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Abstract

Let Y be an Ornstein-Uhlenbeck diffusion governed by an ergodic finite state
Markov process X: dY; = —A(X;)Yidt + 0(X)d By, Yo given. Under ergodicity condi-
tion, we get quantitative estimates for the long time behavior of Y. We also establish a
trichotomy for the tail of the stationary distribution of Y: it can be heavy (only some
moments are finite), exponential-like (only some exponential moments are finite) or
Gaussian-like (its Laplace transform is bounded below and above by Gaussian ones).
The critical moments are characterized by the parameters of the model.

AMS Classification 2000: 60J60, 60J75, 60H25.
Key words: Ornstein-Uhlenbeck diffusion, Markov switching, jump process, random
difference equation, light tail, heavy tail, Laplace transform, convergence to equilibrium.

1 Introduction and main results

The aim of this paper is to draw a complete picture of the ergodicity of Ornstein-Uhlenbeck
diffusions with Markov switching (characterization of the tails of the invariant measure
and quantitative convergence to equilibrium). In particular we make more precise the
results of [7, 4]. The so-called diffusion with Markov switching ¥ = (%), is defined as
follows.

The switching process X = (Xt)t>0 is a Markov process on the finite state space
E={1,...,d} (with d > 2), of infinitesimal generator A = (A(z,Z)), zcp- Let us denote
by a(z) the jump rate at state z € £ and P = (P(z, 7)), ;o the transition matrix of the
embedded chain. One has, for x # Z in F,

Az, %)
Az, x)’

a(z) = —A(z,z) and P(z,7)=—

We assume that P is irreducible recurrent. The process X is ergodic with a unique
invariant probability measure denoted by p. See [10] for details. Let FX = 0(X,,0 < u <
t). Moreover, let E, denote the expectation with respect to the law P, of X knowing that
X() = .

Let B = (Bt);», be a standard Brownian motion on R and Yy a real-valued random
variable such that B, Yy and X are independent. Conditionnally to X, the process Y =
(Y2),>0 is the real-valued diffusion process defined by:

t t
Y}:YO—/)\(XU)Yudqu/ o(X,)dBy, (1)
0 0



where A and o are two functions from F to R and (0, 00) respectively. Of course, if A\ and
o are constant, Y is just an Ornstein-Uhlenbeck process with attractive (A > 0), neutral
(A = 0) or repulsive coefficient (A < 0). One has to notice that Equation () has an
“explicit” solution:

Y, = Y exp (- /Ot)\(Xu) du> + /Ot exp (- /ut)\(Xv) dv) o(X,) dBy. )

Remark 1.1. In others words, the full process (X,Y) is the Markov process on E x R
associated to the infinitesimal generator A defined by:

o(x)?

Af(x,y) = D A, )(f(Z,y) = o) + =505 (@,y) = M2)df (.y).

el

Previous works investigated the ergodicity of Y and some integrability properties for
the invariant measure. For example, in [2], the multidimensional case is adressed together
with the case of diffusion coefficients depending on Y. Stability results and sufficient
conditions for the existence of moments are established under Lyapunov-type conditions.

In [7], it is proved that the Markov switching diffusion Y is ergodic if and only if

Z AMz)p(x) >0, (3)
el

that is if the process is attractive “in average”. Let us denote by v its invariant probability
measure of Y. It is also shown in [7] that v admits a moment of order p if, for any = € F,
pA(z) + a(z) is positive and the spectral radius of the matrix

= (@@ ). .

is smaller than 1. In the sequel p(M) stands for the spectral radius of a matrix M.
In [4], the result is more precise: a dichotomy is exhibited between heavy and light
tails for v. Let us define

A= min AMz) and A= max A(z). (5)

Theorem 1.2 (de Saporta-Yao [4]). Under Assumption (B)), the following dichotomy
holds:

1. if A <0, then there exists C' > 0 such that

t"v((t,400)) —— C,

t—+00

where k is the unique p € (0,min{—a(x)/A(z), A\x) < 0}) such that the spectral
radius of My is equal to 1;

2. if A > 0, then v has moments of all order.



Remark 1.3. Note that the constant k does not depend on the parameters (o(x)),cp, and
that Point 1. from previous theorem implies that, for A < 0, the p* moment of v is finite
if and only if p < K.

The main idea of the proofs in [7] and [J|] is to study the discrete time Markov chain
(Xsn, Y5n)n20 for any 6 > 0 with renewal theory and then to let & goes to 0.

The main goal of the present paper is to show that there are three (and not only two)
different behaviors for the tails of v.
Let us gather below several useful notations.

Notations 1.4. Let us define for the diffusion coefficients

2 : 2 —2 2
o' =mige’e) and 7 =maxo’(a) ©

We denote by A, the matrix A — pA where A is the diagonal matriz with diagonal
(A(1),...,A(d)) and associate to A, the quantity

:= — max Re~. 7
'l ~vESpec(Ap) v ( )

When A > 0, the set E is the union of

M={x € E, \N(z) >0} and N ={x¢€ FE, \x)=0}. (8)
Let us then define
_ o) 7=
Blx) 20() and (= max (z), (9)

and, for any v such that v? < 371, the matriz

(V) _ 1 /
A= (P o) 1o

We are now able to state our main result.

Theorem 1.5. Let us define
k=sup{p >0, n, >0} € (0,+00].

Then n, is continuous, positive on the set (0, k) and negative on (k,+00). Under Assump-
tion [Bl), the following trichotomy holds:

1. if A < 0 then 0 < k < min{—a(z)/\(x), Mz) <0}, and the p* moment of v is
finite if and only if p < K.

2. if A= 0, then k is infinite and the domain of the Laplace transform of v is (—v., v¢)

where
Ve = SUp {v >0, p(PM) < 1}; (11)



3. if A > 0, then k is infinite and v has a Gaussian-like Laplace transform: for any

v ER,
2,2 =22
exp <g4; ) < /evy v(dy) < exp (JZ& )

Moreover, its tail looks like the one of the Gaussian law with variance @/2 where
@ = maxyep o(2)2/A(z) since y — €% is v-integrable if and only if § < 1/a.

Remark 1.6. In the sequel we will respectively refer to Points 1. 2. and 3. as the
polynomial, exponential-like and Gaussian-like cases.

The first point of this theorem is a reformulation of the first point of Theorem by
de Saporta and Yao. We can in particular check that our characterization of x in Theorem
is equivalent to the one given by de Saporta and Yao in Point 1. of Theorem (see
Remark [4.3]). We provide a direct and simple proof of this result based on It6 formula
and some basic results on finite Markov chains. The proof of Points 2. relies on precise
estimates on the Laplace transform of Y; that can be derived from a discrete time model
already studied in [6], 8] [1].

It is straightforward from (2]) that, for any measure mp on E xR, the Laplace transform
L; of Yy is

2t
Li(v) :=E, (eth) =E,, [exp <vY06 JoMXs)ds 4 % / o(X,)%e? JoAXr) dr dS)] . (12)
0
The estimate of the Laplace transform in the Gaussian-like case (Point 3.) is hence
easily deduced from this explicit expression. Assuming that Yy = 0, we get from (I2)) that

v [t ¢ 5202
Li(v) < E[GXP <— / Gle 2 Adr ds)] < exp < 1—e 2 —)7
7 ), (=)

which gives the upper bound as t goes to infinity. The lower bound follows from a sym-
metric argument.

The proofs of Point 2. and of the second part of Point 3. are more delicate (and
interesting). For the exponential case, we first get the critical exponential moment for the
process Y observed at the hitting times of the subset M defined in (§). Then we show
that the full process has the same critical exponent.

At the end of the paper we focus on the convergence of the law of Y; to the invariant
measure v. We get an explicit exponential bound for the Wasserstein distance of order p
for any p < k. Classically, let p > 1 and P, be the set of the probability measures on R
with a finite p*”* moment. Define the Wasserstein distance W, on P, as follows: for any p

and p in Pp,
1/p
Wyto.) = (it { [y =P ntanan})

where the infimimum is taken among all the probability measures = on R? with marginals
p and p. It is well-known that (P, W),) is a complete metric space (see [I1]).

The strategy is to couple two processes (X,Y) and (X,Y) in such a way that the
Wasserstein distance between L£(Y;) and £(Y;) goes to zero as t goes to infinity. This
requires to couple the initial conditions and the dynamics (of both the Markov chains and
the diffusion part). When X and X, have the same law, the coupling is trivial: we choose
X = X and the same driving Brownian motion.



Theorem 1.7. Let p < k. Assume that X ~cmd Xo have the same law. ~Let Y and Y
be solutions of (dl) associated to (X¢) and (X;) and assume that Yy and Yy have finite
moment of order p. Then there exists C(p) such that

W, (L), £(7)" < Clpe W, (L(Y). £(T0) )

where 1y is given by ().

If X, and X, do not have the same law, one first has to make the Markov chains X
and X stick together and then to use Theorem[[-7 This provides a rather intricate bound
which is given for convenience in Section

The paper is organised as follows. In Section Blwe complete the proof for the Gaussian-
like case of Theorem The exponential-like case is studied in Section Bl Since the
critical exponential moment is not explicit in the general case, we give also the explicit
computation of the Laplace transform of v when E is reduced to {1,2}. In Section [ we
establish a uniform bound for the pt* moment of (Y;), for any p < x and the first point of
Theorem as a corollary. We finally provide the proof of Theorem [[.7] and its extension
to general initial conditions in Section [Bl

2 Gaussian moments for the switched diffusion

This section is dedicated to the proof of the second part of Point 3. of Theorem

Proof of Point 3. of Theorem [1.3. Let us denote by

alz) = NS forx € Fand @= r;lea}%ca(x) < ~00.

For any 6 € (0,1/@), It6’s formula ensures that

A" = (=2X(X,)0Y2 + (202V2 + 6)o(X;)?) e dt + dM,
where (M;), is a martingale. For any x € F and y € R,

2(=\(x) + 60 (x)?)y* + o(z)* < —2\(z)(1 — @)y + a\(z)

< =201 — 6a)y? + A,
since dax < 1. Moreover, for any a > 0, there exists b > 0 such that, for any y € R,
—2A5(1 — @6)y? + Naid < —a + be %,

thus

%E(e‘wf) < —aE(e‘szQ) + b.

As a consequence, sup;s E(e‘;YtQ) is finite as soon as E(e‘;YOQ) is finite and dar < 1.

On the other hand, assume (without loss of generality) that a(1) = @. Choose (X, Yp)
with law 7 (the invariant measure of (X,Y)). For any ¢ > 0, we have

E<65Y02> - E(&Yf) > E[]l{onl}IELyo (1{T1>t}e‘””3)],



where T} is the first jump time of X. On the set {1} > t},
Yy £ Yoe M4 N

where Ny is a centered Gaussian random variable with variance a(1)(1 —e~2*M?) /2 which
is independent of Yy and Tj. Thus, reminding that 77 ~ &£(a(1)), we get

ELYO <]l{T1 >t}eéyt2> = e*a(l)tE (65(Yoe*>\(1)t+Nt)2> .

. 2 . . . ..
Since a +— E(e‘s(‘”rNt) > is even and convex, it reaches its minimum at ¢ = 0 and

1
B (200N S R () = § T da()(1 — e 20)

+00 otherwise.

if sa(1)(1 — e~ 2t < 1,

As a consequence, if 6 > 1/a(1), E(e‘SYtQ> is bounded below by a function of ¢ which is

infinite for ¢ large enough. Thus, E(e‘Wf) is infinite too. O

3 Exponential moments for the switched diffusion

This section is dedicated to the proof of Point 2. in Theorem We assume in the
sequel that A = 0. If (X¢),5, is a two-states Markov process then one can use (I2)) to
compute explicitely the Laplace transform of the invariant measure v. This is a warm-up
for the general case, and gives a more explicit formula for the critical exponential moment,
whereas it will come from an abstract spectral criterion in the general case.

3.1 The explicit expression for the two-states case

In this subsection we assume that £ = {1,2} and that A = 0. Let us start with a
straightforward computation which suggests that the Laplace transform of the invariant
measure of Y is infinite outside a bounded interval.

Remark 3.1. IfT is an exponential random variable with parameter a and B is a standard
Brownian motion on R (with T' and B independent) then,

2a

00 9]
E(evaBT) — / E(evaBt)ae—at dt = / 602v2t/2a6—at dt = >
0 0 2a — o

v?’

In other words, the law of o By is a (symmetric) Laplace law. When X spends an expo-
nential time in x € E with \(x) =0, Y behaves like o(x)B.

Theorem 3.2 (The two-states degenerate case). Assume that E = {1,2}, A\(1) =X >0
and A\(2) = 0. Then, for any v such that v* < 1/3(2) (see (@) for the definition of 3),

o = () ) o ().

If v? > 1/B8(2), L(v) is infinite.




Proof. Since E = {1,2}, X is symmetric with respect to p which is given by p(1) =
a(2)/(a(1) + a(2)). Let us denote by L; the Laplace transform of ¥; when Yy = 0 and X
is stationnary i.e. £(Xo) = pu. From Equation (I2]), one has for any v € R,

2 gt .
Li(v) =E, [exp (% /0 o(X,)%e 2 JAXr)dr ds)]

’l)2 t s
=E, [exp (7 /0 o (X,)2e 2o XX dr ds)}

since p is reversible. By monotone convergence, we get that, for any v € R,

2

L(v) =E, [exp <% /wa(Xs)26—2fos)\(Xr)dr ds)] € [1,+o0],
0

where L is the Laplace transform of v.
Let us introduce two auxilliary functions: for x = 1, 2,

2

Ly(v) =E, [exp (% /OOU(XS)QQ—Z JoA(Xr)dr d5>}
0

It is clear that
L(v) = p(1)L1(v) + p(2)La(v).
Moreover, if for any ¢t > 0, F; = 0(X,, 0 < s < t) and T is the first jump time of X, then

2 e’}
Lﬂ?(v) =E, |:E${6Xp (% / U(XS)ZG_QIOSA(XT)C” dS) ‘fT}:|
0

2 T
=E, [exp (%/ 0(X8)2e*2fo M Xy) dr ds> E%T]’
0

where

2 00
Eer = Em{eXP <% / U(Xs)2672f0 AXr) dr ds> ‘.7:1“}.

T
For any s € [0,T[, X5 = = and then
T __—2\(@)T
o s 1—e
/0 O'(Xs)2€ 2 [FA(Xr)dr ds — O_(x)2T(x),
with the convention (1 —e~%*T)/0 = T. Similarly, for t > T,
o S o0 S
/ (X, 2e 2N dr g 6—2)\(x)T/ (X )2e2JiAXDdr g
T T
The Markov property implies
’l)2 o0 s
E, [exp <5 / J(Xs)2672f0 A(Xr) dr ds) ‘fT} = Lx, (vef)‘(x)T).
T

Thus,

V2o (2)2(1 — =22 @)T
L,(v) =E [exp < (z) (41)\(3:) )>L3m <vef>‘(m)T) ‘Xo = :c] )



More precisely,

Li(v) = [exp (”20(1)2(;_ em)>L2 (ve_)‘T>] ,

and

2a(2)
Lg(v) =, [6”20(2)2T/2L1 (v)} _ {2(1(2) _ 0(2)22}2
400 otherwise.

Li(v) if 0(2)%0? < 2a(2),

Using 3(2) = 0(2)?/2a(2), one easily gets that L; satisfies the following equation: for any
v? < 1/B(2),

1 o0 o(1)%0%(1 — e2X) at _
Li(v) = ———— L 1)ealbt
) = 1= | o (T (e a1 dr
1 ! o(1)%v%(1 — u? a(l) , _
- e [ (PP D,
With z = uwv,
1 1)\ /A 2,2 v 2,2 a(l)
R et o(1)%v=/(4N) —o(1)%x/(4X) “\ 1) _a(1)/A—1
Li(v) =30 <v> e /0 e 5 Li(x) dx.

Deriving this relation provides

v a g 21) a
rio = (22 - o), o) )

1-082)? M o2 1o B(2)v? v

Then L; is solution of

, a(1)%v 2)1+a(l)/Mv
(o) = (200 + ZEOLD A 1

which leads to

)

1
Ii(n) = eo(D202/(4N) _
o) =e 1= B2

since L1(0) = 1. Since Ly is a function of L; we get

L(v) = e”W?*/(4) (1 = ﬁ(?g)(igv?) (1 ; 51(2)02>1+a(1)/x.

> 1+a(1)/)\




3.2 The exponential-like case

In this subsection we provide the proof of Point 2. (A = 0) of Theorem We first recall
that, in this case, we split the state space E of the switching process X in two subsets M
and N defined in (8). We denote also by F' the points of M that can be reached in one

step from NV:
F = {:c €M, ) P(&z)> 0}.
ZeN
Assume for simplicity that Xo € M and define by induction the sequence of times (7},),,5q
by Tp = 0 and, for n > 0,
Tont1 = inf {t > Ty, X; € N}, and Tonio = inf {t > Tont1, X¢ € M}

When X is in M, Y looks like a Ornstein-Uhlenbeck process (with variable but attractive
drift) while it looks like a Brownian motion (with variable but bounded below and above
variance) when X isin N. Thus, heuristically the process Y might be larger after a sojourn

of X in N than in M.
Let us notice that for z € N,

T
Yr=Yy+ 1, where I, :/ o(X3)dBs
0

and X% is the process X starting at « and T is the first hitting time of M. Our strategy
is to determine the domain of the Laplace transform of I, and then to establish that is
also the one of the process Y at the entrance times of X into the set M i.e at the times
(Ton),,>0- We will then extend the result to the full process (X,Y).

Proposition 3.3. Under previous assumptions, for any v> < B_l, the two following
conditions are equivalent:

1. for any x € N, E(e*!=) < +00;
2. p(PQSN)) < 1, where PQSN) is defined in Equation (I0)).

Proof. Let xg,z1,...,2,—1 be in N. We denote by (Z,), the embedded chain of X. On
the set H = {Zo = 20,...,Zn-1 = Tn_1,Zn € M},

T n—
I, :/ (X¥0)d ZO’ Tz, G
0

where the random variables (Gj);, (Tm].)j are independent and £(G;) = N(0,1) and
L(7(z;)) = E(a(xj)). As a consequence,

o) = [ efoe (“5250 )] =TT e



One just computes

E(e"fx0) = Z E(e"0 | Zy = a1,..., Zn-1 = Tn1, Zn € M)x

n=1
Z1yeyTn—1€EN

X PmO(Zl =T,... ,Zn,1 = ,Infl,Zn € M))

_ Z P(zo,x1)  P(zn—2,2p-1) Plan-1,M)
= 1= B(zo)v?2 1= pF(zp—2)v?1— B(xh_1)v?
a:l,...,xzfleN

- Z 5960(P1§N))n71907

n>1

for p(z) = WP(L M). Notice that ¢ is well-defined since v? < 1/3. Moreover it is
positive because X is irreducible recurrent, so, for any x¢g € N there exists a path that
leads to M.

If ,o(PzSN)) < 1, then

lim sup ‘5330 (PQSN))n_lgpf/n < lim sup H(PéN))nHI/n <1,

n—-+00 n—-+o0o

hence the series is convergent.

If py = p(PQEN)) > 1, by Perron-Frobenius theorem, there exists a probability measure

)

vy with some positive coefficients such that VOPQSN = pylp, which implies that

By (') = vo(0) > pi ! = +o0,
n>=0

since ¢ is positive. U

Remark 3.4. When X is irreducible in restriction to N (i.e. the matrices PQSN) are
irreducible for any v), then E(e’’*) = +oo for all z € N as soon as ,o(PzSN)) > 1. If

this it not the case, the previous proposition just ensures that when p(PQEN)) > 1, then
E(e’s) = +o00 for some x € N. Moreover, for any x,z' € N such that P(x,2') is positive
then E(eVls") = +o00 implies E(eV=) = +oo0.

We now introduce the sub-process made of the positions of (X,Y") at the successive
hitting times of M.

Proposition 3.5. For any n > 0, let us define
U,=Xr,, and V,=Yr,, .
The process (U, V') is a Markov chain on F x R. More precisely,

Vn—l—l = Mn(Un)Vn + Qn(Un)7

10



where the sequence of random vectors ((My (), Qn(2)),cp) is i.i.d., and independent of
(Uy), with law given by

My (z) £ exp (- /O M) dr)

Qnlz) £ /OTIU(X;”)exp (— /STIA(Xf)dr> dB, +/T20(X;f)st.

T

For any v < v, where v, = sup {v, p(PQSN)) < 1}, we have

supE(e”'V”|> < 400.
n>0

Moreover, if v > v., this supremum is infinite.

Proof. The fact that (U, V) is a recurrent Markov chain is a straightforward application
of the Markov property for X.

Let us introduce M,, = max,cp M,(z) and Q,, = max,cr |Qn(x)|. The random vari-
ables ((Mnaan))ngo are i.i.d. Define the sequence (Vn)n>0 by

Vo=|V| and V,y1 =M,V,+Q, forn>1.

The domain of the Laplace transforms of (V',),, is known thanks to the exhaustive study
[1]. Since P(Q,, =0) <1,P(0 < M, <1)=1and for any c € R, P(Q,, +Muc=c) <1,
[1, Theorem 1.6] ensures in particular that (Eexp (vVn))n is uniformly bounded as soon

as the Laplace transform L@ of @ is finite. At last, for any v > 0,

supE(e19)) < B (9 = E<Sup ev@(m)) < 3 B(er0w),

zeF zeF e F

Thus Lz(v) is finite if and only if E(ev@(“”)‘) is finite for any = € F. Since |V,,| < V,, for
all n > 0, then

supE(e”"’"') < 400
n>=0

as soon as Lg(v) is finite.
On the other hand, choose v such that there exists g € F such that E(e”@(%)\) is
infinite. Then, for any n > 0,

E(ev\mn) > E (el :xo})

E(
E<e—v\vn\ev\czn<xo>|1 {Un:x0}>
E(ﬂ{Un:mO}e*U\Vn\)E<ev|Qn(l‘o)\)‘

The recurrence of U ensures that {n >0, E(e”‘V"‘) = —|—oo} is infinite.

WV

WV

11



The last point is to show that L@(”) is finite if and only if v < v. where v, is defined by
(II). For any = € F, the random variable @, (z) is symmetric and its Laplace transform
is finite as soon as, for any & € N, the Laplace transform of

T ~
L,;:/ o(XT)dB,
0

is finite, which is true for |v| < v.. Indeed, we have for any v

T1 Tl
E(ern(x) ’j:Tl) = exp (?}/ O'(sz) exp <— / )\(Xf) d’f’) dBS>E(eUIi) e X, (14)
0 S '

Proposition 3.3 ensures that, if [v| < v, then

E<e”Qn<f>> < C(U)E(GXp (”2—2 /OTIU(X§)2eXp <—2/ST1A(Xf)dr> ds>>.

Denoting 7 = max,ep o(z) and Ay, = mingepr A(z), one has
52
E(e”Q"(x)) < C(v)exp | Mo?).
Ay

By the way, Lz is finite on (—o0, ve).

We assume now that v > v.. From Proposition 3.3 we know that, in this case, the set
G = {z € N, E(e"*) = 40} is non empty. Using the irreducibility of X and Remark
3.4, one notices that there exists zo € F' such that P(X7) € G) > 0. From this remark
and (), one has E(e’@(#0)) = 400 which conclude the proof. O

Let us now extend this result to the whole process Y.

Theorem 3.6. For any v < v, where v, = sup {v, p(PQSN)) < 1}, we have
supE(e”‘Yt'> < +00.

>0

Moreover, if v > v, then this supremum is infinite.

Proof. Choose t > 0. We have

o0

n=0

We write, for 0 < v < v,

E (evm‘ﬂ{Tgnnggnm}) - E<E <ev|Yt|]l{T2n <t<Ton 2} | FTon V EX))

As in the proof of Proposition [3.5]

=2

o
E <ev|n‘]1{T2n <t<T2n+2} ’fT2n \/ ft)() < C(U) eXp (4)\M U2> eU’YT2" ‘E(]I{TQTL <t<T2n+2} ‘fTQn \/ ng) :
AM

12



By the Markov property applied to X,

=2

E(e M, cremyay) < C0)exp (4(;M v2>E(ev|YT2"|)P(T2" St < Tonsi2):
AM

Then, for 0 < v < v,

=2
E(e”m‘> < C(v)exp <40)\—M112> supE(e”|YT2n|).
AM n>0

The generalisation of the case v > v, to the whole process is immediate. O

4 Polynomial moments for the switched diffusion

We denote by A, the matrix A — pA where A is the diagonal matrix with diagonal
(A(1),...,A(d)) and associate to A, the quantity

= _VESIS:?}({AP) fe
The main goal of this section is to establish the equivalence between the positivity of 7,
and the existence of a p™ moment for the invariant measure v of Y. We will also give the
proof of Point 1 of Theorem L5l
Using classical ideas from spectral theory, we first relate 7, with exponential functionals
of X\ along the trajectories of X:

Proposition 4.1. For any p > 0, there exist 0 < C1(p) < Ca(p) < 400 such that, for any
inatial probability measure m on E, any t > 0,

cutpe < B (e (- | PAK) i) ) < Catpye (15)

Proof. Let us define, for any p > 0 and ¢ > 0, the matrix A, by

t
Apy(r,7) =E; (exp <— /0 PA(Xy) du>]l{Xt5C}>.

On the one hand, one remarks that

o (o (- [roron)) =t "

where the coordinates of 1 are all equal to 1 and 7 is a probability measure on E seen as
a row vector.

On the other hand, a simple application of the Feynman-Kac formula shows that
Ay = et4». This fact relates the spectra of A, and Ay In particular, p(Ag, ) = e~ et
and, since all coefficients of A, ;) are positive, we can apply the Perron-Frobenius Theorem
to ensure that —n), is a simple eigenvalue of A,, all other eigenvalues having a strictly
smaller real part. Let §, < —mn, be an upper bound for the real parts of these other
eigenvalues.

13



We then define 7, (resp. ;) the left (resp. right) eigenvector associated to —n,, with
positive coefficients, normalized such that 7,(1) = 1 (resp. my(¢p) = 1). Applying [5],
Thm VII.1.8], we get that for any ¢t > 0

ey = e houm, + Ry(t),
with ||Ry(t)||eo < Pp(t)e®r?, P,(t) being a polynomial of degree less than d. This gives
me! 1 = 7 (1(p,) + PR, (1)1)
hence
e (m(ipp) — Pp(t)el D) < metn1 < " (n(p,) + By (1)),

This estimate gives (I5) thanks to (I6) and to the fact that P,(t)e!*&) tends to 0 as
tends to infinity. O

Let us now study the function p — 7,,.
Proposition 4.2.

1. The function p — nj, is smooth and concave on Ry. Its derivative at p = 0 is equal

to
> Ma)u(z) >0,

zel

and n,/p tends to X as p goes to infinity.
2. We have the following dichotomy:

o if A\ >0, then for allp >0, n, > 0,

e if A < 0, there is £ € (0,min{—a(x)/A(z),\(z) < 0}) such that n, > O for
p<kandmn, <0 forp> k.

Proof. The smoothness of the functions 7, m, and ¢, are classical results of perturbation
theory (see for example [9, chapter 2]). Since mpA, = —n,mp, 1 = 1 and A1 = 0, one
has

np = —mpApl =pmpAl =p Z p(z)A(z). (17)
zeE

Differentiating this relation gives 7, = m,Al + pr,Al. In particular, ny = pAl =
> zer i(x)A(z), since mp = p.

We turn to the proof of the concavity of 7,. We only have to remark that, for any
t>0and any z € F,

p— M (p) = %logEgg <€XP (—p /OtA(Xu) dU>>

is a convex function, as a log-Laplace transform (for example using Holder’s inequality).
But ([I5)) implies that Mt(w) converges to —,, hence 7, is concave as a limit of concave
functions.

14



Obviously, one has, for any ¢t > 0 and p > 0, Mt(x)(p) < —pA and 7, is greater than pA.
On the other hand, denoting by 7T the first jump time of (X}), one has

x 1 !
M) (p) >~ logE, (eXp (—p /O AN Xu) dU>11{T>t}>
1
> —pA(x) + n log P, (T > t) = —pA(z) — a(x).
When ¢ goes to infinity, one gets for any p > 0

np < min(a(z) +pA(z)). (18)

In particular, 7,/p goes to A as p goes to infinity.
The fact that, when A > 0, 7, is always positive is clear from (IT).

When A < 0, for p small enough, 7, > 0 since its derivative at p = 0 is positive. But in
this case, we can check that 7, < 0 for p large enough. Equation (I8) implies that 1, <0
as soon as p > Minye g \(x)<o —a(x)/A(x). This provides the upper bound for .

With the concavity of 7,, these considerations are sufficient to ensure that 7, as a
unique zero k, being positive before and negative after. ]

Remark 4.3. The relation n, = 0 implies that (A — kA)p, = 0 which can be rewritten
as My, = ¢r (M being the matriz defined in ({@l)). This ensures that p(M,) = 1 since
M, is non-negative irreducible and @, is positive. By the way our characterization of Kk in
Theorem [1.4 is equivalent to the one given by de Saporta and Yao in Point 1. of Theorem

2

It is known from [7, 4] that the invariant measure v of Y has p'" finite moment if and
only if p < k. Their proof is based on a time discretization of the process (X,Y") together
with generic results on the ergodicity of discrete time Markov processes and renewal theory
(see [3]). The previous propositions provide a direct and simple characterization of the
critical moment of v.

Proposition 4.4. For any p > 0 such that n, > 0 (i.e. p < k), and any initial measure
such that the second marginal has a p™ finite moment, one has

supE(JY;[’) < +o0  and /\y\p v(dy) < +oo.
£>0

On the other hand, for any p such that n, <0 (ie. p > k) and any initial condition,
tlim E(|Y:|P) = +o0  and /]y\p v(dy) = +o0.
— 00

Proof. Let us assume that p > 2. If it is not the case, one has to replace the function
ly/”+?
H

ol Choose T > 0. 1t6’s formula ensures that

y +— |y|P by the C? function y

—1 _ _
dYi|” = (—pA(X»mvw%o(Xt)zw 2) dt +po (XYY" *dB,.  (19)
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Let us denote by «,, the function defined on [0, 7] by

apt) = B(Vi"|F).
Taking the expectation of (I9) conditionnally to X leads to

p(p—1)

oA (Xi)a-a(0)

a(t) = —pA(Xe)ay(t) +
since B and X are independent. For any € > 0, there exists ¢ such that
(1) < (—PA(Xe) + €)ap(t) +c.

This implies that
ap(t) < ap(0)elsPAE T dr C/teﬁf(—pA(XT)Jre) dr g,
One has to take the expectation and use (IH) to get for any p > 2 such that n, > 0
E(Yi) < Co(p)E(Yo ")+ 4 ¢ O (p) /O e gy,

If € < 1, then sup,. o E(|Y;|?) is finite.
If p = K, one has

k(k—1)

5 JQ(Xt)aR,Q(t).

0 (t) = —RMXp)an(t) +
Then

t
Oé,i(t) = /0 e*:"ufst)\(Xu)duK(K _ 1)0'(Xs)201,€,2(8) ds + E(|Yb|li)671@f0t)\(xu)du

t
> k(k — 1)g2/ e*“fst)‘(X“)d“a,@_g(s) ds.
0

As a consequence, using Proposition [4.]] and the relation 7, = 0 (see Proposition [£.2]),

t t
E(Y;|%) > k(s — D)o / E (o o(s)E (e LA B £X) ) g
0
¢
> k(k — 1)a?Cy (k) / E(\YSIH_Q) ds.
0
From the first part of the proof,
i B(|Y2I"?) = [l vldy) >

By the way,
lim E(|Y;|") = +o0,
t—oo

and the " moment of v is infinite. This is also true for the p** moment for any p > «.
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5 Convergence to equilibrium for the switched diffusion

Under the assumption that v has a finite p'* moment, one can establish an exponential
convergence of (X,Y) to its invariant measure in terms of mixed total variation (for X)
and W), Wasserstein distance (for Y).

Let us start with the easiest case, assuming that £(Xg) = £(Xp).

Proof of Theorem[1.7]l Let y and y be two real numbers. We couple two trajectories of
(X,Y) starting at (z,y) and (x,7) by choosing the same first components and the same
Brownian motion to drive Y and Y. In other words, we compare (X, Y;)*¥ and (X¢, Y;)™Y
where

Xt = Xta
t t
Y}:y—/)\(Xu)Yudu—i—/ o(Xy)dBy
0 0

L= — /Ot)\(Xu)f/u du + /Ota(Xu) dB,.
a(Yi = i) = =AX)(¥; - V) dt

P - ¢ P
Y- F| =y =3P~ [ pAXa)|Ya —~ Va| du.
0

As a conclusion, (I3]) ensures that

~ |P t B . B
E(2,9),(2.9) (‘Yt - Yt‘ ) =E, <e><p (— /0 PA(Xy) du)) ly — 31" < Ca(p)e™ ™'y — gI".
Then, for any coupling IT of £(Yp) and £(Yp),

~ p o ~ ~
W, (£, £7)" < Catp)e™™ [y~ 5 Tld(w.).
Taking the infimum over II provides the result. O

Let us turn to the general case.

Theorem 5.1. Consider two processes (X,Y) and (X,Y) with respective initial laws 7
and 7 two probability measures on E x R such that the second marginal has a finite '
moment with 6 < k (with kK = 400 if A > 0). For any p < 0, we have

Y, p - 1-p/0 p/0 . Y TP —npt
W, (L0, £07))" < Cap)(1 = pe) =7/ My (6)"/7 exp i) e

where

pe= Y po(x) Afio(x) = 1 = dpy (ﬁ(Xo), ﬁ(ffo)>7

zeFE
p/0

MO(H)p/G =2P <supE<\Y}\€> + supE(\ﬁ\(’)) ,
>0 >0

W, = max W, (LYol Xo = @), £(¥o|Xo = 7))
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and 7y s such that
drv(L(X2), L(X)) < e Vdpy (c(xo),c()zo)>.

Remark 5.2. This estimate can be improved and simplified if A > 0. In this case, one
can write instead of 20) that

E(wy).) <‘Y¥ - fft‘p]l{Tmt}) < CP(T > at)

thanks to the explicit expression [2)) of Y. Since pA < ny, this leads to

~ \P A —p _
Wy (£00),£(7))" < COI = p)exp (~ 25t ) 4 e,

Proof of Theorem 51l We have to consider the case X # Xo. Given z,% € E (with
x # %) and y,y € R, we introduce the three independent processes (Xi)i>0, (Xt);> and
(Bt);>o where the first one is a chain starting at x, the second one is a chain starting at

# and the last one is a standard Brownian motion. The process X is defined as follows:

N X, ift<T
Xt: t 1 9
Xy ift>T,

where T' = inf {t >0, X; = Yt}. It is well known (since X is a finite irreducible continu-
ous time Markov chain) that there exists v > 0 such that

sup P, z(T >t) <e
r,2€R

Let us now define for any ¢ > 0,

t
Y;f = ye_ fOt)\(X“)du + / e fi)\(Xv)dvU(Xu) dBua
0

- t -
Y/; = je~ fot)\(Xu)du +/ e fi)\(Xv)de,(Xu) dB,.
0

Let us denote, for any p < x and y,y € R,

Clp,z,y) = Stl;gEm,y(lYtlp) and  C(p,z,y,%,9) = 2°(C(p,z,y) + C(p, Z,7)).
Let o € (0,1) and s be the conjugate of §/p. Theorem [[7] ensures that

Eea o[V = | ) = Eewen (Y~ T (Lzsay + Lir<an))
< C0,x,y, &, q)P e 0ls (20)
+ Eey ) |V = V| Com)e D)

< Co(p)C (0,2, 7, 9)"/7 (77 4 w0 ),

18



Optimizing over « in order to have ya/s = n,(1 — a) i.e. a = “/+sv7 leads to

- P
Ay —w P < o ()
E(x,y),(m,y)(‘y;f th‘ ) X CQ(p)C(avxayaxay) exXp ( o Snpt

Let us now turn to the case of general initial conditions. Let my and 7y be two
probability measures on E x R such that the second marginal has a finite 8 moment.
Let us start coupling the marginals po and fig on E. Define the coupling probability p.

Z po(x) A fig(z

zeE
and D = {x € E, po(z) = fio(x)}. We introduce the random variables U, V, W and Z
such that for any x € F

PU = 2) = po(x) A fio()

)

Pe
P(V = z) = %}i‘)mﬂp(w),
U )

and P(Z =1) =1—-P(Z =0) = p., Z being independent of (U, V,W). We can now define

it Z=1 . it Z=1
X, = U i S o U i ,
V ifZ=0, W if Z =0.

We check by a standard computation that the law of Xg (resp. Xg) is po_(resp. fio).
Now, for any = € F, let us introduce two random variables Y and Y, independent

of (U,V,W, Z) such that

E((yox v 9) — W, (ﬁ(YO\XO = 2), L(Yo| X = m))e.

With this construction (XO, ) has law my and (XO, YX ) has law 7p. We consider the
processes (X,Y) and (X,Y) w1th these initial condltlons the sticky Markov chains and
the same Brownian motion. Thanks to the previous computations, we have

B[y - 7Y = (Y 7 (i + 1 posiny))
S E(]I{on)?o} Y5 — 3705(0 p) et

Xo . yXoyp/0 .
+C2(p)E<]l{X0¢XO}C(9aXo,YO 0, Xo, Y5 0)P/ )exp <_7’Y+§77pt>'

On the one hand, we have

Xo ~X0
Yo' =Yy

p X ~ xq|P ~
) = Bt ey B 75710 = %))

< chz,

B (1 x,-5)
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where W, = max,cp W, (E(YO|X0 = 1), L(Yy| Xo = x)) On the other hand,

- 5 - =~ 5. \P/0
E (1 g0 C(0 X0, Y50, Ko, V07 < P(Xo # Xo) B (C(0, X0, Y5, Ko, Vo))
As a conclusion we get the following bound:
- \P s s5p/0 _
Wy (£, £(7)) < Calp)(1 = po) Mo exp (=Tt 4 b7 e,
Y+ sy
where 0
S P
Mo(0)"/* = 27 (E(C(0, Xo, ¥o)) + E(C(6, %o, 70)) )"
]
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