D = du — 1 > 0. For this case we find

24a)+(2+0)d 2404+ (2+

Cra)t@HO0 o Crak yioga=te g424b=m.
D D

The particular solution (ug(r),vo(r)) = (Ar=Y, Br=¢) exists for 0 < y < N —2,0 < £ < N — 2.

Here X,Y, Z, W are defined by

/ 1+4a,,6 14b,,1
x ="y = =T w =T

U v o] [v']

with ¢t = Inr, and system (M) becomes

Yi= Y[V — (N —2)+ W],
Z,=Z|N+a—06Y — 7],
Wy =W I[N +b—puX — W]

(MH)

This system has a Pohozaev type function, well known at least in the case a = b = 0, given at ([L.7):

ptl W™ N+avd N+buw'
s _ N b Ul a
w(r) =t w4 ,u+1+r 5—{—1+ 641 r w41 r
Y (N - N - 2)X
=N 2w | XY — (V+b W)—( ta )
1 0+1

— N2 (7)) Dy [y YWD (W a - 2)X
p+1 0+1

It can also be found by a direct computation, and £y satisfies

N+a+N+b_(N_2) .
64+1 " p+1

Ey(r) = PNl <

We define the critical case as the case where (d, 1) lie on the hyperbola Hg given by

N+a N+Db
6+1 " p+1

]lTﬂb,f = ](\Sfj_'l“, and & (r) = 0. It corresponds to the existence of a first integral of

system (M), which can also be expressed in the variables U= r7u,V= rv of Remark R.2:

= N — 2, equivalently v+ & = N — 2. (6.1)

In this case v =

Urtl V5+1

_|_

gH(T):UtVt—’}/fUV‘FM_i_l 5+1:

C.

The supercritical case is defined as the case where (0, 1) is above H, equivalently v+ & < N — 2
and the subcritical case corresponds to (d, ) under H.

Remark 6.1 The energy Epo of the particular solution associated to My is always negative, given

by Eno = _merQf’y*ﬁXOYO(ZOXO)(,qul)/D(WOYO)(5+1)/D_
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Remark 6.2 In the case a = b = 0, it is known that there exists a solution of the Dirichlet problem
in any bounded reqular domain Q of RN | see for example [1d], [24]; for general a,b, some restrictions
on the coefficients appear, see [23] and [I4].

Next consider the critical and supercritical cases. When a = b = 0, there exists no solution if
Q) is starshaped, see [Bd]. Here we show the existence of G.S. for general a,b. The existence in the
critical case with a = b = 0 was first obtained in [RZ], then in the supercritical case in [2d], and
uniqueness was proved in R}, P9]. The proofs of [PJ] are quite long due to regularity problems,
when § or p < 1, which play no role in our quadratic system.

Remark 6.3 The particular case § = p and a = b is easy to treat. Indeed in that case u = v
is a solution of the scalar equation Au + |z|* |ul® "t u = 0, for which the critical case is given by
d=(N+2+2a)/(N —2). Moreover if system (SH) admits a G.S., or a solution of the Dirichlet
problem in a ball, it satisfies w = v, from [4]. Then we are completely reduced to the scalar case. In
particular, in the critical case, the G.S. are given explicitely by: v = v = c(K + r(2+“))(2_N)/(2+a),
where K = 71 /(N 4 a)(N — 2); in other words they satisfy with X =Y and Z =W, i.e.

X(t) , Z()
N—2+N+a_

Near co, the G.S. is (obviously) symmetrical: it joins the points Ny and Ay.

Remark 6.4 Consider the case 6 =1, a = b =0, which is the case of the biharmonic equation
A%y = ut.

Recall that it is the only case where the conjecture ([1.3) was completely proved by Lin in [21]. In
the critical case p = (N +4)/(N —4), the G.S. are also given explicitely, see [24):

u(r) = (K + )72 K = 71 /(N — 4)(N — 2)N(N +2).

They satisfy the relation XY = %X + %(N — W)Y, and moreover we find that they are on an
hyperplane, of equation
(N -2)X(t) | Z(t)

—1=0.
N(N —4) N

Observe also that the G.S. is not symmetrical near oo: u behaves like r*= and v behaves like

r2=N. The trajectory in the phase space joins the points Ny and Qo = (N — 4, N —2,2,0).

Proof of Theorem [L.4. 1) Existence or nonexistence results:

e In the supercritical or critical case we apply any of the two conditions of Theorem [[.: Here
En(0) =0, and £y is nonincreasing; there does not exist solutions of (M) such that at some time
T, X(T) =Y(T) = N — 2, because at the time T,

Y(N +b— N+a—-2)X N N Z
Xy _ (N+b-W) (N+a-2) _(v_2)|N-2- +a +b+ W+ =0
1 0+1 0+1 p+1 p+1 6+1
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since W > 0,7 > 0, thus £g(e”) > 0, which is impossible. Otherwise there exists no solution of the
Dirichlet problem in a ball B(0, R), because £y (R) = RNu/(R)v'(R) > 0 from the Hopf Lemma.
Then there exists a G.S. The uniqueness is proved in [R(].

e In the subcritical case there is no radial G.S.: it would satisfy £y (0) = 0, and £y is non-
decreasing, Ex(r) < CrN¥=277=¢ from (B.1), and v + £ > (N — 2), then lim, .. Ex(r) = 0. From
Theorem [[.1], there exists a solution of the Dirichlet problem.

2) Behaviour of the G.S. in the critical case.

It is easy to see that the condition ([L.6) implies p > 2+b and § > £t and that § < %+g
N+b

and p < {75 cannot hold simultaneously. One can suppose that o > N +“ . Let T be the unique
trajectory of the G.S.. Then £y (0) = 0, thus 7 lies on the variety V of energy 0, defined by

X(N+a-2) Y(N+b—W)
5+1 e
From (B.9) 7 starts from the point Ny, and from (B.1]) 7 stays in

= XY. (6.2)

A={(X,)Y,ZW)eR*:0< X <N-2, 0<Y<N-2 0<Z<N+a, 0<W<N-+b}.

(i) Suppose that T converges to a fixed point of the system in R. Then the only possible points

are Ao, Py, Qo which are effectively on V. Indeed Iy, Jy,Go, Hy € V. But Qo = (N —2)0 — (2+

a), N —2 N—l—a—(N—Q)(SO)Q’/?, Since5>N+a. AndPOEﬁ,ifandonlyif,u§%.

N+b
N-2°

B3, thus T Converges to Po. It p # N +b the convergence is exponential, thus the behaviour of
u,v follows. If p = %—fg, then T converges converges to Ay, = Py; the eigenvalues given by ([[0.3)
satisfy Ay = Ada =N —2, A3 = N +a— (N —2) <0 and Ay = 0; the projection of the trajectory

on the hyperplane Y = N — 2 satisfies the system

If u > N then T converges to Ag. If 4 < no trajectory converges to Ag, from Proposition

X;=X[X-(N-2)+2%2], Z=Z[N+a—-0&N-2)-2

which presents a saddle point at (N — 2,0), thus the convergence of X and Z is exponential, in
particular we deduce the behaviour of u. The trajectory enters by the central variety of dimension
1, and by computation we deduce that Y — (N —2) = —t~1 + O(¢t~2%¢) near oo, and the behaviour
of v follows.

(ii) Let us show that 7 converges to a fixed point. We eliminate W from (f.J) and we get a still
quadratic system in (X,Y, Z) :

X, =X[X—-(N-2)+27],
YV, =Y[Y+b+2— (u+1)X]+ &4 X(N +a—2), (6.3)
Zi=Z[N +a—-06Y - Z].

We have X; 2 0, and Y; = 0 near —oco. Suppose that X has a maximum at ¢ followed by a minimum
at t1. At these times Xy = XZ; , thus we find Z;(tp) < 0 < Z;(t1). There exists ty € (tg,t1) such
that Z;(t2) = 0, and t2 is a minimum. At this time Z(t3) = N +a — 0Y (t2), Zu(t2) = —0(ZY1)(t2)

hence

n@g:)xm)yeg+b+2—§$ixeg <0
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and X;(t2) < 0, hence (X + Z)(t2) < N — 2, and

1
N—2-X(ts) > Z(tz) > N +a —5(%)((752) —p—2)

5,u_—i—1 024+0b)+(2+a)
d+1 (N—-2)5—(2+a)

but X (t2) < X(to) < 6(N—2)—(2+a), which is contradictory. Then X has at most one extremum,
which is a maximum, and then it has a limit in (0, N — 2] at co. In the same way, by symmetry, Y
has at most one extremum, which is a maximum, and has a limit in (0, N — 2] at co. Then Z has
at most one extremum, which is a minimum. Indeed at the points where Z; = 0, —Z;; has the sign
of Y;. Thus Z has a limit in [0, N + a), similarly W has a limit in [0, N + b). ]

(a+2)+60b+2) < ( —1)X(t2) = X (t2)

Open problems: 1) For the case § = pu, in the critical case it is well known that there exist
solutions (u,v) of system (SH) of the form (u,u), such that r7u is periodic in ¢t = Inr. They
correspond to a periodic trajectory for the scalar system (Mseq) with p = 2, and it admits an
infinity of such trajectories. If § # pu, does there exist solutions (u,v) such that (r7u,rév) is
periodic in ¢, in other words a periodic trajectory for system (M H)?

2) In the supercritical case, we cannot prove that the regular trajectory 7 converges to My,
that means lim, o 77u = A, lim, . 7%v = B. Here £ (0) = 0, £y is nonincreasing, then & is
negative. The only fixed points of negative energy are My, Go, Hy, but a G.S. satisfies (f.5), then
it tends to (0,0) at oo, hence T cannot converge to Gy or Hy from Proposition [l.9; but we cannot
prove that T converges to some fixed point.

7 A nonvariational system
Here we consider system (S) with p =¢=2,a =band s =m # 0.

—Au = |z|* us?

(SN) { —Av = |z|" utv®,

where D = 6y — (1 — 5)? > 0. In order to prove Theorem we can reduce the system to the case

a = 0, by changing N into N = %, from Remark R.4; thus we assume a = 0 in this Section.
Here . ) 5
U v ru’v rutv’®
X:_T Y:_T’ Z(t):— u W(t):— o

and system (M) becomes

Yi= Y[V — (N —2)+W],
Z, = Z[N — sX —6Y — 7],
Wy = W [N — uX — sY — W].

(MN)

We have chosen this system because it is not variational, and different hyperbolas in the plane
(0, p):
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e the hyperbola H, for which the linearized system at My has two imaginary roots, given by

1 1 N -2
(Hs) 5+1—s+,u+1—s_N—(N—2)s

whenever s < %, and § +1—s>0, p+1— s> 0, from Proposition [£.3;
e the hyperbola Hg defined by

1 1 N -2
(o) S+l p¥l . N

it was shown in [B§] that above H there exists no solution of the Dirichlet problem;
e an hyperbola Z; introduced in [B§] in case s < 25, and min(J, ) > |s — 1] :

1 1 N -2

Zs = >
) AT T T N2

e we introduce the new curve Cs defined for any s > 0 by

N N (N=2)s 1 1
C ELSTEL S V)
s L v S S

We first extend and complete the results of [Bg] and [Rf]:

),

(7.2)

Proposition 7.1 (i) Assume s < %, and 0 +1—s>0, u+1—s>0. Under the hyperbola Z,,

system (SN) admits no G.S., and then there is a solution of the Dirichlet problem in a ball.
(i) Above Ho there exists no solution of the Dirichlet problem. Thus there exists a G.S.

Proof. (i) We consider an energy function with parameters «a, 3, 0,6 :

0
En(r) =N W' + au Tt + ot + Toid + Zuv'!
r r
= ’I“N72UU\I/0 = TN72777£(ZX)£/2(WZ)’Y/2\I]0,
from ({.J), where
Uo(X,Y,Z,W) = XY +aWY + BZX — o X — §Y.

We get

N ()TN () = (0 +0 — (N —=2)XY + (Na— )YW + (NS —0)X Z

—(a(p+1) = DXYW — (B(6 +1) = )XY Z — asY?W — BsX>Z.

Taking o = ﬁ,ﬂ = ﬁll, we find

3N ()N (r) = (0460 — (N —=2))XY + (Na — 0 — asY)YW + (NS — o — BsX)X Z.

If there exists a G.S., from (p.1) it satisfies X,Y < N — 2, hence

3N () TLEN(r) > (40— (N=2) XY +((N—(N—-2)s)a—0)YW+((N—(N—-2)s)3—0) X Z.
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Taking 0 = w, o= W, we deduce that EJ’V > 0 under Z,. Moreover Z; is under Hg,

pt1 0+1
thus v+ & > N — 2. Then Ex(r) = O(rN=2777¢) tends to 0 at oo, which is contradictory.
(ii) Taking a = ﬁ =L 3= Fll = £, it comes from ([7.6)
3N () TEEN(r) = (l + N (N =2)XY — asY?W — psX*Z
N S+1  p+1

hence &) < 0 when ([-1)) holds. At the value R where u(R) = v(R) = 0, we find En(R) =
RNu/'(R)v'(R) > 0, which is a contradiction. [

Remark 7.2 (i) When the four curves are simultaneously defined, they are in the following order,
from below to above: Z4,Hs,Cs, Ho. They intersect the diagonal § = p repectively for
_ N+2 _q 5—N+2 _N+2 s 6—N+2
TN-2 O °TN—2 %" °TN-2 2 °TN-2
(ii) For 6 = p, system (SN) has a G.S. for § = % — 5. Indeed it admits solutions of the form

(U,U), where U is a solution of equation —AU = U, Suppose moreover s < 6. If 1 —s < § <
N+2
N—2

Then the pomt P, = (N—‘F% — s, % — s) appears to be the separation point on the diagonal; notice
that Py € Hs.

Next we prove our main existence result of existence of a G.S. valid without restrictions on s.
The main idea is to introduce a new energy function ® by adding two terms in X2 and Y? to the
energy £y defined at ([.J). It is constructed in order that ® does not contain Y and Z. Then
we consider the set of couples (X,Y) such that ®" has a sign, which is bounded by a cubic curve.
When (4, 1) is above Cg, the cubic curve is exterior to the square

K =[0,N—-2] x[0,N —2], (7.8)
and then we can apply Theorem [L1.

Proof of Theorem [[.5. From Theorem [, if s = £+2, all the regular solutions are G.S..

Thus we can assume s < N+2 . Let j,k € R be parameters, and
2 2
s vu/ S uv
O(r)=En(r —
R
N 1 +1 S+1 Svu2 5uv'2
=r" |u'v + aut T + Bu s—l—

= V2000 = TN_Z_V_g(ZX)g/Q(WY) /Z\II’

where

U(X,Y,Z,W) = XY +aWY +BZX —oX — 0Y + k%XQ +j§Y2.
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Then

PN ()1 (r) = (0 4+ 60 — (N = 2)XY + (Na— YW + (N3 —0)XZ
—(alp+1) = DXYW - (B0 +1) = )XY Z 4 (j — a)sY*W + (k — B)sX*Z
+EsX2[X — (N —2)] +jsY2[Y — (N —2)] + (N -2~ X — Y)(k§X2 +j§Y2).

We eliminate the terms in Z, W by taking j = a = ﬁ, k=p= Fll’ 0 = Na, 0 = NB. Then we

get the function ® defined at ([.9). Computing its derivative, we obtain after reduction

B(X,Y) := —gr?’*N(uv)*le'(r)

S

2
=BX*N-2-X)+aY* N -2-Y)+ XY BX +aY + (N —2-Na—NB)|.

From Proposition .1 we can assume that N(a + ) — (N —2) > 0. We determine the sign of
B on the boundary 9K of the square K defined at (7.§). We have B(0,Y) =aY?3(N —-2-Y) =0
and B(X,0) = X?(N — 2 — X) = 0. In particular B(0,0) = 0. Otherwise B(N —2,Y) = YO(Y)
with 5
OY)=aY 2(N-2)-Y]+ (N -2)(N-2)8+ ;(N— 2— Na— Np).

On the interval [0, N — 2], there holds O(Y) > ©(0). By hypothesis, (J, u) is above Cs, or equiva-

lently
N

(@+h)—s—1= ;min(@aﬁ); (7.9)
consequently B(N —2,Y) 2 0 and similarly B(X, N —2) =2 0. Then B is nonnegative on 0K and is
zero at (0,0), (0, N —2), (N —2,0). The curve B(X,Y) = 0 is a cubic with a double point at (0, 0),
which is isolated under the condition (7.9): B(X,Y) > 0 near (0,0), except at this point. Then
B(X,Y) > 0 on the interior of K.

Suppose that there exists a regular solution such that X(7') = Y(T) = N — 2 at the same time
T. Indeed up to this time (X,Y) stays in K, thus the function ® is decreasing. We have ®(0) = 0,
and at the value R = el we find

o~ W+ 62 N s
d = RN=2=7=¢(N _ 9)6+7+2 a 1— -2
(R)=R ( ) N o Tl-(Bta)gz—-3)
then ®(R) > 0, since min(a, ) < a + 3. Therefore from Theorem [L.]], there exists a G.S. u

Remark 7.3 We wonder if the limit curve for existence of G.S. would be Hs, or another curve Ly
defined by
1 1 N —2

(Ls) 5+1+u+1:N_%’

which ensures that ®(R) > 0, and also B(N — 2, N —2) > 0. This curve cuts the diagonal at the

same point Py = <% — s, % - s) as Hs. Notice that L4 is under Hs.
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8 The radial potential system

Here we study the nonnegative radial solutions of system (SP) :

(SP){ —Apu = |z]%u

A = |z usTo™m,

a sm+1

with a = b, =m+ 1,u = s+ 1, and we assume (@) System (M) becomes

4.

+
(MP) V=YY - FH+ 5],
Zy=Z[N+a—sX—(m+ )Y Z],
W, =WI[N+b—(s+1)X —mY —W].

S

Xy =X | X - M=

Q‘ZE
\%i

For this system D, v and £ are defined by
D=p(l+m)+q(l+s)—pg, (p—1=s)y+tpta=(m+1)§,  (¢—1-m){+q+b=(s+1)y,
thus v and £ are linked independtly of s, m by the relation

pa(m+s+2+a)
. (8.1)

The system is variational. It admits an energy function, given at ([.L13), which can also can be
obtained by a direct computation in terms of X, Y, Z W:

p(y+1) =q(€+1) =

s+1 m+1
Ep(r) =y | ZW = —=W((N =p) = (p = DX) - — —Z((N —q) — (4 - 1)Y)} : (8.2)
where
N—2— p—1, 719-1
P = r B C i G — pN=(+Dp [Xq(sﬂ)(pfl)yp(erl)(qfl)Zp(qufl)Wq(pfsfl)} v )
usSy™
Then we find
N — N —
Ep(r) = (N +a—(s+ 1) = — (m+ 1) =——d)pN-Traystiymtl,
p q
Thus we define a critical line D as the set of (0, u) = (m + 1, s + 1) such that
N — N —
Nta=m+1)—L 4 (s+1)=—2 (8.3)
q p
equivalent to pg(m+s+2+4+a)=ND,or N+a=(m+1){+ (s+ 1)y, or
N—-p N—q
78 = (—L, =1
(1,8 = (—; )
The subcritical case is given by the set of points under D, equivalently ~ > %, &> % or

(s+1)v+ (m+1)§ > N + a. The supercritical case is the set of points above D.
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Remark 8.1 The energy (Ep), of the particular solution associated to My is still negative: (Ep), =

_ _ s m 1/D
_p_DqT,NJraf('erl)p |:Xg(p 1)Yg)(q 1)Zg( +1)Wé’7( +1)} )

Remark 8.2 When p = q = 2, another energy function can be associated to the transformation
given at Remark [2.3: the system (2.9) relative to u(r) = r=7U(t), v(r)=r"SV(t) is

Ug + (N =2 —-27)U; —y(N =2 —5)U + UVl = (8.4)
Vi + (N =2 —29)Vy —y(N =2 — )V + UsHV™ =0 '
and the function
s+1 m+ 1 ct1Vm
Ep(t) = —— (U} = (N =2=9)U%) + ——=(V{ =9(N =2 = y)VZ + U5 (85)

satisfies
(Bp)e = —(N —2—29) [(s+ 1)U} + (m + 1)V{]

It differs from Ep, even in the critical case. This point is crucial for Section [9.

It has been proved in [B4], [B5], that in the subcritical case with a = 0, there exists a solution of
the Dirichlet problem in any bounded regular domain © of RY; and in the supercritical case there
exists no solution if € is starshaped. Here we prove two results of existence or nonexistence of G.S.
which seem to be new:

Proof of Theorem [[.6. 1) Eristence or nonexistence results.

e In the supercritical or critical case there exists a G.S. From Theorem [L.1], if it were not true,
then there would exist regular positive solutions of (M P) such that X (T") = p:f and Y(T') = %.

It would satify Ep < 0. Then at time T, we find Ep(R) > 0, from (B3), since W > 0, Z > 0, which
is impossible.

e In the subcritical case, there exists no G.S. Suppose that there exists one. Now Ep is nonde-
creasing, hence £p > 0. Its trajectory stays in the box A defined by (b.1)), thus it is bounded. If
q=m+1and p = s+ 1, we deduce that , Ep(r) = O(rN=0+DP) from (§F), then Ep tends to 0 at
oo, which is contradictory. Next consider the general case. We have

Ep(r) < PN-0FDp [XQ(p*I)YP((I*l)ZP(Q*mfl)Wq(p,sil)} 1/D o

1/D

)

— pN=(+Dp [Xq(pfl)yp(qfl)zq(lﬂ)Wp(1+WL)]

then the same result holds. Consequently, from Theorem [L.1], there exists a solution of the Dirichlet
problem

2) Behaviour of the G.S. in the critical case.

Let T be the trajectory of a G.S.; then £p(0) = 0, thus T lies on the variety V of energy 0, also
defined by

W s+ 1)((p— DX = (N —p)+pZ] =pm+1)Z[(N —q) - (¢ —1)Y)] (8.6)
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and Y < %, hence (s + 1)((p — 1)X — (N —p)) + pZ > 0. From (b.9), T starts from Ny =
(0,0,N + a,N + b) and stays in A. Eliminating W in system (M), we find a system of three

equations

N— Z
Yi=YF,

Zy=Z[N+a—-sX—-(m+1)Y —-Z],

where

_1[N-—q J]pm+1-9q)Z+q(s+1)(N—-p) —(p—1)X)
F<X’Y’Z)‘q[q—1 ] GG -DX (N —p)ipZ

(i) If T converges to a fixed point of the system in R, the possible points on V are Ag, Iy, Jo, Po,
Qo, Go, Hy, Ro, Sp. The eigenvalues of the linearized problem at Ay, given by ([[0.3) satisfy

N — N — N — N —
p—(m—i—l) q§A4:)\*:N+a—(s+1) P _m q
p—1 q—1 p—1 q—1

)

A, A >0A3=N+4+a—s

since ¢ < p, and A3 < \* for ¢ # p, and A3 = \* < 0 for ¢ = p, from (B.3). Then Ay can be attained
only when A\* £ 0, from Proposition [.J. And Py can be attained only if

N —
g>m+1, A*20 and g+a<(s+1) f, (8.7)
p—

from Proposition [1.4, because v = % < NT*f’. We observe that the condition A* = 0 joint to (B.3)
implies m + 1 < ¢ < p and is equivalent to (B.7). Indeed it implies

N—p N —q q N —q N—p
s+)EN+a-m——F=N+a——N+a——F—(s+1 :
p—l( ) 1 q—l( p (s+1) p )
then N
—pq—p
s+1 — = —(a+q),
(s+) L < —atg)

thus ¢ < p. From (B.J) we obtain

m+1 N —p
N—-—qg(———-1)=q+a—(s+1
(V- o= - (s+ 1) —rE

hence m +1 < ¢ and (B.7) follows. By symmetry, Qo cannot be attained since ¢ < p. Then Aj and
Py are incompatible, unless Ay = Py, and P is not attained when p = q.

(ii) Next we show that 7 converges to Ay or to Py. If ¢ is an extremum value of Y, then

(m;—l—l)Z(t)—i—S_Fl

(N =p)—(p—-1)X(t) =0. (8.8)

This relation implies ¢ > m + 1 and

B pim+1—q)]  DX()Z(1)
Xilt) = p—1 b q(s+1) _(p—l)Q(8+1)>0'




In the same way, if ¢ is an extremum value of X, then p > s+ 1 and Y;(¢) > 0. Near —oo, there
holds X;,Y; 2 0, and Z;, W; < 0, from the linearization near Ny. Suppose that X has a maximum
at to followed by a minimum at ¢;. Then p > s+ 1, and Y is increasing on [tg, t1]. At time ¢y we
have (p — 1) X (to) + Z(to) = N — p and Xy (to) < 0, thus Z;(t9) < 0; eliminating Z we deduce
pta+(p—1—5)X(ty) < (m+1)Y(ty) and similarly (m +1)Y(t1) Sp+a+ (p—1—s)X(t1);
hence Y (t1) < Y (ty), which is a contradiction. Thus X and Y can have at most one maximum, and

in turn they have no maximum point. Therefore X and Y are increasing, and they are bounded,

N—
9 quq
at each time where Z; = 0, we have Zy = Z(—sX; — (m + 1)Y};) < 0, thus it is a maximum, which
is impossible.

hence X has a limit in (0, %] and Y has a limit in (0 ] Then Z, W are decreasing; indeed

Then T converges to a fixed point of the system. Moreover, since X and Y are increasing, it
cannot be one of the points Iy, Jy, Go, Ho, Rg, Sg. It is necessarily Ag or Py. We distinguish two
cases:

e Case ¢ < m+ 1. Then T converges to Ag, and A3, \* < 0, then ([.1I0) follows.

e Case ¢ > m + 1. Then T converges to Ag (resp. Pp) when A* < 0 (resp. A* = 0). If the
inequalities are strict, we deduce the convergence of u and v from Propositions [L.§ and [.§, and
(L.11)) follows. If \* = 0, then Py = Ag, and \3 = W=1a-p) - The projection of the trajectory

— (»-1(e-1)
T in R? on the plane Y = NT_lq satisfies the system
q
N — Z N —
Xe=X|x-""P, 2 | Z-Z|Nta—sX-(m+1)—2L 7z
p—1 p-1 q—1

which presents a saddle point at (%,O), thus the convergence of X and Z is exponential, in
particular we deduce the behaviour of u. The trajectory enters by the central variety of dimension

1, and by computation we deduce that Y = % - q_ll_mt_l + O(t=2*%), then ([.12) follows. m

9 The nonradial potential system of Laplacians

Here we study the possibly nonradial solutions of the system of the preceeding Section when

p=q=2: o "
—Au = |xz|* ufv™
(SL) { —Av = |z|* usto™,

with D = s + m. We solve an open problem of [f: the nonexistence of (radial or nonradial) G.S.
under condition (|L.14)).

It was shown in [ in the case N + a = 4. The problem was open when N + a < 4, and
m+s+1> (N+a)/(N —2), which implies N < 6. Indeed in the case m+s+1 < (N+a)/(N —2),
there are no solutions of the exterior problem, see [f, Theorem 5.3]. Recall that the main result of
[d is the obtention of apriori estimates near 0 or oo, by using the Bernstein technique introduced
in [[§] and improved in [§]. Then the behaviour of the solutions is obtained by using the change of
unknown

u(r,0) =r~"U(t,0), v(r,0) =r~7V(t,0), t=Inr,
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extending the transformation of Remark B.9 to the nonradial case (in fact here ¢ is —¢ in [[]); it
leads to the system

Uy + (N =2 —29)U; + AgU — y(N =2 —4)U + UsV™HL = 0
Vit + (N =2 —29)V; + AgV — (N — 2 —4)V + USTIV™ = 0,

where Ag is the Laplace-Beltrami operator on Sy_1. A corresponding energy is introduced in [f:

s+1
Buft) = = [ (0= |VsUP (N — 2= )00
SN-1
1
+ % / (V2= |VgV]2—&(N —2—€)V?)do + / ustiymtlgg,
SN-1 SN-1

extending (B.) to the nonradial case; it satisfies
(EL)t =—(N —2—27) / (s + 1)UF + (m +1)V7] df
SN-1

Here we construct another energy function, extending the Pohozaev function defined at ([.13) to
the nonradial case.

Lemma 9.1 Consider the function Er(r) defined by

1 r
V) = 5 [ [k Vsl (V-2 g
SN-1
1
+&/ (@)Q—T_2|st|2+(N—2)m}r do + r* / ut o™ tdp.
2 ov r
SN-1 SN-1

Then the following relation holds:

N -2 N -2
= NEL(r) = (N +a—(s+ 1)T —(m+1) 5 )re / w Ty ag.
SN—l
Proof. In terms of ¢, we find
EL(t) =Era1(t) +Epa(t) + Er3(t), with
1
Era(t) = %ewﬂ)t / [0 — 1V 5uf? + (N = 2)u] do,
SN—l
1
Era(t) = %e(]\[d)t / [v? —|Vsv]* + (N — 2)vvt] dh, Ers(t)= elN+a)t / w1 dp,
SN-1 SN-1
and u satisfies the equations
ug + (N — 2)uy + Agu + eZFDtysym+1 = 0, (9.1)
(e(N_Z)tut)t + W=Dt A gy 4+ eWVHatysym+l — (9.2)
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and v satisfies symmetrical equations. Multiplying (P.4) by w and (PJ) by (s + DeN=2ty, we
obtain

0= /u(e(N2)tut)t+e(N2)t / uASu+e(N+a)t / uSTlymtl

SN-1 SN-1 SN—1
d
-2 weN=2ty, _ ((N=2)t / (2 + [Vsul) + eV+ar / L ym ]
gN-1 gN-1 gN-1
d s+1 _ s+1 _
pr 5 (N — 2)ueN=2ty, — (N —2)eN=2)1 / (u2 + |Vsul?)
SN_l SN—I
_ _5‘|2‘ 1 (N — 2)eN+a)t sty

SN—l

and symmetrically for v, and adding the equalities we deduce

d 2 — |Vgul?
0= (s+ 1)(6(]\7*2)15a / (7% |2 su| + (N —2)eN=21 / u?
SN-1 SN-1
oy d v? — ’VsU‘Q _
d(m e [T (v [
SN-1 gN-1
+ %(B(NJra)t / uerlvarl) _ (N + a)e(NJra)t / uStlymtl
SN-1 SN-1

d | eN-2)t ) ) , ) . 1 1
p7a / ((s + 1)(u? = |Vsul®) + (m + 1) (v? — [Vsv[?)) 4 N+ / L mt
gN-1 i

N -2

SgN-1

_ (N+a)e(N+a)t / us+lvm+1’

SN—l

hence
(E) = (¥ +a= s+ D252 = o )2 eV [ sttymiias,
SN-1
]
Proof of Theorem [I.7. Suppose that there exists a G.S. Since s+m+1 < (N+2+2a)/(N —2)
we deduce that Fy and &, are increasing and start from 0, then they stay positive. From [ff,

Corollary 6.4], since s+m+1 < (N +2)/(N —2), three eventualities can hold. The first one is that
(u,v) behaves like the particular solution (ug, vp); it cannot hold because E7, has a negative limit,
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see [[l, Remark 6.3]. The second one is that (u,v) is regular at co, that means limg|_, 2|V 2y =
a > 0, lim|y o0 |z|Y"2v = B > 0; it cannot hold because limy_o E7(t) = 0. It remains a third
eventuality: when for example m > (N 4 a)/(N —2), and (u,v) has the following behaviour at oo :

limu=a>0, and lim |z[*v=8>00r0, withk=(2+a)/(m—1). (9.3)

r—00 |z|—o0

The condition on m implies that N < 4—a from assumption ([.14). In that case lim;_,oo E7(t) = 0o,
which gives no contradiction. Here we show that a contradiction holds by using the new energy
function &7,.

First recall the proof of (P.3). Making the substitution
u(r,0) = u(t,0), v(r,0) = r*V(t,0), t=Inr6e Sy_1,

we get
ug + (N — 2)uy + Agu +e 2Flysvmtl =,
Vi + (N —2-2kE)V; +AgV — k(N — 2 — k) V+u*TIvm = 0.

Then u, V are bounded near oo, and from [, Proposition 4.1] u converges exponentially to the
constant «, more precisely

llu—a] + ue| + |Vsulll goggn-1y = O(e~ N2, (9.5)

because k # (N — 2)/2 and all the derivatives of V up to the order 2 are bounded. The equation
in V takes the form

Vi + (N =2—-2k)V;+ AsV — k(N =2 - E)V+a* V" 4o =0

(9.4)

where ¢ and its derivatives up to the order 2 are O(e~ V=), From [}, Theorem 4.1], the function
V converges to 3 or to 0 in C?(SV-1).

Next we define
flt)= eN=2)t / ugdf = rN 1 / u-do.

SN-1 SN-1

Then
s+1

2

Er1(t) = (N —2)
from (9.§). Moreover from (9.4),
ft(t) _ _e(N7272k)t / WV ae < 0.

SN—l

af(t) +O((e”™2))

Since u is regular at 0, f(t) = 0(eN="1!) at —oo, in particular lim;_, o f(t) = 0. And fi(t) =
O(eN=2-20)t) — O(e™*) at oo, then f(t) has a finite negative limit —¢?; and

1
ST al?.

Jim Epa(1) = =(N = 2)

Moreover v = e ¥V, and V and its derivatives up to the order 2 are bounded, thus
Era(t) = O3 = O(e™)

Finally
gL,B(t) _ O(e(NJrafk(erl))t)
2—N

and N +a—k(m+1) < = < 0. Then &, has a finite limit # < 0 at co, which is contradictory. m

m—1
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10 Analysis of the fixed points

Here we make the local analysis around the fixed points.

Proof of Proposition f.4. (i) Consider a regular solution (u,v) with initial data (ug,vp).
When when r — 0, we have

1

(_TNfl |ul|p—2 u/)/ _ TN71+au(s]vg(1 + 0(1))’ _ |ul‘p—2 u = Nia

gl 1+ o(1)),

thus from (R.1), when t — —oo

1 s+1— — a -
X(t) = (—N i au0+ Pvg)l/(p Depta)t/(b=1) (1 4 (1)),
1
— o mt1=qy1/(g—1) ,(g+b)t/(¢—1)
Y (t) (N V0% ) € (1+0(1)),

and lim;, o Z = N + a, limy,_ oo W = (N + b). In particular the trajectory tends to Ny =
(0,0,N +a,N +b).

(ii) Reciprocally, consider a trajectory converging to Ny. Setting Z = N +a + ZW=N+b+W,
the linearized system is

b _ _ 3 3
Xt:p“llx, Y, = Q_Jrly, Zy= (N+a) [-sX =0V = 2], Wi = (N+b) [-pX —my — W],
p— q-
(10.1)
The eigenvalues are
b
M :ifi‘ >0, M= Z_Ll 50, M=—(N+a)<0, \=—(N+b) <0 (10.2)

The unstable variety V, and the stable variety V,; have dimension 2. Notice that V, is contained
in the set X = Y = 0, thus no admissible trajectory converges to Ny when r — oo, and there
exists an infinity of admissible trajectories in R, converging to Ng when r — 0. Moreover we get
limy, oo e” Pt/ P=EX (1) = k > 0 and limy ;oo e~ @H0/(@=DIY (£) = £ > 0. Thus (u,v) have a
positive limit (ug,vo) = (N + a)sP~ 1)@= 1=m)/D (N 4 b)ea=1)/P from ({I), (&), hence (u,v) is
a regular solution.

Next we show that for any > 0, > 0 there exists a unique local solution such that
limg s oo e_(p+“)t/(p_1)X(t) = k and limy_,_ o e~ (@TD/(@=Dty — ¢ On V,, we get a system of
two equations of the form

X, =X\ +F(X,Y)), Y=Y +G(X,)Y)),

where F' = AX 4+ BY + f(X,Y), where f is a smooth function with fx(0,0) = fy(0,0) = 0,
similarly for G. Setting X = eMf(k + ), Y = (¢ + y), and assuming X > \; and setting
p = e we obtain

Tp = %(” +a)F(p(r+x), 0N (C+y), gy = (L+y)Gp(r + ), (L +y)),
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with z(0) = y(0) = 0. Then we get local existence and uniqueness. Hence for any ug,vg > 0 there
exists a regular solution (u,v) with initial data (ug,vg). Moreover u,v € C1([0, R)) when a,b > —1.

|
Proof of Proposition f.5. The linearization at Ay = (M N=g 0,0) gives, with X =

p—17 ¢q—17
N—p % _ N—¢q %
=1 + X,Y = =1 +Y,

. N-pl-. Z . N—qJ-
X, = p[X+ ] Y, = q[YJrW

= ] Zy = M3Z, W= MW.
p—1 q—1

The eigenvalues are

S et N VI e S VAV APIOE fetJ £\ e 5 WS A el P el
p—1 q-— p—1 q¢—1 p—1 g—1

(10.3)
e Convergence when r — oo : If A3 > 0, or Ay > 0, then the stable varietyVs has at most dimension 1,
it satisfies W = 0 or Z = 0, hence there is no admissible trajectory converging to Ay at co. If A3 < 0,
and Ay < 0, then Vs has dimension 2. Moreover V, N {Z = 0} has dimension 1 : the corresponding
system in X, Y, W has the eigenvalues A\, A2, \y; similarly Vs N {WW = 0} has dimension 1. Then
there exist trajectories in V, such that Z > 0 and W > 0, included in R and thus admissible. They
satisfy lime™3'Z = C3 > 0,lim e ™!W = Cy > 0, then (f.11]) follows from ([£J).

A1

e Convergence when » — 0 : If A3 < 0, or \y < 0, the unstable variety V), has at most dimension
3, and it satisfies W = 0 or Z = 0. Therefore there is no admissible trajectory converging at —oo.
If A3, A4 > 0, then V), has dimension 4; in that case there exist admissible trajectories, and ([[.11))

follows as above. [
Proof of Proposition §.6. We set Py = (%, Y,,0, W*) , with
Ny — (g +0) (q—1)(N +b—2=£)) —m(N —q)
= Vol — Pyl q
¥ g—1—m . g—1-m ,

for m 4+ 1 # q. The linearization at Py gives, with X = % +X,Y =Y. + f/, W=W,+ W,

Z - - W - . -
X+ J, V=Y |V —=|, Z=XZ Wi=W. —,uX—mY—W]
p— q—

The eigenvalues are

N - N - D N —
p—1 p—1 g—1-m p—1
and the roots A9, A4 of equation
1—
A2 (Y- W4 B W, =0
q_

Then if A3 < 0 (resp. A3 > 0) there is no admissible trajectory converging when r — 0 (resp.
r — 00). Indeed V,, =V, N {Z = 0} (resp. Vs = Vs N{Z = 0}).
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1) Suppose that ¢ > m + 1. Since ¢ + b < %M<N—|—b— —¢, we have Py € R, and

Aoy < 0. First assume A3 < 0, that means v < %. Then V, has d1mens1on 2, and V,N{Z =0}
has dimension 1, there exists trajectories with Z > 0, which are admissible, converging when
r — 00. Next assume Az > 0. Then V), has dimension 3, and V,, N {Z = 0} has dimension 2. Thus
there exist admissible trajectories converging when ¢ — —oo.

N_

)Supposethatq<m+1 Since q+b> 1,u>N—i—b m , we have Py € R, and Aa g > 0.
We assume q ,u +m(N—q)#N(qg—-1)+ (b + 1)q, that means Y* =% W,. First suppose Az > 0,
that means ~ < F' If ReAy > 0, then V, has dimension 4, or Rel\s < 0 then V,, has dimension
2 and V, N {Z =0} has dimension 1. In any case, there exist admissible trajectories converging
when 7 — 0. Next assume A3 < 0. If Re\y > 0, then Vg has dimension 1, and Vs N {Z =0} = 0.
If ReXs < 0, then Vs has dimension 3. In any case Vs contains trajectories with Z > 0, which are
admissible, converging when r — oc.
Those trajectories satisfy lime ™'Z = C5 > 0, lim X = = ~——L limY =Y, and limW = W,,

thus (E19) follows from ([£2) and (R.5). ]
Proof of Proposition .§. The linearization at Iy = (%,0, 0,0) gives, with X = % + X,

- N-—-p - Z N —q N-—p N-—p
X = X Y:——Y Zy = (N+a— Z, Wy=(N+b— w.
t p—l( +p—1)7 t —1 t=(N+a Sp—l) ) t=(N+ ’up—l)
The eigenvalues are
N — N — N — —
AL = P >0, do=-— q<0, )\3—N+a—s p, M=N+b—pu p.
p—1 qg—1 -1 p—1

e Convergence when r — oo : If A3 > 0 or Ay > 0, then Vs = Vs N {Z =0} or Vs =V, N {W = 0}.
There is no admissible trajectory converging at co. Next suppose that Az, Ay < 0. Then Vs has
dimension 3; it contains trajectories with Y, Z, W > 0, which are admissible. They satisfy lim X =
NT?, lime 2y = Cy > 0, lime ™7 = O3 > 0, lime ™ ™'W = C; > 0, then (f.13) follows from

(C2) and ().

e Convergence when r — 0 : Since Ay < 0 we have V,, =V, N{Y = 0}, hence there is no admissible

trajectory converging when r — 0. ]
Proof of Proposition £.9. The point Gy = (p £,0,0, N+b—ﬁ,u) € R since %,u < N+b.
The linearization at Gy gives, with X = N —+£+ X W=N-+b— —,u + W,
X = X+ = Y: = b—

N N —
Zy = (N—l—a—sp )Z W, = (N—i—b—p_

The eigenvalues are

N — 1 N — N — N —
A= p>0,)\QZH(Q‘{—b—p—pM),)\g:N—Fa—S P p,u—N—b<0.

AL =
p—1 -1 p—1" "4 po1

e Convergence when r — oo : If Ay > 0, or A3 > 0, then V, = Vs N {Y =0} or Vs = Vs N {Z = 0},
there is no admissible trajectory converging at co. Assume Ay, A3 < 0, then V; has dimension 3, it
contains trajectories with Y, Z > 0, which are admissible.
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e Convergence when r — 0 : If A3 < 0, or A9 < 0 there is no admissible trajectory. If Ay, A3 > 0
then Vs has dimension 3, it contains admissible trajectories.

In any case lim X = %, lime Y = Cy > 0, lime ™' Z =C3 >0, limW =N +b— %/b
hence (f.13) still follows from (f.3) and (R.4). ]
Proof of Proposition {.14. We set Cy = (O, Y0, W) , with

gth o mN - (N4ba—1) (10.4)

.
m+1—gq m+1—gq

Then Cy € R if %m > N +b, implying ¢ < m+ 1. The linearization at Cj gives, with Y =Y +Y

and W =W+ W

N — S D _ o
X, = — fx V=V V==, Z=NZ m:wﬂﬁM—mY—W}
p— q—
The eigenvalues are
N — )
MN=——P N = Nta-Y,
p—1

and the roots Ao, A4 of equation

m+1—q-

M (Y -W)A+ pi YW =0 (10.5)

then Ao A4 > 0. We assume m # %ﬁgﬁl)q, that means Y # W.

e Convergence when r — oo : if A3 > 0 we have Vs = V; N {Z = 0}, hence there is no admissible
trajectory. Next assume that A3 < 0, that means § > (N + a)%lb_q.lf Re A2 < 0 (resp. > 0) then
Vs has dimension 4 (resp. 2) and V, N {X =0} and Vs N {Z = 0} have dimension 3 (resp. 1) then
there exist trajectories with X, Z > 0, which are admissible.

In any case lime™™*X = C; > 0, imY =Y, lime ™™'Z = C3 > 0, im W = W, then (f.15)
follows.

e Convergence when 7 — 0 : Since A\; < 0 we have V,, = V,,N{X = 0}, hence there is no admissible
trajectory. [

Proof of Proposition [1.11]. We set Ry = (O, Y, Z, W) , where Y, T are defined at ([l0.4), and

7 = N+a—5mit€q.Under our assumptions it lies in R. SettingY = Y+Y,Z = Z+2Z,W = W+W,

the linearization at Ry gives

oo W

X, =MX, V=Y
qg—1

) Zt:Z{—SX—(S?—Z}, Wt:W[—,uX—mf/—W};

the eigenvalues are

1 b+ q -
AN = —— - A3 =—27<0;
1 p—l(p+a m+1_q)7 3 < U;

and the roots A2, A4 of equation of equation (|L0.5).
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e Convergence when r — oo : If A > 0, that means (p + a) m;‘_&b_q < 6, then Vs = Vs N {X =0},
hence there is no admissible trajectory. Next assume A; < 0; if Re Ay < 0 (resp. > 0) then Vs
has dimension 4(resp. 2) and Vs N {X = 0} has dimension 3 (resp. 1) then there exist admissible
trajectories.

e Convergence when r — 0 : If Ay < 0, then V,, = V,, N {X = 0}, hence there is no admissible
trajectory. Next assume \; > 0. If Re A\s = Re Ay < 0 (resp. > 0) then V, has dimension 4 (resp.
2) and Vs N {X = 0} has dimension 3 (resp. 1) then there exist admissible trajectories.

In any case lime !X =C; > 0,limY =Y, lim Z = Z, lim W = W, then (fI§) holds again.m

Remark 10.1 Finally there is no admissible trajectory converging to 0 = (0,0,0,0), or Ky =
(0,0,N + a,0), or Lo = (0,0,0, N +b). Indeed the linearization at 0 gives

N - N -
Px, Yt:——qu, Z,=(N+a)Z, W,=(N+bW

X, = —
p—1 q—

Then Vs and V,, have dimension 2, hence Vs is contained in {Z = W = 0}, and V, in {X =Y = 0}.
The linearization at Ky gives, with Z = N 4+ a + Z,

N — -
Xt:p“l‘X, Vi=———ly, Z=(N+a)[-sX -6V -2], W,=(N+W.
p— q—
The eigenvalues are %, —%, —(N +a), N+b. Then Vs and V,, have dimension 2, hence Vs is

contained in {Z =W =0}, and V,, in {Y = 0}. The case of Lo follows by symmetry.
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