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UPPER SEMICONTINUITY OF TRAJECTORY ATTRACTORS
OF 3D NAVIER-STOKES EQUATIONS WITH HYPERVISCOSITY

ABDELHAFID YOUNSI

ABSTRACT. We regularized the 3D Navier-Stokes equations by adding a fourth-
order viscosity term. We study the upper semicontinuity, of the global attrac-
tors of the Leray-Hopf weak solutions of the regularized 3D Navier-Stokes
equations, as the artificial dissipation £ goes to 0, and the regularized problem
(see equation (I1])) limits to the standard 3D Navier-Stokes equations. We
also consider applications of obtained results to the regularized problem by
allowing the family of forcing functions to vary with ¢, for € > 0.

1. INTRODUCTION

In this paper, we study the robustness, or upper semicontinuity of the global
attractors of the Leray-Hopf weak solutions of modified three dimensional Navier-
Stokes equations. We regularized the 3D Navier-Stokes system by adding a fourth
order artificial viscosity term (Laplacian square) to the conventional system

ous
ot

+eA%uf —vAuf + (uF.V)uf + Vp = f(z), in Q x (0,00)
div u® =0, in  x (0,00), u® (z,0) = u§, in Q, (1.1)
p(z + Le;, t) = p(z,t), u®(x + Le;, t) = uf(x,t) 1=1,2,3, t € (0,00)

where Q0 = (0, L)3 with periodic boundary conditions and (e1, ..., eq) is the natural
basis of R?. Here ¢ > 0 is the artificial dissipation parameter, u° is the velocity
vector field, p is the pressure, v > 0 is the kinematic viscosity of the fluid and f is
a given force field. For € = 0, the model is reduced to 3D Navier—Stokes system.

Mathematical model for such fluid motion has been used extensively in turbu-
lence simulations (see e.g. [3, 4] [7, [10]). For further discussion of theoretical results
concerning ([IL11), see [T, 2] 5] 12} [15] 16 20, 23].

For the 3D Navier—Stokes system weak solutions of problem are known to exist
by a basic result by J. Leray from 1934 [IT], only the uniqueness of weak solutions
remains as an open problem. Then the known theory of global attractors of infinite
dimensional dynamical systems is not applicable to the 3D Navier—Stokes system.

The theory of trajectory attractors for evolution partial differential equations
was developed in [I4] [I8], which the uniqueness theorem of solutions of the cor-
responding initial-value problem is not proved yet, e.g. for the 3D Navier—Stokes
system (see [8) 14}, [I7, [I8]). Such trajectory attractor is a classical global attractor
but in the space of weak solutions defined on [0, co), with the corresponding semi-
group being simply the translation in time of such solutions. A compact set A € F
is said to be a global attractor of a semigroup {S(t),t > 0} acting in a Banach or
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Key words and phrases. Navier Stokes equations; attractor; upper semicontinuity;
hyperviscosity.
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Hilbert space E if 2 is strictly invariant with respect to {S(¢)} : S(t)A =2A V¢ > 0
and 2 attracts any bounded set B C E : dist(S(¢t)B, 2) — 0 (t — o0) (see [13],
[14], 7, [8], [200).

In this article, we study the upper semicontinuity, of the global attractors of
the Leray-Hopf weak solutions of a regularized 3D. Navier-Stokes equations, as the
artificial dissipation € goes to 0, and the regularized problem (Il ) limits to the
standard 3D Navier-Stokes equations. While there exist other examples of such
robustness in the literature of the Navier-Stokes equations, the specific emphasis
on the regularized problem is new for the 3D Navier-Stokes equations and is of
interest. This would bean extension of the earlier work on Ou and Sritharan for
the 2D Navier-Stokes equations, see references [I5] and [16]. It is now known that
there is a global attractor Ay for the Leray-Hopf weak solutions of the 3D Navier-
Stokes equations, see Sell [17] or [18].

The main object of this paper to show that there is a global attractor, which one
might denote by 2., for the regularized problem (I11), and that the family {2(.} is
upper semicontinuous at € = 0. Moreover, we can modify the argument described
above so that the final result will have broader applicability by allowing the family
of forcing functions f¢ to vary with ¢, for € > 0.

The family of sets 2., 0 < € <1 is robust at 2, or is upper semicontinuous with
respect to € at g9 = 0, provided that, for every ¢y > 0, there is a neighborhood
O (g0) of 0 € R and a neighborhood N, (o) of Ao, such that A, C N, (o), for
every € € O (g9) with € > 0, see (23.13) in [18].

The paper is organized as follows. In Section 2, we present the relevant math-
ematical framework for the paper. In Section 3, we recall the definition of the
trajectory attractor 2y of the conventional 3-D Navier-Stokes equations. In Sec-
tion 4, we study the regularized problem (see equation (1)) limits to the standard
3D Navier-Stokes equations, as the artificial dissipation € goes to 0, then we show
the existence of trajectory attractor .. In Section 5, we present the main result
of this paper, that is, a theorem on the upper semicontinuity on the attractors 2.
Finally, an application of our general results to the study of the robustness of the
system ([T ) with a perturbed external force.

2. PRELIMINARY

We denote by H™ (§2), the Sobolev space of L-periodic functions endowed with
the inner product

(w,0) = 35 (D%u, D70) 1) and the norm [[ul,, = 5 (|D%ull}2))?
[B]<m [B]<m

and by H~" (Q) the dual space of H™ (Q). We denote by H™ () the subspace
of H™ (Q) with, zero average H™ (Q) = {u € H™ (Q); [u(x)dx = 0}.
Q

e We introduce the following solenoidal subspaces Vi, s € RT which are
important to our analysis

‘/0 (Q) = {u € L2 (Q) ,divu = O,u.n |E7L: —u.n |Ei+37i = 17253}7
Vi(Q) = {ue H (Q),divu = 0,vu siisrd = 1,2,3}.
V2 (Q) = {u € H*(Q),divu = 0,vu

;= You

;= MU |Zi45, MU |2, = —71U Ei+35i =1, 273}
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see [20]. We refer the reader to Temam [21] for details on these spaces. Here the
faces of 2 are numbered as

leaQﬂ{@:O} and 21+3:890{x1:L}, 221,2,3

Here 7y, 1 are the trace operators and n is the unit outward normal on 0f2.

e The space 1 is endowed with the inner product (u,v) r2(0) and norm

ull = (u,u)}%q)-

e V1 is the Hilbert space with the norm ||ul[; = ||ull;,. The norm induced by
H'(Q) and the norm IVl 12(q) are equivalent in V.

e V5 is the Hilbert space with the norm [luf, = [lully,. In V2 the norm
induced by H? (Q) is equivalent to the norm AUl p2(q)-

V! denote the dual space of V. We present the topology to be used for generating
the neighborhood of robustness. Let F' any vector space. A metric d(f,g) on F' is
said to be invariant if one has

d(f,g) =d(f —g,0) forall f,ge€F.

A Fréchet space is a complete topological vector space whose topology is induced
by a translation invariant metric d(f,g). Given a Banach space X, with norm
|l.Ilx and 1 < p < oo , we denote by L} [0,00; X) the Fréchet space of mesurable

functions f : [0,00) — X that are p-integrable over [0,T], for each 0 < T < oo ,
endow with the metric

d(f.9) = 27" min(|f = gllz(o, u x> 1)-

n=1

We denote by L (0, co; X) the Fréchet space of mesurable functions f : (0,00) — X

loc

that are p-integrable over [to, T, for each 0 < to < T < oo endow with the metric

a(f,9) =32 " min(lf = gla(s 0 )01

n=2

Similarly for p = oo, we will let LS. (0, 00; X') denote the collection of all functions

f:(0,00) = X with the property that, for all 7 and 7" with 0 < T' < co , one has

ess sup | f|ly < oco. We denote by C'[0,00; X) the space of strongly continuous
0<s<T
functions from [0, 00) to X, endowed with the topologie of the uniform convergence

over compact sets and by C,, [0,00; X) the space of weakly continuous functions
from [0,00) to X. We denote by L>*°C = L (R, X) N C (R, X) the Fréchet space
L>°C endow with the LS —topology, wich is the topology of uniform convergence
on bounded sets.

Let E be a complete metric space with metric d. We write B, for the open
ball centre 0 € E and radius r. The following quantity is called the Hausdorff
(non-symmetric) semidistance from a set X to a set Y in a Banach space F

distgp (X,Y) = sup inf |.| 5.
zeX YEY

Let M be a subset of E and let Rt = [0,00). A mapping o = o (u,t), where
o: M x[0,00) = M is said to be a semiflow on M provided the following hold
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1) o (w,0) = w, for all w € M.
2) The semigroup property holds, i. e,
o(w,s),t) =0 (w,s+1) forallw € M and s, t € RT.

3) The mapping o : M x (0,00) — M is continuous.

If in addition the mapping o : M x [0,00) — M is continuous we will say that
the semiflow is continuous at ¢ = 0. Here we use ¢ > 0 in order that the Robustness
Theorem 23.14 in [I8] is valid, see Sell [I8] and Hale [§]. For any u € M the positive
trajectory through u is defined as the set v* (u) = {0 (¢t)u, t > 0}. For any set
B C M we define the positive hull H* (B) and the omega limit set w (B) as follows

HT (B) = Cly~yT (B) and w(B) = Ny>oH " (o (1) B).
If AC E and € > 0 we write
N.(A)={z€E, ig&d(z,a) <ce}.

for the open e—neighbourhood of A.

We denote by A the Stokes operator Au = —Au for u € D (A) . We recall that
the operator A is a closed positive self-adjoint unbounded operator, with
D(A) = {u € Vy, Au e Vp}. We have in fact, D (A) = H?>(Q) N Vy = Vao. The
spectral theory of A allows us to define the powers A! of A for [ > 1, A is an
unbounded self-adjoint operator in Vy with a domain D(A!) dense in Vo C Vy. We
set here

Aly = (—A)l u for u € D (Al) =Vy NV

The space D (Al) is endowed with the scalar product and the norm

(U, V) pary = (A'u, A'v) lull peary = {(u, w) pany }2-

Now define the trilinear form b(.,.,.) associated with the inertia terms

3
b(u,v,w) = Z /ui%wjd:v

5,j=1¢
The continuity property of the trilinear form enables us to define (using Riesz
representation theorem) a bilinear continuous operator B (u,v); Vo x Vo — V4 will
be defined by
(B (u,v) ,w) =b(u,v,w), Yw € Va.
Recall that for u satisfying V.u = 0 we have
b(u,u,u) =0 and b (u,v,w) = =b (u,w,v). (2.1)
Hereafter, ¢; € N |will denote a dimensionless scale invariant positive constant

which might depend on the shape of the domain. The trilinear form b(.,.,.) is
continuous on H™ () x H™2+1(Q) x H™* (Q), m; >0

3
bty 0,0) < ol [0l Nl 103 #7240 > 5 (22)
see [0, [18]. The bilinear operator satisfies the inequality
| Bull < 1] Abul| 2| Aul| 2, (23)

see |21, Lemma 3.8]. Similarly, we define B (u,v) € V{ by

<B (u,v) ,w>V,XV1 =b(u,v,w), Yw € V1.
1
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We recall some inequalities that we will be using in what follows.
Young’s inequality

1
abgfap—l— qbq,a,b,e>0,p>1,q:L. (2.4)
p qer p—1
Poincaré’s inequality
Ay Jlull® < |lul)? for all u € Vi, (2.5)

where ) is the smallest eigenvalue of the Stokes operator A.

3. NAVIER-STOKES EQUATIONS

The conventional Navier-Stokes system can be written in the evolution form

ou A
E—i—uAu—l—B(u,u)—f, t>0, (3.1)
uo (z) = up.

Let f € L*(0,00;V)) be given. We will say that a function u is a weak solu-
tion of the 3D Navier-Stokes of Class LH (Leray—Hopf ) on [0, 00) provided that
u(x,0) = ug (x) € Vo, and the following properties hold

1) u € L>(0,00; Vo) N LZ [0, 00; V7).

d 4 /
2) S € [Lj,,0,00 7).
Taking the inner product of (811) with u, and using (241 ) we have
d
aﬂwﬁm2+%WVMf:20m% (3-2)
by application of Young’s inequality and the Poincaré’s Lemma, yields

d 2 i
< .
g IO + v 9ul® < S8 (3.3)

using the Poincaré Lemma and Gronwall’s inequality, to get
1

t 2 < —l/)\l(t—t()) t 2
lu @I <e M(M|+ﬂﬁ

A2 (1= 200 with 0 <t <,

3) which implies that
1

2 —vA1(t—to) 2
t < ! t
lu@®)] <e e (o)l + 752

£ (3.4)

Integrating (B2 ) over [to,t] we find that

(&) + 20 / | Adu (s) |12ds < [lu (to) 2 + 2 / (f(s),u(s)ds.  (35)

to

4) The function u satisfies the following equality

(u(t) —u(to) ,v)—l—l//t <A%u(s),A%v> ds—f—/t <E(u (s),u(s)) ,v> ds /tt (f,v)ds,

t() t()

for all v € V7 and for all ¢ > tg > 0.
The proof of the following theorem is given in [12] 13| 2T].

Theorem 3.1. Let f € V{ and ug € Vy be given. Then for every T > 0, there
exists a weak solution u (t) of (311 ) from the space L*(0,T;V1)NL*> (0,T;Vp), such
that u (x,0) = ug and u (t) satisfies the energy equality (3.4 ).
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Moreover (see [21]), u(.) is weakly continuous from [0, 7] into Vp, the function
u € Cy ([0, T]; Vo) and consequently w (z,0) = ug () € Vp. Let W is the set of
all Leray—Hopf weak solutions u (.) of equation B.1]) in the space L* (0, 00; V) N
L? [0,00; V1) that satisfy the following properties

loc
4
du 3

o = €L (0,001 );

e for almost all ¢ and tg, with ¢ > tg > 0, inequalities (3.5 3.6] ) are valid.
Let X° denote the Fréchet space used to define the Leray-Hopf weak solutions.
Thus
¢ € X% =L>(0,00; Vo) N L, [0, 00; V7),
where ¢ € C[0,00;Vp) and we let §° denote a compact, translation invariant
set of forcing functions f in

L>*C = L™ (R,L*(Q)) nC (R, L* ()

where the topology on the Fréchet space L>°C' is the topology of uniform conver-
gence on bounded sets in R.

Then, we use the Leray-Hopf solutions of the 3D Navier-Stokes equations with
e = 0 to generate a semiflow 7% on F° x X, where

(1) (f,0) = (fr.8° (f,7) ) for 7 >0,

fr ()= f(r+t)and u (t) = SY (f,t) ¢ is the Leray-Hopf solution of the 3D Navier-
Stokes equations that satisfies u (0) = S° (f,0) ¢ = ¢ (0). By using the theory of
generalized weak solutions, as in Sell [I7] or [I8] , we note that 7° has a global
attractor Ap C F° x X see Theorem 65.12 in [18].

4. THE REGULARIZED NAVIER-STOKES SYSTEM

Using the operators defined in the previous section, we can write the modified
system (ILT]) in the evolution form
Ouf + e A%uf + vAuf + B (uf,uf) = f(z), in Qx (0,00)
uf (x) =u®, in Q.

(4.1)

For € > 0, we let 7¢ denote the semiflow on F° x X generated by the weak solutions
of regularized 3D Navier-Stokes equations of (#1]). Thus

T (1) = (fr, 55 (f,7) ¥), (42)
where u§ = ¢ and
us (t) = S°(f,t) o= S°(f,t) ug (4.3)
is the weak solution of ([@1]) that satisfies u® (0) = ¢ (0) = u§ (0).

Theorem 4.1. Let Q C R? and let f € L*(0,T;Vy) and u§ € V4 be given. Then
there exists a unique weak solution of ({.1] ) which satisfies
u® € L™ (0,T; Vo) N L2[0,T; V1) and u® € Cy, ([0,T];Vo),VT > 0.

For the proof see, J. Lions [12] Remark 6.11].

Theorem 4.2. Let Q C R? and u® (t), be the weak solution of problem (71]) given
by Theorem [{.1] Then as € — 0, the solution u® converges to the weak solution of
the Navier-Stokes equations.

The above theorem is established directly by using a particular case of a general
result [23] Theorem 3.9.], where the perturbed term is a p-Laplacian.
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Lemma 4.3. For firede > 0 and for all0 <t < T, u® € Bg, = {uj € Vi;||u°||; < R}
there is a constant Cy positive independent of € such that

T
/ | Aus (¢) | 2dt < Ch. (4.4)
0
C1 independent of € is given in the proof.

Proof. Taking the inner product of (&1l ) with Au®, we find

3 dt ||A2 u|)? +e (A%uf, Auf) + v [ Au®||® + b (uf, uf, Auf) = (f, Auf).
by using ([231), to obtain

b (uF,u, Auf)| < el ABuf® ) Au|* [l Awl]|.
Due to ([Z4) and 28 ), we get

(A%uF, Auf) = (A2 Au®, A2 Auf) = || A2 w2,
We have the following inequality

1d 2 1 2 270 1
SR P e Adue P+ | < 7+ S AReE (45)
For u® € Bg,, we obtain
1d 2 1 2 27C4
Az us 2 Aus < = 1R6.
S AR |2 4 DA < S 71 + SRS

We drop the positive terms 2<€||A%u€||2 and integrate from 0 to T to get

T 4
2T 27c 2
|t < s e v RS+ 26—, (1.6)
0
this completes the proof of Lemma [£3] . O

Theorem 4.4. For fited ¢ > 0, u® € Br, = {u®(0) € Vi;||v®|; < R} and f €

L*°C a time independent functions, m° is a continuous family of semiflows on X°.

Proof. Let convergent sequences €, ¢" and f", with limits €, — ¢, (especially
with g9 = 0), ™ — o in the X°-topology and f™ — f° in the L>°C-topology as
n — oo, then

ST (e = 8% (f0,1) ¢ (4.7)
Let
SE(f )" = 5% (f0, 1) ¢ =t (1) —u (), (4.8)
we obtain for w,, = u®" (t) — u® (t) and g, = f* — f°
Opwy, + enA%wy, + Aw, + B (u®",u") — B (u®°,u) = g,,. (4.9)
By taking inner product with w,, for above equation we get
o wall® + nll Awnl? 4 v 4B = b (i, u) + () - (4:10)

Using Young’s inequality, we obtain

)

L2
(gnrwn) < 5 llgall® + 5 [| 43w
thanks to [22]) with (ms,ma2,m1) = (0,1,1), we find

b (wny u™ wp)| < ol A2w [ Au ||| wn| (4.11)



8 ABDELHAFID YOUNSI

this give
b (wnu™ wa)| < Sl A wn]? + T A | . (4.12)

Combining all these inequalities in (@0l ), we have

1d 2 2 C4q 2 2 1 2
S 14 n n A n < —||Aufn n . n .
o ol e A | < S w1 P+ o g
We drop the positive term &, | Aw, ||* to obtain the following differential inequality
d 2 2 1 2
7 lon O < ea Aws [ eonI” + — llgall” (4.13)

Applying now Gronwall’s inequality to (13| ), for ¢ > 0 we have
2 2 t 2
[wn N7 < [lwn (0)]" expeal [y [[Au=||” ds)

1 (4.14)
L g (I expea( 1 Auer|ds)d
using estimate ([@4) we find
TC
lwn (£)]* < Col|wn (O] + 72 g 1* (4.15)

for all ¢ in compact sets in [0,00), Oy = expcysCy. Since f* — fO in the L*°C-
topology and ™ — g in the X -topology this means that ||g, || — 0 and ||w, (0)| — 0
as n — 00, it follows from (£IH) that

TC,

1557 (£7, 1) " = 5% (£0,1) || < Ca llug” — w* I*+—= 1" = fII* = 0, as n — oo.
It follows that 7° is a continuous semiflows on X°. Hence n° approximates 7° on
Bp, uniformly on [0, T]. O

Regarding the existence of the attractor 2. when € > 0, we use especially the
related papers of Chepyzhov and Vishik, such as [14] to show that the system
(@11) possesses a global attractor. For € > 0, we consider the trajectory space K.
of the modified Navier-Stokes equations [@1]). K. is the union of all weak solutions
u® € X0 that satisfy (@1]), see (6.163) in [12]. Using the described scheme in [14],
we construct the spaces Sy

Sy ={v ()€ L>®(0,T;Vo) N L}0,T; V1), 0w (.) € LE(0,T; D (A))}

with norm

Ivls, = ||U||Lg(o,T;V1) + ”vHLOO(O,T;VU) + ||8tv||Lg(o,T;D(A)/)

where
41 ,
||U||L§(0,T;v1) = SUP(/ v (s)ll7 ds)>, ||U||Loo(o,T;V(,) = esssup [[v||
t>0 Jt t>0
and
t+1 ) N
010l 30 zi00ayy =3[ 1o @)piay .

We need a topology in the space K.. We define on X° the following sequential
topology which we denote T'.

By definition, a sequence of functions {v,} C X° converges to a function v € X°
in the topology I' as n — oo if, for any T > 0, v, — v weakly in L?(0,T;V});
vy, — v weak-x in L> (0,T;Vy) and v, — v strongly in L2(0,7;Vp), as n — oc.
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We consider the topology I on K. It is easy prove that the space K. is closed
in I'. From the definition of K., it follows that 7</C. C K. for all ¢ > 0.

Proposition 4.5. If u® (t) is a solution of (4.1] ), then the following inequalities
hold for all t > 0

2
2 —v 2 ”f”
= @17 < e gl + 557 (4.16)
1
s et il
ds < ——— 4.17
[ @ as < Sl + . (1.17)
ah e M [Fa il
ds < ——— —_ 4.18
v [ I s < S I+ g + (118)
Proof. Taking the inner product of (Z1]) by u® € V5, we obtain
d
77 117 + 2¢ || Au|” + 20 V| = 2(f,u7). (4.19)
Applying Young’s inequality and using the Poincaré Lemma, we obtain
d 2 2 2 ||f||2
2 Nl 422 o3 + v v < 221 (4.20)

Using the Poincaré inequality, drooping the positive term 2¢ ||u® ||§ and using Gron-
wall’s inequality over [0, ¢], we obtain [@I6] ). Integrating (18 ) over [t,t 4 1] we
find @I7). Integrating (20 ) over [t,t + 1] we find

t+1
u[+nvm@mﬂw<”” e O

Applying inequality (£I6 ), we have [@Ig). O
Proposition 4.6. Let f € Vi. Then any solution u. (t) of {{.1] ) satisfies

t+1 —vAit
) e L
| 10 ey ds < S

e O + 5+ (421
Cs is a positive constant independent of € .

Proof. Taking the duality pairing with [@I]) by v to get

O, )] < I(F (@), 0)] + = | (A%, 0)| + v [{Aue, 0)] + (B (e, ) o) (4.22)

For v € V4, we have

|<A2u5,v>‘ = [(Auc, Av)| < c5 ||u.]| ||U||4'
and
[(Aue, v)| = [(ue, Av)| < c6 [|uel| [[v]l, -
We estimate the trilinear term by choosing m; = ms = 0 and my = 3 in 22),
(B (e, ue) , 0)| = [b (e, v,ue)| < co fluc® ol -
Thus (£22]) becomes
[(@sue (1) ;)| < (1f (D)l + e lue ()] + cov [[ue ()] + co llue @)II) o]l

This gives

ess sup || Qpuc (t)lly; < ess sup [|f (8)lly;+cs sup e (8)|[+cov sup |fue ()ll+co sup fue (1)
te[0,T] te[0,T) te[0,T] te[0,T) te[0,T)
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Integrating this inequality over [¢, ¢ + 1], we find

t+1 , t+1 t+1 ,
/ ||Orue (t)||V4’ ds <ess sup |f (t)||V4—|—(C5 + cgv) sup / lue (8)|| ds+co sup / lue (8)||” ds.
t te[0,T) te[0,T] J¢ tel0,T] Jt

Applying inequality (£1I7] ), we have that

Ly g 2 cre VAt 2  C7 ||f||2
1 0 () s < TS e O + T 417 0oy
Wl et o R )
PO oot e (0)+ 200 1L e 0)
1 1

—vAit 2

cre 2 crllfll
<= 0 C
<o |lue (0)]]7 + pERe + Cs,

where ¢7 = (¢5 + cv) and

4
co || f]]

2
T 4 om0 e )] + 26002 = . o) P
1

2)2
vEXY

Cs = [If )l pazy +
O

Moreover, due to estimates (@10 ) and [@21]), we also have the uniform estimate.

Proposition 4.7. If f € V{, then any solution u. (t) of problem {{1] ) satisfies the
inequality

—v 2
Sl < T o+ M 4.23
I (I, < 5 e o)1 + 2 4 e (1.23)
1

where the positive constant Cy is independent of €.

From Proposition it follows that K. C Sp for all € > 0 and for all 7 > 0.
Also Proposition 5] implies that the semigroup 7 has absorbing set in K. for all
€ > 0 and for all 7 > 0 (We note, that this absorbing set does not depend on e,
since the constant Cy in (A23]) is independent of €), bounded in S, and inequality
@23 ) implies that absorbing set is compact in I'. The continuity of 7€ is proved.
These facts are sufficient to state that #¢ has a global attractor 2(.. Such that
A. € F° x X bounded in S, and compact in I'. For a more detailed, see [14).

5. UPPER SEMICONTINUITY OF ATTRACTORS

We now prove the robustness property for the global attractor .. We have
shown in Theoremid.4] the continuity of the family of semiflows 7° on X°. Having
done this, We can simply invoke Theorem 23.14 in [I8] to complete the proof of the
robustness for the family of attractors 2. at € = 0. Clearly, it is sufficient to show
that the small eg—neighbourhood of attractor 2y is an absorbing set and that =®
approximates ¥ on Bg, = {u® (0) € Vi; ||u§|, < R1} uniformly on compact sets of
[0, 00).

Theorem 5.1. Fore > 0 the family of semiflows w¢ generated by the weak solutions
of regularized 3D Navier-Stokes equations (L1l ) admits a compact attractor {2,
0 < e < 1} which attracts bounded sets of Vy and is contained in the absorbing balls
Bpg, N B, where Ry and Ry are independent of €. Moreover, dxo (2,2) — 0, as
e — 0.
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Proof. Let N, (o) be the eg-neighborhood of 2. Since 2y is a global attractor,
for any bounded set Br, = {u (0) € Vy; ||u (0)|| < Ro} C Vb, we have
dxo (7°Bpy, o) — 0, as t — oo. (5.1)
Thus, there exists g > 0 and t > t, such that
dxo (1°Bp,, o) < %0 for t > t.,. (5.2)

Consequently

7 (t) Br, C Ne, (o), for t > t,. (5.3)
This shows that N, () is an absorbing set. To establish the second step, we drop
the positive terms e[| A% u||? and g | Auf||? in inequality @3) and integrate from

0 to T" we get
1d 1 1 2 2764 1
A2 < = LRA| A7 s |2
S ZlARE P < S 7 + SR AR
Integrating the above inequality from 0 to ¢, we get
27¢}

. N 2T
Ak < [ A3us ) P exp T(ZLRY + = £ =

3
This implies that any ball Bg, = {u§ € Vi;[[AZu§ (0) || < R;} in V; with radius
Ry > py will satisfy
Fg(t)BRl CBRl,fOI'tZO. (54)
This means if u.g € Bg,, then ¢ (¢) uf is defined and belongs to B, for ¢ > 0.
The ball Bg, is therefore invariant under the map 7°. Since 7° approximates 7"
on Bp, uniformly on [0, 7], we have for any gy > 0, there are ¢y > 0 and 79 > 0
such that
WE(BROQBRJCNEO(Q[Q),fOl“O<E<€1, t>T19. (55)
Since the attractor 2. is contained in Bg, N Bg,, an open neighborhood in the X°
Fréchet space [18, Item (2) Theorem 23.14], we have

T (A) C Ney (o), for 0 < e <eq, t > 7. (5.6)

Since 2. is an invariant set, we deduce that
Ae C N, (), for 0 < e <eq, t > 1p. (5.7)
Moreover, since ¢ is arbitrary, we obtain the upper semicontinuity of 2., at € =0
dxo (Ue,2Ap) — 0, as e — 0. (5.8)
O

One can modify the argument described above so that the final result will have
broader applicability by allowing the family of forcing functions to vary with ¢,
for € > 0. Thus, we consider the regularized Navier-Stokes system (I ) with a
perturbed external force f¢ in place of f, for € > 0. Then (@Il ) becomes

Ouf + e A%uf + vAu® + B (uf,u) = f¢(z), in Q x(0,00)
e R (5.9)
uf (z) =uf, in Q.

We show that the trajectory attractor of the perturbed system (59 ) coincides
with the trajectory attractor 2. of the unperturbed system (I ). Our results
rely on the work of Hale ([14]) who show that the limit behaviour is valid even
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through §°, where §° denote a compact, translation invariant set of perturbed
forcing functions to vary with e, for € > 0 and satisfy the condition

w(H" () = w(H" (). (5.10)
Thus we would use §¢ in place of F°, for £ > 0. Moreover, by using a metric d on

the L>°C-toplogy, see [18] for some samples, we can note that (510 ) is equivalent
to saying that for every § > 0 there is an &1 > 0 and T5 = T (6) > 0 such that

dxo(f5,3°) <9, for0 <e <ey and f° € F°
for any t > Ty, that is
F° C Ns (30) ,for 0 < e < ey, (5.11)

where N; denotes the é-neighborhood of F° in L>C. The resulting argument for
robustness will then depend on two parameters A = (g,6), where A — (0,0).
The following statement generalizes Theorem [5.1]

Theorem 5.2. Under the above conditions, the trajectory attractor of the perturbed
3D Nawvier-Stokes system {54 ) coincides with the trajectory attractor . of the
non-perturbed system ([{-1] ). Moreover, the perturbed attractor of (5.4 ) is upper
semicontinuous with respect to € at € = 0.

Proof. The existence of trajectory attractor 2. is treated above. The proof follows

from formulas (210 ), (&111) and Theorem [5.1]. O

Our future investigations will be concerned with the corresponding problem but
with p-Laplacian and perturbed external force.
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