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Abstract

I compare two different ways of integrating mortality into life-cycle mod-
els: the standard additive model with time preferences, on the one hand,
and a formulation that rules out the existence of time preferences, but al-
lows for temporal risk aversion, on the other hand. These models are of
similar complexity, but substantially differ in their fundamental assump-
tions. I show, however, that the latter formulation can reproduce all the
predictions of the additive models, as long as life-cycle behaviors under a
given mortality pattern are considered. It leads, nonetheless, to radically
different predictions for the effects of mortality changes. The impact of
mortality on impatience and intertemporal choices may actually be very
different from what is usually assumed.

Keywords: Intertemporal Choice, Uncertain Lifetime, Economics of Ageing.
JEL-classification: D91, D81.

*I thank Douglas Bernheim, Raouf Boucekkine, Martin Browning, Pierre Dubois, Roger Gues-
nerie, Michel Lebreton, Thierry Magnac, Jean-Charles Rochet, Frederick van der Ploeg, Bertrand
Villeneuve and seminar participants at the Université Cergy-Pontoise, the Université Paris 1, the Uni-
versité catholique de Louvain, the European University Institute and the 2005 meeting of the Society
for the Advancement of Economic Theory, for their comments.



1 Introduction

Heterogeneity in mortality across periods and regions is one of the most striking features
of recent human history. For example, in Sweden, life expectancy at birth rose from
about 35 years in 1800 to 80 years in 2000. In Zimbabwe, a country severely hit by
the HIV/AIDS epidemics, life expectancy dropped from 60 years in 1985-1990 to 37 in
2003. Clearly, if we want to understand why people living in different times or countries
have different life-cycle behaviors, or if we aim at providing insights on the economic
impact of mortality changes, we need to think very carefully about how mortality is
integrated into life-cycle models.

Surprisingly, there is a dearth of literature on this topic. Most life-cycle models that
account for uncertain survival follow Yaari’s (1965) seminal paper. According to Yaari,
survival uncertainty can be simply incorporated into life-cycle models by weighting
the utility derived from future consumption by survival probabilities. Thus, in Yaari’s

model, expected lifetime utility can be written as:

+oo
/0 s(t)altyu(c(t))dt (1)

where ¢(t) is the consumption at age t, s(t) the probability of being alive at age ¢
and «(t) the subjective discount function. Yaari’s model has undoubtedly become the
model of reference for those interested in the effects of mortality on life-cycle behaviors.
A few alternative models have been proposed, as with Moresi (1999). To my knowledge,
however, all applied and theoretical studies that have focused on the economic impact
of mortality have kept Yaari’s linear formulation as the keystone of their analysis'.

At the origin of Yaari’s model is the fundamental assumption that preferences over
lotteries involving lives of different length, can be modeled in the standard expected

utility framework using a von Neumann-Morgenstern utility function of the form:

T
V(e,T) = /O o(t)u(c(t))dt @)

where c(t) is the consumption at age ¢ and T' the length of life?. Implicit in this formu-

!'See for example Barro and Friedman (1977), Ulph and Hemming (1980), Davies (1981), Sheshinski
and Weiss, (1981), Abel (1986), Hurd (1989), Leung (1994), Brown (2001), Eckstein and Tsiddon
(2004), Gan and Gong (2004).

2The above von Neumann-Morgenstern utility function exactly corresponds to the one chosen by



lation are three fundamental assumptions. The first is an assumption of separability:
(1) the marginal rate of substitution between the consumption at two different ages is
unaffected by the level of consumption at another age and by the length of life. The
second and third assumptions are, as noted by Yaari, “independence of age” assump-
tions. Specifically, it is assumed that (2) the marginal rate of substitution between the
length of life and consumption at the end of life is independent of the length of life,
and (3) risk aversion with respect to consumption at a given age is independent of age
(these concepts will be made clearer in the following section). These assumptions can,
of course, be a matter of discussion. They respond, however, to defendable arguments.
The second and third assumptions (independence of age) are necessary if we aim at
explaining the age-related heterogeneity in behaviors without making ad hoc assump-
tions on heterogeneity in preferences. The first assumption (separability) has clearly
been made for simplicity’s sake. It will have to be relaxed sooner or later, but that will
be at the cost of an increase in complexity?. Before going in that direction, it is worth
exploring the whole set of preferences that satisfy these three assumptions.

In this paper, I show that Yaari’s formulation is only one of the two general formu-
lations that share these three fundamental properties. The other one involves assuming
that preferences over consumption profiles and lengths of life are represented by a von

Neumann-Morgenstern utility function of the form:

Wi(e,T)=¢ </0T u(c(t))dt) (3)

This alternative formulation, which emerges naturally from a reading of Kihlstrom and
Mirman (1974), has been ignored in the economic literature. I shall argue that such a

formulation is definitely worth considering for the following reasons:

1. Tt is no more complex than the standard additive model suggested by Yaari.

2. It suggests an original theory for human impatience. Individuals have no time

Yaari (see equation (1), page 137, in Yaari, 1965). Most economic papers directly refer to the represen-
tation in terms of expected utility (equation (1) in this paper and equation (13), page 142, in Yaari’s
paper). Both representations are obviously equivalent, but for a theoretical discussion on preferences it
proves more insightful to discuss the properties of the von Neumann-Morgenstern utility function than
those of the expected utility function (in which preferences and uncertainty are already combined).

#This assumption is relaxed in Bommier (2005), but in that paper, an assumption of stationarity is
made.



preferences and impatience exclusively results from the combination of risk aver-

sion and uncertainty.
3. It accounts for temporal risk aversion.

4. Separation of risk aversion and intertemporal elasticity of substitution is made

possible.

5. As long as we consider life-cycle behaviors under a given (non-degenerate) mor-
tality pattern, it can reproduce (up to infinitesimally small differences) all the

predictions of the additive models with non-negative rates of time preference.

6. It leads to predictions on the economic impact of mortality changes that are very

different from those obtained with the additive model.

The fifth and sixth points deserve special attention. The fifth point implies that
there is no way to prove that Yaari’s model is superior to the suggested alternative
without considering heterogeneity in mortality across agents. But, to my knowledge,
the validity of Yaari’s model has never been tested by empirical studies using such het-
erogeneity. The economic literature has thus focused on a specification that separates
impatience and risk aversion, while a no more complex model where impatience results
from risk aversion is shown to have at least as much predictive power.

Nevertheless, the sixth point tells that it is crucial to choose between the two models
to analyze the impact of mortality changes. Since there is no empirical evidence today
that might suggest the superiority of Yaari’s model, the robustness of the economic
literature that discusses the effects of mortality changes appears to be questionable.

The remainder of the paper is organized in the following way. In the first section,
I present an axiomatic construction of preferences. This will lead us to consider two
classes of von Neumann-Morgenstern utility functions: the well known additive utility
function shown in equation (2), and the non-additive one shown in equation (3). The
following sections aim at comparing these two formulations. More precisely, in Sections
3 through 8, I go on to review the six arguments detailed above. Section 9 looks
at technical difficulties that appear when working with the non-additive model and
suggests ways to deal with them. Section 10 discusses the main conclusions that can

be drawn from the present paper.



2 Axiomatic Construction

In this paper, I will view a “life” as being a pair (¢,T"), where ¢ is an infinitely long
consumption profile, and 7" a (finite) length of life. The set of possible lives will,

therefore, be:

X = C®°(R",RT) x Rt

This representation might seem odd at first sight since consumption has not been
constrained to zero after death. Instead, consumption after death can theoretically
take any non-negative value. However, as I will assume that people do not care for
consumption after death, my results will be formally equivalent to what we would
obtain if consumption was constrained to zero after death.

I aim to discuss the properties of the preferences that make it possible to rank
lotteries whose outcomes are in X. I will, in fact, explore all the preferences that satisfy

the following axioms:

Axiom 1 Indiwiduals’ preferences can be represented by a twice continuously differen-

tiable von Neumann-Morgenstern utility function U(c,T) defined over X.

This axiom implies that, unlike Moresi (1999), Drouhin (2005) or Halevy (2005), we
remain within the standard expected utility framework. The smoothness assumption

has been added for convenience.
Axiom 2 Individuals do not care for consumption after death.

By this axiom, I mean that for any consumption profile, ¢, any length of life, T,

and any age t > T :
oU(c,T)
—\)_p
dc(t)

where 8%&2?) is the Volterra derivative of U(c,T') with respect to consumption at time

.4

4Volterra derivatives make it possible to define, in an intuitive way, the derivative of U(e,t) with
respect to consumption at a single moment in time. The reader may refer to Volterra (1913) for the
definition of this kind of derivative or to Ryder and Heal (1973) for the use of such a concept in
agigg) dcdt gives the
infinitesimal change of U(c,T") when consumption increases of dc during dt periods of time around ¢.

economics. For the remainder of the paper, we simply have to bear in mind that



Axiom 3 Utility is increasing in consumption occurring before death.

Formally, I assume that for any ¢, T and any ¢t < T :

oU(c,T)
aet) "

Axiom 4 The marginal rate of substitution between consumption at two different ages

is independent of the length of life and independent of consumption at another age.

Expressed formally, this statement means that for any ¢, T' and any three distinct

ages t1.ta,t3 € (0,7, we must have:

P oU (¢, T) oU (¢, T)

o ac(tl) . ac(tl) _

or | D | ~ 0 and de(ts) | 0D |~ 0
Delin) de(t2)

The last two axioms, given below, aim at formally expressing age independence as-
sumptions that are implicit in Yaari’s formulation. In Yaari’s additive formulation,
instantaneous utility functions, a(t)u(:), are assumed to depend on age only through
the scaling factor a(t). However, when we abandon the additive structure, there does
not exist a straightforward notion of instantaneous utility. Some effort is then required
to give a preference based definition of this age independence assumption. In fact as-
suming that the instantaneous utility (in the additive specification) is age independent,
up to a scaling factor, implies that (1) risk aversion with respect to instantaneous con-
sumption is independent of age (2) the ratio of the marginal utility of life extension
over the marginal utility of consumption (;; in the additive case) is independent of age.

We formally expressed these properties by the following two axioms.

Axiom 5 Risk aversion with respect to instantaneous consumption is independent of

age.

In other words, for any ¢, T and any ¢, ta € (0,7"), we have:

3*U(c,T) 32U (c,T)

B 02c(t1) _  9c(t2)
c(t1) = c(t2) = au(c,T) — au(eT)
8C(t1) 8C(t2)



Axiom 6 For any consumption profile, ¢, and any length of life T, the marginal rate
of substitution between length of life and consumption at the end of life depends on c

and T only through ¢(T).

This means that for any two consumption profiles ¢, co and any two lengths of life

Ty, Th:
oU(c1,T1) oU (c2,T%)

B oT T oT
a(Ti) = e2(T2) = Jp ) = 30(ey)
8c1 (Tl) 6C2 (TZ)

These axioms being stated, it is possible to express the following result:

Theorem 1 Axioms 1-6 are fulfilled if and only if individuals’ preferences can be rep-

resented by a von Neumann-Morgenstern utility function of the form:

Ue,T)=¢ </0T a(t)u(c(t))dt) (4)

where o and ¢ are twice continuously differentiable functions such that a, v’ and ¢’
are positive and such that ¢" = 0 or/and o/ = 0 (so that ¢ must be linear or/and «

constant).

Proof. See appendix A. =
Theorem 1 shows that complying with Axioms 1 to 6 leaves us with two possibilities.

For convenience, I will give them different names:

Definition 1 Let us say that individuals have:
- “additive preferences” (or also Yaari-type preferences) if they are represented by

a von Neumann-Morgenstern utility function of the form:

T
U, ) = / altyu(c(t))dt (5)
0

with a > 0 and v’ > 0.
- “time neutral preferences” if they are represented by a von Neumann-Morgenstern

utility function of the form:

U™ (e, T) = ¢ ( /0 ' u(c(t))dt) (6)

with ¢ > 0 and v’ > 0.



Let us now compare these two types of preferences and develop the six arguments

outlined in the introduction.

3 First Argument: On Models’ Complexity

Before comparing two models, it is important to evaluate the complexity of each model
individually. It is clear that extending models into more complex ones makes them more
apt to fit empirical data. However, increasing complexity has an obvious disadvantage,
as identification problems grow.

Here, the comparison between the additive and the time neutral model is simple:
both models have exactly the same degree of complexity. In both cases, preferences
are described by two functions: u and « in the additive case, and v and ¢’ in the time
neutral case (adding a constant to ¢ does not affect the preferences).

In fact, the representations of the preferences by the couple of functions v and «
or u and ¢ are not unique, and normalization assumptions must be added in order
to obtain uniqueness. In both cases, however, the number and the kind of constraints
needed to obtain a unique representation are the same. Indeed, it is straightforward

that it can always be assumed that:

a(0)=1 and «/(1)=1 in the additive case

#'(0)=1 and u/(1)=1 in the time neutral case

and that once these constraints are introduced, the representations of preferences pro-
vided by equations (5) and (6) are unique.
In fact, both the additive formulation and the time neutral one can be seen as

diverging extensions of the simplest case where preferences are represented by:

T
Us(e, T) = /0 w(e(t))dt

with ' > 0. Preferences represented by Uy are both additive and time neutral (Defini-
tion 1). As we will see in the following two sections, the additive preferences extend the
above formulation by introducing time preferences, while the time neutral preferences

introduce temporal risk aversion.



4 Second Argument: On Time Preferences

The concept of pure time preference is an ordinal concept representing impatience in
a context without uncertainty. It can be summarized by the rate of time preference,

which in the continuous time framework is usually defined as follows:

Definition 2 For any length of life T, any time t < T and any consumption path c,
the rate of time preference is defined by:

plent.7) =~ (1oe 5 ) g

Note that I use the notation p(c,t,T) to stress that, in general, the rate of time
preference can depend on ¢, t and T. However, with the preferences we are considering,

the rate of time preference at time t only depends on t. Indeed:

Proposition 1 In the additive model, the rate of time preference is given by:

p“%(c,t,T) =
In the time neutral model, it is given by:

ptn<c7 t, T) =0 (8)

Proof. From (5) we derive %@(;’T) = a(t)u/(c(t)), which implies (7). From (6)

we derive %(%’T) =/(c(t))¢’ (fOT u(c(t))dt), which implies (8). =

Here, lies a fundamental difference between the two models. In the additive case,
people can have pure time preferences while the time neutral model excludes this pos-
sibility.

Still, as will be explained in Section 7, agents with time neutral preferences may
exhibit any kind of (positive) impatience when confronted with lifetime uncertainty.
The additive and time neutral models therefore suggest two very different theories for
human impatience. In the standard approach, supported by the additive model, impa-
tience is inherent to human nature and would exist even in the absence of uncertainty.
This position was strongly criticized by Pigou (1920) and Ramsey (1928) who respec-

tively considered time preference as “wholly irrational” or arising from “the weakness



of imagination”, but nonetheless became the dominant view in economic theory after-
wards.

On the other hand, the time neutral model, takes for granted that risk aversion and
mortality are inherent to human nature. It then suggests that human impatience may
exclusively result from a rational response to the risk of death.

The interest of each interpretation might be debated on philosophical grounds.
Instead, I will focus on pragmatic matters and show why opting for one or the other
interpretation might be crucial for very concrete social issues, and in particular to

understanding the impact of mortality changes.

5 Third Argument: On Temporal Risk Aversion

Temporal risk aversion is an adaptation of the general notion of “multivariate risk
aversion” of Richard (1975), to the case of intertemporal choice under uncertainty. It
is used in Ahn (1989) and Van der Ploeg (1993). To obtain an intuitive notion of what
temporal risk aversion is, consider the simple case of an individual who lives over two
periods. An individual is temporally risk averse if for any ¢; < C7 and ¢s < Cs he prefers
the lottery that gives (c1, C2) or (C1, c2) with equal probability to the lottery that gives
(c1,¢2) or (C1,Cs) with equal probability. To quote Richard (1975), a temporally risk
averse consumer prefers getting some of the “best” and some the “worst”, to taking a
chance on all of the “best” or all of the “worst”. Richard (1975) shows that temporal
risk aversion is related to the cross derivative of the utility function. In continuous

time, temporal risk aversion can be defined as follows:

Definition 3 An individual exhibits:
9%U(c,T)

- temporal risk aversion if De(t1)0e(a) <0 for all ty, to <T with t1 # ta.
- temporal risk neutrality if %[% =0 for all t1, to < T with t1 # ta.
82U (c,T)

- temporal risk proneness if De(ts)0e(la) >0 for all t1, to < T with t; # ta.
It is then fairly simple to note that:

Proposition 2 Agents with additive preferences exhibit temporal risk neutrality. Agents
with time neutral preferences exhibit temporal Tisk aversion if ¢ is concave, temporal

risk neutrality if ¢ is linear, and temporal risk proneness if ¢ is convex.

10



add c 277add c
Proof. In the additive case %t(l)’ﬂ = a(t1)u(c(t1)) and gc(UtTa(c(g)) =0.

In the time neutral case % = u/(c(t1))ed (fg u(c(t)dt) and % =
W (e(t) (c(tz)) " ( I u(c(t)dt) . m

This is the second fundamental difference between the two models. The additive
model rules out temporal risk aversion while the time neutral model allows for it.

Temporal risk aversion matters when considering attitude towards risks that have
durable consequences, since risks of this kind affect individuals in several periods of
time. This is for example the case for risks related to wealth investment, since current
wealth affects individuals consumption in future periods. This explains why temporal
risk aversion plays a central role in Ahn (1989), Van der Ploeg (1993) or Bommier
and Rochet (2006) who study optimal saving and portfolio choices in models where the
horizon is infinite or known with certainty.

A risk that indisputably has longlasting consequences is that of mortality. Indeed,
the risk of dying at time ¢ is nothing other than the risk of being put in the “death state”
for all times subsequent to t. Thus, we expect temporal risk aversion to deeply affect
rational attitudes towards the risk of death. In fact, there are several issues related to
lifetime uncertainty where temporal risk aversion plays a key role. The present paper
focuses on the case where mortality is exogenous. In particular, it is shown that the
combination of temporal risk aversion with mortality generates impatience, which may
radically affect our understanding of the impact of mortality changes. Bommier and
Villeneuve (2004) complements this study by looking at endogenous mortality choices.

Given the obvious durability of death, it is intriguing that the economic literature
that deals with human mortality focuses on the additive specification which assumes
temporal risk neutrality. Several papers, such as Levhari and Mirman (1977) and
Eeckhoudt and Hammitt (2004), discuss the role of “risk aversion”. But, these papers
only consider the additive specification and discuss the role of the curvature of the
instantaneous utility function u, which has no impact on temporal risk aversion. We
know however from the fundamental contribution of Kihlstrom and Mirman (1974)
that, strictly speaking, increasing individuals’ risk aversion does not involve changing
the curvature of u, but taking a concave transformation of the intertemporal utility
function. This is what is done with the time neutral model, where temporal risk

aversion naturally arises.

11



To end this section, let us remark that the curvature of the function ¢, which
generates temporal risk aversion in the time neutral model, can be related to individuals’
risk aversion with respect to life duration. Imagine the (fictive) case of individuals who
have to choose between lotteries involving a single constant consumption path, but
different life durations. Consumption being the same in all outcomes, these individuals
only have to rank lotteries on a single dimensional variable: life duration. Their choices
are then governed by their risk aversion with respect to life duration which can be

measured by a standard Arrow-Pratt coefficient:

92U (c,t)
17

AU (c,t)
oT

It is a matter of simple calculation to show that in the time neutral model, this coef-

—¢"(Tu(c))
¢'(Tu(c))

understand the economic meaning of assumptions that might be made about ¢. For

ficient equals u(c) Considering such simple lotteries may therefore help to

example, assuming that ¢ is concave would involve assuming positive risk aversion with
1"

respect to length of life, while assuming that —%;—, is decreasing would involve assuming

decreasing risk aversion with respect to length of life.

6 Fourth Argument: On Risk Aversion and Intertemporal

Elasticity of Substitution

A standard argument against the additive model bears on its inability to separate risk
aversion and intertemporal elasticity of substitution. The time neutral model provides
a simple way to achieve this separation. The function ¢ that enters into the definition
of the time neutral utility function has indeed no effect on the intertemporal elasticity
of substitution (ordinal preferences do not depend of the function ¢) while it does affect
relative risk aversion.

The fact that considering monotonic transformations of an additive separable utility
function makes it possible to separate intertemporal substitutability and risk aversion
has been known for years (at least since Kihlstrom and Mirman, 1974). Such a sepa-
ration between risk aversion and intertemporal elasticity of substitution has been used

to explain the equity premium puzzle (Ahn, 1989), or to model precautionary saving

12



(van der Ploeg, 1993). This approach has not become very popular however, as it gen-
erates unappealing properties when there are pure time preferences (see the discussion
in Epstein and Zin, 1989, p 950-952). As long as the existence of pure time preferences
were not questioned, the best option to separate intertemporal substitutability and risk
aversion appeared to leave the expected utility framework, as in Epstein and Zin (1989)
or Weil (1990). Still, the expected utility framework remains a suitable option when

ruling out the existence of time preferences, as in the time neutral model.

7 Fifth Argument: On Life-Cycle Behavior Under an Ex-

ogenous Mortality Pattern

In this section, I consider the case where individuals face an exogenous mortality pat-
tern. Throughout the section, mortality will be described either by the distribution of
the age at death d(t), by the survival function s(t) = 1 — fg d(7)dr or by the hazard

rate of death u(t) = — SS/(%) = %. Even though, in this section, I do not compare what

is obtained with different mortality patterns (this is the purpose of Section 8), I will
introduce an index p whenever I want to stress that an object depends on the mortality
pattern.

Rational individuals with a von Neumann-Morgenstern utility function U(c,T") who
face this exogenous mortality pattern have preferences on consumption profiles given

by the following expected utility:
+oo
EU(c) = / d(T)U (¢, T)dT )
0

A crucial point is that although the time neutral representation assumes that people
have no pure time preferences, temporal risk aversion, together with uncertainty on
the length of life, generate non-trivial time discounting. The intuition, stressed in
Bommier (2006), is that if people cannot avoid the risk of dying young, they should
prefer consuming early in life in order to avoid the very low level of lifetime utility, which
would result from simultaneously having a short life and low levels of instantaneous
consumption. This intuition can be formalized by looking at the rate of discount at

time t.

13



Definition 4 For any consumption profile c, the rate of discount at time t is defined

by:

This extends Definition 2 to the case where the length of life is not known with
certainty, but is described by an exogenous distribution. The rate of discount depends

on the mortality pattern considered. Indeed:

Proposition 3 In the case of the additive utility function, the rate of discount is given

by:
add _ ()
RDM (C> t) - ﬂ(t) Ot(t) (10)
For the time neutral utility function, the rate of discount is given by
o0 "ot
t t dr)dt
RDE (e 8) = p(t) — pft) l—2)Ui)0 Uy wlelr))dr)dy (11)
S d(t) e (Jo" ule(r))dr)dty
Proof. By integrating by parts (9), we find that:
teo 9U(c,T)
E,U(c) _/O s(t) =g Ir=edt
where s(t) is the survival function.
In the additive case, %’T:t = a(t)u(c(t)) and
+o0
B U(c) — / s(t)a(t)ule(t))dt (12)
0
which implies that a—E‘% = s(t)a(t)u'(c(t)) and RDde(c, t) = 788(;(;) - %
In the time neutral case, %h:t = u(c(t))gb'(fg u(c(t))dt), and we find:
+oo t
E,U™(c) :/0 s(t)u(c(t))g’ </0 u(c(T))dT> dt (13)
so that:
OE, U™ (c)

DB ttett) [sto ([ utetran + [ stputetes” ([ atetmyar ) an]

14



and

s/ ()9 (J{ ule(r))dr)
SO (Jg ule(m)dr) + [ s(tr)ule(t)s” (7" ule(r))dr)dty

tn
RD,(c,t) =

or also:

() [ s(t)ule(t1)d” (Jot u(e(r))dr)dty
s(O)¢ (fy ule(r)dr) + [;7 s(t)u(e(tr))d” (fy* ule(r))dr)dty

RDE (e 1) = (1) -

which, after integration by parts of the denominator of the fraction, gives (11). m

In the additive case, the rate of discount is the sum of the mortality rate and the rate
of time preference, as is well known. In the time neutral case, even though individuals
have no pure time preferences, in the typical case where u is positive, ¢ strictly concave
and mortality greater than zero, the rate of discount is greater than the hazard rate of
death. Bommier (2006) considers realistic mortality rates and exponential or hyperbolic
functions ¢. This leads to discount functions that are approximately exponential or
hyperbolic. In fact, by adjusting the functions ¢ and u, any decreasing discount function
can be generated. Indeed, taking matters further, we will see in the following theorem
that for any given mortality pattern, any additive preferences with non-negative rates

of time preference can be obtained as the limit of time neutral preferences.

Theorem 2 Assume that individuals face an exogenous mortality pattern and that the
hazard rate of death is always positive. For any additive preferences that gemerate
positive rates of discount®, there exists a sequence of time neutral preferences such that
the corresponding expected utility functions (equation (9)) converge (weakly and up to
positive affine transformations®) towards the expected utility function obtained from the

additive representation.

Proof. As in equation (5), denote by « and u a pair of discount and instant utility
functions that characterize the additive preferences. The corresponding expected utility
function, E,U%4 defined by (9), can be rewritten as in (12). The positivity of the

rates of discount implies that p(t) — O‘E,(t) > 0 for all ¢.

°In the additive case the age-specific rates of discount are given by (10). As mortality rates are
assumed to be positive, the rates of discount are positive whenever the rates of time preference (equation
(7)) are non-negative.

SWhat is meant by “weak convergence up to positive affine transformations” is formalized below
(equations (15) and (16)).

15



For any £ > 0 define U™ by:

veet) = o, ( [ ' wle(t)ar)

with

ue(c(t)) = 1+ eu(c(t)) and ¢, (v) = /Ox(oa(t) —

Because o > 0 and p(t) — %’(t) > 0, the function ¢, has a positive derivative. Also
ul. = eu’ > 0. Thus, the utility functions U™ represent time neutral preferences.

From (13), we know that the corresponding expected utility function can be written
as:

B = [ sttule®)s), [ wlelrar) a

I show below that, for any consumption paths cg, c1, ¢, such that c¢1(t) > ¢o(t) for all

t,we have:

E U™ (¢1) — BU!" (co) > 0 (15)

and

(16)

li ( Engn(C) — Engn(CO) ) _ EuUadd(C) — EuUadd(CO)
=0 \ B, U"(c1) — E, U (co) E,Ud(¢)) — E, U4 (cy)
This is what is meant by “converges weakly up to positive affine transformations”.
Clearly, these conditions guarantee that at the limit € — 0 the expected utility function
EMUgn will represent the same preferences over consumption profiles as £,U add |
Inequality (15) is a direct consequence of the fact that the utility functions U™ are

increasing in consumption that occurs before death. Equality (16) is shown thereafter

using a Taylor expansion in €. We have:

B0 = [ soutew)s, [ t wele(r))ar ) a

Replacing uc(c,t) by 1+ eu(c(t)) and keeping only the zero and first order terms in &

we find:
EUMc) = [ s(t)g,(t)dt

+e [T s(t)ule(t) ¢, (t)dt
e o7 snt) (Jo ule(r)dr) dt
+o(e)
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The first term is a constant, independent of ¢ and ¢, that I denote by A. Switching the

order of integration in the third term, we find that:

/0+oos(t) (1) (/Otu(c(T))dT> dt = /0+OO u(c(t)) </t+oo s(7) Z(T)d7> dt (18)

o (t)
w(t)

Proceeding to an integration by parts and using ¢L(t) =alt) — , we compute:

s = (o) (a0 - 58)]7 - 1750 (at) - 5 ar

Using (18) and (19), and replacing ¢/, (t) by a(t) — % in the second term of (17), we

eventually obtain:
+oo
EUM(c) = A+ 6/0 s(t)a(t)u(c(t))dt + o(e) (20)

The first order term is thus precisely F,U%(c) and (16) directly follows from (20). m

An implication of Theorem 2 is that, when modeling life-cycle behavior under a
given mortality pattern, all the predictions of the additive models with non-negative
rates of time preference can be reproduced, up to infinitesimally small differences, by
time neutral models. Thus, there is no chance to infer from empirical studies that the
additive formulation with non-negative rates of time preference is better than the time
neutral one, unless heterogeneity in mortality across agents is considered. This point is
particularly important since, to my knowledge, the validity of the additive assumption
has never been challenged by studies that consider heterogeneity in mortality. In other
words, Theorem 2 tells us that, up to now, there is no piece of empirical evidence that
can give more credit to the additive model than to the time neutral one.

Interestingly enough, Theorem 2 is not symmetrical. In fact, from equation (13),
we see that in the time neutral case, the expected utility function that represents the
preferences over consumption profiles is, in general, not additive. Thus, it cannot be
obtained as the limit of a sequence of additive expected utility functions. Although the
additive and time neutral models have the same degree of complexity, the time neutral

models provide a wider class of preferences with positive rates of discount than the
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additive models, when a given non-degenerate mortality pattern is considered. That
is because preferences over consumption profiles under an exogenous mortality pattern
do not depend on the rate of substitution between consumption and the length of life

in the additive model”, while they do depend on it in the time neutral model.

8 Sixth Argument: On the Effect of Mortality Changes

In the previous section, we saw that there may be some similarity between the pre-
dictions of the time neutral and the additive models on life-cycle behavior under an
exogenous mortality pattern. More precisely, I showed that for any given mortality
pattern, with positive hazard rates of death, and any additive preferences, with non-
negative rates of time preference, I could define a sequence of time neutral utility
functions such that the corresponding expected utility functions converge towards the
expected utility function obtained with the additive formulation. I could not, however,
find a sequence of time neutral utility functions that satisfy this property for all mor-
tality patterns. In other words, although additive and time neutral preferences may
give similar predictions when a given mortality pattern is considered, they will predict,
in general, contrasted effects of mortality changes.

In particular, a fundamental difference between the two models is that the rate of
discount (Definition 4) will react quite differently to mortality. To stress this point, we
can examine the Volterra derivative %, which gives the effects of a change in

mortality around age t2 on the rate of discount at age t;:

Proposition 4 In the additive case:

ORD (¢, 1)

=0(ta —t here § is the Dirac delt ti
Buu(ts) (ta — t1) where ¢ is the Dirac delta function

In the time neutral case:

ORD™(ct1) 1 .
SO = S RDI (e t)d(tr — 1)

¢ (Jo ule(n)dr) f,520 2 ule()e” (J7 ule(r1))dri)dr

to

¢ (Jo L ule(r))dr)+ f;7°° Zhu(c(r)¢” (fi ulc(rr))dry)dr

ty  s(tp)

+,U(t1) ( )2 (t2>t1)

(21)

"Preferences over consumption profiles provided by the expected utility function shown in equation
(12) do not change if a constant is added to w.
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where ¢ is the Dirac delta function and 1(y,~¢,) a dummy that equals one if t2 > t1, and

zero otherwise.

Proof. The result for the additive case is immediate from equation (10). For the
time neutral case, the result is also obvious from equation (11) when ty < 1. The only

difficult case is when t2 > ¢;. In this instance, equation (14) can be rewritten as:

& (i ule(r))dr)
& (o ule(r)dr) + [ S u(e(r)¢" (Ji ule(r)dri)dr

RD!™M(c,t) = pu(t1) (22)

Note that % = exp(— ft: wu(t)dt). So we have:

o(h s(7)
s(t1 o _
Duliz) = 5(1) fort1 <tao <t
o s(7)
MU = Oforty <7<t
oulte) 1 2

This implies that for to > 7 :

Gney ( e Z((;))“(C(T))an(fgl u(C(Tl))dTl)dT> =

= i ()8 (f] wle(r)dri)dr

which explains why we obtain (21) by taking the derivative of (22) with respect to
pi(t2). m

In the additive case, the result is very simple: an increase in the hazard rate of
death at age to of du causes an increase in the rate of discount at age to of du, and has
no impact on the rate of discount at other ages. This is because the rate of discount is
simply the sum of the hazard rate of death and an exogenous parameter.

In the time neutral case, the result is very different. In fact, there are two fun-
damental differences. First, an increase in the hazard rate of death at age to affects
positively and in the same proportion the rate of discount at age ¢2 (first term in equa-
tion (21)). In other words, the elasticity of the rate of discount at age t2 with respect
to the hazard rate of death at age ¢t equals 1. Second, a change in the hazard rate
of death at time to will affect the rate of discount at all ages smaller than to. More

precisely, if the hazard rate of death increases of du between ages to and to + dt then,
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for all ages t1 < ta, the rate of discount will change from RDt”(tl) to:

o0 2y (e(r)) 8" (fi ule(r))dr)dr

to S(tl)

& (Jo! ule(r))dr) + [ LBu(e(r)¢” (fy ule(r1))dri)dr

RDm(tl) + RDm(tl) X dtop

If u is positive and ¢ strictly concave (that is, if individuals are willing to live longer
and are temporally risk averse), the adjustment is negative. Thus, in that case, the
time neutral model predicts that an increase in the mortality rate at age to will have a
positive impact on the rate of discount at age to and a negative impact on the rate of
discount at all ages before to.

An intuitive interpretation of the results of Proposition 4 can be given. Mortality
actually generates two kinds of risk. A risk on consumption (consumption is contingent
on survival) and a risk on lifetime utility (lifetime utility is low in the case of an
early death and high in the case of a late death). In both the additive and time
neutral models, the risk on consumption affects the discount rates in the simplest way:
mortality rate at age t contributes additively to the rate of discount at age ¢ (this
explains the first terms of equations (10) and (11)). The risk on lifetime utility has
no effect in the additive model because of the underlying assumption of temporal risk
neutrality. In the time neutral model, when ¢ is strictly concave, individuals exhibit
temporal risk aversion. That incites them to re-allocate consumption towards young
ages in order to decrease the risk on lifetime utility. Indeed, by consuming early in the
life cycle, individuals avoid the low levels of lifetime utility that would result from having
a short life with low levels of consumption. In other words, they see the intertemporal
allocation of consumption as a way to (partially) insure themselves against the risk of
death. But the need for insurance at a given age results from two parameters: (1) the
probability of incurring damage (death, in the present case) at that age and (2) the
magnitude of the damage (the expected quantity of future pleasures in case of survival:
or, in a first approximation, the life expectancy at that age). Mortality affects both
parameters, but in opposite directions. It enhances the probability of damage, but
diminishes the magnitude of the damage. More precisely, mortality at age t increases
the probability of incurring damage at age ¢t and decreases the magnitude of the damage
in case of death before age t. The first point explains why the second term of (11) (and

hence the rate of discount at age t) increases with mortality at age ¢. The second point
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clarifies why an increase in the mortality rate at age t also causes a decrease in the rate
of discount at all ages under ¢.

In practice, we would like to know what happens when there is a global mortality
decline that is characterized by a decrease in mortality rates at all ages. According to
the additive model, the result is unambiguous: such a global mortality decline implies
a decline in the rate of discount at all ages. This is no longer true in the time neutral
model. In this latter model, in the typical case where u is positive and ¢ is strictly
concave, such a global mortality decline may have a positive or a negative impact on
the age-specific rates of discount. Indeed, the rate of discount at an age t was shown to
depend positively on the mortality rate at age t and negatively on the mortality rates at
ages greater than t. There are, therefore, two opposing effects, which can aggregate into
a positive or a negative effect. The computations based on historical mortality rates
that will be provided in subsection 8.1 show examples of both positive and negative
aggregate effects. Thus, we know that it is impossible to provide a general result on
the impact of a global mortality decline on the rates of discount for the time neutral
model. Some interesting results can, however, be obtained if additional assumptions

are made on how age specific mortality rates are affected by a global mortality decline:

Proposition 5 Consider two mortality patterns described by hazard rates of death

wy(t) and py(t), with:

<1 fort<t (23)

Then, for all consumption paths such that u(c(t)) > 0 for all t, we have:

tn tn
RD,(c,t) < RD,;(c,t) for all t.

/1

Moreover, if, in addition, ¢ is strictly concave, =— mnon-increasing and mortality

¢/
non-decreasing with age, for all constant consumption paths such that u(c) > 0, we

have:
RDZ’I(C, t) — RDZZ(C, t) > RDE'IM(C, t) — RDEZM(C, t) = pi(t) — po(t) forallt

Proof. See appendix B. m

According to the first point of Proposition 5, if we consider a “high mortality”
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context (p;) and a “low mortality” context (u5), such that mortality is higher at all
ages in the “high mortality” context and the relative difference in mortality rates,
| log(ﬁ—;)|, decreases with age, we know that the time neutral model will predict higher

rates of discount in the “high mortality” context.

="
¢I
non-increasing® and if mortality is increasing with age?, the difference in the rates of

Moreover, the second point of Proposition 5 indicates that if is positive and
discount will exceed the differences in the mortality rates. That means that the rates
of discount are, in that case, more sensitive to mortality in the time neutral model than
in the additive model.

Interestingly enough, the results of Proposition 5 can be compared with the findings
of empirical studies on heterogeneity in discount rates. Indeed, differential mortality
has been quite well documented by demographic studies. It is well known that in the
USA, being a woman, or being rich, educated or white are factors that are negatively
correlated with mortality!?. Moreover, it is also often found that whatever the so-
cioeconomic status considered (e.g gender, education, etc.), the differential mortality,
measured by the absolute value of the difference in the log of mortality rates, tends to
decrease with age after ages 30 or 40. Thus, from Proposition 5, according to the time
neutral model, we expect to find that in the USA, women, rich, educated and white
individuals have lower values of RD,, — p1 (the difference between the rate of discount
and the mortality rate). Conversely, the additive model predicts that RD,, — p should
be the same across the population.

Two well-known empirical studies concur with the predictions of the time neutral
model. Lawrance (1991), who used data from the PSID, found that the rate of dis-
count is negatively correlated with education, wealth and being white!'. Moreover the
differences in the rates of discount she observed are much larger than the differences in

mortality rates'?. Warner and Pleeter (2001), who analyzed how US military service-

8This is equivalent to stating that individuals provided with a constant consumption profile exhibit
a positive and non-increasing risk aversion with respect to life duration.

9Demographic studies show that this is generally the case after age 25.

10Gee for example the data provided by the Berkeley Mortality Database for comparison by gender
or by race, and the results of Brown, Liebman and Pollet (2002) for data on differential mortality by
gender, race and education.

"Lawrance used household data and did not explore the role of gender.

2Remember that in a country such as the USA, the mortality rate is only about 0.2 % at age 40
and does not reach 1% before age 60. Differences in age-specific mortality rates across socio-economic
groups are typically a fraction of a percent and much smaller than the differences in the rates of discount
found by Lawrance (which are of a few percent).
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men chose between lump-sum payments and pensions, found that men, less educated
people, blacks and those with low incomes had higher rates of discount. They also
found a heterogeneity in the rates of discounts that largely exceeds the differences in
mortality rates. These findings are consistent with the time neutral model, while they
cannot be explained by the additive model, without introducing further assumptions

on the relation between mortality and the discount function'?.

8.1 An Illustration Using Historical Mortality Rates

The recent history of developed countries is characterized by a huge decline in mortality
rates. In order to show how important the difference between the additive models
and the time neutral models can be when considering historical mortality decline, we

conduct the following two exercises.

8.1.1 Example 1

Imagine that in 1937, the year in which Samuelson’s paper on the Discounted Util-
ity Model was published (Samuelson, 1937), we observed that individuals of age 30

exhibited a rate of discount of 4% and explore the three following possibilities:

e Case A (Additive preferences): This rate of discount is due to the fact that
individuals had additive preferences and expected to die according to the average

age-specific mortality rates observed in the USA in 1937.

e Case B (Time neutral preferences with a constant absolute risk aversion with

respect to length of life): This rate of discount is due to the fact that individuals

had time neutral preferences with a function ¢ of the form ¢ (z) = ~=%—, and
that they expected to have a constant quality of life and to die according to the

mortality rates of 1937.

e Case C (Time neutral preferences with a constant relative risk aversion with
respect to length of life): This rate of discount is due to the fact that individuals

had time neutral preferences, with a function ¢ of the form ¢q(x) = %, and

131t could be argued, for example, that the discount function a(-) is related to morbidity, and
decreases more rapidly for individuals who have higher mortality rates.
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expected to have a constant quality of life and to die according to the mortality

rates of 1937.

Now, let us ask the following question: in each case, what would have been these
individuals’ rates of discount if they had expected to face the mortality rates observed
in subsequent years? In solving this problem, we find what the effect of mortality
decline on the rate of discount at age 30 would have been if individuals’ preferences
had remained the same.

In practice, I used the historical cross-sectional mortality rates provided by the
Berkeley Mortality Database. As shown in Figure 1, the mortality rate at age 30
decreased rapidly between 1937 and 1960. Between 1960 and 2000, the mortality rate
at age 30 had a non-monotonic evolution, but its global trend indicates a slow decline.
Life expectancy at age 30 increased during the whole period (Figure 2).

For our exercise, I calibrated the rate of time preference (for case A), the function
¢, (for case B) and the function ¢, (for case C), so that the rate of discount of a 30
year-old individual was of 0.04 per year with the mortality of 1937. Then, for each year
from 1938 to 2000, I computed the rate of discount that followed from the mortality
observed in those years.

The results are shown in Figure 3. We know from Proposition 4 that in the case
of additive preferences, the rate of discount is just the sum of the mortality rate and
the rate of time preference. Thus, the solid line that gives the rate of discount in the
additive case exactly follows the evolution of the mortality rate shown in Figure 1.
However, as the mortality rate is very small compared to the rate of time preference
(note that the scales of Figures 1 and 3 differ by a factor of 10), the rate of discount is
found to decrease only very slightly. It equals 0.03754 in 1960 and 0.03739 in 2000.

The two dashed lines, which represent the time neutral preferences, show radically
different patterns. In Case B, the mortality decline that occurred between 1937 and
1960 leads to a drop of 0.01743 in the rate of discount. That is 7.1 times greater than
what we would have predicted using the additive model! This is due to the major
decline in the mortality rate at age 30. After 1960, the rate of discount goes up and
down, but the average trend shows a slight increase. Thus, during this period, the
evolution of the rate of discount shows a global trend that does not follow the evolution

of the mortality rate. In fact, during the period from 1960-2000, the mortality rate
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at age 30 declined only slightly while life expectancy considerably. I explained after
Proposition 4 that in the time neutral model, the rate of discount at age 30 is linked to
mortality through two different channels. It is positively related to the mortality rate
at age 30, and negatively related to the mortality rate at older ages. We see from our
results that during the period from 1937 to 1960, it is the first factor that dominates,
while after 1960, if we look at the global trend, it is the second one that predominates.

The results in Case C are comparable to those in Case B, although they further
diverge from the results of the additive model. The interpretation is similar to Case B.

Overall, we found that the time neutral model can lead to radically different pre-
dictions of the impact of mortality decline. A drop of 1.743 % or of 1.928 % in the
rate of discount at age 30 between 1937 and 1960, as we respectively found in Cases B
and C, is likely to generate a large impact on savings, human capital investment, and
henceforth, on economic growth. The additive model would have predicted a drop in

the rate of discount of only 0.25 %.

8.1.2 Example 2

To deal with more concrete issues, let us look at consumption smoothing behaviors.
Consider the case of an individual who earns 20000 dollars a year between ages 20
and 60 and nothing afterwards. Assume that there are perfect annuity markets and
only one riskless asset whose rate of return equals 3.5% per year. How would such an
individual smooth consumption and save along the life cycle? Let us consider three

specifications for individuals’ preferences:

c(t)

dt
L=

T
1 - Additive model : U®d :/ e Pt
0

T 1-—y _
2 - Time neutral model (CARA) : U, =1—exp (—k/ Mdt)
0 -7

1 T 1=y — crra o
3 - Time neutral model (CRRA) : UM, = < / C(t)—cdt>
0

crra 1 — K

For each specification, we can compute the optimal life cycle behavior for two different

mortality patterns'®. The first one is given by the mortality rates that were observed

YT all three specifications, the intertemporal elasticity of substitution, +, was set at 0.9. The
constants p ,k, K, Ccara and cerrq were chosen so that, with 1950 mortality, a 40 year old individuals
have a rate of discount of 0.03 per year and a Value of a Statistical Life of 4 million dollars. Consumption
before age 20 is assumed to be exogenous and equal to 16000 dollars per year. The optimal consumption
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in 1950 in the USA. The second one corresponds to the 2000 mortality rates. The
predicted age-specific consumption and wealth profiles are shown in Figure 4.

When preferences are additive, the optimal consumption profile has the same shape,
whether we consider 1950 or 2000 mortality rates. The “2000 consumption” is obtained
from the 1950 one by a simple scaling down. It is in fact well-known that, with perfect
annuity markets and a constant intertemporal elasticity of substitution, the rate of
consumption growth is independent of mortality rates. Consumption is lower with
2000 mortality rates, because longevity extension generates a dilution effect.

The time neutral specifications suggest very different pictures. Firstly, the 2000
consumption and 1950 consumption no longer have the same shape. In both the CARA
and the CRRA cases, 2000 consumption lies below 1950 consumption at young ages,
and above at old ages. This reflects the fact that mortality decline has a two-fold
effect. Firstly, there is a dilution effect, as in the additive case. Secondly, and here is
the novelty, there is a significant impatience effect.

To see how significant is the divergence in predictions, we can consider individuals’
wealth at retirement. The additive specification suggests that wealth at retirement
increases by 14% when passing from 1950 to 2000 mortality rates. Rational individuals
increase their savings because the retirement period becomes longer. However, the time
neutral specifications suggest much larger increases (26% for the CARA case and 28%
for the CRRA case). Even in such a rough example, where retirement age does not
adapt to mortality decline, accounting for the change in impatience appears to be as

important as accounting for the extension of the retirement period.

9 The time neutral model in practice

One attractive feature of Yaari’s model is its mathematical tractability. With Yaari’s
model, preferences over consumption profiles, conditional on an exogenous mortality

pattern, are represented by the utility function:

+o0
add,( .y s(t)a(t)u(c
o) = /0 (Dot)ule(t))dt

profiles were numerically computed with the method detailed in Section 9.
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Dealing with such a utility function is, technically speaking, particularly convenient
for several reasons. First, preferences over consumption after age ¢ are independent
of consumption before age t. Therefore, in a dynamic setting, individuals need not
remember the past to have time consistent behaviors. Moreover the additive structure
of the expected utility function often leads to relatively simple optimization problems.
A number of life cycle problems (e.g. consumption smoothing, portfolio choices) can be
studied with standard techniques, such as dynamic programming, and, for particular
functions u , yield to simple solutions.

The object of this section is to discuss how the landscape is transformed when
working with the time neutral model. It will be split into three parts. A first subsection
points at the technical difficulties that emerge when dealing with the time neutral
model. As we will see, there are no fundamental obstacles for using standard techniques,
such as dynamic programming. The main difference, however, is that explicit solutions
cannot readily be found. Nevertheless, it is possible to work with the time neutral model
without developing cumbersome numerical computations. First, as will be explained in
Subsection 9.2, a linear approximation makes it possible to retrieve all the simplicity of
the additive model, while maintaining key aspects of the time neutral model. Secondly,
Subsection 9.3 provides a very simple method for numerically computing exact solutions

when there are complete markets.

9.1 History dependence and dynamic programming

Agents with time neutral preferences who face an exogenous mortality pattern have

preferences over (stochastic) consumption profiles represented by the utility function:

B0 (c) = /O ™ sule(r)d ( /0 Tu(c(T'))dT'> dr (24)

A noteworthy difference with the additive formulation is that preferences over con-
sumption after time ¢ generally depend on consumption prior to t. From (24), given
a consumption profile ¢ between times 0 and ¢, preferences over consumption profiles

after time ¢ are represented by the utility function:

/t " e <Ht + /t Tu(c(T'))dT’> dr (25)
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where

H, = /0 @)

is the “stock of felicity” that has been accumulated up to time ¢. In a dynamic set-
ting, under the assumption of time consistency, the utility function (25) represents the
preferences of an agent of age ¢t with past consumption ¢. Preferences may then exhibit
history dependence, since past consumption affects H; which enters into the agents’
utility functions.

At this point, however, it is useful to distinguish the case where ¢’ is exponential
from the general case. When ¢/(z) = e %, past consumption only matters in (25)
through a positive multiplicative factor, e *#¢ and therefore has no impact on individ-
ual preferences. Thus, precisely as with the additive model, individuals do no need not
to remember the past to be time consistent. In fact, when ¢’ is exponential, preferences
represented by (6) are stationary (see Bommier, 2005) and the utility function (24) is
a particular case of stochastic differential utilities that are considered by Duffie and
Epstein (1992).

When ¢’ is not exponential preferences over consumption after age ¢ depend on
consumption before t. Thus, in order to have time consistent behaviors, individuals
have to bear in mind some of their history!'®. History dependence however takes a very
simple form. Preferences over consumption after age ¢ depend on the past only through
H, the stock of felicity that has been accumulated at age t. This largely resembles habit
formation problems, where preferences at age ¢ depend on the past only through the
stock of habits that has been accumulated at time ¢t. Dynamic programming can then
be implemented in a standard way, even though the technical problems that one has to
face are indisputably more complex. The dynamics involves two scalar state variables
(wealth and the stock of past felicity) instead of one (wealth) with the usual additive
case. For numerical applications going from one to two state variables only represents
a slight increase in complexity. Gomes and Michaelides (2003) and Polkovnichenko
(2005) produced papers on portfolio choice with habit formation that successfully deal
with similar (and significantly greater) technical difficulties. Their approach could be

replicated. Alternatively, one may opt for the simpler approaches developed below.

15 Another route, pursued in Bommier (2006), involves assuming the history independence of prefer-
ences and allowing for time-inconsistencies.
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9.2 A linear approximation of the time neutral

From Theorem 2, we know that all the predictions of Yaari’s model can be reproduced,
up to infinitesimally small differences. Thus it must be the case that for some specifica-
tion the time neutral model has the same tractability as the additive specification. The
strategy, suggested in Bommier (2006), involves assuming that consumption remains
in a range [Cmin, Cmax), such that the difference in welfare between having a high or a
low level of consumption is much smaller than the difference of welfare between being

alive with a low level of consumption and being dead'®:

u(cmax) - u(cmin)

<<1
U(Cmin) — O

For any ¢* in [¢min, Cmax] One can write
u(e) = u(c*)[1 4+ ev(e)]

with € = %g()cm‘“) << 1 and v(c) = % The idea is then to approximate
the utility function (24) by a first order approximation in €. Following the lines of the

proof of Theorem 2, one can compute:
+o0
EU™~ A+ 5/ s(t)au(t)v(c(t))dt
0

where A is a constant and «, is a discount function given by

1

+oo
= / A(m)¢ (ruc®))dr

au(t) = s(t

Thus, individuals approximately behave as if they were maximizing the expectation of:

+o0
/0 s(®)a(t)o(c(t))dt

We are then back to an additive specification and retrieve all the tractability of Yaari’s
formulation. The fundamental difference with Yaaris’s formulation is that the discount

function is now related to mortality. This is of course of crucial importance for studying

16 This actually involves assuming that the value of life is very large. In fact, the linear approximation
developped below corresponds to the limit case where the value of life is infinite.
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the role of mortality changes.

Such an approximation preserves one of the main features of the time neutral model
(the strong relation between mortality and impatience) and proves to be pretty effi-
cient for studying the impact of mortality on consumption smoothing!”. However, by
“forcing additivity”, we necessarily loose some features of the time neutral model, as
its ability to separate risk aversion and intertemporal elasticity of substitution. This
linear approximation will then be less advisable to study life cycle portfolio choices,

since it would lead to the same shortcomings as the standard additive case'®.

9.3 Numerical solutions

In this section we explain how optimal life cycle behavior can be very readily and
quickly numerically computed when financial markets are complete. We give accounts
of the method without addressing the technical questions as to the conditions that
would ensure this method’s efficiency.

Following the martingale approach (see Duffie, 2001, for example), when financial
markets are complete, life-cycle optimization is equivalent to finding the consumption

process ¢ that solves:
+oo
max E [E,U™(c)] subject to W = E [/ p(t)c(t)dt} (26)
¢ 0

where p is a contingent price process. Rather than using (24), it proves more convenient

to use the equivalent representation:

B0 (c) = /0 BTy ( /0 Tu(c(7’))d7’> dr

It is clear that, when the function ¢ and u are concave, E,U " is concave. Resolution
of the maximization problem (26) can therefore be achieved using standard numerical

methods of convex optimization, as described in Boyd and Vandenberghe (2004). How-

1"For example, if we use this additve approximation to study the example developed in Section 8.1.2,
we find that switching from 1950 to 2000 mortality should induce an increase of wealth at retirement
by 28%, in the CARA case, and 30% in the CRRA case. These predictions are close to those obtained
from an exact resolution of the time neutral (26% and 28%) and sharply contrast with those of the
additive model (14%).

18 As explained in Bommier and Rochet (2006), when preferences are not additively separable, as in
the time neutral model, the optimal degree of risk taking varies along the life cycle. This is an intersting
feature that would be lost with the linear approximation.

30



ever, given the particular structure of the objective function it generally proves easier
to solve the optimization problem using the utility gradient approach!'®. Basically, one
has to compute the gradient of the utility function and to invert it. In the present
case, the utility gradient admits a simple expression. Under regularity conditions on

the functions ¢ and u, for any “small perturbation process” dc:

E[EU"™(c + 6¢) — ELU™()] ~ E [ /0 ) < /0 ' u’(c(t))éc(t)dt) ¢ < /0 ! u(c(7‘))d7’> dT]
Switching the order of integration:

E[E,U"(c+bc)— E,UM(c)] ~ E { /0 o 5c(t)7r(t)d7}
with:

“+00 T
7(t) = o/ (c(t)) / aT)d( /0 u(e(r))dr)dT

The first order conditions of the optimization problem (26) are thus:

~+o00 T
u’(c(t))/t d(T)gb'(/O u(c(r))dr)dT = Ap(t) for all ¢ (27)

The core of the problem consists in inverting this equation, that is to obtain ¢(.) from

Ap(.). Denoting z(t) = log(u/(c(t))) the problem is to find a fixed point of the mapping:

z€ C(RT,R) — Q[z] € C(RT,R)

. {9 (2] (1) = log(w(1)) — log ([, d(1)¢/ ( J 9(=(r))dr) dT )

where g = uo[u/ ]71 oexp . Here [u/ ]71 denotes the reciprocal of ©/ and o the composition
operator%.

Now, remark that:

Lemma 1 Assume that there is a mazimal length of life w (so that d(T) = 0 for all

T > w) and that the functions u and ¢ are increasing and concave. Then, for any z1, 2o

'9A detailed account of this approach can be found in Duffie (2001).

20 . . vl >
In the standard isoelastic case, u(c) = — >, we have g(z) =

31



such that [u/]™" (e2®) and [u/]" (e2®)) are in [cm,car] for all t € [0,w] we have:

sup [[Q[z1](t) — Qz0](t)[| < K sup |[|z1(t) — 20(1)]]|
te0,w] te[0,w]

with

Q

K:L[SHP _u'(c>” . —Rd’"(/ﬂ)][ . cu'(C)] (28)

c€lem, e u”(c) KE[wu(em ) wulenr)] ¢,<"€) c€lem, e U(C)

Proof. See appendix C m

In the three factors that enter into (28), we recognize the intertemporal elasticity of

substitution (%), the relative risk aversion with respect to length of life <7’;§z’(,;()’i)>,
and the elasticity of instantaneous utility function (%) This latter elasticity is

the main determinant of the value of life. The smaller CZ;S) the greater the marginal

rate of substitution between length of life and consumption (and the greater the value
of life).

Empirical works suggest that the intertemporal elasticity of substitution is not far
from 1. Thus, when relative risk aversion with respect to length of life is small enough,
or when the value of life large enough, we have K < 1. The mapping 2 is then a
contraction and its fixed point can be found by a simple iteration process.

The strategy to solve the optimization problem (26) is then as follows. Step 1: for
any A, find the consumtion process ¢ that solves the first order conditions (27) by com-
puting the fixed point of 2 by iteration. Step 2: compute W) = E [f;oo p(t)ex(t)dt

and look for the value of \ such that Wy — W equals zero?!.

01*7—0577 -1

— ), the function [u/]

Moreover, when u is isoelastic (that is when u(c) =
is homogenous, which makes it possible to merge steps 1 and 2 into a single fixed point

search. Resolution of (26) involves finding the fixed point that solves z = Q[z] where:

O[2](t) = ~log (E [ / it exp(~0 <t>>]) — ylog(W) + O[](1)

2'Remark that cy solves (26) when W is replaced by Wy. That means that X is the marginal utility
of wealth when wealth equals Wy. Thus A and W) are negatively related when E,U' is concave
(which is the case when ¢ and u are concave). Solving W — W = 0 involves then finding the zero of a
decreasing function.
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with:

B 00 T 6—1%72(7) -
Q2] () = log(p(t)) — log ( / e ( /0 — Wdr> dT)

In practice, nothing guarantees that the constant K, given by (28), is smaller than
one. The suggested iterative method does not necessarily work for all parameters values.
Still, with the parameters that allows standard estimates of the rate of discount and
the value of a statistical life to be matched, it proved to be extremely efficient??. The
consumption profiles shown in Figure 4 were computed in such a way in less than a

second.

10 Discussion
In his pioneering book that gave birth to life cycle theory, Fisher wrote:

“shortness of life tends powerfully to increase the degree of impatience, or
rate of time preference, beyond what it would otherwise be” (Fisher 1930,

p. 85).

Fisher’s intuition could not be formalized in the earliest developments of life-cycle
theory since they did not account for uncertainty (and therefore for mortality risks).
Mortality risks were first considered by Yaari in a paper that has become the model
of reference in the literature on intertemporal choice under uncertain lifetime. Yaari,
however, made two very particular choices: one that concerns ordinal properties of the
utility function, and another relating to its cardinal properties.

On the ordinal side, Yaari chose to consider an additive separable utility function
with time preferences. He called it the Fisher utility function to stress the relation
between his formal work and Fisher’s ideas. But Yaari took an important step. In
Fisher’s mind, time preference and mortality were indissociable. In Yaari’s work, time

preference became an exogenous element, unrelated to mortality.

22Moreover when the application  fails to be a contraction mapping, one may look at the application
z— Qolz] =0z + (1 — 0)Q[7]

for some 0 < 6 < 1. The application 2y has indeed the same fixed point as Q2. However, since (2 is
decreasing, €y is likely to be a contraction mapping even if §2 is not a contraction.
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Mortality being a risk, its impact has to governed by cardinal assumptions. How-
ever, for cardinal aspects, Yaari simply assumed that the von Neumann-Morgenstern
utility function was the same as the Fisher ordinal utility function. Many other choices
would have been possible. Any increasing transformation of the Fisher utility function
would represent the same ordinal preferences, but have different cardinal properties.
Why then take the Fisher utility function and not the logarithm, the cube, the expo-
nential of it? Yaari’s choice, which he did not discuss, in fact consisted in making an
assumption of temporal risk neutrality. A major consequence of this choice is that the
rate of time discounting equals the sum of the rate of time preference and the mortality
rate. Since mortality rates are typically much lower than observed rates of discount,
Yaari’s model eventually provides a theory where time discounting owes very little to
mortality. In particular, it rules out Fisher’s intuition about the strong relation between
impatience and mortality. In reality, Fisher’s intuition was banned from mainstream
economic theory. During the 40 years that have passed since the publication of Yaari’s
paper, the economic literature on time preference has grown extraordinarily, ramified??,
but very little has been said on the role of mortality??.

The present paper shows that a different path, which is no more complex than the
one followed by Yaari, might have been pursued. It consists in assuming that individuals
have no time preferences but exhibit temporal risk aversion, giving the “time neutral
model”. With this model, impatience has no ordinal origins, but results from the
combination of mortality risks and the cardinal notion of temporal risk aversion. Can
such a model be a reasonable option?

Firstly, I discussed the theoretical properties of the time neutral model. In many
respects these are similar to those of Yaari’s model. Both models were actually derived
from a common axiomatic formulation. They are equally complex. The only difference
is that one allows for time preference while the other allows for temporal risk aversion.

Secondly, I formally showed that the time neutral model can reproduce all the pre-
dictions of Yaari’s model, as long as heterogeneity in mortality across agents is ignored.

However, to my knowledge, Yaari’s model has never been challenged by studies that

?3See the critical review by Frederick, Loewenstein and O’Donoghue (2002).

24 A notorious exception is that of Becker and Mulligan (1997) that argues that the rate of time
preference decreases with horizon length. There is however no uncertainty (and therefore no mortality
risks) in Becker and Mulligan’s paper.
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used heterogeneity in mortality. Thus, today, there is no empirical evidence indicating
that Yaari’s model is better than the time neutral model. In particular, the fact that
Yaari’s formulation proved useful to study consumption patterns, saving behaviors,
labor supply, etc. under an uncertain lifetime cannot be considered as an argument
supporting Yaari’s model. The time neutral model would do at least as well. It may
even do a better job since it offers flexibilities that Yaari’s model excludes (in particular
the time neutral model allows intertemporal elasticity of substitution and relative risk
aversion to be disentangled).

The choice between one or the other formulation is however crucial when variations
in mortality are considered. In Yaari’s model, impatience, measured by the rate of time
discounting, is almost exogenous (mortality having a minor role). In the time neutral
model, impatience is exclusively driven by mortality. Thus, unsurprisingly, we find
that both models have very different predictions about the impact of heterogeneity in
mortality. Getting the right intuitions about the role of mortality in the time neutral
model requires a rigorous look at the formal expression of the rate of time discounting
(Propositions 4 and 5). Even if impatience is driven by mortality, it is not always the
case that greater mortality implies greater impatience. In fact, in the time neutral
model, mortality in the short term increases impatience while mortality in the long
term decreases it. Sufficient conditions were provided for the first effect to dominate
the second one, but one should bear in mind that these conditions are not always
fulfilled. As a consequence, in order to discriminate between Yaari’s model and the
time neutral model, it is necessary to have, on the one hand, a very good knowledge of
differential mortality (so that heterogeneity in short term mortality and heterogeneity
in long term mortality can be compared) and, on the other hand, excellent data on
intertemporal choice that make it possible to measure individuals’ rates of discount.

The ideal data set does not yet exist. A number of surveys report data on health,
health shocks, etc. but it is generally impossible to accurately translate this information
into short-term and long-term mortality rates. To my mind, the best available option is
to confront the well documented heterogeneity in mortality rates across gender, ethnic,
education and income groups with the heterogeneity in discount rates. I explained that
this confrontation actually supports the time neutral model over Yaari’s model. This

certainly does not provide sufficient evidence to abandon the notion of time preference.
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However, there are even less arguments in favor of ignoring temporal risk aversion, as is

currently done. Accounting for temporal risk aversion is in fact crucial to understanding

the transformation that societies are going through along with the rapid evolution of

mortality rates.

References

[1]

[10]

Abel, A. B., 1986, “Capital Accumulation and Uncertain Lifetimes with Adverse
Selection”. Econometrica, 54(5):1079-1098.

Ahn, C. M., 1989, The Effect of Temporal Risk Aversion on Optimal Consumption,
the Equity Premium, and the Equilibrium Interest Rate. The Journal of Finance,
44(5):1411-20.

Barro, R. J, and J. W. Friedman, 1977, “On Uncertain Lifetimes”. The Journal of
Political Economy, 85(4):843-849.

Becker, G. S. and C. B. Mulligan, 1997, “The Endogenous Determination of Time
Preference”. The Quarterly Journal of Economics, 112(3): 729-758.

The Berkeley Mortality Database, http://demog.berkeley.edu/wilmoth/mortality.

Bommier, A., 2005, Life Cycle Theory for Human Beings. Working Paper, Uni-

versity of Toulouse.

Bommier, A., 2006, “Uncertain Lifetime and Intertemporal Choice: Risk Aversion

as a Rationale for Time Discounting”. International Economic Review (forthcom-
ing).

Bommier,A. and J.-C. Rochet, 2006, “Risk Aversion and Planning Horizon”. Jour-

nal of the European Economic Association, forthcoming.

Bommier, A. and B. Villeneuve, 2004, Risk Aversion and the Value of Risk to Life.

Working Paper, University of Toulouse.

Boyd, S. and L. Vandenberghe, 2004, Convex Optimization. Cambridge University

Press.

36



[11]

[12]

[19]

Brown, J. R., 2001, “Private Pensions, Mortality Risk, and the Decision to Annu-
itize”. Journal of Public Economics, 82(1):29-62.

Brown, J. R., Liebman J. B., and J. Pollet, 2002, “Estimating Life Tables That
Reflect Socioeconomic Differences in Mortality”. In The Distributional Aspects of
Social Security and Social Security Reform, M. Feldstein and J. B. Liebman, eds,
The University of Chicago Press.

Davies, J. B., 1981, “Uncertain Lifetime, Consumption, and Dissaving in Retire-

ment”. The Journal of Political Economy, 89(3):561-577.

Drouhin, N., 2005, Uncertain lifetime, prospect theory and temporal consistency.

Note de recherche du GRID (UMR CNRS 8534) n° 05-02.

Duffie, D., 2001, Dynamic Asset Pricing Theory. Princeton University Press, third

edition.

Duffie, D. and L. G. Epstein, 1992, “Stochastic Differential Utility”. Econometrica,
60(2):353-394.

Eckstein, Z. and D. Tsiddon, 2004, “Macroeconomic Consequences of Terror: The-

ory and the Case of Israel”. Journal of Monetary Economics, 51(5): 971-1002.

Eeckhoudt, L. R. and J. K. Hammitt, 2004, “Does Risk Aversion Increase the
Value of Mortality Risk?”. Journal of Environmental Economics and Management

47:13-29.

Epstein, L. G. and S. E. Zin, 1989, “Substitution, Risk Aversion, and the Tem-
poral Behavior of Consumption and Asset Returns: A Theoretical Framework”.

Econometrica, 57(4): 937-969.
Fisher, 1., 1930, The Theory of Interest. New York: Macmillan.

Frederick, S. Loewenstein, G. and T. O’Donoghue, 2002, “Time Discounting and
Time Preference: A Critical Review”. Journal of Economic Literature, 40(2):351-

401.

37



[22]

[24]

[25]

[32]

[33]

Gan, L. and G. Gong, 2004, Mortality Risk and FEducational Attainment of Black
and White Men. NBER Working Paper w10381, National Bureau of Economic

Research, Inc.

Gomes, F. and A. Michaelides, 2003, “Portfolio Choice with Internal Habit For-
mation: A Life-Cycle Model with Uninsurable Labor Income Risk”. Review of
Economic Dynamics, 6(4):729-766.

Gorman, W. M., 1968, “The Structure of Utility Functions”. The Review of Eco-
nomic Studies, 35(4):367-390.

Halevy, Y., 2005, Strotz meets Allais: Diminishing Impatience and the Certainty
Effect. Working Paper, University of British Columbia.

Hurd, M. D., 1989, “Mortality Risk and Bequests”. Econometrica, 57(4):779-813.

Kihlstrom, R.E. and L.J. Mirman, 1974, “Risk Aversion with many Commodities”.
Journal of Economic Theory 8:361-88.

Lawrance, E. C., 1991, “Poverty and the Rate of Time Preference: Evidence from

Panel Data”. The Journal of Political Economy, 99(1):54-77.

Leung, S. F.; 1994, “Uncertain Lifetime, The Theory of the Consumer, and the
Life Cycle Hypothesis”. Econometrica, 62,(5):1233-1239.

Levhari, D. and L. J. Mirmann, 1997, “Savings and Consumption with an Uncer-

tain Horizon”. The Journal of Political Economy, 85(2):265-281.

Moresi, S., 1999, “Uncertain Lifetime, Risk Aversion and Intertemporal Substitu-

tion”. Economics Letters, 62:207-212.
Pigou, A. C., 1920, The Economics of Welfare. London, Macmillan.

Polkovnichenko, V., 2005, Life Cycle Portfolio Choice with Additive Habit Forma-
tion Preferences and Uninsurable Labor Income Risk. Working paper, University

of Minnesota.

Ramsey, F. P., 1928, “A Mathematical Theory of Saving”. The Economic Journal,
38(152):543-559.

38



[35]

[40]

[41]

Richard, S. F., 1975, ”Multivariate Risk Aversion, Utility Independence and Sep-
arable Utility Functions”, Management Science, 22(1):12-21.

Ryder, H. E. and G. M. Heal, 1973, “Optimal Growth with Intertemporally De-
pendent Preferences”. The Review of Economic Studies, 40(1):1-31.

Samuelson, P. A., 1937, “A Note on Measurement of Utility”. The Review of
Economic Studies, 4(2):155-161.

Sheshinski, E. and Y. Weiss, 1981, “Uncertainty and Optimal Social Security Sys-
tems”. The Quarterly Journal of Economics 96(2):189-206.

Ulph, D. and R. Hemming, 1980, “Uncertain Lifetime, Imperfect Insurance Mar-
kets and the Valuation of Pension Wealth”. The Review of Economic Studies,
47(3):587-593.

Van der Ploeg, F., 1993, “A Closed-form Solution for a Model of Precautionay
Saving”. The Review of Economic Studies, 60(2):385-395.

Volterra, V., 1913, Lecons sur les équations intégrales et les équations intégro-

différentielles . Paris: Gauthier-Villars.

Warner, J. T. and S. Pleeter, 2001, “The Personal Discount Rate: Evidence from

Military Downsizing Programs”. The American Economic Review, 91(1):33-53.

Weil, P., 1990, “Nonexpected Utility in Macroeconomics”. The Quarterly Journal
of Economics, 105(1):29-42.

Yaari, M. E., 1965, “Uncertain Lifetime, Life Insurance, and the Theory of the
Consumer”. The Review of Economic Studies, 32(2):137-150.

39



APPENDIX

A  Proof of Theorem 1

A.1 Necessary Conditions

Let us first prove that if axioms 1-6 are fulfilled, then individuals’ preferences can be
represented by a utility function that has the properties stated in Theorem 1.

Let us first consider the preferences over consumption profiles, conditional on a given
length of life. Note U(c|T") a von Neumann-Morgenstern utility function that represents
such preferences. From Axiom 2, we know that preferences over consumption profiles
conditional on a length of life T only depend on consumption in [0, 7. Moreover, from
Axiom 4, we know that preferences are separable. Thus, using Gorman (1968), we

know that U(c|T") is of the form:

vtr) = r ([ Cor(elt) bt (29)

I have indexed the functions ¢ and vy using T since there is no reason a priori for
these functions to be independent of 1. However, let us first remark that through

normalization, we can assume without loss of generality that vp(1,¢) = 1 for all ¢ and
U (c|T)

%’UT(L 0) = 1. Furthermore, from Axiom 4, we know that % must be independent
9c(0)
2
of T'. Using equation (29) and choosing ¢(0) = 1, we find that %% must, therefore,
BT\

be independent of T. However, as %’UT(LO) = 1 and vp(1,¢) = 1 this implies that
vr(e,t) is independent of T. Thus, indexing the function v by T is not necessary.

Now, let us examine the property of the function U(c,T) that can be used to
compare lotteries involving lives of different lengths. We know that U(c,T’) must give
the same preferences as U(c|T") when considering lotteries for which the length of life
equals T" with certainty. But two von Neumann-Morgenstern utility functions represent
the same preferences, if and only if we can obtain one from the other by a positive affine
transformation. Thus, we know that there exist two functions hq(T) and ho(T) > 0
such that:

U(e,T) = hi(T) + ho(T)U (c|T)

Using (29), and defining ¢(z,T) = hy(T) + ho(T)pp(x) we see that U(c,T) is of the
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form:

Ule,T) = ¥ < /O " (et ), T) (30)

Now compute:

c ~ (T - (T
6Ué1:T) — v(C(t),th(/O v(e(t), t)dt, T) + wT(/O v(c(t), t)dt, T)

and for any t < T

so that: -
P ()T 1 (g (), )dn T) a1
aU(c,T) o / ~I T
#T)) UC(C(T)7 T) UC(C(T)7 T) 1/}x<f0 U(C(t), t)dt, T)
U (c,T)
Axiom 6 tells us that 57757 must be independent of consumption at all ages in [0,T7.
oc(T)

From (31) and Axiom 3, it is possible only if g—}r = k(T') for some function k. Define

B T
6, T) = bz — /0 k(t)dt, T) (32)

We have ¢/ = —k‘(T)ZZ); + 1;/T = 0. Thus ¢(x,T) is constant in 7. With an obvious
abuse of notation we write ¢(x,T) = ¢(x) where ¢ is now a single variable function.

From (32), ¥(z,T) = ¢(x + fOT k(t)dt). Defining u(c, t) = v(c, t) + k(t), we obtain from

(30): .
Ul,T)=1¢ </ u(c(t),t)dt>
0
oU (e, T)
Note also that according to Axiom 6, %ﬁ%hcm =0 This leads to:
“oe(my AT

0 ([ u(e,T)
- -0
oT \ul(c,T)
which implies that u(e, T) is of the form:

u(e, T) = a(T)u(c)
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for some function . We are, therefore, left with the general expression for U(c,T'):

Ule,T) = & < /O ' a(t)u(c(t))dt> (33)

With this above expression:
oU(c,T) / / T
— o = at)u(c(t))o a(T)u(c(r))dr (34)
dc(t) 0
From Axiom 3 it must therefore be the case that au/¢’ > 0. But, remark that for any

¢ ( /0 ' oz(t)u(c(t))dt) =3 ( /0 ' a(t)a(c(t))dt>

with @ = e1, u = €169u and gz(:z:) = ¢(e2x). Thus, by playing with the signs of ¢ and

€1,€2 = *1,

g9, we can always find a utility function of the form (33) with o > 0, ' > 0 and ¢’ > 0.

Finally, let us use Axiom 5. From (34) we derive:

%C{;)F) = o) ( /0 ) a(T)u(c(T))dT> W (e(t))5i+ (@t (c(1))) 9" ( /0 ' a(7)u(c(7))d7>

where ¢; is a Dirac delta function. Thus:

oU (¢, T
G (c(t))
u

ou(c,T) — 4
T W (eld)

0 + a(t)u’(c(t))%,,/ (35)

ou
According to Axiom b5, % must depend on ¢ only through ¢(¢). However, this is

dc(t)

clearly the case for the first term on the right-hand side of (35). Thus, since u'(c(t)) #

0 (from Axiom 3), we find that a(t)g(;—l,l should be independent of ¢, for all ¢ and 7. This

is the case only if « is a constant or ¢” = 0.

A.2 Sufficient Conditions

It remains to be shown that if preferences are represented by a von Neumann-Morgenstern
utility function (4) with twice continuously differentiable functions o and ¢ such that
a,u’ and ¢’ are positive and such that ¢” = 0 or/and o/ = 0, then Axioms 1 to 6 are
complied with.

Axioms 1 and 2 are obviously satisfied. Axiom 3 follows from (34). This latter
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equation also implies that for any ¢,7T" and any t1,to < T

Axiom 4 is thus fulfilled. Also:

ST u((T))

oU (¢, T /
80((T)) ' (c(T))

which implies Axiom 6. Last, Axiom 5 follows from (35).

B Proof of Proposition 5

For the first point, rewrite (14) for i = 1,2:

¢ (f, u(c(r))dr)
15 i) exp (= [ pa(r1)dr) ¢ (J w(c(ri))dr)dr

t —
RD,UZ(Ca t) = Hi (t)

and use that for all 7 > ¢ inequality (23) implies that exp (— [ po(71)d71) > exp (— [ py(71)d71)
and f9(7) > g (T)%?% to obtain that RD' (c,t) < RD}]'(c,t).
For the second point, use (11) to write that for i = 1,2

"

[ exp (= [ pi(r1)dri) u(e(m)¢ (Ir)dr
f;oo i () exp (— ftT Mi(Tl)dTl) ¢ (I;)dr

RD)(c,t) = p;(t) — pi(t)

where I = [ u(c(r1))dr1. Using that py(7) > py(7) “fg) (from inequality (23)) and

=
N

that ¢ <0 we obtain
RDJ (e,) = RD[(e,1) 2 (1) = palt) + (A

with
A S E@g(dr [T k(g (r)dr

[0 g(r)dr [7°° h(r)g(r)dr

where k(1) = — ) ule) h(r) = exp (= [] (#2(71) — p1(71))dr1) and

¢'(Ir) Nl(T)
9(1) = w(r)exp (= [ py(m1)dr1) u(c(r))¢ (I;). The functions k, g and h are non-

negative. Note also that, by assumption, A is non-decreasing while & is non-increasing.
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Thus, A is non-negative? and RD}(c,t) — RD(c,t) > py(t) — po(t). The fact that
RDfL‘lid(c, t) — Rngd(c, t) = puq(t) — po(t) is a direct consequence of (10). The proof of

Proposition 5 is then complete.

C Proof of Lemma 1

For any given A € [0,1], and any t define 6(\) = Q20 + A(z1 — 20)](t). We have
Q[z1](t) —Q[z0](t) = 6(1) —6(0) and from the mean value theorem Q[z1](t) — Q[20](t) =
0(1) — 6(0) = 0'(X), for some A € (0,1). Note Z = 29 4 A(z1 — 20)

Compute

'Y J; 7 d(T)e" (fng(g(T))dT) (foT(Zl(Tl) - 20(71))9’(5(71))d71> dT
0 (A) - —+o00 12 T ~
Jre s (fy o) ar

that can be written as

_ A ([ 9GEm)dr) KD K (T)dT

0'(A) = .
[ d(T)e! ( Ik g(z(f))d7> T

with

Ky =~ - @) G

fo g(z(7))dr
! =" (I 9E)ar)
K>(T) = (Z(7))dr
2 <A g > gb' <f0Tg(E( ))d7->

We have

Ky(r) < sup
KE[wu(em ) wulcpr)] ¢/(H)

Now use g = u o [u/] ! o exp to obtain that for any z

J(2) = —u/(c;) e (cy) (2)

~cu(c.) ulcs)

25 To prove that A > 0 one can show that the function

@)= ([ wratryar ) ([ sty = ([ ronmaar) ([ striar)

is non-decreasing (and therefore non-negative) for = > t.
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with ¢, = [u/] 7" (exp(2)).
It follows that

()] < sup ||zl<t>_zo<t>||Lsup L()” . cu’(c)]

t€[0,w] [em,car] CU/I(C) c€lem,enr] u(c)

Thus

9'(X) < sup Hzl(t)—ZO(t)H[ sup _U/(C)] [ sup CU/(C)] [ sup M]

te[0,w] cE[em,enr) CUH(C) cElem, enr] u<c) KE[wu(em ) wulenr)] ¢/(/€)

which completes the proof of Lemma 1.
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Figure 1: Mortality Rate at Age 30 (Historical Data from the USA)
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Figure 2: Life Expectancy at Age 30 (Historical Data from the USA)
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Figure 3: Rate of Discount at Age 30 According to Historical Mortality rates
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Figure 4a: Consumption. Additive model
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Figure 4d: Wealth. Additive model
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Figure 4

Figure 4b: Consumption. Time neutral (CARA)
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Figure 4e: Wealth. Time neutral (CARA)
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Figure 4c: Consumption. Time neutral (CRRA)

—— consumption (with 1950 mortality rates)
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Figure 4f: Wealth. Time neutral (CRRA)
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