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Abstract

We discuss the relationships between some classical representations of
the fractional Brownian motion, as a stochastic integral with respect to a
standard Brownian motion, or as a series of functions with independent
Gaussian coeflicients. The basic notions of fractional calculus which are
needed for the study are introduced. As an application, we also prove some
properties of the Cameron-Martin space of the fractional Brownian motion,
and compare its law with the law of some of its variants. Several of the
results which are given here are not new; our aim is to provide a unified
treatment of some previous literature, and to give alternative proofs and
additional results; we also try to be as self-contained as possible.

1 Introduction

Consider a fractional Brownian motion (B{?;¢ € R) with Hurst parameter 0 < H <
1. These processes appeared in 1940 in [23], and they generalise the case H = 1/2
which is the standard Brownian motion. A huge literature has been devoted to
them since the late 60’s. They are often used to model systems involving Gaussian
noise, but which are not correctly explained with a standard Brownian motion.
Our aim here is to give a few basic results about them, and in particular to explain
how all of them can be deduced from a standard Brownian motion.
The process BY is a centred Gaussian process which has stationary increments
and is H-self-similar; these two conditions can be written as
BH

t+to

— B ~ Bl Bl ~ N\ BH (1)
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for ty € R and A > 0, where the notation Z}! ~ Z? means that the two processes
have the same finite dimensional distributions. We can deduce from () that B%,

and BF have the same variance, that this variance is proportional to [¢t|*7, and
that the covariance kernel of B¥ must be of the form
C(s,1) = E[BIB'] = SE[(BIY + (B — (B — BI'Y]
= SE[(BIY + (B - (BLLY]
o1 (e a i e (2)

for a positive parameter p = E[(B{)?] (we always assume that p # 0). The process
B has a continuous modification (we always choose this modification), and its law
is characterised by the two parameters p and H; however, the important parameter
is H, and p is easily modified by multiplying B by a constant. In this article, it
will be convenient to suppose p = p(H) given in (B]l); this choice corresponds to
the representation of B given in (@). We also consider the restriction of B¥ to
intervals of R such as R;, R_ or [0, 1].

Notice that the fractional Brownian motion also exists for H = 1 and satisfies
B} = t Bj; this is however a very particular process which is excluded from our
study (with our choice of p(H) we have p(1) = 00).

The standard Brownian motion W; = Bt1 /% is the process corresponding to
H =1/2 and p = p(1/2) = 1. Tt is often useful to represent B for 0 < H < 1
as a linear functional of W; this means that one looks for a kernel K*(t,s) such
that the Wiener-Ito6 integral

Bl = / K" (t,s)dW, (3)

is a H-fractional Brownian motion. More generally, considering the family
(Bf; 0 < H < 1) defined by (), we would like to find K7 so that

B = / K7 (t,5)dB. (4)

In this case however, we have to give a sense to the integral; the process B’ is a
Gaussian process but is not a semimartingale for J # 1/2, so we cannot consider
It6 integration. In order to solve this issue, we approximate B’ with smooth
functions for which the Lebesgue-Stieltjes integral can be defined, and then verify
that we can pass to the limit in an adequate functional space in which B” lives
almost surely. Alternatively, it is also possible to use integration by parts.



The case where K7 is a Volterra kernel (K7 (t, s) = 0if s > t) is of particular
interest; in this case, the completed filtrations of B and of the increments of B’
satisfy Fi(B™) C Fi(dB’), with the notation

F(X)=0(Xgs<t), F(dX)=0(Xs— Xyu<s<t). (5)

Notice that when the time interval is R, then F;(dB’) = Fi(B’) (because
BJ = 0), but this is false for ¢ < 0 when the time interval is R or R_. When
Fi(Bf) = F,(B7), we say that the representation (@) is canonical; actually, we
extend here a terminology, introduced by [24] (see [15]), which classically describes
representations with respect to processes with independent increments (so here the
representation (3))); such a canonical representation is in some sense unique.
Another purpose of this article is to compare B with two other families of
processes with similar properties and which are easier to handle in some situations:

e The so-called Riemann-Liouville processes on R, (they are also sometimes
called type II fractional Brownian motions, see [26]), are deduced from the
standard Brownian motion by applying Riemann-Liouville fractional opera-
tors, whereas, as we shall recall it, the genuine fractional Brownian motion
requires a weighted fractional operator.

e We shall also consider here some processes defined by means of a Fourier-
Wiener series on a finite time interval; they are easy to handle in Fourier
analysis, whereas the Fourier coefficients of the genuine fractional Brownian
motion do not satisfy good independence properties.

We shall prove that the Cameron-Martin spaces of all these processes are equiva-
lent, and we shall compare their laws; more precisely, it is known from [9] 14 [15]
that two Gaussian measures are either equivalent, or mutually singular, and we
shall decide between these two possibilities.

Let us now describe the contents of this article. Notations and definitions which
are used throughout the article are given in Section 2} we also give in this section a
short review of fractional calculus, in particular Riemann-Liouville operators and
some of their modifications which are important for our study; we introduce some
functional spaces of Holder continuous functions; much more results can be found
in [34]. In Section Bl we give some resuts concerning the time inversion (t — 1/t)
of Gaussian self-similar processes.

We enter the main topic in Section [l Our first aim is to explore the relation-
ship between two classical representations of B with respect to W, namely the
representation of [25],

e T A El e S LG
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on R (with the notation u} = u*lg,s0)), and the canonical representation on
R, obtained in [29, 28], see also [7, BI] (this is a representation of type (3) for
a Volterra kernel K, and such that W and B generate the same filtration).
Let us explain the idea by means of which this relationship can be obtained; in
the canonical representation on R, we want B to depend on past values Wi,
s < t, or equivalently, we want the infinitesimal increment dB{! to depend on past
increments dW,, s < t. In (@), values of Bf for t > 0 involve values of W, for all
—o0 < s < t, so this is not convenient for a study on R, . However, we can reverse
the time (¢ — —t) and use the backward representation

BH _ 1 /+OO <5H_1/2 (s t)H_1/2>dW
"OT(H+1/2) Jy i ’

on R,. Now the value of B involves the whole path of W on R, but we can
notice that the infinitesimal increment dB/? only involves future increments dWj,
s > t. Thus dBf(1/t) depends on past increments dW(1/s), s < t. We can
then conclude by applying the invariance of fractional Brownian motions by time
inversion which has been proved in Section This argument is justified in [2§]
by using the generalised processes dB /dt, but we shall avoid the explicit use of
these processes here. This technique can be used to work out a general relationship
of type @) between B¥ and B’ for any 0 < J, H < 1, see Theorem (such a
relation was obtained by [19]).

Application of time inversion techniques also enables us to deduce in Theorem
[4.14] a canonical representation on R_, and to obtain in Theorem .20 some non
canonical representations of BY with respect to itself, extending the classical case
H = 1/2; these representations are also considered by [20].

Representations of type (B) or (@) can be applied to descriptions of the Came-
ron-Martin spaces Hpy of the fractional Brownian motions B*!; these spaces are
Hilbert spaces which characterise the laws of centred Gaussian processes (see Ap-
pendix[(). The space H; s, is the classical space of absolutely continuous functions
h such that h(0) = 0 and the derivative DA is square integrable, and (3]) implies
that Hy is the space of functions of the form

t= s (=0T = ) regas

for square integrable functions f.

Sections [ and [ are devoted to the comparison of BY with two processes.
One of them is self-similar but has only asymptotically stationary increments in
large time, and the other one has stationary increments, but is only asymptotically
self-similar in small time.



In Section Bl we consider on R the so-called Riemann-Liouville process defined

for H > 0 by
1

t
_— t—s)H12qw,.

['(H+1/2) /0 ( )

This process is H-self-similar but does not have stationary increments; contrary

to B the parameter H can be larger than 1. The Cameron-Martin space H’; of
X1 is the space of functions

X/ =

1 ! H—-1/2
mm/ou_s) 2 f(s)ds

for square integrable functions f. We explain in Theorem [5.4] a result of [34], see
[7], stating that Hy and H); are equivalent for 0 < H < 1 (they are the same
set with equivalent norms). We also compare the paths of BY and X#, and in
particular study the equivalence or mutual singularity of the laws of these processes
(Theorem [1.8)); it appears that these two processes can be discriminated by looking
at their behaviour in small (or large) time. As an application, we also estimate the
mutual information of increments of B on disjoint time intervals (more results
of this type can be found in [30]).

Another classical representation of the fractional Brownian motion on R is its
spectral representation which can be written in the form

B \/_/ 5712 H cos(st) —1)dw, + sin(st)de), (7)

where W} and W2, t > 0, are two independent standard Brownian motions; it
is indeed not difficult to check that the right-hand side is Gaussian, centred, H-
self-similar with stationary increments, and 1/4/7 is the constant for which this
process has the same variance as (@) (see Appendix[B)). If now we are interested in
B on a bounded interval, say [0, 1], we look for its Fourier coefficients. Thus the
aim of Section [ is to study the relationship between B on [0, 1] and some series
of trigonometric functions with independent Gaussian coefficients. More precisely,
the standard Brownian motion can be defined on [0, 1] by series such as

W, = &t + /2 Z<§ncos(2n7rt) -1 N gésin(Znﬁt)» (8)

2nm 2nm
n>1

_ s Z( cos((2n + 1)7mt) — 1 ¢ sin((2n + 1)7‘('75))7 (9)

= 2n+ 1) "2+ 1)r

or
sin((n + 1/2)mt)

\/_Z (n+1/2)r (10)

n>0




where &, £, are independent standard Gaussian variables. The form (I0) is the
Karhunen-Loéve expansion; it provides the orthonormal basis v/2sin((n+1/2)nt)
of L?([0,1]), such that the expansion of W; on this basis consists of independent
terms; it is a consequence of (@) which can be written on [—1/2,1/2], and of the
property

Wy ~ \/§Wt/2 = Wt/2 - Wft/2-
It is not possible to write on [0, 1] the analogues of these formulae for B H # 1/2,
but it is possible (Theorem [B.)) to write B on [0, 1] as

B = all&ot + Z af((cos(ﬂnt) — 1)+ sin(ﬂnt)ﬂl) (11)

n>1

with >~ (af)? < oo. This result was proved in [I7] when H < 1/2, and the case
H > 1/2 was studied in [16] with an approximation method. Formula (1) is not
completely analogous to (8), (@) or (I0); contrary to these expansions of W, the
o-algebra generated by BY in () is strictly smaller than the o-algebra of the
sequence (&,,&); in other words, the right hand side of (IIl) involves an extra
information not contained in B, and this is a drawback for some questions. This
is why we define for H > 0 a process

BY — ¢t +2 Z(gncos 2mnt) — 1 L sin(2mnt) )

(
2\ ) S )

which is a direct generalisation of (§), and a similar process Ef{ which generalises
@). It appears that for 0 < H < 1, these processes have local properties similar
to B, and we can prove that their Cameron-Martin spaces are equivalent to
Hpy (Theorem [69). As an application, we obtain Riesz bases of Hy, and show
that functions of Hy can be characterised on [0,1] by means of their Fourier
coefficients. We then study the equivalence or mutual singularity of the laws of
B and B, B (Theorem [6.13]). We also discuss the extension of (I0) which has
been proposed in [10]. In Theorem [6.17 we recover a result of [4] [36] which solves
the following question: if we observe a path of a process, can we say whether it
is a pure fractional Brownian motion B”, or whether this process B’ has been
corrupted by an independent fractional Brownian motion of different index H?

Technical results which are required in our study are given in the three appen-
dices:

e a lemma about some continuous endomorphisms of the standard Cameron-
Martin space (Appendix [Al);

e the computation of the variance of fractional Brownian motions (Appendix

B);



e results about the equivalence and mutual singularity of laws of Gaussian
processes, and about their relative entropies, with in particular a short review
of Cameron-Martin spaces (Appendix [C]).

Notice that many aspects concerning the fractional Brownian motion B are
not considered in this work. Concerning the representations, it is possible to
expand B on a wavelet basis; several works have been devoted to this question,
see for instance [27]. We also do not study stochastic differential equations driven
by BH | which can be solved by means of the theory of rough paths, see [6]. On
the other hand, fractional Brownian motions have applications in many scientific
fields, and we do not describe any of them.

2 Fractional calculus

Let us first give some notations. All random variables and processes are supposed
to be defined on a probability space (2, F,P) and the expectation is denoted by [E;
processes are always supposed to be measurable functions = : (¢,w) — Z;(w), where
t is in a subset of R endowed with its Borel o-algebra; the o-algebra generated
by Z is denoted by o(Z), and for the filtrations we use the notation (Bl). The
derivative of order n of f is denoted by D" f; the function is said to be smooth if it
is C. The function f; is said to be dominated by fs if |fi| < C'fo. The notation
U, <X v, means that v,/u, is between two positive constants. We say that two
Hilbert spaces ‘H and H' are equivalent (and write H ~ H’) if they are the same
set and

Ci||hllx < Al < Col|R|l% (12)

for some positive C; and C5; this means that the two spaces are continuously
embedded into each other. We often use the classical function I" defined on C\Z_,
and in particular the property I'(z + 1) = 2 ['(2).

We now describe the functional spaces, fractional integrals and derivatives
which are used in this work; see [34] for a much more complete study of the
fractional calculus. These functional spaces are weighted Holder spaces which
are convenient for the study of the fractional Brownian motion. The results are
certainly not stated in their full generality, but are adapted to our future needs.

2.1 Functional spaces

The main property which is involved in our study is the Holder continuity, but
functions will often exhibit a different behaviour near time 0 and for large times.
More precisely, on the time interval R, let H57 for 0 < 3 < 1 and v, § real, be



the Banach space of real functions f such that

£ ()] f(t) = f(s)]

= su su 13

I7ll5.5 = sup (35 +50b G S — s (13)
is finite, with the notation

t%(; = tfy]_{t§1} + t5]—{t>1}- (]_4)

Thus functions of this space are locally Holder continuous with index (3, and pa-
rameters v and § make more precise the behaviour at 0 and at infinity. If 5+~ > 0,
the function f can be extended by continuity at 0 by f(0) =limg f =0. If vy >0
and 0 > 0 and if we consider functions f such that limy f = 0, then the second
term of ([3]) dominates the first one (let s decrease to 0).

Remark 2.1. Define

£(t) = £(5)]
(20)(t — 5)8

,2"§s§t§2"+1,n€Z}.

1l s = sup{

Then this semi-norm is equivalent to the second term in (I3)); in particular, if v > 0
and § > 0, then ||.[|s,s and [.[[;, 5 are equivalent on the space of functions f such
that limg f = 0. It is indeed easy to see that ||.|[}; , ; is dominated by the second
term of (I3). For the inverse estimation, notice that upper bounds for | f(¢) — f(s)|
can be obtained by adding the increments of f on the dyadic intervals [27, 2"1]
intersecting [s,]. More precisely, if 2¥71 < s < 2F < 2" <t < 2"*1 then

160 = F < Wl sup (@) (27 + (2 =5+ (1= 2))

j=k

< Oflls sup (27 =29 4 (25 = ) + (1 = 27)7)
s<u<t
<3Ol sup u™(t — 5)?
s<u<t

because 29 — 2k < (27 — 2F)8 < (t — )P,

In particular, one can deduce from Remark 21 that H’7? is continuously
embedded into HA—#7+0+ for 0 < ¢ < 3.

Theorem 2.2. The map (f1, f2) = fifa is continuous from HP"1 x HP2:92 jnto
HIBB+71+72,8+61+62

Proof. This is a bilinear map, so it is sufficient to prove that the image of a bounded
subset is bounded. If f; and f5 are bounded in their respective Holder spaces, it is
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easy to deduce that f;(t)fa(t) is dominated by ¢26¢71#72:914%2  On the other hand,
following Remark 2.1l we verify that for 2" < s <t < 27+,

’f1 — fi(s) f } }fl ’ }fz(t) —fz(S)’ + }fz t } ’fl t) — f1(8)}
< C(S 8’71751( )’72752 (t ) tﬁt’mﬁz (2”)“{1,51 (t . S)ﬁ)
< C@P@ Y@ - o)

The theorem is therefore proved. O

Let us define
HPY = Hﬁmo’ HP = HPAOO

These spaces can be used for functions defined on a finite time interval [0, 77,
since in this case the parameter § is unimportant. For functions defined on R* |
we say that f is in H?79 if ¢ + f(—t) is in it, and for functions defined on a
general interval of R, we assume that the restrictions to R% and R* are in H579,
For v = 0, the regularity at time 0 is similar to other times, so spaces H%?° are
invariant by the time shifts f — f(.+ty) — f(to). If we consider a time interval of
type [1,+00), then the parameter v can be omitted and we denote the space by
HB-+9,
We use the notations

HB— 0+ — ﬂ HPA~ 5,7,5+25 HA — ﬂ Hﬁfe,'y’ H — ﬂ HPA—=. (15)
e>0 e>0 e>0
They are Fréchet spaces.

Ezample 2.3. If B is a H-fractional Brownian motion on the time interval [0, 1],
the probability of the event {BH € W’} is 1 if B < H (this follows from the
Kolmogorov continuity theorem). In particular, B¥ lives almost surely in HZ~.
We shall see in Remark that this implies that on the time interval R, the
process B lives in H7 =00+

The parameters v and § can be modified by means of some multiplication
operators. More precisely, on R?, define

HOf(t) =t2f (), T f(E) = e (14 6)%7 " f(2). (16)

Theorem 2.4. The operator 112 maps continuously H?7° into HP a0+,
In particular, on the time interval (0, 1], the operator II* maps continuously H?
into HP+e,

Proof. The quantity [t* — s®|(t — s) 7%t~ is bounded for 2" < s <t < 2"*! and
the bound does not depend on n (use the scaling). Thus it follows from Remark

9



21 that the function ¢ — t® is in H**=%2=8 The same property implies that
(1+¢)*— (1+s)* is dominated by (1+¢)*#(t — s)? (with the same assumptions
on s and t), and we can deduce that t — (1 +¢)* is in H% %28 (the coefficient
—[ is due to the fact that the function tends to 1 at 0). We deduce from Theorem
that the function t*1(1 +¢)®2~1 is in H%*1=#22=8  The operator II*1*2 is the
multiplication by this function, and the result follows by again applying Theorem
22 O

It is then possible to deduce a density result for the spaces of (IH]) (the result
is false with [ instead of §—). Fractional polynomials are linear combinations of
monomials t*, a € R, and these monomials are in H?7 on (0,1] if « > 3 + 7.

Theorem 2.5. Let 0 < < 1.
e On (0,1], fractional polynomials (belonging to HP=7) are dense in HP~7.

o OnR*

L, smooth functions with compact support are dense in HA 70+,

Proof. Let us consider separately the two statements.

Study on (0,1]. The problem can be reduced to the case v = 0 with Theorem [2.4]
and functions f of H°~ are continuous on the closed interval [0, 1] with f(0) = 0.
If f is in HP~¢ (for € small), it can be approximated by classical polynomials f,,
by means of the Stone-Weierstrass theorem; more precisely, if we choose the Bern-
stein approximations E f(% Z?:1 1{U].§x}) for independent uniformly distributed
variables U; in [0, 1], then f, is bounded in H’~¢ and converges uniformly to f.
Thus

[fa) = fuls) = f(8) + £(5)]
< C(1falt) = ful)|O72VED 4| £ (1) = f(s)|O2/E-9))
sup () = J (u) /7~

< C'(t— )% sup | fu(u) — f(w)]/072, (17)

These inequalities can also be written for s = 0 to estimate |f,,(t) — f(t)], so fa
converges to f in HP~2%,

Study on R’ . The technique is similar. By means of II**?, we can reduce the
study to the case v = 0 and —28 < § < —f3. Let f be in HP~%%* and let us fix a
small € > 0; then f is in HA~09%2: in particular, it tends to 0 at 0 and at infinity.
A standard procedure enables to approximate it uniformly by smooth functions
f,, with compact support, such that f, is bounded in HP09%2: to this end, we
first multiply f by the function ¢, supported by [27"71 2"F!]  taking the value

10



1 on [27",2"], and which is affine on [27"7!,27"] and on [2",2""!]; then we take
the convolution of f ¢, with 2772 (2""2t) for a smooth function 1 supported by
[—1,1] and with integral 1. By proceeding as in (I7), we can see that

[fa(t) = fuls) = f(t) + f(s)]
S C(t o 8),6’726 sup (u0,5+25)(5*25)/(ﬁ*5) sup |fn<u) . f(u)‘g/(gfe)

s<u<t

so f, converges to f in HP~2:09+4 hecause (§ + 2¢)(8 — 2¢)/(B — ) < 0 + 4¢ for
¢ small enough. O

2.2 Riemann-Liouville operators

An important tool for the stochastic calculus of fractional Brownian motions is
the fractional calculus obtained from the study of Riemann-Liouville operators /¢.
These operators can be defined for any real index « (and even for complex indices),
but we will mainly focus on the case |o| < 1.

2.2.1 Operators with finite horizon

The fractional integral operators /%, (Riemann-Liouville operators) are defined for
7€ R and a > 0 by

12, £ (1) = wawwmm,mmbéi[wwwmmwm

INGe IN())

respectively for ¢t > 7 and ¢ < 7. These integrals are well defined for instance if f is
locally bounded on (7, 4+00) or (—o0, 7), and is integrable near 7. If f is integrable,
they are defined almost everywhere, and I, is a continuous endomorphism of
LY([7,T]) or L*([T, 7]). These operators satisfy the semigroup property

12210} = 12t (19)

which can be proved from the relation between Beta and Gamma functions recalled
in (@F). If o is an integer, we get iterated integrals; in particular, I', f is + the
primitive of f taking value 0 at 7. Notice that relations (I8)) can also be written
as

a _L ! _Safl s) — s (t_7->a
B0 = g [ (=9 (00 = @) s+ 1), "
A0 = g [ 6= 07 () = SO)ds + 10



If f is Lipschitz with f(7) = 0, an integration by parts shows that

1 t N N B Ts_a )
[ =i 10 = 5 [ e 0rdre). 2

If+f(t):1“(a+1 i (a+1) J,

For a = 0, the operators I%, are by definition the identity (this is coherent with
(210)). The study of the operators I, can be reduced to the study of I§,, since
the other cases can be deduced by means of an affine change of time.

Ezample 2.6. The value of I§, on fractional polynomials can be obtained from

N 8 _ totB
5 (v ) = et i 2

which is valid for g > —1.

Riemann-Liouville operators can also be defined for negative exponents, and
are called fractional derivatives. Here we restrict ourselves to —1 < o < 0, and in
this case the derivative of order —a is defined by

It f = D', I* f=-D'I*ef (23)

if I'T*f is absolutely continuous, for the differentiation operator D!. The relation
(Iﬂl) is easily extended to negative v (with result 0 if & 4+ 5+ 1 = 0). Fractional
derivatives operate on smooth functions, and we have the following result.

Theorem 2.7. Suppose that [ is smooth and integrable on (0,1]. Then, for any
> —1, I, f is well defined, is smooth on (0, 1], and

| DG, f(t)]

t/2 24
< (12 [ 5ds 1 sup (514 2% sup (D151 + ¢ sup D27]). 2
0 [t/2,t] [t/2,t] [t/2,t]

If D' f is integrable and limg f = 0, then DI, f = I¢ D' f.

Proof. First suppose a > 0. Then, for ¢t > u > 0, we can write (I8) in the form

I&ﬂw:FwY%A%%wW*ﬂ@@+AFg”V@—Q%) (25)

This expression is smooth, and

g @) =T (a1 [ (0= 9 s
’ (26)

+ /Otu s IDYf(t — s)ds + (t — u)“_lf(u))-

12



In particular, by letting v = t/2, we obtain (24]) without the D?f term. Moreover,
if D'f is integrable and lim, f = 0, we see by writing

(t— ) f(u) = —(a — 1) / "t — 822 (s)ds + / “(t— 5D f(s)ds

that

D'Is f(t) =T(a)™! </Otu s* 1D f(t — s)ds + /Ou(t — s)alelf(s)dzs)
= [g+D1f(t)

(apply (28) with f replaced by D'f). Let us now consider the case —1 < a < 0;
we use the definition (23]) of the fractional derivative, and in particular deduce
that I§, f is again smooth. Moreover, from (20),

D'I§ f(t) = DI f (1)
=T(a+1)"" (a(a —1) /0 (t—8)*2f(s)ds + (t — u)*D* f(u)

+ /Ot_u s*D*f(t — s)ds + a(t — u)a_lf(u)>-

We deduce [24) by letting again u = ¢/2. If limg f = 0 and D' f is integrable, then
DUg,f = DA f = DG D' f = I, D'f

from the definition (23]) and the property for o+ 1 which has already been proved.
O

For —1 < a < 0, a study of ([20) shows that I?_f is defined as soon as f is
Hoélder continuous with index greater than —c, and that (20) again holds true. If
f is Lipschitz and f(7) = 0, then we can write

Lof=+D'If = D'LIL, D' f = DL LI*D'f = £[1*D'f

where we have used (I9) in the third equality, so (2I) again holds true. Thus
relations (20) and (2I)) can be used for any a > —1 (a # 0 for (20))). By using the
multiplication operators I1¢ defined in (LI6]), we can deduce from (20) a formula for

weighted fractional operators; if f is smooth with compact support in R’ , then

I 0) = 15,50+ s [ =9 () =1)sas 20)
for a > —1, a # 0.

Here are some results about [, related to the functional spaces of Subsection
211 They can easily be translated into properties of I%,, see also [34], [31].
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Theorem 2.8. Consider the time interval (0,1] and let v > —1.

o If B and 3+ a are in (0,1), then the operator 1§, maps continuously HA
into HP T,

e The composition rule I§2 151 = 1§17 holds on HPY provided 3, 3 + ay and
B+ aj+ az are in (0,1).

Proof. Let us prove the first statement. Let f be in H?7. The property I f(t) =
O(t**tP+7) can be deduced from [20) and [22). By applying Remark 2.1}, it is then
sufficient to compare I, f at times s and ¢ for 2" < s <t < 2"+l n < 0. Consider
the time v = (3s — t)/2, so that 27! < s/2 < v < s < 2", By again applying

(20), we have

I3, 0(0) — 15,0 (5) =L 0 Aot dloe SISO [y
)

L et (s

T Jo

with
Ay = /w(w —u)* " (f(u) — fw))du=O0((v" +w”)(w — U)O“rﬁ).

We deduce that
(ta - Sa)f(s) Av,t - Av,s f(S) B f(t)

I, £ (8) — I3 f(s) = + B i
A + Hf+g} T(a) P(a+1) (28)
i [ ) (1 - s

The second and third terms are easily shown to be dominated by 2"7(t — s)**5.
The first term is dominated by

sup u® Mt — 8)sPT < C 2" (t — 5)*TF,
s<u<t

The last term is dominated by

/Ov((s —w)* = (t—w)* ) (s —w)’ (W + §7)du

<(1—a)(t—s) /Ov(s —u)* P2 (W) + §7)du

14



s/2
<C(t—s) (2"7(5 — )Tl g / (5 —u)*TF2(u7 + s”)du)
0
S Cl2n'y(t _ S)a-f—ﬁ

because s —v = (t —s)/2 and the integral on [0, s/2] is proportional to s**#+7=1 <
c2meHBHy=1) < c2M (¢ — )AL Thus the continuity of I§, is proved. For the
composition rule, it is easily verified for monomials f(t) = t° (apply [22))), and
is then extended by density to the space H?~ from Theorem 2.5 By applying
this property to a slightly larger value of 3, it appears that the composition rule

actually holds on H?". O

Notice that fractional monomials ¢* are eigenfunctions of II"*[§, and Ig II"¢
when they are in the domains of definitions of these operators, so when « is large
enough. This implies that these operators commute on fractional polynomials.
This property is then extended to other functions by density. In particular,

I e (20)
see (10.6) in [34].

2.2.2 Operators with infinite horizon

The operators I¢ are defined by letting 7 — Foo in I¢,. However, we will be more
interested in the modified operators

IEf(t) = I8 £(t) = 1££(0) = T (% (1) = I £(0))

when the limit exists. For a > 0, we can write
PA() = e [ (= = (o) ),
P10 = e [ (=t =) (s

where we use the notation u} = u*1g,~0;. These integrals are well defined if f(t)
is dominated by (1 + |¢|)° for § < 1 — a (there are also cases where the integrals
are only semi-convergent). In particular, the fractional integrals are generally not
defined for large values of o, as it was the case for I, . We are going to study Ti
on the functional spaces H%%9.

Remark 2.9. The operator Ti is a normalisation of I¢ in the sense that it can be
defined in more cases than /¢ f. For instance, for a > 0, if we compare I*f and

fﬁf on R* for f(s) = s°, we see that the former one is defined for § < —«, whereas
the latter one is defined for 6 < 1 — a.

15



Let us now consider the case —1 < a < 0; we can let 7 tend to infinity in (20)
and obtain

P2 0) = g [ (=95 00 = 10) = (=937 () = 1(0)) ).

P 10) =y [ (5= 02 (16 = 10) = 57 (F(9) = 10) ) s
This expression is defined on H?%? provided 3+ a > 0and f+a + 4§ < 1.

Let a > —1. Suppose that f is Lipschitz and has compact support, so that f
is 0 on (—oo, 7], respectively [r,+00). Then I¢f = I, f on [r, +00), respectively
(=00, 7], so T2 f(t) is equal to I, f(t) — I, f(0), which can be expressed by means
of (2I). Thus

B f0) = oy [ (= 902 = (=))af6)

(a+1

. 1 (32)

If(t) = —— T —(s—=t)%)df(s).

10 = | 8 = 0D

By applying Theorem 2.7, we see that if f is smooth with compact support, then
I¢ f is smooth and

D'Iof=D'Sf=I¢D'f. (33)
Remark 2.10. If f =0 on R, and if we look for Tﬁf on R’ , we see when a < 0
that f(0) and f(t) disappear in (31I), so (80) can be used on R’ for both positive

and negative o, and I f is C* on RY.

Theorem 2.11. Consider the operators Ti and I on the respective time intervals
(=00, T) forT >0, and [T, +00) for T <0. Let 6 > 0.

e The operator fi maps continuously H%%9 into HP0% provided 3, B+ and
B+ a+6 arein (0,1).

e The composition rule Tf Nil = Tf’LO‘Q holds on HP%® provided 3, B + oy,
B+ar+ay, B+ar+ 6 and 4+ a1 + ag + 6 are in (0,1).

Proof. 1t is of course sufficient to study E‘_‘ We prove separately the two state-
ments.

Continuity of I ¢. We want to study the continuity on the time interval (—oo, T'; by
means of a time shift, let us consider the time interval (—oo, —1], and let us prove
that if f is in H?+?, then the function lim, o (1% f(t) — I, f(—1)) is in HFT*-9,
From Remark 2.1 it is sufficient to estimate the increments of this function on

16



intervals [s,t] C [-2""! —2"] for n > 0. Consider the proof of Theorem 2.8 where
I§, is replaced by I2,, and let us estimate I, f(t) — I, f(s) for 7 — —oo. We can
write a formula similar to (28). The first term involves (¢ — 7)* — (s — 7)* which
tends to 0 as 7 — —o0, so this first term vanishes. The second and third terms
are dealt with similarly to Theorem 2.8 the only difference is that the weight 27
now becomes 2. The last term is an integral on (—oo,v) and is dominated by

+oo

=9 [ Gmwuldi= (=) [ u s

—0 (t-3)/2
< (t—s) /+OO (ua+ﬁ+6—2 + ua+6—2|8|6) du
(t—s)/2
< C(t—8)((t = 5)" 0 4 (1 — )™ )
< 20(t — 5)*H)s]°.

Composition rule. If f is 0 before some time 7, then fﬁlf(t) =11 f(t) — 171 f(0)
for 7 <719 At. Thus

[T f(e) = lim (II3 /() — I3 15 £(0))
with

=1 joy p(g) = oy+os (t)_%

RIS ) = IO -t 12 £(0)

from Theorem 2.8 Thus

o f(e) = Forvoap(r) — fm TZ D7 = T

Jm Ty O =R,

The case of general functions is then deduced from the density of functions with
compact support in H*~%%* (Theorem 2.5)); the proof on H?%° is obtained as in
Theorem [2.8 by increasing 3 and decreasing § slightly. O

In particular, we deduce from Theorem 2.1 that Ti is a homeomorphism from
HA—00+ onto HE+A=00+ if 3 and o + 3 are in (0,1), and I;* is its inverse map.
2.2.3 Operators for periodic functions

Consider a bounded 1-periodic function f. Let |o| < 1; if @ < 0, suppose moreover
that f is in HP for some 3 > —a. Then I¢f is well defined and is given by (B0)

17



or (31l); moreover, this function is also 1-periodic, and is 0 at time 0; this follows
from

I (1) = Ty (1)
so that

Ingf(t + 1) - Ingf(O) = (I(O;—l)Jrf(t) - I(O;—l)Jrf(O)) + (I(ar—l)Jrf(O) - Ig+f(0))-

By letting 7 — —o0, one easily checks that the second part tends to 0, so E“_f(t +
1) = T2 (1)

The following example explains the action of I ¢ on trigonometric functions.

Ezxample 2.12. Let us compute :fi on the family of complex functions ¢, (t) = e—1
for r > 0. Suppose 0 < a < 1. The formula

IN()) :/ sa_le_sds:u“/ v e ds
0 0

is valid for v > 0 and can be extended to complex numbers with positive real part.
One can also write it for u = Fir, r > 0, and we obtain

/ Safleiirsds — eiionr/27,fa]:\<a) (34)
0

where the integral is only semi-convergent. Thus we obtain the classical formula
(see Section 7 of [34])

o i 1 ! a—1 _irs
ITe t:m/_m(t—s) e"ds
_ et /OO Sa—le—irsds — T—ae—iom/Qeirt.
I'(a) Jo

We deduce that E‘f(br = r~®e7"/2¢, and this relation is extended to negative «
since the operators of exponents « and —« are the inverse of each other (Theorem

2.10)). In particular,

Ti(l —cos(rt)) =r~® (cos(om/Q) — cos(rt — a7r/2)> (35)

fi sin(rt) =r ¢ (sin(om/Z) + sin(rt — om/2)).

Remark 2.13. We can similarly study I which multiplies ¢, by r~®e**™/2; conse-

quently, the two-sided operator (ff‘_ + 1%)/(2 cos(arr/2)) multiplies ¢, by r—°.
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Let us now define two modifications fi and Ti of I ¢ which will be useful for the
study of the fractional Brownian motion on [0, 1]. Consider a bounded function f
defined on the time interval [0, 1] and such that f(0) = 0. If & < 0, suppose again
that f is in HP for some 3 > —a. Let g(t) be the 1-periodic function coinciding
on [0,1] with f(¢) — ¢ f(1). We now define on [0, 1]

ITf(t) =t f(1)+ I$g(1). (36)
Thus [ ¢ satisfies the formulae ([B3]) for » = 2nm, and we decide arbitrarily that
fj‘_‘t =t. On the other hand, let A be the function with 1-antiperiodic increments,
so that
h(1+1t) —h(1+s) = —h(t) + h(s),
and coinciding with f on [0, 1]. We define

TLf() = I2h(t). (37)

Then T, satisfies [B5) for r = (2n + 1)7.

It is clear that fffil = ffﬁﬁo@ is satisfied on H” as soon as 3, 3 + oy and
B+ aj + ay are in (0,1), and the same property is valid for [ i (apply Theorem
2170). Actually, these composition rules can be used to extend the two operators
to arbitrarily large values of a. Moreover, fi and Ti are homeomorphisms from

HP onto HP* if 3 and 8+« are in (0, 1), and their inverse maps are EO‘ and 7,°

2.3 Some other operators

Let us describe the other operators which are used in this work. The multiplication
operator I1%, a € R, has already been defined in (I6) on R’ , and let us complement
it with

70 = (00 = [ ) =0 -a [ i @9

In the last form, we see that I~ f can be defined as soon as t*~! f(t) is integrable
on any [0, 7], so on H? if a + B+~ > 0.
On the other hand, let us define for a € R the time inversion operators T, and
T}, on R% by
T.f(t) =t f(1/1) (39)

and

T!f(t) = I3, Tas D' f(1) = AsMJWﬂuﬁm:—[ffMWm

— 20 (1)) - 20 / " 2071 f(5)ds (40)

1/t
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and the last form can be used if t2*7!f(¢) is integrable on any [T, 00), so in
particular on H?7° if 20 > 3 4 6. Actually, the form of T, and a comparison of

(0) and (38) show that
T, = 11Ty = Tyl 72, T = II**T,. (41)

Notice that T, and T are involutions, so that

TIL0) = £(0) - 206 [ (s (42)
t
and .
/ 201720 dS
TTL () =TI 40) = £~ 20 [ 79 (13)
0
are the inverse transformation of each other.

Theorem 2.14. Let 0 < 3 <1 and consider the time interval R%..

e The operator I maps continuously H?7? into HB"Y*af*anﬁ +7+a>0
and 3+ 6+« > 0. It satisfies the composition rule TI*2I1* = [I**T%2 on
HPY if B+~ 4+a; >0 and +~ 4+ a; +ay > 0.

e The operator T, maps continuously H?70 into HE—+2a=B).—v+2e=p) — [f
moreover 2a > [+ 6 and 2o > [+ vy, the operator T., satisfies the same
property.

Proof. We prove separately the two parts.
Study of I1*. The continuity on H%"? is proved by noticing

t
’ﬁaf(t)’ < [ f)] + C/ s gs < Ot P
0

TIof(t) — TIf(s)] < [T f () — T f(s)| + c/ w0 dy

< [I°f(8) =T f(s)| + C'(t — )" sup uu?,

s<u<t

and by applying Theorem 2.4l The composition rule is evident for smooth functions
(use the first equality of (B8])), and can be extended by density (the parameter §
is unimportant since we only need the functions on bounded time intervals).
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Study of T,, and T,. Tf f is in HP7° then f(1/t) is dominated by ¢t=#t=%~7 and
if 27 <5 <t <2t
|f(1/t) = f(1/s)| < C sup u_‘s’_v(l/s — l/t)ﬁ < CN(2M) TRt — )P
s<u<t
S C//(Zn)—é—Qﬁ,—y—Zﬁ(t _ S)ﬁ,

so Tof : t — f(1/t) is in H%~20-%-28=7 The continuity of T, and T, is then a
consequence of (A1) and of the continuity of TT?* and TT%“. O

Remark 2.15. We deduce in particular from Theorem [214] that T, and T are
homeomorphisms from H*™%%F into itself for 0 < a < 1. We also deduce that
T,T!, respectively T'T,, is a continuous endomorphism of H*7° when 2o > 3+~
and 2a > 3 + 0, respectively when 8+~ > 0 and 8+ 0 > 0; when the four
conditions are satisfied, they are the inverse of each other. The form IT?*I1~2* of
T!T, can be used on a bounded time interval [0, T, and in this case we only need
G+~ >0.

The time inversion operator Tj enables to write the relationship between I¢
and g, on R}. If o > 0 and if f is a smooth function with compact support in
R* , we deduce from the change of variables s — 1/s that

I°f(1/t) = S5t a_lf(S)dsz e a_lf(l/b“)d—j
/1/t( t 0o S t $

so that
Tol*Ty = T I 1171 (44)

3 Time inversion for self-similar processes

We give here time inversion properties which are valid for any H-self-similar cen-
tred Gaussian process (Z;;¢ > 0), and not only for the fractional Brownian motion.
Such a process must have a covariance kernel of the form

C(s,t) = st p(s/t) (45)

where p(u) = p(1/u) and |p(u)| < p(1). It then follows immediately by comparing
the covariance kernels that if T is the time inversion operator defined in (B9),
then one has the equality in law Ty = ~ =Z. Notice that this holds even when H is
not positive.

Remark 3.1. The Lamperti transform (see for instance [5])
(E(t); t > 0) — (e""E(e"); t € R) (46)
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maps H-self-similar processes =; into stationary processes Z;. Then Ty= ~ =
is equivalent to the property Z_; ~ Z; which is valid for stationary Gaussian
processes (invariance by time reversal).

Remark 3.2. We have Ty BH ~ B and can deduce properties of B on [1, +00)
from its properties on [0, 1]. For instance, B¥ lives in H”~ on [0, 1], and we can
check from Theorem 2.4l that Ty sends this space on [0, 1] into the space H =0+
on [1,+00); thus B lives in HZ~%%* on R, (notation (IH)).

We now prove another time inversion property when H > 0 (we do not assume
H < 1). Assume provisionally that the paths of = are absolutely continuous; then
its derivative D'Z is (H — 1)-self-similar, so Ty D'= ~ D'= and

/= 1 1= 7l | L B
TyE =~ Ty D'E~ —[},D'E = —= ~

[

In the general case (when = is not absolutely continuous), the same property can
be proved with the theory of generalised processes (as said in [28]); we here avoid
this theory.

Theorem 3.3. For H > 0, let (¢ t > 0) be a H-self-similar centred Gaussian
process, and consider the time inversion operator Ty and T},. Then one has the
equalities in law THZE ~ Ty= ~ =.

Proof. As it has already been said in the beginning of this Subsection, Ty= ~ = is
obtained by comparing the covariance kernels. Since = is H-self-similar, the norm
of Z; in L'(Q) is proportional to t7, so the variable [7° |2/t~ ~1dt is in L*(1)
for any T" > 0, and is therefore almost surely finite. Thus 77, = is well defined.
Moreover, T = = T TyTy= ~ T}, Ty =, so let us compare the covariance kernels
of Z and T}, Ty= = I2HII-2H 2 given by [@3). We have from (@F) that

S ds S S/T
E[ET/ ES—] = TH/ sH71p(s/T)ds = T2H/ u " p(u)du.
0 0 0

S

/TtQHl o H-1 (u)du dt = 1 OO(T/\S)M H-1 (u)d

=/ ; ut e plu)dudt = oo ; " u)du
1 S/T

= 2H< 2H/0 u? " p(u)du + S /S/Tu H’Ip(u)du)



(we used p(1/u) = p(u) in the last equality). We deduce from these two equations

that . g
_ AN _ ds - -
E [(:T — QH/ :t—> (:5 — 2H/ :S_ﬂ = E[:T:S}
0 t 0 s

since the other terms cancel one another, so T}, Ty = has the same covariance kernel
as =. 0

Remark 3.4. Theorem B3] can be applied to the fractional Brownian motion B*.
Moreover, the relations B ~ Ty BH ~ T}, B can be extended to R* by defining

Tuf(t) =t f(1/t),  Tuf=FlosTyD'f onR:.

Since B also has stationary increments, we can deduce how the law of the
generalised process D'BY is transformed under the time transformations ¢ —
(at +b)/(ct + d), see [2§].

The law of the H-self-similar process Z is therefore invariant by the transfor-
mations TyTy and T Ty = ITPHIT2H given by ([@2) and (@3). We now introduce
a generalisation Ty 1, of Tf; Ty, which was also studied in [20].

Theorem 3.5. On the time interval Ry, for H > 0 and L > 0, the operator
AT Ny o % | C S | i V0 | Rt (47)

is a continuous endomorphism of H? when 0 < < 1, and B+ and B+ 6 are
greater than H — L; in particular, it is a continuous endomorphism of HZ =00+ if
0 < H < 1. It is defined on a function f as soon as t“"H=1f(t) is integrable on
any [0,T], and it satisfies

Ty f() = f(t) — 207" / F(s)sE-1ds. (48)

If = is a H-self-similar centred Gaussian process, then Ty = has the same law as

Proof. The continuity property of T 1 can be deduced from Theorem [2.14] and
Remark 2.T0l The representation (@S] follows easily from (38) and the second
form of Ty 1, in ([A7). Let = be a centred Gaussian H-self-similar process; then the

L'-norm of Z; is proportional to ¢, so fOT tL=H=1|Z,|dt is integrable and therefore
almost surely finite for any 7" > 0. We deduce that T4, ;= is well defined; we have
T, T 2 ~ 12

because I1*~#= is L-self-similar. By applying II =% to both sides we obtain

—_

TH,L: ~ =, ]

Remark 3.6. In the non centred case, we have Ty= ~ = and Tj,= ~ Ty 1= ~ —Z=.

We will resume our study of Ty j, for self-similar processes in Subsection (4.4l
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4 Representations of fBm’s

Starting from the classical representation of fractional Brownian motions on R
described in Subsection 1] we study canonical representations on R, (Subsection
[4.2) and R_ (Subsectiond.3]). In Subsection[d.4], we also consider the non canonical
representations on R, introduced in Theorem B.5]

4.1 A representation on R

For 0 < H < 1, the basic representation of a fractional Brownian motion B is

B =w [ (-9 ot Y, (49)

o0

for a positive parameter k, see [25]. Tt is not difficult to check that the integral of
the right-hand side is Gaussian, centred, with stationary increments, and H-self-
similar. Thus B is a fractional Brownian motion; its covariance is given by (@),
and the variance p of B is proportional to k?; the precise relationship between
p and k is given in Theorem [B.Il Subsequently, we will consider the fractional
Brownian motion corresponding to

k=r(H)=1/T(H+1/2), (50)
so that (following (@0l))
p=otn) =2 om =1 (51)

In particular, BY/? = W is the standard Brownian motion. This choice of & is due
to the following result, where we use the modified Riemann-Liouville operators of
Subsection 2.2.2

Theorem 4.1. The family of processes (BH; 0 < H < 1) defined by [@9) with
(BA) can be written as

B = 712wy (52)

More generally, B
B" =11-'p’ (53)

forany 0 < J, H < 1.

Proof. The formula (52)) would hold true from (32) if W were Lipschitz with com-
pact support; the operator If_l/ ? is continuous on H/2=0.0+ (Theorem 2.17]) in
which W lives, and Lipschitz functions with compact support are dense in this
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space (Theorem [2.0]); moreover, integration by parts shows that the stochastic in-
tegral in the right-hand side of (@9) can also be computed by approximating W
with smooth functions with compact support, so (G2) holds almost surely. Then
(53) follows from the composition rules for Riemann-Liouville operators (Theorem

2.17]). ]
We deduce in particular from (53)) that (52) can be reversed (W = B'/?), and

w=1/>""pH

Thus the increments of W and BY generate the same completed filtration, namely
Fi(dBH) = Fi(dW) (with notation (H)).

Remark 4.2. Relation (53)) can be written by means of (B0) (H > J) or (3]
(H < J). It can be written more informally as

Bl = ﬁ /O:O<(t — )i = (—S)E_J)dB;],

where the integral is obtained by approximating B” by Lipschitz functions with
compact support, and passing to the limit.

Relations (52) or (53)) can be restricted to the time interval R_; in order to
know B* on R_, we only need W on R_, and vice-versa. On the other hand, they
cannot be used on R_; in order to know B¥ on R, , we have to know W on the
whole real line R. If we want a representation on R, , we can reverse the time
(t — —t) for all the processes, so that the operators I, are replaced by . We
obtain on R, the backward representation

B = T2 (1) = m /OOO (sH—W (s t)f_1/2>dWS. (54)

However, in this formula, if we want to know B at a single time ¢, we need W
on the whole half-line R ; next subsection is devoted to a representation formula
where we only need W on [0, ¢].

4.2 Canonical representation on R,

We shall here explain the derivation of the canonical representation of fractional
Brownian motions on R, which was found by [29, 28], and the general relationship
between B’ and B¥ which was given in [19]. More precisely, we want the various
processes (Bf;0 < H < 1) to be deduced from one another, so that all of them
generate the same filtration.
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As explained in the introduction, we start from the relation B = T2 of
(54) and apply the time inversion ¢ — 1/t on the increments dW; and dB}; this
time inversion is made by means of the operators 7] 1/o and T}, defined in ([B9) (they

are involutions), which preserve respectively the laws of W and B (Theorem B.3)).
Thus
B ~ (T I )W

It appears that this is the canonical representation of B. We now make more
explicit this calculation, and generalise it to the comparison of BH and B’ for any
J and H; starting from BY = I~/ B’ we can show similarly that

B" ~ (T3, 1"='T}) B, (55)

Theorem 4.3. On the time interval R, the family of fractional Brownian motions
B, 0 < H <1, can be defined jointly so that BY = Gy'BY for

Gblf — ﬁH‘FJ*lI(ﬁ»*Jﬁl*H*J (56)

(see Section[2 for the definitions of I, and HO‘) This family of operators satisfies

the composition rule GHLGJH = G’OJJFL, and all the processes BY generate the

same completed filtration. Moreover, the operator Ggf maps continuously H7— %0+
(where paths of B’ live) into HE =%%F and can be defined by the following relation;
if we define

oM (u) = (H = J) / (0" = 1) (0 = DI+ (w= )P (57)
1
forO0< J H <1 andu > 1, and if

1 t
K (¢, s) = m‘bJ’H(E)SHJ’ (58)

then .
GH f (1) = / K (¢, 5)df (5) (59)

0 LZpSChZ Z w'lth Compact Suppm t Zn R . M07 eovern ) B 7;8 i'Uen b the ]15(5
T t + g Z/
integ? (Zl

/Kl/“f ,s)dW, (60)

for W = B2,

26



Proof. Let us divide the proof into four steps.
Step 1: Definition of the families Gb’f and Bf. Following (B5), we define

Gyl = TyI!" 1), BY = Gy>"W, (61)

so that B¥ is a H-fractional Brownian motion. The continuity of Gg’f from
H/—9%0F into H7—9%%F is then a consequence of Theorems 211 and 214 it indeed
follows from these two theorems that 7% and T}, are continuous endomorphisms
of respectively H/ =00+ and HA =09+ and that 177 is continuous from H7—0.0+
into HZ—9%0%  Moreover

GULGH = T TV Iy, T, 1T, = T T HTHIT, = T T2 T = Gt

and consequently
JHpJ _ ~JH Y200 ~UY2H g, pH
Gy B =Gy Gy, W =Gy W = BY.
The equality between filtrations of B also follows from this relation.

Step 2: Proof of (B6]). First assume H > J, and let us work on smooth functions
with compact support in R* . We deduce from [{@4)) and the relations T,, = IT**T; =
ToII~2 that
TH 1[H7JTJ L= H2H72T0[H7JTOH272J o H2H72H17H+J[OHfJHflfHJrJHQfQJ
-1 -1 = - - +

— HHJrJfl[OIifJHlfoJ. (62)

On the other hand, 77 has been defined as —I&+Ta_1D1, and 1% = _701+HD1 from
([B33)), so the definition (G6Il) can be written as

Gyl = (I3, Ty D" (I3, I~/ D) (I;, Ty DY)
= ]é+TH—1I£{_JTJ—1D1
— ]01+HH+J_1IOI£__JH1_H_JD1 (63)
— ]01+HH+J_1]Oli__JDllé_f_Hl_H_JDl
— (Ié+HH+J—1D1)](gr—J(]éJrHl—H—JDl)
_ ﬁH+J—1I£—Jﬁ1—H—J

(we used (62) in the third equality and Theorem 2.7 in the fifth one). The equality
can be extended to the functional space H’—%%* since Gg’f is continuous on
this space, and the right-hand side is continuous on H’~ on any interval [0, 7].
Moreover, inverting this relation provides G(I]{ J’FJ, so that this expression of Ggf

also holds when H < J.
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Step 3: Proof of (BY). For smooth functions f with compact support in R, (27)
yields

HH+J71[£:JH17H7Jf<t>
= ]OI—_I‘__J (t) + ﬁ/o‘ ((i)lfoJ _ 1> (t o S)H_J_lf(S)dS,

so ([63) implies

ci s =110+ m— [ ([ (&7 =)= 9" i) )
e [ =9

+ % /Ot </:((§)”” ~1) (- s)H—J—ldv) df (s).

This expression can be written as (59) for a kernel Ké’er, and a scaling argument
shows that K" is of the form (58) for ¢7# (u) = T'(H — J + 1)K (u,1). Then
(57)) follows from a simple verification.

Step 4: Proof of (60]). By means of an integration by parts, we write (59) for
J=1/2and H # 1/2 in the form

GYPP r(t / K2t s)ds + / Kol2M (8, 8) (DY f(s) — f(t)/t)ds
/ K24, 5)ds - / (£(5) = F)OKY 1, 5)ds. (64)
On the other hand,

(6™1) () = (H = J)(u— 1= 14771

so that

= (¢ = ),

0, Kot (t,5) = -

An asymptotic study of (57) shows that ¢/%# (u) is O((u — 1)#~"/2?) asu | 1 and
O =1 v 1) as u | oo; thus 68K0142’H(t, s) is O((t — s)#73/?) as s T t, and is
O(s7H=1/2 v sH=3/2) a5 5 | 0. An approximation by smooth functions shows that
([©4) is still valid for W, and a stochastic integration by parts leads to (60). O
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Remark 4.4. Tt is also possible to write a representation BY = G%’fBJ on the time
interval [T, +00), associated to the kernel K22/ (t,s) = Ky (t — T, s —T). In [21],
it is proved that letting 7" tend to —oo, we recover at the limit (49).

Remark 4.5. If H > J, we have

oM (u) = (H — J) /u Ty — D gy,

If H < J, this integral diverges and ¢”(u) is its principal value. This function,
and therefore the kernel Kéler(t, s) can also be written by means of the Gauss
hypergeometric function, see [7, [19].

Remark 4.6. If H + J = 1, then (50) is simply written as Gg’f = I{7. Thus
the relation between B and B'~# is particularly simple (as it has already been
noticed in [19]), but we have no intuitive explanation of this fact.

Remark 4.7. The expression (B6]) for Gb’f is close to the representation given in

[31] for J = 1/2. We define

~ 1 t
ZJ,H — [H*JﬂlfJfHBJ 1) = / t— H—-J lfJfHdBJ
t 0+ ( ) F(H —J 4+ 1) 0 ( S) S s

which is an It6 integral in the case J = 1/2, and the fractional Brownian motion
B is given by

Bl = ﬁHJrJleJ,H(t) _ /t sH+I-1qzJH
0

which can be defined by integration by parts.

Remark 4.8. In the case J = 1/2, let us compare our result with the decomposition

of [7]. We look for a decomposition of Géf’H which would be valid on the classical
Cameron-Martin space Hy 2 = Ig, L? of W. To this end, we start from (G3))

G(l]f’H _ IS+HH71/2[£_1/2H1/27HD1

which is valid for smooth functions. When H > 1/2, this formula is valid on H; /2
for any finite time interval [0, T] because these five operators satisfy the continuity
properties

H1/2 N L2 N Ll N Ll N Ll N LOO
(use the fact that I§, is a continuous endomorphism of L' for v > 0). However, it

does not make sense on H;/, for H < 1/2 because Iéi_l/Z is in this case a fractional
derivative, and is not defined for non continuous functions. Thus let us look for
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an alternative definition of the operator Géf’H; in order to solve this question, we
apply the property (29) of Riemann-Liouville operators and get

G2 = B2 (13 2 R e
_ I(?f (HI/QfHISJ/rZ—HHQHfl) [11/2-H 1
_ Ingl/%HISf_HHH*lﬁDl

which makes sense on Hy/ if H < 1/2. This is the expression of [7].

Remark 4.9. A consequence of (60) is that we can write the conditional law of
(B;t > S) given (BH;0 <t < ). This is the prediction problem, see also
12, 28).

Remark 4.10. Theorem[4.3can also be proved by using the time inversion operators
Ty rather than T7},. If we start again from (54]) and consider the process with
independent increments

t
‘/;H:/ 8H71/2dWs,
0

then it appears that B! depends on future values of V#; consequently, Ty B (t)
depends on past values of T V. On the other hand, Ty B ~ B and TV ~
VH from Theorem B.3] so we obtain an adapted representation of B with respect
to VH, and therefore with respect to W. One can verify that this is the same
representation as Theorem .3} however, the composition rule for the operators

Ggf is less direct with this approach.

Let us give another application of Theorem .3l The process B has stationary
increments, so a natural question is to know whether it can be written as Bff =
AF — Al for a stationary centred Gaussian process A¥, and to find A”. This
is clearly not possible on an infinite time interval, since the variance of B is
unbounded. However, let us check that this is possible in an explicit way on a
finite time interval, and that moreover we do not have to increase the o-algebra of
B Since we are on a bounded time interval [0, 7], the stationarity means that
(AfL; 0 <t <T-U)and (Af; 0 <t < T —U) have the same law for any
0<U<T.

Theorem 4.11. Let T > 0. There exists a stationary centred Gaussian process
(AF; 0 <t <T) such that Bf = AF — Al is a H-fractional Brownian motion on
0, T], and B and A™ generate the same o-algebra.

Proof. Consider B = Géf’HW. We look for a variable Af such that Af =
BT + All is stationary; this will hold when

E[A]AI] = £(#7 + " — |t — o) + E[B] Afl] + E[BI Af'] + E[(A{)’]
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is a function of ¢ — s, so when
E[BIA{l] = —pt*" /2.
By applying the operator Géﬁl/ ?_ this condition is shown to be equivalent to

p 2H H+1/2
—— —F—I(H +1/2)t
2 H+1/2 (H+1/2)

B[WiAf] = —§ Gor e =
by using the formulae (63) and (22) for computing G jrl/ ? and for p given by (5I)).
Thus we can choose

T d T
Ag’:/o %E[WtAg]th:—pHF(HH/z)/O 1124w,

O

In particular we have A(l]/ > = —Wyr/2. Of course we can add to Al any in-

dependent variable; this increases the c-algebra, but this explains the mutual
compatibility of the variables ALY when T increases. More generally, the technique
used in the proof enables to write any variable A of the Gaussian space of B,
knowing the covariances E[A B[].

Remark 4.12. We can also try to write B on [0, 7] as the increments of a process
which would be stationary on R. We shall address this question in Remark [6.4]

Remark 4.13. Another classical stationary process related to the Brownian mo-
tion is the Ornstein-Uhlenbeck process; actually there are two different fractional
extensions of this process, see [5].

4.3 Canonical representation on R_

In the representation (@), we have F;(dB?) = F,(dW) (with notation (F)). How-
ever, when ¢ < 0, the filtration F;(dB¥) is strictly included into F;(B¥). We now
give a representation of B on the time interval R_ for which F,(B¥) = F,(dW);
one can then deduce a canonical representation of B (see Remark below).
In the particular case H = 1/2 of a standard Brownian motion, we recover the
classical representation of the Brownian bridge.

We want B, t < 0, to depend on past increments of W; by applying the time
reversal ¢ — —t, this is equivalent to wanting B, ¢+ > 0, to depend on future
increments of W. The starting point is the operator T, 77, of ([42)) which can be
written in the form

TuTy f(t) = —2Ht* /too sTHH(f(s) = f(t))ds.
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Thus Ty T}, f(t) depends on future increments of f, and the equality in law B ~
TyTy B enables to write BY as a process depending on future increments of
another H-fractional Brownian motion. On the other hand, in the representation
BH ~ [Ty of (54), future increments of B depend on future increments of

W. Thus, in BY ~ TyTy, 1" 712w | the value of BI depends on future increments
of W, and this answers our question. The same method can be used with W
replaced by B”.

Theorem 4.14. Let B’ be a J-fractional Brownian motion on R_; consider the
function ¢ of (B7). On R*, the operator

GHI f (1) = / "KM, 5)df(s)

for f smooth with compact support, with
Ki’H(t, s)=T(H — J+ 1) o™ (s/t) (=) (=), s<t<O0,

can be extended to a continuous operator from H7—0%0F into ]HIH_’O’Oj, and
B = GiHBJ is a H-fractional Brownian motion on R_. Moreover, F;(B>1) =
Fi(dB”) (with notation (&)).

Proof. We transform the question on R_ into a question on R, by means of the
time reversal t — —t. Following the discussion before the theorem, we introduce
on R% the operator

GM = Ty Ty 1.

It follows from Theorems 21T and 214 that G”* maps continuously HY—%F into
HH~00+: moreover B*H = G B’ is a H-fractional Brownian motion. If we
compare G with Gg’f given in (&1]), we see that

G = TGPl T,

For f smooth with compact support in R,
Gyl f( / K (t,8)s* 2D f(1/5) ds—/ K (t,1/s5)s7 2 df (s)

SO
G="10 = tZH/ K (1/t,1/s)s™> df (s) = / KM (t, 5)df (s)
with
Kf’H(t, s) = tQHs_ZJK{]];rH(l/t, 1/s)=T(H — J 4+ 1) ¢ " (s/t)?H s~ -7
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(apply (BS)). We still have to check that

U(E;I’H; s Zt) :U(B;]—BJ' sZuZt)

u?

for £ > 0. The inclusion of the left-hand side in the right-hand side follows from
the discussion before the theorem. For the inverse inclusion, notice that B/ =
G7H B can be reversed and

B’ = ["-HT1 Ty B,

Thus future increments of BY depend on future increments of 77,7 w B | which
depend on future values of B*# from (43)). O

Remark 4.15. The theorem involves F;(dB”) which is strictly smaller than F;(B”),
so the representation is not really canonical on R_; however, F;(dB”) is also the
filtration generated by (for instance) the increments of the process

t t
T/ = / (—s)"*dB] = (=t)"*' B/ +2J / (—s)"*7'B]ds,

and ,
B = [ KI5 (s ar (65)

The process T} tends to 0 at —oo, so
Fi(BM) = F(dB”) = Fi(dY7) = Fi(T7)

and (65)) is therefore a canonical representation on R_ (notice that T'/2 has inde-
pendent increments).

Remark 4.16. By applying Theorem .14l with J = 1/2, we can predict on R_ fu-
ture values of B¥ knowing previous values; this prediction must take into account
the fact B{' = 0; this can be viewed as a bridge; actually for H = J = 1/2, we re-
cover the classical Brownian bridge. More precisely, ¢'/>1/2 = 1, so Ki/ 21/ ’(t,s) =
It|/|s| on R_; thus W = BY2 and W = BY2/2 are Brownian motions on R_, and
satisfy

_ t __ W,
Wt = |t| / |S|_1dWS, th = —Wdt + th
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4.4 Some non canonical representations

Let us come back to general H-self-similar centred Gaussian processes =;, t > 0.
In Theorem [3.5 we have proved the equality in law

t
=~ Ty 2(t) =2 — 207 / stz ds
0

for L > 0. When = = W is a standard Brownian motion so that H = 1/2, this
is the classical Lévy family of non canonical representations of W with respect to
itself. We now verify that this property of non canonical representation holds in
many cases, in the sense that (T =) is strictly included in F(Z) for ¢ > 0
(it is of course sufficient to consider the case ¢ = 1). In the following theorem
we need some notions about Cameron-Martin spaces and Wiener integrals (see a
short introduction in Appendix [C.T]).

Theorem 4.17. Let = = (Z;; 0 <t < 1) be the restriction to [0,1] of a H-self-
similar centred Gaussian process for H > 0. Let W be a separable Fréchet space of
paths in which = lives, and let H be its Cameron-Martin space. Suppose that the
function (t) = t9L s in H, and denote by (Z,1)y its Wiener integral. Then

0(2) =0(TpZ) vV o((Z,¥)n)
where the two o-algebras of the right side are independent.

Proof. The operator Ty 1 operates on H, and it is easy to check that functions
proportional to 1 constitute the kernel of Tp ;. On the other hand, for any A in
H, h # 0, we can write the decomposition

h h
= = (E e + (2= (B Wy

where the two terms are independent: this is because independence and orthogo-
nality are equivalent in Gaussian spaces, and

- - = VN
E[(2. ih(E — (=, e by =0
for any A’ in H (apply ([@9)). Thus

Turh
TuiZ = (2, h)x ‘Z‘g + process independent of (=, h),
H

and Ty = is independent of (=, h)y, if and only if & is in the kernel of Ty ,, so if and
only if h is proportional to ¢). Thus the Gaussian space of =, which is generated by
(2, h), h € H, is the orthogonal sum of the Gaussian space generated by Ty =
and of the variables proportional to (=, 1)s. We deduce the theorem. U
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Notice that on the other hand, the transformation 7Ty ; becomes injective on
the whole time interval R, so 0(Z) and o(Ty E) coincide; actually, the theorem
cannot be used on R, because 1 is no more in H; this can be viewed from the
fact that = lives in the space of functions f such that t~#~17¢ f(¢) is integrable on
[1,00) (for € > 0), so H is included in this space, whereas 1) does not belong to it
for e < L.

In the case where = is the standard Brownian motion W, we obtain the well
known property

Fi(W) = FlT1jo W) V o (TIE712W (1)), (66)

Let us prove that this property enables to write Theorem [A.17] in another form
when = has a canonical representation with respect to W, see also [20].

Theorem 4.18. Consider the standard Brownian motion W on R, and let
t
== (AW)(t) = / K(t,s)dW;
0

be given by a kernel K satisfying K (M, s) = NI=V2K(t,s) for any X > 0 and
some H > 0. Suppose that Fi(Z) = F(W) (the representation is canonical). Then
= s a H-self-similar process, and we have

Ty E = ATy W,  Fi(Z) = Fi(Tu =) Vo (V20 (1)) (67)
where the two o-algebras of the right side are independent.

Proof. The scaling condition on K implies that = is H-self-similar. It can be
viewed for instance as a random variable in the space of functions f such that
=1 Hmem =1 (1) s integrable on R% . On the other hand, notice that

Ty = HH71/2H1/27Lﬁ2LH7L71/2H1/27H — HH71/2T1/2 LH1/27H (68)

from (&T), and consider the linear functional IT'/2~# A mapping W to the 1/2-
self-similar process II'/2~#=. The monomials v5(t) = t?, 8 > 1/2, generate the
Cameron-Martin space H, /, of W; we deduce from the scaling condition that they
are eigenfunctions of ITI'/2~# A and of T} /2,1, SO the commutativity relation

Hl/QiHATl/Z,L = T1/2,LH1/27HA (69)

holds on fractional polynomials, and therefore on H;,, and on the paths of W (a
linear functional of W which is zero on the Cameron-Martin space must be zero

on W). We deduce from (68) and (69) that

Ty = = V2T o TV H AW = THVPTIV2H AT, 1o W = AT jo W
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and the first part of (67)) is proved. We have moreover assumed that F;(AW) =
Fi(W); this can be applied to the Brownian motion T}/ W so Fi(AT /2 W) =
Fi(T12,.W). Thus, by applying (6G)),
FuZ) = F(W) = Fui(Tijo W) V o (T2 (1))
= Fi(ATy 5, 2) V o(TTEV2W (1) = Fy(Tu Z) V o (T2 (1)

so the second part of (67)) is also proved. O

Remark 4.19. Another proof of the second part of (67) is to use directly Theorem
AIT we verify that on [0, 1]

I 2W (1) = (W, ), = (2, Ad)n

for ¢(t) = t!*1/2/(L + 1/2), and A¢ is proportional to the function w(t) = tX+#
from the scaling condition.

Theorem 4.20. Consider on R the family of fractional Brownian motions BY =
Géf’HW, s0 that BY = GO‘]’fBJ. Then, for any L > 0, the process BF = Ty BH
is a H-fractional Brownian motion satisfying the relation B*F = GOJfBJ’L. More-

over, for any t, B
F(BY) = Fy(BHE) v o (TF12W (1)), (70)

and the two o-algebras of the right-hand side are independent.

Proof. This is a direct application of Theorem I8 with A = Géf’H. The first
part of (€7) implies that

B = G(l)fﬂTl/zLVV,

and the relationship between B”* and B! follows from the composition rule
satisfied by the family GO‘]’f. O

5 Riemann-Liouville processes

In this section, we compare the fractional Brownian motion B with the process
XH = Py
= Iy, )

5.1 Comparison of processes

The processes

_ 1 t _
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defined on R, are often called Riemann-Liouville processes. Notice that these
processes can be defined for any H > 0. When 0 < H < 1, these processes have
paths in H”~ on bounded time intervals from Theorem 2.8, and can be viewed as
good approximations of fractional Brownian motions B for large times, as it is
explained in the following result.

Theorem 5.1. For 0 < H < 1, we can realise jointly the two processes (X, BT)
on Ry, so that X — BH is C™ on R%. Moreover, for T > 0, S > 0 and
1 <p<oo,

sup |(x8L, — X§) — (B~ BY)|| <0877 (72)

0<t<T
(where ||.||, denotes the LP(Q2)-norm for the probability space).

Proof. Let (BH: t > 0) be defined by BY = I""'*W for a standard Brownian
motion (Wy; ¢t € R). The process W can be decomposed into the two independent
processes W,© = W, and W, = W_, for t > 0, and consequently, the process B
is decomposed into B = X# + YH where

XM =112 (Wig,) = I Pw

is a Riemann-Liouville process, and Y = I f_l/ 2 (W 1R,) can be written by means
of Remark 210t more precisely, Y7 =1 g_l/ 2VV*, where

110 = e [ (@97 =) ) (73)

We deduce from this representation that Y is C> on R*, so the first statement is
proved. On the other hand, it follows from the scaling property that its derivative
is (H — 1)-self-similar, and is therefore of order =1 in LP(Q); thus the left hand
side of (72) is bounded by

H/SS+T}D1YUH}du

S+T
< C/ u=tdu < C SHIT.
2 s

O

Remark 5.2. Inequality (72) says that the process XtS’H = XgH — X is close to a
fractional Brownian motion when S is large; it actually provides an upper bound
for the Wasserstein distance between the laws of these two processes. A result
about the total variation distance will be given later (Theorem [(.§)).
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Instead of using the representation of B = ff_l/ W on R, we can consider

the coupling based on the canonical representation of B on R, . It appears that
in this case X# — B is not C* but is still differentiable.

Theorem 5.3. Consider on Ry the family BY = Géf’HW and the family X
defined by ([T)). Then X — BY is differentiable on R?.

Proof. For f smooth with compact support in R% , Theorem 2.7 and the expression
©3) for G shows that G2 f and I~/ f are smooth, and

DY (Gblf _ [(E:J) — (HHJrJfl[éiJT:JHlfoJ _ [(E:J)DI.
We therefore deduce from (27) that

d

(G = 1) £

00 = = [ (G = 1) -9

proportional to /=7, This equality can be extended to any function f of H’~, so
in particular to W in the case J = 1/2; we deduce the differentiability announced
in the theorem. U

We can deduce that the estimation ([72]) also holds for the coupling of Theorem
9.3l
5.2 The Riemann-Liouville Cameron-Martin space

Cameron-Martin spaces are Hilbert spaces which characterise the law of centred
Gaussian variables, so in particular of centred Gaussian processes, see Appendix
The Cameron-Martin spaces Hy of H-fractional Brownian motions are de-
duced from each other by means of the transforms of Theorems [£1] or X.3] so
that

My =107 (Hy) =17 (Hy), Mo =Gyl (M) =1"""(H,)
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respectively on R and R, ; the space H; /s is the classical space of absolutely con-
tinuous functions i such that 2(0) = 0 and D'h is in L?. Similarly, the Cameron-
Martin space of the Riemann-Liouville process X on R, is

H12

Hy = PHyy = 1212

In particular, if f is a smooth function on R, such that f(0) = 0, then, on the
time interval [0, 77,

| flo, = | D27 f

< C(sup|D1f|</T(t1/2H)th)l/Z +sup\D2f\(/T(t3/2H)zdt)l/Q)
0 0

< €/ (T sup D'+ T sup |2 ) 7

from Theorem 2.7

We now explain the proof of a result mentioned in [7] (Theorem 2.1) and taken
from [34]. We use the equivalence of Hilbert spaces (H ~ H') defined in (I2)). A
probabilistic interpretation of this equivalence is given in Appendix [C.1], see (I00).

Theorem 5.4. For 0 < H < 1, the spaces Hy and H'y are equivalent.

Proof. The proof is divided into the two inclusions; for the second one, we are
going to use an analytical result proved in Appendix [Al We can of course omit
the case H = 1/2.

Proof of H; C Hy. We have seen in the proof of Theorem .l that B can be
written as the sum of the Riemann-Liouville process X and of an independent
process YH. If we denote by H% the Cameron-Martin space of Y then this
decomposition implies (see (I0T])) that

1/2

My =My +H5  with \h\HH:inf{(|h1\3{H+\h2|f{§) ;h:h1+h2}. (75)

In particular, Hy; C Hy with [hly,, < [hly .

Proof of Hy C H'y. It is sufficient from (7)) to prove that Hﬁ is continuously
embedded into H/;. Let h be in HY2; then |h(t)| < |h|g1/2V/t, and we can deduce

from (73) that Ig_l/ ’h is C™ on R?%, and that the derivative of order £ is dom-
inated by |Alg/2t?*. Theorem BT enables to deduce that Ah = I,/> " 11712

is also smooth, and we have from (24)) that D*Ah(t) is dominated by |h|g1/2/v/t.
Moreover, the scaling condition (@3)) is satisfied, so we deduce from Theorem [A.2]
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that A is a continuous endomorphism of H;,;. By composing with Iéi_l/ 2, we

obtain that ‘Igilpg}w is dominated by [g|#, ,,, s0
H

. H—
(Bl = inf{ g, ;b= I2 g} 2 el
O

Remark 5.5. Let us give another interpretation of Theorem [5.4l By comparing R
and R, the fractional Brownian motion on R, can be obtained as a restriction
of the fractional Brownian motion on R. This property can be extended to the
Cameron-Martin spaces, and applying (I0T]), we deduce that Hy (R, ) consists of
the restrictions to R of functions of Hy(R), and

|l ) = inf{lg\HH(R); g=hon R+},

50 |hl3, ey < [P 1R, |3, @) for h defined on Ry . On the other hand,

| 7l/2-H — |(7i/2-H
|hlye, = I\ h}Hl/Q(RJF) = [(£p} h)1R+}H1/2(R)
_ |\FH-1/2,,71/2—H _
- ’I+ (Lo} h)lR‘F)}'HH(R) - ’h1R+’HH(R)'

Thus |h|y,®y) < |hlw,, and Hy is continuously embedded in Hpy(Ry). The
inverse inclusion means that

}h 1R+}HH(R) <C inf{‘gh{H(R); g=hon R+},
for h defined on R, and this is equivalent to

’g 1R+ ’HH(R) S C |g|HH(R)
for g defined on R; thus this means that g — g 1g, is a continuous endomorphism

of Hy(R). This is a known analytical result, see also Lemma 1 in [30].

Remark 5.6. Consider on R, the even and odd parts Bf’* = (Bf £ BY,)/2 of
BH. These two processes are independent (this is easily verified by computing the
covariance), and BHl]R+ = B+ 4 B~ so their Cameron-Martin spaces Hp. are
continuously embedded into Hy (R, ). On the other hand

s = int{lgbyey: h(H) = 2 (9(0) + g(—1)) on R, }

< 2|l 1z, |y, @) = 20y, < Clhlg e

by means of the result of Remark 5.5 so the three spaces Hyy and Hy (R, ) are
equivalent.
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Remark 5.7. Notice that the endomorphism of Remark [5.5 maps the function A(t)
to the function h(ty); by applying the invariance by time reversal, we deduce that
the operator mapping h(t) to h(1 — (1 —t),) is also continuous, so by composing
these two operators, we see that the operator mapping h(t) to the function

0 ift<o,
he(t) =< h(t) f0<t<l, (76)
h(l) ift>1,

is a continuous endomorphism of Hy. On the other hand, we have

|| 1 0,1)) = inf{\th(R); g =hon [0, 1]}-

Thus h +— h* is continuous from Hy ([0, 1]) into Hy (R).

5.3 Equivalence and mutual singularity of laws

In Theorem (.4, we have proved that the Cameron-Martin spaces of B¥ and
X*H are equivalent. It is known that the laws of two centred Gaussian processes
are either equivalent, or mutually singular, see Appendix [C} the equivalence of
Cameron-Martin spaces is necessary for the equivalence of the laws, but is of course
not sufficient (compare for instance a standard Brownian motion W; with 2W}).
In subsequent results, the equivalence or mutual singularity of laws of processes
should be understood by considering these processes as variables with values in
the space of continuous functions.

Theorem 5.8. Let 0 < H < 1. For any S > 0, the laws of B and XE’H =
Xgﬂ — X are equivalent on any time interval [0,T]; more precisely, the relative
entropies of BY and X" with respect to each other are dominated by S*? =2 as
S T oo, and therefore tend to 0; in particular, the total variation distance between
the laws of X" and BY is dominated by ST=1. In the case S = 0, the two laws
are mutually singular as soon as H # 1/2.

Proof. Let us consider separately the cases S > 0 and S = 0.

Equivalence for S > 0. Consider the coupling and notations of Theorem [B.1],
so that the process B = XM + Y/ is written as the sum of two independent
processes. This implies that BSH = X%H 4 Y9H where B and Y5 are
defined similarly to X**. Theorem [5.4] states that the Cameron-Martin spaces of
XH and B are equivalent; this implies that the Cameron-Martin space of X
is equivalent to the Cameron-Martin space of B> which is Hy, and is therefore

also equivalent to H, = I(iﬂ/ 2L2(R+); thus it contains smooth functions taking
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value 0 at 0. But the perturbation Y is smooth, so the equivalence of the laws
of BS" and X% follows from the Cameron-Martin theorem for an independent
perturbation. Moreover, (I03) yields an estimation of the relative entropies

1
max(Z(BY, X*1), (X1, BY)) < SRV, < CE[YPT,

2
< C’TE(sup |DYYSH| 4 sup |D2YS’H|>
[0,7] [0,7]

from ([74). The derivative DFY,? is O(t77%) in L*(Q) from the scaling property,
S0

T
sup | DYY,>"| = sup | D'V, | < | D'V +/ | D2V |dt = O(SH)
0

as S 1 co. The second derivative is even smaller (of order S¥~2). Thus the relative
entropies are dominated by S?%-2. In particular, the total variation distance is
estimated from Pinsker’s inequality (I02).

Mutual singularity for S = 0. This is a consequence of Theorem [C.13} the two
processes are self-similar, the initial o-algebra Fo, (BY) is almost surely trivial
(Remark [C.11]), so it is sufficient to prove that they do not have the same law.
But this is evident since BY can be written as the sum of X and of an independent
process Y'# which is not identically zero. O

Remark 5.9. In the case S = 0, Theorem [C.9provides a criterion to decide whether
a process = has the law of B¥ or X. The variances of these two processes
differ (they can be computed from the calculation of Appendix [B]), so we can
decide between them by looking at the small time behaviour of [ s~2#~1(=Z,)%ds.
Actually, by applying the invariance by time inversion, we can also look at the
behaviour in large time.

For the following result, we recall that the mutual information of two variables
X; and X5 is defined as the entropy of (X;, X3) relative to two independent copies
of X7 and X5. We want to estimate the dependence between the increments of
B on some interval [S,S + T], S > 0, and its increments before time 0, and
in particular prove that the two processes are asymptotically independent when
S 1 +o0o. This result and other estimates were proved in [30] with a more analytical
method; an asymptotic independence result is also given in [32)].

Theorem 5.10. Let H # 1/2. The joint law of the two processes (By"" = BE,, —
BE, 0 <t <T) and (BF; t <0) is equivalent to the product of laws as soon as
S > 0, and the Shannon mutual information is O(S?*"72) as S 1 co. If S =0, the
joint law and the product of laws are mutually singular.
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Proof. We consider separately the two cases.

Equivalence for S > 0. Let (W;; t € R) and (Wy; t € R) be two standard
Brownian motions such that W, = W, for t > 0 and (W,; t < 0) is independent
of W. We then consider the two fractional Brownian motions B¥ = T 12 and
A = IH Y2V With the notation of Theorem 6.1 they can be written on R, as
BY = X 4 VH and AH = X7 4V so AHF = BH V" _yH. by looking at the
increments after time S, we have ASH = BSH £ Y5 _ySH Conditionally on
Fo(W,W) = Fo(BH, A"), the process Yo" _ySH becomes a deterministic process
which is almost surely in Hpy (see the proof of Theorem [.8)), so the conditional
laws of

(B, 0<t<T; B, t+<0) and (AP", 0<t<T; BT t<0)

are equivalent. We deduce that the unconditional laws are also equivalent. More-
over, the two processes of the right side are independent, and ASH ~ BSH go
the equivalence of laws stated in the theorem is proved. On the other hand, the
relative entropies of

(BPM 0<t<T; BE, t<0; A t<0)
and
(APH 0<t<T; B, t<0;, A", t<0)
with respect to each other are equal to
%E\?S’H —YSHT <OR[YSH|E = 05272
(proceed as in Theorem [5.8]). If we project on the two first components, we deduce

that the mutual information that we are looking for is smaller than this quantity.

Mutual singularity for S = 0. If we compare the law of (B, BH; 0 <t < T)
with the law of two independent copies of the fractional Brownian motion, we have
two self-similar Gaussian processes with different laws, so the laws are mutually
singular from Theorem O

Remark 5.11. As an application, we can compare B with its odd and even parts.
Let B and B’ be two independent copies of B. Let S > 0. From Theorem (.10,
we have on [0, 7] the equivalence of laws
(BY,, — BY) £ (BYs_, — BY5) ~ (Bsy+ — Bs) = (B g_, — B'g)
= f( S+t H)
~ \/_BtH
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Thus the law of the increments of (B}’ +B)/v/2 on [S, S+T] have a law equivalent
to the law of B¥. For S = 0, the Cameron-Martin spaces are equivalent (Remark
B.6), but the laws can be proved to be mutually singular from Theorem [C.13]

6 Series expansions

Let us try to write B¥ on [0, 1] as some series of type
BtH = Z hi ()&

where h,, are deterministic functions and &, are independent standard Gaussian
variables. Such expansions have been described in the standard case H = 1/2 by
[18], and actually, an expansion valid for the standard Brownian motion W can
be transported to B by means of the operator Géf’H, see [11].

If we look more precisely for a trigonometric expansion, we can apply [§] where
the functions h,, are trigonometric functions, the coefficients of which are related
to some Bessel function depending on H. However, we are here more interested in
trigonometric functions which do not depend on H.

6.1 A trigonometric series

Suppose that we are interested in the Fourier series of (Bf; 0 <t < 1). The
problem is that the Fourier coefficients are not independent, since this property is
already known to be false for H = 1/2. What is known for H = 1/2 is that W; can
be represented by means of (§), (@) or (I0) for independent standard Gaussian
variables (&,,&;n > 1); the series converges in L?*(€2), uniformly in ¢, and one
easily deduces the Fourier series of W from (§]). Similar representations cannot
hold on [0, 1] for the fractional Brownian motion as soon as H # 1/2, but it appears
that one can find a representation mixing () and (),

B ~ all¢t + Z all ((COS(?TTLt) —1)&, + sin(wnt){é) (77)

n>1

on [0, 1]. This question has been studied in [17] and [16] respectively for the cases
H < 1/2 and H > 1/2. The sign of a? is of course irrelevant so we will choose
all > 0. We follow a general technique for finding series expansions of Gaussian
processes from series expansions of their covariance kernels. We are going to find
all the possible a for which (T7) holds; it appears that af’, n > 1, is unique as

soon as af! has been chosen in some set of possible values.
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Theorem 6.1. [t is possible to find a sequence (all; n > 0), afl > 0, such that
S (a')? < oo and (TT) holds on [0, 1] for independent standard Gaussian variables
(&0,&n,&0sm > 1), The convergence of the series holds uniformly in t, almost
surely. If H < 1/2, we have to choose all in an interval [0,a(H)], a(H) > 0,
and a¥ is then uniquely determined; if H > 1/2 there is only one choice for the
sequence. Moreover, except in the case H = 1/2, we must have al # 0 for all

large enough n. If H # 1/2, then ([T0) cannot hold on [0,T] for T > 1.

Proof. We divide the proof into two parts.

Step 1: Study on [0, 1]. It is clear that the convergence of the series in (7)) holds
for ¢ fixed (almost surely and in L?(£2)); the uniform convergence comes from the
It6-Nisio theorem [I§]. We have to verify that the right hand side Z has the same
covariance kernel as B for a good choice of (af). We have

E[Z.Zi]
(all)?st + Z ( (cos(mnt) — 1) (cos(mns) — 1) + sin(wnt) sin(wns))
(atl)?st + Z <COS m(t — s)) — cos(mnt) — cos(mns) + 1)

— (ful) + fuls) — fult — 5))/2

with

fu(t) = (af)* + 23 (afl)’ (1 - cos(m)) . (78)

n>1

If we compare this expression with (2)), it appears that if fy coincides on [—1,1]
with gg(t) = p|t|*", then B¥ ~ Z on [0,1]; conversely, if B ~ Z then they
have the same variance, so fy = gy on [0,1] and therefore on [—1,1] (the two
functions are even). Thus finding an expansion (77) on [0,1] is equivalent to
finding coefficients a so that fiz = gy on [—1,1]. For any choice of al’, one has
on [—1, 1] the Fourier decomposition

plt]" — (af)?t? = bl —2 Z b cos(mnt).

n>1

Thus the possible expansions correspond to the possible choices of afl such that
b >0 for n > 1 and > bY < oo; then

plt|* — (af)?t? =2 Z b (1 — cos(mnt))

n>1
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and we take all = /b for n > 1. We have

1 1
bl = —p/ t* cos(mnt)dt + (a(l]{)2/ t* cos(mnt)dt
0 0

o [ 2aH)2 [l
= "p [ t*sin(rnt)dt — M/ t sin(mnt)dt
™" Jo m  Jo
2H(2H — 1)

1
= —p/ ?772(1 — cos(mnt))dt
0

m2n?
2H o 2(alh)?
- 7r2n2p(1 - (=1 ) + .

I (79)
Let us first assume H < 1/2; then the first term is positive, and the sum of the
second and third terms is nonnegative as soon as all < \/2pH. Moreover

1/n 1 1/n 00
cn? / 21 < / t*172(1 — cos(mwnt))dt < Cn® / 21+ 2 / 2124t
0 0 0 1/n
(80)

so this integral is of order n actually a more precise estimate will be proved
in Theorem [B.6)), and we have b =< n=172_ Tt is then not difficult to deduce that
there exists a maximal a(H) > v/2pH such that if we choose af! in [0, a(H)], then
bH > 0 for any n; the value a( H) is attained when one of the coefficients b becomes
0. Tt follows from b < n=172 that > b < co. Let us now assume H = 1/2; the
property b > 0 holds for a./* € [0,a(1/2)] = [0,1], and by> = O(n"2). Finally, if
H>1/2

1-2H (

2H(2H —1) [ 2(ay')® — 2pH
b = Qﬂ/ 172 cos(mnt)dt + <a0>2—n2p(—1)" (81)
0 T

m2n?
2H(2H — 1)(2H — 2 1 2(al’? — 20H
_ ( )( ),0/ £2H3 gin (rnt ) dt + (ag) P
0

(="

m3n3 m2n?
2H(2H — 1)(2H — 2)(2H — !
= ( ) I 3)/)/ "7 (1 — cos(wnt))dt
0

mins
OH(2H — 1)(2H — 2) 2(all)? — 2pH
B m2n2

min4

p(1— (~1)") + (~1)".

The integral of the last equality is studied like (80), and is of order n32 so the
first term of this last equality is positive and of order n='=2. The second term
is nonnegative and smaller. If we choose all # \/pH, then the third term has an
alternating sign and is the dominant term, so bZ is not always positive. Thus we
must choose all = \/pH, and b2 > 0 for any n; we again have b =< n=172H 5o
that > b < co. Moreover, in the two cases H < 1/2 and H > 1/2, we have
all < n=H=1/2 g0 afl £ 0 for all large enough n.
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Step 2: Study on larger intervals. Suppose now that (77) holds on [0, 7] for some
T > 1. Then, as in previous step, we should have fz(t) = gu(t) = p|t|* on
[—T,T]. But fu(t) — (al!)*t? is even and 2-periodic, so

Fa(L=1) = (a9 )*(1 = )" = fu(1+4) — (ag))*(1 +1)*.

Thus
p(1 =) = (ag (1 = 1)* = p(1 + 1)*" — (ag")*(1 +1)°

for || < min(T — 1,1). By differentiating twice, it appears that this relation is
false if H # 1/2. O

Remark 6.2. For H = 1/2, we can choose a(l)/2 in [0, 1], and the expansion (77
is an interpolation between the decompositions containing respectively only odd

terms (aé/ > = 0) and only even terms (a(l]/ > = 1), which are respectively (@) and

@).
Remark 6.3. Suppose that H < 1/2 with all = 0; the formula (77) defines a
Gaussian process on the torus R/2Z with covariance kernel

E[BB"] = g(a(o, 1% 450, 5)27 — 5(s,1)*) (82)

for the distance § on the torus. This is the fractional Brownian motion of [17]
indexed by the torus. For H > 1/2, we cannot take al’ = 0; this is related to
the fact proved in [I7], that the fractional Brownian motion on the torus does not
exist; when indeed such a process exists, we deduce from (82)) that

E[BI (B, - BY)] = p((1 - )" = 1) ~ —pH1

as t | 0 (use the fact §(1 4+ ¢,0) = 1 — ¢ on the torus), whereas this covariance
should be dominated by t2.

Remark 6.4. When H < 1/2 and al! = 0, we can write B on [0, 1] as Zf—zé{ for

the stationary process ZtH =" a(cos(mnt)&, +sin(mnt)E)). In the case H = 1/2,
it generates the same o-algebra as B2, and this process coincides with the process
A2 of Theorem EL1Tl However, a comparison of the variances of the two processes
show that they are generally different when H < 1/2.

Remark 6.5. Since the two sides of ([[7]) have stationary increments, we can replace
the time intervals [0, 1] and [0, 7] of Theorem by other intervals of length 1
and T' containing 0.

We now study the asymptotic behaviour of the coefficients aff of Theorem B.11
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Theorem 6.6. The expansion of Theorem[G.1l can be written with all = \/pH. In
this case, atl > 0 for any n and

a, = (mn) 721+ O(n*179) (83)

for n large.

Proof. The only part which has still to be proved is (83]). This will be accomplished
through an asymptotic analysis of the integrals in (79) and (81]). For H = 1/2 we

have afl = (mn)~! so this is trivial. If H < 1/2, we have

(1-2H) /1 t*#172(1 — cos(mnt))dt
=(1—-2H) /OO t*772(1 — cos(mnt))dt — 1+ (1 — 2H) /OO t*#172 cos(mnt)dt

=(1- 2H)(7rn)12H/ t*#172(1 — cost)dt — 1
0

+(1- 2H)(7m)1_2H/ t*7=2 cost dt

™™

= (rn)2H / 20 sintdt — 14 O(n"?) (84)
0
where we have used in the last equality

/t2H2005tdt‘:(2—2H)/ t2H’3sintdt)

n

n

m(k+1)
= (2—2H) Z/ t2H’3sintdt’
k>n mk

w(n+1)
< (2-2H) / =3 sintdt) =0m*"7?)  (85)

n

(this is an alternating series). By applying (34]), we deduce that
1
(1-2H) / t*#172(1 — cos(mnt))dt = (7n) 2HT(2H) sin(rH) — 1 + O(n™?),
0

so (T9) with afl = /pH implies
b = p(rn) T 2HT(2H + 1) sin(nH) + O(n™4). (86)
Similarly, if H > 1/2, then (83) again holds true and

1 o
/ 2172 cos(mnt)dt = (wn)' " / 12 costdt + O(n?)
0 0

= (mn)' "7 (2H — 1) sin(rH) + O(n™?)
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and we deduce from (8I]) that we again have (86]). By using our choice of p given
in (BII), we obtain in both cases

['(—2H)T'(2H + 1) , _
b = -2 33, T cos(mH ) sin(mH)(1 4 O(n*"7?))
— (7rn)*2H71(1 T O<n2H73>>
from ([@3]). We deduce (83) by taking the square root. O

Remark 6.7. Considering the expansion (7)) for afl = \/pH, replacing B¥ by the
process

BF = céot + Z(WWJ)_H_U2 ((COS(ﬂ'nt) —1)&, + sin(wnt)ﬂl)

n>1

for ¢ > 0 is equivalent to multiplying & by c/af and (&,, &) by some (14+0(n?773))

which remains strictly positive. We can compare the laws of these two sequences of
independent Gaussian variables by means of Kakutani’s criterion (Theorem [C.4)),
and it appears that the laws of these two sequences are equivalent (> n*# =6 < c0).
Thus the laws of B¥ and B are equivalent on [0,1]. This implies that the law of
B is equivalent on [0, 1/2] to the law of 27 B}; actually, we will prove in Theorem
that these two laws are equivalent on [0,7] for any T' < 1.

6.2 An approximate expansion

We now consider the processes

BY — ¢t +2 Z(gncos(ert) -1 e sin(2nmt) )’

2\ Gumy T Gy

—H cos((2n+ L)mt) —1  , sin((2n + 1)7t)
B, =V?2 Z(gn ((2n + 1)m)H+1/2 +£”((2n+ 1)7T)H+1/2>

(87)

n>0

on [0,1]. Notice that BY?2 ~ B'* ~ W from @) and ([@). On the other hand, it

follows from Theorem 6.0 that BY o BH and B o B¥ for H # 1 /2 (because
one should have aff # 0 in the expansion (77) of B for all large enough n), but
we are going to check that these two processes have a local behaviour similar to
BH. The advantage with respect to the exact expansion (7)) is that the sequence
of random coefficients and the process will generate the same o-algebra. Then we
will apply these approximations to some properties of the Cameron-Martin space
Hp (Subsection [6.3]), and to some equivalence of laws (Subsection [6.4). As it was

the case for Riemann-Liouville processes, BY and B" are not only defined for
0 < H < 1, but also for any H > 0.
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Let us compare BY and B” with BY for 0 < H < 1. We use the operators E‘_‘
and Ti defined in (36]) and (37). By projecting on the Gaussian spaces generated
by &, and &/, and by applying (B5]), we can write

E/Q,HE{{ i3 Z(gncos(%rnt + (H —1/2)7/2) — cos((H — 1/2)7/2)

2mn
n>1

n

,sin(2mnt + (H — 1/2)7/2) —sin((H — 1/2)7/2)
¢ 21 )
(88)

The two expressions (8) and (88]) are related to each other by applying a rotation

A1/27H§H

on the vectors (§,,£),), so 1 and W have the same law. A similar property

holds for FH, and we can therefore write

B ~ "-7B7, B ~ TEJEJ, BB 2w (89)
We can give an extension of Theorem [5.11

Theorem 6.8. [t is possible to realise jointly the processes B¥, XH, B and

BY so that the differences BT — XH B” — BY and BY — B are C on (0,1];
moreover, the derivatives of order k of these differences are O(t?=F) in L*(Q) as

t10.

Proof. We consider the coupling B = ff_l/ZW, XH = Iéi_l/ZW, B = Tffl/QW

and BH = Tf*l/zw for the same W on R. The smoothness of B — X is proved in
Theorem B.1] and the estimation of the derivatives follows by a scaling argument.
On the other hand, let W} be equal to W; — Wit on [0, 1], extend it to R by
periodicity, and define W2 = W, for ¢ > 0. Then, with the notation (73],

B = Wit + I V2 (W, — wat) + TP w?
— XtI‘I + Wl (t _ P(H + 3/2)71tH+1/2) + Ig—l/QWtQ

The smoothness of B# — X# follows; the process W2 is dominated in L*(Q) by
min(v/%, 1), so we deduce from (73) that

HDICIZI—l/QWtQHQ S C/ (t + S)H—k—3/2\/gd$ _ C/tH—k
0
for £ > 1. The study of B is similar; let T2 be the process W on [0, 1] extended
to R so that the increments are l-antiperiodic, and let W} = W3,; then B is

equal to X + [g71/2W4; the end of the proof is identical. O
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6.3 Application to the Cameron-Martin space

Let ﬁH and Hy be the Cameron—Martin spaces of B and EAH on t;t\le time interval
0,1]. It follows from (89) that Hy/o = Hi/2 = Hije, and Hy = If_‘]HJ as well

as Hyg = TEiJﬁJ.
Theorem 6.9. For 0 < H < 1, the spaces ’HH, Hy and Hy are equivalent.

Proof. We compare successively ’HH and Hy with Hy ([0, 1]), and use the proper-
ties of this last space described in Remark (.7

Proof ofﬁH ~ Hyr. We know that Hy = fffl/QHl/g, so it is sufficient to establish
that ffflﬂ is a homeomorphism from H;/2([0, 1]) onto Hy([0,1]). To this end,
we are going to prove that ff_‘] is continuous from M, ([0, 1]) into Hx([0,1]) for
0 < J,H < 1. Consider a function h of H ([0, 1]), consider ho(t) = h(t)—h(1)t, and
extend it by periodicity. Then hg is generally not in H ;(R), but the operator h —
hi = hol(_1,] is continuous from H;([0,1]) into H;(R). Moreover, the operator
h +— hy = hol(—so,—1] is continuous from H,([0, 1]) into the space L*((—oo,—1])
of bounded functions supported by (—oo,—1]. On the other hand, it is known
that Hy = Tf_JHJ on R, and Tf“] also maps continuously L*((—oo, —1]) into
the space of smooth functions on [0, 1], and therefore into Hy([0,1]). Thus h —
I"hy = T hy 4+ 17 hy is continuous from H,([0,1]) into Hy([0,1]). If we
add the operator h — (h(1)t) which is also continuous, we can conclude.

Proof of Hy ~ Hy. In this case, we let hg be the function h on [0, 1], extended to
R so that the increments are l-antiperiodic. We then consider h; = hol(_3 1 and

hy = hol(—s,—g). The proof is then similar, except that we do not have the term
h(1)t in this case. O

Remark 6.10. In view of (), a function A is in the space Hy(R) if its derivative
D'l (in distribution sense if H < 1/2) is in the homogeneous Sobolev space of
order H — 1/2 (see for instance [30]); similarly, it follows from (87) that A is in
Hy is D'h is in the Sobolev space of order H — 1/2 of the torus R/Z. Thus the
equivalence ﬁH ~ Hyg of Theorem means that the Sobolev space on the torus
is equivalent to the restriction to [0, 1] of the Sobolev space on R. This classical
result is true because we deal with Sobolev spaces of order in (—1/2,1/2).

Remark 6.11. We have from Theorems [5.4] and that Hy ~ Hly ~ Hy ~ Hy

for any 0 < H < 1. Notice however that the comparison for instance of Hy and
7y cannot be extended to the case H > 1; in this case indeed, functions of H’;

satisfy D'h(0) = 0, contrary to functions of Hur.

Let us now give an immediate corollary of Theorem [6.9]
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Theorem 6.12. The sets of functions on [0, 1]
t, n 721 —cos(2nmt)), nHTV2sin(2nrt),

and
n’H’l/Q(l — cos((2n + 1)7t)), n~H=Y2gin((2n + 1)7t),

form two Riesz bases of Hy. A function h is in Hy is and only if it has the Fourier
erpansion

h(t) — h(1)t = Z o, cos(2mnt) + Z By, sin(27mnt)

n>0 n>1

Zn2H+1 (a2 + 32) < oo

with

6.4 Equivalence and mutual singularity of laws

= —=H . . . .
We now compare the laws of B, BY and B~ viewed as variables with values in
the space of continuous functions.

Theorem 6.13. Let H # 1/2. The laws of the processes EH, B and B are
equivalent on the time interval [0, T] if T < 1, and are mutually singular if T' = 1.

Proof. We compare the laws of B and B. The study of B is similar.

Proof of the equivalence for 0 < T < 1. The increments of both processes are
stationary, so let us study the equivalence of éf H — Eé{H - égf and B =
Bf.,— Bf on [0,T] for S =1—T. From Theorem 6.8, we can couple BY and
BH 5o that the difference is smooth on R? . Consequently, BSH _ BSH ig gmooth
on [0,71], so it lives in Hy. Moreover, we have proved in Theorem that the
Cameron-Martin spaces of §AH and BY are equivalent, so the same is true for the
Cameron-Martin spaces of B># and B> . The equivalence of laws then follows
from Theorem [C.5]

Proof of the mutual singularity for T'= 1. Consider BH on R. Our aim is to prove
that the laws of the two processes

(B, B = Bl',) and (B/',B{' - BL,) = (Bf',-B",) ~ (B} - B, BI")

are mutually singular on the time interval [0,1/4]. The law of the first process is
equivalent to a couple (Bf{ A Bf{ ’2) of two independent fractional Brownian motions
(see Theorem BE.10), and Fo, (BH1, BH2) is almost surely trivial. On the other
hand, from the first part of this proof, the law of the second process is equivalent
to the law of (BY — B BH). We therefore obtain two self-similar processes which
do not have the same law, so we deduce from Theorem that the laws are
mutually singular. O
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Remark 6.14. Tt follows from Remark [6.7] that the law of B is equivalent on [0, 1]
to the law of (B¥ + B")/v/2, where BY and B' are independent. We have now

proved that this law is equivalent separately to the laws of BH and EH, but only
on [0,T] for T < 1.

Theorem 6.15. Let T > 0. The law of the process (e’HéH' 0 <t <T) converges

et

in total variation as € | 0 to the law of BY. The process B" satisfies the same
property.

Proof. As in Theorem [6.13] let us compare the laws of BY2H and BY2H o [0,eT]
for 0 < e <1/(2T). It follows from Theorem that the entropy Z of the former
process relative to the latter one satisfies

P1/2,H _ pl/2,H|?
I <CE|B B oery

More precisely it is stated in Theorem that the constant C' involved in this
domination property depends only on the constants involved in the injections of
the Cameron-Martin spaces of BY2# and BY2# on [0,eT] into each other; but
if we choose a constant which is valid for B¥ and B¥ the time interval [0, 1]
(Theorem [6.9)), then it is also valid for BY2H and BY/2H on [0,1/2], and therefore
on the subintervals [0,e7], 0 < e < 1/(2T), so we can choose C not depending on
€. Thus

7< CE‘El/zH . BI/ZH};’H( )= 0(5272H)

[0,eT
from (74]). The convergence in total variation is deduced from (I02). The proof
for B is similar. O
Remark 6.16. We can say that the processes B and B are asymptotically frac-
tional Brownian motions near time 0. The processes FH, B and BY have sta-
tionary increments, so the same local property holds at any time.

As an application, we recover a result of [4], see also [2, [36] for more general
results. Notice that the equivalence stated in the following theorem may hold even
when the paths of BI are not in Hj.

Theorem 6.17. Let B{ and BY be two independent fractional Brownian motions
with indices J < H, and let T > 0. Then the laws of (B{ + AB#; X\ > 0) are
pairwise equivalent on [0, T] if H > J+1/4. Otherwise, they are pairwise mutually
singular.

Proof. 1t is sufficient to prove the result for 7' = 1.

Equivalence for H — J > 1/4. Let us prove that the laws of Bf and B{ + AB¥,
are equivalent. From Theorems [6.1] and 6.6, the process B{ can be written as (1)
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for independent standard Gaussian variables (&,,&!) and coefficients a; such that
al # 0 for any n. The process Bi can be written similarly with coefficients aff
and variables (1,,7,). Thus B{ + ABZ is the image by some functional of the
sequence

= ay (&, &) + A ay, (Mo,1,,),

and it is sufficient to prove that the laws of U} and U? are equivalent. This can
be done by means of Kakutani’s criterion (Theorem [C4]) with 02 = (a/)? and
o2 = (al)? + X*(afl)?. But

Z()\zaj ><Czn4(JH

n>1 n>1

from Theorem [6.6l
Mutual singularity for 0 < H — J < 1/4. Let us use the coupling

Bl =Gy wi, B =T!7PwWy, XE = 1VWa, BE =TFw,

(0 < K < 1), for independent W; on R, and W5 on R. By applying the operator
GJ M2 Wwe can write

Gyl (B + A BY) 0
=W+ )\G’JI/QBH
=W+ A((GJ1/2 _ [1/2 J)BH [OlJ/r%J(Béq B XQH) n X21/2+H—J B E;/QJFH*J)
4 )\Bl/2+H7J
2 .

Let us now prove that the process inside the big parentheses lives in H; ;. We have
checked in the proof of Theorem [5.3 that (GJ 2 Iyy /2 J) f is differentiable on R
for any f in H’~, so in particular for f = BZ; the scahng property then enables
to prove that the derivative is O(t77=1/2) so (Gy* — I"")BE is in Hyp.

Similarly, BY — XH is smooth, so 11/2 J(BH X1 is also smooth, and we deduce

from the same scaling property that it is in H; /5. Finally X1/2+H J B\;/HH_J

is also in H;/o from Theorem [6.8. Thus we deduce that the process of ([@0) is
obtained from W; + )\321/ 2HH=T by means of a perturbation which lives in H
and is independent of W7, so the two laws are equivalent. It is then sufficient to
prove that the laws of W + \; B\;/HH_J for A\; # Ay are mutually singular. But
these two processes can be expanded on the basis (¢, 1 — cos(2mnt), sin(27nt)); the
coefficients are independent with positive variance; the variance of the coefficients
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on 1 — cos(27mnt) and sin(27nt) is equal to 2(27n)~2 + 2X2(2rn) ~2H=7+1)  As in
the first step, we can apply Kakutani’s criterion (Theorem [C.4]) and notice that

;(( (A3 — AD)(2mn) 20T+ )2 C

21n) =2 + \2(27n) —2H-J+1)

so that the two laws are mutually singular. O

Remark 6.18. For H > J and XA > 0, the process B’ + X\ B exhibits different
scaling properties in finite and large time. It is locally asymptotically J-self-
similar, whereas it is asymptotically H-self-similar in large time.

Another application is the comparison with B of a fractional analogue of the
Karhunen-Loeéve process proposed in [10].

Theorem 6.19. Consider the process

_ /3 Zﬁn sin((n + 1/2)t)

n_|_1/2 )H+1/2

for independent standard Gaussian variables &,. Then the laws of LY , — L& and
B are equivalent on [0,1 — 28] for 0 < S < 1/2. On the other hand, the laws of
LT and BY are mutually singular on [0,T] for any T > 0 if H # 1/2.

Proof. We deduce from Theorem [6.13 that the laws of Blf and Bt /2 are equivalent

on [0,27T] for T = 1— S5, and therefore on [—T, T'] (the two processes have stationary
increments). Thus (B/f —B,)/v/2, which has the same law as 27 ~'/*(B/},— B, ),
has a law equivalent on [0, 7] to the law of

H-1/2 Hil sin((n+1/2)7t)
2 (Bt/2 t/2 =2 an (2n 4 1)m)H+1/2 =L,

so we have the equivalence of laws
Lif ~ (B = B%)/V2 (91)

on [0, T]. Moreover, we deduce from Remark [5.TT] that the increments of the right
hand side of (@) on [S, T] are equivalent to the increments of B¥ | and this proves
the first statement of the theorem. For the second one, we have also noticed in
Remark 5171 that the laws of the right hand side of (@I]) and of B¥ are mutually

singular. O
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Appendix

We now explain some technical results which were used throughout this article.

A An analytical lemma

The basic result of this appendix is the following classical lemma, see Theorem 1.5
of [34].

Theorem A.1. Consider a kernel K(t,s) on R, x Ry such that
K(A\t,As) = K(t,s)/\ (92)

for A >0, and

< K(L,8)|
/o Tds < 00.

Then K : f— [ K(.,s)f(s)ds defines a continuous endomorphism of L.

Proof. For f nonnegative, let us study

B(f) = /OOO (/OOO K, 3)\f(s)ds>2dt _ /OOO (/OOO |K(1,s)\f(ts)ds)2dt
= // |K(1,8)| | K(1,u)|f(ts)f(tu)ds dudt
from the scaling property (92)) written as K (t,s) = K(1,s/t)/t. We have

/f%ﬁwmﬁSWﬁ#ﬁﬂ

B0 < 1 ([ s

If now f is a real square integrable function, then K f(t) is well defined for almost
any t, and

AmKﬂNﬁSEwnsmm@.

Theorem A.2. On the time interval R, let

A (h(t); t >0) — (Ah(t); t >0)
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be a linear operator defined on H'Y? (the space of 1/2-Hélder continuous functions
taking the value 0 at 0) such that Ah(0) = 0. We suppose that

A(hy) = (Ah)y  for ha(t) = h(Mt). (93)

We also suppose that Ah is differentiable on R% and that h — D'Ah(1) is contin-
uous on HY?. Then A is a continuous endomorphism of the standard Cameron-
Martin space Hy /o = I&+L2.

Proof. On My, the linear form h +— D' Ah(1) takes the form D' Ah(1) = (a, h), ,

for some a in H, 2, so

D' Ah(t) = % D' (AR (1) = % D' Ahy(1) = %(a, B, = % / Da(s) D hy(s)ds

= /Dla(s) D'h(ts)ds = /K(t, s)D'h(s)ds
for
K(t,s) = D'a(s/t)/t.
Then K satisfies the scaling condition (02), and
Dl
/%ds < sup{(a, h)1, 05 b € Hija, |D'h(s)| < 1/\/5}
< sup{DlAh(l); h(0) = 0, |h(t) — h(s)| < 2V —s s} <

since h — D'Ah(1) is continuous on H'/2. Thus we can apply Theorem [A1] and

deduce that D'AI}, is a continuous endomorphism of L?, or, equivalently, that A
is a continuous endomorphism of H; ;. O

B Variance of fractional Brownian motions

We prove here a result stated in Subsection ], more precisely that if B is given
by the representation ([@9) with x given by (50). then the variance p of B satisfies
(BI). We also prove that the variance of B¥ given by the spectral representation
(@) is the same.

Theorem B.1. The variance of B defined by [@9) is given by

2-H
p= HQ?)/T B(2—2H,H +1/2) (94)

for the Beta function

1
B(a, B) = / t (1 — )P, a>0,3>0.
0
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Proof. Fort > 0, by decomposing the right-hand side of (49)) into integrals on [0, ]

and on R_, we obtain
2H

E[(BI)) = * (555 + 0(0))
with

o(t) = /OOO ((t 4 )12 l‘H_l/2>2d:E.

We can differentiate twice this integral and get

o= i -1 [

0

[e o]

((t )y x)H73/2xH71/2)dl,’

[e.e]

¢"(t) = (2H — 1)(2H — 2) /0 (t +2)*3dx

—(2H —1)(H — 3/2) /Oo(t + ) A=52 H=12 g

= —(2H — ™"~ — (2H — 1)(H — 3/2)t2H2/ Y132 (y — 1) 12y
1

— _(2H — )72 — (2H — 1)(H — 3/2)i2"? /1<1Z_2Z>H1/2dz

by means of the changes of variables © = ¢(y — 1) and y = 1/z. Thus
&'(t) = (2H — 1)1~ (—1 4V (3/2— H)B(2—2H,H + 1/2)).

We integrate twice this formula, and since ¢(t) and ¢'(t) are respectively propor-
tional to ¢*# and t*7~!, we obtain ([@4) by writing x*(¢(1) + 1/(2H)). O

By applying properties of Beta and Gamma functions

B(a, f) = T(@)D(B)/T(a + F),

[(z+1)=20(z), D)1 -2z)=n/sin(rz), (95)

where I' is defined on C\ Z_, we can write equivalent forms which are used in the
literature,

,3/2 — H T'(2 — 2H)T(H + 1/2)
" om T(5/2— H)

, 1 (2 — 2H)T(H +1/2)
"SH1/2—H) (12— H)

5 cos(mH) 9
BT QH)F(2 —2H)T(H + 1/2)
,cos(mH)

— 9%k T(—2H)T(H +1/2)* (96)
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where, except in the first line, we have to assume H # 1/2. Thus if we choose
k=k(H)=T(H +1/2)"" as this is done in this article, then p is given by (GII).
If now we consider the spectral representation ([7), then

1 o0
E[(B)?] = - / 3_1_2H((coss - 1)2 + sin? s) ds
0
2 [ 1 0
= —/ S’I’QH(l — COS s)ds = —/ s ?Hginsds
0 mH J,

™

by integration by parts. If H < 1/2, an application of (B4]) shows that this
variance is again given by (Bl); if H > 1/2, the same property can be proved by
using another integration by parts, and the case H = 1/2 can be deduced from
the continuity of the variance with respect to H.

Remark B.2. The variance of the spectral decomposition can also be obtained as
follows. The process B given by () can be written as the real part of

Y .
BtH’(C:ﬁ/O s H 1/2(6 F—1)(dW, + idW?)

1 Foo
~ _2/ ‘8‘1/27H
V4T J—oco

The isometry property of the Fourier transform on L? enables to check that BY/?C
has the same law as W' + i W?, so in particular B'/? is a standard Brownian
motion. Following Theorem [4.1] the general case H # 1/2 is obtained by applying

ff_l/Z to BY2C (use (34)).

ezst -1

(W, + i dW?).

C Equivalence of laws of Gaussian processes

Our aim is to compare the laws of two centred Gaussian processes. It is known
from [9], [14] [15] that their laws are either equivalent, or mutually singular (actually
this is also true in the non centred case), and we want to decide between these
two possibilities. In Subsection [C.1l after a brief review of infinite dimensional
Gaussian variables, we explain how the Cameron-Martin space (or reproducing
kernel Hilbert space) can be used to study this question. In particular, we prove
a sufficient condition for the equivalence. Then, in Subsection [C.2] we describe a
more computational method which can be used for self-similar processes to decide
between the equivalence and mutual singularity.

C.1 Cameron-Martin spaces

A Gaussian process can be viewed as a Gaussian variable W taking its values in an
infinite-dimensional vector space W, but the choice of W is not unique; in order to
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facilitate the study of W, it is better for WW to have a good topological structure.
This is with this purpose that the notion of abstract Wiener space was introduced
by [13]; in this framework, W is a separable Banach space. However, more general
topological vector spaces can also be considered, see for instance [3]. Here, we
assume that WV is a separable Fréchet space and we let W* be its topological
dual. The space W is endowed with its Borel o-algebra, which coincides with the
cylindrical o-algebra generated by the maps w — f(w), £ € W*. A W-valued
variable W is said to be centred Gaussian if ¢(WV) is centred Gaussian for any
¢ € W*; the closed subspace of L?*(f2) generated by the variables ¢(W) is the
Gaussian space of W. The Fernique theorem (see Theorem 2.8.5 in [3]) states that
if |.| is a measurable seminorm on W (which may take infinite values) and if ||
is almost surely finite, then exp(A|W|?) is integrable for small enough positive .
For h in W, define

\h\H_sup{W, EEW} (97)

with the usual convention 0/0 = 0. Then H = {h; |hly < oo} is a separa-
ble Hilbert space which is continuously embedded in VW and which is called the
Cameron-Martin space of W; it is dense in W if the topological support of the
law of W is W. It can be identified to its dual, and the adjoint of the inclusion
1:H— W isamap t*: W* — H with dense image such that

(@ (0), By = €(h),  (i*(€1), 1" (€2)) e = B[L(W)E(W)]. (98)

Consequently, the map ¢ — ¢(W) can be extended to an isometry between H and
the Gaussian space of W, that we denote by (W, h)s; (though W does not live in
H); thus (W) = (W, i*(¢))s and

E[(W, h)y (W, 0 )5] = (B, B ) (99)
The variable (W, h)y is called the Wiener integral of h.

Example C.1. When considering real continuous Gaussian processes, the space
W can be taken to be the space of real-valued continuous functions with the
topology of uniform convergence on compact subsets. The most known example
is the standard Brownian motion; its Cameron-Martin space H/, is the space of
absolutely continuous functions & such that 2(0) = 0 and D'h is in L?.

Remark C.2. Let W be the space of real-valued continuous functions. The co-
ordinate maps /;(w) = w(t) are in W* and the linear subspace generated by the
variables £,(W) = W, is dense in the Gaussian space of W; equivalently, the space
H is generated by the elements i*(¢;). On the other hand, we deduce from (O8]
that

i*(0) = s+ Uy (i*(ft)) = (1*(ls), 1" () = E[WW].
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Thus, if we denote by C(s,t) = E[W,W,] the covariance kernel, then H is the
closure of the linear span of the functions i*(¢;) = C(t,.) for the inner product

(C(s,.), C(t, ) = C(s,1).

This relation is called the reproducing property, and H is the reproducing ker-
nel Hilbert space of C(.,.). This technique can also be used for non continuous
processes, see for instance [35].

Remark C.3. Another viewpoint for the Wiener integrals when W = (W;) is a
continuous Gaussian process is to consider the integrals [ f(¢)dW; for deterministic
functions f. This integral is easily defined when f is an elementary (or step)
process, and we can extend by continuity this definition to more general functions.
With this method, we obtain variables which are in the Gaussian space of W,
but we do not necessarily obtain the whole space, see the case of the fractional
Brownian motion B when H > 1/2 in [33].

Let W; and W5 be two centred Gaussian variables with values in the same
space W, with Cameron-Martin spaces H; and Hs. It follows from (Q7) that H;
is continuously embedded in H, if and only if

levl, < cllevz)ll, (100)

for any ¢ € W*.

Let W' and W? be separable Fréchet spaces, let W be a W!'-valued centred
Gaussian variable with Cameron-Martin space H!, and let A : W' — W? be a
measurable linear transformation which is defined on a measurable linear subspace
of W! supporting the law of W. Then AW is a centred Gaussian variable. If A
is injective on H!, then the Cameron-Martin space of AW is H? = A(H'). This
explains how the Cameron-Martin space Hp of the fractional Brownian motion
B can be deduced from H; /2; one applies the transformations [ffl/ 2 (Theorem

A1) or Géf’H (Theorem [3)). On the other hand, if A is non injective, one still

has H? = A(H') and the norm is now given by

In particular |Ah|y, < |h|x,. If A =0 on H;, then AW = 0.

We now consider the absolute continuity of Gaussian measures with respect
to one another. This notion can be studied by means of the relative entropy, or
Kullback-Leibler divergence, defined for probability measures p; and ps by

(g, 1) = /ln(dﬂz/dﬂl)dﬂz
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if uo is absolutely continuous with respect to p;, and by 400 otherwise. This
quantity is related to the total variation of us — p; by the Pinsker inequality

(/}dﬂz - dull)Q < 2Z(p2, pa)- (102)

The Cameron-Martin theorem enables to characterise elements of H amongst
elements of YW. More precisely, h is in ‘H if and only if the law of W +-h is absolutely
continuous with respect to the law of W. Moreover, in this case, the density is
exp((W, h)y — |h|3,/2). Thus

(', i) =Z(p, i) = |hf3,/2

when p and g are the laws of W and W + h.

The transformation W — W + h of the Cameron-Martin space can be gener-
alised to random h. If we add to W an independent process X taking its values in
'H, it is easily seen by working conditionally on X that the laws of W and W + X
are again equivalent. Moreover, the law of (W + X, X) is absolutely continuous
with respect to the law of (W, X), with a density equal to exp ((W, X)3 —|X[3,/2),
and relative entropies of the two variables with respect to each other are equal to
%E\X |3,. By projecting on the first component, it follows from the Jensen inequal-
ity that the relative entropy cannot increase, so

max(Z (1, ), Ik, 1)) < E|X[3,/2 (103)

when p and p/ are the laws of W and W + X.

When W = (W,,) and W = (W,,) are two sequences consisting of independent
centred Gaussian variables with positive variances, then the equivalence or mutual
singularity of their laws can be decided by means of Kakutani’s criterion [22]. This
criterion is actually intended to general non Gaussian variables; when specialised
to the Gaussian case, it leads to the following result.

Theorem C.4. Let W = (W,,) and W = (W,,) be two sequences of independent
centred Gaussian variables with variances o; > 0 and 65 > 0. Then the laws of
W and W are equivalent if and only if

=2

;(Z—g - 1)2 < o0 (104)

Returning to general Gaussian variables, we now give a sufficient condition
for the equivalence of W and W 4+ X where W and X are not required to be
independent. This result has been used in the proof of Theorem .13} it can be
deduced from [9], but we give here a proof for completeness.
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Theorem C.5. Let (W, X) be a centred Gaussian variable with values in W x H,
where W is a separable Fréchet space, and H is the Cameron-Martin space of W,
thus W + X is a Gaussian variable taking its values in W; let H' be its Cameron-
Martin space.

o The space H' is continuously embedded in H.

e If moreover H is continuously embedded in H' (so that H ~ H'), then the
laws of W and W + X are equivalent. Moreover, the entropy of the law of
W + X relative to the law of W is bounded by C'E|X|3,, where C depends
only on the norms of the injections of H and H' into each other.

Proof. We have to compare the laws of ({(W); ¢ € W*) and ({(W + X)), € W*).
Since | X |y is almost surely finite, it follows from the Fernique theorem that | X3,
has an exponential moment and is in particular integrable, so £(X) = (i*(¢), X )
is square integrable. Thus

1w+ X)]l, < [[l)]l, + Cli* @], < (€ + D]je)]],

and the inclusion H' C H follows from (I00). Let us now suppose H ~ H', so
that, by again applying (I00),

e, < v + )], < Callem), (105)

for positive Cy and Cy. Let us first compare the laws of the families (¢(W+X); ¢ €
Wy) and (¢(W); € € W) for a finite-dimensional subspace Wy of W*. We have

Wi ={tew |[tw)|,=0} ={tewW |[(W+X)|,=0}

and it is sufficient to consider the case where Wi NW; = {0}. Then [¢| = [[{(W)]| )
and || = ||[{(W + X) H2 define two Euclidean structures on W, and it is possible
to find a basis (¢,; 1 < n < N) which is orthonormal for the former norm, and
orthogonal for the latter norm. We have to compare the laws py and py of Uy =
(l,(W);1 <n < N)and Uy = (6,(W + X);1 <n < N). The vectors Uy and
U}, consist of independent centred Gaussian variables; moreover, U,, has variance
1, and it follows from (I0F) that U/ has a variance o2 satisfying C; < 02 < Cb.
We deduce that
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(we deduce from o2 < Cy that the variances of ¢,,(X) are uniformly bounded), and

T(sty, ) < cﬁﬁ[wxw] - cﬁﬁ[@*wnm%] < CEIXJ

because i*(¢,,) is from (@8) an orthonormal sequence in H. Thus the entropy of
the law of ({(W + X); £ € Wy) relative to (((W); ¢ € W) is bounded by an
expression C'E|X |2, which does not depend on the choice of the finite-dimensional
subspace Wy. This implies that the law in W of W + X is absolutely continuous
with respect to the law of W, and that the corresponding relative entropy is also
bounded by this expression. O

Remark C.6. The condition about the equivalence of Cameron-Martin spaces can-
not be dropped in Theorem [C.5] see the counterexample of the Brownian motion

W = (W,) and X; = —t Wj.
Remark C.7. If W and X are independent, then

e + ) = el + [[eCOll; = el

so H C 'H' is automatically satisfied. Moreover the estimation (I06]) is improved
and we have E(X, h,)3, instead of its square root. This explains why the laws of
W and W + X can be equivalent even when X does not take its values in H; when
W and X consist of sequences of independent variables (and assuming again that
H ~ 'H'), this improvement leads to the condition (I04]).

Remark C.8. More generally, for the comparison of two centred Gaussian measures
w and p' on a separable Fréchet space W, a necessary condition for the equivalence
of u and ' is the equivalence of the Cameron-Martin spaces H and H’. If this
condition holds, there exists a homeomorphism ) of H onto itself such that

(P, ho)rr = (b, Qha)y.

Then p and p' are equivalent if and only if @ — I is a Hilbert-Schmidt operator.

C.2 Covariance of self-similar processes

Consider a square integrable H-self-similar process for H > 0; we now explain that
if it satisfies a 0-1 law in small time, then its covariance kernel can be estimated by
means of its behaviour in small time; this is a simple consequence of the Birkhoff
ergodic theorem.
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Theorem C.9. Let (Z;; t > 0) be a H-self-similar continuous process, and suppose
that its filtration F;(Z) is such that Foi(Z) is almost surely trivial. Define

0,Z(t) = e"Z(e7 1), —00 < 1 < +00.

Then for any measurable functional f on the space of continuous paths such that
f(E) is integrable,

Jim = [ reEar = Bir(E) (107
almost surely. In particular, if £ = (2, ..., Z") is square integrable,
E[Z! =] = lim ! /1 EZSE%Sds. (108)
v o0 |logt| J, s

Proof. One has 6,0,, = 0,,,., so (6,) is a family of shifts. Moreover, the H-self-
similarity of the process = is equivalent to the shift invariance of its law. Events

—_
—

which are (6, )-invariant are in Fo; (Z) which is almost surely trivial, so the ergodic

theorem enables to deduce (I07). Then (I08) is obtained by taking f(Z) = Z' =/

—u—"v

and by applying the change of variable r = log(1/s) in the integral. O

Remark C.10. By using the Lamperti transform defined in (46]), the family (6,) is
reduced to the time translation on stationary processes.

Remark C.11. In the centred Gaussian case, the law is characterised by the covari-
ance kernel, so Theorem implies that the whole law of = can be deduced from
its small time behaviour. The result can be applied to fractional Brownian motions
of index 0 < H < 1; by applying the canonical representation of Section ] one has
indeed Fo (B) = Fy (W) and this o-algebra is well-known to be almost surely
trivial (Blumenthal 0-1 law). A simple counterexample is the fractional Brownian
motion of index H = 1; this process (which was always excluded from our study
of Bf) is given by B! = t B; for a Gaussian variable Bj; the assumption about

—_—
—

Fo+(E) and the conclusion of the theorem do not hold.

Remark C.12. In the Gaussian case, (I08) is a simple way to prove that the law
of = can be deduced from its small time behaviour. There are however other
techniques, such as Corollary 3.1 of [I] about the law of iterated logarithm.

Theorem C.13. Let = and Y be two centred continuous H -self-similar Gaussian
processes on [0, 1], such that Fo,(Z) is almost surely trivial. Then the two processes
either have the same law, or have mutually singular laws.

Proof. Gaussian measures are either equivalent, or mutually singular, so suppose
that the laws of = and T are equivalent. The process = satisfies (I08), so

- 1 Lyl vs

= E=VARRE us ~ s
E[= =] lg% Toe] /t oyEs ds.
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Moreover, the right hand side is bounded in LP(2) for any p, so we can take the
expectation in the limit, and it follows from the self-similarity of T that

S T’ TJ L
E[=! =] = E[YT*17].
g gl
Thus = and YT have the same law. O

A counterexample of this property is again the fractional Brownian motion with
index H = 1. Processes corresponding to different variances p = E[(B;)?] > 0 have
equivalent but different laws.
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