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A new dynamical approach of Emden-Fowler equations and systems

Marie Francoise BIDAUT-VERON* Hector GTACOMINI!

Abstract

We give a new approach on general systems of the form

@) —Apu = div(|Vul|P 7> Vu) = e |z|* uo®,
—Agv = div(|Vo|? 2 Vu) = eg || uto™,

where Q, p, q, 9, i1, s, m, a,b are real parameters, @, p,q # 1, and £ = 1, e5 = +1. In the radial
case we reduce the problem to a quadratic system of order 4, of Kolmogorov type. Then we
obtain new local and global existence or nonexistence results. In the case e; = €5 = 1, we also
describe the behaviour of the ground states in two cases where the system is variational. We give
an important result on existence of ground states for a nonvariational system with p = ¢ = 2
and s = m > 0. In the nonradial case we solve a conjecture of nonexistence of ground states for
the system with p=¢=2and d =m+1and p=s+ 1.
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1 Introduction

In this paper we consider the nonnegative solutions of Emden-Fowler equations or systems in
RM(N > 1),
— Apu = div(|VulP "2 Vu) = e |z|* u®, (1.1)

—Apu = div(|[VulP "2 Vu) = 1 |z]* uso?,
1.2
(@) { —Ag = div(|Vo|T% Vu) = 9 |z|” uto™, (12)

where Q,p, q,9, i1, s,m, a,b are real parameters, ), p,q # 1, and €1 = +1, g9 = +1.

In Section P we give a new way of studying the radial solutions, reducing system (G) to a
quadratic autonomous system:

N— Z
X, =X|Xx-D=py 2

N_
(M) =YY -5+ 5]
Z,=ZIN+a—sX—8Y - 2],
W,=WIN+b—puX —mY — W],

where t = Inr, and

ru rv’ 0 s s U m U
X(t)=——, Y(t)=-—, Z(t)=—ar'tu Ué|u/|p= W (t) = —eor oty o (1.3)

This system is of Kolmogorov type. The reduction is valid for equations and systems with source
terms (g1 = g9 = 1), absorption terms (g1 = g9 = —1), or mixed systems (¢; = —ey = 1). It is
remarkable that in the new system, p and ¢ appear only as simple coefficients, which allows to treat
any value of the parameters, for example p or ¢ < 1, s,m,d or p < 0.

In Section [ we study the scalar case ([[.1)), where (G) becomes two-dimensional. We show that
the phase plane of system (Mq) gives at the same time the behaviour of the two equations

—Ayu = |z|["u? and — Aju = — |z]* u@,

which is a kind of unification of the two problems, with source terms or absorption terms. For the
case of source term (g7 = 1), we find again the results of [@], 1], showing that the new dynamical
approach is simple and does not need regularity results or energy functions. Moreover it gives a
model for the study of the system (G). Indeed if p = ¢, a = b and § + s = u + m, the system (G)
admits solutions of the form (u,u), where u is a solution of ([[.]) with @ =6 + s.

In the sequel of the article we apply the reduction to the case of source terms: (G) = (5), where

—Ayu = |z|* us?
S T (1.4)

—Agv = |z|® uro™.



This system has been the subject of a very rich litterature, in particular the Hamiltonian problem
s = m = 0, in the linear case p = q = 2, see or example [20], [B1], Y], |, [Bd], [[4], and the
potential system where 6 = m+1, p = s+ 1 and a = b, see [, [B4], [B]]; the problem with general
powers has been studied in [§], [B9], [E0], [A] in the linear case and [{], [J], [iF] in the quasilinear

case , see also [l], [[L0], [L3].

Here we suppose that 6,z > 0, so that the system is always coupled, s, m = 0, and we assume
for simplicity

We say that a positive solution (u,v) € (C?((0, R)))? is regular at 0 if u,v are continuous at 0;
the condition min(p + a,q + b) > 0 guaranties the existence of local regular solutions; then u, v are
C' when a,b > —1, with +/(0) = v/(0) = 0. We are interessed in the existence or nonexistence of
ground states, called G.S., that means global positive (u,v) in (0,00) and regular at 0. We exclude
the case of ”trivial” solutions, (u,v) = (0,C) or (C,0), where C' is a constant, which can exist when
s> 0 or m > 0. The assumption D > 0 is a classical condition of superlinearity for the system.

In Section [} we give a series of local existence or nonezistence results concerning the system
(S), which complete the nonexistence results found in the litterature. They are not based on the
fixed point method, quite hard in general, see for example ], [@], but on a dynamical analysis of
the linearization of system (Mg) near each fixed point, which appears to be performant, even for
the regular solutions. For a better exposition, the proofs are given at Section [[0.

In Section [ we study the global ezistence of G.S. It has been often compared with the nonex-
istence of positive solutions of the Dirichlet problem in a ball, see [B9], B, [[2], [[J. Here we
use a shooting method adapted to system (Mg), which allows to to avoid questions of regularity of
system (S). We give a new way of comparison, and improve the former results:

Theorem 1.1 (i) Assume s < N(p_j\lf)_+p+pa,m < N(q_]\})_zqﬂb. If system (S) has no G.S., then

P
i) there ezist reqular solutions such that X(T) = X=2 and Y (T') = 2=2 for some T > 0, with
p—1

qg—1
0<X<% andO<Y<% on (—o0,T).
(ii) there exists a positive radial solution (u,v) of the Dirichlet problem in a ball B(0, R).

It is a key tool in the next Sections for proving the existence of a G.S. It gives also new existence
results for the Dirichlet problem, see Corollary p.3. We also give a complementary result:

Proposition 1.2 Assume s 2 and m 2 . Then all the reqular solutions

are G.S.

N(p—1)+p+pa N(qg—1)+q+qb
N—p N

—q
In Section [f we study the radial solutions of the well known Hamiltonian system

—Au = |z|*2°,

S ZanZ oy



where p = ¢ = 2, s = m = 0, which is variational. In the case a = b = 0, a main conjecture was
made:

Conjecture 1.3 The system (SH) with a = b = 0 admits no (radial or nonradial) G.S. if and
only if (8, p) is under the hyperbola of equation

N N N
S§+1 p+1

The question is still open; it was solved in the radial case in [PG], 9], then partially in [BT], [{],
and up to the dimension N = 4 in [BJ], see references therein. Here we find again and extend to
the case a,b # 0 some results of [R(] relative to the G.S., with a shorter proof. We also give an

existence result for the Dirichlet problem improving a result of [[4].

Theorem 1.4 Let Hy be the critical hyperbola in the plane (6, 1) defined by

N+a N+b
o0+1  p+1

=N -2 (1.6)

Then the system (SH) admits a (unique) G.S. if and only if (6, 1) is above Hy or on Hy. The radial
Dirichlet problem in a ball has a solution if and only if (9, 1) is under Ho. On Hy the G.S. has the

following behaviour at 0o : assuming for example § > ]NVJ_“;, then lim, oo ™V 2u(r) = a > 0, and
N+b
lim r(N-2r=(2+0),, — 6>0 if < —+,
r—00 N -2
N +b
Tlirnoor v=0FG>0 zf,u>—N_2,
_ _ N +b
. N-2 1 _
TlinOOT lnr|""v=05>0 zf,u——N_2.

Observe that the G.S. can present a non-symmetric behaviour. Our proofs use a Pohozaev type
function; notice that it contains a quadratic factor in X,Y, Z, W :

1 6+1 / /

N el o N+ave N+buv
= — — 1.
Elr)=r" juvtr u+1+r 5+1+5+1 r w+1 7 (1.7)
w1 §+1 ‘ :

In Section [f] we consider the radial solutions of a nonvariational system:

—Au = |z|* us?,
(SN) { —Av = |z|" utv®,



where p =2, a = b and m = s > 0. For small s it appears as a perturbation of system (SH). Here
we give a new result of existence of G.S. valid for any s. It is obtained by constructing a new kind
of energy function by adding two terms in X2,Y? to the preceeding one:

ot 1 Ni4avw/ N+bw' s vu s wv'?
&) =V /o blul oYl
() = T T Y St s Tkt T2+ D w2t o
(1.9)
_ Y(N+b—W) (N+a—-2)X s s
N-2 2 2
= XY — — X Y“|. 1.1
" u”[ R 5+1 261D Tt (1.10)

Our main result is the following:

Theorem 1.5 Consider the curve Cs defined by

N N N-—2 1 1
SELANNINEL SR P S )Smin( ,
p+1 " o+1 2 p+16+1

), (1.11)

located under the hyperbola defined by ([[-G). Then the system (SN) admits a G.S. if (6, ) is above
Cs.

In Section f we consider the radial solutions of the potential system

—Apu = |z uSo™TL

s { S

—Agv=|z|"u

where § = m + 1,4 = s+ 1 and a = b, which is still variational, see [B4], [B5]. Here we use the

following energy function, which deserves to be compared with the one of Section f in terms of
(X,Y,Z, W), since it also presents a quadratic factor:

nP N — "np—2 1 19 N — na—=2
Ery=rN (s+1)(|u,| + pul] D)+ (m+1) |U,| + qulol” v e S
p p r q q r
e e g BHVWWN —p—(p-1)X) (m+1)Z(N-g-(¢-1)Y)
- uso™ - p N q '

(1.12)
Then we deduce new results of existence:
Theorem 1.6 Let D be the critical line in the plane (m,s) defined by

N-—p
_—

N —
N+a:(m+l)Tq+(s+1)



Then the system (SP) admits a G.S. if and only if (m,s) is above or on D. On D the G.S. has

the following behaviour: suppose for example ¢ < p. Let \* = N +a — (s + 1)% - m%. Then

N—p
lim, oor?Tu(r)=a>0, and

N—q
lim reto(r)=8>0 if A* <0, (1.13)
NP u—(atb)
lim r~ e T-m o(r)=0F>0 if A* >0, (1.14)
N—g -1
lim rat |Inr| at=mo(r)=5>0 if \*=0. (1.15)

In particular ({1.13) holds if p = q, or ¢ < m + 1. Also the radial Dirichlet problem in a ball has a
solution if and only if (m,s) is under D.

Finally in Section [fj we deduce a nonradial result for the potential system in the case of two

Laplacians:
—Au = |z s
(SL) { —Av = |z|* ustom,

Our result solves a conjecture of [, showing that in the subcritical case there exists no G.S.:

Theorem 1.7 Assume a > —2 and s,m = 0. If

N+2 N+2+2a
N-2" N-2
then the system (SL) admits no (radial or nonradial) G.S.

);

s+m+1 < min(

Our proof uses a nonradial Pohozaev function extending (?7), different from the energy function
used in [[f], coupled with the estimates of [[], which up to now are the only extensions of the results
of [[§ to systems.

The case of system (G) with absorption terms (1 = €9 = —1) or mixed terms (¢; = —e9 = 1),
studied in [fl], [{], will be the subject of another article. Our approach also extends to a system
with gradient terms,

—Apu = e |z]* uso? |[Vul" [Vl (1.16
—Ag = e |z’ w o™ | Vul|” Vo]~ 16)

which will be developped later.

Acknoledgment The authors thank Raul Manasevich for having suggested us the study of
system (G).

Keywords Elliptic quasilinear systems. Variational or nonvariational problems. Autonomous
and quadratic systems. Stable manifolds. Heteroclinic orbits.

A.M.S. Subject Classification 34B15, 34C20, 34C37; 35J20, 35J55, 35J65, 35J70; 37J45.



2 Reduction to a quadratic system

Here we consider the radial positive solutions r +— (u(r),v(r)) of system (G) on any interval
(R1, R2), that means

! /
<|u/|p—2 u/) + Nr—l |u/|p—2 u = pi-N <7“N_1 |u/|p—2 u') _ —€1Tau51)6,

<|v’|q_2 v'>/ + N1 |v’|q_2 v =N <7"N_1 |v’|p_2 v’)/ = —eorbuty™.
T
Near any point r where u(r) # 0,4'(r) # 0 and v(r) # 0, v/(r) # 0 we define

Tu/ T?}/ 14+a, s . 6| 1|—P 1 1+b m | /|—9 7
X(t)=——, Y({t)=——, Z(t)=—eyr' T’ || ", W(t) = —eor'Tuv™ [v/| 70,

u v
(2.1)
where t = Inr. Then we find the quadratic system

X=X |X -3 +.5],
N w
() Y, =Y |y - qf+—1],

Zy=Z[N+a—sX -0y - 7],
Wy=WIN+b—puX —mY —W].

The trajectories located on its invariant hyperplanes: X = 0,Y = 0,Z = 0,W = 0, do not
correspond to a solution of system (G); they will be called nonadmissible. We suppose that the
discriminant of the system

D=opu—(p—1—s)(g—1—m)#0. (2.2)

Then one can express u, v in terms of the new variables:

DX Z P WP, =X 2Py ) e,

(2.3)
where v and £ are defined by
+a)g—1—m)+ (g+b)d +bh)p—-1-s)+(p+a
,Y:(p )(g ) +(g+b)5 gz(q )(p )+t (2.4)
D D
or equivalently by
(p—1=s)y+p+a=05,  (¢—1-m){+q+b=p. (25)

Since the system (M) is autonomous, each admissible trajectory 7 in the phase space corresponds
to a solution (u,v) of system (G) unique up to a scaling: if (u,v) is a solution, then for any 6 > 0,
— (07u(0r), 65v(0r)) is also a solution.



Remark 2.1 This system allows to study more general systems with signed solutions by reducing
the study on intervals where u and v are nonzero. Consider for example the problem —Ayu =
e 2] |ul® []" " o, —Agu = &g |z |o|™ [ul" " u. On any interval where uv > 0, the couple (|ul,|v])
is a solution of (G). On any interval where u > 0 > v, the couple (u, |v]) satisfies (G) with (1,€2)
replaced by (—e1, —€2)

System (M) has at most 16 fixed points. The main fixed point is

My = (Xo,Yo, Zo,Wo) = (7,&, N —p—(p—1)7,N —q— (¢ — 1)), (2.6)

corresponding to the particular solutions
uo(r) = Ar~",vo(r) = Br=¢, A, B >0,
when they exist, depending on 1, €o; then the values of A and B are
AP = (17" (N = p =y — 1)) T (226 (N — g — (¢ — 1)8)°,
BY = (26" (N =g~ (a-1)9)" " (e’ "N —p— (0~ 1m)""

The other fixed points are

N—-p N-—
0=(0,0,0,0), No=(0,0,N+a,N +b), Aoz(p_f’rf’o’o)’ (2.7)
N — N —
Iy = (Ff,O,O,O), Jo = (Ovrlq7070)a Ko = (0,0,N—I—CL,O), Lo = (0,0,0,N—I—b),
(2.8)
N —p N —p N —q N —q
= N — Hy=(0,—— N - 2.
Go (p_1’0’0’ +b p_1“)’ 0 (O’q_1’ +a q_lé,O), (2.9)

and if m #£q—1,

N-—p 5FEu—(g+b) (g=1D)(N+b—2=Fp) —m(N —q)

Py = 2.1
0 (p_17 q—l—m ) q—l—m )7 ( 0)
N —1)—m(N —
g—1—m g—1—m
Ry = (0,—q7+b,N+a—|—5 bt ,<N+b)(q_1)_m(N_Q)>, (2.12)
g—1—m g—1—m g—1-m



and by symmetry, if s #p — 1,

T —(pta) N—q (p— DIV +a—756) —s(N —p)

= (4 0 2.13
QO ( p—l—s 7q_17 p—l—s 7)7 ( )
N —1)—s(N —
DO = — p+ ¢ 707 ( +a)(p ) 8( p)70 ’ (214)
p—1—s p—1—s
N — 1) — s(N —
Sp= (-_P*a 707( +a)(p—1) —s( p),N+b+uﬂ _ (2.15)
p—1—s p—1—s p—1—s

Remark 2.2 There is another way for reducing the system in an autonomous form: setting
U(t) =r"u, V(t)= rév, H(t) = —p(r D=1 ‘u"p_2 o, K(t) = —p(E+D(e=1) |v"q_2 v,
with t = Inr, we find

U, = U — |H|(2—P)/(P—1) H, V,=(U— |K|(2—q)/(q—1) K,
{ Hy=(y(p—1)+p—N)H+UV°,  K;=(¢(g—1)+qg— N)K+eUrvVm.

It extends the well-known transformation of Emden-Fowler in the scalar case when p = 2, used also

in [@] for general p, see Section[}. When p = q = 2 we obtain

—9 _ _9_ s\yo —
{Utt—I—(N 2—2y)Us —v(N —2 —~)U + £, U*V° =0, (2.16)

Vi + (N —=2-=2V, —&(N —2 = &)V + eUAV™ =0,

which was extended to the nonradial case and used for Hamiltonian systems (s = m = 0), with
source terms in [4] (e1 = eo = 1) and absorption terms in [J] (1 = 2 = —1). Our system is more
adequated for finding the possible behaviours, because its fixed points at infinity are not concerned,
as soon as we deal with solutions w,v > 0.

Remark 2.3 In the specific case p = q = 2, setting
2=XZ = ul 2u ) e, w=YW = eor?* |u| T o™ 20
we get the following system

X;=X?2— (N -2)X +2, Y; =YY%~ (N —-2)Y +w,
zw=z2+a+(1—-5)X —0Y], wy=w[2+b—puX+(1-m)Y].

It has been used in [2Q] for studying the Hamiltonian system (SH). Even in that case we will show
at Section | that the system (Mg) is more performant, because it is of Kolmogorov type.



Remark 2.4 Assume p = q and a = b. Setting t = kt and <X,Y Z,W)

9

k(X7KZ> W) , we

N+a
N+a*

obtain a system of the same type with N, a replaced by N,d, with N——Z =k= It corresponds

to the change of unknowns
r=7ka(i) = Cu(r), o(F) = Coulr),  Cy= k@ ImmE/D 0y = ppE=l=stu)/D

And from (B-3) and ([-)), we get §/y = é/f =k= z—iZ.There is one free parameter . In particular

_ p(N+a) _ D

== 1 and k = ora

pt+a—(N+a)p
N-—p :

1) we get a system without power (a = 0), by taking N
2) We get a system in dimension N =1, by taking k = —]’\’,;_; <0 anda=

3 The scalar case
We first study the signed solutions of two well-known scalar equations with source or absorption:
_ /
—Aju=—r7¥ <7"N_1 || 2 u') = ez [u|9tu, (3.1)

withe =41, 1 <p < N,Q #p—1and p+a > 0. We cannot quote all the huge litterature
concerning its solutions, supersolutions or subsolutions, from the first studies of Emden and Fowler
for p = 2, recalled in [Iq]; see for example [P and [B7], for any p > 1, and references therein. We

set
(N+a)(p—1) _ Np-1)+p+pa _ pHa

N-p 7 N-p Ty
From Remark P4 we could reduce the system to the case a = 0, in dimension N = p(N +a)/(p-+a).

However we will not do it, because we are motivated by the study of system (G), and also by the
nonradial case.

Q=

3.1 A common phase plane for the two equations
Near any point r where u(r) # 0 (positive or negative), and u/(r) # 0 setting

/
X(t) = —%, Z(t) = —eplta ]u]Q_l U |u'|_p o, (3.2)

with £ = Inr, we get a 2-dimensional system

o _ N-p Z
(Mscal) Xt =X |:X p-1 * p—1:| 7
Zi=Z[N+a—QX —Z].

and then |u| =r~7(|Z]|X|P~1)1/(@+1=P) This change of unknown was mentioned in [[I]] in the case
p =2, =1and N = 3. It is remarkable that the system (M., ) is the same for the two cases
e = %1, the only difference is that X (¢)Z(¢) has the sign of ¢ :

10



The equation with source (¢ = 1) is associated to the 15 and 3" quadrant. It is well known
that any local solution of has a unique extension on (0,00). The 15 quadrant corresponds to the
sets where |u| is decreasing, which can be of the following types (0,00), (0, R2),(R1, c0),(R1, Ra),
0 < Ry < Ry < o0; and the 3" quadrant corresponds to the sets (Ry, Ry) where |u| is increasing.

The equation with absorption (¢ = —1) is associated to the 27 and 4*" quadrant. Tt is
known that the solutions have at most one zero, and their maximal interval of existence can be
(0, Ry), (Ry,00), (R1, Ra) or (0,00). The 2" quadrant corresponds to the sets (R, Ry) where |u| is
increasing; and the 4" quadrant corresponds to the sets (0, Ry) or (Ry,00) where |u| is decreasing.

The fixed points of (M) are (0,0), Ag = (%,O), No = (0,N + a), My = (Xo,20) =

(v, N —p — (p — 1)7). In particular My is in the 15 quadrant whenever v < %, equivalently
Q > @1, and in the 4" quadrant whenever Q < Q1. It corresponds to the solution u(r) = Ar~—7 for
€ =1 when Q > @1 and for e = —1 when @ < Q1, where A = (571’_1(N —p—(p— 1)))1/(Q_p+1) .

3.2 Local study

We examine the fixed points, where for simplicity we suppose Q # Q1, and deduce local results for
the two equations:

e Point (0,0) : it is a saddle point, and the only trajectories that converge to (0,0) are the
separatrix, contained in the lines X = 0,Y = 0, they are not admissible.

e Point NV : it is a saddle point: the eigenvalues of the linearized system are 1% and —N. the
trajectories ending at Ny at oo are located on the set Z = 0, then there exists a unique trajectory
starting from —oo at Ny; it corresponds to the local existence and uniqueness of regular solutions,
which we obtain easily.

e Point Ay : the eigenvalues of the linearized system are % and M(Ql —-Q). IfQ < Q1, Ay is

p—1
an unstable node. There is an infinity of trajectories starting from Ay at —oo; then X (¢) converges
N—
exponentially to M, thus lim,_ rp1u =a > 0. The corresponding solutions u satisfy the

p—1
equation with a Dirac mass at 0. There exists no solution converging to Ag at co. If Q@ > @1, Ag
is a saddle point; the trajectories starting from Ay at —oo are not admissible; there is a trajectory
N—
converging at co, and then lim, rrtu=a>0.
e Point M : the eigenvalues A1, Ao of the linearized system are the roots of equation
—p+1
N (Zo — Xo)A + %X@Zg =0.
For e = 1, My is defined for Q) > (Q1; the eigenvalues are imaginary when Xy = Z, equivalently
v=(N—=p)/p, Q@ = Qa. When Q < Q2, My is a source, there exists an infinity of trajectories
such that lim,_,gr7u = A. When Q > (2, My is a sink, and there exists an infinity of trajectories
such that lim, . r7u = A. When Q = Q2, My is a center, see [f]. For ¢ = —1, My is defined

11



for @ < @1, it is a saddle-point. There exist two trajectories 77,7 converging at oo, such that
lim, oo 77u = A and two trajectories 7o, 7, converging at 0, such that lim,_or7u = A.

3.3 Global study

Remark 3.1 System (Mseq;) has no limit cycle for Q # Q. It is evident when ¢ = —1. When
e =1, as noticed in [19], it comes from the Dulac’s theorem: setting X; = f(X,Z), Z; = g(X,Z),
and

B(X,Z) = XP@/@H=n) =2 Z0 /@D N — By X, + ByY; + B(fx + gv),

then M = KB with K = (Q2 — Q)Y(N — p)/p, thus M has no zero for Q # Qo.

Then from the Poincaré-Bendixson theorem, any trajectory bounded near oo converges to one
of the fixed points. Thus we find again global results:

e Equation with source (¢ = 1). If Q < @2, there is no G.S.: the trajectories cannot converge
to any fixed point.

If Q1 < @Q < Q2, there exist solutions v > 0 such that lim,__,gr"u = A and lim,__,g r%u =
a > 0. Indeed the regular trajectory 7 issued from Ny cannot converge to My; if it converges to
Ay, it is the unique trajectory converging to Ag; the set delimitated by 7 and X = 0,72 = 0 is
invariant, thus it contains My; and the trajectories issued from My cannot converge to any point.
Then X tends to 0o, the regular solutions are changing sign. The trajectory ending at Ag converges
to My at —o0

If Q@ > @2, the only singular solution at 0 is ug, and the regular solutions are G.S., with
lim,__or7u = A. Indeed My is a sink; the trajectory ending at Ag cannot converge to Ny at —oo,
thus X converges to 0, and Z converges to oo, then u cannot be positive on (0, 00).The trajectory
issued from Ny converges to My.

e Equation with absorption (¢ = —1). If @ > @1, all the solutions u defined near 0 are regular;
indeed the trajectories cannot converge to a fixed point.
If Q < @y, we find again easily a well known result: there exists a positive solution w1, unique

up to a scaling, such that lim,__g7r P = up = a >0, and lim,__,oo r7u = A. Indeed the eigenvalues
at My satisfy A\ < 0 < Ag. There are two trajectories 77, 7{ associated to Ay, and the eigenvector
(Xo + |\, ——) The traJectory T; satisfies X; > 0 > Z; near oo, and X > 2= since Z; < 0,

and X cannot take the value & F because at such a point X; < 0; then pTlp < X < Xp and
X; > 0 as long as it is defined; similarly Zy < Z < 0 and Z; < 0; then 77 converge to a fixed point,
necessarily Ag, showing the existence of u;. The trajectory 77 corresponds to solutions u such that
lim, o r7u = A and lim,__, g u = oo for some R > 0. There are two trajectories 7Ty, 75, associated
to A9, defining solutions u such that lim,__,o77u = A and changing sign, or with a minimum point
and lim,__,pu = oo for some R > 0. The regular trajectory starts from Ny in the 2" quadrant, it

cannot converge to a fixed point, then lim,_,gu = oo for some R > 0.
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e Critical case @ = Q3 : it is remarkable that the system (M., ) admits another invariant line,
namely AgNy, given by

X n Z N-p
P Q2+l p
It precisely corresponds to well-known solutions of the two equations

0 (3.3)
U= o(K2pr o/ 0=D)0=N)/@4a) o o 2 1; = ‘ K2 /e[ PTNR)

where K2 = ¢ PtH(N +a)" ' (N —p)/(p — 1)) 7.

Remark 3.2 The global results have been obtained without using energy functions. The study of
JB] was based on a reduction of type of Remark .3, using an energy function linked to the new
unknown. Other energy functions are well-known, of Pohozaev type:

WP apepte] L [X .z
E(r) =1 +er® o =r" Pl | XIPTX | = + —0
with o = %, satisfying E.(r) = rN—1+e (% - %) w9 or with ¢ = %, leading to
E(r) = PNt <% - %) [W/|P. In the critical case Q = Qa, all these functions coincide and

they are constant, in other words the system (Mseqr) has a first integral. We find again the line
(B-3): the G.S. are the functions of energy 0.

4 Local study of system (5)

In all the sequel we study the system with source terms: (G) = (S). Assumption ([L.F) is the most
interesting case for studying the existence of the G.S.

We first study the local behaviour of nonnegative solutions (u,v) defined near 0 or near co. It
is well known that any solution (u,v) positive on some interval (0, R) satisfies v/,v" < 0 on (0, R).
Any solution (u,v) positive on (R, o), satisfies v/, v’ < 0 near co.Then we are reduced to study the
system in the region R where X,Y, Z, W > 0, and consider the fixed points in R. Then
ru’ rv’

X(t) = — Y(t)= — Z(t) = pltaysyd ‘u/‘l_p, W(t) = plbymyH |v/‘1_q, (4.1)

and (X,Y, Z, W) is a solution of the system (M) in R if and only if (u,v) defined by

u:r—V(ZXp—l)(q—l—m)/D(qu—l)é/D’ U:T—ﬁ(qu—l)(p—l—S)/D(ZXp—l)u/Q (4.2)
is a positive solution with ' < 0 and v" < 0. Among the fixed points, My lies in R if and only if
N — N —
O<y<—P and 0<e<——1 (4.3)
p—1 qg—1
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The local study of the system near M appears to be tricky, see Remark [.2. A main difference
with the scalar case is that there always exist a trajectory converging to My at 400 :

Proposition 4.1 ( Point My) Assume that ([[.3) holds. Then there exist trajectories converging
to My as r — oo, and then solutions (u,v) being defined near co, such that

lim PMu=a>0, lim rfv=08>0, (4.4)

r—00 r—00

And there ezist trajectories converging to My as r — 0, and then solutions (u,v) being defined near
0 such that
lim Mu=a>0, lim rfv=/3>0, (4.5)
r—0 r—0
Proof. Here My € R; setting X = Xo+ X, Y =Yy +Y.,Z = Zo+ Z,W = Wy + W, the
linearized system is ~ ~ B
)gt = XO(:)( + p%hz)v
~ Y;t = YE)(Y~+ q%lW)L
Zy = Zy(—sX —0Y — Z),
Wy = Wo(—pX —mY —W).
The eigenvalues are the roots A1, As, Az, Ag, of the equation

s
p—1

1)
T yowo| - a

(A= Xo)(A+ Zo) + —1 p-D-1D

XoYoZoWy = 0;
(4.6)

XOZO} [(A —Yo)(A + Wo) +

this equation is of the form
FO)=X+EN+FN+G N-H=0

with
E=2y— Xo+ Wy — Y,

F = (Zy — Xo)(Wo — Yo) — S X0 Zp — "HLLY W,
G = — 1 5YWo(Zo — Xo) — 272 X0 Zo(Wo — Y),
H = mXOYOZOWO,

and H > 0, then A\AsA3A4 < 0. Hence there exist two real roots A3 < 0 < A4, and two roots
A1, A9, real with A Ao > 0, or complex. Then there exists at least one trajectory converging to My
at oo and another one at —co. Then ({.4) and ([.5) follow from ([£.2)). Moreover the convergence is
monotone for X,Y, Z, W. u

Remark 4.2 There exist imaginary roots, namely Re A1 = Re o = 0, if and only if there exists
¢ > 0 such that f(ci) = 0, that means Ec? — G =0, and ¢* — Fc? — H =0, equivalently

E=G=0, orEG>0andG?>—EFG— E*H =0.
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Condition E = G =0 means that
(i) either Zy = Xo and Wy =Yy, equivalently in other words

N—-p N—q

,€) = , , 4.7
(7,6) = ( p . ) (4.7)
in other words (6, 11) = (q(N(p_lp_(f\;J_ngl_H“)),p(N(q_lj](”]"@J_rZ%l_erb))).
(ii) or (p—1—38)(g—1—m) >0 and (v,&) satisfies
{ 2N —p—q=py+¢, (4.8)
(1=ZEN —qg—(¢-1)§) =1 = Z)v(N=p—(p—1)7).

This gives in general 0,1 or 2 points. For example, in case q_ﬁl = p%l #1,and (p—2)(qg—2) >0

and N > ;;qu—;;_—; we find another point, different from the one of ({{.3) for p # q :

q—2 p—2
7,8 =N——"— -1, N—"" " —1). 4.9
.8 = Pq—p—q pPg—p—q ) (4.9)

Moreover the computation shows that it can exist imaginary roots with E,G # 0.

In the case p = ¢ = 2 and s = m the situation is interesting:
Proposition 4.3 Assumep=q¢=2 and s =m < %, and 6 +1—-5>0, u+1—s5>0. Let H,
be the hyperbola of equation

1 1 N -2
- valentl =N -2 4.10
5+1_3+,u+1_3 N (N=2)s equivalently v + & ( )

It is contained in the set of points (8, u) for which the linearized system at My has imaginary roots,
and equal when s < 1.

Proof. The assumption D > 0 imply d +1 —s >0 and g+ 1 — s > 0; condition £ = G =0
implies s < N/(N —2) and reduces to condition ([.I(). Moreover if s < 1, all the cases are covered;
indeed 2G = (s — 1)E [YoZy + XoWy], hence GE = 0. ]

Next we give a summary of the local existence results obtained by linearization around the
other fixed points of system (M) proved at Section [[J. Recall that t — —oc0 < r — 0 and
t— 00 & r — 00.

Proposition 4.4 (Point Ny) A solution (u,v) is reqular if and only if the corresponding trajectory
converges to Ny = (0,0, N + a, N +b) as r — 0 . For any ug,vg > 0, there exists a unique local
regular solution (u,v) with initial data (ug,vp).
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Proposition 4.5 (Point Ay) If sN L4+ (5N_ > N +a and u £+ m— > N + b, there exist

(admissible) trajectories converging to Ao asr — o0 . Ifs +5N < N+a and,uN p+m— <
N + b, the same happens as v — 0 . In any case
N-p N-q
limrrtu=a>0, limr«lio=pg>0. (4.11)

If sM + 5N_1 < N+a or ,u + m—lq < N + b, there exist no trajectory converging as

r — 00; zfs L+ (5N_ > N+a or uN P +m— > N + b, there exist no trajectory converging
asr — 0.

Proposition 4.6 (Point Py) 1) Assume that g > m+1 and ¢+ b < Mu <N+b- M If
vy < Y=P yhere exist there exist trajectories converging to Py as r — oo (and not as r — 0) If
v > Nop the same happens as r — 0 (and not as r — 00).
2)Assumethatq<m—|—1(mdq—|—b> 1,u>N—|—b—m];f— andq P+ m(N —q) #
Nig—-1)+(b+1)q. Ify < pTl there exist tmjectomes converging to Py as r — 0 (and not as

r— 00) if v > % there exist trajectories converging as r — oo (and not as as r — 0).

In any case, setting kK = q_ll_m(%,u — (¢ +0)), there holds
N-p
limrrPtu=a>0, limr*v=/3>0. (4.12)

Remark 4.7 This result improves the results of existence obtained by the fixed point theorem in
[B7] in the case of system (RP) with p = ¢ = 2,a = 0,N = 3, 2s +m # 3. The proof is quite
sitmpler with our methods.

Proposition 4.8 (Point I) If = Ps > N+a and N e 1, > N+, there exist trajectories converging
to Iy as r — oo, and then

N—
lim rrtuy= B, lim v=a>0. (4.13)

r—>00 T—00

For any s, m, there is no trajectory converging to Iy as r — 0.

Proposition 4.9 (Point Gy) Suppose “Lu<N+b. Ifqg+b <X ~—Lpand N+a < —s there

exist trajectories converging to Gy asr — oo. If pTl,u < q+0b and N ps < N +a, the same happens

as r — 0. In any case

N—
limr» 1y = B, limv=a>0. (4.14)
N(g—1)+(b+1)q
Proposition 4.10 (Point Cy) Suppose N + b < Mg m (hence ¢ < m+1) and m # 7_(] ,
and 6 > (N+a)q(++lq), exist trajectories converging to Gy as r — oo (and not at 0), and then
lim u=a>0, lim rfv=3, (4.15)
T—00 T—00
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q+b
m+1—q"

where k =

Proposition 4.11 (Point Ry) Assume that N + b < N—_lqm (hence ¢ < m + 1), and m #

prn
%fqb*’bq, and § < (N+a)q(:_nb+1_q). If (p+a)§T;1_q) < 4, there exist trajectories converging to
(p+a)(m+1-9)

Ry asr — oo (and not asr — 0). If § < B m— there exist trajectories converging as r — 0
(and not as r — o), and them ([.13) holds again.

We obtain similar results of convergence to the points Qq, Jo, Hg, Do, So by exchanging p, d, s, a
and g, pt,m,b. There is no admissible trajectory converginf to 0, K, Lo, see Remark [[0.1].

5 Global results for system (S)

We are concerned by the existence of global positive solutions. First we find again easily some
known results by using our dynamical approach.

Proposition 5.1 Assume that system (S) admits a positive solution (u,v) in (0,00). Then (X,Y, Z, W)
stay in the box

N — N —
A:(O,p_f)x<0,f1q>x(0,N—|—a)><(0,N—|—b), (5.1)
equivalently
N — _ _ _
ru’ + fu >0, rv'+ 1qv >0, '’ < (N+a) o[ b pltbypym < (N 4 b) |v'|? !
p J— —
(5.2)
and then
w TP < O PR Mt < Oy @) i (0, 00) (5.3)

where Cy = (N + a)(3=2)P=1, Cy = (N + b)(5=1)47", and

lim r=Tu=¢ 20, limrato(r)=c =20, lim inf 77 T4 >0, lim inf reTov >0.
r—-0 r—0 r—s00 r——00
(5.4)

As a consequence if s <p—1orm < q— 1, we have
wS KirY, v S Kor~f, in (0,00), (5.5)
with Kl = qu_l_m)/DCS/D7K2 — C{l/Dcép—l—s)/D.

Proof. Consider a solution of System (/) in R defined on R. On the hyperplan X = % we

have X; > 0, the field is going out. If at some point tg, X (tg) = %, then X (t) > % for t > tg,
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then, since Z > 0, X; =2 X [X - %} > 0, thus X(¢) > 2% for t > t; > to, then X; > X?/2,
and then X blows up in finite time, contradiction, thus X (¢) < % on R. By integration it implies
that (N =P)/(P=14 (1) is nondecreasing near 0 or oo, hence (5.4) holds. ]

Next we prove Theorem EI

Proof of Theorem [L.1]. (i) The trajectories of the regular solutions start from Ny = (0,0, N
a, N + b), from Proposition @ and the unstable variety V, has dimension 2, from ([[0.1), m
It is given locally by Z = o(X,Y), W = ¢(X,Y) for (X,Y) € B(0,p)\ {0} C RQ.

To any (z,y) € B(0,p)\ {0} we associate the unique trajectory 7, in V, going through this
point. If 7* is the maximal interval of existence of a solution on 7, then lim; 7« (X (t)+Y (t)) =
oo. Indeed Z, and W satisfy 0 < Z < N+a, 0 < W < N + b as long as the solution exists, because
at a point T' where Z (T ) = N + a, we have Z; < 0. If there exists a first point T such that
X(T) = NT_f or Y(T) = q ——, then T' < T*. We consider the closed rectangle A of submits

P
_(N-p B N —q _(N—-p N—gq
(070)7 w1—<p_170>7 ’LTJ2—<0 _1> w3—<p_17q_1 .

Let U = {(z,y) € B(0,p) : x,y > 0}; then Y = S1 US, US3 U S, where

S1 = {(z,y) €U and T, leaves N on (w1, w)}, S2={(z,y) eU: T, leaves N on (w2, ws)},

Sz ={(z,y) €eU: T,y leaves N at w3}, S= {(:E,y) €U : T, stays in N}
Any element or S defines a G.S. Assume s < %W. Let us show that &1 is nonempty.

Consider the trajectory 7z on V, associated to (Z,0), with Z € (0, p), going through M = (Z,0,
»(z,0),v(z,0)); it is nonadmissible for our problem, in the hyperplane Y = 0: we get the system

X=X X - ¥+ 5],
Zy=Z[N+a—-sX—7],
Wy=WIN+b—puX — W],

which is not coupled. The two equations in X, Z corresponds to the equation

— AU = rU* (5.6)

The regular solutions of (f.4) are changing sign, since s is subcritical, see Section fJ. Consider the
solution (X,Y,Z, W) of system (M), of trajectory 7z o, going through M at time 0; it satisﬁes
Y =0, and X(¢) > 0, Z(t) > 0 tends to oo in finite time T*, then for any given C' = N , there
exist a first T < T* such that X (T) = C, and Y(T) = 0. And lim;_._o W = N+b, and necessarlly
0 < W < N +b, in particular 0 < W(T) < N + b; and W; is bounded on (—oco,T*), then W has
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a finite limit at T*. The field at time T is transverse: we have X; = C % > 0, since Z(T) > 0.
From the continuous dependance of the initial data at time 0, for any € > 0, there exist n > 0
such that for any (z,y) € B((z,0),7n) and for any (X,Y,Z,W) on 7, there exists a first time T
such that X (7.) = C, and |Y ()| < € for any ¢ < T, in particular for any (z,y) € B((Z,0),n) with
y > 0, and then 0 < Y (¢) < ¢ for any ¢t < T.. Let us take C' = %. Then (x,y) € S;. The same
arguments imply that S is open. Similarly assuming m < W

and open. By connexity S is empty if and only if S5 is nonempty.

implies that Sy is nonempty

(ii) Here the difficulty is due to the fact that the zeros of u,v correspond to infinite limits
for X,Y, and then the argument of continuous dependance is no more available. We can write

U=MiUMyUM3US, where

M1 ={(z,y) €U and T, has an infinite branch in X with ¥ bounded},
My ={(z,y) €U : T, has an infinite branch in ¥ with X bounded} ,
Mz ={(z,y) €U : T, has an infinite branch in (X,Y)},

In other words, M; is the set of (z,y) € U such that for any (X,Y,Z, W) on 7,,, there exists a
T* such that lim;_,p+ X(¢)) = oo, and Y (t) stays bounded on (—oo,T™*), that means the set of
(xz,y) € U such that for any solution (u,v) corresponding to 7, ,, u vanishes before v; similarly
for Ms. And M3 is the set of (z,y) € U such that there exists a 7™ such that lim;_p« X (¢) =
lim; 7+ Y (t) = oo, that means (u,v) vanish at the same R* = e!". In that case, from the Hopf

u’ X

Lemma, lim,__.p G =1, then lim; - 3 = 1.

—R)u

We are lead to show that M is nonempty and open for s < %fppwl. We consider again
the trajectory 7 and take C large enough: C' = 2(% + ]\éﬂb‘). Let € € (O, %) . For any (z,y) €

B((z,0),n) with y > 0, and any (X,Y,Z, W) on 7,,, there is a first time 7. such that X (7;) = C,
and 0 < Y (¢t) < e for any ¢t < T.. And X is increasing and X; = X (X — C), thus there exists T*
such that limy_7+« X (t) = co. Let ¢ = X/Y. Then
A N — —
W g N-p >X_y_ C
p—1 g¢q-—1 qg—1 p—1 2

L G
P

then ¢y(T.) > 0. Let 0 = sup{t > T : ¢y > 0} ; suppose that 6 is finite; then p(f) > ¢ (1) =
Cle >2and X (0) Y (0)+ C < X (0) /2 + C, which is contradictory. Then ¢ is increasing up
to T*; if limy__,p+ Y (t) = oo, then limy__p« ¢ = 1, which is impossible. Then (x,y) is in My; thus
M is nonempty. In the same way M, is open: let (Z,y) in M; then there exist M > 0 such that
0 <Y(t) £ M/2 on T; 5; then we argue as above, with (z,0) replaced by (Z, ), and C replaced by
C+ M. ]

Proof of Proposition [[.3. Assume s > %W. Consider the Pohozaev type function

F(r)y=r

p s+ 1 P r ra

1"p +1 1p=2 .,
N | reu® U5+N—PU‘U’ Wl N-pyp X 1 Z_N—p . (51
p o s+1 P
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We find F(0) = 0 and
Fl(r) = pN-1ta Nta N-p Vustt 4+ 0 rut T~y
s+1 P s+1

_ N-ltapys [Nta N-p oV (5.8)
s+1 P s+1

From our assumption, F is decreasing, and Z > 0, thus X < {Z— Then &;,S3 are empty. If

moreover m = %j}qﬂb then Sy is empty, then S = U. [

%fppml. Then if one function has a first zero, it is v. Indeed

"(R)PP > 0.

Remark 5.2 Assume only s 2
if there exists a first point where u(R) =0, and v(r) > 0 on [0, R), then F(R) =

As a first consequence we obtain existence results for the Dirichlet problem. It solves an open
problem in case s > p—1 or m > ¢— 1, and extends some former results of [19] and [ig]. Our proof,
based on the shooting method differs from the proof of [[J], based on degree theory and blow-up
technique. Our results extend the ones of [[J, Theorem 2.2] relative to the case p = ¢ = 2, obtained
by studying the equation satisfied by a suitable function of u,v.

Corollary 5.3 System (S) admits no G.S. and then there is a radial solution of the Dirichlet
problem in a ball in any of the following cases:

(i))p<s+1lg<m+1, andmln(sN P4 NT_lqé—(N—i—a),];[ f’u—i—mq——(N—i—b))éO;
(i))p < s+ 1, q>m+1ands—p+ o — (N+a)§00r’y—%>0;

(i1i) p>s+1,q >m+ 1 and max( %, —%)20,

(v)pzs+1l,g=2m+1 andmax(y—%,&—u)>0.

Proof. From Theorem [[.], we are reduced to prove the nonexistence of G.S.
() Assume p < s+ 1, and s L4+ N 6 — (N +a) < 0. Also, since s > p—1, and —Apu 2

Cro 1t u for large 7, then from [E, Theorem 3.1], we find u = O(r_(era_%&)/(sH_p)), and then
{Z_lp T “=1§—(N+a) 20, from (p.4), which contradicts our assumption. In case of equality, we
find —Apu 2 Cr~N for large r, which is impossible. Then there exists no G.S. This improves ythe

result of [[[J] where the minimum is replaced by a maximum.
(ii) Assume p < s+ 1, q >m+1and vy — —p > 0; then u = O(r~7), which contradicts (f.4).

If’y—u—O thenhmrﬂ 1u—a>0 and§> and —Agv = Cr’” lepuvm for large r, then
q

q— 17
N

v 2 Cplatt=5=t0/(a=1-m) _ - ¢ then C; > rfv > Cy > 0 for large r, from [, Theorem 3.1] and

(B9), then —A,u = Cr~" | which is still contradictory.
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(iii) (iv) The nonexistence of G.S is obtained by extension of the proof of [[J to the case
a,b # 0. Moreover (iii) implies the nonexistence of positive solution (u,v), radial or not, in any
exterior domain (R, 00) x (R, 00), R > 0 from [f]. ]

Corollary 5.4 Assume ([.3) withp=q=2. If6+s2= % and p+m 2 W, then system
(S) admits a G.S.

Proof. It was shown in [Pg], [£1] by the moving spheres method that the Dirichlet problem has
no radial or nonradial solution. Then Theorem [[.] applies again. ]

We aso extend and improve a result of nonexistence of [[[(] relative to the case p = ¢ = 2,a =
0,s > 1:

Proposition 5.5 Assume s+1>p or~y > %, and

- p(N —q) 5<N(p—1)+pa+p

(¢g—1)(N —p) N-—p

Then the system (S) admits no G.S. and then there is a solution of the Dirichlet problem. The
same happens by exchanging p, s, 6, a,~y with q,m, u, b, &.

(5.9)

Proof. Consider the function F defined at (5.7). Suppose that there exists a G.S. Then from

(F1) and (F.9) we find
N4+a N-p oY N+a N-p 0 N—q>

> — 2 0.
s+1 P s+1 s+1 P s+1qg—1 —

From (f.§), F is nondecreasing. First suppose s + 1 > p. Then from (5.3) and (5.4), v = O(r—*)
at oo, with k = (p+a — 5%)/(3 — p+ 1), then #VN=PuP = O(r(N=P)=kP) = o(1)from (F.9), then
F(r) = o(1) near co. Next assume s +1 < p and v > %, then rV=Py? = O(rN=P=7P), hence
F(r) = o(1) near oo; in any case we get a contradiction. ]

6 The Hamiltonian system
Here we consider the nonnegative solutions of the variational Hamiltonian problem (SH) in ¢ RV

—Au = |z|*2°,

(SH) { —Av = [z]>u,

wherep=q=2< N,s=m=0,a>b> -2, and D =Jdu — 1> 0. Here we find

(2+a)+ (2+b)d

B 240+ (2+a)u
Y= D ’ -

D Y

§

Y+2+a=0, £+2+b=py.
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The particular solution (ug(r),vo(r)) = (Ar~7, Br=¢) exists for 0 <y < N —2and 0 < £ < N — 2.
Here X,Y, Z, W are defined by

with ¢t = Inr, and system (M) becomes

X, =X[X—(N-2)+7],
Y, =Y[Y - (N-2)+W],
Zy=ZIN+a—6Y -2,
Wy, =W I[N +b—uX — W)

(MH)

This system has a Pohozaev type function, well known at least in the case a = b = 0, given at ([L.7):

1 o+1 / !
_ N |, 1 plul"” al?l Ntave N+buw'
E(r)=r" [V +7r M+1+T 51 ST1 +,u—|-1 .
vy [y YN HO=W)  (N+a-2)X
1 5+ 1

— pN=29€ (7 x) (B D/D (ry ) (F+D/D | xy Y(N+b-W) (N+a-2)X
pt1 0+1

It can also be found by a direct computation, and satisfies

N+a N+b—(N—2)>.
0+1 pw+1

5/(7‘) — TN_I’U,/’U/ <

We define the critical case, when (9, ) lie on the critical hyperbola Hy given by

N N +1b
5:1(1 u:l = N — 2, equivalently v+ & =N — 2. (6.1)
In this case v = %,5 = ](\;fif, and &’'(r) = 0. It corresponds to the existence of a first integral of

system (M) :

E(r) = (ZX)WHD/D (wy)@e+1/D vy YW H+b-W) (N+a-2)X
pt1 d+1

It can also be expressed in the variables U= r7u,V= rfv of Remark .3 under the form

Ukt V6+1
5(7”) = UtVt — ’}/fUV—Fm + S i 1.

The supercritical case is defined as the case where (0, 1) is above H, equivalently v+ & < N — 2
and the subcritical case corresponds to (4, ) under H.
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Remark 6.1 The energy & of the particular solution associated to My is always negative: & =
—WTN_2_7_£XOYVO(ZOXO)(/H_l)/D(WOYYO)((H_D/D-

Remark 6.2 In the case a = b =0, it is known that there exists a solution of the Dirichlet problem
in any bounded reqular domain Q of RN | see for example [1d], [24]; for general a,b, some restrictions

on the coefficients appear, see [23] and [I4].

Next consider the critical and supercritical case. When a = b = 0, there exists no solution if €
is starshaped, see [B].

Here we show the existence of G.S. for general a,b. The existence in the critical case with
a = b = 0 was first obtained in [2J], then in the supercritical case in [2Y], and uniqueness was
proved in [PQ)? The proof of [29] is quite long due to regularity problems, when ¢ or p < 1, which

play no role in our quadratic system:

Remark 6.3 The particular case § = p and a = b is easy to treat. Indeed in that case u = v
is a solution of the scalar equation Au + |x|” \u\6_1 u = 0, for which the critical case is given by
d=(N+2+2a)/(N —2). Moreover if system (SH) admits a G.S., or a solution of the Dirichlet
problem in a ball, it satisfies u = v, from [3]. Then we are completely reduced to the scalar case . In
particular, in the critical case, the G.S. are given explicitely by : v = v = c¢(K +7‘(2+“))(2_N)/(2+“),
where K = ™1 /(N + a)(N — 2); in other words they satisfy (3.3) with X =Y and Z = W, i.e.

X(t) , Z()
N—2+N+a_

Near oo, the G.S. is (obviously) symmetrical: it joins the points Ny and Ag.
Remark 6.4 Consider the case 6 =1, a = b =0, which is the case of the biharmonic equation
A%y = ut.

Recall that it is the only case where the conjecture (C) was completely solved by Lin in [21]. In the
critical case p = (N +4)/(N — 4), the G.S. are also given explicitely, see [20]:

u(r) = (K +r2)A=N72 K = #71 /(N — 4)(N = 2)N(N +2).

They satisfy the relation XY = %X + %(N — W)Y, and moreover we find that they are on an
hyperplane:
(N—-2)X(t)  Z(t)
N(N —4) N

-1=0.

N and v behaves like

2N The trajectory in the phase space joins the points No and Qo = (N —4,N —2,2,0).

Observe also that the G.S. is not symmetrical near oco: u behaves like r~
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Proof of Theorem [[.4. 1) Ezistence or nonexistence results:

e In the supercritical or critical case we apply any of the two conditions of Theorem [[.1: Here
£(0) = 0, & is nonincreasing; there does not exist solutions of (M) such that at some point T,
X(T)=Y(T) = N — 2, because at the point T,

Y(N+b—-W) (N+a—-2)X N+a N+VDb w Z

=(N—-2)|N-2- — >0
1 0+1 ( ) * *

XY —
0+1 p+1 p+1 6+1

since W > 0,Z > 0, thus £(e’) > 0, which is impossible. In the same way there exists no solution of
the Dirichlet problem in a ball B(0, R), because £(R) = RNvu/(R)v'(R) > 0 from the Hopf Lemma.
Then there exists a G.S. The uniqueness is proved in [R0].

e In the subcritical case there is no radial G.S.: it would satisfy £(0) = 0, £ is nondecreasing,
E(r) £ CrN=277=¢ from (b.1), and v + ¢ > (N — 2), then lim, o, £(r) = 0. Then from Theorem
[L.1, there exists a solution of the Dirichlet problem.

2) Behaviour of the G.S. in the critical case.

It is easy to see that condition ([.6) implies p > ]%—er and 6 > 2+“, and that 6 < & J_r“ and
JTARS < N+b N—l—a

cannot hold simultaneously. One can suppose that § > . Let 7 the unique trajectory
of the G S.; then £(0) = 0, thus 7 lies on the variety V of energy O deﬁned by

X(N+a-2) Y(N+b-W)
0+1 JI !

= XY. (6.2)

and from (p.4) 7 starts from the point No; from (f.1) 7 stays in
A={(X,Y,ZW)eR*:0<X<N-2, 0<Y<N-2 0<Z<N+a, 0<W<N-+a}.

(i) If T converges to a fixed point of the system in R, the only possible points are Ag, Py, Qo which

are effectively on V. Indeed Iy, Jy, Go, Hy € V. But Qo = (N —2)6 — (24+a),N —2,N+a— (N —
2)5,0) ¢ R, since § > 242, And Py € R if u < {25

N+b

If p > N then T converges to Ag. If p < , no trajectory converges to Ay, from Proposition

K.g, thus T converges to Py. If pu # %fg the convergence is exponential, thus the behaviour of
u,v follows. If u = %, then 7 converges converges to Ay, = Pp; the eigenvalues given by ([[0.3)
satisfy Ay = A =N —2, A3 = N +a— (N —2) <0 and Ay = 0; the projection of the trajectory
on the hyperplane Y = N — 2 satisfies the system

X,=X[X-(N-2)+Z2], Z=ZIN+a—6N-2)—2

which presents a saddle point at (N — 2,0), thus the convergence of X and Z is exponential, in
particular we deduce the behaviour of u. The trajectory enters by the central variety of dimension
1, and by computation we deduce that Y — (N —2) = —t~1 + O(¢72%¢) near oo, and the behaviour
of v follows.
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(ii) Next we show that 7 converges to a fixed point: We eliminate W from (.9), we get a quadratic
system in (X,Y, Z) :

X, =X[X-(N-2)+7],
YV, =Y[Y+b+2— (u+1)X]+ &9 X(N +a— 2), (6.3)
Zy=Z[N +a—08Y — 7]

At the begining, X; = 0, and Y; = 0. Suppose that X has a maximum at tg followed by a minimum
at t1. Then Z;(tg) < 0 < Zy(t1) then there exists to € (to,t1) such that Z;(t2) = 0, it is a minimum,
then at this point Z = N 4+ a — Y, Zy = —02Y4, hence

1 n+1
;=Y |Y +b+4+2— HDX4+—X| =Y |V +b+2— ——
t +b+ (u+)+5+1} [++ Sl <0
and Xy (t2) < 0, hence (X + Z)(t2) < N — 2, At the point t5 we have
1
Ne2-X>Z=N+4a-6Y>N+a—-s-=x_p-2)

0+1

1 3(2+b) +(2+a)
<a+2>+5<b+2><<5m (N —2)0 — (2 +a)

and X (t2) < X(to) < (N —2)—(2+a), hence we are lead to a contradiction. Then X has at most
one extremum, which is a maximum, and then it has a limit in (0, N — 2] at co. In the same way,
by symmetry, Y has at most one extremum, which is a maximum, and has a limit in (0, N — 2] at
oco. Then Z has at most one extremum, which is a minimum: indeed at the points where Z; = 0,
—Zy has the sign of Y;. Then Z has a limit in [0, N + a), and similarly W has a limit in [0, N + b) .

—1)X =

[ ]

Open problems: 1) For the case § = p, in the critical case it is well known that there
exist solutions (u,v) of system (SH) of the form (u,u), such that r7u is periodic in ¢t = Inr.They
correspond to a periodic trajectory for the scalar system (Mgey) with p = 2, and it admits an
infinity of such trajectories. If § # u, does there exist solutions (u,v) such that (r7u,rév) is
periodic in ¢, in other words a periodic trajectory for system (M H)?

2) In the supercritical case, we cannot prove that the regular trajectory 7 converges to My,
that means lim, .o 7u = A, lim,__. r*v = B. Here £(0) = 0, & is nonincreasing, then & is
negative. The only fixed points of negative energy are My, Go, Hy, but a G.S. satisfies (5.5), then
it tends to (0,0) at oo, hence 7 cannot converge to Gy or Hy from Proposition [l.9; but we cannot
prove that 7 converges to some fixed point.
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7 A nonvariational system
Here we consider the system (S) with p=¢=2,a=band s =m # 0.

—Au = |z|* u*®

(SN) { —Av = |z|" utv?,

where D = du — (1 — 5)2 > 0. We have seen that we can reduce the system to the case a = 0,
which will be supposed in this paragraph. Here X = —ru//u, Y = —rv'/v, Z(t) = —rusv® o/,
W (t) = —rutv® /v, and the system (M) becomes

X, =X[X—(N-2)+7],
Y, =Y[Y - (N-2)+W],
Zy=Z[N —sX —§Y — 7],
Wy =W I[N - pX —sY — W].

(MN)

We have chosen this system because it is not variational, and from Proposition [£.3, it can exist an
hyperbola of values (6, 1) for which the linearized system at My has two imaginary roots.
We first recall two results of [B] and [§], and complete them:

Proposition 7.1 (i) [38] Assume s < >, and 6 +1—5 > 0, p+1—s > 0. Let H, be the

hyperbola of equation
1 1 N -2

541 prl N—(N-2)s
located under Hs. Then under H., the system (SN) admits no G.S., and then there is a solution

of the Dirichlet problem in a ball.
(ii) [24] Let Ho be the hyperbola defined by

(7.1)

L, 1 _N-2 72)
§+1 wpu+1 N ‘
Then above Hy there exists no solution of the Dirichlet problem. Thus there exists a G.S.
Proof. (i) We consider an energy function with parameters a, 3, 0,6 :
Er) =N |V + au o + Bt ut + Tou + qu’ (7.3)
r r
= PN 2000 = N2 (2 X)) 2(W Z) 2, (7.4)
from ({.3), where

Uo(X, Y, Z, W) =XY +aWY 4+ ZX —oX — 0Y. (7.5)
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We get

N ()T (1) = (0 + 0 — (N - 2))XY + (Na— )Y W
(NB—0)XZ — (a(p+1) —D)XYW — (B(6 + 1) — )XY Z — asY*W — $sX?*Z.

+
Taking o = Ll 8= % one finds
PN () () = (040 — (N =2)XY + (Nao—0 —asY)YW + (N3 — o — 3sX)XZ. (7.6)
If there exists a G.S., from (p.1)) it satisfies X,Y < N — 2, hence
3N ()7L (1) > (04+0—(N—=2) XY +((N—(N—2)s)a—0)YW+((N—(N—2)s)f—0)X Z (7.7)

Taking § = Y=W=2s W then & > 0 under H., and moreover H’ is under Hs, thus

p+l -
¥ +&> N —2. Then £(r) = O(r¥=2777¢) tends to 0 at oo, which is contradictory.

(r
(ii) Taking a = =45 = &,8 = Wll = £, it comes from ([.6)

pt1
3N (uw) 7L (1) = (l + N (N —2)XY — asY?W — 3sX*Z
0+1  p+1
hence & < 0 when (F.J) holds. At the point R where u(R) = v(R) = 0, we find £(R) =
RN/ (R)V'(R) > 0, which is a contradiction. ]
Remark 7.2 In the case § = pu, then u = v is a solution of the equation —AU = U190, Let
s+08 > 1. Then there exists a G.S. as soon as s+06 = %Jrg Notice that the point % — s, % —5)

lies on the hyperbola Hs. Suppose moreover s < 0; if s +0 = %Jrg there are mo positive solutions

such that u(R) = v(R) = 0 for some R > 0; if s + 6 < YE2, then there exists no G.S. Indeed such
solutions satisfy u = v, from [B, Remark 5.3] results.

Next we prove our main existence result of Theorem [[.J which improves in particular Remark
??. The main idea is to introduce a new energy function by adding two terms in X? and Y? to
the energy defined at ([.3).

Proof of Theorem [[.5. From Theorem [[.], if s = ¥+2  all the regular solutions are G.S..

N—2
N+2 . Let j,k € R be parameters and

Thus we can assume s <

svu?  sw'?

B(r) = £() + % [k3 2 4531

)
0 12 2
v [uv +au“+1vs+ﬁv5+1us+ vu + U +I<:— va j;uv

= rV "2yl = p N2 f(ZX)ﬁ/Z(WY)V/%II,
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where
U(X,Y,Z,W) = XY +aWY + BZX — X — Y + k:;X2 —|—j§Y2_

Then

N ()10 (r) = (0 + 0 — (N = 2)XY + (Na— O)YW + (N3 — 0)X Z
—(alp+1) = DXYW — (B0 +1) = )XY Z + (j — a)sY*W + (k — 3)sX*Z
+EsX2[X — (N —2)] + jsY2[Y — (N —2)] + (N —2— X — Y)(k%XZ +j§Y2).

We eliminate the terms in Z, W by taking j = a = ﬁ, k=p0= Wlw 0= Na,c = NG. We find
after reduction

B(X,Y) = —§r3—N(uv)—1<1>'(r)

=BX*(N-2—-X)+aY* (N -2-Y)+ XY [BX +aY + = (N 2— Na—Np)|.

In particular one finds again the condition of Mitidieri if N(a + ) — (N —2) £ 0.

Next we look at the case where N(a+3) — (N —2) > 0. We have B(0,Y) = aY?(N
and B(X,0) = fX?%(N — 2 — X) > 0. In particular B(0,0) = 0. Otherwise B(N — 2, ) Y@( )
with 5
O(Y) = aY [2(N = 2) = Y]+ (N =2)((N = 2)+ =(N =2~ Na— Nj)

On [0,N — 2], ©(Y) > ©(0). By hypothesis, (4, u) is above Cs, or equivalently

N
(a+ ﬁ)—_2 —-1== 5 mm(a B); (7.8)
then B(N —2,Y) = 0 and similarly B(X, N —2) = 0. Then B is positive on the boundary of the
square K = [0, N — 2] x [0, N — 2] and is zero at (0,0), (0, N —2), (N —2,0). The curve B(X,Y) =0
is a cubic with a double point at (0,0), which is isolated under the condition (7.§): B(X,Y) > 0

near (0,0), except at this point. Then B(X,Y) > 0 on K.

Suppose that there exists a regular solution such that X(T) = Y(T') = N — 2 at the same 7.
Indeed up to this point (X,Y") stays in K, thus the function ® is decreasing. There holds ®(0) = 0,
and at the point R = e, we have

o W+ 62 N s
O(R) = RN-2-§(N — o)tz |2 T2 4 g —__Z
(R)=R ( ) N (ﬁ+a)(N_2 2)
then ®(R) > 0, since min(a, §) < a+ . Therefore from Theorem [L.1, there exists a G.S. |
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Remark 7.3 We wonder if the limit curve Ly for existence of G.S. would be defined by

11 N2
0+1 p+l N (-2

which ensures that ®(R) > 0, and also B(N —2, N —2) > 0. Like Hs, this curve cuts the set 6 = u at

the optimal point 6 + s = %J_rg Notice that L is under Hs. Moreover we have proved the existence

of G.S. when (6, p) is in the region min(8 + s, 4+ m) > JE2, which is above Ls.

8 The radial potential system

Here we study the nonnegative radial solutions of the system (SP) :

—Apyu = |z|* uSo™HL,

(SP){ a s—l—lvm7

—Agv = z|"u
with a = b,0 =m+ 1, = s+ 1, and we assume ([[.§). System (M) becomes

X=X [x -2 2],

p—1 p—1
N—
(MP) Y=Y Y_quq—i_q—ﬂl}’
Zi=Z[N+a—-sX—(m+1)Y - 7],
Wy =W I[N +b—(s+1)X —mY — W]

For this system D, v and ¢ are defined by
D=p(l+m)+q(l+s)—pg,  (p—1=s)y+pta=(m+1)¢§  (¢—1-m){+q+b=(s+1)y;
thus v and & are linked independtly of s, m by

pg(m+s+2+a)
D

p(y+1)=q(§+1) = (8.1)

The system is variational. It admits an energy function, given in ([[.13); it can be given by a direct
computation in terms of X, Y, Z, W :

£(r) = ZW_3+1 m+1 ]’

where

)= pN—2-a |u/|p—1 ‘U/r]—l Sy = TN—('y—i—l)p Xq(s-i—l)(p—l)yp(m-i—l)(q—l)Zp(q—m—l)Wq(p—s—l)] 1/D )
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Then we find

N — N —
Er)=(N+a—(s+1) » b (m+ 1)—q q)rN_H“uSvaH.
Thus we define a critical line D as the set of (0, ) = (m + 1, s + 1) such that

N — N—
N—I—a:(m—l—l)Tq—l—(s+1) pp, (8.3)

equivalent to pg(m +s+2+a)=ND,or N+a=(m+ 1)+ (s+ 1)y, or

_ N—-p N—q

The subcritical case is given by the set of points under D, equivalently v > %, &> %

(s+1)y+ (m+1)¢ > N + a. The supercritical case is the set of points above D.

or

Remark 8.1 The energy & of the particular solution associated to My is still negative: & =
_ _ 1/D
_p_DqTN+a—(’y+1)p |:Xg(p 1)Yg’(q 1)Zg(5+1)Wé’(m+1) )

Remark 8.2 When p = q = 2, another energy function can be associated to the transformation

[B2): the system ([2.18) relative to u(r) = r=7U(t), wv(r) =r"SV(t) is

Uy + (N -2-29)U; —y(N =2 —~)U+ UVl =0 (8.4)
Vi + (N —2—29)V, —y(N =2 =)V + UsTV™ = '
and the function
s+1 m+1 1V
E(t) = —— (U =7(N = 2= 9)U?) + —— (V] = 9(N = 2 = y)VZ + U=r ¥+ (85)

satisfies
Ey=—(N—2-27y)[(s+ 1)U + (m+ 1)V{]
It differs from &, even in the critical case. This point is crucial for Section [9.
It has been proved in [B4], [BF], that in the subcritical case with a = 0, there exists a solution of
the Dirichlet problem in any bounded regular domain € of R"V; and in the supercritical case there

exists no solution if € is starshaped. Here we prove two results of existence or nonexistence of G.S.
which seem to be new:

Proof of Theorem [L.6. 1) Ezistence or nonezistence results.
e In the supercritical or critical case there exists a G.S. Indeed from Theorem [L.]], if it were not

true, then there exist regular positive solutions of (M P) such that X (T') = % and Y(T') = %.
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Suppose that there exists such a solution. Then & < 0. Then at point T, £(R) > 0, from (B.2),
since W > 0, Z > 0, which is impossible.

e In the subcritical case, there exists no G.S. Indeed suppose that there exists a G.S. Here &£ is
nondecreasing, hence £ > 0. Its trajectory stays in the box A defined by (f.1), thus it is bounded.
If g=m+1and p = s+ 1, then from (B3), £(r) = O(rN=0+DP) then & tends to 0 at oo, which
is contradictory. Next consider the general case. We have

E(r) < N0+ [Xq(p—l)yp(q—l)Zp(q—m—l)Wq(p_s_l)] 1/D o

1/D

)

— pN-(+Dp [Xq(p—l)yp(q—l)Zq(1+S)Wp(1+m)}

then the same result holds. Then from Theorem [1.1] there exists a solution of the Dirichlet problem
2) Behaviour of the G.S. in the critical case.

Let 7 be the trajectory of a G.S.; then £(0) = 0, thus 7 lies on the variety V of energy 0, also
defined by

gWl(s+1)((p— DX = (N —p))+pZ] =pm+1)Z[(N —q) - (¢ —1)Y)] (8.6)

and Y < %, hence (s + 1)((p — 1)X — (N —p)) + pZ > 0. From (b.9), 7 starts from Ny =
(0,0,N + a,N +b) and stays in A. Eliminating W in system (M), we find a system of three
equations
XF:XLK—%§L+g%y
Y =YF,
Zy=Z[N+a—-sX—-(m+1)Y —-Z7],

where

1[N—q_ ]Mm+1—®2+qw+1«N—p%%p—UX)

Py, 2) =l (s+1)((p—1)X — (N —p)) +pZ

(i) If 7 converges to a fixed point of the system in R, the possible points on V are Ag, Iy, Jo, Po,
Qo, Go, Hy, Ro, So. The eigenvalues of the linearized problem at Ag, given by ([[0.3) satisfy

N - N -
ALd >0 =N+a—s—2L (m+1)—2L<=N+a—(s+1) m
p—1 q-—1 p—1 q—1

since ¢ < p, and A3 < A* unless ¢ = p, and then A3 = A\* < 0 from (B.3). Then Ay can be attained
only when \* < 0, from Proposition [.§. And Py can be attained only if ¢ > m + 1, and
N-—p
p—1

A20and g+a<(s+1) (8.7)
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from the proof of Proposition [L.4, because v = ? < %. We observe that the condition \* = 0

joint to (B.J) implies m + 1 < ¢ < p and is equivalent to (B.7). Indeed it implies

N-p N—q q N—q N-p
s+1)SN+a-m——=N+a———(N+a———(s+1 ;
p—l( = =) q_l( . (s+1) . )
then N
—pg—p
s+1 — = —(a+q),
G+ S Ll < (ag)
thus ¢ < p. And from from (B.3)
+1 N - N—pp—
(V=g = —D=g+a—(s+ )L < (s 4+ ) =L -1 <0

hence m +1 < ¢ and (B.7) follows. By symmetry, @ cannot be attained since ¢ < p. Then A and
Py are incompatible, unless Ay = Py, and Py is not attained when p = q.

(ii) Next we show that 7 converges to Ay or Fy. If ¢ is an extremum point of Y, then

m+1 s+1
— —1)Z#) +
( . )Z (1) .

(N =p) = (p—1)X(t)) =0. (8.8)

It implies ¢ > m + 1 and

_X(®)Z(t) pim+1-¢q|  DX@®)Z({)
Xl = p—1 b q(s+1) __@—1M@+1)>0

In the same way, if ¢ is an extremum point of X, then p > s+ 1 and Y;(¢) > 0. Near —oco, there
holds X;,Y; 2 0, and Z;, W; < 0, from the linearization near Ny. Suppose that X has a maximum
at to followed by a minimum at ¢;. Then p > s+ 1, and Y is increasing on [tg,t1]. And at ¢y we
have (p — 1) X (to) + Z(to) = N — p and Xy (to) < 0, thus Z;(tp) < 0; eliminating Z we deduce
pta+(p—1—5)X(to) £ (m+1)Y(tp) and similarly (m+1)Y (t1) £ p+a+(p—1—5)X(¢1); hence
Y (t1) < Y (to), which is a contradiction. Then X and Y have at most one maximum, and finally

no maximum point. Then X and Y are increasing, and bounded, hence X has a limit in (0, %]

and Y has a limit in (0, %]. Then Z, W are decreasing; indeed at each point where Z; = 0, we

have Zy = Z(—sX; — (m +1)Y;) < 0, thus it is a maximum, which is impossible.
Then 7 converges to a fixed point of the system. Moreover, since X and Y are increasing, it
cannot be Iy, Jy, Gg, Hy, Rg, So. It is necessarily Ay or Py. We distinguish two cases:

e Case ¢ < m+ 1. Then 7 converges to Ay, and Az, \* <0, then ([.IJ) follows.

e Case ¢ > m + 1. Then 7 converges to Ay (resp. FPy) when \* < 0 (resp. \* = 0). If the
inequalities are strict, we deduce the convergence of u and v from Propositions [I.§ and [£.§, and
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(L14) follows. If \* = 0, then Py = Ag, and \3 = % < 0. The projection of the trajectory

7 in R? on the plane Y = % satisfies the system

N — Z N —
p+—}, Zt:Z[N—Fa—sX—(m—Fl)—q—Z

X=X |X -
¢ p—1 p-—1 q—1
which presents a saddle point at (%,O), thus the convergence of X and Z is exponential, in

particular we deduce the behaviour of u. The trajectory enters by the central variety of dimension

1, and by computation we deduce that Y = % — q_ll_mt_l + O(t2%¢), then (L15) follows. m

9 The nonradial potential system of Laplacians

Here we study the possibly nonradial solutions of the system of the preceeding Section when
p=q=2:

m—+1
b

—Au = |z|* usv
(P) { —Av = |z|* ustto™,

with D = s+m. We solve an open problem of [[f]. Recall that the main result of [f] is the obtention
of apriori estimates near 0 or oo, by using the Bernstein technique introduced in [[[§] and improved
in [§.

In [ff] it had been solved in the case N 4+ a = 4. The problem was open when N + a < 4, which
implies N < 6, and m+ s+ 1 > N/(N — 2). In the case m + s+ 1 < N/(N — 2), there are no
solutions of the exterior problem, see [f].

In [[] we use the transformation

u(r,0) =r="U(t,0), v(r,0) =r=7V(t,0), t=lInr,

extending the transformation of Remark B.J to the nonradial case (in fact here ¢ is —¢ in [{] ),
leading to the system

Utt+(N—2—2"}/)Ut+A5U—fy(N_2_fy)U+Ust+1 =0
Vtt+(N_2_2’Y)Vt+A3V_fY(N_2—’}/)V+U8+1Vm:O

where Ag is the Laplace-Beltrami operator on Sy_1, and we define the corresponding energy
extending (B.9):

s+1
Bt =57 [ (U2~ [VsUR — 7 (N 2 - 1)U
SN-1
1
+ % / (V2= VgV —&(N —2—&)V?)do + / ustymtlg,
SN-1 SN-1
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and there holds
By = —(N—2-27) / [(s + U + (m + 1)V2] db

gN-1

Here we construct a new function, extending the Pohozaev function defined at ([[.1J) to the non-
radial case.

Lemma 9.1 Consider the function E(r) defined by

rE(r) = 821 / |2 =72 [Vsul + (V =222 | df
gN-1
1 T
+ 2 / Q0 2 gl 4 (V- 2) % | g 4 e / w o™ty
2 ov ,
SN-1 X

Then
N -2

2

= NE () =(N+a—(s+ 1)? —(m+1) )re / T ym g

gN-1

Proof. In terms of ¢, we find

E() = £1(8) + Ex(t) + E(1), with £ (t) = S Le(N-2)1 / [uf —|Vsul2 + (N — 2)uut} da,

2
SN-1
1
E(t) = %e(N_Q)t / [vf — Vs> + (N — 2)1)1)4 do, Es(t) = eNF! / w Tt d
SN-1 gN-1
(9.1)
and wu, v satisfy
(e(N_2)tut)t+e(N_Q)tASu—i—e(NJr“)tusva =0, (G(N_2)t’l)t)t+€(N_2)tA5’U+€(N+a)tus+1’l)m = 0.
(9.2)

Multiplying successively by u and by v, and (s + 1)e(N_2)tut and (m + 1)e(N_2)tvt and adding the

equalities we obtain after computation

EX)=(N+a—(s+ 1)¥ —(m+ 1)¥)€(N+a)t / w Ty ag.
gN-1
n

Proof of Theorem [[.7. Suppose that there exists a G.S.. Since s+m+1 < (N+2+2a)/(N—2)
then E and &£ are increasing and start from 0, then they stay positive. Since s +m +1 < (N +
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2)/(N—2) we know that either (u,v) behaves as M then E has a negative limit, which is impossible,
or (u,v) is regular at oo, and then the only possibility is the following: m > (N + a)/(N — 2),
lim,__,ou=a >0, and

‘ ‘lim lz|"v=6>0o0r | |lim lz|"v =0, withk=(2+a)/(m—1), (9.3)
where 8 = (a~TVE(N —2— k)Y Tt implies that N < 4 —a from the majorization of m+s+1
by %i’g, and N < 4 + a from the majorization by M In [[] we find that lim; .., E(t) = oo,

which gives no contradiction. Here we show that hmt_m E(t) < 0, which will give a contradiction.
First recall the proof of (0.3). Making the substitution

u(r,0) = u(t, ), v(r,0) = r~*V(t,0), t=Inr6e€ Sy_1,

we get
{ Ut + (N — Z)Ut + ASU +e‘2ktu8V’”+1 = 0,

Vtt + (N —2— 2]€)Vt + ASV — k(N -2 /<;)V+us+1Vm = 0. (94)

Then u, V are bounded near oo, and from [, Proposition 4.1] u converges exponentially to the
constant «, more precisely

[lu—al + |ue| + [Vsulllco(gn-1) = O(e= =20, (9.5)

because k # (N — 2)/2 and all the derivatives of V up to the order 2 are bounded. The equation
takes the form

Vi +(N—=2-2k)V,+AgV — k(N —2—k)V+a* V™ 4 o =0
where ¢ and its derivatives up to the order 2 are O(e~V=2*); then from [, Theorem 4.1], V
converges to 3 or to 0 in C2(SN-1).

We define f(t) = e(N=2)t / updf) = N1 / urdf. Then & (t) = (N=2) =L a f () +O0((e- V=21
SN-1 SN-—-1

from (0.5). Moreover from (0.4),

ft(t) — _e(N—2—2k)t / WV ap <0
SN-1

Since u is regular at 0, f(t) = 0(e®=D) at —oo, in particular lim; o, f(t) = 0. And fi(t) =
O(eN=2=2k)t) = O(e~?) at oo, then f(t) has a finite negative limit —¢?; and & (t) tends to —(N —
2)5H 2. Then &(t) = O(eN=272M) = O(e™*) since v = e #*V, and V and its derivatives up to
the order 2 are bounded. And &(t) = O(eWVFa=km+)t) and N +a — k(m + 1) < 22X < 0. Then
£ has a negative finite limit at oo, contradiction. [

35



10 Analysis of the fixed points

Proof of Proposition [.4. (i) Consider a regular solution (u,v) with initial data (ug,vo). Then
(=N =1/ P2 Y = pN a8 00 (1 4+ o(1)) as - — 0, then — /[P~ o/ = —NiaTH“US’Ug(l +0(1)),
thus from (2.1), as t — —oo

1 sl _ Dt/ (p—
X(t) = (N—+au0+1 Py =D (p+a)t/(=1) (1 4 (1)),
Y(t) = ( 1 uuvan-i-l—q)l/(q—l)e(q+b)t/(q—1)(1 +0(1)),

N+b
and limy_,_ o Z =N +a, lim, W = (N +b). In particular the trajectory tends to Np.

(ii) Reciprocally, consider a trajectory converging to Ny. Setting Z = N +a + ZW=N+b+W,
the linearized system is

b N N . .
X, = zf‘l‘x, Y, = %Y, Zy = (N+a) |—sX —0Y — Z|, W, = (N+b) [—uX—mY—W] .
(10.1)
The eigenvalues are
b
AL = if;‘ >0, o= Z%l >0, M=—(N+a)<0, M=—(N+b)<0. (10.2)

The unstable variety V, and the stable one Vs have dimension 2. Notice that V; is contained in
the set X =Y = 0, thus no admissible trajectory converges to Ny as t — oo, and there exists
an infinity of admissible trajectories in R, converging to Ny as t — —oo. Since the convergence
is exponential, X; = Z—J_”l”X(l + O(e)) with ¢ > 0, and then e~P+@/(P=1tX(t) has a positive
limit , and e~ (@+0)/(@=Dty (¢) has a positive limit ¢; from (), (E1), (u,v) have a positive limit
(ug,v9) = (N + a)xP~1)@=1=m)/D((N 4 b)¢a=1)%/P hence (u,v) is a regular solution..

Next we show that for any x > 0,£ > 0 there exists a unique local solution such that
limy_ e~ Pt/ P-D X (¢) = k and limy__,_o e~ (@0)/(@=Dty — ¢ On V,, we get a system of
two equations of the form

X=X\ +F(X,Y)), Yi=Y(+G(X,Y)),

where FF = AX + BY + f(X,Y) and f is C* and fx(0,0) = fy(0,0) = 0, similarly for G. Setting
X =M (k4 1), Y = et (0 4 y), and assuming Ay > \; and setting p = e*? we are lead to

1
zp = S+ D)Flpln+2), M (Ey) g = CH+Y)Clplk +2), P2 (E+y)),
with z(0) = y(0) = 0. Then we get local existence and uniqueness. Hence for any ug > 0, vg > 0

there exists a regular solution (u,v) with initial data (ug,vo). Moreover u,v € C1([0, R)) when
a,b>—1. [
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Proof of Proposition f.5. The linearization at Ay at this point gives, with X = %—FX Y =
M+}~/
q—1 ’
. N-p[. Z . N—q[. W
X, =—""Plxy 2| yv,=""Ay,y L Zi=NsZ, W= MW
p—1 p—1 q—1 q—1
The eigenvalues are
N — N — N — N — N — N —
M=—Poo =" 0, =Nta—s—L 5270 N = Npp P TG
p—1 q—1 p—1 q-1 p—1 q—1

(10.3)
e Convergence as r — oo : If A3 > 0, or A4 > 0, then the stable variety); has at most dimension 1, it
satisfies W = 0 or Z = 0, hence there is no admissible trajectory converging to Ag at co. If A3 < 0,
and Ay < 0, then Vs has dimension 2, and contains trajectories such that Z > 0 and W > 0, then
in R; and Vs N {Z = 0} has dimension 1 : indeed we get a system in X, Y, W with the eigenvalues
A1, A2, Ay similarly Vs N {WW = 0} has dimension 1; then there exist admissible trajectories. They
satisfy lime™3'Z = C3 > 0,lim e ™!'W = Cy > 0, then (.11]) follows from ([£.2).

e Convergence as r — 0 : If A3 < 0, or Ay < 0, the unstable variety ), has at most dimension 3 ,
and it satisfies W = 0 or Z = 0, there is no admissible trajectory converging at —oo. If A3 > 0, and
A4 > 0, then V, has dimension 4, there exist admissible trajectories, and (f.11)) follows as above.m

Proof of Proposition {g.6. We set Py = (N_p Y., 0, W*> , for m + 1 # g. The linearization

=1
gives,withX:%—l—X,Y:Y*—I—f/,W:W*—I—W,
~ N — ~ Z ~ ~ 1474 ~ ~ -
X, =""Plxy Y=Y V2| Zi=n2Z W= W —,uX—mY—W]
p—1 p—1 g—1
The eigenvalues are
N—p N—p D N—p
A = >0, A3=N — — oY, = - )
! p—1 3 ta Sp—l q—l—m(7 p—l)
and the roots A9, A4 of equation
1—
Az—(K—W*)A+L1(1KW*:0
q_

Then if A3 < 0 (resp. A3 > 0) there is no admissible trajectory converging at —oo (resp. co). Indeed

Vi =VuN{Z =0} (resp. Vs =V, N{Z =0}).
1) Suppose that ¢ > m + 1. Since ¢ + b < %u < N+b- m%, we have Py € R, and

Aoy < 0. First assume A3 < 0, that means v < % ; then Vs has dimension 2, and V, N {Z = 0}
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has dimension 1, there exists trajectories with Z > 0, then admissible, converging as ¢ — co. Next
assume A3 > 0 ; then V), has dimension 3, and V,, N {Z = 0} has dimension 2, then there exist
admissible trajectories converging as t — —oo.

2) Suppose that ¢ < m + 1. Slnceq+b>%,u>N—|—b— ql, we have Py € R, and

A2A4 > 0. We assume q—,u+m( —q) # N(qg—1)+ (b+1)q, that means Y, # W.,. First suppose
A3 > 0, that means v < p ; either RéA9,RéNy > 0 then V, has dimension 4, or Ré\g,RéX, < 0
then V), has dimension 2 and Vu N {Z =0} has dimension 1; in any case, there exist admissible
trajectories converging as t — —oo. Next assume A3 < 0; either Ré\g,RéNy > 0, Vs has dimension
1, and Vs N {Z = 0} = 0 or Ré\y,Ré\4 < 0, then V has dimension 3, it contains trajectories with
Z > 0, then admissible, converging as t — 00.

Then lime ™7 = C5 > 0, lim X = ~—L limY =Y, and lim W = W,, thus (fL.13) follows from

(E3) and R3). =

Proof of Proposition §.§. The linearization near Iy gives, with X = p + X,
~ N-—p, - Z N —q N-—-p N—p
X = X Yi=——Y, Z;=(N+a— Z = (N+b— :
t p—l( +p_1), t -1 = ( +a Sp—l) , Wi ( + ,Up_l)W

The eigenvalues are

N — N — N — —
p = q<0, )\3—N—|—a—s P M=N+b—pu P
-1 q—1 -1’ p—1
e Convergence as 7 — oo : If A\3 > 0 or Ay > 0, then V; :vsm{zzo} or Vs = Vs N{W =0},
there is no admissible trajectory converging at co. Suppose that A3 < 0 and Ay < 0. Then V;

has dimension 3; it contains trajectories with Y, Z, W > 0, then admissible. Then lim X = ];7 P

lime ™Y = Cy > 0, lime™™!Z = C3 > 0, lime™™'W = C4 > 0, then ({13 follows from (E32)

and (R.4).

e Convergence as r — 0 : Since A2 < 0 we have V,, =V, N {Y = 0}, hence there is no admissible

AL =

trajectory converging as r — 0. ]
Proof of Proposition £.9. The point Gy = (p £,0,0 N—I—b—ﬁ,u) € R since %,u < N+b.
The linearization gives, with X = N AP X, W=N+b- —,u + W,
~ N—p Z Y N—p
X, = X+ 2|, Yi=—(q+b—

N
Zt:(N—i-a—s

N—p ~ ~
_1)Z, Wt—(N—l—b—pju)[—uX—mY—W]
The eigenvalues are

N-—p
p—1

1 N — N — N —
>0, do=—(gtb———Lu), Na=Nta—s—2 ="y N-b<o.
qg—1 p—1 p—1 p—1

A=
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e Convergence as r — o0 : If Ay > 0, or A3 > 0, then V, = Vs N {Y =0} or Vs = VN {Z = 0},
there is no admissible trajectory converging at oo. Assume Ao, A3 < 0, then V, has dimension 3, it
contains trajectories with Y, Z > 0, then admissible.
e Convergence as 7 — 0 : If A3 < 0, or A2 < 0 there is no admissible trajectory. If Ao, A3 > 0 then
Vs has dimension 3, it contains admissile trajectories.
In any case lim X = %, lime Y = Cy > 0, lime ™' Z =C3 >0, limW =N +b— %u,
hence ([.1J) still follows from ({.3) and (R.4). |
Proof of Proposition .10, We set Cy = (0,Y,0, W) . It is in R if %m > N + b, implying
g < m+ 1. The linearization at this point gives, withY =Y +Y and W = W + W

N — S w - R
Xt:—p_lpx, =V V45|, Ai=N7Z Wt:W[—,uX—mY—W].
The eigenvalues are
N — _
M=-—2P N = Nta-sY,
p—1
and the roots Ay, A4 of equation
L 1—a._
A2 (Y —T)A+ %YW —0 (10.4)

then Ao Ay > 0. We assume m # %ﬁg’ﬂ)q, that means Y # W. ((and Y —W = (N+b)q;b(ﬁt(1])(]v_q);
then Y — W > 0 if m is subcritical.)).
e Convergence as r — oo : if A3 > 0 we have V, = Vs N {Z = 0}, hence there is no admissible
trajectory .there is no solution near co. Next assume that A3 < 0, that means § > (N + a)le_q.If
Ré(X2) = Rély < 0 (resp. > 0) then Vs has dimension 4 (resp. 2) and VsN{X = 0} and VsN{Z = 0}
have dimension 3 (resp. 1) then there exist trajectories with X, Z > 0, then admissible.
In any case lime™™*X = C; > 0, imY =Y, lime ™'Z = C3 > 0, im W = W, then ([L.15)
follows as above.
e Convergence as r — 0 : Since \; < 0 we have V,, = V,, N {X = 0}, hence there is no admissible
trajectory . [
Proof of Proposition f.11]. We set Ry = (0, Y,Z, W) . Under our assumptions it lies in R.

SettingY =Y +Y,Z =2+ Z,W =W + W, the linearization gives

U W _ U - .
Xe=NX, Y=Y |V+—| thz[—sx—ay—z}, Wy =W |—pX —my — W],
q_
the eigenvalues are
b+gq >
A= —— -4 A3 =—Z7
1 _1(p—|—a +1_q)7 3 <07



and the roots A, Ay of equation of equation ([[0.4).
e Convergence as r — oo : If \; > 0, that means (p+a)™ m+1 4 < §, then Vg = V;N{X =0}, hence
there is no admissible trajectory . Next assume A\; < 0; 1f Re()\g) RéXy < 0 (resp. > 0) then Vg
has dimension 4(resp. 2) and Vs N {X = 0} has dimension 3 (resp. 1) then there exist admissible
trajectories.
e Convergence asr — 0 : If A\; < 0, then V,, = V,,N{X = 0}, hence there is no admissible trajectory
Next assume \; > 0; if Ré(Ay) = RéXy < 0 (resp. > 0) then V, has dimension 4 (resp. 2) and
Vs N {X = 0} has dimension 3 (resp. 1) then there exist admissible trajectories.

In any case lime™{X = C; >0, limY =Y, limZ = Z, limW = W, then (f15) holds again.

Remark 10.1 Finally there is no admissible trajectory converging to 0, Ky, Ly. Indeed the lin-
earization at 0 gives

N -
X, = — pX Y, = ——Y Zy=(N+a)Z, W,=(N+bW

Then Vs and Vy, have dimension 2; then Vs is contained in {Z =W =0} V,, in {X =Y = 0}. The
linearization at Ky gives, with Z =N + a + Z,

N— )
eraX Y, = —rlqy, Z,=(N+a)|-sx—sv -2, w,=( +boW.

X =

1

The eigenvalues are ff“ —];7—_ —(N+a), N+b. Then Vs and V,, have dimension 2; Vs is contained
in{Z =W =0}, and V, in {Y = 0}. The case of Ly follows by symmetry.

References

[1] Azizier C., Clément P. and Mitidieri E., Ezistence and a Priori Estimates for Positive Solutions
of p-Laplace Systems, Journal of Differential Equations 184 (2002), 422-442.

[2] Bidaut-Véron M.F., Local and global behavior of solutions of quasilinear equations of Emden-
Fowler type, Arc. Rat. Mech. and Anal., 107 (1989), 293-324.

[3] Bidaut-Véron M.F., Local behaviour of solutions of a class of nonlinear elliptic systems, Adv.
in Diff. Equ. 5 (2000), 147-192.

[4] Bidaut-Véron M.F. and Grillot P., Singularities in Elliptic systems with absorption terms,
Ann. Scuola Norm. Sup. Pisa, 28 (1999), 229-271.

[5] Bidaut-Véron M.F. and Grillot P., Asymptotic behaviour of elliptic systems with mized absorp-
tion and source terms, Asymtotic Anal., 19 (1999), 117-147.

40



8]

[9]

Bidaut-Véron M.F. and Pohozaev S., Nonezistence results and estimates for some nonlinear
elliptic problems, J. Anal. Mathématique, 84 (2001), 1-49.

Bidaut-Véron M.F. and Raoux T., Asymptotics of solutions of some nonlinear elliptic systems,
Comm. Part. Diff. Equ., 21 (1996), 1035-1086.

Bidaut-Véron M.F. and Véron L., Nonlinear elliptic equations on compact Riemannian mamni-
folds and asymptotics of Emden equations, Invent. Math. 106 (1991), 489-539.

Busca J., and Manasevitch R., A Liouville-type theorem for Emden system, Indiana Univ.
Math. J. 51 (2002), 37-51.

Chen S., and Lu G., FExistence and nonexistence of positive radial solutions for a class of
semilinear elliptic system, Nonlinear Analysis 38 (1999) 919-932.

Chicone, C. and Tian J., On general properties of quadratic systems, Proc. Amer. Math. Soc.
89 (1982), 167-178.

Clément P., Fleckinger J., Mitidieri E. and de Thélin F., Fxistence of positive solutions for a
nonvariational quasilinear elliptic system, J. Differential Equations 166 (2000), 455-477.

Clément P., Garcia-Huidobro M., Guerra I. and Manasevich R., On regions of existence and
nonezistence for a system of p-q Laplacians, Asymptot. Anal. 48 (2006), 1-18.

de Figueiredo D., Peral 1. and Rossi J., The critical hyperbola for a Hamiltonian elliptic system
with weights, Annali di Matematica 187(2008), 531-545

de Figueiredo D. and Felmer P., A Liouwville type theorem for elliptic systems, Ann. Scuola
Norm. Sup. Pisa Cl. Sci. 2& (1994), 387-397.

Fowler R.H., Further studies of Emden’s and similar differential equations, Quart. J. Math 2
(1931), 259-288.

Garcia M., Manasevitch R., Mitidieri E., and Yarur C., Fxistence and nonexistence of singular
positive solutions for a class of semilinear elliptic systems, Arch. Rat. Mech. Anal. 140 (1997),
258-284.

Gidas and Spruck J., Global and local behavior of positive solutions of nonlinear elliptic equa-
tions, Comm. Pure Appl. Math. 34 (1981), 525-598.

Guedda M. and Véron L, Local and global properties of solutions of nonlinear elliptic equations,
J. Diff. Equ., 76 (1988), 159-189.

Hiilshof J. and vander Vorst R., Asymptotic behaviour of ground states, Proc. Amer. Math.
Soc. 124 (1996), 2423-2431.

41



[21]

22]

23]
[24]

[25]

Lin C.S., A classification of solutions of a conformally invariant fourth order equation in R,
Comment. Math. Helv. 73 (1998), 206-231.

Lions P.L., The concentration-compactness principle in the calculus of variations, part 1, Rev.
Mat. Iberoam. 1 (1985), 145-201.

Liu F. and Yang J., Nontrivial solutions of Hardy-Henon type elliptic systems, preprint.

Lu Q. and Yang Z, Blow-up estimates for a quasi-linear reaction—diffusion system, Math. Meth.
Appl. Sci. 26 (2003), 1005-1023.

Mitidieri E., A Rellich type identity and applications, Comm. P.D.E. 18 (1993), no. 1-2, 125
151.

Mitidieri E., Nonezistence of positive solutions of semilinear elliptic systems in RN, Diff. Int.
Equ. 9 (1996), 465-479.

Raoux T., These de Doctorat, Université de Tours (1995).

Reichel W. and Zou H., Nonexistence results for semilinear cooperative systems via moving
spheres, J. Diff. Equ., 161 (2000), 219-243.

Serrin J. and Zou H., Existence of positive solutions of the Lane-Emden system, Atti Sem.
Mat. Fis. Univ. Modena, 46 (1998), suppl., 369-380.

Serrin J. and Zou H., Existence of positive entire solutions of elliptic Hamiltonian systems,
Comm. Partial Differential Equations 23 (1998), 577-599.

Serrin J. and Zou H., Non-existence of positive solutions of Lane-Emden systems, Diff. Int.
Equ., 9 (1996), 635-653.

Serrin J. and Zou H., Non-existence of positive solutions of semilinear elliptic systems, A
tribute to Ilya Bakelman (College Station, TX, 1993), 55-68, Discourses Math. Appl., 3, Texas
A & M Univ., College Station, TX, 1994.

Souplet P., The proof of the Lane-Emden conjecture in 4 space dimensions, Adv. Math. 221
(2009), 1409-1427.

De Thélin F. and Vélin J., Exzistence et non-existence de solutions non triviales pour des
systémes elliptiques non linéaires, C.R. Acad. Sci. Paris 313 (1991), 589 592.

De Thélin F. and Vélin J., Existence and nonexistence of nontrivial solutions for some non-
linear elliptic systems, Rev. Mat. Univ. Comput. Madrid 6 (1993), 153 194.

vanderVorst R., Variational identities and applications to differential systems, Arch. Rat.
Mech. Anal. 116 (1991), 375-398.

42



[37] Véron L., Singularities of solutions of second order quasilinear equations, Pitman Research
Notes in Math., Longman (1995).

[38] Zheng S., Nonezistence of positive solutions to a semilinear elliptic system and blow-up esti-
mates for a reaction—diffusion system, J. Math. Anal. Applic. 232 (1999), 293-311.

[39] Zou H., A priori estimates and existence on strongly coupled cooperative elliptic systems, Glasg.
Math. J. 48 (2006), 437-457.

[40] Zou H., A priori estimates and existence for strongly coupled cooperative elliptic systems,
Comm. Part. Diff. Equ. 31 (2006), 735-773

[41] Zou H., A note on non-existence results for semi-linear cooperative elliptic systems via moving
spheres, Proc. Amer. Math. Soc. 134 (2006), 1635-1646.

[42] Zou H., Ezistence and non-existence for strongly coupled quasi-linear cooperative elliptic sys-
tems, J. Math. Soc. Japan 59 (2007), 393-421.

43



