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Abstract

Let (M(X),p) be a direct summand of the motive associated with a geometrically split,
geometrically irreducible variety over a field F' satisfying the nilpotence principle. We show
that under some conditions, if (M (XEg),pg) is a direct summand of another motive Mg over
a field extension E, then (M (X),p) is a direct summand of M over F.

Introduction

Throughout this note, A will always be a finite field. Given a field F, an F-variety will be
understood as a separated scheme of finite type over F'. Given such A and an F-variety X, we can
consider CH;(X;A), the Chow group of i-dimensional cycles on X with coefficients in A, defined
by CH;(X) ®z A. These groups are the first step in the construction of the category CM (F; A)
of Chow-Grothendieck motives with coefficients in A. This category is constructed as the pseudo-
abelian enveloppe of the category CR(F; A) of correspondences with coefficients in A. Our main
reference for the construction and the main properties of these categories is [2].

Definition I.1. Let X be an F-variety. A field extension E/F is a splitting field of X if the
E-motive Xg is isomorphic to a finite direct sum of twisted Tate motives.

Following [2], we will write CH(X; A) for the colimit of all CH(Xg; A), where E runs through
all field extensions E/F. We will say that an F-variety X is geometrically split if X splits over the
algebraic closure of F.

For any field extension E/F, we will say that any element of CH(X;A) lying in the image of
the restriction morphism CH(Xpg;A) — CH(X;A) is E-rational.

The purpose of this note is to generalize the following result, proved by N. Karpenko ([3,
Proposition 4.6]).

Theorem 1.2. Let X be a geometrically irreducible, geometrically split variety satisfying the nilpo-
tence principle and M be a motive. Assume that there exists a field extension E/F such that

1. the field extension E(X)/F(X) is purely transcendental;
2. the upper indecomposable summand of M(X)g is also lower and is a summand of Mg.
Then the upper indecomposable summand of M (X) is a summand of M.

The class of geometrically split, geometrically irreducible F-varieties satisfying the nilpotence
principle is quite large (see [2], [1], [4]). N. Karpenko uses this result for instance to prove several
motivic decompositions in CM (F; A) ([3, lemma 7.1]). Here we generalize theorem 1.2 by replacing
the motive M (X) by the direct summand (M (X), p) associated with a projector p € C'Hgjm(x)(X X
X;A).

I would like to thank Nikita Karpenko, my Ph.D. thesis adviser, for raising this question and
guiding me during this work.

The Chow group of a geometrically split F-variety
Let X be a geometrically split F-variety. Let us consider the motivic decomposition

m

M(Xg) ~ @D Aa:)

=1



where m and a; are integers, over a splitting field E of X.
By definition of morphisms in CM (E;A), Homen ey (A7), A(j)) =~ 0i;A, where d;; stands
for the Kronecker symbol. Therefore there is an integer n called the rank of X such that

CH(Xg;A) ~ EPA.
i=1

Moreover, the isomorphism between M (Xg) and the previous direct sum of twisted Tate motives
defines an homogeneous basis (z1)}'_, of the A-module CH (Xg;A).
Proposition II.1. Let X be a geometrically split F'-variety. then the pairing

CH(X;A) x CH(X;A) — A

v (o, B) s deg(a-f)

is bilinear, symetric and non-degenerate.
Proof. ct. [5, Remark 5.6] O

Since the bilinear form W is non-degenerate, it gives rise to an isomorphism of A-modules
between CH(X; A) and its dual space Homa (CH(X;A), A) given by

CH(X;A) — Homa(CH(X;A),A)
U b U(u,-)

f:

Now consider the dual basis ()", of the basis (z;)?_,. We define the antedual basis of (z;)_,
/

by (2})ig, where x7 := f~'(x}). By definition of the antedual basis, we have W(x;,2}) = dyj,

where d;; is the Kronecker symbol.

Proposition I1.2. Let M and N be two motives in CM(F; ), with M split. Then there is an
isomorphism of A-modules

CH*(M;AN)® CH*(N;A) — CH*(M ® N;A)
Proof. c.f. [2, Proposition 64.3]. O

Computations become much simpler on split varieties.

Lemma II1.3. Let X be a split variety of rank n and two smooth complete varieties Y and Y.
Consider the homogeneous basis (xy)jp_, defined previously and its antedual basis (x},)p_,. Then
for all cycles y € CH(Y;A), v/ € CH(Y';A) and for all 1 <i,j <n,

(i x y) o (y x af) = di;(y xy).
Proof. We set 1 for the identity class, either in CH(Y;A) or in CH(Y'; A).

O x ) - ) (@i x )

(zs xy)o (y xaf)=("



Il Direct summands of geometrically split F'-varieties

Let X be an F-variety and p € C'Hgim(x)(X x X; A) be the projector defining the direct summand
(X,p). A direct summand of the motive (X, p) is given by a projector in Endcasr;a) (X, p), (X, p)),
by definition of the category CM(F; A).

Lemma IIL.1. Let X be an F-variety, and p € CHgimx)(X x X;A) the projector defining the
direct summand (X,p). Then every direct summand of (X,p) is a summand (X, q) associated with
a projector q € CHgim(x)(X x X;A) satisfying pogqop =q.

Proof. Indeed we have Endcarra) (X, p), (X,p)) = po CHgimx)(X x X;A) op, thus for any
projector ¢ € Endcprra (X, p), (X, p)), there is a cycle s € CHgim(x)(X x X;A) such that
g =posop. But p is itself a projector, therefore pogop =p?osop? =posop=q. O

We now study the notion of upper and lower direct summands of a direct summand (M (X), p).
From now on, we consider a geometrically split F-variety X of rank n. We keep the notation
(z)7_, for the homogeneous basis of CH(X;A) and (z})7_, for the antedual basis of (zj)7_,
associated with the pairing .

Definition II1.2. Let X a geometrically split F-variety and p € CHgim(x)(X x X;A) be a non-
zero projector. We denote by P the image of p under the restriction map to a splitting field E of
X. Considering the bases (x;)7—y and (x})~ of CH(Xg;A), we have

n n
_:E g lexac
i=1 j=1

We define the lowest codimension of p by

cdmin(p) := min (codim(x;)))
pij#0

where codim(x;) stands for the codimension in CH(X;A).

As X is geometrically split, the summand (X, p) associated with the projector p € C'Hgjpm(x)(X x
X; A) splits over a field extension E/F :

(Xg,pE) @ (a;)™ (IIL.1)
=1

where a;, m; and m are integers, and we set 7 < j = a; < a;.

Definition II1.3. Let X be a geometrically split F-variety, and (X, p) be a summand of X. Let
also (X, q) be a direct summand of the motive (X,p). Consider the decomposition II1.1 of (X,p)
in a splitting field E of X. The summand (X, q) is :

1. upper in (X,p) if CH" ((Xg,qr)) #0
2. lower in (X,p) if CH,, (Xg,qr)) #0

By definition, a direct summand (X,q) is upper in (X,p) if and only if (X(—dim(X)),tq)
is lower in the dual motive (X (—dim(X)),’p). We can now study the link between the lowest
codimension of a summand and the position of its motivic decomposition.

Proposition II1.4. Let X be a geometrically split F-variety, and p € CHgim(x)(X x X;A) the
projector defining the summand (X, p). Consider the motivic decomposition II1.1 given above of
the motive (Xg,pr), where E is a splitting field of X. Then

ay = edmin(p)

Proof. Let us show first that edmin(p) > a;. Indeed we consider the motivic decomposition IIT.1,
thus



CH™ ((Xp,pE); A) ~ @ Homenr(may (Aai), Aar))™ ~ A™ % 0.
i=1
Consequently CH' (X g, A) o pp # 0 by definition of Chow groups in CM(E; A).
Let x € CH* (Xg; A) such that x opg # 0. Since (z;)}_; is homogeneous, we can consider the
base (z1)rex of the A-module CH* (Xg;A) and write x = Y, _ - Apxx. Then

et () (£ i)

keK =1 j=1
n

= Z Z AkDiki 7 0
i—1 ke K

= 3('L'Oak/)O) € {15 --an} X Ka Pigko 7é 0

Then since codim(z;,) = dim(Xg) — codim(x} ) = codim(zy,) = a1 we have proven that
cdmin(p) < ag.

Suppose on the other hand that edmin(p) = s < a;. Then there are two index ig, jo in
{1,..,n} such that p;,j, # 0, and codim(z;,) = s. Then x;, o pp = Y (Pijoxi # 0, therefore
CH*(Xg;A) opr # 0, as codim(z;,) = codim(z;,). But this contradicts the fact that

CH*(Xg;\) opr = Homene:n) ((Xe,pr); A(s))
=P Homen(pia) (Aai); Ads)™
i=1

=0
Therefore cdmin(p) = ay. O
Proposition III.5. Let X be a geometrically split F-variety, and p the projector defining the
summand (M(X),p). Let also be (M(X),q) a direct summand of (M(X),p). Then

cdmin(p) = cdmin(q) < (X, q) is upper in (X, p).

Proof. We keep the same notations as in proposition I11.4.
As ¢ defines a direct summand of (X, p) we have ¢ = po g op by lemma IIL.1, thus for any k

CH"((Xp,qp);A) = CH*(Xg;A) o qp
= CH"(Xg;A)o (pe o qp o pr)

But gz ope = (PE©°qE ©PE) ©PE = PE O (qE © PE = (E, thus

CH"(Xp,qp);A) = (CHY(Xg;A) opg)) o qe = CH*(XE,pE); A) 0 q5.()

Therefore for any k such that CH*((Xg,pg); A) = 0, we have shown that CH*((Xg,qg); A) =
0.
Now write the decomposition of (Xg, ¢g) :

(Xz,q8) ~ D (AB;)™

with ¢ < j = b; < b;. Equality (x) implies that for all j € {1,..,s}, b; > a;. But proposition III.4
implies that by = cdmin(q), thus

cdmin(p) = edmin(q) < b1 = a;
& CH" ((XE,qp)iA) # 0



IV Proof of the main theorem

Following [3], we recall some results on the category generated by geometrically split F-varieties
satisying the nilpotence principle in CM (F; A). We will say that a pseudo-abelian category satisfies
the Krull-Schmidt principle if every object of this category decomposes in a unique way as a direct
sum of indecomposable objects (up to permutation of these indecomposable summands).

Lemma IV.1. ([3, Corollary 3.2]) Let X be a geometrically split F-variety satisfying the nilpotence
principle. Then an appropriate power of any endomorphism of the motive X is a projector.

Proposition IV.2. ([3, Corollary 3.3])The Krull-Schmidt principle holds for the pseudo-abelian
Tate subcategory of CM (F,A) generated by the motives of geometrically split F-varieties satisfying
the nilpotence principle.

Remark IV.3. More generally, proposition IV.2 is true when A is any finite commutative ring (see
[3, Corollary 3.2]). The Krull-Schmidt principle also holds for the category generated by motives
of quadrics when the ring of coefficients A is 7. Nevertheless, the Krull-Schmidt principle does
not hold in the category generated by the motives of projective homogeneous varieties when A = 7Z
(see [6]) and this is one of the reasons why we suppose that A is a finite field.

Let X be a geometrically split F-variety. Let p € C'Hgim(x)(X x X; A) be the projector defining
the direct summand (X, p) of X. As seen before, the homogeneous base (x)}_; and its antedual
base (x})p_, relatively to the pairing ¥ allow us to decompose p in a splitting field E of the motive
X, that is to say pr = > i, D5 pijlai X @)

Definition IV.4. Let X be a geometrically split F'-variety and E a splitting field of the motive X .
Let p be the projector defining the direct summand (X,p). We say that couple (i,7) € {1,..,n}? is
contained in pg if pij # 0. We will also say that an element x; X x; of the base of CHgim(x ) (XE X
Xg; ) is contained in pg if the couple (i,7) is contained in pg.

Notation IV.5. The set of all elements x; x =} of CHgim(x,)(XE x Xg; A) which are contained
in the projector pp will be called the base of pg, and denoted B(pg).

Definition IV.6. Let X be a geometrically split F-variety and two projectors p and q defining the
two direct summand (X, p) and (X, q). Let E be a splitting field of X. We say that p contains q if
B(qe) C B(pg). We will say that q intersects p if B(qr) N B(pr) # 0.

Remark IV.7. Given a geometrically split F-variety X and two direct summands (X,p) and (X, q
of the motive X defined by the two projectors p and q, we will also say that the summand (X, p
contains the summand (X, q) if the projector p contains the projector q.

)
)

Since A is a finite field, we have seen that the category generated by motives of geometrically
split F-varieties satisfying the nilpotence principle satisfies the Krull-Schmidt principle (proposition
IV.2). By definition of the category CM (F';A), direct summands of the motive of an F-variety
correspond to projectors in Endc s (p;ay(X), thus in a splitting field E' of the motive X, every
F-rational cycle in C'H gy X)(Y x X;A) is a linear combination of minimal F-rational cycles,
corresponding to indecomposable direct summands of X. We now prove the key-lemma.

Lemma IV.8. Let X be a geometrically split, geometrically irreducible F-variety satisfying the
nilpotence principle. Let p be the projector defining the direct summand N := (X,p) of X. Let
also Y be a smooth complete F-variety, and M = (Y,q) the direct summand of Y induced by
the projector q. Assume that there is a field extension E/F and two E-rational correspondences
h: Xg— Mg and k : Mg — Xg such that

1. every E(X)-rational cycle in CH(X x Y;A) is also F(X)-rational;

2. koh € CHyim(x,)(XE X XE;A) defines an upper direct summand (Xg,koh) of Ng.



Then there exists an F-rational cycle h' and a E-rational cycle k' such that
e k' o b’y is a non-zero projector in CHgim(x,) (X X Xp5 A);
o the E-motive (Xg, k' o hly) contains every upper indecomposable summand of (Xg, ko h);

e the cycle k' is F-rational if k is F-rational.

Proof. We denote by s the composite ko h. By assumption, s is a projector in CHgip(x,) (X X
Xpg; A) satisfying s = pg o sopg by lemma II1.1. Moreover we suppose that (M (X), s) is upper in
(M(X),pg), that is to say ecdmin(s) = cdmin(p) by proposition ITI.5.

Let us decompose the images of the cycles h, k, s and p in a splitting field of the F-variety X
of rank n :

L. >imy hilwi x yi)
> i1 kiyy x 3)
Dimt 2oy Sij (@i X )
4. p =300 2o (i x x})

with s;; = hik; deg(y; - yi) by definition of s.

2.

|
I

Since E(X) is a field extension of E, the cycle h is E(X)-rational, hence F(X)-rational by
assumption 1).

Now consider the morphism Spec(F(X)) — X induced by the generic point of the geometri-
cally irreducible variety X. It induces a morphism

(X xY)px) — X xY xX

whose pull-back €* : CHgipm(x)(X x Y X X;A) — CHgim(x)(X x Y;A) maps every cycles of the
form >, Ai(ai x B; x 1) on Y. Ai(a; x 3;) and vanishes on elements of the form ), Ai(oi x i X i),
where codim(~;) > 0.

Moreover, the pull-back €* induces a surjection of F-rational cycles onto F(X)-rational cycles
([2, corollary 57.11]). Therefore we can choose an F-rational cycle iy € CHgim(x)(X X Y x X;A)

such that ¢*(hy) = h.
By definition of €* we have

H:Zhi(xiXinUJFZ(O&XﬂXV)
im1

where cycles 7 are of strictly positive codimension. o o L
Now let us look at the cycle h; as a correspondence h; : X — Y x X. Setting hy := hy o P,
ho is F-rational and its image in a splitting field of X is

h_2: (th(xzxylxl)> Op‘i‘(Z(aXBX’Y))Op
:ZZ iPij (T X y; X 1) +Zaxﬁ><7

where cycles 4 are of strictly positive codimension and cycles & satisfies codim(a) > cdmin(p).
Consider now the diagonal embedding
XxY — XxYxX

A ) — @)

The morphism A induces a pull-back A* : CHdim(X)(Y XY x X;A) — CHdim(X)(Y x Y3 A).
Setting hs := A*(hs), hs is an F-rational cycle and

hy =Y > hypy(wi x y;) + Y (@

i=1 j=1



where codim(a - 4) > edmin(p) since codim(a&) > edmin(p) and codim(y) > 0.
The next step consists of computing the composite k o hg :

kohy = (Zkl(yl/ X z?)) o [ DO hypis(wi xy;) | + (Zkz(yf X 50?)) ° (Z(d'@) X B)
=1 =1

i=1 j=1
:ZZ Zklhﬂpw (1 x @) o (z: X y;) +Zax6
i=11=1 \j=1
=Y > D kihypi deg(y; - yy) | (wix aj) + > _axp
i=11=1 \j=1

Where cycles @ satisfy codim(@) > cdmin(p) = edmin(s).

Let us show that for any (i,1) € {1,..,n}? >0, kihjpijdeg(y] - y;) = sa. First s defines a
direct summand of (X, pg), thus by lemma I1I.1 sopg =pgosopropg =prgosopg =S. Now
compute sop :

|

o
S]]

I

ZZSU x; X :c o (ZZPH(W X 95:))

i=1 j=1

n

n
Zs”plt T; X T Yo (z x xy)

=1 t=1
n
.
§ sijpi | (T x x3)
1 =1

Therefore for any (i,1) with codim(z;) = cdmin(s), the component of k o h3 over z; x x} is
equal to ZF kihjpi; deg(y; - y;) and we have

I
11
- 11

M:

11

J

Z kih;pi; deg(y{ i) = Z S4§1Pij
Jj=1 Jj=1

= S41I.

We thus have obtained

(kohg) = Z Z (i x @) ZaxB

codim(x;)=cdmin(p) j=1

where cycles @ satisfy codim(@) > cdmin(p) = edmin(s).
As A is finite, there exists an integer ng such that (go (f3)g)°"° is a projector by lemma IV.1.
Setting b’ = hs and k' = (ko h3)°™0~1 o k, we see that

(K ohl) = > S sijlzixa)+ Y axp

codim(x;)=cdmin(p) j=1

where codim(@) > cdmin(p), therefore k' o h’E is non-zero.

If k is F-rational, then &' = (ko hg )0"0 ok is also F-rational. Moreover, the cycle k' o b’
intersects every projector w € CH(X x X;A) satisfying cdmin(w) = edmin(k o h), and B(w) C
B(koh). In particular k" o b intersects every upper direct summand of the motive (Xg, koh), and
therefore contains every indecomposable direct summand of the motive (Xpg, ko h). O

The main theorem is a direct consequence of lemma IV.8.

Theorem IV.9. Let X be a geometrically irreducible, geometrically split F-variety satisfying the
nilpotence principle. Consider the projector p defining the indecomposable direct summand N :=
(X,p) of the motive X. Let also Y be a smooth complete F-variety and M := (Y, q) the direct
summand induced by a projector q. Assume the existence of a field extension E/F such that



1. every E(X)-rational cycle in CH(X x Y;A) is also F(X)-rational;

2. the E-motive Ng contains an indecomposable direct summand (X, s) both lower and upper
and is a direct summand of Mg.

Then the motive N is a direct summand of the motive M.

Proof. By assumption, the E-motive N is a direct summand of Mg, that is to say there are two
correspondences f € CHgim(x,)(XEXxYp;A)and g € CHgim(y,)(YE x Xp; A) such that go f = pp.
Let us apply lemma IV.8.

Lemma IV.8 implies that there are two correspondences g’ € CHgim(y,)(Ye X Xg;A) and
'€ CHgim(x,)(XE X Yg;A), with f' F-rational, such that ¢’ o f}, is a non-zero projector and
the motive (Xpg, ¢’ o ff;) contains every upper indecomposable summand of (Xg,pg).

Now consider the cycle pp o ¢’ o f; o pg. Lemma IV.1 justifies the existence of an integer ng
such that (pg o g’ o fl; o pr)™ is a projector. Moreover we have the decomposition

gof = > D pijlaixa)+ > axp
codim(z;)=cdmin(p) j=1

with codim(@) > cdmin(p). B B
Set g := (prog’o fpopr opgog’ and f := f'op. The cycle go fE is a projector satisfying
prpogo fgopeg = go fg. Besides in a splitting field of X

gofr= Z Zpij(zz'Xx;)ﬁLZ@XﬂA

codim(xz;)=cdmin(p) j=1

)onofl

with codim(&) > cdmin(p), therefore the motive (Xg,go fg) is an upper direct summand of the
motive Ng. Besides (Xg,go fg) intersects any upper direct summand of Ng, thus contains the
indecomposable direct summand (Xg, s). It follows that the summand (Xg, go fg) is both upper
and lower in Ng.

Transposing, the summand (Xg(— dim(Xg)),! fzof §) is a direct summand of the dual motive
N3 which is upper, as (X, go fg) is lower in Np, therefore we can apply lemma IV.8 again.

Lemma, IV.8 justifies the existence of an F-rational cycle g and another cycle fwhich is also
F-rational, such that ’fg o' gp is a non-zero projector in Endcas(g;a)(Nj;). Transposing again,
the cycle gg o fE is a non-zero projector in CHgim(x,)(XE X Xg; A).

By nilpotence principle, an appropriate power (go f)ﬁ is a non-zero projector in C'H g (x) (X x
X A). Setting g := (§o f)" L ogand f := f, the cycle gof is a non zero-projector. But the motive
N is indecomposable, therefore we can conclude that gof = p, that is to say N is a direct summand
of M. O
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