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Strong almost reducibility for analytic and Gevrey
quasi-periodic cocycles

Claire Chavaudret
Institut de Mathématiques de Jussieu
175 rue du Chevaleret, 75013 Paris, France

Abstract: This paper is about almost reducibility of quasi-periodic cocycles with a
diophantine frequency which are sufficiently close to a constant. Generalizing previous
works by L.H.Eliasson, we show a strong version of almost reducibility for analytic and
Gevrey cocycles, that is to say, almost reducibility where the change of variables is in an
analytic or Gevrey class which is independent of how close to a constant the initial cocycle
is conjugated. This implies a result of density, or quasi-density, of reducible cocycles near
a constant. Some algebraic structure can also be preserved, by doubling the period if
needed.

1 Introduction

We are concerned with quasi-periodic cocycles, that is, solutions of equations of the form

V(6,t) € 2T x R, %Xt(ﬁ) = A0+ tw) X' (0); X°0) = Id (1)
where A € C°(2T%,G) and G is a linear Lie algebra. Here T¢ = R¢/Z? stands for the
d-torus, d > 1, and 2T¢ = R?/(2Z%) stands for the double torus. We will assume in this
article that w € R? satisfies some diophantine conditions. The solution of (1) is called
the quasi-periodic cocycle associated to A and is defined on 2T¢ x R with values in the
connected component of the identity of a Lie group G whose associated Lie algebra is G.
Terminology is explained by the fact that A is the envelope of a quasi-periodic function,
since t — A(f + tw) is a quasi-periodic function for all § € 2T?. We say X is a constant
cocycle if A is constant. A constant cocycle is always of the form ¢ — e*4.

A cocycle is said to be reducible if it is conjugated to a constant cocycle, in a sense that
will be defined later on. The problem of reducibility of cocycles has been thoroughly
studied and is of interest because the dynamics of reducible cocycles is well understood
and because this problem has links with the spectral theory of Schrodinger cocycles and
with the problem of lower dimensional invariant tori in hamiltonian systems. In the
periodic case (d = 1), Floquet theory tells that every cocycle is reducible modulo a loss of
periodicity. However, the problem is far more difficult if d is greater than 1 and it is not
true that every cocycle is then reducible. The question becomes whether every cocycle



is close, up to a conjugacy, to a reducible one; from this question comes the notion of
almost-reducibility. A cocycle is said to be almost-reducible, roughly speaking, if it can be
conjugated to a cocycle which is arbitrarily close to a reducible one. Reductibility implies
almost reducibility, however the reverse is not true: there are non reducible cocycles even
close to a constant cocycle (see [4]). Almost reducibility is an interesting notion since the
dynamics of an almost reducible cocycle are quite well known on a very long time.

We first focus on cocycles generated by functions which are analytic on a neighbourhood
of the torus, i.e real analytic functions which are periodic in the direction of the real axis
(recall that they are matrix-valued). For such a function F', we will let

| F'[,= sup || F(8) |
[Im 0| <r

where || . || stands for the operator norm.

The aim of this paper is to show that for

G =GL(n,C),GL(n,R),SL(2,C),SL(n,R), Sp(n,R),O(n),U(n)

in the neighbourhood of a constant cocycle, every cocycle which is analytic on an -
neighbourhood of the torus and G-valued is almost reducible in C%(2T¢, G) forall 0 < v’ < r <
The width of the neighbourhood only depends on the dimensions n, d, on the diophantine
class of w, on the constant cocycle and on the loss of analyticity r — r’.

N[

More precisely, we shall prove the following theorem, for G among the groups cited above
and G the Lie algebra associated to G:

Theorem 1.1 Let 0 </ <r < i AeG, F e CT%G). There is ¢ < 1 depending
only on n,d,w, A,r — 1’ such that if

|F|r§60

then for all € > 0, there exists A, F. € C%(2T%,G), ¥, Z. € C%(2T%, G) and A. € G such
that for all 6 € 2T¢,

0,2.(0) = (A+ F(9))Z(0) — Z.(0)(A.(0) + F.(6))
with
1. 0,¥, =AU, — VA,

2. ‘Fuw S €,

4. and |Z. — Id|,» < 2¢€Z.

Moreover, in dimension 2 or if G = GL(n,C) or U(n), Z., A., F. are continuous on T?.



Property 1 states the reducibility of A.. Theorem 1.1 immediately entails the following:

Theorem 1.2 Let 0 <7’ < r < %, A€ G, FeCTqG). Thereis ¢y < 1 depending
only on n,d,w,A,r — 1’ such that if

‘F|r§€0

then for all € > 0, there exists F. € C%(2T%,G), Z. € C%(2T¢, G) and A. € G such that
for all 6 € 2T,

D 2.(0) = (A+ F(0)) Z.(0) — Z.(0)(A. + F.(6))
with ‘Fe|r/ S €.

Note that in Theorem 1.2, we do not have any good estimate of Z.. Theorem 1.1 also
holds if one chooses F' in a class which is bigger than C%(T?, G), i.e the class of functions
in C*(2T¢, G) satisfying some "nice periodicity properties" with respect to the matrix A.

There is a loss of analyticity in this result, but it is arbitrarily small. A result close
to Theorem 1.1 in the case when G = GL(n,R) had already been proven in [3] by
L.H.Eliasson:

Let A € gl(n,R) and F € C¥(T9 gl(n,R)). There is ¢¢ < 1 depending only on
n,d, K, T, ||All,r such that if |F|. < €, then for all € > 0, there exists 0 < r. < r,
Z. € C¥(2T%, GL(n,R)) such that for all § € 2T,

0.,7.(0) = (A+ F(0)Z(0) — Z(0)(A. + F.(0))
with A. € gl(n,R), F. € C¥(2T% gl(n,R)) and |F.|,, <.

Eliasson’s theorem merely states almost reducibility in C¥(2T?, GL(n,R)), since the se-
quence (r.) might well tend to 0. The achievement of Theorem 1.1 is to state almost
reducibility in a more general algebraic framework, but also, and mostly, to show that
almost reducibility holds in a fixed neighbourhood of a torus even when this torus has
dimension greater than 1. This is almost reducibility in a strong sense.

Note that, as was the case in [3], one cannot avoid to lose periodicity in theorem 1.1 if G
is a real group with dimension greater than 2. The notion of "nice periodicity properties"
that will be given aims at limiting this loss to a period doubling. In comparison with the
real framework, the symplectic framework does not introduce any new constraints in the
elimination of resonances; therefore there is no more loss of periodicity here than in the
case when G = GL(n,R). As before in [2], a single period doubling is sufficient in the
case when G is a real symplectic group.

The second part of this paper is dedicated to showing that the same method gives an
analogous result for cocycles which are in a Gevrey class (Theorem 3.1).

In dimension 2 or if G is gl(n,C) or u(n), these results can be rephrased as density of
reducible cocycles in the neighbourhood of constant cocycles:
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Theorem 1.3 Let G = gl(n,C),u(n), gl(2,R),sl(2,R) or o(2). Let 0 <" <r < i and
A€ G, FeC¥TG). Thereis ey depending only on r —r',n,d,w, A such that if

|F|r§60

then for all € > 0 there exists H € C%(T%, G) which is reducible in C%(T% G) and such
that

A+ F —H|. <e¢

A similar result, for smooth cocycles with values in compact Lie groups, was obtained by
R. Krikorian in [7] (th.5.1.1). For cocycles over a rotation on the circle, analyticity is far
better controlled (see for instance [1]) since it is then possible to use global methods. In
this article, we are considering the case of a torus of arbitrary dimension. The KAM-type
method that is being used here had already given way to full-measure reducibility results
for cocycles with values in SL(2,R) (|4], [6]).

Sketch of the proof and organization of the paper

The proof of Theorems 1.1 and 1.3 is a refinement of the method in [3]; it is based on
a KAM scheme. The central idea is to prove an inductive lemma where one conjugates
a system which is close to a reducible one to another system which is even closer to
something reducible. Iterating this lemma arbitrarily many times, one would then be
able to conjugate the initial system to something which is arbitrarily close to a reducible
one. An estimate on the reducing transformation would then imply almost reducibility.
Now consider a system close to a reducible one; if it is close to a system which can be
reduced to a constant part satisfying some non-resonant conditions, then there exists a
conjugation which is close to the identity in a good topology taking the first system to
something closer to a reducible system. But the constant part might well be too resonant
for such a conjugation to exist. In this case, it is possible to remove the resonances in the
constant part, but then the conjugation will not stay very close to the identity except if
one accepts to give up a lot of regularity. Now we want to avoid this loss of regularity
in order to obtain a strong version of almost reducibility. So we will have to improve
the step of removing the resonances and use the following two facts: when resonances
have been removed up to some order N, firstly, the eigenvalues will be so close together
that resonances are in fact removed up to an order RN which is much greater than N;
secondly, the eigenvalues are removed in a durable way, that is, one will not have to
remove resonances again until a great number of conjugations is made that will take the
cocycle to something much closer to a reducible one. The article is organized as follows:

Section 2 is dedicated to the proof of the theorem in the analytic case. Here are the
main steps of the proof:

e Removing of the resonances by a map ® called a reduction of the eigenvalues at

order R, N (Proposition 2.6) for R, N € N\ {0}.



In dimension 2, ® will be such that for all H continuous on T¢, ® H®~! is continuous
on T¢.

This step is crucial in the obtention of strong almost reducibility. The reduction
of the eigenvalues is defined in a way similar to [3|, however here it will remove
resonances up to an order RN which is much greater than the value of the parameter
N appearing in the estimates. The parameter R will be used to define a map of
reduction of the eigenvalues at order R, N where N does not depend on the loss
of analyticity. This way, the map of reduction of the eigenvalues will stay under
control on a neighbourhood of the torus which will not have to fade totally.

Resolution of the homological equation (Proposition 2.8): if A has a spectrum ful-
filling some non-resonance conditions and F' is a function with nice periodicity prop-
erties with respect to A, then there exists a solution X of equation

8,X = [A, X] + F*. X(0)=0

having the same periodicity properties as F; it takes its values in the same Lie
algebra as does F'. Moreover, it can be well controlled by losing some analyticity.

Inductive lemma (Proposition 2.14): Tf Fe C*(2T%,G) has some periodicity prop-
erties (with respect to A), if

0.,V = AV — VA
and F' = WFU~! then there exists Z € C4(2T¢, G) such that

0.7 =(A+F)Z — Z(A' + F") (2)

with A’ reducible, F” is much smaller than F', Z is close to the identity and W'~1 F/ ¥’
has periodicity properties with respect to A" which are similar to the properties of

F.

The estimate of E’ " depends on F — FEN on the reduction of the eigenvalues ®, and
on the solution X of the homological equation.

Iteration of the inductive lemma (Theorem 2.16): We shall iterate Lemma 2.14 so
as to obtain estimates of analytic functions on a sequence of neighbourhoods of the
torus not tending to 0, by means of a numerical lemma (Lemma 2.15), to reduce
the perturbation arbitrarily.

In section 3, some lemmas are given (3.1) which show that it is possible to adapt

the proof to the Gevrey case; namely, the estimates will be analogous to those that are
obtained in the analytic case and so, by slightly modifying the parameters, the argu-
ment works in the same way: one obtains analogous reduction of the eigenvalues (3.2),
homological equation (3.3) and inductive lemmas (3.4).
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Notations, further definitions and a general assumption

For a function f € C1(2T%, gl(n,C)), for all § € 2T¢ we will denote by

0.1(6) = 10+ ) ®)

the derivative of f in the direction w. Denote by (.,.) the complex euclidian scalar
product, taking it antilinear in the second variable. For a linear operator M, we shall
call M* its adjoint, which is identical to the transpose of M if M is real. Also denote
by My the nilpotent part of M, as follows: let M = PAP~! with A in Jordan normal
form, let Ap be the diagonal part of A, then My = P(A — Ap)P~!. To simplify the
writing, if A : 2T — GL(n,C), we will denote by A~ the map 6~ A()~L. For all

m = (mi,...,mq) € 32, we shall denote | m |=| my | +---+ | mq |. The letter J will
. 0 —Id
stand for matrix J = < 1d 0 )

Definition: A function f is analytic on an r-neighbourhood of the torus (resp. double
torus) if f is holomorphic on {z = (21,...,24) € C% sup;|Imz;| < r} and 1-periodic
(resp. 2-periodic) in Rex; for all 1 < j <d.

For all subset E of gl(n,C), denote by C¥(T¢, E) the set of functions which are analytic
on an r-neighbourhood of the torus and whose restriction to R? takes its values in E;
let C¥(2T¢, E) be the set of functions which are analytic on an r-neighbourhood of the
double torus and whose restriction to 2T¢ takes its values in E. For all f € C¥(2T¢, E),
denote

[flr = sup |[f(2)]] (4)

[Imz|<r

where ||.|| stands for the operator norm.

Let C%# be the class of Gevrey 3 functions with parameter r, i.e functions f satisfying

rBlel

Y =z sup [ 9*F(9) ||< +o00
[04) 9

aeNd

Denote by || . ||, the norm
rBlel N
| F {lgr= Zd o Sup [ 7 F () ]
a€eN

To formalize the notion of reducibility, we shall introduce an equivalence relation on
cocycles.

Definition: Let G be a Lie group and G the Lie algebra associated to G. Let r,7" > 0
and A, B € C¥(2T¢,G). We say that A and B are conjugate in C%(2T¢, G) if there exists
Z € C%(2T% @) such that for all § € 2T¢,



where 0, means the derivative in the direction w. If B is constant in 6, we say that A is
reducible in C%(2T¢, @), or reducible by Z to B. We will use an analogous definition with
C%? instead of C¥.

Note that if X is the quasi-periodic cocycle associated to A, then the map A is reducible
by Z to B if and only if

V(t,0), X'(0) = Z(0 +tw)'e"Z(0) (5)
Reducibility is also equivalent to the fact that the map from 2T¢ x R™ to itself:

0 0+ w
(2) (o) )
is conjugate to a map y such that
dx (60\ [ 1
w(0)=00) "

Assumption: The frequency w is in the diophantine class DC(k,7), i.e

where r, T are fixed throughout the paper and 0 < k < 1,7 > max(1,d — 1).

2 Strong almost reducibility for analytic quasi-periodic
cocycles

2.1 Nice periodicity properties

A few definitions will first be given. The notion of "triviality with respect to a decompo-
sition" will make the construction of the map of reduction of the eigenvalues easier; the
"nice periodicity properties" have been introduced in [3] and are used in the real case to
make sure that only one period doubling will be needed in iterating the inductive lemma.

2.1.1 Invariant decompositions

The set £ = {L1,...,Lg} is called a decomposition of C" if C" = @j L;. If L,L are
decompositions of C™, then L is said to be finer than L' if for all L € L, there is L' € L'
such that L C L'; L is said strictly finer than L' if L is finer than £" and £ # L'

Definition: Let A € gl(n,C); then £ = {Ly,...,Ls} is an A-decomposition, or else
A-invariant decomposition, if it is a decomposition of C" and for all i, AL; C L;. Subsets

L; are called subspaces of L.

Let a Jordan decomposition for A be an A-decomposition which is minimal (i.e no finer
decomposition is an A-decomposition). Then
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e A matrix might have many Jordan decompositions. For instance, the identity has
infinitely many Jordan decompositions.

e A decomposition is an A-decomposition if and only if it is less fine than some
Jordan decomposition for A. Therefore, if operators A and A’ have a common
Jordan decomposition, then an A-decomposition which is less fine than this common
Jordan decomposition is an A’-decomposition.

Notation: Let £ be an A-decomposition. For all L € £, denote by o(A)z) the spectrum
of the restriction of A to subspace L.

Definition: Let x" > 0. Let L4, be the unique A-decomposition £ such that for all
L#L €L, aco(Ay)and € o(Ay)= |a—p| >+ and such that no A-decomposition
strictly finer than £ has this property.

Remark: For ' > 0, any Jordan decomposition is finer than £4 ..

Definition: Let £ be a decomposition of C". For all u € C", there is a unique decom-
position u = Y, .. uy such that u;, € L for all L € L. For all L € L, the projection on L
with respect to £, denoted by PF, is the map defined by PFu = uy.

Remark: Let A € gl(n,C) and ' > 0. If £ is an A-decomposition which is less fine than
L 4 ., then one has the following lemma, which can be found in [3|, appendix, Lemma A':

Lemma 2.1 There is a constant Cy > 1 depending only on n such that for all subspace
LeL,

1+ || AN ||)n(n+1) (9)
k!

| PE 1< co(

In what follows, Cy will always stand for this constant fixed in Lemma 2.1.

Definition: An (A, ', v)-decomposition is an A-decomposition £ such that for all L € L,
the projection on L with respect to L satisfies

1+ A K
I #E1ls ¢ (PR (10)

Remark: For A € gl(n,C), one always has A = Y, |, . PFAPf,. In particular, if £ is
an A-decomposition, then A =3, . PFAPf.

Definitions: Let £ be a decomposition. We say that

e L is a real decomposition if for all L € L, L € L;

Lemma A from [3] gives in fact an estimate which depends on || A ||, but the proof shows clearly
that the estimate in fact only depends on Axs.



e L is a symplectic decomposition if it is a decomposition of C" with even n and for
all L € £, there is a unique L’ € £ such that (L, JL') # 0;

e L is a unitary decomposition if for all L # L' € L, (L, L") = 0.

Remark:
e If A is a real matrix, then for all & > 0, £, is a real decomposition.

e For all L, there is at least one L’ such that (L, JL') # 0. This comes from the fact
that the symplectic form (., J.) is non-degenerate.

o If A € sp(n,R), then any A-decomposition £ which is less fine than L4 is a real
and symplectic decomposition. To see this, let L, L’ € £ such that (L, JL') # 0; let
v € L,v" € L' be eigenvectors of A such that (v, Jv') # 0 and A, X’ their associated
eigenvalues. Then

Mo, Ju'y = (Av, Jv') = (v, A*Jv') = — (v, JAV') = =N (v, JV')
and since (v, Jv') # 0, then A = — X'
e If Ac U(n), then any decomposition which is less fine than £, is unitary.

e If £ is unitary, then for every L € £, PF is an orthogonal projection so
| PL <1
2.1.2 Triviality and nice periodicity properties with respect to a decomposi-
tion

Definition: Let £ be a decomposition of C". We say a map V is trivial with respect to
L if there exist {m, L € £} C 1Z such that for all § € 2T¢,

U(h) =) e mimpf (11)

Lel

We say that the function ¥ is triwvial if there exists a decomposition £ such that U is
trivial with respect to L.

Remark:

o If U is trivial with respect to £ and £’ is finer than £, then W is trivial with respect
to L.

o If d, ¥ : 2T¢ — GL(n,C) are trivial with respect to £, then the product ®W¥ is
trivial with respect to L.

e If & is trivial with respect to an A-decomposition £, then for all § € 2T9, [A, ®(0)] =
0.



Lemma 2.2 Let £ be a real decomposition of C", {my, L € L} C %Zd and ¥ defined by

U(h) =) ermmpf (12)
Lel

Then WV is real if and only if for all L, m; = —mgz. Moreover, if ¥ is real, then ¥ takes
its values in SL(n,R).

Proof: Assume that for all L € £, m;, = —mg. Let u € R". Then

u = 262” —med) pLy, = Z e2mmef) Py, — W (0)u

LeL LeL

so U(#) is real.

Now suppose that ¥ is real. Then for all 6,

Z eQiﬂ(mL,G)Pf _ Z eZiW(—mL,G)P—f _ Z eQiﬂ(—mL,G)Pﬁ

LeL LeL LeL
SO mp = —my.

Suppose V is real; then for all L, m;, = —mj so ¥(0) is the exponential of a trace-zero
matrix, so it has determinant 1. [

Remark: Any map which is trivial with respect to a unitary decomposition is unitary:
let £ be a unitary decomposition, let ® be trivial with respect to £ and let L, L € L.
Then for all u e L,v € L',

((0)u, ®(O)v) = (e2mmediy, 2imimirbly) — (4 v)

Lemma 2.3 Let L be a real and symplectic decomposition and {my,L € L} be a family
of elements of 5 17 Let U = Y orec€ e?m(mL) PE - Then U takes its values in Sp(n,R) if
and only if

e forall L, m;, = —mgj

o and if (L, JL') #0, then my, = my,.

Proof: By Lemma 2.2, ¥ is real if and only if for all L, m; = —mj;. Assume now V¥ is
real.

We show first that if for all L, L/ € £, (L, JL') # 0 = m; = my,, then ¥ takes its values
in Sp(n,R). Let u,v € R". Then

(u, U(0)* TV (9)v) = (¥(O)u, J¥(D)v) = Z e2imtmL—mar1)0) Ly, J Py )

L

where M (L) stands for the unique subspace such that (L, JM (L)) # 0. Assume that if
(L, JL") # 0, then m; = my,. This implies that
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(u, U(0) T (O)v) = (Pfu, JPg ) = (u, Jv)

so ¥(6) € Sp(n,R).

Now we will show that if ¥(6) € Sp(n,R) and if (L, JL') # 0, then mj = m,. Suppose
U(#) € Sp(n,R). For any two vectors u, v,

(u, Jv) = (u, ¥(0)* JU(0)v) = (V(0)u, JU(0)v)
If u e L and v € m(L) satisfy (u, Jv) # 0, then

(u, Jv)y = (U(O)u, JU(Q)) = e2mime=mauw 0y Jy)

so mp = myyr). U
We will now define the periodicity properties.

Definition: Let £ be a decomposition of C*. We say that F € C°(2T% gi(n,R)) has
nice periodicity properties with respect to L if there exists a map ® which is trivial with
respect to £ and such that ®~'F® is continuous on T¢,

To make the family (my) explicit, we say that F' has nice periodicity properties with
respect to L and (myp,).

Remark:

o If F € C°(2T%, gi(n,R)) has nice periodicity properties with respect to a decomposi-
tion £ and @ is trivial with respect to £, then ® F'®~! has nice periodicity properties
with respect to L.

e If £ is a decomposition of C™ which is finer than £ and F has nice periodicity
properties with respect to £,then F' has nice periodicity properties with respect to

L.

e Let £ be a decomposition of C" and (my)res be a family of elements of 177, If
Fi, Fy, € C°(2T?, gl(n,R)) have nice periodicity properties with respect to £ and
(my), then the product FiF; has nice periodicity properties with respect to £ and
(mu).

2.2 Removing the resonances

In the following we will have to solve a homological equation and estimate the solution
on a neighbourhood of the torus; in order to have a sufficient estimate, one will assume
that the coefficients of the equation satisfy some diophantine conditions:

Let A € gl(n,R)and 0 < x’ < 1. Let N € N.

Definition: Let z € C,v € {1,2}. We say that z is diophantine modulo v with
respect to w, with constant k', exponent T and order N if for every m € %Zd such that
0<|m| <N,

11



|z — 2im(m,w)| > |TZ|T (13)
This property will be denoted by
z € DCY (K, T) (14)
Note that
DC’UJXQ(/{',T) C DC’UJXl(/{',T) (15)
and that every real number z is in DCU]J\{ »(3%,7) since for all m € %Zd,
1
2 = 2im(m )] = (2 + nl(m.w)))F 2 S0 > 5 (16)

Remark: In the definition above, the condition is required only for non vanishing m,
so (13) has a meaning.

Definition: A is said to have DCY (', 7) spectrum if

{ Va,B € o(A), a — B € DCY\ (', 7)

Va,B € o(A), a#B=a—8¢€DCY,(K, 1) (17)

Let N € N. Let A in a Lie algebra G. The aim is to show that there exists x > 0, A € G
such that A has DCN(x’,7) spectrum and A and A are conjugate (in the acception of
cocycles, following the definition given in the introduction). To achieve this, one has to
find a family (my, ..., m,) satisfying

V aj,ap € 0(A), aj — ag + 2im(m; —my,w) € DCle(/i’,T) (18)
Vo, op € 0(A), aj # ar = a; — o + 2im(my — my,w) € DCy(K/,7)
We shall construct the so-called map of reduction of the eigenvalues ® conjugating (in
the sense of cocycles) A to the matrix obtained from A by substituting an eigenvalue «;
by a; + 2im(m;,w), then we will prove that ¢ is G-valued.

2.2.1 Diophantine conditions

Lemma 2.4 Let{ay,...,a,} C C. Let N € N and k' < n(sﬁv)f‘ There exists my, ..., m, €

7% such that sup; [my;| < N, and such that letting for all j, &; = aj — 2im(m;,w), then

{ag, ... 00} ={a1,...,00} = Vi k, aj =a, = m; =—my (19)
n=2ay=—0q; = m; = —my (20)
Vi k, aj = —ag = my; = my (21)

12



Vi k, |oj —ag] < K =mj =my (22)

Vi, |Im64j| < |Im0zj| (23)
Vi k, a; = ay = @ — a, € DOY, (K, 7) (24)

and
Vi k, a; # ay = d; — dy, € DON, (K, 7) (25)

and such that if not all m; vanish, then there exist j, k such that

loj — ag| > K, |ay — ag| <K (26)
Moreover, there exist my,...m, € Z%, with |m;| < N for all j, fulfilling conditions (21),
(22), (23), such that
Vjk, @ —dx € DCJ, (K, 7) (27)
and such that if not all m; vanish, then there exist j, k such that (26) holds.
Proof: We shall proceed in two steps. The first step consists in removing resonances
which might occur between two eigenvalues whose imaginary parts are nearly opposite
to each other. Once this first lot of resonances is removed, the second step consists in

removing the resonances which might occur between two eigenvalues whose imaginary
parts are far from opposite.

e Let 1 < j < n. Suppose that there is an m € Z4,0 <| m |< N such that

then let o = a; — 2im (3, w). Otherwise, let o = a;. Note that if |o; — ag| < £" and

if there exist m; # my, such that

/ H/
s | 2Imay, — 21 (my, w) <

| m; |

2Ima; — 2m(m;,w) |<
| J < J >| |mk |T

then

| 2im(m; — ) | <

which is impossible since w is diophantine. Therefore conditions (19) to (24) hold with
oy = a; and my such that a; — o} = 2im(m;, w).

e Let I_,, ..., I, be the finest partition of {1,...,n} such that

13



| Im(a; — o) [<KK =3 —r <" <r|j kel

and choose the indices in such a way that

' <" =Vjel.Vke IT//,Ima; < Ima),
Note that Iy might be empty. We will proceed by induction on 7’ to prove the following
property P(r):
There are mf,m’y,...,m.,,m" , € Z* with sup; <. |m/;| < N such that properties (19)
to (25) hold for all =" < ry,ro <7r'j€ I,k € I, with m; instead of m; and a; instead
of a;.

e Case 1’ = 0: if Iy is empty, then P(0) trivially holds. Assume Ij is non empty. Then
for all j,k € I and all m € 327 such that 0 <| m |[< N,

| af = af — 2im(m,w) 2| Im(a; - a}) — 2m(m,w) |>

S0 af —ay € DC’ij(/{', 7) and P(0) holds true.

o Let v < r —1. Assume P(r’) holds. Consider I,,,; and I_,._;. There are two
possible cases.

e There exist —' <" <7’ j € L,k € I,,;; and m € Z% such that | m |< N and

K
| o — o, — 2im{mn +m,w) |<
J | m ‘T
e The case above does not hold.
In the first case, let m,, ., =m = —m’_,_,. In the second case, let m/, , =m’ ,_, =0.
Now m/, ., and m’ ,_, are independent from j, k. To see this, suppose there are ji, j €

I, ki, ko € I,,,my # my € Z¢ such that for | = 1,2,

/

/ / .
| o, =, = 2im{my ) [< o

Then
K
| 2r(my — mo,w) |< ———
| my —my |7

which is impossible. Therefore P (7’ 4 1) holds true.
e Once m},...,m.,m' |,....m"_ € Z% are defined, conditions (19) to (25) hold with, for
all j € Iy, & = o, — 2im(m;,,w) and m; such that a; — &; = 2im(m;,w). Condition (26)
is obvious by construction.
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e By proceeding only with the second step, one gets my,...m, € Z%, with Im;| < N for
all j, satisfying conditions (21), (22), (23), such that

Vi k, &; —dy € DCﬁfl(/{',T)
and such that if not all m; vanish, then there are j, k such that (26) holds true. [

Lemma 2.5 Let {ay,...,a,} € C. For every RN € NN > 2 R > 1, there ezists
N €[N, R%"("_l)N] and my, ..., m, € $2% with

sup |m;| < 2N (28)
J

such that letting &; = oj — 2im(m;,w) and
K
K = - 29
n(8REM D+ Ny 29)

conditions (19) to (23) of Lemma 2.4 hold for ' = k", and such that

Vi k, &; — dy € chjff (K", 7) (30)

and

Vi, k, oj £ ay = &; — ay € DCEY (r",7) (31)

Moreover, there exist my,...m, € Z% with |m;| < N for all j such that conditions (21),
(22), (23) and (30) hold true.

Proof: If «; satisfy for all j,k
o =ap = a; — oy € DCﬁ]lV(/{”, T) (32)
o F o = a; — oy € DCﬁéV(/{”,T)

then we are done with N = N and my = --- =m,, = 0.

Suppose (32) does not hold. Then apply Lemma 2.4 with N = RN, &' = k" to get

mi,...,m} such that

Vi, k, a5 = ap = m; = —my,
v ] l{} L= — = 1 = 1
; A o " m] 1 M 1 (33)
Vi k, |aj —ax| <K= my =my
Vi, [Imay — 2im(mj,w)| < |[Imay|
and
o = = oy — ay — 2im(m; —my,w) € DCIY (K", 7) (34)
o # ap = aj — a — 2im(m; —my,w) € DCEY (K", 7)
and such that there exist jy, ky satisfying | Im(ay, — a,) — 2im(m;, —my, ,w) |< K"

Assume there are mf, ..., mj, such that sup |mj| < (R+ R*+---+ R")N and that for all
j7 k?

15



Vi k, a; = ap = mji = —my
Vi k, aj = —ap = mj =my

Vi k, |aj — x| < K" = ml=my (35)
Vi, [Ima; — 2im(m}, w)| < [Imay]
and
o = ap = o — ap — 2im(m; —my,w) € DCE&N(H”,T) (36)
o # ap = o — g — 2im(m}; —mp,w) € DCEN (K", 7)
and suppose there exist distinct (jq, k1), ..., (jr, k) such that for all [ <7,
| Imay;, — Imoy, — 2im{m}, —my, ,w) |< K" (37)
If moreover one has for all j, k
o = Qp = o — a — 2im(m — my, w) € DCRTHN(F; T) (39)
aj # Qp = o — o — 2im(m — my, w) € DC’RTHN(/@ ,T)
then the process ends with N = R"N and m; = m} since it is true that
1 — &
|mf |<(R+R*+---+R')N<R'N — R <2R'N (39)

R

Otherwise, iterate once more Lemma 2.4 with N = R"*'N and aj — 2im(mj,w) in place
of aj to get mi*!, ... m/ ! such that sup [m;™'| < (R+ R?+--- + R™™)N and for all
Js k,

Vi k, oy = ap = mit = —mit!
‘ 1 1
Vi, k, a = —ay :> m7"Jr =mt (40)
Vi k, |laj —ag| <K' = mTH =m,

v, |Ima] — 2im(m} ™, >\ < [Imay|

and
aj = ap = a; — oy — 2im(m; T — mi ™ w) € DCEN (k7 7) (41)
o # ap = a5 — ay — 2im(m; 1 —mi w) e DCRTHN(H”,T)
and that there exist distinct (ji, k1), ..., (jri1, kre1) such that for all I <r+1,
| Imay, — Imoy, — 2im(m/ —mp ™ w) |< K" (42)
Therefore, for all 1 <[ <r 41,
o, — g, — 2 — )| <K (43)

This implies that for all m € %Zd such that 0 < |m| < RN and forall [,1 <[ <741,

;l“ mZ;rl, w) — 2im(m,w)| > r

=y o E W

laj, — ag, — 2im(m
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so for all | <r+1,

aj, — o, — 22'7T(m§l+1 — mzlﬂ,w) € DCﬁ]g(/@", T) (45)

Therefore, after 7 < @ steps, one gets conditions (30) and (31) with m; = m’ and

a; = a; — 2im(m;, w) and [Ima; — 2im(my,w)| < [Imay|. It is true that | m} [< 2V and
conditions (19) to (23) of Lemma 2.4 are also satisfied.

Lemma 2.4 implies that if conditions (19) and (31) are not required, then one can get
mi,...my, € Z%. 0O

2.2.2 Reduction of the eigenvalue

Now the preceding lemmas will be used to define the map of reduction of the eigenvalues
® which will conjugate A to a matrix with DCEN (k" 1) spectrum for some x”, with R, N
arbitrarily great and ® bounded independently of R.

In all that follows, G will be a Lie group among

GL(n,C),GL(n,R), Sp(n,R), SL(2,C), SL(n,R),O(n),U(n)
and G will be the Lie algebra associated to G.
Proposition 2.6 Let A€ G, R> 1 and N € N. There exists N € [N, R2"""DN] such
that if
" — K

n(gR%n(nfl)JrlN)T
then there exists a map ® which is trivial with respect to L4, and G-valued and such
that

(46)

1. for allr >0,

1 A n(n+1) . 1 A n(n+1) .
‘(I)‘T/S’H,CO( +|| N||) e47rNr7 |(I)1|T/SHCO< +|| N||) e47rNr

KJ// /{//
(47)
2. Let A be such that
VO € 2T¢, 0,8(0) = AD(9) — ®(9)A (48)
then
I|A— Al < 47N (49)

and A has DCEN (k" T) spectrum.
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3. If G = gl(n,C) oru(n), ® is defined on T.
4. If G =o(n) or u(n), then

‘(I)‘r’ < n€47r]\7r’7 |(I)71|r/ < ne47rNr’ (50)
5. If G = sl(2,C) or sl(2,R), then either ® is the identity or || A ||< k.
Proof: Let {ay,...,a,} = 0(A). Two cases must be considered:
e If G = gl(n,C) or u(n), Lemma 2.5 gives N and m; € Z% for j = 1,...,n such that
N < N < Ra"(-D N, sup |m;| < 2N
J
and such that conditions (21) to (23) of Lemma 2.4 hold with " = £", as well as
conditions (30).
e If G = gl(n,R), sp(n,R), sl(n,R), sl(2,C) or o(n), Lemma 2.5 gives N and m; € $Z°
for j =1,...,n such that

N<N< R%"("_l)N; sup |m;| < 2N
J

and such that conditions (19) to (23) of Lemma 2.4 hold with " = ", as well as
conditions (30) and (31).

For all j there is a unique L € L4 .~ such that o; € U(A‘L). Let my = m;. Then my, is
independent of j thanks to property (22).
For all § € 2T, let

@(9) _ Z e2i7r(mL,€>PfA,n”

LELA,K”

By construction of the (my), ® is defined on T¢ if G = gl(n, C) or u(n). Let us prove that
® is G-valued.

e if G = gl(n,C), this is trivial;
o if G =5sl(2,C) or sl(2,R), this comes from condition (20);
e if G = u(n), ® has unitary values.

e if G = gl(n,R), this comes from Lemma 2.2, since L4 .~ is a real decomposition and
according to Lemma 2.5, for all L € L4, mp = —mj.

e if G = o(n), the map ® has values in real unitary matrices, i.e orthogonal matrices.
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e if G = sp(n,R), L4, is a symplectic decomposition. Lemma 2.5 ensures that for
all L € L4, mp =—mp and

VL, L, e ACA,K”? <L’ JL’) # O :> mL ) mL,

Therefore Lemma 2.3 implies that for all # the matrix ®(0) is in Sp(n, R).

Properties (30) and (31) ensure thatifl has DCEN (K", ) spectrum.
Moreover, for all L € £, |my| < 2N. The estimate of each PF recalled in Lemma 2.1
implies that ® satisfies the estimate

n(n+1
mem)<’&mw
K//

Bl < nCo (
and so does &1 since

-1 _ —2im(my,,.) pLas
o = E e =

LG‘CA,NH

Now if G is o(n) or u(n), then every projection Pf 4*" has norm 1 and therefore ® and
d~! satisfy (50). By definition of A,

VL€ L', o(AL) = o(A;L) — 2im{mp,w)
and by property (23),

Vo e o(AL), |a—2im(myg,w)| < |of

Let P be such that PAP™! is in Jordan normal form, let «; be the eigenvalues of A and
p; the columns of P, then for all 7,

(A = Ayl = |[2im{m;, w)pyl| < 47 Ipy |

So |A—A|| < 47N, whence property (49). Finally, if G = sl(2,C) or sl(2,R), then either
A=A, or Ais diagonalizable, and then A is also diagonalizable, so their norms are the
modulus of their eigenvalues and by condition (26), || A ||< x”. O

Definition: A map ¢ satisfying the conclusion of Proposition 2.6 will be called a map
of reduction of the eigenvalues of A at order R, N.

In dimension 2, the map of reduction of the eigenvalues ® satisfies the following property:
for every function H continuous on T? and with values in gl(2,C), ®H® ! and ®1H®
are continuous on T¢.

Dimension 2 has, indeed, the particularity that every decomposition £ of R? at most two
subpaces L1, Lo, in which case my, +my, € Vi (if the decomposition is trivial, my = 0).
In any case, Y, . my € Z*.
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2.3 Homological equation

Solving the homological equation is a first step towards reducing the perturbation.

Notation: For every function F' € L?(2T¢) and every N € N, we will denote by F'V and
call truncation of F' at order N the function that one obtains by truncating the Fourier
series of F"

FN(Q) _ Z F(m)ezmm,e)

Im|<N

The following lemma will be useful in the solving of the homological equation.

Lemma 2.7 Let f,g be trigonometric polynomial with g real on RY. Let r > 0,7" €]0,r|
and suppose that there exists C' such that | f|,» < C|gl|,. Then for all m € 17,

|f62i7r(m,.)|r, < C|962i7r(m,.)|r (51)
Proof: Since g is real,

vm € Z°, g(—m) = g(m) (52)

so for all z and all y € [—r, T]d,

.T zy Zg 2z7r (m,z—iy) Z 2z7r —m,—x+1iy) Z e2z7r —m,x+iy) _m

m m

which implies that for all z, v,

| g(z —iy) [=| g(x + iy) | (53)

Let us show that for every m € Z¢,

‘g|r€27r\m\r — ‘g€2i7r<m,.>‘r (54)
By the maximum principle,
lgl- = sup gz +iy)|=  sup  |g(x+iy)]
3|y | <r 1< <d z;ly;|=r,1<j<d

Let yo such that

| 9 lr=sup | g(z + iyo) |
xT
then, for m having only one non-zero component m;, either

2m|m|r

2¢m{m,x+iyo) |_
- r

2i7r(m,.)|

lg|re = sup | g(z +iyo) | | e |ge

if m; et (yo); have opposite signs, or
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|g|r627r\m\r _ sup | g(ZL‘ o 'LyO) | | 62i7r(m,x—zyo |96227r m,. >|7"
if m; et (yo),; have the same sign, whence (54) if m has only one non-zero component. For
1<l <d, let my = (myq,...,my,0,...,0). Assume that
|g ‘r 627r\m\ _‘ ge2z7r mj_1,.) ‘r e27r(\mj|+...+|md|)r

and that | ge?™™i-1) | is reached at §. Let d; € {—1,1} be such that m; and §,3; have
opposite signs. Then

| g |, e2mImir —| ge2mmioi) | g2r(myltimalr
_ . — 20 (M — 1,2+ (Y1 e Ygyeeey 2 (|myg |4+ |mg|)r
= sup |g(l'+2(y1’”.’yj"“’yd))e (mj—1 (Y15-sTj 5 Yd)) |€ (Im;] Imal)
m7yk7k7é.7
_ . — 207 {m; 1,2+ (Y1,0e,0 G yenr 2imm; (x;+1i0,7;
= sup | (@ +iYr, -, 050, - ya) )T T G5 2 (050 |
$7yk7k‘¢j

e2m(lmjp1 |+ |mal)r

_ . = 2t (e, x+i(Y1,e,0G5,--,Yd) m +- o |mgl|)r

— sup'|g(x+2(y1,...,5jyj,...,yd))6 {m a+i( 3Uisee¥a)) | @2mmsal Imal)
7yk7k7é]

—| gteﬂ— m]7> |T‘ 627T(‘mj+1|+"'+|md|)r

and (54) is obtained through a simple iteration. Thus
|f 2im(m,. | < |f| 27r|m|r/ < C|g|re27r|m|r _ C|962i7r<m,.>|r 0

Remark: If f, g are matrix-valued trigonometric polynomials, f = (f;x),9 = (g;%), and
¢ has real coefficients on R?, a similar statement holds. For if

\fl= sup || fx+1iy)|I<Clgl,=C sup || g(z+1iy) |

@, |y; | <r’ z,|y;|<r

as the norm of the greatest coefficient is equivalent to the operator norm, one has

Sup | ikl < CC sup |95kl
]7

j?
for some C” only depending on the dimension of the matrices. So from Lemma 2.7, since
there exists jo, ko such that

Vik, | fik 1< CC"| gjo.ko Ir
then

sup | f;xe” ™, < CC sup [g;pe®™ ™|,
Jsk i,k

and as the norms are equivalent, the statement also holds in operator norm:

|fe2i7r(m,.> |r/ < CC//|ge2i7r(m,.> |r

for some C” depending only on the dimension of the matrices.
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Proposition 2.8 Let
e NN,
o k' €]0, k],
ey =>n(n+1),
o 0<r' <.

Let A € G have DCL\I(/{/, 7) spectrum. Let F € C*(2T%, G) with nice periodicity properties
with respect to an (A, k', y)-decomposition L. Then equation

9 € 2%, 9,X(0) = [A, X(0)] + FY () — F(0); X(0)=0 (55)
has a solution X € C%(2T%, G) such that
e if I has nice periodicity properties with respect to £ and (mp), then X has nice

periodicity properties with respect to £ and (my); in particular, if F is defined on
T, then so is X,

o if O is trivial with respect to L, then there exist C', D depending only on n,d, T such
that

1+||/~1 || 2n2y+D
DIXD|, <" <7N> D LFD|, (56)

(r —7r")K

Moreover, the truncation of)z' at order N 1s unique.

Proof: e Let C' € GL(n,C) be such that C~'AC is in Jordan normal form. Conju-
gating equation (55) by C'~!, decomposing into coefficients z; of C~'XC and developing
into Fourier series, one gets for all m € %Zd, with v =1 or 2 according to the periodicity

of (CYFN = F(0)C)j,

i(m, w)z;p(m) = (@5 — @) u(m) + 0141 (m) + Gojoyi(m) + f(m) — (57)
where 0y, 0, are 0 or 1 and f(m) stands for the m-th Fourier coefficient of the function
(CTHFN = F(0)C)-

The diophantine conditions given by Proposition 2.6 allow the existence of an analytic
solution to the set of equations (57), therefore (55) has a solution X.

e Now we shall see that X* is unique. Suppose that X and Y are both solutions of (55).
Then

A A

(X —Y)=[A, X —Y]; X(0)—Y(0)=0 (58)
The diophantine conditions on flA imply that the truncation at order N of any solution of
(58) is constant, and condition X (0) — Y (0) = 0 implies that it vanishes, so XV = YV,
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e To check that X is G-valued, it is enough to show it for X*, since one can assume that
X =XV,

o if G = gl(n,C), this is trivial.

e if G = gl(n,R), this comes from the unicity of the solution up to order N, since X
and its complex conjugate are solutions of the same equation.

e if G = sp(n,C), then

VO € 2T¢, 8,J(X(0)J + JX(0)) = —J(X(0)*J + JX(0)A — JA*(X(0)*J + JX(6))

= [A, J(X(0)"J + JX(6))]
Diophantine conditions on A imply that XjJ +JX is constant. Condition ):( 0)=0
implies that for every 6 € 2T, X (0)*J+JX (0) = 0, so X takes its values in sp(n, C).

e if G = wu(n), proceed as in the sp(n,C) case, showing this time that X* 4+ X is
constant and thus is zero.

e if G = sp(n,R) or o(n), use the previous cases and the fact that sp(n, R) = sp(n,C)N
gl(n,R) and o(n) = u(n) N gl(n,R).

e if G = sl(n,R) or sl(2,C), note that the trace of X is solution of

V0 € 2T, 0,(TrX(0)) = Tr[A, X (0)] = Tr(AX(0)) — Tr(X(0)A) =

so it is a constant, and as TrX (0) = 0, it is identical to zero.

e As for periodicity properties, equation (55) decomposes into blocks according to £, then
into Fourier coefficients: for 0 < |m| < N,

2% (m, ) (PEX (m)PE) = PEAPEX (m)PE — PEX (m)PEAPE + PEF(m)PE  (59)

Let (my) be a family such that F has nice periodicity properties with respect to £ and
(mg). If m is not in Z% + my — mp/, then PEF( )PS5 = 0 and since X7 is unique,

PﬁX( )PE = 0. For |m| > N one can assume X (m) = 0. Therefore X also has nice
periodicity properties with respect to £ et (mp).

e Finally let us prove the estimate (56). Let m € 1Z%, |m| < N. First we shall prove that
forall L,L' € L,

n? n?—1)r
(L4 | AN D™~ ]
K!/(n?—1)

I1PEEm)PLII(IPEI I PEID™ (60)

|PEX (m)PE|| < C"
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where C” only depends on n. The proof will be inspired by [3], Lemma 2. Let Ay 1 be
the linear operator from gl(n, C) into itself such that for all M € gl(n,C),

Ap M = APEM — MPEA

Decomposing (55) into blocks, then into Fourier series, one obtains for all L, L/ € £ and
all m € $7Z% such that 0 <| m |[< N,

(PEX(m)PE) = (2im{m,w) — Ap1) ™ PEF(m)Pf; (61)

Write Ay 1/ as an n?-dimensional matrix. Let Ap € gl(n? C) be a diagonal matrix and
Ay € gl(n?,C) a nilpotent matrix such that

(2im(m,w) — Ar ) = Ap — An
Then Ay coincides with the operator
Ay : B (APEF)yB — B(PEA)

Moreover,

(2im(m,w) — App) ™t = ApH(I + ANAp' + -+ (AnARH)™ )
We will estimate (2im(m,w) — A )", form € Z4if L = L' and m € 324 if L # L.
Each coefficient of A;'(AyAL") ~! has the form Ewith [ p |<]] Ax [[”~*and ¢ = By ... 5;
where f3; are eigenvalues of 2im(m,w) — AL 1. Now
J(AL,L/) = {Oé —ao | o e O'(A|L),O/ € U(A‘L/)}
and for all @ € o(A),a’ € a(A),

!/

| o — o — 2im{m,w) |> T

for all m € Z% if L = L' and all m € 2 if L # L’ Thus

2

. — n2 1 n2— ‘m|7- m
| im(m, w) — Ap) ™" || <027 (1 || Av || (I PEIL + 11 PE D) 1(

and (61) implies (60).
e The estimate (60) implies that

~ n2_
(L+ [[ApID™ !
KJ/(nQ—l)

‘PLEXP5|W < '

> lm| I PEE P e e (|| P || PE )
(62)

where C’ only depends on n. Now
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Z |m|(n271)7— —2m|m|(r—r") <O, Z M n?-1) T+d6727I'M(T77‘/)

m M>1

o C
(n2=1)7+d —2mt(r—r'") d
S CdA t e dt S (27]'(7" _ T_/))(n2_1)7-+d+1

where Cy only depends on d, so

|P5XP§‘ , < C” (1 + ||AN||>n2_1

~ w2
- (7’ — T/)(n2—1)7+d+1 K!(n%=1) ‘PfFPf’|r(||PL£|| ||PL£’H) ' (63)

where C” only depends on n,d, 7.
Let (m],)rec a family of elements of $Z% and @ defined by

P = ZPL 2im(m/ .

LeLl
then

|(I)_1X(I>|r/ — | Z PLEXGQiW<m’L—m/L”->P§|r/
L.L'el

and since £ is an (A, k/, v)-decomposition, then Lemma 2.7 applied to (63) gives

~ 2(27+1)
5 C! 1 A N
XD, < s + [1Av]l |PEO PO PE|,
L L

_ wN\(n2=1)7+d+1 /
(r =)D .

where C3 only depends on n,d, 7, whence (56). [J

Remark: The loss of analyticity r — r’ is needed in order to have good estimates of
the solution. Note that when G = o(n) or u(n), then Ay is zero, thus the estimate does
not depend on A.

2.4 Inductive lemma without reduction of the eigenvalues
2.4.1 Auxiliary lemmas

The first lemma will be used to iterate the inductive lemma without having to perform
reduction of the eigenvalues at each step, which will greatly improve the final estimates.

Lemma 2.9 Let
e v €]0,1], C' >0,
e [ €G,
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e &= ||F]],
e N€eN,
e AcG with DCYN(x',7) spectrum.
There exists a constant ¢ only depending on nt such that if € satisfies

T ! 2n
g§c<07”;) (64)
1+ |[A]l

and

| log €|
C

N < (65)

then A+ F has DC§(3T“/, T) spectrum.

Proof: If & € o(A+ F), by Lemma 4.1 given as an appendix, there exists o € o(A)
such that | — &| < 2n(||A|| + 1)éx.

By assumption/i has DC’f(/{/, 7) spectrum. Thus for all , 8 € o(A+ F) and all m €
74,0 < |m| < N,

!/

la — B — 2im(m,w)| > — dn(||A]| + Déx (66)

m|”

and if a # $3, (66) holds for every m € 3Z4, 0 < |m| < N. Therefore it is enough to show
that

/
AnNT(||A]| + 1)ér <*jz

Now there is a constant ¢ < 1 which only depends on n7 such that if € < ¢, then

(|logél)” < &

so if

C™r n
e<e( o)
16n(]|A|| + 1)
by asumption (65), then
/
An(l|All + D& NT < dn(|| 4] + Dem T <
which proves the Lemma. []

If G is compact, then by lemma 4.2, the same is true under a smallness condition which
does not depend on A.

Lemma 2.10 Let
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[ ]
me

Il
4

e NeN,
e AcG with DCYN(x',7) spectrum.

There exists a constant ¢ only depending on T such that if € satisfies

£ < c(CTK)? (67)
and
i < Hoge (68)
- C

then A+ F has DC’LJUV(?’T"‘/, T) spectrum.

Proof: If & € o(A+ F), by Lemma 4.2, there exists a € o(A) such that |a — &| < &
Since A has DCX(K', 7) spectrum, then for all a, 3 € o(A+ F) and all m € Z4,0 < |m| <
N

Y

Y (69)

and if a # B, (69) holds for every m € 1Z¢ 0 < |m| < N. There is a constant ¢ < 1
which only depends on 7 such that if € < ¢, then

(|logel)” < &

so it is enough that

The following lemma will be used to avoid doubling the period more than once.

Lemma 2.11 Let A, A" € gl(n,R) and H : 2T¢ — gl(n,R). Assume that H has nice
periodicity properties with respect to an A-decomposition L and assume

VL,L' € L, PF(A' — A)Pf # 0 = PFHPf, € C°(T, gl(n,R)) (70)

Then H has nice periodicity properties with respect to an A’-decomposition which is less
fine than L.
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Proof: Define a decomposition £’ of C™ as follows: for all L, L' € L,

(B3Lye L' | L C Ly, L' C Ly) & PFHPE € C°(T¢, gl(n,R))

Let (my) be a family such that H has nice periodicity properties with respect to £
and (myp). For all L’ € L' let L be a subspace of £ contained in L' and let mp = my;
the class of my, in the equivalence relation

me~m <m-—m ezl
does not depend on a particular choice of L. Then for all L' € L/,

o , o
tew(mL/,.)Pﬁ/ — E €2m<mL/">Pf

LeL,LCL’!

so for all Ly, Ly € L',

e 2 —my, ) 2imlmr, —my s — (L, — .
PLEI/HPLE;GQM(mLI MLy E : PLEI HPf/ e “r<mL/1 mpl, >6 im(mr,, mpt (G mL/2)7>
1 2

L/chl,L/QCLQ
which is continuous on T¢. Moreover, let Ly € £', then
£ pl L7 pL
Pr HP; = E PrHPr,
L,L/e;C,LCLO,L/CZ/O

which is continuous on T?. Thus H has nice periodicity properties with respect to £'.
By definition, £ is A-invariant. Moreover, assumption (70) implies

A—A=) PEA-APL
L'el’
so it also implies that £’ is A" — A-invariant. Thus, £’ is A’-invariant and so it is an
A’-decomposition. [

Here is a standard lemma on the estimate of the rest of the Fourier series for an analytic
function.

Lemma 2.12 Let H € C¥(2T%, gi(n,C)). Soit N € N and H" the truncation of H at
order N. Then for all ' < r,

CN¢?

N
|H —H |r’§m

|H|7»6_27TN(T_TJ) (71)
where C" only depends on d.

Proof: It is a simple computation. Since

H-—HY = Z ﬁ(m)e2”<m">

|m|>N
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then

|H — HN|T, < Z ||f{(m)||62n|m|r' < |H|7" Z 6—27r\m\(7’—7»/)
|m|>N Im|>N

, N /
d_—2nM(r—r') _ ' 2wN(r—r')
<ClH|, Y M < Ol e -
M>N

2.4.2 Inductive lemma
Proposition 2.13 Let
e ¢>0,7<1,# €L, >0NeN~y>n(n+1),C>0;
e e C¥(2T%, G), Aecg,
e L an (A, K ~)-decomposition.
There exists a constant C" > 0 depending only on T,n such that if
1. A has DCN (', 7) spectrum;

2.

2 k' \ 2"
FO)|l<e<C"| ——— 72
|
1+ [| Al
and
o _ |logél
N < C (73)

3. I has nice periodicity properties with respect to L

then there exist

e (' € R depending only on n,d, k, T,

e D € N depending only on n,d, T,

e X € C4(2T%,G),

e Acg

o an (A, 37“/, 7v)-decomposition L'
satisfying the following properties:

1. A’ has DC’UJF(?’T””/,T) spectrum,

2. ||A — A|| <&
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8. the map F' € C%(2T%, G) defined by

Vo € 219, 0,5 = (A + F(0))eX® — X0 (A + F'(9)) (74)
has nice periodicity properties with respect to L'

4. If @ s trivial with respect to L,
then

~ D~

1 A ~

' X D < C Lt ] Al D7 FO|; (75)
K (T —7")

5. and if @ is trivial with respect to L,

~ D~
1 A _ -
|(I)—1qu)|7:/ S Cl < + || N||> e|<I> 1X¢|F"®_1Fq)|f

K (T —7") (76)

(DI~ N2V | O~ Fd|s(1 4 el X0l

Moreover, if F' is continuous on T%, then so are X and F'. If G = o(n) or u(n), then the
same holds replacing condition (72) by

|E(0)]] < &< C"(CTK)? (77)

Proof: By assumption, ﬁl has nice periodicity properties with respect to £ and some
family (my) and A has DCY(k/,7) spectrum, so one can apply Proposition 2.8. Let
X € C%(2T4,G) be a solution of

9 € 2%, 9, X(0) = [A, X(0)] + FV(6) — F(0)

satisfying the conclusion of Proposition 2.8.

Let A’ = A+ F(0). Then A’ € G and ||A — A'|| = [|F(0)]], so property 2 holds.
Moreover, let ¢ be the constant given by Lemma 2.9, and assume C” < ¢. Assumptions
(72) and (73) make it possible to apply Lemma 2.9 and infer that A’ has DCY (2, 1)
spectrum, thus property 1 holds. If G = o(n) or u(n), one can apply lemma 2.10 instead
of lemma 2.9 to get the same result with the weaker smallness condition (77).

Let F' € C%(2T¢,G) the map defined in (74). Then

k—1

~ ~ ~ 2 1 o 2

Fl=eX(F—F") 4+ e XF(eX = Id)+ (¥ = Id)F(0) —e X ) o > XHFN — F(0) Xk
k>2 7 1=0

(78)
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We shall appply Lemma 2.11 with A = A and G = F”, in order to get property 3. The
map [ has nice periodicity properties with respect to E and some family (mp) since X
and F have them. Moreover, as F' has nice periodicity properties with respect to £,

PEEF(0)PE 0 = PEFPE € C°(TY)

and since

PEFPE € CTY) = my —myp € Z¢ = PFF'PF € C°(TY)

then assumption (70) of Lemma 2.11 is fulfilled. By Lemma 2.11, F’ has therefore nice
periodicity properties with respect to an A’-decomposition £’ Wthh is less fine than L,
so L' is an (A, ', ~)-decomposition. As it is an (A, &/, v)-decomposition, and by property
2, each subspace L € L’ satisfies

y
/ 1+ || A ] +26\7 1+ || A
|| Pf ||< C()( || Ii\//“ ) <CO< H N||>

3w/
4

and so L' is an (A, 34 ,7)-decomposition, thus property 3 is satisfied.
Property 4 is given by Proposition 2.8.

e By Lemma 2.12,

NT (=
e—27rN(7"—r )

~ ~ N rd| T
[F = e < GNP ey

where C only depends on d. By (78), (56) and Lemma 2.12, it is true that

14 [|An]|
K (T —7")

| DTLED| (1 4 el Xl )

|(I) 1F/(I)| < C”( ) \<I>*1X<I>|F/‘(I)flﬁv(mf(m)mq)fl|§Nd6727rN(F7F’)

where C’ only depends on n, d, k, 7 and D only depends on n,d, 7, whence property 5. [J

2.5 Inductive step

Now we are able to state the whole inductive step. In the following we will denote

N(Tv 6) 27r7’ | log €|
Rir.") = es0!nn — 1) + 1? (19
" — K
w1 €) = n(BR(r) 2" DN ()T

Proposition 2.14 Let
e A,
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o < %,T” c [%r,r[,’y >n(n+1),
e A F c Cf(QTd,g) and ¥ € C;“(QTd,G),
e c=|F|,

There exists C' > 0 depending only onn,d, k, 7,7 and there exists D3 € N depending only
on n,d, T such that if

1. A is reducible to A by U,

2. WLE'U has nice periodicity properties with respect to an (A, k" (r,r" €),~)-decomposition

L

~r
¢ < ( C N T/I)Dg’y (80)

Al
4o 0] < (9720 et [, < (1),
then there exist
o c [‘ER(T,T”)"2’€100];
e 7' € C%(2T4, G),
o A F' € (C% (2T G),
e U c C¥(2T4, @),
e A cg
satisfying the following properties:
1. A’ is reducible by V' to A’,

2. the map O'~'F'V has nice periodicity properties with respect to an (A', & (7", 7" — 5= €), 27))-
decomposition L'

3. |Fl|r// S 6’7
4o W | < (3)50) and W0 < ()30,
D

5. | A < ||Al[+ [loge | (7)™
6. o -

0.2' = (A+ F)Z' = Z'(A' + F) (81)
7. )

|Z' — Id|,» < 1 (A+[lAD Togel\ ™ (1-40r=r") (82)
oo r—r

and so does (Z')~' — Id.
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Moreover,

e in dimension 2, if A, F are continuous on T?, and if assumption 2 is replaced by

2°. W is such that for all function H continuous on T¢, WHY™! is continuous on
Td

)

then Z' A", F' are continuous on T? and property 2 is replaced by

2°. W' is such that for every function H continuous on T¢, W HW'~! is continuous
on T9.

e If G =gl(n,C) oru(n) and if A, F,V are continuous on T?, then Z', A', F', V' are
continuous on T?.

o if G =o(n) oru(n), the same holds with the weaker condition

e < C'(r—r")P (83)
instead of (80);

e if G =5l(2,C) orsl(2,R), then either W'~V is the identity or || A" ||< K" (r,7", €) +
1
€2.

The proof will be made in two steps: the first step is to reduce the perturbation when
there are resonances. The second step is to iterate Proposition 2.13 as many times as
possible using the fact that resonances, once removed, do not reappear immediately.

First step: removing the resonances Let 1’ = %7"" Let R = R(r,7"); N =
N(r,€); k" = K"(r,7",€). Let N be given by Proposition 2.6 and ® a map of reduction of
the eigenvalues of A at order R, N. Let ¥/ = U® and F = (V)1 F¥'.

We shall apply Proposition 2.13 with

S T TS R . i V
6:61 2(r—r") 8, r=r, T,:T,7 H/:_ N:RN,C:

and A € G such that

VO € 2T, 0,8(0) = AD(H) — B(A)A
Let C” be given by Proposition 2.13 (depending only on n and 7).

The matrix A has DCEN(x” 1) spectrum. By assumption, ¥~'F¥ has nice periodicity
properties with respect to an (A, k", v)-decomposition £ and some family (my). Moreover
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® is trivial with respect to L4 .. Since £ is an A-decomposition, there is a Jordan decom-
position which is finer than £; and since L4, is less fine than any Jordan decomposition,
one can define an A-decomposition £ in the following way:

LeL&s3l el Loe Loy | L=LiNLy

L is an (A, é—/;, 27)-decomposition since £ and L4, are (A, k", ~)-decompositions and F
has nice periodicity properties with respect to £. Since £ is an (A, g—g, 27)-decomposition,

it is also an ([l, g—g, 27)-decomposition (because the nilpotent parts of A and A coincide,

and because any Jordan decomposition for A is a Jordan decomposition for fl)
Moreover,

IEO)] < [Flo < [@lol® o]l ¥~ ol F1o
Now by (47), for all & >0,

n(n+1
L+ [|Avll ) " s (54)

/{//

(@< Cy (
and so does ®~!. Thus

K/I

|F(0)]] < =22 (

therefore, if " < C% and Dgy > 96n(n + 1), then

1

IE )] < =23
Assumption (80), which implies (72) with

C

(T _ T,/)4n

(note that (T_T,)M% has a lower bound which is independent of r — '), together with

the choice of N which implies (73), make it possible to apply Proposition 2.13 to obtain
C’" > 0 depending only on n,d,k,7, D € N depending only on n,d,7 and functions
X € C%(2T4,G), Fy € C%(2T4,G), and a matrix A; € G such that

8nT
cr< oM < (n_1)+9) , D3y > 64n(n(n —1) + 2)71

o A, has DCIN(3 (%) ,T) spectrum
o |A; — Al < e31, which implies

| Ay — A||< [|Ay — Al + ||A — A]| < €21 + 4nN (85)

If Q = SZ(Q,C) or Sl<2’R)’ then
||A1|| §|| /1 || +€£ S I{//+€£
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(] aweX = (A + F)eX — €X<A1 + F1)7

3/{”

e [ has nice periodicity properties with respect to an (Aj, 1o

27)-decomposition L’

e and since ® is trivial with respect to £,

D~y B
dXO7 !, <’ <C°(1 il ”AN”)) |DFO, (75)

K'(r —17)

and

Co(1 + [|An]
K'(r — 1)

+ |(I)F(I)71|r/(1 + e|<I>X<I>*1‘T/>)

D~ )
|(I)F1(I)—1|r, < ( )) 6|<I>X<I>*1|T/|(I>F(I)—1|r(|(1>|g|q)—1|3(RN)de—2nRN(r—r’)

(86)
Now

|(I>F(I)_1|r < |\Il|7"|\11_1|r|F|r < el 2=
so, by (80), if D3 is great enough as a function of n,~, D, then

‘@qu)il‘r/ S 6797166172(7"77'/)((RN)d6100 4 6172(7"—7-’))

There exists a constant c¢; which only depends on D, v, 7 such that if € < ¢4, then

ez |loge [P < 1
thus if C’ is small enough and Dy big enough (as a function of n,d,~, 7),

1

|(I)F1(I)71|r/ S 6274(7"77”)7%
The estimate (84), the assumption (80) and the fact that || Ay ||<|| A ||, imply that
‘\I/(I)‘T < |\I’|r‘q)‘r < 6—(7"—7*’)—9—16647rrN

We shall estimate |[U®eX (Ud)~! — Id|,.. The estimate (75) implies

1 D~

1 A Ra(n(n—l)-‘rl)TNT 5

|®6X(b1_]d|rlgcl/<< _'_H NH) / |®F¢fl|r
r—r

for some C” only depending on n,d, k, T, so

1+ ||Ax|)I1 P e
|\I/<I)6X(\I/(I>)_1 —Id|r/ S Cg (( + || N||)| Og€|) |F|T(_)4(T—T)

€



for some Cj depending only on n,d, x,7 and D] depending only on n,d,7. The same
estimate holds for |[U®e X ()=t — Id|,..

Let Fy = UOF, (U®)~! and let A; € C¥(2T%, G) such that

0,¥P = A, Ud — UPA,

Thus we have obtained

e N €[N, R2"(»DN],

o 7,V € CY(2T?, G),

e A1 eg

e A, € C4(2T% Q)

e and Fy = (V) '/

such that

1. A, is reducible to A; by ¥’

3k’

2. F} has nice periodicity properties with respect to an (A, 1o

27)-decomposition £,
3. | K |7"’§ Ef(rfr’)fie%rr]v and | N\ |7"’§ Ef(rfr’)fie%rr]v

4. A; has DCEN(%KJ”,T) spectrum,

5. 0,71 = (A+ F)Z, — Z,(A, + FY),

6. ||A1]| < ||A|| + €2 + 4xN, and, if G = si(2,C) or sl(2,R) and W1V is not the
identity, ||A1]] < &"(r, 7", €) + €31;

7.
1 ((1+||Ax|]]1 b ,
|Z1—Id|r/ S — (( +|| N||)| Ogd) 61—4(7"—7’) (87)
C’ r—r
and so does |Z;* — Id|,,
8. B \
U F U, < e2 (88)

9. W'~V is trivial with respect to £ .,

10. and for every s > 0,

n(n+1) ~
| NGtav} |s’§ c, <1+ || :/4-/\/ ||) 647rNs/ (89)
K
and so does | U710’ |, where C,, only depends on n.
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Second step: iteration far from resonances Let [ such that

%)ZJA S G_QW(T_T//) é/EN S 6(

ol

o )

Let € = e~ 27— )VEN  Define the sequence €; = (3’ =25, We shall iterate [ — 1 times
Proposition 2.13, starting with j = 2, with

® €=¢€-1,

°
Q

- 8(%n(n—1)+1)
- (160(%n(n—1)+1))

1

Co”
e N = RN,

o F=F_,,

o A=A,

o & = U 1Y,

o L =1L,

Note that for every 7,

oo 2n
C7(3)is2
¢ < ol <4) C'oji1
L+ |[Ad[ + 2202 @

Estimates (88) and (89) imply

A ) 1414 2n(n+1)
RO <] Fr o] 91 Jo | 919 |y [0 Fy0]o < C2 (M) ¢ < bk
K

Moreover, A; has DCEN (%/{” ,7) spectrum and F; has nice periodicity properties with
respect to L. Let C” be the constant given by Proposition 2.13. By assumption on e,
with C” depending only on n,d, k, 7 and D3 depending only on n, 7, one has

i o ( 3" ) 2n C2nr

(14 [l Ax][)? \4Co

Moreover,
\7T no+1 1
RN < R™ Nga\logd
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so the assumptions (72) and (73) of Proposition 2.13 hold with F' = F}, x' = &, N = RN.

Fix j and assume A;_; has Dny (', 7) spectrum, F;_; has nice periodicity properties

with respect to an (A;_q, (3)]'*12—/;, 27)-decomposition,

4

A~

| F5-1(0) ||< €1

and

CRN §| lOg €i—1 |

One obtains functions F}, X; and a matrix A; such that

—_

. Aj has DC’RN((%)jZ—g,T) spectrum,

\)

AN S A ] + €1,

0,6 = (Ajo1 + Fja)e™ — (4 + F))

and F} has nice periodicity properties with respect to an (4;, (2)7 g—g, 27)-decomposition

PYed EnallGI S|
’ R(1rj—a = 7j-1)

for some C" depending only on n, d, k, 7 and some D depending only on n,d, T,

| U XU

D~
) wwEee, @

5. and

Tj—2

D~
O F N, < L+ (A1)l e R TN T T o ]
’ “ R'(rj—a = 7j-1) !

(‘ \I]/fl\Il ‘4 (RN)d€727TRN(T‘]’,27T]’,1)
Tj—2
(1 26T T ) g )
(91)

We shall bound || F}(0) || to iterate Proposition 2.13. Estimates (88) and (80) imply

L+ [|(Aj-)nl
K'(rj—2 —7j-1)
(| 0= L, (RN) e 2N Us2mriet) (W Ry 0, )

D~
RN, <3¢ ( ) Y,

(92)

,,,.77.,//

21

and since 7j_9 — 1,1 =
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(

U, < U U 1\11|r1 LU (RN +\\If R U, )

Tj—2

< U E (| (RN)de’% + [ UTWE U, )

rji—2
(93)
Now [ is bounded by
1
L<8(gn(n—1)+ VR (94)

Moreover

n(n+1) ~ n(n+1) — 2rj o
|\II, 1\:[/ |TJ < n<1+||A||) 647TNTj_2§Cn(1+||A||) 6, (TiT]//)é/ﬁ

/{1/ /‘1,‘”

and so

NN, < TR N (¢ [T E 0, )

(95)
< |UTWE U 1\1/|r] ,
By a simple induction, for every 7,
3\j—1 .
O E N, < [T RN ET < B (96)

Finally

[ £5(0) [|< [ W F 0w [ O o || 0 (o< ¢

so it is possible to iterate Proposition 2.13.

Conclusion After [ — 1 steps,

‘\I]fl\I]/FvlJrl\I]/fl\I,“l S EI%
Let Z = X2 ... eXtv1 € C% (2T G)), A’ = A1, F' = Fiy1. Then

awZ - <A1 + Fl)Z - Z(A/ -+ F/)

and

T/

: L\
||A||<||A1||+Z||F ||+4wN<||A||+|loge|( )

for D, great enough depending only on n, whence property 5. If G = sl(2,C) or sl(2,R)
and W'~V is not the identity, then
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N

l
A < A+ ) O] < K" (ryr",e) +e

j=1
To prove that £, is indeed an (A4, k" (r",r — “2”",e’),2fy)—decomposition, it is
enough to show that
r—r" 3 141 “_”

1 1 " /
_ < (Z
K =TS S (N

which comes from the definition of the function x”.

Let us prove property 4. It is true that

1 r—r!’

1 1 N 1
|\I/,|7n// < 6—5(7’—7"”)6—%647rrN < 6—5(7"—7’”)6—%61——200 (97)
and property 4 comes from it, since
| log €|

€ = €27 %N(rfr”)

Moreover,

|\I//F/\II,_1|TN S |\II|7»|\I/_1|r|\11_1\II,F/\II,_1\II|r” S 6/
whence 3. Let 2/ = Z; W' ZU'~! [ = W/ F'U~! (which satisfies property 2) and A such
that
0,V = AV — A
Then 6 and 1 hold, and by (87),

2" = Id|,n < | Zy = Td]y, + [[[07 D) [0 X 0,

J

1711+ ||Ax|]1 RELE R
< L (A ladosd)™ e S o ww,)

e r—r €

J

and by (88) and (96),

2 (U(1+ ||An])|1 PO T
|Z/_[d‘ru < 5 ( ( +|| N||)| Og€|) (_)4(7"77’ )6

r—r" €

whence property 7 with Dsy > 2Dy if C7 < W, since I(r — ") has a bound

which is independent of » — r”. [

This proposition is the inductive step which can be iterated as a whole. It is necessary
to obtain an € which is much smaller than € so as to control |U'|,, as a function of ¢ and
make sure that the output be similar to the input.
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2.6 Main theorem

First let us give a lemma which will enable us to iterate Proposition 2.14.

Lemma 2.15 Let C" < 1,by > 0,7 < § and ' € [r,r[. Let D5,y € N.There exists C

2v0D
depending only on C', D5, vq such that for all e < C (;’OL) ’ 5, choosing a sequence (€,)
such that for all k,

<X <1

and letting for all k
Ve = 250 /
Te =1+ 5

ok \ 7o
b= b+ | logerr | (25)

r—r!

then for every k € N,

| log ey |27 < g, (98)
and
b 1 DS'Yk
Okl e < O (99)
Tk — Tk+1

Proof: Let us first prove (98). It is equivalent to

2k+3D570 < | log €, |
log | log € |

[log t|

Toaliogr] 18 decreasing for ¢ €]0, e~ <] so it is enough to show that

The function ¢ —

100* | loge |

100 + log | loge |
which is true if we choose C' as a function of Ds, 7.

o Let a, = (M)DSW €. For all k,

Tk—Tk+1

2k+3D <
570 > klog

(bk+1+1)2k+2 D541
Ak4+1 = ( ) €k+1

r—r

< (<b0 + (k + 1) | log €, |)2k+2)2D5%+1 €k+1

ay
r—r!

€k

so by (98),




r—r’

thus, if € is also smaller than (m)w%m, then ap; < ag. If € is also small enough to
satisfy
bo + 1 Dsvo
ap = ( 0 ,) e< ('
r—r

for instance

then (99) is true for all k. O

Lemma 2.15 implies that assumption (80) of Proposition 2.14 holds for all k£ with € < ¢,
[|A|| = bk, r = r and 1" = 4.

As a consequence, one gets the main result, of which we will give various formulations.

Theorem 2.16 Let r < %,A € G and F € C¥(2T¢,G) with nice periodicity properties
with respect to L 4. Let

95
—rr|
96

There exists D; depending only on n,d, T, k, A such that if

/

TE[

r—r \"7
F|, <€ N= |+ 1
Fl<atnr) = () (100)

then for any € < €, there exists
o 7., V. € (C%(2T4,@G),
o A €4,
o A F. € C%(2T% G),

such that
1. A, is reducible to A, by ¥,
2. |F|w <e

3. for every 0 € 2T4,

0,Ze(0) = (A+ F(0))Z:(0) — Z(0)(Ac(9) + Fe(0))

T
\Z. — Id|,» < 2P7ed ")

and so does Z-' — Id,
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5. Ze, 0,7 are bounded in C%(2T%, gl(n,C)) uniformly in e,

6.
R

where ¢ only depends on n,d, k, T, A.
Moreover,

e in dimension 2 or if G = gl(n,C) oru(n), if F is continuous on T¢, then A, F. and
Z. are continuous on T¢.

e If G is o(n) or u(n), then D7 does not depend on A and the same holds replacing
(100) by | F |, < (r —r")P7.

o if G =sl(2,C) or sl(2,R) and A+ F is not reducible, then there exists a sequence
e, — 0 such that || A, || | logex |7 is bounded.

Proof: The proof will be made by induction as follows. Let r” = %7"/ Let R(r,r"), N(r,€),
K'(r,7",€) be as in (79). There exists 79 € N depending only on n,d, T, k, A, such that
L4 is an (A, k,70)-decomposition (one can assume vy > n(n + 1)). Let C’, D3 be as in
Proposition 2.14. Let D5 = 2Ds. Let C' be as in Lemma 2.15 and D7 such that

r— D~ r— 4v0Ds
|[A[l +1 |[A[l +1

r— Dy
(=1 101
& <||A||+1) (10

Before carrying on with the proof, note that if G is o(n) or u(n), then £, is a unitary
decomposition, therefore it is an (A, k, 0)-decomposition, so one can take y9 = n(n + 1)
and then vg, D3, D5 and D7 do not depend on A. For all k € N, let

Let

7.,7,,,.//

"
TE=17"+ ok

bo = [|All, e
b1 = HAH "‘E]’gk(gi%%

Ti—1-T;)

where (¢;) will be defined by induction in the following. Suppose that [F|, < €. Let
F,=F A = A = A and ¥y = Id. Iterate Proposition 2.14 using lemma 2.15 to find,
for all £ > 1,

[ J ZkJrl € CTL,‘;_Fl(QTd, G),
L4 Ak-i—l S ga
o App1 € C¥(2T7,G),

o U, € C¥(2TY, G),

43



L] Fk+1 € C;iH(QTd, g)
2
R(ry, "
® ¢ 1 € [Ek (T rk+1) 76]1§00]

such that

1. A, is reducible to A, by ¥y,

2. W, ' F}. 11 has nice periodicity properties with respect to an (Agy1, & (Thi1, Thr2s €641), 257 190)-
decomposition,

3. ‘Fk+1|m+1 < €kt1,

1 1
—5(Pk4+1—Tk42) —1 — 5 (Tk+1—Tk42)
4 Wl < 6y and [U, 7|, < €. )

5. ||Ags1l] < bryr, and, if G = sl(2,C) or sl(2,R) and ¥, "W, is not the identity,

1
| Ag1]] < K" (Tgy Tht1, €6) + €7

6.
0wZii1 = (Ax + Fy) Ziyr — Ziy1 (A1 + Frin)
7. .
g < L (LA og G\ P
s = o Tk — Thtl g

which implies, using Lemma 2.15, that
1 1—4(7’ —r )
|Zk+1 - Id|7’k+1 < 562 o

and so does Zk_jl — Id.

o Let € < ¢ and k. € N such that €11 <€ <. Let

Z.=2y... 2,
Ac= Ay,
F.=F,

then properties 1 and 2 hold. Thus for all § € 2T,

0,7Z.0) = (A+ F(0)Z.(0) — Z(0)(A(0) + F.(0)) (102)

whence property 3. Moreover, let ay :=|Z; ... Zy — Id|,», then
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1 1 4@o—r
ar =12~ Idw < e (ro=r)

SO

1 L _4(ro—r)
‘ZI‘T” §1+5604 0 1

e let k > 2 and assume that for all j < k —1,

i —4(ro—r1)

3
|Zy ... Zj|n <1+

o
then
ak S |Zk - [d‘T”|Zl e Zk*l‘r” —|— ak*l
1 k—1 1—4(7“'*7"41) 3 174(7407741)
§a1+52|21...2‘7"rﬂ6‘? 7 Saeél
7=1
and

3 l*47’*7’
‘Zl"'Zk|r”§1+5€61 (ro—r1)

whence property 4. This also implies that

3 L _4(ro—r1)
‘Z€|r// §2+@68 0 1

Moreover, by a Cauchy estimate,
1
|8wZ5|7"’ S m|Z€|T”
so 5 is true. Also note that

7%(T‘kefrk6+1) 1
‘ v, ‘r”:‘ \I’kefl ‘r”g €k, <€ 2hef2

Since

log €
hellke 1) 2 clog (| 1o|g<| F |‘ j |)

where ¢ only depends on n,d, k, T, A, then

_(1yc'\/log|log €]
‘ \Ile ‘r”g € (2)

where ¢ only depends on n,d, k, T, A; therefore property 6 holds.
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If G is either gl(n,C) or u(n) or in dimension 2, if F' is continuous on T%, each step will
give functions Zj1, Apt1, Aps1, Fry1 continuous on T? so, at the end of the process, the
functions Z, A, et F, are continuous on T¢. The fact that || A, || | logex | is bounded
for some sequence ¢ if G = sl(2,C) or sl(2,R) and A + F is not reducible comes from
property 5 in the iteration. [J

This proves Theorem 1.1.

In general, almost reducibility does not imply reducibility. Reducibility happens if there
are a finite number of steps at which one has to reduce the eigenvalues, or if the sequence
(V) given by Theorem 2.16 converges in C%(2T% G). In general, this sequence is not
even bounded in C%(2T¢, ). However, if the method above has been used to conjugate
the system A + F to a system A, + F, where A, is reducible by W, to a constant A., and
where F, is bounded by €, one can also bound \Ifglﬁ’e\lfe.

Corollary 2.17 Letr < 3, A € G and F € C¥(2T% G) with nice periodicity properties
with respect to L4. Let r' € [%r,’r[. There exists Dg depending only on n,d, k, T, A such
that if

Pl < (=1

then there exists

o 7 € C4(2T%, (),

e a family (A;) of reducible functions in C%(2T%, G)

e and Ay, € C%(2T4,G)
such that

0,720) = (A4 F(0))Z(0) — Z(0)Ax(0) (103)
and
zllglo |A; — Aselr =0

Moreover, in dimension 2 or if G = gl(n,C) or u(n), if F is continuous on T¢, then Z,

Ay and Ay are continuous on T?. Finally, if G = o(n) or u(n), then Dg does not depend
on A.

Proof: Let D; be as in Theorem 2.16 and Dg such that

Let Z. € C%(2T4, G), A, € C%(2T% G) be as in Theorem 2.16. Then Z, and 9, Z.
remain bounded in C%(2T% G) when ¢ — 0. Let Z be the limit in C%(2T% G) of a
subsequence (Z 1) of (Z%)keN\{O} and

1
ky
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A (0) == Z(0)" YA+ F(0))Z(0) — Z(0)0,Z(6)
then
AmeCﬂmMg%pnm%—Adwzo
and so equation (103) holds.

In dimension 2 or if G = gl(n,C) or u(n), if F is continuous on T¢, all functions that one
has to consider are continuous on T¢. [J

Remark: In Corollary 2.17, the function A, is not reducible in general, it is only a
limit of reducible functions.

Corollary 2.18 Let0 <1’ <r <1 AeGandF € C*(T%G). There exists €, depending
only on n,d,7,k, A,r — 1" such that if |F — A|, < €, then for all ¢ > 0 there exists
H € C%(2T4,G) such that |F — H|,» < € and H is reducible.

Proof: Let D; be as in Theorem 2.16. Assume that

|F— Al < (r —1)P" =: ¢

Let ¢ > 0. By Theorem 2.16, there exist Z, € C%(2T% G), A, F. € C%(2T¢,G) and
A, € G such that

e A, is reducible to A,
¢ 0.7.=FZ, — Z.(A + F)),
o |Zw <2,1Z271 <2,

Therefore

0,Z.=HZ. — Z.A,
where H = F — ZEF’GZ;1 is reducible to A, and satisfies

|H — F|r/ S 4|Fg|r/ S e

Corollary 2.19 Let 0 <1’ <r < 1, A€ sl(2,R) and F € C¥(T? sl(2,R)). There exists
€y depending only on n,d,T,k, A, — 1’ such that if |F — Al|, < ¢, then for any e > 0
there exist H € C%(T?, sl(2,R)) such that |F — H|,» < ¢ and H is reducible.

Proof: Do the same construction as in Corollary 2.18. Theorem 2.16 gives functions
A., F., Z. which are, in fact, continuous on T?¢. Thus H is continuous on T¢. [J

Corollary 2.19 also holds with gl(n,C) or u(n) instead of sl(2,R). This proves Theorem
1.3. Again, note that if G is a compact group, then the smallness condition does not
depend on A.
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3 Strong almost reducibility for quasi-periodic cocycles
in a Gevrey class

Let 3 > 1 and r > 0. Let C%#(2T4, gl(n,C)) be the functions of class Gevrey 3 with
parameter r, i.e the functions F' € C*(2T¢, gl(n, C)) satisfying

Blol

Z g Sup | 0°F(0) ||< 400
aeNd
Denote by || . ||, the norm
F o O F(0
17l 3 S 1FO) |

The main theorem in this part is formulated analogously to Theorem 1.1.

Theorem 3.1 Let 0 <1’ <r <3 Aec@G, FeCHTG). There is g < 1 depending
only on n,d, k, 7, A,r — 1’ such that if
1F[|sr < €

then for all € > 0, there exists A, F, € C’S’B(Z']I'd,g), V., Z. € Cg’ﬁ(QTd,G) and A, € G
such that for all § € 2T¢,

0,7Z.(0) = (A+ F(0))Z.(0) — Z.(0)(A(0) + F.(0))
with
e A, reducible to A, by V.,
o l|Els <

1

o | T lgrs et

1
e and ||Z6 — [dH@T/ S 268

Moreover,
e in dimension 2 or if G = GL(n,C) or U(n), Z, A., F. are continuous on T¢;
o If G is o(n) or u(n), then ¢y does not depend on A;

o if G =5l(2,C) orsl(2,R) and A+ F is not reducible, then there exists a sequence
e, — 0 such that || A, || | logex |7 is bounded.
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3.1 Preliminaries on Gevrey class functions
Remark:

e For all 0 < 7/ < r, one has the inclusion C¢#(2T¢ G) c C$*(2T¢,G) and

| e <Il f g

o For f,g € C7P(2T%,G), one has || fgl|s, < || fll5.+[I9l5 (see [8], appendix).
Lemma 3.2 For allm € Z% and all v’ > 0, the map 0 — ™™ satisfies

|| 62i7r<m,.) ||5ﬂ”’§ eﬂnr/d\m\%

Proof: For all o € N? and all § € T,

r/Blal 2im( 9 /Blal
Hﬂ@( BHum|J

< H /B | 27ij )7

. B
SH( mm|>>

thus

r/Aled o [ 2im(m,0) (r' |27rm]| ) ’
waa@v>wﬂz

B

1.4
<H 3 (' |27;7Zj|3)aﬂ

aj
< Heﬂr’\Zﬂ'm”% < 6B7r7"’cl|m|% 0
J
Remark: This implies that the functions which are analytic on an r-neighbourhood of
the torus or the double torus are Gevrey 3 with parameter r for all § > 1;

Sublemma 3.3 Let f € CSP(2T%, gl(n,C)). Then for allm € 3Z°,

L 15 -5 @nm|)?
1B X, Cnimyl) P
251

1) 11 S g (1=
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Proof: By definition of || f Hg,r,

S0 F(m) Zsupuaa || =II  llsr

a€Nd a€Nd

Now

~ D fmpor () o 3 f(m) [ @imm ) (e )

m m 7

thus

0 f(m) = T [ 2immy)* f(m)

and therefore

17 11y TLer fmy o5 g =<l f s (105)

acNd j

that is to say,

]
17 m) [ TT S @ [y 1) e <I[ f llsr (106)

J oaj€eN

Now, by Lemma 4.3,

> (2 | my | ) —

a]’EN J° 2671

1
LD

therefore

1

_B_
271

1
1 Fm) 1IN F [l (1= —=)' Pem ZCrimb?r O

Lemma 3.4 Let 0 <r <1, f € C%5(2T% gl(n,C)), N € N and f~ the truncation of f
at order N. Then for all v’ < r,

=

1 e
1 = 55 < Cas 11 F N N e

where Cyp only depends on d, 3.
Proof: By definition,

r/Bled

||f_fN||B,r’:ZSI;p 7 1 0°(f =)0 |

Now

20



[0°(F = fM)O) 1< Y 11 fm) |] H | my |

|m|>N

so by Sublemma 3.3,

d

o 1 — - T|m %r o

| 0°(f = fN)O) [ (U= —) 2 f e Y e Z0@mDPr T oy |

251 Im|>N j=1
whence
Bla
7’ — w|lm 37" «a
1= g < ( 1ﬁ||f||ﬁrz Z 24 (2rlmu]) Hlmlj
Im|>N
1 /50:]
— wlmy|) P r «
<(1- i)lﬁ“fHB D em il HZ 5|m]\f
2p-1 |m|>N j=1 «aj

thus, using Lemma 4.3,

mIH

1F = P llowe < 0= — )2 (| £ llge 3 €2 Sl

L
25-1 Im|>N
L s —2(r—rm?
<SA=—)" N Fllar Y e
2p-1 Im|>N
and finally
N d_—2(r—r')MP / N —2(r—t")N P
1 = Mg < Cagp I fllar D MM <l || f lgn = o
M>N

where Cy 3, C’éﬁ only depend on d, 8. [J

3.2 Reduction of the eigenvalues

The reduction of the eigenvalues of a matrix A at order R, N satisfies a good estimate in
the Gevrey norm, as shows the following proposition:

Lemma 3.5 Let R, N € N\{0}, A € gl(n,C) and ® a map of reduction of the eigenvalues
of A at order R, N. Then ® satisfies for all v’ the Gevrey norm estimate

K//

14 A" grmrand
\@ngnc.co(M) 2rra? (107)

where C' only depends on d, and so does ®~. Moreover, if G = o(n) or u(n), then

=

10|30 < nCePman? (108)

and so does 1.
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Proof: For all m € Z¢ and all ' > 0, by Lemma 3.2,

||€2z’7r<m,.> | |[3 < Ceﬁwr/d\m\%

where C' only depends on d. Therefore

£ .
@]l < S AP ] e |,

LEﬁA’K//
1
<O ST |l
LEﬁA’K//
1
SO (P || e
LEﬁAykﬂ
Now by Lemma 2.1,
L ! 1+ H AN || n(n+1)
I Ee s oy (SR

so (107) holds. If G is either o(n) or u(n), then L4 .~ is a unitary decomposition and thus
PLﬁA’“N has norm 1, thus (108) holds. O

3.3 Homological equation

Lemma 3.6 Let 0 < ' < r < 1, f € CP(2T%G) and g € CSP(2T%G). Let
C >0,D > 0. Assume that for all m € 3Z°,

lg(m)|| < Clm|||f(m)]]
Then

lollow < Ol (=)
g ﬁﬂ"/ — ﬁﬂ" r— T/

where C' only depends on d, D, 3.
Proof: For all # € NT? and all a € N,

[0%9O)1 < D |l am) || | ae* ™|

mG%Zd

< > lgm) || H|27ij |

mE%Zd

Therefore, by assumption,
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[0°g@O)| < C Y |m|”||f(m I|H|27ijl°”

mes; L7zd

1 o 5
< C'C Y g L1 2mms 17742 | fm)]
m#0 J

so, letting 1 = (1,...,1),

1079 (0)]] <C'CZ dHa‘” (DHDLf ()|
m#O
< C'Csup ||3“+(D+2)1f(9)||
6

where C’ only depends on d, D, thus

lgllp = > 07y (;) sup [0°9(6) |

a€eNd
<C'C Z '“‘ 7 5up |02 TP £ ()|
Tﬁla+(D+2)1| . el a4+ (D+ 2D
a-+(D+2)1
< CCZ (CEXGESL s%p||8 Ol rBlat(D+2)T] ( al )
1Blal ~ AN
/ r aj+ D +2)!
<CC|l fllgr Z 7Bl +(D+2)d) ( a;!

r/Blal (la|+D+2)1\™
!/
<CCIl fllsr Y 1 Blal+(D+2)d) ( |a|! )

r/fled D+2)d
<CCH flsw Y g (o | +D +2)70

«

Now the function

N
¢ : [0, +oo[— [0, +00], t (T—) B(D+2)d
r

(B(D+2)d> A(D+2)d

!

has its maximum at t = w where it takes the value e #(P+2)d

1 T
Therefore

™

B D—|—2>d B(D+2)d
r/ < C/C . B(D+2)d 6(
lalls < CCl e o
s(p42)a (B(D + 2)d)PP+2)

!
< C'Cl|fllpre” (r — r!)26(D+2)d

23



Proposition 3.7 Let
e N €N,
o v €]0, K],
e y=2n(n+1),
e 0< ' <.

Let A € G with a DCN(K,7) spectrum.  Let F e C%P(2T?, G) with nice periodicity
properties with respect to an (A, K/, ~v)-decomposition L. Then there exists a solution
X € C5P(2T4,G) of equation

Vo € 219, 0,X(0) = [A, X(0)] + FN () — F(0); X(0)=0 (109)
such that

e if F has nice periodicity properties with respect to L et (mr), then so does X; in
particular, if ' is defined on T?, then so is X,

o Let O be trivial with respect to L and a family (my) such that for all L, | my |< N'.
There exists C', D' depending only on n,d, T, 3 such that

/

~ , ’y
(1+ ||AN||>N) 950 ||, (110)

(r—r")K

| X" ||p< C'(

Moreover, the truncation of X at order N is unique.

Proof: The existence of X, its unicity up to order N, the fact that it takes its values in
G and its nice periodicity properties with respect to £ are proved as in part 2, proposition
2.8.

To get the estimate (110), one first shows that for all m € $Z% and all L, L’ € L/,

L || A )™ m| ™7
KJ/(nQ—l)

2 ( = n2—
|1PEX (m)PEll < ¢ |PLEm) PLII(IPEN (PG~ (111)

It is done exactly as in proposition 2.8 to get (60). The estimate (111) and Lemma 3.6
imply

~ D~
! . / 1 + A N/ !~ . /
I1PE Kentmimt pE 5, < O << e ) |PE et P,

where C”, D only depend on n,d, 7, 3. Thus
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~ D~
~ p o , 1 A N’ P /
H(I)X(I)ilHﬁ,r’ < Z ||Pf Xe2z7r(mL*mL/>Pf, ||5,7’ < ol (( + H NH) ) Z ||Pf F€2Mr<mL*mL/>Pf, ||5,7’

L,L' (T - T/)K‘/ L,L

and therefore

/!

~ v
1 Al[)N’ ~
(L+]1A]) ) (0Fe1]],,

(r—r")K

| PX D |, < Cs <

where D', C3 only depend on n,d, r, 5. O

3.4 Inductive lemmas

In Gevrey regularity, we will need a Lemma which is almost identical to Lemma 2.9, apart
from the presence of the parameter [, which is fixed and does not modify the proof:

Lemma 3.8 Let
k' €]0,1], C >0, 8 > 1;
e [ €G,
. e=|IE].
e NeN,
e A€ G with DCYN(K',7) spectrum.
There exists a constant ¢ only depending on nt, 3 such that if € satisfies

T ! 2n
€§c<07/{~) (112)
L+ [|A]]

and

 llogél?
N<! Oif' (113)

then A+ F has DC’L{Y(?’T"‘/, T) spectrum.

Exactly as in the analytic case, one obtains the following inductive lemmas, where
only the estimates slightly differ from their analytic analogues; since [ is fixed, the proofs
go on in quite the same way:

Proposition 3.9 Let
0 e>0,i<1,# €[5,k >0,NeN~y>n(n+1),C>0;

e FeCSP(217,G),Aeg,
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o L an (A, K ~)-decomposition.
There exists a constant C" > 0 depending only on T,n, such that if

1. A has DCN (k. 7) spectrum;

2.
~ CT / 2n
1BO)] <é<C” (—) (114)
1+ [|A]l
and
_ =8
N < “Ogd (115)

3. I has nice periodicity properties with respect to L

then there exist

e (' € R depending only on n,d,k, T, 3,

e D € N depending only on n,d, T, [3,

e X € C5P (217, G),

e Aeg

o an (A, 37“/, 7v)-decomposition L'
satisfying the following properties:

1. A’ has DC’UJY(?’T””/,T) spectrum,

2. ||A — A|| < &

3. the map F' € CS°(2T9,G) defined by

Vo € 219, 0,80 = (A + F(0))eX® — XO (A + F'(9)) (116)
has nice periodicity properties with respect to L'
4. If ® is trivial with respect to L and a family (myp) satisfying, for all L, | mp |[< N’,
then

~ D~
1 A N’ ~
||<1>-1X<1>||ﬁ,w30'(( +llAx) ) 18 a5, (117)

KT — )
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5. and if ® is trivial with respect to L and a family (myp) satisfying, for all L, | my, |<
N’, then

~ D~
1 A N’ - ~
||<I>1F/<I>||g,f,s0’(( :<H_NH§ ) el X || 0T F D 7

(1] 3011073, N 2N 4[5 B[ (1 + P Xl

Moreover, if ' is continuous on T, then so are X and F'. If G = o(n) or u(n), then the
same holds replacing condition (114) by

[F(0)]] < &< C"(CTK)? (118)

In Proposition 3.9, the only difference with Proposition 2.13 is the introduction of the
parameters 8 and N’. The inductive step is formulated exactly as proposition 2.14, with
the only difference that the parameters N, R will be chosen as

N(r,€) = (5| loge|)”
{ R(r,r') = [ﬁsoﬂr(%n(f_ 1) +1)2)° (119)

and not as in (79). Note that the parameter N” in the estimates of properties 4 and 5 in
proposition 3.9 does not modify essentially the proof, once it is instantiated by N. The
statement and the proof of the main theorem are identical.

4 Appendix

4.1 Spectrum of a one-parameter family of matrices

Lemma 4.1 Let G be a Lie algebra and A, F € G with ||F|| < 1. Let ay(N), ..., a,(X\) be
a continuous choice of the eigenvalues of A+ AF as \ varies from 0 to 1. Then for all
1 < j <mn, there exists 1 < j' < n such that

1
| ay(A) = a;(0) [< 2nA=(|[ Af] +1)
Proof: Fix j < n. For every A, let

A(N) = A+ \F

and

F(A) = det(a;(0)] — A(N))
Then f(0) = 0 and for every A,

FA) = det(a; (0)1 = AN) = [ [(0;(0) = ay ()

!

J
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| H(%(O) —ag (W) [=1 f(0) = f(A) [< sup | ST

and since

d
PO =130 = T @O = A= NPy |
o k

< nnll[] AJ[ + [ AQ\) []]"
< 2" pnl[|] A +1"1

then there exists j’ such that

| a;(0) — ap(N) [ 20| A [n [[| A ]| +1] O

In case G is compact, we have the following lemma (see [5], lemma A.5):

Lemma 4.2 Let G = o(n) or u(n) and A, F € G with ||F|| < 1. Let ag(\), ..., an(\)
be an analytic choice of the eigenvalues of A+ A\F as X\ varies from 0 to 1. Then for all
l<j<n,

| @ (A) = a;(0) [< A (120)

Proof: For each A, let p1(\),...,p,(A\) be an orthonormal basis of eigenvectors of
A+ AF (take them analytic in A). Then for each 1 < j < n, one can assume

(A+AF)p;i(A) = aj(N)p;(A)

and derivating this along \, one gets
(A+AF = a;(N)pi(A) + (F = a3 (A)pi(A) = 0
Now let (3, ..., 3, be such that
PN = Bim(N)
=1

Then

D B(A+AF — a;(N))p(N) + (F = aj(\)p;(\) =0
I#5
and taking the scalar product with p;(}),

((Fpj(N), pj(N)) = a;(N)
Therefore

[ 25(0) = a;(A) |<[ A sup | aj(N) <A 0

o8



4.2 A lemma on integer series with non-negative terms

The following lemma was proven by D. Sauzin and is used in Section 3.

Lemma 4.3 Let a > 0. For allr > 0, consider E,(r) =3, l:—,i Then

if a>1,0<A<1
if 0<a<l,A>1

Q=

1
e < Fy(r) < Kierr

where

Ki=(1-Xx1) <l

(121)

Proof: One uses the following inequalities: if & > 1 and (Xj)gen, (Yx)ren are families

of non-negative numbers,

DX X

and

XpYr)®
3 xp > > ch kg)
oYe)?
for 8= -2, if > X}, Yi < oo. Note that (122) is equivalent to
1 1
2wz (Q m)e

1
with X = zp. Also (123) is equivalent to

o< ()Y Eys

with X, = (%)a and y, = Y2

Yk

k
1. In the first case, apply (122) and (123) with o = a, X, = =7 and Y, = A~

(122)

(123)

(124)

(125)

k
2. In the second case, apply (124) and (125) with o = £, 2, = 2% and y, = A7, O
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