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The Stochastic Wave Equation with Fractional
Noise: a random field approach

Raluca M. Balan* T and Ciprian A Tudor *
December 17, 2009

Abstract

We consider the linear stochastic wave equation with spatially homoge-
nous Gaussian noise, which is fractional in time with index H > 1/2.
We show that the necessary and sufficient condition for the existence of
the solution is a relaxation of the condition obtained in [EL when the
noise is white in time. Under this condition, we show that the solution
is L?(Q)-continuous. Similar results are obtained for the heat equation.
Unlike the white noise case, the necessary and sufficient condition for the
existence of the solution in the case of the heat equation is different (and
more general) than the one obtained for the wave equation.

MSC 2000 subject classification: Primary 60H15; secondary 60H05
Keywords and phrases: stochastic wave equation, random field solution, spa-
tially homogenous Gaussian noise, fractional Brownian motion

1 Introduction

The random field approach to s.p.d.e.’s initiated in [@], has become increasingly
popular in the past few decades, as an alternative to the semigroup approach
developed in ]7 or the analytic approach of .

Generally speaking, a random field solution of the (non-linear) equation:

Lu(t,z) = a(u(t,z))W(t,z) + B(u(t,z)), t>0,z¢cR? (1)
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(with vanishing initial conditions) is a collection {u(t,x),t > 0,2 € R} of
square integrable random variables, which satisfy the following integral equa-
tion:

u(t, x) :/0 /]Rd G(t—s,x—y)a(u(s,y))W(ds,dy)—F/O /]Rd G(t—s,z—y)B(u(s,y))dyds,

provided that both integrals above are well-defined (the first being a stochastic
integral). In this context, L is a second-order partial differential operator with
constant coefficients, G is the fundamental solution of Lu = 0, and W is a
formal way of denoting the random noise perturbing the equation.

When the equation is driven by a space-time white noise (i.e. a Gaussian
noise which has the covariance structure of a Brownian motion in space-time),
the random field solution exists only if the spatial dimension is d = 1. In
this case, the stochastic integral above is defined with respect to a martingale
measure, and the solution is well-understood for most operators L, in particular
for the heat and wave operators (see [iq], [[ or [E3]).

To obtain a random field solution in higher dimensions, one needs to consider
a different type of noise, which can be either Gaussian, but with a spatially
homogenous covariance structure given formally by:

EW(t,z)W (s,y)] = 0(t — s)f(z — y),

or of Poisson type. Historically, the two approaches have been initiated at about
the same time (see [R7, [L1], [P for the wave equation with Gaussian noise in
dimension d = 2, and [ff}, [L]] for the Poisson case).

After the ingenious extension of the martingale measure stochastic integral
due to [E], it became clear that the random field approach can be pursued for
the study of general s.p.d.e.’s with spatially homogenous Gaussian noise. Since
this extension allows for integrands which are non-negative measures (in space),
the theory developed in covers instantly the case of the (non-linear) wave
equation in dimensions d € {1,2,3}, and the case of the heat equation in any
dimensions d. In the non-linear case, the existence of the solution is obtained
by a Picard’s iteration scheme, under the usual Lipschitz assumptions on «, g,
and the following condition, linking the operator L and the spatial covariance
function f:

/ / FG (s, )(€) Pdupa(de) < oo, 2)
R2 JO

(Here  is a non-negative tempered measure, whose Fourier transform in f.)

Moreover, (E) is the necessary any sufficient condition for the stochastic in-
tegral fg Jga G(t—s,z—y)W (ds, dy) to be well-defined, and hence the necessary
any sufficient condition for the existence of the solution in the linear case, when
a =1 and # = 0. Since for both heat and wave operators,

t
m_ 1 2 @ 1 .
[ T+ €] S/O |FG(u,-)(&))?du < ¢ TR for all £ € R?, (3)



for some constants cgl), cff) > 0, condition ) is equivalent to:

1
/]Rd 1718 |€|2u(d§) < 00.

Subsequently, using the Malliavin calculus techniques, it was shown that
the random variable u(t, z) has an absolutely continuous law with respect to
the Lebesgue measure on R, and this density is infinitely differentiable. These
results are valid for the heat equation in any dimension d, and for the wave
equation in dimension d € {1,2,3} (see [Bg, BT, [iJ), under the additional
assumption (which was removed in [B()):

/ (ﬁ)a w(d§) < oo, for some « € (0,1). (4)
Rd

Under (), one also obtains the Hélder continuity of the solution for the heat
equation in any dimension d and the wave equation in dimensions d € {1, 2, 3}.
This is done using Kolmogorov’s criterion and some estimates for the p-th mo-
ments of the increments of the solution (see B9, [d], [[Z]).

The case of the wave equation in dimension d > 4 was solved in the recent
article [E], using an extension of the integral developed in [[L(f]. The existence of
a random-field solution is obtained under condition (ﬂ) In the the affine case
(i,e. a(u) =au+b,a,b € R and 8 =0), and under the additional assumption
(), the solution is shown to be Holder continuous.

In parallel with these developments, a new process began to be used inten-
sively in stochastic analysis: the fractional Brownian motion (fBm) with index
H € (0,1), a zero-mean Gaussian process (By)¢>o with covariance:

1
Ry(t,s) = 5(zt” + 82 |t — s2H).

The case H = 1/2 corresponds to the classical Brownian motion, while the
cases H > 1/2 and H < 1/2 have many contrasting properties. We refer the
reader to the survey article [2§ and the monographs [f] and [Rg] for more details.
Most importantly, in the case H > 1/2,

t s
Ry(t,s) = aH/ / lu — v 2 dudw, (5)
o Jo

where ayy = H(2H —1). This shows that (By);>0 has a homogenous covariance
structure, similar to the spatial structure of the noise W considered above.
Returning to our discussion about s.p.d.e.’s with a Gaussian noise, it seems
natural to consider equation (), when the covariance of the noise W is given
formally by:
EIW (t,)W (s,)] = anlt — s 2f(z — y). (6)

However, this simple modification changes the problem drastically, since
unless H = 1/2, the fBm is not a semimartingale, and therefore the previous
method, based on martingale measure stochastic integrals, cannot be applied.



Several methods have been proposed for developing a stochastic calculus with
respect to fBm: (i) the Malliavin calculus (see [[4], [, [B], BJ]), which exploits
the fact that the fBm is Gaussian; (ii) the method of generalized Lebesgue-
Stieltjes integration (see [{7]), which uses the Hélder continuity of the fBm
trajectories; (iii) the rough path analysis (see [P, [23), which uses the fact
that the paths of the fBm have bounded p-variation, for p > 1/H; (iv) the
stochastic calculus via regularization based also in general on the properties of
the paths of the fBm (see [[Ld]).

These methods have been applied to s.p.d.e.’s (see [@], [@], [@], [@]),
[), but not using the random field approach A notable exception is the heat
equation. The linear equation with noise (ﬂ) and H > 1/2 was examined in
[B, for particular functions f (e.g. f(x) = |z|~(*=®) with o € (0,d)). We also
mention the works [BJ] and [[t4] for the case of the space variable belonging to
the unit circle. The quasi-linear equation (i.e. a = 0) was treated in [BJ], and
the equation with multiplicative noise (i.e. a(u) = u, 8 = 0) was studied in [[L§];
in these two references, the covariance structure of the noise is a particular case
of (f): for H, H; > 1/2

d
E[W (t.2)W (s,y)] = anlt — s> [ [ (am,

=1

i — i1,

(This type of noise is called fractional Brownian field.) The heat equation
with multiplicative noise () was studied in [[f] (for particular functions f and
H > 1/2) and [Ig] (in the case H € (0,1) and f = &). In the case when the
spatial dimension is d = 1, the non-linear equation has been treated in [B§ using
a two-parameter Young integral based on the Holder continuity of {Bm.

To the best of our knowledge, there is no study of the wave equation driven
by a noise W, whose covariance is given by (E) The goal of the present article
is to start filling this gap, by identifying the necessary and sufficient conditions
for the existence of a random field solution of the linear wave equation with
noise (ff) and H > 1/2. We also treat the heat equation.

When H > 1/2, it turns out that under relatively mild assumptions on the
fundamental solution G of the operator L, the necessary and sufficient condition
for the existence of the random-field solution of the linear equation Lu = W is:

L[ [ #6@Faw@h - o 2dudontte) <. (@)

which is more general than (f). Note that the integrand of the u(d¢) integral in
() is the #(0, t)-norm of the function u — FG(u,-)(€). Quite surprisingly, and
in contrast with (E)7 the estimates that we obtain for this norm are different in
the case of the wave and heat operators: in the case of the wave equation, (ﬂ)

is equivalent to
1 H+1/2
[ () meo <, )



whereas in the case of the heat equation, (E) is equivalent to:

/Rd (ﬁ)w p(dg) < oo, (9)

The amazing fact is that for the wave operator, these estimates can be de-
duced using only the estimates of the L2(0, ¢)-norm (given by (B)), the trick be-
ing to pass to the spectral representation of the H(0, ¢)-norm of u — FG(u, -)(&).
In the case of the heat operator, there is no need for this machinery, since
u — FG(u,-)(€) is a non-negative function, and its H (0, t)-norm can be bounded
directly by the L'/H (0, t)-norm, which is easily computable.

This article is organized as follows. Section 2 contains some preliminaries,
and a basic result which ensures that under (ﬁ), the stochastic integral of the
fundamental solution G of the wave operator is well defined. In Section 3,
we show that the solution of the wave equation exists if and only if (§) holds
(Theorem ) Moreover, the solution is L?({2)-continuous. Similar results are
obtained in Section 4 for the heat equation, using (H) Appendix A contains
some useful identities, which are needed in the sequel. Appendix B gives the
spectral representation of the H(0,¢)-norm of the function sin.

2 The Basics

We denote by C5°(R¥*1) the space of infinitely differentiable functions on R4+!
with compact support, and S(RY) the Schwartz space of rapidly decreasing C'>°
functions in R%. For ¢ € L'(R%), we let F¢ be the Fourier transform of ¢:

Fol€) = [ e pladn

We begin by introducing the framework of [E] Let i be a non-negative
tempered measure on R?, i.e. a non-negative measure which satisfies:

l
/ (ﬁ) p(d€) < oo, for some [ > 0.
]Rd

Since the integrand is non-increasing in [, we may assume that [ > 1 is an
integer. Note that 1 + |¢|? behaves as a constant around 0, and as |£|? at oo,
and hence ([[(]) is equivalent to:

1
/ wu(dg) < oo, and / 5 <00, for some integer [ > 1. (10)
[€1<1 |€]>1 €]

Let f:R% — R, be the Fourier transform of y in &'(R9), i.e.

f(@)p(x)dz = / Fo©)u(de), Vo e SRY),
R4 R4



Simple properties of the Fourier transform show that for any ¢, € S(R?),
[ [ @it - oy = | FolgFo@n(e)
Rd JRA R4

An approximation argument shows that the previous equality also holds for
indicator functions ¢ = 14,9 = 1p, with A, B € B,(R%), where B,(R?) is the
class of bounded Borel sets of R%:

/ / f(& - y)dedy = / FLAOFLa @) n(de). (11)
AJB Rd

As in [, [E], on a complete probability space (2, F, P), we consider a zero-
mean Gaussian process W = {W;(A);t > 0, A € By(R?)} with covariance:

E(W(A)W.(B)) = Ru(t, s) /A /B F(@ — y)dady = (Lo.qxs Lo.sp2)rep-

Let £ be the set of linear combinations of elementary functions 1o x4,
t >0, A € By(R?), and HP be the Hilbert space defined as the closure of £ with
respect to the inner product (-, -)xp. (Alternatively, HP can be defined as the
completion of C§°(R4*1), with respect to the inner product (-, -)3p.)

The map 1jg4)xa — Wi(A) is an isometry between £ and the Gaussian space
HW of W, which can be extended to HP. We denote this extension by:

o — W(p / / (t, )W (dt, dz).
R4

In the present work, we assume that H > 1/2. Hence, () holds. From ([L1])
and (), it follows that for any ¢, € &,

(p0)up = anm /Oo /Oo /Rd /Rd p(u, 2)(v,y) f(x = y)|u — o> 2 dedydudv
= an [ [T Felw N OFR @ o (e

Moreover, we can interchange the order of the integrals dudv and u(df),

since for indicator functions ¢ and 1, the integrand is a product of a function
of (u,v) and a function of £. Hence, for ¢, 9 € £, we have:

ot =an [ [ [ Folu HO TG P P dudon(as). (12

The space HP may contain distributions, but contains the space |HP| of
measurable functions ¢ : R, x R? — R such that

el =en [ [ [ [ letwsmllet. )l 2dadydude < .
0 0 R4 JR4

We recall now several facts related to the fBm (see e.g. [2§)).



Let B = (By)i>0 be a fBm of index H > 1/2. For a fixed T > 0, let H(0,T)
be the Hilbert space defined as the closure of £(0,T") (the set of step functions
on [0,T]), with respect to the inner product:

(L10,1> Lo,s])m(0,1) = Ru(t,s).

One can prove that

tAs
Ryu(t,s) = Ky(t,r)Kgy(s,r)dr,
0

(H—1/2.2—2H
(Here 3 denotes the Beta function.) Therefore, the map K7}, defined by:

(Krlj0,q)(s) = Ku(t,s)li,4(s)

is an isometry between £(0,7) and L?(0,T). This isometry can be extended to
H(0,T), and is denoted by ¢ — B(¢) = [ ¢(s)dB,.

The transfer operator Kj; can be expressed in terms of fractional integrals,
as follows: for any ¢ € £(0,T),

1/2
where Ky (t,r) = ¢}y f:(u — p)H=3/2H=1/2y and ¢, = (B an )) '

(K59)(s) = ¢y T(H — 1/2)s /27 ALV (=1 26(0)) (s),

where
T
B f(5) = g [ (=9 i

denotes the fractional integral of f € L'(0,T), of order o € (0,1).

K73, can be extended to complex-valued functions, as follows. Let Ec(0,T)
be the set of all complex linear combinations of functions 1y 4, € [0,77], and
Hc(0,T) be the closure of Ec(0,T) with respect to the inner product:

T T o
(@ V) re(o,1) = aH/O /O o(u)y(v)|u — v* 2 dudv.

The operator Kj; is an isometry which maps Hc(0,7) onto L2(0,T) (the
space of functions ¢ : [0, 7] — C, with fOT lo(t)|2dt < oo): for any ¢ € Hc(0,T),

T T T
an [ oo 2o = i [V ) ) ),
o Jo 0 (13)
where dy = (ci;)?*T(H — 1/2)? and Ay (ds) = s'~2H ds.
Let £ be the class of elementary functions on [0, 7] x R?. Note that for any
¢ € Er, the function t — F(t,-)(€) belongs to Hc(0,T), for all ¢ € R, Using
([2) and ([I3), we obtain that for any ¢ € &,

T H-1/2
Il = i [ [ 1 2@ ol €0)(6) A () =
(14)



We are now ready to state our result. Note that, although the conclusion
of this result resembles that of Theorem 3 of [[(] (for deterministic integrands),
the hypothesis are different, since the proof uses techniques specific to the fBm.

Theorem 2.1 Let [0,T] 3 t — ¢(t,-) € S'(R?) be a deterministic function such
that F(t,-) is a function for all t € [0,T]. Suppose that:
(i) the function t — Fo(t,-)(€) belongs to Hc(0,T) for all € € RY;
(i3) the function (t,€) — Fo(t,-)(€) is measurable on (0,T) x RY;
(iii) fsT uwt =12 (y — §)H=3/2| Fop(u, ) (€)|du < oo for all (s,€) € (0,T) x R (or
Fo(s,)(€) >0 for all (s,€) € (0,T) x RY).

If

T T
fri= C“H/Rd/O / Folu, ) OFp(0, JOu — v dudvpu(d€) < oo, (15)

then ¢ € HP and |¢||3,p = Ir. (By convention, we set o(t,-) =0 fort >T.)

Remark 2.2 Conditions (i)-(iii) are satisfied by the fundamental solution G
of the wave (or heat) equation. In this case, |[FG(t,-)(§)] < 1 for all t > 0,
and hence the map ¢t — FG(t,-)(€) belongs to L2(0,T), which is included in
Hc(0,T).

Proof: The argument is a modified version of the proof of Theorem 3.8 of [f].
For any ¢ € R fixed, we apply ([LJ) to the function ¢¢(t) = Fop(t,-)(€). We get:

T ,T
aH/O /o Fo(u, )(@WW — o2 2 qudy = (16)
T

dH/ L2 2 W=V 2 Foo(u, ) (€)) (s) P Am (ds).
0
It will be shown later that:

(5,€) — a(s, &) = LI (WH12 Fp(u,-)(€))(s) is measurable on (0,T) x R,
(17)
Hence, we can integrate with respect to u(d€) in ) Using )7 we obtain:

T H-1/2
Ir =dy /Rd/o 172 @2 Fp(u, ) (€)) ()P Aa (ds)(dg) = lo§ < oo

(18)
By the definition of HP and ([[4), it suffices to show that for any ¢ > 0,
there exists a function [ = [ € Ep such that:

I —llo <e. (19)
Let € > 0 be arbitrary. By ([[1) and ([1§), it follows that a € L2((0,T) x
R Ag(ds) x u(d€)). Hence, there exists a simple function h(s, &) such that

T
L a6 = s Prntas)nta) < e (20)



Without loss of generality, we assume that h(s,§) = 1 q(s)1a(§), with
c,d € [0,T],c < d and A € By(R?). By relation (8.1) of [B5, we approximate
the function 1(. 4(s) in L2((0,T), Agz(ds)) by If:l/z(uH_l/Qlo(u))(s) with Iy €
£(0,T), i.e

T
/o Leay(s) — I 2 (=205 (w)) (5) P A (ds) < e. (21)

By Lemma 3.7 of [B], we approximate the function 14(€) in L2(R, pu(d€))
by Fli(€) with I, € E(RY), i.e.

[ 1) = Fr@)Puas) <= (22)

We define I(u, z) = lo(u)l1(z). Clearly I € Er and Fl(u,-)(§) = lo(u)Fl1(§).
Let

b(s, &) == Ir_ 2@ P FUu, ) (9))(s) = I P (@2 o(w)) (5) - FLu ().

Using (RI)) and (29), we obtain that:
T
L] 6.0 = bt A dstae)

< 2{/Rd/ |1(cd] H 1/2( H_1/2ZO(U))(5)|21A(§))\H(d8),u(d§)—|—

/Rd / 272 @H 1o ) () P14 (6) - ﬂms)mH(ds)u(d@}

< 2{ep(4) + elllollzo.ry/dr} = Cre. (23)
From (R0) and (R3), it follows that

o —1)2 = dH/ / L) PAm (ds)u(de) < 2dp(e + Cre) := Cae.

This concludes the proof of ([Ld).

We now return to the proof of ([L7), which uses assumptions (i) and (iii). If
F(u,-)(€) = 0, then (u, s,£) — d(u, s 5) = 1{s< }uH’l/Q(u )32 Fp(u, ) (€)
is measurable and non-negative, and a( fo , 8, &)du is measurable, by
Fubini’s theorem.

Suppose next that fST u=12(y — $)A=3/2| Fop(u, ) (€)|du < oco. If I(s,&) =
Lie,q)(s)1a(€) is an elementary function with ¢,d € [0,T], A € By(R?), then

T
a(s,€) = Iy~ @7 21(w, €)(s) = 14(6) / a2 gy () (= ) 2 du

is clearly measurable. In general, since (u, &) — Fo(u,-)(€) is measurable, there
exists a sequence (Iy), of simple functions such that I,,(u,&) — Fe(u,-)(§) for



all (u, &) and |I,,(u,&)] < |Fe(u,-)(§)| for all (u,§),n (see e.g. Theorem 13.5 of
[fl). By the dominated convergence theorem, for every (s,£)

T
la, (5,€) —a(s, §)] < / uf =12 (= )32, (5,€) = Fop(u,-)(€)]du — 0.

Since ay,, (s, €) is measurable for every n, it follows that a(s, £) is measurable. [J

3 The wave equation

We consider the linear wave equation:

0%u .

W(t,x) = Au(t,z)+W(t,z), t>0,zecR? (24)
u(0,2) = 0, zcR?

Oou d

E(O,x) = 0, zeR%

Let G be the fundamental solution of uy —Aw = 0. It is known that Gy (¢, -)
is a distribution in S’(R?) with rapid decrease, and

sin(t[¢])
(S

for any € € R%, ¢ > 0,d > 1 (see e.g. [H]). In particular,

FGu(t,)(6) = (25)

1 .
Gilt,z) = Fl{aicy, ifd=1
G (tx) 11 if d =2
xr = _— 1 =
1% 2ﬂ_\/m {lz|<t}>
1
Gi(t,x) = Ca 0t if d =3,

where o; denotes the surface measure on the 3-dimensional sphere of radius t¢.
The solution of (P4) is a square-integrable process u = {u(t,z);t > 0,2 €
R?} defined by:

u(t,z) = /Ot /R Gi(t — s,2 — y)W(ds, dy).

By definition, u(t, x) exists if and only if the stochastic integral above is well-
defined, i.e. g1z := G1(t — -,z —-) € HP. In this case, Elu(t,z)]* = ||gic||3p-
The following theorem is the main result of this article.

Theorem 3.1 The solution u = {u(t,z);t > 0,z € R} of (24) ewists if and
only if the measure y satisfies (E’) In this case, for allp > 2 and T >0

sup sup Elu(t,z)P < oo, (26)
te[0,T] zeRd

and the map (t,z) — u(t,x) is continuous from Ry x R into L2(€).

10



Example 3.2 Let f(x) = v,.q4|z| 74~ be the Riesz kernel of order o € (0, d).
Then p(d€) = |¢|~*d¢ and () is equivalent to o > d — 2H — 1.

Example 3.3 Let f(z) = vaf we=d)/2=1g=we—|2*/(40) gy he the Bessel
kernel of order o > 0. Then pu(d€) = (1 + |€]2)~*/2 and (§) is equivalent to
a>d—2H - 1.

Example 3.4 Let f(z) = H?Zl(aHi|xi|2Hi_2) be the covariance function of a
fractional Brownian field with H; > 1/2 for all ¢ = 1,...,d. Then u(df) =
T, (ear &)~ @H:=D) and () is equivalent to 3¢ 1(2H 1) >d—2H —1.
(This can be seen using the change of variables to the polar coordinates.)

Remark 3.5 Condition () is equivalent to

1
d oo and d 0.
/wm £ <oo a /m () <

Proof of Theorem : Note that g, = G1(t — -,x — -) satisfies conditions
(i)-(iii) of Theorem P.1|. Hence, gi, € HP (i.e. the solution u of (R4]) exists) if
and only if I; < oo for all ¢t > 0, where

I = an /R d / / F ottty )€ F e (0, )€t — 022 dudvpu(de),

and Elu(t, r)|? = ||gm||%_”> = I;. Since Fgiz(u,-) (&) = e 2 FG(t —u,-)(£),

It—aH/Rd/ / FGy(u, ) (€)FG1(v, ) (&) |u — v|* ~2dudvp(dE).

Using (PF), we obtain:

= u(df) t tinu in(v u — o222 dudv
o= [ G [ [ sintul) s — o2 dude

We split the integral p(d¢) into two parts, which correspond to the regions
{I¢] < 1} and {|¢] > 1}. We denote the respective integrals by It(l) and It(z).
Since the integrand is non-negative I; < oo if and only if It(l) < oo and It(z) < 0.

The fact that condition () is sufficient for I; < oo follows by Proposition
B.7 below. The necessity follows by Proposition B.§ (using Remark B.5).

Relation (B4) with p = 2 follows from the estimates obtained for I, =
El|u(t,z)|?, using Proposition E For arbitrary p > 2, we use the fact that
Elu(t,z)[P < Cy(Elu(t,z)|>)P/2, since u(t,z) is a Gaussian random variable.
The L?(Q2)-continuity is proved in Proposition B.1(. O

We begin with an auxiliary result. To simplify the notation, we introduce
the following functions: for A > 0,7 > 0, let

fr(A, 7) =sinTAt — 7sin ¢,  gi(A, 7) = cosTAL — cos At. (27)

11



Lemma 3.6 For any A > 0 and t > 0,

3 3
(1)_A 1 2 5 @ A
Ct 14+ )2 < /R (72 _ 1)2[ft (/\,7') +gt()\a7’)]d7' <g¢ T+ a2
where cgl) =ci(t At3) and 01(52) = co(t + t3), for some positive constants ci,ca.

Proof: From the proof of Lemma @, we see that:
1
1P

where @(z) = sinz. Using the Plancharel’s identity (Bd), we obtain:

2N T) + gi A 7)) = [Fone(T),

_1 e T 2\, 7)]dr = ) 2dr =
| o+ stounlar = [ 1Faenpa

At ¢ s 2
A
27T/ |sinx|2d:v=27r)\/ | sin As|?ds = 27T)\3/ Mds
0 0 o A

The result follows using (B): (see e.g. Lemma 6.1.2) of [4])
t 2
1 1 | sin As| 2 1
“ 1+A2§/0 A2 ds<a 1+ 22

We denote by Ni(§) the H(0,t)-norm of u — FG1(u,-)(£), i.e.

Ni( |§|2/ / sin(u|¢]) sin(v[§])|u U|2H_2dudv.

Proposition 3.7 For any t > 0,¢ € R?

O

2H+2 1 e
Ni(§) < Chut <1+|§|2) , i g1
" 1 Hel/2
N(§) < o' <W> »oif €l =21

where Cyr = b%,21+1/2/3 and CE;I = (55 + 01(52))23H_1/2. Here cff) is the
constant given by Lemma

Proof: a) Suppose that || < 1. We use the fact that ||90||H(O B S b%HcpHLl/H 0 S

e el 2o, for any ¢ € L2(0,t), and |sinz| <  for any > 0. Hence,

A

t t
Ny(&) < b4t*H- 1|§|2/ sin2(u|§|)dugb§1t2H*1/0 u?du

1 H+1/2
1+ |€I2> ’

b%ﬂ@H—l% < gb%{t2H+22H+1/2 (

12



where for the last inequality we used the fact that 3 < ﬁ if |€] < 1.
b) Suppose that || > 1. Using the change of variable v’ = ul¢|, v/ = v|¢],

gl rtlél
N(§) = |§|2H+2/ / sin(u’) sin(v”)|u’ — o' |*" ~2dudv

- |§|2H+2 ||81n()H’HOt\E\)

Using the expression of the H(0,t[¢|)-norm of sin(-) given by Lemma [B.1],
we obtain:

|7_| (2H-1)
Ni(§) = |§|2H+2/ L€l ) + g7 (€], 7)]dr (28)

We split the integral into the regions |T| < 1/2 and |7| > 1/2, and we denote
the two integrals by Nt(l)(S) and Nt(2) (€).
Since |ft(A, 7)| <1+ |7] and |g:(\, 7)| < 2 for any A > 0,7 > 0, we have:

(1) 1 |7~ H-1)
IR B e e

1
< cHi/ Clr|~FH-Vgr
IE2H+L ) <12 1™t

2-2H
- C CcCH l 1
1_H \2 HECERE
We used the fact that |§|2HJr2 > |€|2HEFLf €] > 1, and
Using the fact that |7|~H=D < (1)=CH-1 jf |7| > 1 Lemma .6, and the
fact that |£]?/(1 + |€]?) < 1, we obtain:

c 1
NP < e T sl el ) + el lir

T+ 7)) +4] <

cH 1 2 2

< 2-(H-1) |¢[2H+2 /R (12— 1)2 [f€l, ) + gi (|€], 7))dT
A I P

< 27(2H71)Ct |€|2H+2 |€|1+|§|2

< CH @ 1

o—(2H—1) “t E[2A+T
O

Proposition 3.8 a) IfIt( < oo fort =1, then f5‘<1,u d€) < co.
b) Let 1 > 1 be the integer from (@) and m =20 — 2. For any t > 0,

pu(d§) 3 . pu(de)
/5>1 |€[2E+T = = on Zb 0+ 2 /5>1 |E|2H+2+m (29)

13



where ap = 22H/(0H0§1)) by = 20/0(1) and cgl) is the constant of Lemma [3.4.
In particular, if It( < oo for some t >0, then f\5\>1 €]~ CHA) 1y(dE) < oo.

Proof: a) Using the fact that sinz/z > sin1 for all z € [0, 1], we have:

Il(l) = / //sm ul€]) sin(v|€])|u — v)*7 2 dudv
lel<1 |§|
sin21/ ,u(dg)/ / uvlu — v]*# 2 dudv.
el<1 o Jo

b) According to (@)7

Y

T 2H 1
19 = e /£>1 s [ T el ) + g2l Pl (30)

For any k € {—1,0,...,m}, let
' 1
I(k) := o1 Wﬂ(df)
By (I0), 1(m) = figoy 6] @HH2mp(de) < [, 1612 u(d€) < .
We will prove that the integrals I (k) satisfy a certain recursive relation. By

reverse induction, this will imply that all integrals I(k) with k € {—1,0,...,m}
are finite. For this, for k € {0,1...,m}, we let

o p(d€) 1 2 - 2 dr
A= [ e [ gl n) +aild ol G

We consider separately the regions {|7| < 2} and {|r| > 2}. For the region

7| < 2}, we use the expression (B() of 12, Using the fact that [¢[2H 2Tk >
¢
|€]2H+2 (since k > 0), and |7|~H=1 > 2=CH=1) if |7| < 2 we obtain:

/ L ,u(df) 2 T T
Ak) = /M—KPH% /| e el ) + (el

|T|—(2H—1)

2H-1 (df) 2 T 2 Ndr
S 2 /£|>1 |§|2H+2 /7-S2 (7,2 _ 1)2 [ft (|§|7 )+gt(|€|7 )]d

< 2 L@ ).
CH

For the region {|7| > 2}, we use the fact | ft(A, 7)| < 147 and |g:(A, )| < 2
for all A > 0,7 > 0. Hence,

" o p(d§) 1 2 r 2 Ndr
Alk) = /Ql R / AR + gl e

d 1
/5>1 |§|/;Igf2)+k /T>2 (2 _1)2 [(1+|7])? + 4)dr = CI(k).
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Hence, for any k € {0,1,...,m}

Ak) < 22H*10i]t(2) + CI(k).
H

2
Using Lemma @, and the fact that % > % if |£] > 1, we obtain:

dg) €|3 1 @
Ak><1>/ o . > Wk —1
k)2 g1 [EPFF2TR 14 g2 — 7 ! )

for all k € {0,1,...,m}. From the last two relations, we conclude that:
1 1
§c§1>1(k —)<22H 1@ k), Vke{0,1,....m},  (32)
CH
or equivalently, I(k — 1) < ag I > + b (k), for all k € {0,1,...,m}. Relation
(B9) follows by recursion. O

Remark 3.9 In the previous argument, the recursion relation (@) uses the fact
that k is non-negative (see the estimate of A}(k)). Therefore, the “last” index
k for which this relation remains true (counting downwards from m) is k = 0,

leading us to the conclusion that [, €|~ @HHAD) 4 (dE) < o0, if I < oo.

The next result shows that the map (¢, ) — u(t, z) from Ry x R? into L?(12)
is continuous.

Proposition 3.10 Suppose that (E) holds, and let u = {u(t,z),t > 0,2 € R}
be the solution of @) For anyt >0,

Elu(t 4+ h,z) —u(t,z)|> = 0 as |h| — 0, wuniformly in x € R? (33)

and
Elu(t,z) —u(t,y)]* =0 as |z —y|— 0. (34)

Proof: We use the same argument as in Lemma 19 of [E] (see also the erratum

to [[LOJ). We first show (B3).

Suppose that h > 0. Splitting the interval [0,¢ + h] into the intervals [0, ¢]
and [t,t + h], and using the inequality |a + b|? < 2(a? + b?), we obtain:

Elu(t+h,x) —ut,2)]* < 2{[|(grne — gea)lio,qllFep + 1ge4nalipern Fp}
= 2By (h) + Ea(h)).

Since F(gu-n.a—ge) (1, )(€) = e~ S*FCT+ =, )(€) — FCa(E — 1w, (@),

n [ wae) [ t / dudolu — o F (g — i), )(E)

Florns — 90,90

= an [ ) | t / dudolu — oG (u 4 )(E) — FC () (€)]
FCrio 7)) — FGr(o, ()

_ p(d€)
= [ Bkl

Eq+(h)
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where

k(lE) = an / / (sin((u + B)E]) — sin(ulé]) (sin((v + R)[€]) — sin(l€]))
= 0P 2dudv = [[sin((- +R)IED) — sin- €D Exon.

By the Bounded Convergence Theorem, limp, g k¢(h, |£]) = 0, for any £ € RZ.
The fact that Eq+(h) — 0 as h | 0 will follow from the Dominated Conver-
gence Theorem, once we prove that:

b e < kle), vhe 0.1 vEERY and [ é'ﬁktua) < co. (35)

When [¢] < 1, using the same argument as in Proposition @, we get:

kt(hv |§|)

IN

byt | sin((- + h)[E]) —sin(- [€])[|72(0,)
t t
202 ¢2H 1 </ sin?((u + h)|§|)du+/ sm2(u|§|)du>
0 0
t t
< e ([ 2+ dut [ ) = e
0 0
Suppose that || > 1. We use the fact that:

ke(h, [€]) < 2(][sin((- + R)IEDIZy0,0) + IIsin(- €D 1340,0))-

Using the change of variables u' = (u + h)|¢|,v" = (v + h)£], and ([0])
(Appendix A) we obtain:

IN

Isin((- +B)ENEyony = o / / sin(u+ B)|E]) sin((w + AE]) u— o[ dudy

(t+n)lgl p(t+h)IE]
= g s s P
|€| hlg| €|

H - —_
B W/R|fh\£\,(t+h)|g|cp(7)|2|7| @H=1) g

where ¢(t) = sint. Note that the square of the real part of Fp¢|, (14n)¢|2(T) is

(t+h)lé| ? (t+h)lé| 2 nlg| 2
/ cosTtsintdt| <2 / cosTtsintdt| + 2 / cos Ttsintdt|
h|€] 0 0
and the square of the imaginary part of Fi,¢|, (t4n)¢j0(7) is
2 2 2

<2

(t+h) €|
/ sin 7¢ sin tdt +2
h

(t+h)€]
/ sin 7t sin tdt
€] 0

||
/ sin 7¢ sin tdt
0
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We now use the following fact (see Appendix B): for any 7' > 0

2 2

T T
/ cosTtsintdt| + / sin 7t sin tdt sin 7T —7 sin T')?+(cos 7T —cos T')?].
0 0

1
CERET

From here, it follows that k:(h,|¢|) is bounded by:

2cy |7|~GH-1)

S Jr (72 = 1)?

where fi(\,7) and g;(\,7) are defined by (R7). The argument of Proposition
B.7 shows that for any ¢ > 0 and [¢] > 1

[fEn (€L T+ pn (€], )+ fR (el ) +gn (€] T)+F2 (€] T)+g7 (€], 7)]dr

/ T el + a2l mr < 850 < g
r (r2— 12 DT TR TP <
where 61(541){ = % %)2 2 + —@H-1) 2). Since c( ) is non- decreasing in ¢

—~

and h € [0, 1], k1 (h, [¢]) is bounded by

2cH 4 4 2cy 4 4)
|€|2H_1( 1(€—i-)hH+ EL}‘I—F EI)J) |€|2H—1( E+)1H+ 51)‘{4—01(5 H) _kt(|€|)

This concludes the proof of (BF).
A similar argument shows that Es(h) — 0 as h | 0, since

Es(h)

t+h t+h
ay / / FGi(t+h—u, )OO FGi(t +h—wv,-)(E)|u—v|*2dudvu(df)
]Rd

= _12H-2
- O‘H/Rd €12 / / sin(uf¢]) sin(v|¢])Ju — v[*" ™ dudv.

The case h < 0 is treated similarly. Using the same argument as above, it
follows that for any h > 0, El|u(t — h,z) — u(t,z)|* < 2(E{ ,(h) + Ea(h)), where

B = [ AR 6D, and ki, Ig) = sinG €D —sin((- ~WIED o

To prove (Q), note that

Elu(t, z) — u(t,y)]* = lgie — 915 |3ep =

O‘H/Rd/ / F(gta — 9ty) (u, ) () F (gt — g1y) (0, ) () |u — v[* 2 dudvp(dg) =

o / 6T i€y / / FCy(u, ) OFCr (0, )@ — o2 dudvp(de),

which converges to 0 as | — y| — 0, by the Dominated Convergence Theorem.
|
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Example 3.11 There exists an interesting connection between the solution of
the wave equation with fractional noise in time and Riesz covariance in space
and the odd and even parts of the fBm. Indeed, if f be the Riesz kernel of order
a € (0,d), then

—(2H-1)
o= an [ adeen [ T a0 + el mar

|7|~(H-1) /°° (sinTAt — 7sin\t)? /°° (cosTAt — cos At)?
2 — AT7dA AT7dA
aHCd/R (7 =12 \Jo A2 "o A2 ’

where §# = o+ 1 — d 4 2H > 0 under (§). If 6 < 1, the two integrals dA can be
expressed in terms of the covariance functions of the odd and even parts of the
fBm (see [L7]).

4 The heat equation

In this section, we consider the the heat equation with additive noise:

1 .
%(t,x) = FAult,z)+W(te), t>0ze R¢ (36)
u(0,z) = 0, zcR%

Equation (Bq) was treated in [, in the case of particular covariance kernels
f. We give here an unitary approach which covers the case of any covariance
kernel f, which satisfies ().

The case of the heat equation is actually much simpler than the case of the
wave equation, since both the fundamental solution G and its Fourier transform
are non-negative functions.

More precisely, let G2 be the fundamental solution of u; — %Au = 0. Then

2
GQ(t,.’L’):WeXP <_%>, t>0,fl;€Rd
and )
_ t€] d
—7:G2(t7 )(5) = exp _T , 1> 075 € R% (37)

We will prove the following result.

Theorem 4.1 The solution u = {u(t,z),t > 0,z € R} of (34) exists if and
only if the measure p satisfies (Q) In this case, @) holds for all p > 2 and
T > 0, and the solution is L*(S2)-continuous.

Remark 4.2 (i) When f is the Riesz kernel of order a, or the Bessel kernel of
order a, condition (f]) is equivalent to o > d — 4H. When f is the covariance
function of the fractional Brownian field with H; > 1/2 for all ¢ = 1,...,d,

18



condition (f]) is equivalent to Zf:1(2Hi —1) > d—4H. Note that this condition
is weaker than the condition given in @]

(ii) In Theorem 2.1 of the Erratum to [f]] it has been proven that condition
() implies that ||gis||#p < co for any ¢ > 0 and = € R%.

Proof of Theorem : Note that g, = Ga(t — -, — -) is non-negative.

Hence, gir € HP if and only if g4, € |HP|. This is equivalent to saying that
Jp = Hgtz“fﬁp\ < oo for all t > 0. Note that

t et
Jo = aH/// / gm(u,y)gm(v,z)f(y—z)|u—v|2H72dydzdudv
Rd JRd

= an [ [ [ Foln NOTwo @l o)

O‘H/ / | FGa(t = u ) OFCat = v, Y lu — o~ pu(de)dudv.

Using (B7) and Fubini’s theorem (whose application is justified since the
integrand is non-negative), we obtain:

t ot wl€)? vl€l2
Ji=apg /Rd/o /0 exp <—%> exp <—%> lu — o222 dudvpu(dE).

The existence of the solution follows from Proposition [£.3 below, which also
gives estimates for J; = Elu(t,z)|? (and hence for E|u(t,z)|?). The L*(Q)-
continuity is given by Proposition @.4. [J

Let
2 vleL
_aH/ / exp( ulel > p(—%) lu — o>~ dudv

The next result is similar to Lemma 6.1.1) of [13].

Proposition 4.3 For anyt > 0,£ € R?,

1 . 1 2H . 1 2H
2 2

where Cy = b3, (4H)*H

Proof: Suppose that |{| < 1. Using the fact that ”90”7-((0 n < b3t 1H<pHL2 0.0)
for all ¢ € L*(0,t), e=® <1 for any « > 0, and 3 < 1+|£|2 if €] <1,

t 2H
1
A©) < e [ oxp(ulePyau < et < pren (h )
0
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Suppose that || > 1. Using the fact that ”90”7-((0 " § b%]HcpHLl/H 0.1y for any

o€ LYH(0,1), 1 —e™® <1 for all z > 0, and we obtain:

|€|2 = 1+\5\2’

t 2 2H 9OH t2 oH
a0 = oy [flew (557 ) ] =it (i) [1-ow ()
2 oH 1 2
< baldH) (1+|§|2) '

This proves the upper bound.
Next, we show the lower bound. Suppose that ¢/¢|? < 1. For any u € [0,],

%52 < @ < % Using the fact that e™ > 1 — x for all x > 0, we conclude

that: a ) )
o (1) > 1

Yu € [0, ¢].

l\DI)—l

Hence

2H—2 _ 1p2H Loon L “
A(§)>aH(>//|u—v| dudv = Z th <1+|§|2) .

For the last inequality, we used the fact that 1 > +| LR

Suppose that t|¢[? > 1. Using the change of variables u’ = u|]?/2,0" =
v]€|?/2, we obtain:

92H  rtlel?/2 prlel? /2 — I 2H=2 g0 g1
44(6) |€|4H/ / "I — o P20 do

Since the integrand is non-negative,

22H

/2 ,1/2
A(&) > agw/ / e e u — v|* 2 dudv
€M Jo o

1 1 2H+2 1 2H
22HHe—u”2 > 22H -
oD =7 2 IIEr)

Wherz for the last inequality we used the fact that GE ‘ > 1+T£|2 , and H€7u||$i(0,1/2) >
(5)2 "2 (This follows since e™* > 1 — u > 1 for all uw € [0,1].)

Proposition 4.4 Suppose that (E) holds, and let u = {u(t,z),t > 0,2 € R4}
be the mild-sense solution of (54). Then the map (t,x) — u(t,x) from Ry x R?
into L?(Q) is continuous.

Proof: The argument is similar to that of Proposition B.10. In this case, if
h >0,

Bua(h) = [ ulde)ha(h )
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where )
ke(h, [€]) = :

H(0,¢)

e (LB _ o (L)
and

h  rh wl€1? vl€12
Es(h) =ay /Rd u(df)/o /0 exp (—%) exp (—%) lu — v|*2 2 dudv.

‘We omit the details. [

Remark 4.5 We consider the operator Lu = 3tU—ZZj:1 aijﬁizj u—Z?:l b0z, 1.
Let G5(t, x; s,y) be the fundamental solution of Lu = 0. We assume that:

(i) The functions a;j,b; : [0,7] x RY — R, i,j = 1,...,d are «/2-Holder
continuous in ¢ and a-Hélder continuous in z, for some « € (0,1).

(ii) There exist some k, K > 0 such that for all (¢,z) € [0,T] x R, ¢ € RY,

d
P <Y aii(t,2)68 < KIEP
ij=1
Under these assumptions, G is a positive function defined on [0, 7] x R? x

[0,7] x RTN {(s,t);0 < s <t < T}, which satisfies: (see p. 376 of [2]])

2
Ga(t, w:5,9) < er(t —5) "2 exp (—'t—y') =Gyt —sa—y). (38)

Since G4 (t, z) is essentially the same as the heat kernel Ga(t, ), the solution

of Lu(t, ) = W (t,z) (with vanishing initial conditions) exists, if the measure y
satisfies condition ()

A Some useful identities

Recall that the Fourier transform of a function ¢ € L*(R) is defined by:

Fo(r) —/Re_imw(x)d:c.

For an interval (a,b) C R, we define the restricted Fourier transform of a function
¢ € L'(a,b):

b .
Funp(r) = / T (@) dz = Flpljan) (7).

One can prove that Fp € L?(R), for any ¢ € L'(R) N L?(R). By the Plan-
charel’s identity, for any ¢, € L'(R) N L*(R), we have:

/ (@) (x)dz = (2m)" / Foo(r)F(r)de.
R R
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In particular, for any ¢, € L?(a,b), we have:

b
[ etz = @n) ! [ FunpnFambioe (39)
a R

(Consider ¢ = ¢1j,). Then ¢ € L'(R) N L*(R) and F@(£) = Fapp(£).)

The proof of Theorem @ uses, in an essential way, a formula for the H(0,T')-
norm of sin (developed in Appendix B), which is in turn based on the following
result. (This result can be derived using for instance, the results of @])

Lemma A.1 Let H € (3,1). For any ¢, € L'(R) N L*(R),

aH// — 2= 2dudv—cH/]—'g0 VFO(r) 7|~ Y,

where ag = H(2H — 1) and cg =T(2H + 1) sin(rH)/(27).
In particular, for any ¢, € L*(a,b),

b b
aH/ / o(u)(v)|u — v|*" 2dudv = CH/Rfa,bSD(T)WITI’(zH*”dT.
a a (40)

B The H(0,7)-norm of sin

Lemma B.1 Let p(t) =sint, t € [0,T]. Then

(sinTT — 7sinT)? + (cos 7T —cosT)? | op_

where cg =T'(2H + 1) sin(nrH)/(27).
Proof: By (i),

el 0,7y —aH/ / v)Ju—v[*1- 2dudv—cH/ | Fo.reo(T)2]r| @D dr.

Note that |Fo (T }f e~ h( dt = I? + J}, where

T T
I, = Re[Fore(r)] = / cosTtsintdt, J; =Im[Forp(r)] = / sin ¢ sin tdt.
0 0
We calculate I first. Using integration by parts, we obtain:
I =1—costT cosT — 71>,
where I = fOT sin 7t costdt. On the other hand,

1 —cos[(T+ 1)T
T+1 '

T
Il + IQ = / Sin[(’?’ + 1)t]dt =
0
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Solving for I; and Is, we obtain:

1
I = 1—2(1 —costT cosT — Tsin7TTsinT).
-7

Similarly, letting Jo = fOT cos 7t cos tdt, obtain:

1
TJy —Jy =sintTcosT and Jy—J; = 1 sin[(7 + 1)T1.
T

Solving for Ji, we obtain:

J1 (tcosTTsinT — sin7T cosT).

172

An elementary calculation shows that:

B+ Ji = sin7T — 7sin T)? + (cos 7T — cos T)?].

1
T
0

Remark B.2 Let B = (B;)ter a fBm of index H (on the whole real line). Let
B = (B?);er and B¢ = (Bf),cr be the odd and even parts of B (see [L]). B°
and B¢ are independent centered Gaussian processes with B; = By + By, and

SINTtSINTS, _(op_
B(BIBY) = (oaLowo = e | ST - Vs
R
1-— t)(1 —
E(B{B;) = (L), l0,s))e = CH/( COST)(2 COSTS)|7'|_(2H_1)d7'.
R T

In general, for ¢ € L'(R) N L?(R), we have:

BB (o)) = el o= e | [RelFp(r)]P |~V e

E[B*(¢)*] = |l¢ll2 = cH/R|1m[]:¢(7,)]|2|7|—(2H—1)dT

In the proof of Lemma [B.1, I; = I,(7) and J; = Ji(7) are the real and
imaginary parts of F (¢l 1)(7), where o(t) = sint. Hence

2

T

E (/ sintdB,?) = Sin(')l[O,T]Hi
0
T 2

E / sintdBy | = || sin(-)1j0,7[|?
0
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