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Almost reducibility of analytic quasi-periodic cocycles

Claire Chavaudret
Institut de Mathématiques de Jussieu

Astract: Let G C GL(n,C) a classical Lie group, G the Lie algebra associated to G,
w € R? a diophantine vector, A € G and a map F € C¥(T% G) which is analytic on
a neighbourhood of the torus of radius r < %, and " €]0,r[. There exists € depending
only on n,d, A,r — " and on the diophantine class of w such that if | F' |,< ¢, then the
quasi-periodic cocycle generated by A + F' is almost reducible in C%(2T% G). If G is a
complex Lie group or n = 2, almost reducibility holds in C%(T%, ) and reducible cocycles

are dense near constant cocycles in a real analytic topology.

Introduction

0.1 Statement of the main result

Letn>1,d>1,wéeR and 0 < k < 1,7 > max(l,d — 1). Suppose w is diophantine
with constant x and exponent 7, that is

K

vaZd\{O}, ‘<m7w>‘zw (1)
One can assume without loss of generality that sup |w;| < 1. Denote by T¢ := R?/Z? the
d-torus and by 2T¢ := R%/(27Z%) the double torus.

Definition: Let G be a Lie algebra, G the Lie group associated to G and A : 2T¢ — G.
The quasi-periodic cocycle associated to A is the map X : 2T? x R — G defined for all
(0,t) € 2T x R by

% X1(0) = A6 + tw) X(8); X°(8) = Id (2)

We say it is a constant cocycle if A is constant.

Remark: Terminology is explained by the fact that A is the envelope of a quasi-
periodic function. For all § € 2T?, ¢ — A(f + tw) is indeed a quasi-periodic function.

A constant cocycle is always of the form ¢ — e*4.



We shall introduce an equivalence relation on cocycles. In order to do this, we will have
to mention the regularity of the applications. Let us give the following definitions and
notations:

Definition: A function f is analytic on an r-neighbourhood of the torus (resp. double
torus) if f is holomorphic on {z = (21,...,24) € C% sup;|Im ;| < r} and 1-periodic
(resp. 2-periodic) in Re x; for all 1 < j <d.

For all subset E of gl(n,C), denote by C¥(T?, E) the set of functions which are analytic
on an 7-neighbourhood of the torus and whose restriction to T takes its values in £
let C¥(2T% E) be the set of functions which are analytic on an r-neighbourhood of the
double torus and whose restriction to 2T? takes its values in E. For all f € C¥(2T¢, E),
denote

[flr = sup |[f(2)]] (3)
[Imzx|<r
where ||.|| stands for the operator norm.

Notation: For a function f € C(2T¢, C), for all § € 2T¢ we will denote by

0.1(6) = S0+ 1) )

the derivative of f in the direction w.

Definition: Let G be a Lie algebra and G the Lie group associated to G. Let r,r" > 0
and A, B € C¥(2T%,G). We say that A and B are conjugate in C%(2T? G) if there exists
7 € C%(2T?, @) such that for all § € 2T¢,

0,2(0) = A(6)Z(6) — Z(0)B(0)

If B is constant in 0, we say that A is reducible in C%(2T¢, G), or reducible by Z to B.
Remark: Let X be the quasi-periodic cocycle associated to A. The map A is reducible
by Z to B if and only if

V(t,0), X'(0) = Z(0 + tw) P Z(0) (5)

Reducibility is also equivalent to the fact that the map from 2T? x R" to itself:

(o)~ (i) L

is conjugate to a map y such that

w(:)=() g



The aim of this paper is to show that for

G =GL(n,C),GL(n,R),SL(n,R), Sp(n,R),O(n),U(n)

in the neighbourhood of a constant cocycle, every cocycle which is analytic on an 7-
neighbourhood of the torus and G-valued is almost reducible in C%(2T¢, G) for all 0 <
r<r< % The radius of the neighbourhood only depends on the dimensions n, d, on the
diophantine parameters k, 7, on the constant cocycle and on the loss of analyticity r —r’.

We shall prove the following theorem, for G among the groups cited above and G the Lie
algebra associated to G:

Theorem 0.1 Let 0 < 7' < r < %, A€ g, FeC¥TqG). Thereis eg < 1 depending
only on n,d, k, 7, A, — 1" such that if
|F|r S €o

then for all € > 0, there exists A., F. € C%(2T,G), Z. € C%(2T? G) such that for all
0 € 2T,

0.7Z.0) = (A+ F(0)Z.(0) — Z(0)(A(0) + F.(0))
with
o A, reducible in C%(2T¢, G),

i |FE|T’ < €
1
o and |Z. — Id|,» < 2¢].

Moreover, in dimension 2 or if G = GL(n,C) or U(n), Z., A, F. are continuous on T<.

There is a loss of analyticity in this result, but it is arbitrarily small.

0.2 Generalisation and consequences

Theorem 0.1 means that in the neighbourhood of a constant cocycle, all cocycles are
almost reducible i.e they are arbitrarily close to a reducible cocycle, which suggests that
reductibility is a predominant phenomenon. Reductibility implies almost reducibility,
however the reverse is not true: there are non reducible cocycles even close to a constant
cocycle (see [5]).

Almost reducibility is an interesting notion since the dynamics of an almost reducible
cocycle are quite well known on a very long time.

Theorem 0.1 holds also if one chooses F' in a class which is bigger than C¥(T?, G), i.e the
class of functions in C¥(2T?, G) satisfying some "nice periodicity properties" with respect
to the matrix A.

In dimension 2 or if G is complex, this result can be rephrased as density of reducible
cocycles in the neighbourhood of constant cocycles:
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Theorem 0.2 Let G = gl(n,C),u(n), gl(2,R), sl(2,R) or o(2). Let 0 <1’ <r <1 and
A€G FeC¥TG). There is ey depending only on r — ', n,d, k, 7, A such that if

‘F|r§€0

then for all € > 0 there exists H € C%(T? G) which is reducible in C%(T% G) and such
that

|A+ F —H|. <e¢

0.3 Well-known results

A similar result, for smooth cocycles with values in compact Lie groups, was obtained by
R. Krikorian in [8] (th.5.1.1). For cocycles over a rotation on the circle, analyticity is far
better controlled (see for instance [1]) since it is then possible to use global methods. In
this article, we are considering the case of a torus of arbitrary dimension. The KAM-type
method that is being used here had already given birth to full-measure reducibility results
for cocycles with values in SL(2,R) ([5], [6]).

A result close to Theorem 0.1 in the case when G = GL(n,R) had already been proven
in [3] by L.H.Eliasson:

Let A € gl(n,R) and F € C¥(T% gl(n,R)). There is ¢¢ < 1 depending only on
n,d, K, T, ||Al| such that if |F|. < €, then for all ¢ > 0, there exists 0 < r. < T,
Z. € C¥ (2T, GL(n,R)) such that for all 6 € 2T,

0uZ:(0) = (A4 F(0))Z(0) — Z(0)(A. + F.(9))
with A, € gl(n,R), F. € C¥ (2T gl(n,R)) and |F,|,, < e.

Remark: This result merely states almost reducibility in C¥(2T¢, GL(n,R)), since
the sequence (r.) might well tend to 0.

The achievement of 0.1 is to state almost reducibility in a more general algebraic frame-
work, but also, and mostly, to show that almost reducibility holds in a fixed neighbourhood
of a torus even when this torus has dimension greater than 1.

Note that, as was the case in [3], one cannot avoid to lose periodicity in 0.1 if G is a
real group with dimension greater than 2. The notion of "nice periodicity properties"
that will be given aims at limiting this loss to a period doubling. In comparison with
the real framework, the symplectic framework introduces new constraints in the elimina-
tion of resonances, but these constraints have no consequences on the construction of a
renormalization; therefore there is no more loss of periodicity here than in the case when
G = GL(n,R). As before in [2], a single period doubling is sufficient in the case when G
is a real symplectic group.



0.4 Sketch of the paper

The proof of Theorems 0.1 and 0.2 is a refinement of the method in [3]; it is based on a
KAM scheme. Here are the main steps:

e Construction of a renormalization ® of order R, N (Proposition 2.3) for R, N €

N\ {0}.

In dimension 2, ® will be such that for all H continuous on T¢, ® H®~! is continuous
on T

e Resolution of the homological equation (Proposition 3.2): if A has a spectrum fulfill-
ing some diophantine conditions and F' is a function with nice periodicity properties
with respect to A, then there exists a solution X of equation

8.X = [A, X]+ F'V. X(0) =0
having the same periodicity properties as F ; it takes its values in the same Lie

algebra as does F'. Moreover, it can be well controlled by losing some analyticity.

e Inductive lemma (Proposition 5.2): If Fe C*(2T%,G) has some periodicity proper-
ties (with respect to A), if

O,0 = AU — A

and F' = WFU~! then there exists Z € C%(2T% G) such that

0.2 =(A+F)Z - Z(A' + F") (8)

with A’ reducible, F” is much smaller than F, Z is close to the identity and ¥/~ F'W’
has periodicity properties with respect to A’ which are similar to the properties of
F.

The estimate of F' depends on F — FRN, on the renormalization ®, and on the
solution X of the homological equation.

e Iteration of the inductive lemma (Theorem 5.4): We shall iterate Lemma 5.2 so as
to obtain estimates of analytic functions on a sequence of neighbourhoods of the
torus not tending to 0, by means of a numerical lemma (Lemma 5.3), to reduce the
perturbation arbitrarily.

Remark: The renormalization is defined in a way similar to [3], however here it
will remove resonances up to an order RN which is much greater than the value
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of the parameter N appearing in the estimates. To iterate the inductive lemma,
without letting the degree of analyticity tend to 0, parameter R will be used to
define a renormalization map of order R, N where N does not depend on the loss
of analyticity. This way, the renormalization map will stay under control on a
neighbourhood of the torus which will not have to fade totally.

0.5 Notations

Denote by (.,.) the complex euclidian scalar product, taking it antilinear in the second
variable. For a linear operator M, we shall call M* its adjoint, which is identical to the
transpose of M if M is real. Also denote by My the nilpotent part of M, as follows:
let M = PAP~! with A in Jordan normal form, let Ap be the diagonal part of A,
then My = P(A — Ap)P~!. To simplify the writing, if A : 2T¢ — GL(n,C), we will
denote by A~ the map 6 — A(0)~'. For all m = (my,...,mq) € 37, we shall denote

| m |=| my | +---4 | ma|. The letter J will stand for matrix J = ( Iod _gd )

1 Nice periodicity properties

A few definitions will first be given. The notion of "triviality with respect to a decom-
position" will make the construction of the renormalization easier; the "nice periodicity
properties" have been introduced in [3] and are used in the real case to make sure that
only one period doubling will be needed in iterating the inductive lemma.

1.1 Invariant decompositions
Definition: £ = {Ly,...,Lg} is a decomposition of C" if C" = @j L;.

Definition: Let £, £’ be decompositions of C". Then L is said to be finer than L' if for
all L € L, there is L' € £’ such that L C L’; L is said strictly finer than L' if £ is finer
than £" and £ # L.

Definition: Let A € gl(n,C); then £ = {Lq,..., L} is an A-decomposition, or else
A-invariant decomposition, if it is a decomposition of C" and for all i, AL; C L;. Subsets
L; are called subspaces of L.

Remark: An A-decomposition is always less fine than the Jordan decomposition into
generalized eigenspaces. Therefore, if operators A and A’ have the same decomposition
into generalized eigenspaces, then an A-decomposition is an A’-decomposition.

Notation: Let £ be an A-decomposition. For all L € £, denote by o(A|;) the spectrum
of the restriction of A to subspace L.

Definition: Let ' > 0. Let L4, be the unique A-decomposition £ such that for all
L#L €L, a€o(AyL)and € o(Ayr)= |a—pF| > «"and such that no A-decomposition
strictly finer than £ has this property.



Definition: Let A € gl(n,C). Denote by L4 the decomposition of C™ which is the set
of all generalized eigenspaces of A.

Remark: Note that £4 does not have to coincide with £,4. In general £4 is finer than

L4

Definition: Let £ be a decomposition of C". For all u € C", there is a unique decom-
position v = Y, . ur, such that uy € L for all L € L. For all L € L, the projection on L
with respect to £, denoted by PF, is the map defined by PFu = uy.

Remark: Let A € gl(n,C) and £’ > 0. If £ is an A-decomposition which is less fine than
L 4, then one has the following lemma, which can be found in |3|, appendix, Lemma A®:

Lemma 1.1 There is a constant Cy > 1 depending only on n such that for all subspace
LecL,

Lt |[ Aw (1"
I 7 11s ¢ (L )

In what follows, Cy will always stand for this constant fixed in Lemma 1.1.

Definition: An (A, k’,v)-decomposition is an A-decomposition £ such that for all
L € L, the projection on L with respect to L satisfies

1+ A K
FARE= (10)

Remark: For A € gl(n,C), one always has A = 7, |, . PFAPf. In particular, if £ is
an A-decomposition, then A =3, . PFAPf.

Definitions: Let £ be a decomposition. We say that
o L is a real decomposition if for all L € L, L € L;

o L is a symplectic decomposition if it is a decomposition of C™ with even n and for
all L € L, there is a unique L' € L such that (L, JL') # 0;

e L is a unitary decomposition if for all L # L' € L, (L, L") = 0.

Remark:

o If A is a real matrix, then for all ¥ > 0, L4, is a real decomposition.

!Lemma A from [3] gives in fact an estimate which depends on || A ||, but the proof shows clearly
that the estimate in fact only depends on Axs.



e For all L, there is at least one L’ such that (L, JL') # 0. This comes from the fact
that the symplectic form (., J.) is non-degenerate.

o If A € sp(n,R), then any A-decomposition £ which is less fine than L4 is a real
and symplectic decomposition. To see this, let L, L’ € £ such that (L, JL') # 0; let
v € L,v" € L' be eigenvectors of A such that (v, Jv') # 0 and A, X their associated
eigenvalues. Then

Mo, JU'y = (Av, Jv') = (v, A*Jv') = —(v, JAV') = =X (v, Jv') (11)

and since (v, Jv') # 0, then A = =\,

e If A€ U(n), then any decomposition which is less fine than £, is unitary.

1.2 Triviality and nice periodicity properties with respect to a
decomposition

Definition: Let £ be a decomposition of C". We say a map V is trivial with respect to
L if there exist {my, L € £} C 1Z% such that for all 6 € 2T¢,

V(9) =) ermmepf (12)
Lel

Definition: We say that the function ¥ is ¢rivial if there exists a decomposition £ such
that U is trivial with respect to L.

Remark:

e If U is trivial with respect to £ and £’ is finer than £, then W is trivial with respect
to L.

o If d, ¥ : 2T¢ — GL(n,C) are trivial with respect to £, then the product ®W¥ is
trivial with respect to L.

o If & is trivial with respect to an A-decomposition £, then for all § € 2T¢, [A, ®(0)] =
0.

Lemma 1.2 Let £ be a real decomposition of C*, {my, L € L} C %Zd and VU defined by

U(g) =Y ermimlipf (13)

Lel

Then WV is real if and only if for all L, m;, = —mg. Moreover, if U is real, then VU takes
its values in SL(n,R).



Proof: Assume that for all L € £, m;, = —myj. Let u € R". Then

U(O)u =Y el ply = " Xl Ly = ¥(0)u (14)
Lel Lel

so W(0) is real.

Now suppose that ¥ is real. Then for all 6,

Z e2i7r(mL,€>P£ — Z €2i7r<_mL’9>P—f' _ Z e2i7r(—mL,0)Pf (15)
LeL LeL LeL

SO mp = —m;j.

Suppose WV is real; then for all L, m;, = —mj so W(#) is the exponential of a trace-zero

matrix, so it has determinant 1. []

Remark: Any map which is trivial with respect to a unitary decomposition is unitary:
let £ be a unitary decomposition, let ® be trivial with respect to £ and let L, L € L.
Then for allu € L,v € L',

(B(O)u, D(A)v) = (2mimebly, e2imimirblyy — (y ) (16)

Lemma 1.3 Let £ be a real and symplectic decomposition and {my, L € L} be a family
of elements of 129, Let U =", e*™me)PL Then U takes its values in Sp(n,R) if
and only if

o forall L, m;, =—mj

o and if (L, JL') # 0, then mp = mp,.

Proof: By Lemma 1.2, ¥ is real if and only if for all L, m;, = —mjz. Assume now V¥ is
real.

We show first that if for all L, L' € £, (L, JL') # 0 = m; = my/, then U takes its values
in Sp(n,R). Let u,v € R". Then

(u, U(0)* T (0)v) = (W(O)u, JU(O)) = > eXmme=muw Py JPG vy (17)

where M (L) stands for the unique subspace such that (L, JM(L)) # 0. Assume that if
(L, JL") # 0, then m; = my,. This implies that

(u, W(0) T (O)v) = > (Pfu, JP ) = (u, Jv) (18)

L



so W(0) € Sp(n,R).

Now we will show that if U(0) € Sp(n,R) and if (L, JL') # 0, then m = my,. Suppose
U(#) € Sp(n,R). For any two vectors u, v,

(u, Jv) = (u, ¥(0)" JU(0)v) = (V(0)u, JU(0)v) (19)
If w e L and v € m(L) satisty (u, Jv) # 0, then

(u, Jv) = (U(Q)u, JU()v) = eXmime=—mumw)d) (4 Jp) (20)
so mp = myyr). U
We will now define the periodicity properties.

Definition: Let £ be a decomposition of C". We say that F' € C°(2T%, gl(n,R)) has
nice periodicity properties with respect to L if there exists a map ® which is trivial with
respect to £ and such that ' F® soit continue sur T¢.

To make the family (myp) explicit, we say that F' has nice periodicity properties with
respect to L and (myp).

Remark:

o If I € C°(2T%, gl(n,R)) has nice periodicity properties with respect to a decomposi-
tion £ and ® is trivial with respect to £, then ®F'®~! has nice periodicity properties
with respect to L.

e If £ is a decomposition of C™ which is finer than £ and F' has nice periodicity

properties with respect to £,then I’ has nice periodicity properties with respect to
L.

e Let £ be a decomposition of C* and (my)res be a family of elements of $Z¢. If
Fy, F, € C°(2T?, gl(n,R)) have nice periodicity properties with respect to £ and
(mp), then the product FF, has nice periodicity properties with respect to £ and
(mr).

2 Removing the resonances

In the following we will have to solve a homological equation and estimate the solution
on a neighbourhood of the torus; in order to have a sufficient estimate, one will assume
that the coefficients of the equation satisfy some diophantine conditions:

Let A € gl(n,R) and 0 < v’ < 1. Let N € N.

Definition: Let z € C,v € {1,2}. We say that z is diophantine modulo v with
respect to w, with constant ', exponent T and order N if for every m € %Zd such that
0<|m| <N,
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/ﬁ}/

|z — 2im(m,w)| > (21)
m|”

This property will be denoted by

z € DCY (K, T) (22)
Note that

DCIy (v, 7) € DCL (K, 7) (23)
and that every real number z is in DC., (£, 7) since for all m € 3Z¢,

1
2= 2im(m, )] = (2 + (nlim.@)))* > 5o > 5 (24)

Remark: In the definition above, the condition is required only for non vanishing m,
so (21) has a meaning.

Definition: A is said to have DCY (', 1) spectrum if

{ Va,8 € o(A), a— 3 € DCY,(x,7) (25)

Va,f€0(A), a#B=a—-3¢€ DCUJXQ(/@’,T)

Let N € N. Let A in a Lie algebra G. The aim is to show that there exists x’ > 0, A € G
such that A has DCY(x’,7) spectrum and A and A are conjugate (in the acception of
cocycles, following the definition given in the introduction). To achieve this, one has to
find a family (m4,..., m,) satisfying

{ Vo, a € 0(A), aj — oy + 2im(m; —mg,w) € DO (K, 7) (26)

V oy, ap € 0(A), aj # ap = o — ay + 2im(my; — my, w) € DCY, (K, 7)

We shall construct the so-called renormalization map ® conjugating (in the sense of
cocycles) A to the matrix obtained from A by substituting an eigenvalue a; by a; +
2im(m;,w), then we will prove that ® is G-valued.

2.1 Diophantine conditions

Lemma 2.1 Let{ay,...,a,} C C. Let N € N and k' < n(sljv)f' There existsmq,...,m, €

%Zd such that sup; [m;| < N, and such that letting for all 7, &; = aj — 2im(m;,w), then
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{ar,...,;an} ={a1,..., 00} = Vi k, aj =a, = m; = —my (27)

Vi k, aj = =0y = m; = my (28)

Vik, |aj —ax] < K = mj=my (29)

Vi, [Ima;| < |[Imajl (30)

Vi k, a; = ay = & —a, € DOV (k' 7) (31)
and

ik, a; # @y = @ — dy € DON, (K, 7) (32)

and such that if not all m; vanish, then there exist j, k such that

laj — a| > K, &y — ag| < K (33)

Moreover, there exist my, ... m, € Z, with |m;| < N for all §, fulfilling conditions (28),
(29), (30), such that

Vi, k, a; — ax € DCY, (K, 7) (34)
and such that if not all m; vanish, then there exist j, k such that (33) holds.

Proof: We shall proceed in two steps. The first step consists in removing resonances
which might occur between two eigenvalues whose imaginary parts are nearly opposite
to each other. Once this first lot of resonances is removed, the second step consists in
removing the resonances which might occur between two eigenvalues whose imaginary
parts are far from opposite.

e Let 1 < j < n. Suppose that there is an m € Z?,0 <| m |< N such that

| 2Imay; — 2 (m, w) |<

[m |7

12



then let o = a; — 2im(%, w). Otherwise, let o = a;. Note that if |o; — ag| < £" and
if there exist m; # my, such that

/ /
ﬁ; | 2Imay — 2w (my, w) |<
J

| 2Ima; — 21 (m;, w) |< (36)

| my |7

then

K

| 2im(m; — myg,w) | < (37)

| my —my |7
which is impossible since w is diophantine. Therefore conditions (27) to (31) hold with
oy = a; and my such that a; — o} = 2im(m;,w).

o Let [_,,..., I be the finest partition of {1,...,n} such that

Imd.— o) |<KK =3F—r<r<rl|jkel. 38
j k

and choose the indices in such a way that

r' <" =Vj el Vk € Ly, Imaj < Imay, (39)
Note that I, might be empty. We will proceed by induction on " to prove the following
property P(r'):

There are my,m’ |,...,mL,m’_, € Z¢ with SUp| j <, 1] < N such that properties (27)
to (32) hold for all —r" <1y, <v',j € I, k € I, with m) instead of m; and o; instead
of a.

e Case 1" = 0: if Iy is empty, then P(0) trivially holds. Assume Iy is non empty. Then
for all j, k € Iy and all m € 1Z¢ such that 0 <| m |[< N,

| o —aj = 2im(m,w) [2] Im(a] — a},) — 2m(m,w) |>

S0 o — oy, € DCKE2(/<L/,T) and P(0) holds true.

o Let ' < r — 1. Assume P(r') holds. Consider [,y and I_,._;. There are two
possible cases.

e There exist —r' < r" <1/ j € In,k € I,,.; and m € Z% such that | m |< N and
J +

o — ag, — 2im(myn +m, w) |< EXE (41)
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e The case above does not hold.

/ _ _ / / — / —
In the first case, let m,,,, =m = —m’,_,. In the second case, let m;, ., =m’ ,_; =0.

,r./

Now my,,, and m’ ,_, are independent from j, k. To see this, suppose there are j;, jo €
I ki, ko € 1,,my # My € Z% such that for [ =1, 2,

/

‘ a;z o a;cz B 2i7r<ml7w> |< | m ‘T (42)
Then
K
2 (my — <"
‘ 7T<m1 m27w> |— | my — Mo |T (43)
which is impossible. Therefore P (1’ 4 1) holds true.
e Once m),...,mL,m’' ,,...,m"_ € Z% are defined, conditions (27) to (32) hold with, for

all j € Iy, &; = o) — 2im(m;,,w) and m; such that o — &; = 2im(m;,w). Condition (33)
is obvious by construction.

e By proceeding only with the second step, one gets my,...m, € Z%, with |m;| < N for
all j, satisfying conditions (28), (29), (30), such that

Vi, k, &; — d € DOY(x',7) (44)
and such that if not all m; vanish, then there are j, k such that (33) holds true. OJ

Lemma 2.2 Let {ay,...,a,} C C. For every RN € NN > 2 R > 1, there exists
N € [N, R"®UN] and my,...,m, € 3Z¢ with

sup [m;| < 2N (45)
J

such that letting &; = a; — 2im(m;, w) and

2 R
_ 1 46
n(8RzMn=D+1I N (46)
conditions (27) to (30) of Lemma 2.1 hold for k' = k", and such that
Vi, k, &; — g € DCEY (k" 7) (47)
and
Vi, k, oy # ay = &; — dy € DCEY (1", 7) (48)

Moreover, there exist my,...m, € Z¢ with |m;| < N for all j such that conditions (28),
(29), (30) and (47) hold true.
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Proof: If «; satisfy for all j, k

aj=ap = a; — o € DC’ﬁJlV(m”,T)
o # ay = o —a € DCFY (K", 7)

then we are done with N = N and my = --- =m,, = 0.

Suppose (49) does not hold. Then apply Lemma 2.1 with N = RN, r = k" to get

1 1
my,...,m, such that

Vi k, o = ap = m; = —my,
Vi k, aj = —ap = mj =my, (50)
Vj,]{?, ‘Oéj - Oék| < K" = m]l = m}g
Vi, [Ima; — 2im(m;j,w)| < [Imay)|
and
o =y = oy — g — 2im(m; — mk, w) € DCEY (v, 7) (51)
aj # ap = a; — oy — 2im(m ; mi,w) € DCEZQV(H”,T)

1

and such that there exist ji, ky satisfying | Im(ay, — ax,) — 2im(mj, —my ,w) |< K"

Assume there are mf, ..., mj, such that sup [m}| < (R+ R*+---4+ R")N and that for all
j’ k?

Vik, aj =ai=m;=—-my
Vo, Qg = = g =g (52)
Vi, k, |aj —ax] < K" = mi=mp
Vi, [Imay — 2im(m}, w)| < [Imay|
and
o =y = oy — a — 2m(m) —my,w) € DCHN (K", 7) (53)
aj # Qp = o — o — 2im(m — my, w) € DC’RTN( ")
and suppose there exist distinct (71, k1), - .., (jr, k-) such that for all [ <r,
| Imayj, — Imoy, — 2im(mf;, — my, ,w) |< K" (54)
If moreover one has for all j, &
aj = ay, = aj — oy — 2im(m; — mj,w) € DOFN (k" 1) (55)
aj # Qp = o — o — 2im(m — my, w) € DC’RTHN( ')

15



then the process ends with N = R"N and m; = m’ since it is true that

1
|m} |[<(R+R*4---+R")N < RN = B <9R'N (56)
R

Otherwise, iterate once more Lemma 2.1 with N = RN and aj — 2im(mj,w) in place
of a;j to get mi*!, ... m/*! such that sup [m;*'| < (R+ R?+--- + R™™)N and for all
Js ks

Vi k, oy = ap = mit = —mjt
r+1 r+1
Vi, k, a; = —ay :>m =m,, (57)
Vi k, |aj —ag] <K' = m”rl =m)t

Vi, [Imay — 2im(m; rH )| < [Imay|

and

aj = ap = o — ap — 2im(mi T —mpthw) € DCE "N (k" T) (58)
a; # ap = aj — ap — 207 ;“ mptt w) € DC’RTHN( ')
and that there exist distinct (jq, k1), ..., (jrt1, kre1) such that for all I <r+1,
| Imay, — Imoy, — 2im(m/H —mp ™ w) |< K" (59)
Therefore, for all 1 <[ <r 41,
lovj, — o, — 2i7r<m§l+1 mzl“, w)| < K" (60)

This implies that for all m € %Zd such that 0 < |m| < RN and forall [,1 <[ <741,

g, — gy — i (7 — W) = 2im(m, w)| > % — K> K (61)
so for all [ <r+1,
o, — oy — 24w (m); T’“ m’,;fl, )€ DCﬁJ;(/@", 7) (62)

Therefore, after 7 < @ steps, one gets conditions (47) and (48) with m; = m} and
& = aj — 2im(mj, w) and [Imay — 2im(my,w)| < [Imay|. It is true that | m} [< 2N and
conditions (27) to (30) of Lemma 2.1 are also satisfied.

Lemma 2.1 implies that if conditions (27) and (48) are not required, then one can get
mi,...my, € Z% 0O
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2.2 Renormalization

Now the preceding lemmas will be used to define the renormalization map ® which will
conjugate A to a matrix with DCTN (k" 1) spectrum for some «”, with R, N arbitrarily
great and ® bounded independently of R.

In all that follows, G will be a Lie algebra among
gl(n, C), gl(n,R), sp(n, R), sl(n,R), o(n), u(n)
and G will be the Lie group associated to G.

Proposition 2.3 Let A€ G, R > 1 and N € N. There exists N € [N, R%"("_l)]\f] such
that if

" K

= n(8R%n(n—1)+1N)T

(63)

then there exists a map ® which is trivial with respect to L, and G-valued and such
that

1. for all v’ >0,
]_ ‘l— AN n(n+1) ﬂ_’rl _ ]_ ‘l— AN n(n+1) ﬂ_’rl
o < co (FELRA) e ey, < o (RN T e o

2. Let A be such that

V0 € 2T, 9,P(0) = AD(9) — B()A (65)

then

I|A - Al| < 47N (66)

and A has DCEN (K", 7) spectrum.
8. If G = gl(n,C) or u(n), ® is defined on T<.
Proof: Let {ay,...,a,} = c(A). Two cases must be considered:

e If G = gl(n,C) or u(n), Lemma 2.2 gives N and m; € Z% for j = 1,...,n such that

N < N < R DN sup |m,| < 2N (67)
J

and such that conditions (28) to (30) of Lemma 2.1 hold with " = ", as well as
conditions (47).
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If G = gl(n,R), sp(n,R), sl(n,R) or o(n), Lemma 2.2 gives N and m; € 3Z¢ for
j=1,...,n such that

N < N < R VN sup Im;| < 2N (68)
J

and such that conditions (27) to (30) of Lemma 2.1 hold with " = ", as well as
conditions (47) and (48).

For all j there is a unique L € L4, such that o; € 0(A|;). Let my = m;. Then my is
independent of j thanks to property (29).
For all § € 2T, let

(I)(e) _ Z €2i7r<mL,9)P[L/:A,,€// (69)

LGL:A,N”

By construction of the (my), ® is defined on T¢ if G = gl(n, C) or u(n). Let us prove that
® is G-valued.

it G = gl(n,C), this is trivial;
if G = u(n), ® has unitary values.

if G = gl(n,R), this comes from Lemma 1.2, since L4, is a real decomposition and
according to Lemma 2.2, for all L € L4, mg = —mj.

if G = o(n), the map ® has values in real unitary matrices, i.e orthogonal matrices.

it G = sp(n,R), L4, is a symplectic decomposition. Lemma 2.2 ensures that for
all L € L4, m, =—mj and

VL, L' € Lawn, (L, JL'Y #0 = my =my (70)

Therefore Lemma 1.3 implies that for all # the matrix ®(6) is in Sp(n,R).

Properties (47) and (48) ensure that_fl has DCEN (5", 7) spectrum.
Moreover, for all L € £, |mz| < 2N. The estimate of each PF recalled in Lemma 1.1
implies that & satisfies the estimate

n(n+1
L+ ||AN||) " (1)

|(I)|T” < Cy ( K

and so does @' since
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@—1 — Z e—2’i7r<mL,.>PfA,n" (72)

LELA,H”
By definition of A,

VL e L', o(AL) = a(AyL) — 2im(my, w) (73)

and by property (30),

Va € 0(AlL), |a—2in(mg,w)| < |af (74)

Let P be such that PAP™! is in Jordan normal form, let ; be the eigenvalues of A and
p; the columns of P, then for all 7,

(A = A)pyl| = [12im (mg, w)psl| - < 47 N][p| (75)
So ||A — A|| < 47N, whence property (66). O

Definition: A map @ satisfying the conclusion of Proposition 2.3 will be called a renor-
malization of A of order R, N.

In dimension 2, the renormalization map ® satisfies the following property: for every func-
tion H continuous on T? and with values in gl(2,C), ®H®! and ®~' H® are continuous
on T9.

Dimension 2 has, indeed, the particularity that every decomposition £ of R? at most two
subpaces Ly, Ly, in which case mp, +mp, € Z¢ (if the decomposition is trivial, mz = 0).
In any case, Y., .. my € Z°.

3 Homological equation

Solving the homological equation is a first step towards reducing the perturbation.

Notation: For every function F € L?(2T9) and every N € N, we will denote by FV and
call truncation of F' at order N the function that one obtains by truncating the Fourier
series of F":

FN(Q) _ Z F(m)e2i7r<m,9)

Im|<N

The following lemma will be useful in the solving of the homological equation.
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Lemma 3.1 Let f, g be trigonometric polynomial with g real on R%. Let r > 0,7" €]0, 7|
and suppose that there exists C' such that | f|,» < C|gl|,. Then for all m € 17,

|f62i7r<m,.> |T” < C|g62i7r<mv-> |7’ (76)

Proof: Since g is real,

vm € 2%, 5(=m) = §(m) (77)

so for all z and all y € [—r r]d

ZL’ 'ly Zg 2Z7T (m,z—1iy) — Z g(_m)eﬁﬂ(—m7—x+iy) — Zg(_m)e%ﬂ(—m,x—i-iy) — g(:L’ + Zy)

(78)

which implies that for all x, ¥,

| g9(z —iy) [=| g(x +iy) | (79)
Let us show that for every m € Z<,

|g|re27r\m\r _ |ge2i7r<m,.>|r (80)
By the maximum principle,

lgl-= sup  |g(z+iy)|=  sup |g(z+iy)] (81)

z3|y;|<r,1<5<d z;ly;|=r,1<j<d

Let yg such that

| 9 lr=sup | g(z + iyo) | (82)
then, for m having only one non-zero component m;, either

lglre*™" = sup | g +igo) | | 0T |= |ge i, (83)
if m; et (yo); have opposite signs, or

|glre?mm = =sup | g(z — o) | | ehmlmaiv) — | gePmim |, (84)
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if m; et (yo); have the same sign, whence (80) if m has only one non-zero component.
Assume that

|g |r e27r|m|r :| g€2i7r<(m1,...,mj,l,O,...70)7.> |r 627r(|mj‘+"'+\md‘)r (85)

and that | ge2((mimi—1.0.-0)) | “ig reached at 7. Let §; € {—1,1} be such that m; and
0,9, have opposite signs. Then

| g |7” 6271"77’1/‘7” :l ge27/7r<(m17"'7mj71707--'70)7'> |7” 627r(|m3|++|md|)r
= ; i 2im{(ma,...;m;-1,0,...,0),2+(Y1,0 Fj-- Y 27 (| |+ +|mgl)r
= sup [ g(@+i(yr,... G- ya))e s Jarktetyesal) | gBnlimglimal
mvylmk#]
_ . — 2im{(m1,...;m;—1,0,...,0),2+i(y1,.--,0 G-, Y. 2imm; (x; 410,74
= sup |9(I+Z(y1, "5jyj7”"yd))e (( J ) ( Y5 d)>€ j(j iT5) |
C&yk,k)#]

e2m(Imjs1l+-+mal)r

= sup | g(z+i(yr,-.., 075 ya))e
C&yk,k)#]
2im((ma,...,m;,0,...,0),.) |

2im{(m1,...,m;,0,...,0),2+i(Y1,.,05 T, Yd)) | e2m(Imjal+--+lma)r

27 (|mjpa|+-+mal)r

= ge re
(86)
and (80) is obtained through a simple iteration. Thus
|f€2i7r<m,.>‘T/ < |f|T/€27r\m\r’ < C|g‘T627r|m|r _ C|g62i7r(m,.>|r 0 (87)

Remark: If f, g are matrix-valued trigonometric polynomials, f = (f;jx),9 = (g;%), and
¢ has real coefficients on R?, a similar statement holds. For if

[flr = sup [ f(z+iy) |[|< Clgl, = C sup || g(x+iy) || (88)

@, |y, | <r! @,ly;|<r

as the norm of the greatest coefficient is equivalent to the operator norm, one has

sup | fiklr < CC"sup |gjklr (89)

J:k J:k

for some C” only depending on the dimension of the matrices. So from Lemma 3.1, since
there exists jo, ko such that

\V/j, k> | fj,k |T’§ cc | Gjo,ko |?“ (90)
then

Sul? |fj’ke2i7r(m,.) |r’ S CC/ Su]f) |gj’k€2i7r<m,.> |r (91)

]7 ]7

21



and as the norms are equivalent, the statement also holds in operator norm:

|fe2mm | < OC"|genim), (92)
for some C” depending only on the dimension of the matrices.
Proposition 3.2 Let
e NN,
e v €0, K],
o v>n(n+1),
o 0<r <.

Let A € G have DC’UJZ(K’, ) spectrum. Let F € C* (2T, G) with nice periodicity properties
with respect to an (A, K',v)-decomposition L. Then equation

~

9 € 2%, 9,X () = [A, X(0)] + FN(0) — F(0); X(0)=0 (93)
has a solution X € C%(2T%, G) such that

o if F has nice periodicity properties with respect to L et (mp), then X has nice
periodicity properties with respect to L and (mp); in particular, if F is defined on
T9, then so is X,

o if O is trivial with respect to L, then there exist C', D depending only on n,d, T such
that

1 121 2n2~y+D
D1 XD, < <M> myarak (94)

(r — "K'

Moreover, the truncation ofX at order N 1s unique.

Proof: e Let C' € GL(n,C) be such that C~'AC is in Jordan normal form. Solving
equation (93) is equivalent to solving

VO € 2T, 9,01 X (8)C = [~ AC, O X ()C)+C~H(EN () — F(0))C; X(0) =0 (95)

Equation (95) can be decomposed along coefficients z; () of C~*X()C" for all 5, k, and
all § € 2T,

A

it (0) = (& — Gn)2j(0) + 0121 g1(6) + 8ozj-1,1(0) + (CHEN (8) = F(0)C)j (96)
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where §; and dy are 0 or 1 (with do = 0if j = 1 and 6; = 0 if &k = n). Developing into
Fourier series, one gets for all m € %Zd, with v = 1 or 2 according to the periodicity of

(CHFN = F(0)O)j,

i(m, w)aju(m) = (6 — &w)aju(m) + 0185 k41(m) + Sa2dj_16(m) + f(m) (97)

where f(m) stands for the m-th Fourier coefficient of the function (C~*(FN — F(0))C); 1.
The diophantine conditions given by Proposition 2.3 allow the existence of a solution to
the set of equations (96), therefore (95) has a solution X?2.

e Now we shall see that X% is unique. Suppose that X and Y are both solutions of (93).
Then

A~ S

Du(X —Y)=[A, X —-Y]; X(0)=Y(0)=0 (98)

The diophantine conditions on flA imply that the truncation at order N of any solution of
(98) is constant, and condition X (0) — Y'(0) = 0 implies that it vanishes, so X~ = YV,

e To check that X is G-valued, it is enough to show it for XN, since one can assume that
X =XV,

e if G = gl(n,C), this is trivial.

e if G = gl(n,R), this comes from the unicity of the solution up to order NN, since X
and its complex conjugate are solutions of the same equation.

e if G = sp(n,C), first note that

0 € 2T, 9,X(0)"J = [X(0)", AT + FN(0)"J — F(0)"J (99)
= X(0)JA— AX(0)T — JEN(6) + JE(0)
and
V0 € 2%, 0,(JX(0)) = JIA, X(0)] + JFN(0) — JF(0) (100)
— —A"JX(0) — JX(0)A + JEN(0) — TF(0)

2To solve the set of equations (96), proceed as follows: first solve (96) for j = 1,k = n; the solution of
(96) for (1,k) gives the solution of (96) for (1,k — 1); the solution of (96) for (j,n) gives the solution of
(96) for (j+1,n); the solutions of (96) for (j —1,%) and (j, k + 1) give the solution of (96) for any (j, k).
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Diophantine conditions on A imply that X:‘J+ JX is constant. Condition )2((0) =0
implies that for every 6 € 2T¢, X (0)*J+JX () = 0, so X takes its values in sp(n, C).

e if G = u(n), proceed as in the sp(n,C) case, showing this time that X* + X is
constant and thus is zero.

e if G = sp(n,R) or o(n), use the previous cases and the fact that sp(n, R) = sp(n,C)N
gl(n,R) and o(n) = u(n) N gl(n,R).

e if G = sl(n,R), note that the trace of X is solution of

VO € 2T, 9,(TrX(0)) = Tr[A, X(0)] = Tr(AX(0)) — Tr(X(0)A) =0 (102)

so it is a constant, and as TrX (0) = 0, it is identical to zero.

e As for periodicity properties, equation (93) decomposes into blocks:

VL, L' € L,
N o o . . (103)
0,(PEX PE) = PEAPEX PE — PEXPEAPE + PE(FN — F(0))PE

which again decomposes into Fourier coefficients: for 0 < |m| < N,

2im (m, w)(PEX (m)PL) = PEAPEX (m)PE — PEX (m)PEAPE + PEF(m)PE (104)

Let (myz) be a family such that F has nice periodicity properties with respect to £ and

(my). If m is not in Z% + my — my,, then PEF(m)PE = 0 and since XV is unique,

PEX(m)PE = 0. For |m| > N one can assume X (m) = 0. Therefore X also has nice
periodicity properties with respect to £ et (mp).

e Finally let us prove the estimate (94). Let m € Z¢, |m| < N. First we shall prove that
forall L, L' € L,

(L [[Ax] )™ |07
K!/(n?—1)

2 2 n2_
I1PEX (m) PG| < O I1PEEm)PEII(IPEI IPEID)™ " (105)
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where C” only depends on n. The proof will be inspired by [3|, Lemma 2. Let Ay s be
the linear operator from gl(n,C) into itself such that for all M € gl(n,C),

Ap M = APEM — MPEA (106)

Decomposing (93) into blocks, then into Fourier series, one obtains for all L, L' € £ and
all m € 3Z% such that 0 <| m |[< N,

(PEX (m)PE) = (2im(m,w) — Ay 1))~  PEF(m)PE (107)

Write Ay, 1/ as an n-dimensional matrix. Let Ap € gl(n?, C) be a diagonal matrix and
Ay € gl(n?,C) a nilpotent matrix such that

(2i7r(m, w) - AL,L’) = AD - AN (108)

Then Ay coincides with the operator

Ay : B— (APE)\B — B(PEA) (109)
Moreover,
(2im(m,w) — App) " = AZN I + ANAD + -+ + (AyAZH™ Y (110)

We will estimate (2im(m,w) — Ap )7, form € Z%if L = L' and m € $Z% if L # L.
Each coefficient of A5'(AyAL") ! has the form 2 with [ p [<|[ Ay [7" and ¢ = B ... 3;
where [3; are eigenvalues of 2im(m,w) — AL /. Now

o(App) ={a—a | a€o(AyL),d €a(Ap)} (111)

and for all @ € o(A),a’ € a(A),

| @ —a' — 2im(m,w) |> (112)

|m |7

forallm € Z4if L = L' and all m € %Zd if L # L' Thus

. - n2 A n2— ‘m‘T m
| im(m,w) = Ap )™t | <02V (1 [ Av ] (1 P I+ 11 P 1)) 1(

and (107) implies (105).
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e The estimate (105) implies that

¥ (1+||AN-||)7L2_1 n2—1)7 I —27t|m|r 2m|m|r’ n?—
[PEXPLl < O — 055 Y ml "I PEE P e e (|| PEY| || PE )"
(114)
where C” only depends on n. Now
Z |m‘(n2—1)7—6—27r\m\(r—r’) <O,y Z M(n2—1)7+d6—27rM(r—r’)
" me (115)

o0 , C
(n2=1)7+d —2mt(r—r") d
< Cd/o t € dt < (27 (r — 7)) DrrdiL

where Cy only depends on d, so

c” (L + (| An ™

(7’ _ ,r/)(n2—1)7-+d+1 K!(n?=1)

- = n?—
PEXPE|, < IPEFPEL(IPEN PEID™ (116

where C” only depends on n,d, 7.
Let (m/,)rec a family of elements of 3Z¢ and ® defined by

O =) Pfermim (117)
LeLl
then
(@71 X} = | D PLXeH T PE (118)
L,L'el

thus Lemma 3.1 applied to (116) gives

-~ C (1+ ||121NH)”2_1 2 ~ . [ 2
-1 3 Lin 2im(mf —m’ ,,.) Ln
&7 X < (r — )P Dr i 1o/(n2—1) LLZEHPLH | Fe L || Pl
) /e
(119)
where C3 only depends on n, d, 7; now, since for every L € L
~ gl
14+ || Axr
| PEI< Co (%) (120)

then
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c A

—1y 4 N LH—1 @ PL

071X D, < e < = ) > IPfOTIFOPE],  (121)
LI

where Cy only depends on n,d, 7, whence (94). O

Remark: The loss of analyticity » — ' is needed in order to have good estimates of
the solution.

4 Inductive lemma without renormalization

4.1 Auxiliary lemmas

The first lemma will be used to iterate the inductive lemma without having to perform
renormalization at each step, which will greatly improve the final estimates.

Lemma 4.1 Let

k' €]0,1[, C >0,
g,
e &= |F]],

s
m

e NcN,
e AcG with DCYN(K',7) spectrum.
There exists a constant ¢ only depending on nt such that if € satisfies
e<c (Lﬂi)% (122)
1+ |[A]|
and

| log €|
C

N < (123)
then A+ F has DC’f(?’T’QI, T) spectrum.

Proof: If & € 0(A + F), by Lemma 6.1 given as an appendix, there exists a € o(A)
such that | — @] < 2n(||A|| + 1)én.

By assumption/i has DCY (k/,7) spectrum. Thus for all o, 3 € o(A + F) and all m €
Z%,0 < |m| <N,
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/

la — B — 2im(m,w)| > — 4n(||A]| + 1éx (124)

[m|

and if o # [, (124) holds for every m € 3Z¢, 0 < |m| < N. Therefore it is enough to
show that

1
7

AnNT(||A]| 4 1)en <

K
< — 125

Now there is a constant ¢ < 1 which only depends on n7 such that if € < ¢, then

&(|logé))" < ez (126)
so if
T 2n
E<c (C—“) (127)
16n(||Al| +1)

by asumption (123), then

4n(||Al| +1)en N7 < 4n(||A]| + 1)e 077 < % (128)
which proves the Lemma. []
The following lemma will be used to avoid doubling the period more than once.
Lemma 4.2 Let A, A" € gl(n,R) and H : 2T¢ — gl(n,R). Assume that H has nice
periodicity properties with respect to an A-decomposition L and assume

VL,L' € L, PF(A' — A)Pf, # 0 = PFHPf, € C°(T?, gl(n,R)) (129)

Then H has nice periodicity properties with respect to an A'-decomposition which is less

fine than L.

Proof: Define a decomposition £’ of C" as follows: for all L, L' € L,

(BLye L' | L C Ly, L' C Ly) & PFHPE € C°(TY, gl(n,R)) (130)

Let (my) be a family such that H has nice periodicity properties with respect to £
and (mp). For all L’ € L' let L be a subspace of £ contained in L' and let mp = mp;
the class of my, in the equivalence relation

28



m~m & m-—m' ez (131)
does not depend on a particular choice of L. Then for all L' € £/,

p2im(m.) pL jg: eZim(my ) pL (132)
LeL,LCL!

so for all L, Ly € L/,

Pfl’HPf;€2i7r<mL1 —MLys) Z PL/I HP£l262i7T(mL/1 _mLé">62m<mL1 —lel—(mL2 —mL/Q),.)
L/1CL1,L/2CL2
(133)
which is continuous on T¢. Moreover, let Ly € £', then
PEHPE = > PEHPE (134)

L,LIE,C,LCLQ,L’CEO
which is continuous on T¢. Thus H has nice periodicity properties with respect to £’

By definition, £ is A-invariant. Moreover, assumption (129) implies
Al - A - Z PL//(A/ - A)PL/I
Ler

so it also implies that £’ is A" — A-invariant. Thus, £’ is A’-invariant and so it is an
A’-decomposition. [

Here is a standard lemma on the estimate of the rest of the Fourier series for an analytic
function.

Lemma 4.3 Let H € C¥(2T¢, gl(n,C)). Soit N € N and HY the truncation of H at
order N. Then for all ' <r,

CN4

(T _ T/)d—i—l |

\H — HY|,, < H|,e 2 Nr=r") (135)

where C' only depends on d.
Proof: It is a simple computation. Since
H—HN =" H(m)e (136)
|m|>N
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then

(H —HN| < N7 |[H(m)||e 0 < (H|, Y em2rimit=r)
|m|>N |m|>N

d,—2m M (r—r') N 2wN(r—r") 130
§C|H|TZM6 §C|H|rme -
M>N

4.2 Inductive lemma

Proposition 4.4 Let
0 ¢>0,7<1,# €L, >0NeNy>n(n+1),C>0;
e FcC¥(2T%G), Aeg,
e L an (A, K, ~)-decomposition.
There exists a constant C"” > 0 depending only on 7,n such that if
1. A has DC’ff’(/ﬁ’,T) spectrum;

2.

[Q¥

IFO)|| <é<C” (ﬂ)zn (138)

1+ 4]
and

| log €|

N <
- C

(139)

3. I has nice periodicity properties with respect to L

then there exist
e (' € R depending only on n,d, k, T,
e D € N depending only on n,d, T,
e X € (0%(2T4,G),
e Aleg
o an (A, 37“,, v)-decomposition L'
satisfying the following properties:

1. A has DCva(gT"“/,T) spectrum,
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2 A - A <&

3. the map F' € C4(2T%, G) defined by

VO € 2T, 9,eX® = (A + F(0))eX® — X0 (A" + F'(6)) (140)

has nice periodicity properties with respect to L'

4. If ® 1is trivial with respect to L,
then

W (7 — )

14 |A .
P XD|m < ' <M> |OFD|; (141)

5. and if ® is trivial with respect to L,

W (7 — )

~ D~
1 A . .
|¢_1F,®|7Z/ S Cl + || N|| e|<I> X@‘;/|®—1F¢|f
(142)

(1|2 N>V 4 [37 Pl (14 el* X))

Moreover, if F' is continuous on T%, then so are X and F'.

Proof: By assumption, F has nice periodicity properties with respect to £ and some
family (my) and A has DC’N(KJ T) spectrum, so one can apply Proposition 3.2. Let
X € C%(2T%, G) be a solution of

9 € 2T, 8, X(0) = [A, X(9)] + FN(9) — F(0) (143)
satisfying the conclusion of Proposition 3.2.

Let A’ := A + F(0). Then A’ € G and ||A — A'|| = [|F(0)||, whence property 2.
Moreover, let ¢ be the constant given by Lemma 4.1, and assume C” < c¢. Assumptions
(138) and (139) make it possible to apply Lemma 4.1 and infer that A’ has DCg(%”“', )

spectrum, whence property 1.
Let I’ € C%(2T? G) the map defined in (140). Then

F' = e X(F = FNY 4 e XB(eX — Id) + (X — Id)F(0) — e X > — o le F0)) X+
k>2
(144)
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We shall appply Lemma 4.2 with A = A and G = F, in order to get property 3. The
map F” has nice periodicity properties with respect to E and some family (my) since X
and F have them. Moreover, as F' has nice periodicity properties with respect to L,

PEE(0)PE # 0= PEEPE € CO(TY (145)
and since
PEFPE € CTY) = my —myp € Z¢ = PFF'PE € C°(TY) (146)

then assumption (129) of Lemma 4.2 is fulfilled. By Lemma 4.2, F” has therefore nice
periodicity propertles with respect to an A’- decomposmon L WhICh is less fine than L,
so L' is an (A, &/, y)-decomposition. As it is an (A, &/, y)-decomposition, each subspace
L € [’ satisfies

~ Y
| PE[I< Co (%) (147)
thus
, 1+ || Al || +26\7 1+ || A, !
172 11s ¢ (P < <7‘LL,N”> (148)
4

and so £’ is an (A, 34 ,7)-decomposition, whence property 3.
Property 4 is given by Proposition 3.2.

e By Lemma 4.3,

—27TN(7" 7)
|F — FN|, < O\NY F IS dCavor (149)

where C} only depends on d. By (144), (94) and Lemma 4.3, it is true that

1+[|A . _ o
|(I) lF q>| < Cl <M) |<I> 1X<I>\7:/|®—1Fq)|?(|q)|§|(I)—1|§Nde—27rN(r—r)

R (F = 77) (150)

+ BT PO (1 4 €T

where C” only depends on n,d, k,7 and D only depends on n, d, 7, whence property 5. [
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5 Inductive lemma with renormalization

5.1 Statement of the inductive lemma

Proposition 5.1 Let
e A g,
o r < %,r’ € [%r,r[,v >n(n+1),

A F e C»(2T4,G), ¥ € C¥ (2T, G),

¢ |F|T’ =€
[ J
R= #804(%@ — 1)+ 1) (151)
C(r—1")8 2
[ J
N = |loge] (152)
C 27r 08¢
Let k" = i

n(gR%—n(nfl)Jrl N).,— :

There ezists C' > 0 only depending on n,d,k, 7 and Dy € N only depending on n,d, T
such that if

-, /{”(7’ o 7,/) D1~y
< -~ 7
= () 1)

2. A is reducible to A by ¥,

1.

8. WTLEW has nice periodicity properties with respect to an (A, k", ~)-decomposition
L,

419, < (27 and 97, < (2)77,
then there exists

e N €[N, Rz"("=DN],

7' e C4(2T4, G),

A F e C4(2T4, G),
U e CY(2TY, G),

Aeg
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satisfying the following properties:

10.

A’ is reducible by V' to A’,

the function (U') " F'"U' has nice periodicity properties with respect to an (A’, 35 2~)-

decomposition L'

0|, < ( ) r=r") g5 4nrN - g g |(\I’/)_1|r < (%)(r_r/)+9—%e4nr]v’

A" has DC'RN(3 ".T) spectrum,

0,7 =(A+ F)Z' - Z'(A' + F)

||| < JAJ| + €3 + 4 N;

r—r

71 < - ((1 + ||A||>|1oge|)D”€ -
<=

and so does (Z')~! — Id,
(UL, < €2,
the function W'=Y is trivial with respect to L .,

for all s >0,

1 A n(n+1)
|\If/_1\11|5/§0< _'_H ||) 47rNs |\I/ 1\11/| <C(

/{//

where C' only depends on n.

) 4Cy?

(154)

(155)

/‘{;//

n(n+1
1+||Au) " e

(156)

Moreover, in dimension 2, if A, F are continuous on T?, if assumption 3 is replaced by

3’ for all function H continuous on T?¢, WHU~!

then Z', A", F' are continuous on T¢ and property 2 is replaced by

is continuous on T?

2’ for every function H continuous on T¢, W' H (W)=t is continuous on TC.

Finally, if G = gl(n,C) or u(n) and if A, F,V are continuous on T?, then Z', A', F' U’
are continuous on T?.
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5.2 Algebraic aspects of the proof
5.2.1 General case

Let N be given by Proposition 2.3 and ® a renormalization of A of order R, N. Let A € G
be such that

Vo € 24, 0,(0) = AD(0) — B(9)A (157)

The matrix A thus has DCPN (k" 1) spectrum. Let ¥/ = ¥® and F = (V) 'FI.
By assumption, ¥~'F¥ has nice periodicity properties with respect to an (A, x”,v)-
decomposition £ and some family (my). Moreover & is trivial with respect to L4 ..
Since £ and L4, are A-decompositions, one can define an A-decomposition £ in the
following way:

LeLe3l €L, Ly€ Loy | L=LiNLy (158)

L is an (A, g—g, 27)-decomposition since £ and L4 .~ are (A, k", ~y)-decompositions and so
: Lo 1+ || Av [\

I P 1111 PP 11 o (Pl (159)

Moreover F has nice periodicity properties with respect to £. Since £ is an (A, ?;_l(;v 2)-

decomposition, it is also an (121, K 27)-decomposition (because the nilpotent parts of A

n &
and A coincide).
Moreover,

IEO)[ < [Flo < [@]o]@ o Tlol¥ o] #o (160)

Now by (64), for all " > 0,

1 A n(n+1) _,
| @ |4< Cy (M) et (161)
K
and so does ®~! (whence property 10). Thus
. oy 1+ A,/\/’ 2n(n+1)
1E o) < g (L) (162
whence, if C" < O et Dyy > 96n(n + 1),
[F(0)]] < €24 (163)
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Apply Proposition 4.4 with

’ ¥ N 2 r
E= 2% joy =4 K=" N=RN,C= #, L=L (164)
R§n(n—1)+1

Let C” be given by Proposition 4.4 (depending only on n and 7). Assumption (153),
which implies (138) with

~ C 8nt
&< om ((T - T/)4n(n_1)+9) , D1y > 64n(n(n —1) + 2)7 (165)
note that ———=——— has a lower bound which is independent of » — '), the expression
(r—r/)in(n=D+

(152) which implies (139), the nice periodicity properties of F and the fact that A has
DCEN (k" 1) spectrum, make it possible to apply Proposition 4.4 to obtain functions
X € C4(2T4,G), F' € C%(2T%, G), and a matrix A’ € G such that

A’ has DCEN(% (%) ,T) spectrum (whence property 4),

||A” — A|| < 21, which implies

| A= AJ<||A = A+ ||A— A]| < €2 + 47N (166)

whence property 6,

o 0% = (A+ F)eX — X (A + F),

3’{”

e [’ has nice periodicity properties with respect to an (A, {&-, 27)-decomposition £’

e and since ® is trivial with respect to £, for some C’ depending only on n, d, x, 7 and
some D depending only on n,d, T,

D~y _
DX, < (CO(}/(J“ HAX”)) |DED, (141)
R\r—r

and
Co(1+ [|An])

K'(r —1')

+ | PED | (1 + el X))

D
[ QF®H |, < < ) X g (|02 2R )2 RN

(167)
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Let [/ = WOF'(Ud)~! (which satisfies property 2) and let A’ € C¥(2T¢, G) such that

0,0 = AVD — TPA (168)

which is exactly property 1. The function Z’ := U®e® (U®)~! is solution of

0,7 =(A+ F)Z' = Z'(A' + F) (169)
whence property 5.

5.2.2 Case of dimension 2

In dimension 2, since by assumption U~V is continuous on T?, and by the remark made
in section 2.2, then F',X et F’ are continuous on T<.

Thus the functions ®F'®~1, <I>1§’(O)<I>_1 and ®X ®~! are continuous on T?, and by assump-
tion on W, then WOF(UP)~1 UOF(0)(UP)~' and ¥OX (UP)~! are thus continuous on

T and finally A’ = A+ UOL(0)(¥D)~" is continuous on T
It only remains to show that for every function H continuous on T¢, the function (V@) HU®
is continuous on T?. Now

(V) 'HUY® = o' U U
By asumption, W "' HW¥ is continuous on T¢, and again using 2.2, so is @' H VP,

5.3 Estimates

e The estimate (161), the assumption (153) and the fact that || Ay [|<|| 4 ||, imply that

D], < ¢ o™V (170)

thus

[T, < [T],]P], < eI mm el (171)
whence property 3.
e By Proposition 4.4,
Co(1 + [|An]]

K'(r — 1)

+[DFD (1 4 X))

D~y B B
|(I)F,(I)_1‘7«/ < C’ ( )) e|<I>X<I>’1|T,/‘(I)F(I)—l|T((RN)delﬁm“Ne—%rRN(r—r’)

(167)
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for some C’ depending only on n,d, k, 7 and some D depending only on n,d, 7. Now

‘(I)F(I)_1|r < ] [0 |Fl < el 2=

and by property 4 of Proposition 4.4,

D~y _
|q)Xq>—l|T/ S C/ (CO(/l/(_'_ HA//\;‘H)) |q)Fq>—l|r
R\T —7T

so, by (153), if D, is great enough as a function of n, v, D, then

XD, < e 96 |[PFDTY|, < €5

SO

e|<I>X<I>*1\T/ <9

Moreover

__ T ) T _ )
6167rrN 2rRN (r—r') _ e27rN(8r R(r—r')) < 6100

so by assumption (153),

\CDF'(I)_1|W < 6—%61—2(r—r’)((RN>d6100 +€1—2(r—r’))

There exists a constant c; which only depends on d such that if € < ¢4, then

| loge |9< et

and in this case there exists co, Dy which only depend on n,d, 7 such that

C2

'H—1 —& 1-2(r—r")
BF ! < A

699 +€1—2(r—7”))
thus if ¢ is small enough and D; big enough (as a function of ¢, D),

|¢F/¢_l|r’ S 62—4(7”—7“,)—9—16
whence 8.

e We shall estimate |¥®eX (WP)~1 — Id|,,. The estimate (141) implies
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X g1 (1+ ||AN||)R%("("_1)+1)TNT o 1
|BeX ! — Id],, < C” : DFD, (180)
r—r
for some C” only depending on n,d, k, T, so
1+ ||AxIDI Div ,
WD (BD) ! — Id], < Cy (( * 1AxADI Oge') (L)t (181)
r—r €

for some C3 depending only on n,d, x,7 and D} depending only on n,d,7. The same
estimate holds for [¥®e=X (U®)~! — Id|,/, so property 7 holds with C’ < c%v D, > 2D\.
O

5.4 Inductive step

Now we are able to state the whole inductive step. In the following we will denote

27r
R(r,r") = —(r—lr')S 80*(3n(n — 1) + 1) (182)
K'(r,r'e) =

n8R(r) 2" =D+ N ()7

These functions coincide with functions R, N, k" defined in Proposition 5.1.

5.4.1 Statement
Proposition 5.2 Let
e Ac g,
e r < 2.7 e[BRrr[y>n(n+1),
e AF € C¥(2T% G) and ¥ € C*(2T%, (),
e c=|F|,

There ezists C' > 0 depending only on n,d, k, 7,7~ and there exists D3 € N depending only
on n,d, T such that if

1. Ais reducible to A by ¥,

2. ULV has nice periodicity properties with respect to an (A, " (r, 7", €),v)-decomposition

L

€<7 =P (183)

1Al + 1) P
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b |0 < (2730 et (B, < (L))

then there exist

100 .

o ¢ <,

e 7' € C% (2T, G),
e A F' € C% (2T G),
e U € C¥(2TY, G),
e Acg
satisfying the following properties:
1. A" is reducible by W' to A’,

2. the map W'~ F'V has nice periodicity properties with respect to an (A', k" (1" 7" — ==

2
decomposition L'

3. ‘F/|,,.H < 5/’
b W] < (D and |91 < (2)H0),
D

5. ||A/|| S ||A||—|_ | 10g€ | (r_lrl> 3’.
6.

0.7 =(A+F)Z' = Z'(A' + F) (184)
7.

1 1 AN D3y )
7l <G <( . |r| —Hz' Ogd) e (185)

and so does (Z')~! — Id.

Moreover, in dimension 2, if A, F are continuous on T?, and if assumption 2 is replaced
by

2°. W is such that for all function H continuous on T, WHU~! is continuous on T¢,
then Z', A", F' are continuous on T¢ and property 2 is replaced by

2°. W' is such that for every function H continuous on T, W HY'~! is continuous on

T

Finally, if G = gl(n,C) or u(n) and if A, F,V are continuous on T?, then Z', A', F' U’
are continuous on TC.

The proof will be made in two steps: the first step is to apply Proposition 5.1 to reduce
the perturbation when there are resonances. The second step is to iterate Proposition 4.4

as many times as possible using the fact that resonances, once removed, do not reappear
immediately.
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5.4.2 First step: removing the resonances

Apply Proposition 5.1 with ' = %”" Let R = R(r,7"); N = N(r,e); k" = £"(r,1’,¢) and
let C’, Dy as in Proposition 5.1. Let ¢ depending only on Dy, y, 7 such that if € < ¢, then

ez | loge |P7< 1

(186)

Assumption (183) with €’ small enough as a function of C’, Dy,n,k,7,~v and Ds big

enough as a function of Dy, ~,n, implies that

, D1y
(<O 1 K(r —1')
n(8Rz" " UHN)T(J| A + 1)

so the assumption (153) of Proposition 5.1:

A
<¢ ()
holds true. Thus it is possible to apply Proposition 5.1 to get
e N €[N, Rz"DN],
o 7,V € C4(2T%, G),
e A1 €g
o A €C%(2T4 G)
e and F} = (V) 1[0/
such that

1. A, is reducible to A; by ¥’

(187)

(153)

2. F} has nice periodicity properties with respect to an (A, %> 27y)-decomposition £;

3. ‘ p/ ‘r’g 6—(r—r’)_%e47rrﬁ and ‘ N\ ‘r’g 6—(r—r’)_%e47rrlv
4. Aj has DC’fN(%KJ”,T) spectrum,
5. 8WZ1 - (A+F)Zl—Zl(A1+F1),

6. || Al < [|All + €2 + 4N,

r—r!

20— Idly < ~ <<1 + [JAxlD)] 1oge|)D” i)
<=

and so does |Z; ' — Id|,,
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U R0, < €2 (189)

9. W'~ is trivial with respect to £ .,

10. and for every s > 0,

1+ || A [N e
‘ \Ill_l\I] ‘S,S Cn ( + || //N H) e47rN8 (190)
K
and so does | ™10’ |, where C,, only depends on n.
5.4.3 Second step: iteration far from resonances
Let [ such that
(3 < 6—27T(7‘—T”)<1/§N = < (3) (191)

Define the sequence ¢; = (3 =75 . We shall iterate [ — 1 times Proposition 4.4, starting

with j = 2, with
® €= €i—1,

7,,_7,,//

- <160(%n(n—1)+1)

°
Q

) 8(%n(n—1)+1)

2 20
o =1 =" —(j-1)5,
o =)',
e N =RN,
o F=F,,
o A=A,
o & =UlT,
o L =L,

Note that for every j,

O (3)isl n
€ < C// ( (4) Co — ) (192)

L+ A+ @
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Estimates (189) and (190) imply

_1
48

A B 1 A 2n(n+1)
LB )] <] Fy o] W20 | | 071 [g (917 W) < C2 (M) Pcd

/ﬁ}//

(193)

Moreover, A; has CRN(3 " 1) spectrum and F; has nice periodicity properties with
respect to L. Let C” be the constant given by Proposition 4.4. By assumption on €, with
C" depending only on n,d, k, 7 and D3 depending only on n, 7, one has

o 3" 2n
e < onr 194
N FENIVAIED (400) 19y
Moreover,
_ 1
RN < R™TIN < 5| log | (195)

s0 the assumptions (138) and (139) of Proposition 4.4 hold with F = F}, &’ = &, N = RN.

Fix j and assume A;_; has DCN(H/ 7) spectrum, Fj_; has nice periodicity properties

with respect to an (A,;_1, (3)7~ 1“ , 2v)-decomposition,
i1\ v

~

| Eya(0) 1I< €0 (196)

and

CRN <|loge; 4 | (197)
One obtains functions FJ}, Xj and a matrix A; such that
1. A; has DORN((3)iz ;> T) spectrum,

2. A < Al + €,

0,8 = (A1 + Fj_1)e — e (A + F) (198)

and F} has nice periodicity properties with respect to an (A4, (%) g— ~v)-decomposition

1+ [|(A;- o
X |, <O As-1)vl U], (199)
J =1 K"(Tj_g _ Tj—l) J j—1

for some C’ depending only on n,d, k, 7 and some D depending only on n,d, 7,
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5. and

L+ [1(A; 1)l
R(rje = 1j-1)
(| \I/,_lllf |;4nj72 (RN)d6—27TRN(Tj,2—T’j,1)

(L 2 ) 0 0 )

D~
‘\I]—l\I]/Fj\I,/—l\I,“jil S C/ ( ) e|\1rl\1ﬂXj71\1ufl\p|Tj72‘\Ij—l\I]/F}_l\II/—l\I,MFZ

(200)
We shall bound || £(0) || to iterate Proposition 4.4. Estimates (189) and (183) imply
e|\11*1\Il/Xj,1\II/71\II‘Tj,2 S 2
S0
L4 [1(A; 1)l

K'(Tj—o — 1j-1)
(| M L, (RN 2N C2mrd) O R 0, )

D~y
T E Y, < 3C] ( ) O,

(201)

7,,_7,,//

and since rj_o — 151 = 5,

(T'

U RN, < TR N (0N (R e
-1 J— rj

+ O F U, )

3 _
= | 0 o ol AR RN (R ks (RN)%/% U RO, )
(202)

Now [ is bounded by

1 < 8(%n(n ~1)+1)VR (203)

Moreover

/ﬁ}// KJ//

n(n+1) B n(n+1) __%rjo
‘ \Il/_l\ll ‘Tj72§ Cn (1+ || A H) 47rNrj,2 S Cn (1"‘ H A H) 6/ —(7.77“]//)\/—112 (204)

and so

OR[N F W€+ [T R )

w ‘X,Mw

(205)

< |UTNWE_UNE
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By a simple induction, for every 7,

3yi—1 j
O], < O R <)

Finally

[ E5(0) [|< [0 W F 0w [ O o || 0 o< ¢

so it is possible to iterate Proposition 4.4.

5.4.4 Conclusion

After [ — 1 steps,

|\D_1\D,F}+1\I’,_1\If|” < 6/}%

Let Z = eX2.. X1 € C4(2T4, G)), A’ = A1, F' = Fi1. Then

0,72 =AM+ F)Z—Z(A+ F)

and

/

l
1A < (1A + ) E )] + 47N < [|A]|+ | loge | (

J=1

r—r

for D, great enough depending only on n, whence property 5.

. . !
e To prove that £, is indeed an (A, &"(r", 7 — =F

enough to show that

! "
r—r 3[+1/<o_

;<@g

" /i "
K'(r" " —

which comes from the definition of the function ”.

e Let us prove property 4. It is true that
1 r—r"

1 _ 1 .
|\II/|T‘N < 6_5(7"_7“”)6—%647WN < E—E(r—r”)e—%e/—W

and property 4 comes from it, since
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(206)

(207)

(208)

(209)

(210)

,€'), 2v)-decomposition, it is

(211)

(212)



,_ lloge]

€ = €27 é/ﬁﬁ(rfr") (213)
e Moreover,

| F | < 0 O [N R < (214)
whence 3. Let Z' = Z, W' ZV'~1 F' = W/ F'U~! (which satisfies property 2) and A such
that

0,V = AV — WA (215)

Then

0.7 = (A + F\)Z — Z'(A + F) (216)

whence 6 and 1, so by (188),

2" — Id|,n < | Zy — Id],, + [[[07 ) [0 X0
J
D1y
<1 <Z(1+||AN||)|log6|) (}

e r—r" €

(217)
VO e YOO R Y,
J

and by (189) and (206),

2 (1(1+||Ax|D]1 LU NP
‘Z/ . Id‘,«u < — < ( + || N||/2| Og€|) (_)4(7‘—7“ )¢ (218)
C r—r €
whence property 7 with D3y > 2Dy if C" < W, since I(r — r") has a bound

which is independent of r —»”. [

This proposition is the inductive step which can be iterated as a whole. It is necessary
to obtain an € which is much smaller than € so as to control ||, as a function of ¢ and
make sure that the output be similar to the input.

5.5 Main theorem
5.5.1 Numerical lemma

First let us give a lemma which will enable us to iterate Proposition 5.2.
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Lemma 5.3 Let C' < 1,bg > 0,7 < £ and 1’ € [$r,7].

depending only on C', D5,y such that for all e < C <T’

such that for all k,

bo+1

Let D5,y € N.There exists C'

2v0Ds )
) , choosing a sequence (ey)

<X <1 (219)
and letting for all k
=2
e =1 . (220)
5
bk = bk—l‘l’ | log €r_1 | <T3—kr,>
then for every k € N,
_1
| log ey, [*PP< e, (221)
and
b 1 D5y
ap = (ﬂ) e < C (222)
Tk — Tk+1
Proof: Let us first prove (221). It is equivalent to
1
283 Dy < M (223)
log | logey, |
The function ¢ +— lo‘;’igt' is decreasing for t €]0, e ¢] so it is enough to show that
100% | log e |
2" Dy < 224
5%_/’{:10g100+log\loge| (224)
which is true if we choose C' as a function of Ds, 7.
e For all &,
(bk—i-l + 1)2k+2 Ds5vg+1
Ap+1 = g €k+1
(225)

< ((bo + (]{7 + 1) ‘ lOg €L ‘)2k+2

r—r

so by (221),

€k
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b 1 Y016%+1 D5
G (226)

thus, if € is also smaller than (%)16%[’5, then ap,1 < ai. If € is also small enough to
satisfy

b 1 Dsvo
a0:<0+ ) e< (227)

for instance

bO +1 Dsvo
r—r! ¢

then (222) is true for all k. O

1w

< (228)

Lemma 5.3 implies that assumption (183) of Proposition 5.2 holds for all k£ with € < ¢,
[|Al| = bg, ¥ =1 and 7" = 4.

As a consequence, one gets the main result, of which we will give various formulations.

5.5.2 Almost reducibility

Theorem 5.4 Letr < %, A€ G and F € C¥(2T% G) with nice periodicity properties with
respect to L. Let

There exists D7 depending only on n,d, T, k, A such that if

, N r—r \""
Fl<atnr) = ()

then for any € < €, there exists

e Z € (42T G),

e A € G,

e A, F. € C4(2T4,G),
such that

1. A, is reducible to A,

2. |F| <e
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3. for every 0 € 2T¢,

0u2:(0) = (A+ F(0))Z:(0) — Z(0)(Ac(0) + F.(0))

I _a(r—r
\Z. — Id|, < 2P7ed ")

and so does Z7' — Id,
5. Ze, 0,7 are bounded in C%(2T%, gl(n,C)) uniformly in e.

Moreover, in dimension 2 or if G = gl(n, C) or u(n), if F is continuous on T%, then A., F.
and Z. are continuous on T<.

Proof: The proof will be made by induction as follows. Let " = %’J Let R(r,r"), N(r,€),&"(r,r" €)
be as in (182). There exists 79 € N depending only on n,d, 7, k, A, such that L4 is a
(A, K, v0)-decomposition (one can assume 7y > n(n+1)). Let C’, D3 be as in Proposition
5.2. Let D5 = 2Ds3. Let C be as in Lemma 5.3 and D7 such that

D7 " 4v0Ds
, r—r" r—r
= — <(Cl—— 229
& (||A||+1) < (||A||+1) (229)

For all £ € N, let

" r—r!
T, =T + ok

b — 1Al (230)
10 Ej
b = Al + 3 jep il

where (¢;) will be defined by induction in the following. Suppose that |F|, < ¢. Apply
Proposition 5.2 a first time: there exist functions

o 7, € C¥ (2T, G),
o Ay, Fy € C¥ (2T G),
o A €g,
o Uy e C¥ (2T G)
and a real number ¢; <| F |1% such that
1. A; is reducible to A; by W,.

2. W' F1 Vg has nice periodicity properties with respect to an (Ay, & (r1, 72, €1), 270)-
decomposition,

3. |F1|7»1 S €1,
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)

)

—3(r1—r2) ~1 —5(r1—r2
4. |\II0|7“1 < € and |\I]0 |7“1 < €1
5. ([ Al < by
6. for all § € 2T,

0.,(21(0)) = (A+ F(0)) 2:(0) — Z1(0)(A1(0) + F1(0))

D30
\Zy — Id|,, < b ((1 + [[AlD] 10g€0|) (1=4(ro—r1)

0
To—"T

which implies, using Lemma 5.3, that

1 6i—4(7’0—7’1)

0= Tdl,, < el

and so does Z; ' — Id.

e Let £ > 1. Let
o A, € C¥(2T%G),
o A, €,
o F, € C¥ (2T, G)
o U, ;€ C;‘jc(Q’]I'd, G)
o ¢, <|F |100’c
such that
o A, is reducible to A, € G by U;_,

° \Ifl:_llpkllfk_l has nice periodicity properties with respect to an (Ag, " (7%, Trs1, €& ), 2570)
-decomposition,

L ‘Fk|7‘k S EkJ

1 1
—3(rE—Tk+1) -1 —5(rE—Tk+1)
i ‘\I]k—l‘r < €L ? et ‘\I]]g_1|r < €L 2

Y

Lemma 5.3 says that

2% D3vo
Q@iL) 6 < C (231)

Tk — Thk+1

Therefore one can apply again Proposition 5.2 to find
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Zy1 € C2_(2T4,G),
Ap €6,

App € Cr (2T, G),
T, € C¥(2T¢, ),

Fk—i—l eCv (2Td, g)

Tk+1

o i §| F |100’chl

such that
1. A, is reducible to A, by ¥y,

2. \II;IFHl\Ifk has nice periodicity properties with respect to an (Ag i1, K" (71, Tkr2, €ks1), 25 10)-
decomposition,

30 | Frgilr s < €k,
1 1
— 5 (Pkt1—Th42) -1 =5 (Tkt1=7Tk42)

5. [|[Apsl] < brsa,

OwZis1 = (Ap + Fy) Ziy1 — Zii1 (Apsr + Fipa)

|Zk+1 - Id‘Tk+1 S 5 k

2kD
1 <(1 + [ Ag[])] log €k|) o A4k )

Tk — Tk+1

which implies, using Lemma 5.3, that

1 L _4(rp—r
|Zk+1 _ Id|rk+1 S @Eg ( k k+1)

and so does Z; !, — Id.
o Let € < ¢ and k. € N such that |F|1" < e Let

Ze=17... %
A = A, (232)

F. = Fj,
then properties 1 and 2 hold. Thus for all § € 2T,

0.7Z.0) = (A+ F(0)Z.(0) — Z.(0)(A(0) + F.(0)) (233)
whence property 3. Moreover, let ay, := |Z; ... Zx — Id|,~, then
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1 1 y4pg—r
= |21~ Idln < ¢} Aro=ry) (234)
SO
1 2—4(ro—r1)
21l <14 56 (235)

e let k > 2 and assume that for all j < k —1,

3 1 —4(ro—r1)

|Z1 ... Zj|, ”<1+5 (236)
then
Qg S |Zk — ]d|7’”|Zl e Zk—1|r” + Qp—1
k—1
1 A(rj—r 3 1_d(rg—r (237)
<a1+@Z|Z1 Z|~€ ! JH)S@ES o)
7j=1
and
Ty Dl < 14 i Mo (238)
Zi . Zalr S 1+ el
whence property 4. This also implies that
D < 24 0 239
| | " + = C/ O ( )
Moreover, by a Cauchy estimate,
1
|0uZe|r < m|ZE|Tu (240)

SO H 1s true.

If G is either gl(n,C) or u(n) or in dimension 2, if F is continuous on T?, each step will
give functions Zj41, Api1, Api1, Fiy1 continuous on T? so, at the end of the process, the
functions Z,, A, et F. are continuous on T¢. [

This proves Theorem 0.1.
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In general, almost reducibility does not imply reducibility. Reducibility happens if there
are a finite number of renormalizations, or if the sequence (V) given by Theorem 5.4
converges in C%(2T?, G). In general, this sequence is not even bounded in C¥(2T%, G).
However, if the method above has been used to conjugate the system A + F' to a system
A, + F. where A, is reducible by ¥, to a constant A., and where F. is bounded by €, one
can also bound U 1F. 0.

Corollary 5.5 Let r < %,A € G and F € C¥(2T4, G) with nice periodicity properties

with respect to L4. Let r' € [%r,r[. There exists Dy depending only on n,d, k, 7, A such
that if

|[Fly < (r = 1")Ps
then there ezists
o 7€ C2(2T%Q),
o a family (A;) of reducible functions in C%(2T%,G)
e and Ay, € C%(2T4, G)

such that

0,Z(0)=(A+ F(0)Z(0) — Z(0)A(0) (241)
and

llim |Al - Aoo|r’ =0 (242)

Moreover, in dimension 2 or if G = gl(n,C) or u(n), if F is continuous on T¢, then Z,
A; and Ay, are continuous on T<.

Proof: Let D; be as in Theorem 5.4 and Dg such that

(r—r')Ps < (ﬁ) " (243)

Let Z. € C%(2T¢, G), A. € C%(2T4, G) be as in Theorem 5.4. Then Z, and d,,Z. remain
bounded in C%(2T% G) when € — 0. Let Z be the limit in C%(2T¢, G) of a subsequence
(Z%l) of (Z1)rem joy and

As(0) = Z(0) " Y A+ F(0))Z(0) — Z(0)'0,Z(0)
then

A € C4(2T, G), lim |A1 — Asclyr =0
— 00 1
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and so equation (241) holds.

In dimension 2 or if G = gl(n, C) or u(n), if F is continuous on T¢, all functions that one
has to consider are continuous on T¢. [J

Remark: In Corollary 5.5, the function A, is not reducible in general, it is only a
limit of reducible functions.

5.5.3 A result of density of reducible cocycles

Corollary 5.6 Let 0 <1’ <r <1 Ae G and F € C¥(T% G). There exists €, depending
only on n,d,7,k, A,7 — 1" such that if |F — A|, < €, then for all ¢ > 0 there ezists
H € C%(2T4,G) such that |F — H|,» < ¢ and H is reducible.

Proof: Let D; be as in Theorem 5.4. Assume that

|F— Al, < (r —1)P" =: ¢ (244)

Let € > 0. By Theorem 5.4, there exist Z, € C%(2T%, G), A, F, € C%(2T? G) and A, € G
such that

e A, is reducible to A,
o awZE:FZe_ZE(AE+FE)7
g ‘Ze|r’ S 2; ‘Zg_l‘r’ S 27

b |FE|T’ < i
Therefore
0uZ.=HZ — Z.A. (245)

where H = F — ZEFGZE_1 is reducible to A, and satisfies

|H — Fl| <4|F.|, <eO (246)

Corollary 5.7 Let 0 <1’ <r < 3, A € sl(2,R) and F € C¥(T% sl(2,R)). There exists
€, depending only on n,d,7,k,A,r — 1’ such that if |F — A|, < ¢, then for any ¢ > 0
there exist H € C% (T4, sl(2,R)) such that |F — H|,» < € and H is reducible.

~ Proof: Do the same construction as in Corollary 5.6. Theorem 5.4 gives functions
A, F., Z. which are, in fact, continuous on T¢. Thus H is continuous on T¢. O

Corollary 5.7 also holds with gi(n,C) or u(n) instead of sl(2,R). This proves Theorem
0.2.
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6 Appendix

Lemma 6.1 Let G be a Lie algebra and A, F' € G with ||F|| < 1. Let ay(N), ..., an(N) be
a continuous choice of the eigenvalues of A+ AF' as \ varies from 0 to 1. Then for all
1<j<n,

| o (A) — a;(0) |< 2nA7 (

| Al +1) (247)

Proof: Fix j <n. Let \g > 0. For every A, let

FON) = det(a;(\o)I — A — \F) (248)

Then f(XAp) =0 and

F0) =TT (0)] = Aowy + (a5(ha) =z (0)] = (a5(A0) = a;(0))"  (249)

SO

(a;(Ao) — ;(0))" <| f(Xo) — f(0) |< Sup FACVARRYS (250)

and since

PO =13 A TT0, 00— A= AF)iogs|

. (251)
< nnll|] A(xo) [| + [ AA) (1"
< 2" pnl[|] A +1"1
then finally
(05(%) — a;(0)) < 20A3[|| A || +1]0 (252)
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