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Abstract

This paper is devoted to the maximum pseudo-likelihood estimator of a vector 6
parametrizing a stationary marked Gibbs point process which is not necessarily a
locally stable exponential family model. Sufficient conditions, expressed in terms of
the local energy function, to establish strong consistency and asymptotic normality
results of this estimator depending on a single realization are presented. These
results constitute an extension of the ones obtained in [Billiot et al! (2008) where
the local energy function was assumed to be parametrically linear and stable. By
applying these tools, we finally obtain the main results: consistency for both the
Lennard-Jones model and the finite range Lennard-Jones model and asymptotic
normality for the finite range Lennard-Jones model.

Keywords: stationary marked Gibbs point processes, maximum pseudo-likelihood, Lennard-
Jones model

1 Introduction

The class of Gibbs point processes is interesting because it allows us to introduce and study
interactions between points through the modelling of an associated energy function. Historical
aspects of the mathematical theory are covered briefly in [Kallenberg (1983). Among many
models, a very well-known model coming from statistical physyics is the Lennard-Jones model
Lennard-Jones (1931)). This model is a stationary pairwise interaction Gibbs point process where
the local energy to insert a point  (of R?) into a configuration of points ¢ is parametrized as
follows

VE (2];0) := 01 + H" (x|p;0)  with H" (z]p;0) := > g™ (||z — y];0) (1)

yEp

where gL/ (-;0) is defined for r > 0 as

9" (r; 0) := 40, <<973)12 ) <%>6> |



where 65,03 > 0. This simple mathematical potential is a tool for modelling a pair of neutral
atoms or molecules subject to two distinct forces in the limit of large separation and small
separation: an attractive force at long ranges (van der Waals force, or dispersion force) and a
repulsive force at short ranges (the result of overlapping electron orbitals, referred to as Pauli
repulsion from Pauli exclusion principle). The parameters 62 and 65 are often referred to as the
depth potential and the (finite) distance at which the interparticle potential is zero. From a
probabilistic point of view, the Lennard-Jones model if of major interest since it constitutes the
main example of superstable, regulal@ and lower regular potentials studied by [Ruelléd (1970) who
has proved the existence of ergodic measures for such models. In this paper, we also consider the
finite range Lennard-Jones model which is defined by replacing the pairwise interaction function
g*7(-,0) in (@) by the following one

9" (r;0) = 46, ((%)12 - (%)6> Ljo,0)(7), )

where D is a positive real representing the range of the model. Once you know that the model
exists, you may be interested in estimating its parameters based on a single observation in a
bounded window. One among many other methods of estimation is the maximization of the
pseudo-likelihood. This paper aims at proving the following result:

Theorem 1 The mazrimum pseudo-likelihood estimate based on a single observation in a bounded
window (assumed to grow to R?) is consistent for both the Lennard-Jones model and the finite
range Lennard-Jones model. The asymptotic normality holds only for the finite range Lennard-
Jones model.

Many proposals tried to estimate the energy function from the available point pattern data
generated by some marked Gibbs point processes. If the energy belongs to a parametric fam-
ily model, the most well-known methodology is the use of the likelihood function, see e.g.
Moller and Waagepetersen (2003) and the references therein. The main drawback of this ap-
proach is that the likelihood function contains an unknown scaling factor whose value depends
on the parameters and which is difficult to calculate. An alternative approach relies on the use of
the pseudo-likelihood. This idea originated from [Besag (1974) in the study of lattice processes.
Besag et all (1982) further considered this method for pairwise interaction point processes, while
Jensen and Moller (1991) generalized it to the general class of marked Gibbs point processes.

In order to underline our theoretical contributions, let us present the different papers dis-
cussing the asymptotic properties of the maximum pseudo-likelihood estimator. Let us discuss
the main two works: [Billiot. et all (2008) obtained consistency and asymptotic normality for expo-
nential family models of marked Gibbs point processes. In particular, they concentrate on models
such that the local energy function has a finite range and is locally stable. This paper extends
several papers (Jensen and Moller (1991)), .Jensen and Kiinsch (1994)) and includes a large class
of examples of practical interest: area-interaction point process, Multi-Strauss marked point pro-
cess based on the complete graph or the k-nearest-neighbors graph, or the Geyer’s triplet point
process to name a few. Another work has been undertaken by Mase. The consistency for super-
stable and lower regular potentials (introduced by [Ruelld (1970)) is obtained in [Mase (1995) for
specific models with two parameters -the chemical potential and the inverse temperature- which
can be viewed as particular exponential family models. IMase (2000) extended his work to the
context of marked point processes and provided asymptotic normality by adding the assumption
of finite range.

LA pairwise potential ¥ is said to be regular if fRz 11— eﬁw(z)\d:v < 400 for some 8 > 0.



For convenience, a LJ-type model designates either the Lennard-Jones model or the finite
range Lennard-Jones model. Let us underline that the previous studies do not allow us to derive
asymptotic results for the maximum pseudo-likelihood estimate of the parameters of a LJ-type
model since

e the model is superstable, regular and lower regular but not locally stable.

e the local energy function has a parametrically nonlinear form, not considered by [Mase
(1995, 2000). Actually, his results can be applied to obtain the same results as Theorem [I]
in the very restrictive case where 63 is known.

Note that even if one linearizes the model by setting Ao := 4929%2 and A3 := 4929%, the results
of Billiot. et al! (2008) are not well-suited to the estimation of the parameter vector (61, A2, A3)
due to the local stability requirement.

Based on this literature, the aim of this paper is to propose asymptotic results for non locally
stable exponential family models. We keep the generality of Billiot. et al! (2008) in the sense that
sufficient conditions ensuring consistency and asymptotic normality are expressed in terms of the
local energy. Finally, the main result of this paper is to fullfill the different assumptions for the
LJ-type model.

The rest of the paper is decomposed as follows. Section [2] introduces some background and
notation on marked Gibbs point processes and on the maximum pseudo-likelohood method.
Asymptotic results are proposed in Section Bl The main part of this paper is Section M devoted
to the proof of Theorem [[l which consists in verifying general assumptions described in Section [3]
for the LJ-type model. Proofs have been postponed until Section [l

2 Background and notation

2.1 Background on marked Gibbs point processes

For the sake of simplicity, the framework of this paper is restricted to two-dimensional marked
Gibbs point processes. However, all the results must remain valid in the general d-dimensional
(d > 1) case. Define B? the Borel o-algebra on R?, B2 the set of bounded Borel subssets of
R? and A\? the Lebesgue measure on R?. Denote also by M, M and A™ the mark space and
its corresponding o-algebra and probability measure. Let $ := R? x M, B := B?> ® M and
1= A2 ® \™ denote respectively the state space and its corresponding o-algebra and measure.

For short, let us denote 2™ = (x,m) for any x € R? and any mark m € M and |A| := A?(A)
for any A € B2 In addition, |I| designates the number of elements of some countable set I,
A€ is the complementary of some set A in R? and || - || is the />-norm . Let us define for all
i=(i1,i2) € Z*, d>0and p > 0 Ay(d) := {z €R*d (i —3) <2 <d(ij+3),j=1,2} and
B (i,p) :={k € Z? : |k —i| < p} with [i| := max(|i1], |i2|).

Let © denote the set of so-called configurations -of marked points- ¢ := {z" }ier where I is
a subset of N and ((z;,m;));c; is a sequence of elements of $. In particular, any element ¢ € Q
has the following representation p =, ; 596;%- as an integer-valued measure on $ such that for
every I' € B, o(F) € N, where §,m is the Dirac measure at some element 2™ € $. The subset of
Q with elements ¢ satisfying lo] := ©(%) < +o0 is denoted by (~2f. The space Q is equipped with

the o-algebra F generated by the family of sets {(p €eN: o(F) = n} withn € N and F € BZ. For
every FF € B? and ¢ € Q represented as ¢ = > _._; d,_m:, one introduces pp := Ziel’lﬁ"ieF 0 mi

iel “x; x,
which can be viewed as the configuration of marked points of ¢ restricted to F. Furthermore,

for every A € B?, pa conveniently denotes o xn-



A marked point process is a Q-valued random variable, denoted by ®, with probability dis-
tribution P on (£, F). The intensity measure Np of P is defined as a measure on B? such that
for any F € B:

Np(F) = [ o(F)P(dp) := E(®(F)).

In the stationary case, Np(F) = vpA?(F) where vp is called the intensity of P. A marked Gibbs
point process is usually defined using a family of local specifications with respect to a weight
process (often a stationary marked Poisson process with distribution ) and intensity Ag = 1).
Let A be a bounded region in R?. For such a process, given some configuration . on A€, the
conditional probability on A is of the form, for any F' € F

(e F) = { 75 [ e U0 U r)Qr(@0) Ly

Q

with the partition function

Za(p) = / VWA Qs (doh)

Q

and Ry = {p € Q : 0 < Za(p) < +00} where

+oo 1
/ F)Qa () 1= e~ Zﬂ / P A (@),
n= P

Let us define the subset of all admissible configurations §2 := {(p €eN: ¢ € Npep? RA} and denote

by Q; := Q § N Q. Whereas the finite energy function V (¢) (for any ¢ € Qf) measures the cost
of any configuration, the local energy V (¢|¢) (for any ¢, € ) represents the energy required
to add the points of ¥ in ¢:

V@l =V @ue) =V,
Let us notice that when ¢ is a singleton {x}, we denote by a slight abuse V (z™|¢) instead of
V ({2} ). It is well-known that the collection of probability kernels (IIx)¢p2 satisfies the set
of compatibility and measurability conditions which define a local specification in the Preston’s
sense (Preston (1976)). The main condition is the consistency :

HAHA/ =1II, for A/ C A.

Notice that some conditions are needed to ensure the existence of a probability measure P related
to any local energy V' and some weight process that satisfies the so-called Dobrushin-Lanford-
Ruelle (D.L.R.) equations :

P(F|Fpc)(¢) = Hp(p, F) for Pae. ocQ forany A € B? and F € F.

For the general theory of Gibbs point processes, the reader may refer to [Kallenberg (1983);
Stoyan et all (1995) and the references therein.

For some finite configuration ¢ (resp. some set G) and for all z € R?, ¢, (resp. G,) denotes
the configuration ¢ (resp. the set G) translated of z. Finally, in this work a non-marked point
process can be viewed as a particular case of marked point processes with M = {0}.

The framework of this paper is restricted to stationary marked Gibbs point processes based
on an energy function invariant by translation, V (¢; 0), parametrized by some 0 € @, where ©
is some compact set of RP. The following assumption [Mod] describes the general assumption
on the models considered



[Mod-E] Our data consist in the realization of a point process with energy function V (-;0*) such
that the associated Gibbs measure Py« exists. The vector 0™ is thus the true parameter to

be estimated, assumed to be in o.

[Mod-L] There exists D > 0 such that for all (m,¢) € M x Qf
V(073 0) =V (0"|¢5(0,0); 0)
where B(z,7) denotes the ball centered at x € R? with radius r > 0.

We do not want to discuss here general assumptions ensuring the existence of an ergodic measure,
i.e. [Mod-E].

2.2 Maximum pseudo-likelihood method

The idea of maximum pseudo-likelihood is due to [Besag (1974) who first introduced the concept
for Markov random fields in order to avoid the normalizing constant. This work was then widely
extended and [Jensen and Moller (1991) (Theorem 2.2) obtained a general expression for marked
Gibbs point processes. Using our notation and up to a scalar factor, the pseudo-likelihood defined
for a configuration ¢ and a domain of observation A is denoted by PLy (¢;0) and given by

PLy ((‘0; 0) = exp (_/ e_V(””m“’;a)u(dxm)) H e—V(sz\mm;e). (3)
AxM TMEpA
It is more convenient to define (and work with) the log-pseudo-likelihood, denoted by LPLx (¢;6).
LPLy(pi0) =~ [ Ve Ouaam) = 30V @\ amio). (1)
AxM TMEPA

For a practical point of view, the point process is assumed to be observed in a domain
A, & DY = Ugen, B(x, DY) for some DV < +oo. For the asymptotic normality result, it is
also assumed that A, C R? can de decomposed into U;er, A; where I, = B(0,n) and for
i = (i1,i2) € Z2, A; = Az(ﬁ) for some D > 0 fixed from now on. As a consequence, as n — —+00,

Ay
A,, — R? such that |A,,| — +oco and |fA || = 0.
Define for any configuration ¢, U, (¢;0) = *ﬁLPLAn (¢;0). The maximum pseudo-

~

likelihood estimate (MPLE) denoted by 6,,(¢) is then defined by

/én((p) =argmax LPLp_ (¢;0) =argminU, (p;0).
0c® 0O

We will also need the following basic notation:

e Gradient vector of U,: UV (p;0) := 7|An|*1LPL§\12 (p; @) where for any bounded Borel
set A, (LPL<A1) (; 0)) is defined for j =1, ,p by
J

oV e N oo,
(LPLE\” (<P;‘9))j=/A M%(ﬂﬁmw;@)@ V(" 190) 1 (dam) > 59 (2"l \ 2™ 0)
X J " EPA J



e Hessian matrix of U,: U?(¢;0) := 7|An|_1LPL§\22 (p; 0) where for any bounded Borel
set A, (LPL<A2) (; 0)) s defined for j k=1, ,p by
3,

(2) . _ 82‘/ my, . _ a_v my, . a_v my, . —V(zm\cp;e) m
(e i), = [ (G 160~ G (7 0) G 07:0) ) (e

ov . . m ov .. m
+ Y 50, (@ le\e ;0)6_@(33 lp\z"™; )

TTEPA J
Finally, note that from the decomposition of the observation domain A,, one has

UD(0:0) = A7 Y LPLY (9;0) and U (930) = A7 > LPLY (:6).

i€ly i€ln

3 Asymptotic results of the MPLE

In the rest of the paper, let M be a random variable with distribution A\™.

3.1 Consistency of the MPLE

The assumption [C] gathers the following four assumptions:

[C1] For all 6 € ©,

E (eiV(OM‘@?e)) <400 and FE (‘V (OM|®;0)’67V(OM‘¢?0*)) < 400.
[C2] Identifiability condition : there exists A1,..., A, £ > pevents in B% and AT, ..., A" events
in M such that:
— the £ events B; := A® x A; (i =1,...,/) are disjoint and satisfy ™ @ Py« (B;) > 0

— for all ((m17§01), ) (mbgoé)) € By x---x DBy

{11...,6 = 0=0

where D(0™:

i3 0) =V (0

©i;0) =V (0™

©i; 07)
[C3] The function U, (i;-) is continuous for Pg-—a.e. .

[C4] For all (m,p) € M x Q¢ V (0™|p;0) is continuously differentiable in @ and for all j =
1,...,p
2
FE | max <‘8—V (0M|<I);0)}6V(OM|(D;0)) < +oo.
00 \|00;

Theorem 2 Under the assumptions [Mod-E] and [C], for Py« —almost every o, the mazimum

pseudo-likelihood estimate gn(w) converges towards @ as n tends to infinity.



3.2 Asymptotic normality of the MPLE

For establishing the asymptotic normality of the MPLE we need to assume the four additional
following assumptions:

[N1(k)] For all (m,¢) € M x Qy, V (0™|p; 0) is differentiable in @ = 8 and for all ¥’ < k and for
all A1,..., A\ k' positive integers such that Zle =k

v/
(AxXM)K 52

[N2] There exists a neighbourhood V(0*) of 8* such that for all (m,¢) € M x Q; V (0™;6) is
twice continuously differentiable in 8 € V and, for all j,k=1,...,p and 8 € V(8%),

ov Ai

—V({$1,...,Ik/}|¢’;0*) m;
89 p(dz™) | < 4o0.

(0" 12:67)

>’V M —-v(0M|2;0) >’V M —v(oM|e,0"
; 7 E ;0 (0™12:6")
E<‘89j69k (0 |<I>,0)‘e ><+oo, <89j89k (0M]®;0)|e < o0,

p((|2 ormaferoe0)) <o

N3] There exists Ay,..., Ay, £ > p events in B% and AP, ..., AT events in M such that:
) 1 14

and

— the £ events B; := AJ' x A; are disjoint and satisfy A™ ®@ Pg«(B;) >0
— forall ((m1,¢1), ..., (me,¢e)) € Byx---x By the (£,p) matrix with entries 2% (0"“|<,017 0%)
is injective.

[N4] For some D > 0 and some A := UZGB(O[ 1) there exists Ag,..., Ay, £ > p disjoint
li

D
D

subevents of Q := {cp €EQ:pp,m) = =0,1<]i| <2 [%W} such that
— for j=0,...,¢, Pg(4A;) > 0.
— for all (¢g,...,pe) € Ag X -+ x Ay the (£, p) matrix with entries (LPL(Kl) (s 0*)) —

J

(LPL(KU (o; 0*)) _is injective.
j

The assumptions [N3] and [IN4] will ensure (see Section Bl for more details) that the matrices
U@ (6*) and £(;8*) respectively defined by

oV v M|p.0%
(2) (p* o M * M *\ =V (0M]2:0%)
(u@) =B (G 0V10:07) S 0" 10:07) ) )
and
~ ~ T
%(D.6*)=D"2 > E(LPLXZ(@;e*)LPng(@;e*)), (6)

(0] 2])

are definite positive. Let us note that the matrix Z(f), 0”) is actually independent of D. There-
fore, one may note in the following X(6*) = 3X(D,0*) = X(1,6").



Remark 1 Let us make a little summary on the different notation. The real D denotes the range
of the local energy function. The real D is associated to the geometry of the observation domain
A, and is chosen by the user independently of the value of D. Finally, the pammetefﬁ occurs
only in the verification of the assmuption [N4]. It can be chosen independently of D. For the
sake of simplicity, it is often chosen such that D> D.

Observe also that, when the energy function is linear, the expressions of the assumptions
[N1(k)] and [N2] are clearly simpler (see Billiot et all (2008)) and that [C2] and [N3] are
similar.

Theorem 3 Under the assumptions [Mod], [C], [N1(8)] [N2] and [N3], we have, for any

fized 15, the following convergence in distribution as n — +00
(A2 TP (6%) (B.(2)— 67) — N (0.2(6")). (7)
where X(0%) = X(1,0%). In addition under the assumptions [N1(4)] and [N4]
Aa2 8, (@ D%, D,0,(#) 7 UP(@:8,(2) (8,0)~0°) =N (0.L),  (8)
where for some 0 and any configuration p, the matrix zn(cp; DV, 15, 0) is defined by

~ ~ T
(DY, D,0) =AY Y LPLY (¢:6) LPLY) (:0) . (9)

i€L jem(i,[ B2 1)0t

In the following the assumption [N] will gather the assumptions [N1(4)], [N2], [N3] and
[N4].

Remark 2 As noted, previously the matriz Z(ﬁ, 0™) does not depend on l~), whereas its estima-
tion depends strongly on D.
4 Applications to the LJ-type model

This Section is devoted to the proof of Theorem [l The LJ-type model is defined for some
D €0, +oc] by

VE (x|9;60%) = 607 + H" (z]p;0")
H" (2|¢;0%) = Z!JLJ(H?J—wH;G*)
Yyep

gx\ 12 5\ ©
and gLJ(r;B*) = 49;((73) —(73) )1[07[)](7‘),

where 03,03 > 0 and 67 € R. Recall that the cases D = 400 and D < 400 respectively correpond
to the Lennard-Jones model and the Lennard-Jones model with finite range.

Let us first discuss the assumption [Mod-E]. Ruelle (1970) has proved the existence of an
ergodic measure for superstable, regular and lower regular potentials. The Lennard-Jones model
is known to be the characteristic example of such a family of models. Of course, [Mod-E] is also
satisfied for the finite range Lennard-Jones model.

Thus, from Theorem 2] and B the proof of Theorem [ consists in verifying Assumptions [C]
for the LJ-type model and [N] only for the finite range Lennard-Jones model. In the following,
we will deal with two types of assumptions:



e Integrabilility type assumptions, i.e. Assumptions [C1], [C4], [N1(4)] and [N2].
e Identifiability type assumptions, i.e. Assumptions [C2], [N3] and [N4].

Note that [C3] is obvious since g=”(r,-) is continuous. For the integrability type assumptions,
the following Lemma will be widely used.

Lemma 4 Let ® be a stationary pairwise interaction Gibbs point process with Hamiltonian H (-)
assumed to be superstable, reqular and lower regular. Let H; (zp) = 3_ , 9i(|lz—yl|) fori=1,2.
Assume that there exists € > 0 such that there exists a positive and decreasing function g(-) such

that g-(r) := g2(r) —elgi1(r)| = —g(r) for all ¥ > 0 and fOJrOO rg(r)dr < +oo. Then for all k >0,
E (|Hy (0]2)[" =01 < o,

Proof. For all finite configuration ¢

|H, (O|<p>|kefH2(0|s@) = |H; (O|<P>|k e—clH1(0l@)| —(H2(0l¢)—cH1(0]¢))
k
< efe ke ORI -0 with (e, k) = <£>
ge
< e, k)em 9,

where

H. (0l¢) := ) g:(llll).

TEP

Now, the assumptions made on the function g. ensure that the potential associated to the local
hamiltonian H (0]¢) is lower regular. We may now apply the same argument as in Lemma 3
of Mase (1995) to prove the integrability of the random variable e=#=(01®) 1

Let us denote by

ginf .= 01112) 0; 6 := sup 0; O™ :=min(@PF ) and 65 := max(65"°, 65"°)
€ 0cO

Since © is a compact set of R x (]0, +00[)? then 6 > 0 and 5P < +o0.

4.1 Assumptions [C]
4.1.1 Assumption [C1]

The first part is a direct application of Lemma[dl For the second part, one has to prove that for
all@ € © . N
E (0" (0/2;0) =" (1907} < o

Let go(r) = g%’ (r;6*) — €|g~7 (r; 8)|. We have

o* 12—59—2912 o* 6_89_296
463 <( U S 3> if r < 05
9= epyreearr  @peeear\
405 T - = if r > 03
o9x 12 ox
3

which satisfies the assumptions of Lemma M as soon as € < (—) > that is, as soon as

03
i 13
elnf



4.1.2 Assumption [C2]

Let us denote for n > 1, C,, = B(0,n) \ B(0,n — 1) and define for m,n > 1 the following
configuration sets

Unn = {p€Q:|pc,| <m|Cyl}

)

Um - mnzl[]nL,n-
In order to prove [C2], we need the following Lemma.

Lemma 5 Let ReERT, 0 € ® and € U,,, let us denote by

Z(p, R;0):= > g"(||=[;0),

TEPRB(0,R)C

then for all § > 0 there exists Ry such that for all R > Ry, |Z(p, R;0)| < 4.

Proof.
Z(e,R;0)=| > g(llo)] < > D g™ (ll;0)]
TEPRB(0,R)C n>|'R‘\ TEPCO,
< Y e, x sup g™ (I]]1;67)] -
n>[R] z€C

There exists a constant k¥ = k(R) such that for all n > [R], sup,cc, ’g (I|=]l; 0*)’ < kn=S.
Therefore,

> gl <km > [Culxnt =0 Y a7t |,

TEPB(0,R)E n>[R] n>[R]

which leads to the result since the previous series is convergent. W
Let 6 € ©®\ 8" and consider the following configuration sets defined for k > 1 and for 1 small
enough by

Ao

Ak (n)

{r eQ:p(B(0,D)) =0}

{ocoow0.00 o (((0,2) ) - 1}

where D is any positive real for the Lennard-Jones model and corresponds to the range of the
function g%/ (-) for the finite range Lennard-Jones model. There exists m > 1 such that for all
n>0and for k =2,4

Pe* (Ao N Um) >0 and Pe* (Ak(n) n Um) >0
Now, let ¢g € Ag N U, w2 € A2(n) NUy, and @4 € Ag(n) NU,y,. First,
D(0lpo; 0) = 61 — 07 + Z(o, D;6) — Z(po, D;0") = 0.

For the Lennard-Jones model, according to Lemma [5] one has, for D large enough,

* 1 *

10



Hence for 1 small enough, and for both models

|D(0o; 0)]
> |01 — 07— [Z(v0, D; 0) — Z(p0, D; 67)|

1 *
Z §|el_el|a

which leads to 6; = 67. Moreover,

pussor = o (2(3) o ()) s ((5) -2 (5))

+f2((p2) +7Z ((anD;O) - Z((anD;O*)

oo, wn(s(%) "2 (5)) - (1(5)" 2 (5))

+f4(804) +Z(S045D70) - Z(SDZL)D;B*)a

0

where for any ¢y € Ag(n) (k = 2,4), there exists a positive function fi(n) converging towards
zero as 1) — 0 such that | fx(¢x)| is bounded by fi(n). Now, we have
4(2 -2v2)

2D(0[p2;0) — D(0|ps; 0) = D5 (929§ - 95956) +2f(p2) — fa(pa) + Z' (@2, 04, D; 0,0%)
= 0

with

Z' (02,04, D;0,0%) :=2(Z(p2, D;0) — Z(p2, D;0%)) — (Z(pa, D;0) — Z (@4, D; 0%)).

For 1 small enough, we have, for any @i € Ax(n) (k = 2,4),

4(2 —2V2

o 10205 — 0505°|.

12f(p2) — fa(pa)] < 2fa(n) + fa(n) <

1
4
For the finite range Lennard-Jones model, Z' (2, p4, D; 0,0%) = 0. For the Lennard-Jones model,
according to Lemma Bl one has for D large enough

4(2 —2v/2

|Z/(902a(p4aD;030*)| < D6

1
I 0265 — 0563°|.

Hence for 1 small enough, and for both models

42— 22 .
0 = %(9293—95956)+2f(so2)—f4(<p4)+Z’(so2,<p4,D;0,0)
42— 22 .
> |22V 00— 03050~ 125(0) — fuln)| - 12/ (0.0 D:0.0)
1[4 -2v3) o
=, 10205 — 0305°

leading to 62605 = 0564°. By considering the combination v/2D(0|p2;8) — D(0]¢4; ) and using
similar arguments as previously, one obtains: 62032 = 050%"2. By computing the ratio of the two
last equations, one obtains 03 = 63 and then 0, = 05.
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4.1.3 Assumption [C4]

For all ¢ € Qy and for any 8 € ©, VL7 (0|p;0) is clearly differentiable in . First, note that
[CA4] is trivial for j = 1. For j = 2,3, let us define:

erLJ(th;e) )

LJ
X;(p;0) = \‘”’X@j (0l¢;0)

Our aim will be to prove that for j = 2,3 and for all £ > 0

E | max X; @;Gk)<+oo. 10
(g5 %, (@:6) (10)

In particular, the Assumption [C4] corresponds to (I0) with & = 2. Let us notice that for all
p € Q and for all 0 € ©

VET(0];0) > VI (0]) 1= 0™ + > g™ (||])),

TEP
. inf inf (Qir‘f )12 (esup)ﬁ . .
with for some r > 0, g™ (r) := 4™ T — % . Let us also underline that for j = 2,3
inf \12 Suph6
agL.] 4 ((GTU) _ G 76 )6) lfj =2,

T

= inf )11 sup\5
4m <12(912) — 8 > if j = 3.

Therefore, by defining \7ji“f(0|<p) =) rew g (||z|]), the result (I0) will be ensured by proving

E (V" (0]@)e V"0 < toc,

According to Lemma M, in order to prove this, let us denote by g; () the function defined for
j =2,3, for some € > 0 and for r > 0 by g;(r) = g*(r) — |g™(r)|. On the one hand, one has

J
4 (ginf)lg_a(ginf)lz B gint (gouP)6 _ ¢ (95uP)S i< (6““)2
712 o S g
g2 5(7’) = inf \13 inf \12 ; . . inf 2
) 0 +e(6 inf (psupy6 sup) 6 . 0
4 () le( () S e(07) 1fr2(es—up),

which satisfies the assumptions of Lemma [ as soon as € < #™*f. On the other hand

inf )12 inf )11 s S inf \11 1/6
g ((9 ) oize(en) (9”D>6—ga<e>“*’>5) £ < (2(0 ) )

gsup)5
g3vf(r) - inf \12 inf \11 b6 . (inf )11 1/6
o (0t i) ()

which satisfies the assumptions of Lemma [ as soon as € < #™f /12, which ends the proof.

12



4.2 Assumptions [N]
4.2.1 Assumption [N1(4)]

Actually, the LJ-type model satisfies [N1(k)] for any k& > 1. In order to prove this, let us first
present two auxiliary lemmas.

Lemma 6 Let @ a stationary pairwise interaction point process with local energy function defined
by
V (2];0) = 01+ H (2[@;0)  with H (x|9;0) =Y _ g(lly — || 6).
yeP
Let K < 400 and let z1,...,xx € R\ ¢, x; # x; fori,j=1,...,K (where K < +00), then

K

> H (akl9:0) + H ({z1,..., 21 };6)

H ({x1,...,2x}p; 0)

=~
Il
_

M=

V{x1,...,2x}|p;0) = V (2k|e;0) + H ({x1,...,2K};0)

~
Il
—

This result comes from the definition of the local energy.

Lemma 7 Using the same notation and under the same assumptions of Lemmal@, assume that
there exists gmin such that for all r > 0 and any 0 € O, g(r;0) > gmin, then

K(K—1)

—V ({z1,.xx He:0 < Cre H V (zx|0:0) with e = e~ = 9min

Proof. The proof is immediate since

KK -1
H ({1, ok 0) = Y ollles —agll:0) > S5
i<j
|

Let £k > 1, k' < k and let A1,..., \pr k' positive integers such that Zil Ai = k and define
the random variable

Ai

oV eV (o} 2:07) g

Al®) = /(Ax]M)k/ H‘@G (z:]2:67)

From Lemma [l we have

)\i .
E(A@®) < E H\ r]:0%)| e V(100 dy,
A><]M)k/ .
v A 0°
- ck,/ E (,]0;0%)| e VE120) | Gy day,
(A><]M)k/ (99
A, *
< D;0%) e_T?V(zllb;a ) da:
H/AXM K’ |

by using Hélder’s inequality. The result is then a simple consequence of (I0]) and Lemma [l

13



4.2.2 Assumption [N2]

For all ¢ € Qy, it is clear that for all @ € ®, V (0]y; 0) is twice continuously differentiable in 6.
According to Lemma Ml and the fact that [N1(4)] is satisfied, it is sufficient to prove that for all

Jk=1,2,3

a2vLJ L7 0

E (|5 (0|®;0)| V" (012:0) .
(‘ao-aek( 2 )‘e < e

This is obvious when either j or k equals 1 and when j =k = 2 (smce (69 )2( -) = 0). Now, for

the other cases, define for @ € © g; 5 -(r) := g%/ (r;0) — ¢ ‘g; 5o (T3 0)‘ We have

12 11 6_a b .
4 0203 T1£2893 03 TS&H if r < 91/6
92,3,6(1) = g3,2,¢(r) = 0:012+12:011  09+6203 )
4 (Ll izl *?f otherwise
s r
. . . pint 2
which satisfies the assumptions of Lemma [ as soon as € < %223 that is, as soon as € < (—)
p 12 12
Finally,
02012132010 0205 —30e62 1/6
( 4 23T12‘ES - ZSTGES' 1f7’<(132)/9
93.3.2(r) = 020124132201 05603+3002
4 (Lt l52e0s 2054502 otherwise
r T
s s . 0. 0 Gmf
which satisfies the assumptions of Lemma [ as soon as ¢ < =52, that is, as soon as € < (—)
p 132 7 32

4.2.3 Assumption [N3]

Let y = (y1,92,y3) € R3 and let us denote for any finite configuration ¢ by g(y,¢) :=
yTV(Ll} (0]p;0%). Let o € Ap and @i(n) € Ak(n) (k = 2,4) as in the previous section. As-
sume ¢(y, pr) = 0 for k = 0,2,4. Since, g(y, ¥o0) = y1, we have y; = 0. Now,

o3\ 2 0\ ° (12051 60%°

9(y,02) = 4y (2 (53) -2 (53) ) + 4y363 (QD—fz ~V2 56 ) + fa(y, 2)
0% 0% L1205t _60%°

9(Y, 1) = 4dyo (4 (53) -2 (D) ) + 4y363 (4D—fz —2 Dgé ) + fa(y, pa),

where for any @i, € Ak(n) (k = 2,4), there exists a positive function fk(y, 1) converging towards
zero as 11 — 0 such that | fx(y, ¢x)| is bounded fi(y,n). Now, we have

*5
29(y, 02) — 9(y, pa) = 4(2 — 2v2)) 2= ( 3Y2 +605y3) +2f2(y, p2) — fa(y,pa) = 0.

For n small enough, we have, for any ¢y, € Ak(n) (k=2,4),

2f (4, p2) — faly, 0a)| < 2| fa(y, )| + | fa(y,m)] < ;’ (2—2f) (93y2+69293)

Hence for n small enough,

0 = [29(y. ¢2) — gy, 00)| > 1\ (2 - 2v2) 5 (0500 + 00300).

leading to the equation 0%ys + 605y3 = 0. By considering the linear combination v/2g(y, @2) —
g(y, v4), we may obtain the equation 63y + 1205ys = 0 with similar arguments. Both equations
lead to yo = y3 = 0.
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4.2.4 Assumption [N4]

The assumption [N4] may be rewritten for all k = 1,--- | £ and for all ¢ € Ay and ¢g € Ap:
(vy e R,y (LPL%) (p1:6") — LPLY (i; 0*)) — o (L(px; %) — R(p1; 0%)) = 0) — y=0.

where for any configuration ¢ € Q and g € Ag

L) = [ V0 Car [ v o0 e g
R(p:0") = > VU(alp\u0)— > V(x| \:60%).
zEPNA z€EPoNA

Concerning this assumption, we choose D > D and ¢y € Ay = {cp cQ: PAy(D) = (7]}. Let
y € R3 then
/_yTV(Ll} (x]po; 0%) e~V (@le0i07) g — yre % ‘K’ and Z yTV(Ll} (x]po \ 7;0%) =
N _
TEPoNA

Consider the following configuration set defined for n,e > 0
As(n,e) = {(p €Q: Pao(D) = {z1, 22} where z; € B(0,7), 22 € B((0,2n + E),n)} )

Note that for z; € B(0,7), 22 € B((0,2n+¢),7m), € < [|z2 — 21]| < &+ 4n. Let 2 € Az(n,¢) and
x € A, then one may prove that for j = 2,3

VE (2]p2;0%) = 07 + 29" (||«[];07) + f (2, m,¢)

aVLJ . agLJ .
g (tle2:67) = —(l[];0%) + f3(z,m,¢€)
J

where f(x,n,¢) and f;(z,n,¢) are such that

lim z,m,e) = lim i(x,m,e) =0.
<n.,s>a<o,o>f( -€) <n.,s>a<o,o>fj( -€)

On the one hand, one may prove that there exists a function fz,(y, n, €) such that lim, -y (0,0y fz.(z,7,€) =
0 and such that _
yT 902a yTI yle 1|A| +fL(y7na€>

where

LJ * LJ LJ T
I;:/h(||z||;e*)e—91—2g YUel0 gy and  h(r;0%) = 12a (r;0%),2 229 (r;07) ) .
. 90, 905

On the other hand, there exists a function fr(y,7,¢) such that lim, .o fr(z,n,e) =0
. 0 \"? /05\°® 120" 603
Y R(p2;0") = 2y1 + 2y24 ((?3—) - (?3) + 2y340; ( 12 i ) + fr(y,n.€).

Since

ey (L(2;0%) — R(p2;6%))

12 (yTI - 916_9I|X| + frly,n,€) — fR(yanag))

¢S (2y249§6 + 2y349;69§5) + 24052 + 29340312051
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For n and e chosen small enough, one may prove that

0= |y (L(p2;6%) — R(p2;0"))| >

l\’)l»—t

’2y249*12 + 2y540512051

leading to
20240512 + 2934051205 = 0 < O5ys + 1205y = 0. (11)

This means that
Y R(p2; 0%) =2y, — 5_16 (2y249§6 + 2y349§69§5) + fr(y,n,¢).
With similar arguments, we obtain that
2024035° + 2y34056605° = 0 = Oy + 605ys = 0. (12)

Equations (1)) and (I2) lead to y2 = y3 = 0. Now consider the following configuration set defined
for some k >1and n >0

Ax(n) = {@ €Q:on,p) = ¢ (B(0,7) = k}

and let ¢, € Ag(n). Then, one may prove that there exists a function va(y,n) such that
lim, o fr(y,n) = 0 and such that

Y (L(pr;0%) — R 0%)) = 1 /76‘9I (e"“g“(”m”;a*) - 1) dx — kyy + fr.(y,n) = 0.
A

Let us denote by A; := B(0, min(63, D)) and A := B(0, D) \ A; Now let us consider two cases.
Case 1: 0% < D. First note that for all € A, g(||z]|; 0*) > 0. Then, for k large enough and for
1 small enough we have

1 —0* ( _—k 0" |A1] _gs 1 1~ [y1]
- h g(llzl]; ),1)d <10 e 2 d |- < 1l
‘k/me (e TS ——e <, an Lfrly )| < =
Hence for k large enough and for 1 small enough, we may obtain
0 = \yT (or;0%) — R(p1; 07))|
1~
>l =y / 01 (emholi=ll®) 1) d:c+EfL(y,n)‘
o )l ol
= 1 4 4 ) ’
which leads to y; = 0.
Case 2: 03 > D. First note that for all z € Ao,
03 05\ °
0*) < g, :=g(D; 0%) = 465 = 0.
ool 0°) < o= a(son =05 ((5) (%)) <
On the one hand, for k large enough and for 1 small enough, we may have
1 * .0* 1~ 3
—yl/ e (e_kg("z”’e ) - 1) do+ 2oty — | < 22l ) < B,
k7 Ja, k 2 2
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On the other hand, we have for k large enough

1 y1/ o0 (e—kg(HwH;G*) - 1) gel = Wl [ e (e—kg(||z||;0*) _ 1) de
k Az k Ja,
* * klgm| _ 1
> sz—ﬂe_el |A2| (e‘kgm — 1) = |y1|e_91 eT
= 2yl

Therefore for k large enough and for n small enough, we have

1 . . X
0= 29" (L(pi:0%) = R(or:0))] > 2lya| = Sl = %

which leads to y; = 0.

5 Annex: proofs

5.1 Tools

Let us start by presenting a particular case of the Campbell Theorem combined with the Glotz
Theorem that is widely used in our future proofs.

Corollary 8 Assume that the (marked) point process ® with probability measure P is station-
ary. Let A be a bounded Borel set, let ¢ € Q and let g be a function satisfying g(z™, @) =
g(0™, ) for all ™ € $. Define M a random variable with its distribution \™ and f(m, ) =
g(0™, ©)e=VO"19) and assume that f € L*(A\™ @ P). Then,

E< 3 g(zm,il)\xm)) = |A| E(g(oM,q>) e*V(OM\‘P)) (13)

Proof. see Corollary 3 of Billiot et all (2008) M
Let us now present a version of an ergodic theorem obtained by INguyen and Zessin (1979)
and widely used in this paper. Let A( a fixed bounded domain

Theorem 9 (Nguyen and Zessin (1979)) Let {H¢g, G € By} be a family of random variables,
which is covariant, that for all © € R2,

He, (pz) = Ha(p), fora.e. ¢
and additive, that is for every disjoint G1,Gs € By,
Hg,ue, = Hg, + Hg,, a.s.

Let T be the sub—o—algebra of F consisting of translation invariant (with probability 1) sets.
Assume there exists a nonnegative and integrable random variable Y such that |Hg| <Y a.s. for
every conver G C Ag. Then,

1 1
lim ——Hg, = —E(Ha,Z), a.s.

for each regular sequence G,, — R2.
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5.2 Proof of Theorem

Due to the decomposition of stationary measures as a mixture of ergodic measures (see [Preston
(1976)), one only needs to prove Theorem 2 by assuming that Pg- is ergodic. From now on, Pg+
is assumed to be ergodic. The tool used to obtain the almost sure convergence is a convergence
theorem for minimum contrast estimators established by |Guyon (1992).
We proceed in three stages.
Step 1. Convergence of U, (®;0).

Decompose U, (p; 0) = ‘Aln‘ (Hya, (@) + Haa, (v)) with

o) = [ eV EEO ) ad M@= 3 VETle\ame).

TmePy,

Under the assumption [C1], one can apply Theorem [0 (Nguyen and Zessinl (1979)) to the process
Hi A, And from Corollary B we obtain Pg+—almost surely as n — +oc0

ﬁHLAn - E(/ e—V(O’"“I’?B)Am(dm)) - E(e—V(OM“I’%@)). (14)
n ™

Now, let G C Ag, we clearly have

Hoc(o)l < Y IV @E™e\a™0) < Y |V a"p\a";0)l.

xMEPpag T EPA,

Under the assumption [Mod] and from Corollary [§ we have

E( > VE"@\"0)|| =|AE |V (0M]0;6) eV "16)) < 1o

zmeda,

This means that for all G C A, there exists a random variable Y € Ll(PB*) such that |Hz ¢| <
Y. Thus, under the ssumption [C1] and from Theorem [0 (Nguyen and Zessin (1979)) and from
Corollary 8, we have Pg+—almost surely

ian, B Y VEe\am0) = B(V (0¥@0) e O1900)

zmeleo
We have the result by combining (I4]) and (I&): Pg-—almost surely
Un(6) - U(8) = B(e=V("1"0) 1 v (0M]0;9) =V ("1267)) (16)

Step 2. Uy (+;0) a contrast function

Recall that U, (+; ) is a contrast function if there exists a function K (-,0*) (i.e. nonnegative
function equal to zero if and only if @ = ) such that Py —almost surely U, (y; ) — Un(p;6) —
K(0,0%). From Step 1, we have

K(8, 0*):E(e*V(OM|‘I’;0*) (ev(oM|<I>;0)7V(oM|<I>;0*>7 (1+V (0M|<I); 0)-V (0M|q); 0*) ))) (17)

Since the function ¢ +— e® — (1 + t) is nonnegative and is equal to zero if and only if ¢t = 0,
K(0,0%) >0 and

K(0,00)=0 < " (0"1e0)-v(0"eb") (1 +V (0™]g;0) — V (0™ 0*)) =0
& D(0™|p;0) =V (0"]p;0) =V (0™|p;6%) =0
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for ™ x Py« —a.e. (m,¢). Let us consider the £ events B; (j = 1,..., /) defined in Assumption
[C2]. The previous Equation is at least true for (m;, ;) € B;, which leads under Assumption
[C2] to @ = 6*. Therefore, K(6,0*) =0 = 0 = 6. The converse is trivial.

Before ending this step, note that the assumption [C3] asserts that for any ¢, U, (y;-) and
K(-,0%) are continuous functions.
Step 8. Modulus of continuity.

The modulus of continuity of the contrast process defined for all ¢ € Q2 and all n > 0 by

Wa(ip,m) = sup {|Un(:60) = Un(:6')

is such that there exists a sequence (ex)g>1, with €5 — 0 as k — 400 such that for all £ > 1

P (s (15 (0.2) ) =0 w

Let us start to write W, ((p, %) <Win ((p, %) +Wap ((p, %) with

1
Wl,n <S05 E)

:0,6' € ©,(|6 -0 gn}

sup{W{,An (5:0,0):0,0 cO,]|0— 0 <

e
——

Wa.n ((p, %) ‘= sup {WQCA” (0;0,0'):0,0' c©,]|0 —0'|| < }
and
Wi, (2:6,6) = IA—lnl - ‘e*‘/(””m'”;e) fe*‘/(xm'we')‘u(dzm)
W2/,An((p;0’0/) = |A1n| Z ‘V(xm|g0\xm;0)—V(acm|<p\acm;0') )

TTEPA,

Let k > 1 and let 6,6’ € © such that ||@ — 0'|| < ¢, then under the assumption [C1] and from
Theorem @ and Corollary [§, we have Pg- —almost surely as n — +o0

—-v(oMe;0) _ efv(oM|<1>;0’) )

Ws,,(@:0.0) — B (|V (0M]0:0) =V (0M]@; ') |~ (0"167)

WLA”(@;O,O/) — E ( e

Under Assumption [C4], one may apply the mean value theorem in RP as follows: there exist
¢, gW e [TE_, [min(9;,0}), max(6;,0})] such that for all (m, ) € M x Qj

VRG]
o~V (0m1@:0) _ o~V (0 ¢:6’ zp: 0, 0') (’)V (0m|(p ¢l ) (Omlw;é(”)_
Jj=1

This leads, under Assumption [C4], to the following inequality

E (’e_V(OM@;B) - e_V(OM‘q’;O/)’f E (’e—V(OMlé;H) _ e—v(oM«p;e/)F)

IN

IN

(lo-oPy O (0Masg@) v 010€7) 2
— J

1 2
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2
with v == E (Zf_1 maxg_@ ‘% (0M]®; 6) e‘V(OM“I’?B)} ) < 4o0. In such a way, one may
also prove that

2
E (|V (OM|(I);0) -V (OM|(I);0/)|6*V(0M\<I>;0 ))2 < (%) '722,

* 2
with v := E (Z;?_l maxg-@ ‘2—2)’], (0M]®;0) e~V (0M12:07) ) Hence, for all k > 1 and for all

6,6’ € © such that [|§ — 0'|| < 1 there exists ng(k) > 1 such that for all n > ng(k), we have
/ / 2 , , 2
Wia, (@;0,0) < E% and Wia, (@;0,0) < E’yg, for Pg+ —a.e. .

Since v; and 72 are independent of @ and ', we have for all n > ng(k)

1 1 1 2 c
W, P % <Win 2 + Wap 2 SE(’71+’Y2)5:Ea for Pg~ — a.e. .

Finally, since
imsu wlp,— | > = wlo, =] > e, =) > =
n~>+o£) 7 k k meNn>m 7 k k 7 k k

for Pg-—a.e. ¢, the expected result (I8) is proved.
Conclusion step. The Steps 1, 2 and 3 ensure the fact that we can apply Property 3.6 of |Guyon
(1992) which asserts the almost sure convergence for minimum contrast estimators.

5.3 Proof of Theorem 3

Step 1. Asymptotic normality of Ugll)((l); %)
The aim is to prove that for any fixed D, the following convergence in distribution as n — +oo

A2 UL (@56%) — N (0,2(D, 6)) (19)

where the matrix 3(D, %) is defined by (@).

The idea is to apply to US)(CI); 0*) a central limit theorem obtained by [Jensen and Kiinsch
(1994), Theorem 2.1. The following conditions have to be fulfilled to apply this result. For all
j=1,....p

(i) For all i € 22, E ((LPL(Alj (@;0*))j |¢A§) —0.

3
><+oo.

(#44) The matrix Var (|An|1/2U£ll)(<I>; 0*)) converges to the matrix X(D, 6*).

ii) For alli € Z%, E LPL(l? ;0"
A
J

Condition (¢) : From the stationarity of the process, it is sufficient to prove that
1
E <(LPL<Ag (@;0*))j |‘I’As) —0.
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Recall that for any configuration ¢

ov m —V(z™|p;0" m ov m m. g m
(LPLQ (@i07) == [ S0 eV E O @y [ T8 e\ ami6r) plda™),
J AgxM 69] Ag 69]
(20)
Denote respectively by G1(p) and Ga(p) the first and the second right-hand term of (20) and
by E; = E (Gi(®)|®az = ¢ag). From the definition of Gibbs point processes,
1 ov - .0
Bam s [ QUps) [ on (s is, @)y e\ amien e Polesi®),
Zno(pag) Jaa, $ 90,

Denote by ¢ = (va,, gp’Ac). Since ) is a Poisson process we can write

1 (9V * _V<‘PA |§DAC'0*)
E. = d 1 - m me o o
P T Zagleny) /Q v / =" Lao(®) 7 ("l \ 25 6%) e
— 1 av m / m. g* 7V<(PIA0|LPA8§0*)
" Za,(oac) Pac) / Q(dy") / )1Ao(96)89j (2™ ph, Upag \ 2™ 0%) e

Now, from Campbell Theorem (applied to the Poisson measure Q)
1 / ! / oV / * —V(:,a/ Umm\gJAc-e*)
u(dxm)/ Qun (dg') = (™ 0a, U pag; 07) e P20 6% ).

ZAo(‘PAg) AgxM Q 00, ( Bo ’ )

Since from Slivnyak-Mecke Theorem (see e.g. [Maller and Waagepetersen (2003)), @ = @', one
can obtain

By =

1 oV ( Uz™| c0)
Ey = do’ / dr™) =— (™ U e 0* ©ag Pa
> Zartond) Ji Q( ¢’ onMu( ) 20, (2™ Ph, Upng; 0%) e”
1 ov V(3™ 0:0" —V( | C-H*)
= — (d dz™ ™ @) e V(e 10:8") o=V (#aoleag:
Zno(pag) /Q Pho /onuv[ 8 )39J (@13 6°)
—

Condition (i) : For any bounded domain A and any finite configuration ¢, one may write
forj=1,...,p

3 3
‘(LPL(AU (50;0*))]_ <4 /A a_v (2| : 6%) e—v(zmltp;e )u(dxm) +4

x M 593‘

A m. g
Z %(ZE lp\2™;0%)

T EPA

The assumption [N1(3)] ensures the integrability of the first right-hand term. For the second
one, note that
3

v, .
L = Z 90, ("] \ 2™
TTEPA J
oV GV
< vy omy mi. gx Mo mz . ms 3 )
N L S ST IN
R I M P M e ST
ov mi. g* ov ma mao . g*
+3 > 55 I\t o) S 5l \ a3:0)

my ma mi_y,m2
z, xy PEQAT, T FET,

oV «
b |G Ele\ae

z" €pn

3
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The result is obtained by using the assumption [N1(3)] and iterated versions of Corollary [8

Condition (i4¢): let us start by noting that from the assumption [Mod-L], the vector LPL(Ali) (p;0%)
T
depends only on g, for j € B (z %D Let E;,; == E (LPL(Ali) (®;6*) LPLY) (3:6") )

Based on our definitions, we have

Var (|An|1/2U§}>(q>; 0*)) A~ Var (Z LPLY (®; 0*))

ie€l,
= AN Y By
i,j€IL,
= 7Y >, Byt > By
i€ln \jer.nB(i,[21) jernB(i,[2])°

Let j € I,NIB (z’, {%—D , since LPL(AlS (¢;0%) is a measurable function of pac we have by using

condition (i):

E

M) (. p* M) /a. g\ M) (. p* M) /a. g\
E(LPL, (9;0")LPLy’ (;6") E(LPL, (9;6")LPLy) (®;6") |®a:

T
- E (E (LPL(Alz (®;6%) |<1>A5) LPLY) (367 )

Denote by I, the following set

We now obtain

Var(|An|1/2U;1>(q>;e*)) = nY Y By

i€ jer,nm(i [ 2])
S (D VD VRN TED DD DR #
i€l \In j€INB(i,[ 21) iel, jel,nB(i,[ 21)
Using the stationarity and the definition of the domain A,,, one obtains

LY S Ey=IATM\Ll Y. Eo; > X(D.6%) asn— +oo
i€l \I, j€I,NB(4, (%]) je]B(()7|'%‘|)

and

A7 > Bij| <A™l ). |Eogl— 0 asn— +oo.

ieT, jel.nB(i,[ 2]) i€B(0,[ £1)
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Hence as n — +o00

Var (|An|1/2U£}>(q>; 0*))

LD DD D 2
€ln jer,nB(i,[2])
o2 kEB(Ov[%])

Step 2. Domination of U? (®;0) in a neighborhood of 8* and convergence of U'® (®;6*) Let
jk = 1,...p, recall that (Q<2>(<p 0)) is defined in a neighborhood V(6") of 6" for any
7,

n

configuration ¢ by

=\ ) |An| Ja, xa 00;00y ; ;
1 ov ov ., . - N
|A | Ja s 80 (@™ ,e)a—ek(x |p; ) exp (=V (2™]¢; 0)) p(dz™)
1 9%V
™ (@™o a"36). (2)
Anl ., 00,00,

Under the assumption [N1(3)] and [N2], from Theorem[d (Nguyen and Zessin (1979)) and from
Corollary B there exists ng € N such that for all n > ng

*V M F. ov . m ov . u . —v(oM|<1>;0)
< 2E<<‘69j69k (0 |c1>,0)’ 5 (019:6) 2 0 |<I),0)’>e >

efv(oM |<1>;0*)>

’ (Qf)(w; 0)) ‘

JJC‘
0*v
00;00;,

+2x E (} (0M;0)

Note that from Theorem [ (Nguyen and Zessin (1979)), U?(-;6*) converges almost surely as

n — 400 towards U® (0*) defined by (). Note that U (6*) is a symmetric positive matrix
since for all y € RP

U (0 )y = E <(yTV<1>(oM|<1>; a*))2 eV(OM‘I’?e*)) >0,

where for j = 1,....p, (m,) € M x Q; and for 8 € V(6") (V“)(zmw;e*)) = 2V (47; 0)
j J

and it is a definite matrix under the assumption [N3].

Conclusion Step Under the assumptions [Mod] and [Ident], and using Steps 1 and 2, one can

apply a classical result concerning asymptotic normality for minimum contrast estimators e.g.

Proposition 3.7 de |Guyon (1992) in order to obtain ().

It remains to prove (8). The proof is strictly similar to the one of Billiot. et _all (2008) (p. 261)
except that the assumption [SDP] is now replaced by the more general one assumption [N4].
We keep it for a better understanding. The final result is proved in three substeps :

(1) We first prove that the matrix X(6*) = X(D, 8*) is a symmetric definite positive matrix.

From Equation (21)), it is sufficient to prove that the matrix Var(|A,, (5)|71/2LPLE\1)(5) (®;60%))

is definite positive for n large enough. Let y € R? \ {0}, the aim is to prove that

V= y Var (|An(5)|—1/2LPL<Al:® (@ 0*)) y>0.
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Let A = UMQB(i [2])Ai(5), using the same argument of LJensen and Kiinsch (1994) (Equation
— k) B

(3.2)), one can write
V>|AD) ' E (Var (yTLPL AL(D) (®;07)|®p, 5y, K & (2 %W + 1)22)) .

Note that for i # j € I, Cov(yTLPL(Ali)(B) (p: 0%) ,yTLPL(Al]?@ (¢:0%) | a, 5y b £ (2 %W +

1)Z2) = 0 due to the independence of LPL(Al_)(B) (¢;0%) and LPL' 8 ) (9:6") condition-
ally on @, ),k ¢ (2 [2} +1)Z2 when i,j € I, N ( {

LpL (p; 0%) is constant when either i or j ¢ I,, N (

D 2 (1) . O*
L] +1)22 and LPL{) 1 (4:6") or
[%—‘ +1)Z2. As a direct consequence,

A;(D)
Vo> |AD)" (Var( Z LPL (<1>;0*) |®a, 5y, Kk & (2 %l + 1)ZQ>>
1€l
_ . D
= MDY E <Var< TLPL(AD(D) 0;0%) |5 )k € (2 %W + 1)22))
i€ln
_ . D
= MDD 3 E | Var | 4" 3 LPL(Alj@) (®;0%) |25, (5 K ¢ (2 {51 +1)7°
ter,n2[B]+1z2\I, ier,nB(¢,[L])
_ . D
+|An (D) 3 E | Var | 4" 3 LPL(Alj@) (®;0%) |25, 5k ¢ (2 {51 +1)7°
te2[B]+1)72nT, ier,nB(¢,[L])

Following the proof of Step 1, condition (¢i7) one may prove that the second right-hand term
tends to 0 as n — 4o00. Therefore by using the stationarity, we have for n large enough

D . D
N (2 %W +1)Z*| x E <Var (yTLPL(Kl) (©;0") @5, (5,1 < || <2 %D)

D N2 PW +1)22|
_ D D - o 5
= = A ><E<Var(y LPLY (9;6%) |05, 5y, 1 < [k <2 =

2
——2
D (3 xE(Var<y LPL(1)<I>0 )| @4, D)71§|k|§2[2-‘>>
2 4[%W+1 D

Assume there exists some positive constant ¢ such that Py« —a.s. yTLPL(Kl) (®;0") = ¢ when
the variables ®, 55,1 < [k| <2 [%w are (for example) fixed to (). By assuming [SDP] it follows

that for any ¢; € A; for i = 0,...,¢ (with £ > p), 4" (LPL(KD (¢:;0") — LPLY (%;0*)) =

vz D)

0. Since for all (pg,...,00) € Ag X ... x Ay, the matrix with entries (LPL(KI) ((pi;H*)) -
J
(LPL(Kl) (po; 0*)) ~is assumed to be injective, this leads to y = 0 and hence to some contra-
J

diction. Therefore, when the variables ® (), 1 < k] < 2 [%w are fixed to (), the variable

y’ LPL(KD (®; 0™) is almost surely not a constant. Hence, 3(0*) is a symmetric definite positive
matrix.

(1) Convergence ofzn(cp;DV,B,O).
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Let us recall that for any ¢ € Q, DV > D and 8 € © we define

~ ~ D2 T
2. (pDY,D,0) = > > LPLY) (#,6) LPLY (4;9)

Xi(p) == Xi(p)™" = > (LPL(X? (5 9))k (LPL(Alf (5 0))5’
et om(5[22])
Yi(p) = Xz-(jo) - E~(X (®)) and Y, (p) = |I,]7} > icr, Yi(p). Since one may mnotice that
E(X,(®)) = D? (z(p, 0))}67@, we have
Yulg) = D (2¢:0¥.D.0) - 2(D.0)) .

Thus, the aim is to prove Y, () — 0 for Pg+—a.e. . Since the process {Y;,i € Z?} is stationary,
from Property 3.1 p.96 of |(Guyon (1992), it is sufficient to prove

e (a) E(Yo(®)?) < +o0

o (b) E (|1,]Y n(9)?) < +o0.
(a) We leave the reader to verify that [N1(4)] ensures this integrability condition.
(b) Note that Yi(y) depends only on ¢a; for j € B (i, [%V—I + {%—‘) Hence, by choosing
j €I,NB(i,2apv,p) with apv p = OzDv,D(ﬁ) = % + [% , then the covariance between
Y;(®) and Y;(®) is zero. Indeed, let A = UiEIB(i,aDv,D)Ai
E (Yi(®)Y;(®)) = E(E(Yi(®)Y;(2)[®a))
= EYi(®)E (Y;(®)[®4))
= 0.
Then, we obtain
— 1
E (LY. (2)?) = A > E(Mi(2)Y;(®))
n 1,JE€Ln
1
A > > E (Yi(®)Y;(®)) + > E (Yi(®)Y;(®))
nlier, JELLNB(i,2apv p) JELNB(i,2apv p)°

- ﬁz Y EM@)Y (@)

i€l jelnﬂIB(i,QaD\/’D)

RS E(N(@)Y(®) < B (Y(@)?)

keB(0,2apv p)

where ¢ is a constant depending only on D, D, DV. Therefore, for all DY > D and for all § € ©,
we have for Pgr—a.e. ¢ as n — +00

3, (¢;DY,D,0) — (D, 0) = £(6). (23)
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(7i7) Since for any ¢, the functions Q,(f) (¢;+) and in(cp; DY, l~), -) are continuous, it follows
from Step 2 and (23) that one obtains for Pg-—a.e. ¢, as n — +o0

UP(p;0) - U (%) and 2, (p;DY,D,0) — 2(6*).

Finally, note that the previous convergence also implies that for n large enough zn(@; DV, 15, 5)
is almost surely a symmetric definite positive matrix.
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