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A going down theorem for Grothendieck Chow
motives

Charles De Clercq

ABSTRACT

Let X be a geometrically split, geometrically irreducible variety over a field F satisfying
Rost nilpotence principle. Consider a field extension E/F and a finite field F. We
provide in this note a motivic tool giving sufficient conditions for so-called outer motives
of direct summands of the Chow motive of X with coefficients in F to be lifted to
the base field. This going down result has been used S. Garibaldi, V. Petrov and N.
Semenov to give a complete classification of the motivic decompositions of projective
homogeneous varieties of inner type Eg and to answer a conjecture of Rost and Springer.

Introduction

Throughout this note F' will be the base field and by an F-variety we will mean a smooth,
projective scheme over F'. Given an F-variety X, denote by Ch(X) the Chow group CH(X)®zF
of cycles on X modulo rational equivalence with coefficients in a finite field F. We write Ch(X)
for the colimit of all Ch(Xf ), where K runs through all field extensions K/F and if X is integral
we denote by F(X) its function field.

For any field extension L/F', an element lying in the image of the natural morphism of
Ch(X1) — Ch(X) is called L-rational. The image of any correspondence o € Ch(Xy) under
the canonical morphism Ch(Xy) — Ch(X) is denoted by @. An F-variety X is geometrically
split, if for some field extension F/F the Grothendieck Chow motive of X p=X Xgpec(r) Spec(£)
with coefficients in I is isomorphic to a finite direct sum of Tate motives. The variety X satisfies
the Rost nilpotence principle if for any field extensions L/FE/F the kernel of the restriction map
resy g : End(M(Xg)) — End(M(XL)) consists of nilpotents.

As shown in [1], any projective homogeneous F-variety under the action of a semisimple affine
algebraic group is geometrically split and satisfies the Rost nilpotence principle. It follows by [2,
Corollary 35] (see also [7, Corollary 2.6]) that the Grothendieck Chow motive of these varieties
with coefficients in IF decomposes in an essentially unique way as a direct sum of indecomposable
motives. The study of these decompositions have already shown to be very fruitful (see [6], [7],
9]).

The notion of upper motives, previously defined by Vishik in the context of quadrics in [9],
was further developed by Karpenko in [7] to describe the indecomposable motives lying in the
motivic decomposition of projective homogeneous varieties. If X is a homogeneous F-variety,
E/F a field extension and the upper motive of M (Xpg) is a direct summand of another motive
Mpg, [9, Theorem 4.15] and [6, Proposition 4.6] give sufficient conditions for the upper motive of
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X to be a direct summand of M. The purpose of the present note is to push these ideas further.
We define the notions of upper, lower and outer direct summands of a direct summand N of the
motive of a geometrically split F-variety. We then show some lifting property of outer summands
of Ng to the base field with the following result.

Theorem 0.1 Let N be a direct summand of the motive (with coefficients in F) of a geomet-
rically split, geometrically irreducible F-variety X satisfying the Rost nilpotence principle and
M a twisted direct summand of the motive of another F-variety Y. Assume that there is a field
extension E/F such that

(i) every E(X)-rational cycle in Ch(X xY') is F(X)-rational;

(ii) the motive Ng has an indecomposable outer direct summand which is also a direct summand
of the motive Mp.

Then the motive N has an outer direct summand which is also a direct summand of M.

Theorem 0.1 allows one to descend outer motives of direct summands projective homoge-
neous varieties which appear on some field extension E/F of the base field. This generalizes [6,
Proposition 4.6], one of the key ingredients in the proof of [6, Theorem 1.1], replacing the whole
motive of a variety X by a direct summand. To replace X by an arbitrary direct summand, one
needs to construct explicitly the rational cycles to get an outer summand defined over F, and
thus theorem 0.1 gives a new proof of [6, Proposition 4.6]. Note that assumption 1 of theorem
0.1 holds if the field extension E(X)/F(X) is unirational. The following particular case of the-
orem 0.1 was used by Garibaldi, Petrov and Semenov in [8] to both determine all the motivic
decompositions of homogeneous F-varieties of inner type Fg and prove a conjecture of Rost and
Springer in [8].

Corollary 0.2 (/8, Proposition 3.2]) Let X and Y be two projective homogeneous F-varieties
for a semisimple affine algebraic group, and let M and N be direct summands of the motives
of Y and X respectively with coefficients in F. Assume that Np(y) is an indecomposable direct
summand of Mpyy and 'Y has an F(X)-point. Then N is a direct summand of M.

Proof. Setting E = F(Y), the field extension E(X)/F(X) is purely transcendental, hence as-
sumption 1) of theorem 0.1 holds. O

1. Grothendieck Chow motives

Our main reference for the construction of the category of Grothendieck Chow motives over F'
with coefficients in F is [3, §63-65].

Let X and Y be two F-varieties and X=][;_; X}, be the decomposition of X into irreducible
components with respective dimension dy,...,d,. The group of correspondences between X and
Y of degree i with coefficients in F is defined by Corr;(X,Y)=[[;_; Chg,+i(X) x Y). We now
consider the category C(F';F) whose objects are pairs X[i], where X is an F-variety and i is an
integer. Morphisms are defined by Homc g (X[i], Y [j]) = Corr;_;(X,Y). For any correspon-
dences f: X[i] ~ Y[j] and g : Y[j] ~ Z[k] in Mor(C(F;F)) the composite g o f : X[i] ~ Z[k] is
given by

gof= (), () (- 0D (@) )

where Upy U XV xW — U x W is the natural projection.
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The category C(F;F) is preadditive and its additive completion CR(F;F) is the category of
correspondences over F' with coefficients in F, which has a structure of tensor additive category
given by X[i] ® Y[j] = (X x Y)[i 4+ j]. The category CM(F;F) of Grothendieck Chow motives
with coefficients in F is the pseudo-abelian envelope of the category CR(F;F). Its objects are
couples (X, ), where X is an object of the category CR(F;A), and 7 € End(X) is a projector
(i.e. mom = 7). Morphisms are given by Homcyrry (X, 7)[i], (Y, p)[j]) = po Hom(X,Y)om
and the objects of CM(F;F) are called motives. For any F-variety X the motives (X[i],I';qy )
(where I'jq, is the graph of the identity of X') will be denoted X[i] and X[0] is the motive of X.
The motives F[i] = Spec(F')[i] are the Tate motives.

Lemma 1.1 Let (X, 7) be a direct summand of the motive of an F-variety X. A motivic direct
summand (X, p) of X is a direct summand of (X, ) if and only if mopomw = p.

Proof. Since End ((X, 7)) = 7 o Chgim(x)(X x X) o, any projector p in End ((X, 7)) satisfies
o p o = p l:‘

Definition 1.2 Let M € CM(F;F) be a motive and i an integer. The i-dimensional Chow group
Ch;(M) of M is defined by Homcyy(pr)(F[i], M). The i-codimensional Chow group Ch'(M) of
M is defined by Homeyyp,ry (M, Fi]).

For any field extension F/F and any correspondence « : X|[i] ~ Y[j] the pull-back of « along
the natural morphism (X X Y)p — X x Y will be denoted ap. If N = (X, 7)[i] is a twisted
motivic direct summand of X, the motive (Xg, 7g)[i] will be denoted Ng.

Finally the category CM(F;F) is endowed with the duality functor. If X and Y are two
F-varieties and a € Ch(X xY') is a correspondence, the image of o under the exchange isomor-
phism XxY — Y xX is denoted ‘a. The duality functor 1 : CM(F; A)?—CM(F;A) is the
additive functor determined by the formula M (X)'=M (X)[— dim(X) — 7] and such that for any

correspondence a : X[i] ~ Y]], of =ta.

2. Direct summands of geometrically split F-varieties

Throughout this section we consider a geometrically split F-variety X and E/F a splitting field
of X. By [5, Remark 5.6] the pairing

(a, B) — deg(a - B)

is non degenerate hence gives rise to an isomorphism of F-modules between Ch(Xg) and its dual
space Homp(Ch(Xg),F) given by o — ¥(a,-). The dual basis of a homogeneous basis (z)}_,
of Ch(Xpg) with respect of ¥ is the basis (z})}_; of Ch(Xg) such that for any 1 < 4,5 < n,
\I/(x,,x;‘) = 0;;, where 0;; is the Kronecker symbol. By definition of the composition (*) in
CM(F;TF), if y (resp. ¢') lies in Ch(Y) (resp. Ch(Y”)) for two other F-varieties Y and Y’ and
if (i,7) are two integers, the composition of the correspondences x; x y € Ch(Xg x Y) and
y' x x} € Ch(Y’ x Xg) is given by

(x; X y)o (y x x;) =0;;(y xy) € Ch(Y' x Y). (1)

Note that the Kunneth decomposition holds in Ch(Xg x Y) and Ch(Y’ x Xg) in the view of [3,
Proposition 64.3], since Xg is split, and thus the cycles of Ch(Xg x V) and Ch(Y’ x Xg) may
always be written that way.

v .
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Upper, lower and outer motives. Let m € Chdim(x)(X x X) be a non-zero projector
and N = (X,n) the associated summand of the motive of X. The base of N is defined by
B(N)={i € Z, Ch;(Ng) is not trivial}. The bottom of N (denoted by b(N)) is the least integer
of B(N) and the top of N (denoted by t(N)) is the greatest integer of B(N). We now introduce
the notion of upper and lower direct summands of N, previously introduced by Vishik in the
context of the motives of quadrics in [9, Definition 4.6].

Definition 2.1 Let N be a direct summand of the twisted motive of a geometrically split F -
variety and M a motivic direct summand of N. We say that

(i) M is upper in N if b(M) = b(N);
(il) M is lower in N if t(M) =t(N);
(i) M is outer in N if M is both lower and upper in N .

Remark 2.2 Keeping the same F-variety X and any direct summand N = (X, 7), consider a
homogeneous basis (xy)}l_; of Ch(XEg) and its dual basis (x3)}_,. The base, bottom and top of
N can be easily determined by the decomposition
n
TE = Z Wi,j(xi X .%';k)
i,j=1
noticing that B(N) = {dim(z;), m;; # 0 for some j}.

Lemma 2.3 Let N be a motivic direct summand of a geometrically split F-variety and M a
direct summand of N. Then M is lower in N (resp. upper in N ) if and only if the dual motive
MY is upper in Nt (resp. M' is lower in NT).

Proof. For any motive O and for any integer 4, Ch?(O') = Ch_;(O). It follows that b(O') = —t(O)
and t(O") = —b(0). O

The Krull-Schmidt property. Let C be a pseudo-abelian category and € be the set of
the isomorphism classes of objects of C. We say that the category C satisfies the Krull-Schmidt
property if the monoid (€, @) is free. The Krull-Schmidt property holds for the motives of geomet-
rically split F-varieties satisfying the Rost nilpotence principle in CM(F;F) by [7, Corollary 2.6].

Proof of the main result. In order to prove theorem 0.1, we will need the following lemma,
which will allow us to construct explicitly the rational cycles lifting outer motives to the base

field.

Lemma 2.4 Let N be a motivic direct summand of a geometrically split, geometrically irre-
ducible F-variety X satisfying the Rost nilpotence principle and M a twisted direct summand of
an F-variety Y. Assume the ezistence of a field extension E/F such that

(i) any E(X)-rational cycle in Ch(X x Y) is F(X)-rational;

(ii) there are two correspondences h : Ng ~» Mg and k : Mg ~ Ng such that koh is a projector
and (Xg,koh) is a lower direct summand of Ng.

Then there are two correspondences f: N ~ M and g : Mg ~ Ng such that (Xg,go fg) is a
direct summand of Ng which contains all lower indecomposable direct summands of (Xg, ko h).
Furthermore if k is F-rational, then g is also F-rational.
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Proof. Setting M=(Y, p)[i] and N=(X, 7), we construct explicitly the two correspondences f and
g. Since E(X) is a field extension of E, h is E(X)-rational, hence F(X)-rational by assumption
1. The morphisms Spec(F (X)) — X, for every field extension L/F induce the pull-back ¢* :
Ch(X xY x X) — Ch((X x Y)p(x)). Furthermore £* induces a surjection of F-rational cycles
onto F'(X)-rational cycles by [3, Corollary 57.11] and we can consider a cycle hy € Ch(X xY x X)
such that €*(hy) = h. Since €* maps any homogeneous cycle . c; X B; x 1 to Y., a; X 3; and
vanishes on homogeneous cycles whose codimension on the third factor is strictly positive, we have
hi=hx1+--- where”---” is a linear combination of homogeneous cycles in Ch(X x Y x X)
with strictly positive codimension on the third factor.

We now look at h; as a correspondence X ~» Y x X and consider the cycle hy = hj o w. By
formula 1 we have

hy = (Exl)of—i—---7
is a linear combination of homogeneous cycles in Ch(X x Y x X) with dimension
at most ¢(IV) on the first factor (since these terms come from the first factors of 7) and strictly
positive codimension on the third factor (since these terms come from the third factors of hy —
h x 1). Finally considering the pull-back of the morphism A : X x Y — X x Y x X induced by
the diagonal embedding X and setting hg = A*(hg), we have

where 7 .- .7

Fo=Tomt

where ” - - -7 stands for a linear combination of homogeneous cycles in Ch(X x Y) with dimension
strictly lesser than ¢(/N) on the first factor.

Composing with 7 o k on the left and 7 on the right, we get that
ﬁoth_go_:foEoEoﬁ—i—z
where z is a linear combination of homogeneous cycles of strictly lesser dimension than ¢(N) on

the first factor since they come from the first factors of hs o™ — h o 7. The correspondence ko h
defines a direct summand of the motive Ng and thus by lemma 1.1

ﬁoth_gof:EoE—l—z.
By formula 1, ko hoz, zoz and z o k o h are linear combinations of homogeneous cycles of

dimension strictly lesser than ¢(/N) on the first factor. Repeating the same procedure and since
ko h is a projector, we see that for any integer n

(ﬁoth_g,oﬁ)n:Eoﬁ_F... (2)

where ” - - -7 is a linear combination of homogeneous cycles in Ch(X x X) with dimension on the

first factor strictly lesser than ¢(N). The direct summand k o h is lower, therefore all these corre-
spondences are non-zero and by [7, Corollary 2.2] an appropriate power (mg o ko (h3)pomg)™™
is a projector. If we set f = pohgomand g = (rgoko (hg)go 7TE)°"°_1 omp ok, we see that g
is F-rational if k is F-rational. The correspondence g o fg is a projector which defines a direct

summand of Ng by lemma 1.1.

C_onsider the decomposition EOE:ZZ =1 ’yg(x, xz}) of koh with respect to a basis (x;){_, of
Ch(X). By formula 2, the decomposition of go f in (x; x x;f)f,jzl has a non-zero coefficient for any
couple (4, j) such that ~;; is non zero and dim(z;) = ¢t((Xg, k o h)). The Krull-Schmidt property
and remark 2.2 then imply that any lower indecomposable direct summand of (Xg, ko h) lies in

(X,90 fR). O
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We now show how we can derive the proof of theorem 0.1 from the rational cycles constructed
in lemma 2.4. To lift the outer motive to the base field F', we apply lemma 2.4 and the duality
functor twice in order produce two correspondences which are defined on the base field.

Proof of Theorem 1.. Let O=(Xg, k) be an outer indecomposable direct summand of Ng which
is also a direct summand of Mp. We prove theorem 0.1 by applying lemma 2.4 once, then the
duality functor and finally lemma 2.4 another time to get all our correspondences defined over
the base field F'.

Since O is a direct summand of Mg, there are two correspondences h : Ng ~» Mg and
k: Mg ~ Ng such that koh = k. Moreover O is lower in Ng, so lemma 2.4 justifies the existence
of two other correspondences b’ : N ~» M and k' : Mg ~» Ng such that Oy = (Xg,k o hly) is a
direct summand of Ng, and the motive Os is outer in Ng since it contains O. The dual motive
O; = (Xg,'hy o'k")[— dim(X)] is therefore outer in N}g by lemma 2.3 and is a direct summand
of the dual motive M; Twisting these three motives by dim(X), we can apply lemma 2.4 again.
The correspondence th/ is F-rational, so lemma 2.4 gives two correspondences f : NT ~» Mt and
g: MT ~ NT such that the motive (Xg, gr o fg) is both an outer direct summand of NT (since
it contains the dual motive Of) and a direct summand of M. Transposing again, the motive
(X,tf olg) is an outer direct summand of N and a direct summand of M. O
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