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Non-Markovian Stochastic Differential Equation

Serge Cohen* Fabien Panloup!
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Abstract

In this paper, we obtain some existence results of stationary solutions to a class
of SDEs driven by continuous Gaussian processes with stationary increments. We
propose a constructive approach based on the study of some sequences of empirical
measures of Euler schemes of these SDEs. In our main result, we obtain the functional
convergence of this sequence to a stationary solution to the SDE. We also obtain some
specific properties of the stationary solution. In particular, we show that, in contrast
to Markovian SDEs, the initial random value of a stationary solution and the driving
Gaussian process are always dependent. This emphasizes the fact that the concept of
invariant distribution is definitely different to the Markovian case.

Keywords: stochastic differential equation; Gaussian process; stationary process; Euler
scheme.

AMS classification (2000): 60G10, 60G15, 60H35.

1 Introduction

The study of steady state of dynamical systems is very important for many experimental
sciences like Physics, Chemistry, or Biology, since very often measure can only be obtained
in that regime. In the Markovian setting the study of long time behavior and stationary
solutions of dynamical systems is a classical domain of both Mathematic and Probability.
Nevertheless in many situations the driving noise of the dynamical system has long range
dependence properties and the solution is not Markovian. In ([, fi]) a precise definition of
a stationary solution to a stochastic differential equation is given when the driving noise
is a fractional Brownian motion.

In this paper, we deal with an R%valued process (X¢)e>0 solution to the following SDE
of the following form:

where (Z;)i>0 is a continuous centered Gaussian process with ergodic stationary incre-
ments. For this class of SDEs, our principal aim is to build some stationary solutions
under some mean-reverting assumptions on b and weak assumptions on (Z;);>o including
ergodicity of the discrete increments that will be made precise in the next section. At this
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stage, we already remark the main restriction : the matrix o is constant. It allows us on
one hand to avoid technicalities related to stochastic integration and on the other hand to
generalize some results of [[i], when the driving noise is not a fractional Brownian motion.
Please note that, when b(z) = —x, the solution of (f) is an Orstein-Uhlenbeck type pro-
cess, where the driving process may be more general that a fractional Brownian motion
(see [ for a study of fractional Ornstein-Uhlenbeck processes). We obtain bounds for a
discrete version of this generalized Ornstein-Uhlenbeck process, which are an important
tool in our proofs and which may have interest of their own (see Lemma ).

In this work, our approach is quite different to that of [f]. Actually, we choose to first
build stationary solutions of an ergodic discrete model associated with (). Then, sta-
tionary solutions of the SDE are exhibited as limits of these stationary solutions. More
precisely, in a first step, we study a sequence of functional empirical occupation measures
of an Euler scheme (X,,) with step 7 > 0 associated with () and show under some
mean-reverting assumptions on b, that, when n — +oco, this sequence has almost surely
(a.s. later on) some weak convergence properties to the distribution of a stationary Euler
scheme with step v of the SDE. This first result shows in particular existence of stationary
solutions to the discrete model. Denoting these stationary solutions by Y () we show
in a second step, that (Y(OO’V))V is tight for the uniform convergence on compact sets and
that its weak limits (when v — 0) are stationary solutions to ().

For a Markovian SDE, this type of approach is used as a way of numerical approximation
of the invariant distribution and more generally of the distribution of the Markov process
when stationary (see [[7], [l], [Id], [[2], [Ld], [[T]). Here, even if the discrete model can be
simulated, we essentially use it as a natural way of construction of stationary solutions of
the continuous model and the computation problems are out of the scope of this paper.
In Section ], we make the mathematical framework precise and we state our main results of
convergence to the stationary regime of SDE ([ll). Then, the sequel of the paper is devoted
to the proof of the main results. In Sections fJ and [, we study the long time behavior of
the sequence (X,),~, (when v is fixed) and the convergence properties (when n — +oc)
of the sequence of functional empirical occupation measures of the continuous-time Euler
scheme. We show that this sequence is a.s. tight for the topology of uniform convergence
on compact sets and that its weak limits are stationary solutions to the “discretized” SDE.
Then, in Section ], we focus on the behavior of these weak limits when v — 0. Section
is an Appendix where we obtain some control of the moment of the supremum of a Gaus-
sian process and where we prove that the initial random value and the driving process
of the stationary solution are dependent as soon as the Gaussian process has dependent
increments.

2 Framework and main results

Before outlining the sequel of the paper, we list some notations. Throughout this paper,
R, = [0,00). We denote by C(R,,R%) (resp. D(R,,R%)) the space of continuous (resp.
cadlag functions) endowed with the uniform convergence on compact sets (resp. Skorokhod
(see e.g. [l])) topology, and by CF(R,,R?), the set of kth differentiable functions. The
Euclidean norm is denoted by |.|. For a measure p and a p-measurable function f, we
set pu(f) = [ fdu. Finally, we will denote by C' every non explicit positive constant. In
particular, it can change from line to line.

Let us first consider assumptions for the driving noise (Z;)i>0 = (Z},...,Z)i>0 @ we
assume that (Z;);>0 is a centered Gaussian process with independent coordinates satisfying
Zy = 0 and, for every i € {1,...,¢}, we denote by ¢; : R — R, the following function of
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(Z})i>0: for every positive s, t,
E((Z; — Z2)°] = cilt — 5).

Note that ¢;(0) = 0. For every integer n > 0, let us denote by A, = Z,y — Z(,,_1), When
v > 0 is fixed. Setting ¢! (n) := E[A]A] ] for i =1,...,1, we have:

8 (n) = 5 [esl(n + 1)) — 264(n) + ex((n — 1)) )

We denote by (Z;)i>0 the “discretized” Gaussian process defined by Zm = Zy for every
n >0 and, - -
Zy = Zny Vte[ny,(n+1)y).

We introduce assumption (Hj) on the functions ¢;, ¢ € {1,...,¢}. More precisely, we
impose some conditions on the second derivative of ¢; near 0 and +oo which correspond
respectively to some conditions on the local behavior and on the memory of the process.

(Hy) For every i € {1,...,¢}, ¢; is continuous on R and C? on (0, +00). Moreover, there
exist a; € (0,2) and b; > 0 such that:
Ct~* Vte (0,1)
qdMl <9 ., (3)
Ct™™ Vt>1.

Let us recall that for a fractional Brownian motion with Hurst index H, these assumptions
are satisfied with a; = b; = 2 — 2H. One can also check that (B) implies that in a
neighborhood of 0,

t if a; € (0, ),

¢i(t) <C(tlnt ifa; =1, (4)

t2=% if a; € (1,2).
In particular, the sample paths of (Z;)¢>o are almost surely continuous. Futhermore, we
derive from assumption (Hj) that for every i € {1,...,¢}, E[AIA!] — 0 as n — +oo.
Then, it follows from [{] that (A%),>1 is an ergodic sequence for every i € {1,...,¢}.
REMARK 1. Since (AY),>1 is Gaussian, (AY),>1 is in fact strong mixing (see [[4]) for
every i € {1,...,£}. Tt follows from the independence between (AL),>1, ..., (A%),>1 that
the sequence (Ay),>1 is also ergodic.

Let us now introduce some stability assumptions (Hg) and (Hs) concerning the stochastic

differential equation
dXt = b(Xt)dt + O'dZt, (5)

where b : R — R?, and ¢ is a matrix with d rows and ¢ columns.
(Hz):

(i) There exists C' > 0 such that |b(z)| < C(1+ |z|) Vz € R4
(ii) There exist € R and « > 0 such that

(,b(x)) < B — afzf”.

(Hg): b is a Lipschitz continuous function and there exist & > 0 and 8 > 0, such that
Vz,y € R,
(b(x) = b(y),z —y) < B —alz —y|*.
3



REMARK 2. The reader can check that (Hg) implies (Hg), but some results are true
under the weaker assumption (Hz), so we consider both. When (Hg) holds for g = 0, we
will denote it by (Hs ).

When b is a Lipschitz continuous function, it is obvious using Picard iteration arguments
that for any initial random variable £ a.s. finite there exists a unique solution (Xi)i>o0
to () such that Xy = ¢ which is adapted to the filtration o(¢, Z;,0 < s < t). Then,

t
X, =¢+ / b(X)ds + 02y, V> 0. (6)
0

Please note that the integral in (f]) is always defined since the sample paths of (X;)i>0
and (Z;);>0 are continuous.
Let us now define a stationary solution to (f).
DEFINITION 1. Let (Z;):>0 be a Gaussian process with continuous paths and b : R?% — R4
be a continuous function. We say that (X;);>0 is a stationary solution to (f) if, P — a.s.,
t
Xt = Xo + / b(Xs)ds +oZy, Vt>0, (7)
0
and if for every n € N, for every 0 <t <ty < ... < tp,
L
(Xt+t1,...,Xt+tn):(th,...,th) VtEO,
where £ denotes the equality in distribution.

When (Z;):>0 is a Markovian process, for instance a Brownian motion, it is classical to
have X independent of Z, but in general we cannot have such independence as stated
later in Proposition .

DEFINITION 2. Let v denote a probability on R?. We say that v is an invariant distri-
bution for ([[) if there exists a stationary solution (X;);>o to ([[) such that v = £(X).

REMARK 3. The fact that X and (Z;);>0 may be dependent involves that uniqueness of
the invariant distribution does not imply uniqueness of stationary solutions to (ff]).

Let v be a positive number. We will now discretize equation ([]) as follows:

(E,)

}/(n—l—l)'y — Yn’y = ’Yb(Yn'y) + UAn_H Vn > 0.
Y= Yoy VEE 17, (n+ 1)),

We will say that (Y;);>0 is a discretely stationary solution to (E,) is solution of (E)
satisfying:

L
(}/,gl_,_k.y, e ’}/tn"l‘k'}/) = (Y}/l,. LY ) Vo<t <...<ty,Vn,keN.
We denote (X,,,) the Euler scheme defined by: Xy ==z € R¢ and for every n > 0
X(n-{-l)'\/ = any + ’Yb(Xn'y) + UAn+1. (8)

Then, we denote by (Xt)tzo the stepwise constant continuous-time Euler scheme defined
by: ) )
X =Xpy Vte[ny,(n+1)y).
4



The process (X;):>0 is a solution to (E,) such that Xo = z. For every k > 0, we define by
(Xt(yk))tzo the (vk)-shifted process: X't(yk) = X kit

Then, a sequence of random probability measures (P (w,da)),>1 is defined on the Sko-
rokhod space D(R,R?) by

P("vV)(w dOZ ZéX(“/(k D) (w)» (dOé)
k 1

where ¢ denotes the Dirac measure. For t > 0, the sequence (Pt(") (w,dy))p>1 of “marginal”
empirical measures at time ¢ on R? is defined by

1 n
P (w, dy) = Z5X<w<k ) () (dY) = - Z‘S)Zv(k,l)ﬁ(w)(dy)-
k=1

A weak limit of a set P C D(R,RY) is a limit of any subsequence of P in D(R,,R%). Let
us now state the main results.

THEOREM 1. 1. Assume (Hy) and (Hg). Then, there exists vy > 0 such that for every
v € (0,7), (P (w,da))p>1 is a.s. tight on D(Ry,RY). Furthermore, every weak limit
is a discretely stationary solution to (E,).

2. Assume (Hy) and (Hg) and set

U (w) = {weak limits of (P (w, da))}.

Then, there exists y1 € (0,79) such that (U (w))y<y, is a.s. relatively compact for
the uniform convergence topology on compact sets and any weak limit when v — 0 of
(U (W))y<y, 18 a stationary solution to (f]).

The previous theorem states existence of stationary solutions of ([f]), but one can won-
der about uniqueness of the solutions. We will only consider the special case when (Hs o)
is enforced which is called in the Markovian setting asymptotic confluence (By asymptotic
confluence, we mean that the distance in probability between two solutions starting from
two different points x and y tends to 0 when ¢ — +00).

ProrosITION 1. Assume (Hy) and (Hg o). Then, there exists a unique stationary solu-
tion to () and to equation (E,), when ~ is small enough.

The next corollary, whose proof is obvious is nevertheless useful.

COROLLARY 1. Assume (Hy) and (Hsp). Denote by p € P(C(Ry,R?)), the distribution
of the unique stationary solution to ([l). Then,

dD(M,Rd)(P(OO’V) (w, dar), ) iR 0 a.s. (9)

where dpg, ray denotes a distance on P(DR,,RY)) (endowed with the weak topology),
the set of probabilities on R®. In particular,

dpa (P (w, da), v) 00 as. (10)
where v is the unique invariant distribution of () and, dga is a distance on P(R?).

We will not study the rate of convergence relative to ([[() in this paper.
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REMARK 4. We chose in this paper to work with the stepwise constant Euler scheme
because this continuous-time scheme is in a sense the simplest to manage. The default is
that the previous convergence result is stated for the Skorokhod topology. Replacing the
stepwise constant Euler scheme by a continuous-time Euler scheme built by interpolations
would lead to a convergence result for the topology of uniform convergence on compact
sets.

Last, the following Proposition shows that the random initial value of a stationary solution
can only be independent of a Markovian noise.

PROPOSITION 2. Assume that ¢ = d and that o is invertible. Let Xo and (Z;)i>0 denote
the random initial value and the driving process of a stationary solution to (f). Then, if
Xo is independent of (Zy)i>o, then (Zi)i>0 has independent increments. As a consequence,
Z = QW where W is a standard d-dimensional Brownian Motion and Q is a deterministic
matriz.

Let us start a brief comparison of our results with those of [{] if (Z;)i>0 is fractional
Brownian motion. First, our assumption (Hg) is a stability assumption a little weaker
than (A;) in [f]. Likewise (Hz) (i) and b Lipschitz continuous are similar to (As) for
N = 1 with Hairer’s notation. In [f]] Stochastic Dynamical System (SDS Definition 2.7)
and a Feller semigroup Q; ((2.4) in [[]) are defined on R? x C(R,R%). The first marginal
of a stationary measure p on R? x C(R,, R?) defined in section 2.3 of [f] is what we call an
invariant measure in Definition [} Hence, we consider our results as a generalization of the
existence results of [ff] to SDEs driven by Gaussian continuous processes with stationary
increments. Moreover P(™7) for large n and small v are natural approximations of the
stationary measures of [f.

3 Tightness of (P (w,da)),>1

The main result of this section is Proposition [} where we show the first part of Theorem [l
i.e. we obtain that (P (w, da)),>1 is a.s. tight for the Skorokhod topology on D(R, R%)

when + is sufficiently small. A fundamental step for this proposition is to obtain the a.s.

tightness for the sequence of initial distributions (Pénﬁ) (w,da))p>1. This property is

established in the following lemma.

LEMMA 1. Assume (Hy) and (Hg). Then, there exists vo > 0 such that for every v < 7o,

sup — Z|Xﬁ/(k 1) 2< 400 as. (11)
n>1"7

Proof. We have :
|X(n+1)'y|2 = |Xn“/|2 + 2’7<Xn~/a b(Xn“/» + 2<Xn'ya UAn+1>
+ (VP 0(Xny) [P+ 29(0(Xnn), 0An11) + [0 An i) -
Let ¢ > 0. Using assumption (Hz2)(i) and the elementary inequality |(u,v)| < &(|eu|? +

|v/e|?) (for every u,v € R%), we have:

(s 81| <e-:|Xm|2 |aAn+1|) and

l\DI»—\
-

(%), 081} < 5 (200 + 1%n )+ ZlrAnial?)

6



It follows from assumption (Hgz)(ii) that for every ¢ > 0,
X (ni1y|? < 1 Xnn? +27(8 — @l X *) + 07, ) (1 + | Xy [*) + Cle, )| A

where C(v,¢) is a positive constant depending on v and ¢ and p(v,e) < C(e + ve +~?).
Then, set ¢ = 72 (for instance). For v sufficiently small, p(v,e) < ay/2. Hence, we obtain
that there exist § € R and & > 0 such that ¥n > 0

Xty < 1K 2 +7(6 = 61X [?) + ClAnga
< (1 =7@)[Xns 2 + Cy + [Anga ). (12)
Finally, by induction, one obtains for every n > 1:

X < (1 —@)" |<E|2+CZ 1—5a)"*(y + |Ax?).
k=1

Hence, in order to prove ([L]), it is enough to show that for ~ sufficiently small,

n—1 k
1
Sup—zz NEYAP < 400 as. (13)
n>1 n k—1 =1
But checking that
n k n n—k
YIRS SANEES DD STERSERTS R v
k=1 =1 k=1 u=0 i=1 k=1

we obtain that it is in fact enough to show that

sup — Z AL? < 400 as. Vie{l,... (). (14)

n>1"N

Now, by Remark [l, for every i € {1,...,¢}, the sequence (A})r>; is ergodic. As a
consequence,

1 - i n—-4oo i
" Z(Ak)z - E[(A1)2]7
k=1
and ([[4) is satisfied. This completes the proof. O

PROPOSITION 3. Assume assumption (Hy) and (Hg). Then, there exists 9 > 0 such
that for every v < 7o, (P (w,da))p>1 is a.s. tight on D(R,,R?),

Proof. We have to prove the two following points (see e.g. [[], Theorem 15.2):

o 1.VI'>0, (u (n )(w dy)) defined by

3

u (w,dy) =34

2 *fsupepo.r oy (dy),

is an a.s. tight sequence.

N



e 2. For every n > 0,

lim sup lim su 1) =0 as.
J—0 P TL—>+OCI>) Z {WT X(k 2 5)>77}
with
wip(e,6) = inf{max  sup |z, — ]}
{t:}  i<r s,t€titit1)

where the infimum extends over finite sets {t;} satisfying:

O=tg<t1 <...<t, =T and i,nf(ti_ti—l)zd

i<r

In fact, since the process has only jumps at times ny with n € N, wép(X (k),5) = 0 when
0 < ~. It follows that the second point is obvious. Then, let us prove the first point. By
induction, one gets from ([[J) that, for every k > n,

k
X < [XonPL =@+ C > (1= 3@)" oy + |A).
I=n+1

This implies that

n+[T/~]

sup [XF V= swp X P <X P Y (AP
te[0,7) ke{n,...n+[T/~]} l=n+1

Thus, if V(x) = |2/, one can deduce:

n k+[T/7]

e Zv Xe1)s +C(1+ > % \AlP)
k=1 I=k+1

| ]

n 1|7
< supPO( ’7)((4), V) + C(l + — [—] sup — E ]Ak]2> < 400 a.s.
n>1 N 7Yin>1"n k=1

thanks to Lemma [ and ([[4). Therefore, SUp,,>1 ,ug,? ) (w,V) < 400 a.s which implies that
(,ugﬂ)(w,dy)) is a.s. tight on R? (see e.g.. [[], Proposition 2.1.6). O

4 Identification of the weak limits of (P™")(w,da)),>:

In the following proposition, we show that every weak limit of (P (w,da)),>1 is a.s a
stationary Euler scheme with step v of SDE (f).

PROPOSITION 4. Assume (Hy) and let P (w, da) denote a weak limit of (P (w, da))p>1.-
Then, a.s., P (w,da) is the distribution of a cadlag process denoted by Y (07 such
that, a.s. in w,

d
(a) (Yl(fitw )i>0 : (Yt(oo’ﬁ/))tzo for every | € N where PR Genotes the equality

in distribution on D(R,,R%).

D(R,R?



(b) N©) defined by
t
N — yleem _y(eon) _ / 7 by ) ds
0
is equal in low to 0 Z7 with ., = ~[t/7].

REMARK 5. It follows from the previous proposition that (Yt(oo’ﬁ/))tzo is a discretely

stationary solution to (E.).

Proof. (a) Let T denote a countable dense subset of R, and SX, a countable dense subset
of the space of continuous functions f : R” — R with compact support. It suffices to prove
that a.s., Vr > 0, for every f € SKX, for every ty,...,t, € T VI € N,

/f(atw s aatr)lp(ooﬁ) (w,da) = /f(ah-i-l'yv cee ’O‘tr-i-l’y)lp(ooﬂ) (w, da).

Since 7 and SX are countable, we only have to prove that Vr > 0, for every f € SKX, for
every ty,...,t, € T,Vl € N,

/f(oztl,...,oztr)P(oo"Y)(w,da) :/f(oztﬁh,...,atr,Hy)P(w’“’)(w,da) a.s. (15)

Let now f € SX, 1 € Nand t,...,t. € T. On the one hand,

1< S (k—1 S (k—1 k—1 = (k—1
EZ(f(Xt(l G XE) = &)

k=1
1, o 1 < _
= FX 1)yt - s X (o 1)y+t, —ng Xk—140)y4t10 - X (o 140)7+4,)
k=1 k=1
1 -1 ~ n+l ~
= ( FX mtyystrs - s X (e 1)y1t,) Z FX 1)yt - ,X(k—1)~/+tr)> )
k=1 k=n-+1

and this last term converges to 0 when n — 400 a.s. since f is bounded. On the other
hand, since P(>") (w, da) denotes a weak limit of (P (w, da)),>1, there exists a subse-
quence (ny(w))g>1 such that (P (W, da))y>; converges weakly to P (w, da) (for
the Skorokhod topology). This convergence implies in particular the finite-dimensional
convergence. Therefore,

L e R Np—
EZf(Xt(lk 1),...,Xt(f 1))—+>/f(atl,...,atr)P(w’“’)(w,da) a.s.

k—1) k—1)y n—+oo oo
Zf Xt(1+lw"' t(+l«/)) 2T, /f(at1+lw---,atr+l«,)77( ’7)(w,da) a.s.
Therefore, ([[§) follows.

(b) Let @, : D(R;,R?) — D(R;,R?) be defined by:

(@) = s — g — O” b(cvs)ds. (16)



Then, N7 = & (Y (). Let F : D(R;,R?%) — R be a bounded continuous functional:

E[F(NC*7)] = / F(®, ()P (w,da) = Tim [ F(@,(a)P"D(w, da). (17)

For every t > 0,
- - - k+[t/~]
q>~/(X(k))t = U(Z::k-i-t - Z]Z—y) = Z LZAVH
I=k+1

with the convention Z = 0. Thus, we derive from ([[7) that

0
() L5
0N = Tim  —
E[F(N®7)] = lm - mZ::lF o G((A1)izm)
where G : (RY)N — D(R,,R?) is defined by
[£]
G((un)n21)t = ZO’UZ Vit Z 0.
=1

Now, by Remark EI, (Ap)n>1 is an ergodic sequence. As a consequence, a.s.,
1 Tk — 100 7
D F o G(Aiz) —5 E[F 0 G((Aniz1)] = BIF(027)
i=1

The result follows. O

5 Convergence of (P(*")(w,da)) when v — 0

The aim of this section is to show that, a.s., (P> (w,da)), is a.s. tight for the weak
topology induced by the topology of uniform convergence on D(R,,RY) and that its weak
limits when v — 0 are stationary solutions to ([). The main difficulty for this second part
of the proof of Theorem [ is to show that (P(*7)(w,da)), is a.s. tight on RY. For this
step, we focus in Lemma P on the particular case b(z) = —x (when (X)¢>0 is an Ornstein-
Uhlenbeck process) where some explicit computations lead to a control of (P (w, da))s.
Then, in Lemma ], we show that this control can be extended to SDE’s whose drift term
satisfies (Hg). Finally, we establish the main result of this section in Proposition fj.

Let v > 0. We denote by (X,,) the Euler scheme in the particular case b(x) = —x. We
have ¥y = = and:
E(n—l—l)'y = (1 - ’7)En'y + O'An+1 Vn > 0.

LEMMA 2. Assume (Hy) and lety € (0,1). Then, (E[|Sny|*])n>0 is a convergent sequence.
Denote by v(y) its limit. For every vy € (0,1),

sup v(y) < +o0.
7€(0,70]

10



Proof. First, by induction,
n—1
En'y = (1 - ’Y)nx + UZ(l - ’Y)kAn—k'
k=0

Using that the coordinates are independent, it follows that

l n—1
B[S ] = (17" + (0" 0) B[ (301 - i) |
i=1 k=0
For every i € {1,...,¢},
n—1 ' 9 n—1n-1 '
E[(Y-vfai) | =D Y-t -k,
k=0 k=0 1=0
where ¢! is defined by (). Setting u =k +1 and v = [ — k, we deduce that
n—1 ' 9 2n—2 (2n—2—u)Au '
E[(Ya-vfai)|=>a-» ¥ s, (18)
k=0 u=0 v=(u—(2n—2))V(—u)

with x A y = min(z,y) and = V y = max(x,y). Then, with the definition of ¢, one can
check that

T - {Cim fu=0oru=2n-2
Rl 2 o .
v=(u—(2n—2))V(~u) J((2n —2 —u) Au) otherwise,

with f(x) = ¢;i(v(z + 1)) — ¢;(yz). It follows from ([[§) that,

n—1 n—1
E[( 0 -0 ] = () + 300 =) () + Ra(a).
k=0 u=1
with
2n—1
Rp(7) = > (L=)"f72n—2—u)+ (1 -9 2c(7),
n—2
= D (M=) () + (1= )P ().

u=-—1

Since ¢; is locally bounded and ¢ is bounded on [1, 400, ¢; is a subquadratic function,
i.e.
lei(u)] < C(1 4+ |u?) Vu>0.

It follows that f;' is also a subquadratic function. Then, using that for every u €
{-1,...,n—2}, (1—7)?""27% < (1 —4)", we obtain that for every v € (0,1), R,(y) — 0
as n — +o0.

Using again that f; is a subquadratic function, we deduce that for every v € (0,1), for
every i € {1,...,d},

E[(S(l —)* f;_k>2] T wiy) = () + f(l — )" fy(w)
k=0 u=1
11



and that w;(y) is finite. By a second order Taylor development, we have for every u > 1:

f7(w) = yci(yu) + ¥Pr(v,u) with r(y,u) = (v(u+64)), 6. €[0,1].

Hence, using assumption (Hj), it follows that

) + Zv 1—y)" [di(yu) + yr(y,w)]  with  [r(y,u)] < Cgia(yu),

and, g;1(t) = Zl{te(o,l)} +t 1{721}-

Let us now control the behavior of w;(y) when v — 0. First, for every v € (0, 1), for every
u>1, (1 —v)" < exp(—yu). Then, since t — exp(—t), t — g;1(t) are non-increasing on
R?* , one deduces that for every u > 2,

Yu
Y1 —=7)%gi1(yu) < / exp(—t)g;,1(t)dt.
y(u—1)
Then,
+oo “+00
13221 = ), w)] < ()1 =) + Cr / exp(—t)gi (£)dt.
u=1 Y

Using that a; < 2, we easily check that the right-hand side is bounded and tends to 0
when v — 0. We now focus on the first term of w;(y). First, by assumption (Hjy), for
every t > 0,

()] < C(1+gia(t)) where gio(t) = 7% M ey + 7% 21500, (19)

with 6; € (0,1) (resp. d2 € (0,1)) if a; = 1 (resp. b; = 1) and é6; = 0 (resp. dy = 0)
otherwise. Second, using that (1 —v)* < C(1 — )"t exp(—t) for every t € [yu,y(u + 1)],
one deduces that

fpy 1 exp(—t)tPdt if p <O

1-— u)? < C v 20
Y= 0w) {117 7(utl) exp(—t)tPdt if p>0 (20)

It follows from ([[J) and (R0) that

+0o0
lim sup 27 1—y)*(yu)| < C’/ exp(—t) (14 g;2(t)) dt.
70 u=1

The right-hand member is finite. This completes the proof. O

LEMMA 3. Assume (Hy) and (Hg) and denote by P (w, da) a weak limit of (P (w, da)).
Then:
(i) With the notations of Proposition [, there exists vo > 0 such that,

sup EWHYO(OO’V)P] < 400 a.s. (21)
0<y=0

(11) Assume (Hq) and (Hgzgo). Then, uniqueness holds for the distribution of stationary
solutions to (). Similarly, there exists vo > 0 such that for every v < 7, uniqueness
holds for the distribution of discretely stationary solutions to (E).

12



Proof. (i)

Step 1: Let (X,,,) and (X,,) be defined by:
Xo =z, X(n—i—l)’y = Xn—y + ’Yb(Xn'y) +0A,+1 and, (22)
Yo ==, E(n-i-l)'y = EH’Y — ’YEn'y + O'An-i-l-

with A, = Z, — Z(n—l)'y' Then,

|X(n+1)'y_E(n—i—l)'y|2 = |Xn~/ - En'y|2 + 2’7<b(Xn'y) + EnvaXnv - En'y> + '72|b(Xnv) + En'y|2
< Koy = B+ 29(b(Kir) — b(E), Koy = Bo) + 297Ky = b(Zir)
+ 2'7<b(2nfy) + En'y, Xn'y - Eny> + 2'72|b(2n~{) + En'y|2-

On the one hand, using that b is Lipschitz continuous and assumption (Hg), one obtains:

Y(b(Xn )—b(Em),Xn7—2n7>+272\b()2m)—b(Em)P <7 (5 + [ Xy — Zm\2(—a + C’(Y)))

23
On the other hand, using that b is a sublinear function and the elementary inequality
(u,v) < 1/2(e7Hul? + €|v|*) (with u = b(Zpy) + Sy v = Xy — Sy and € = /2), one
also has:

7<b(zm)+zm’Xm_Em>+272|b(zm)+zm|2 < 7%|Xm_2m|2+07(1+|2m|2)- (24)
Therefore, the combination of (RJ) and (B4) yields for sufficiently small ~:
‘X(n-kl)w - E(n-}—l)'y‘z < (1- d’Y)’Xm - Zm‘z +Cy(1+ ’EWYP)
where & is a positive number. Then, it follows from Lemma [,
EllX(r 11y = Snripl’] < (1= @)E[Xny — Suy 1+ By

where ﬁ does not depend on . By induction, we obtain:

+o0o
5 - B
QQMWM—EMWSﬂVEG—aw“=5<+W-
na k=0

Finally, since ~ _
Ef| X ] < 2 (Bl Xny — S ] + El[Zan ).

it follows from Lemma [ that there exists 7 > 0 such that

sup supE[| X,y [ < +oc. (25)
0<y<y0 n>1

Step 2: First, since sup,>; £ >0, | X(k—17]* = sup,> PO("’V)(w, |z|?) < +o0 a.s. (by

Lemma [), the fact that P> (w, da) is a.s. a weak limit of P (w, da) implies that
E [V < +00 a.s.

By Proposition fl(b), there exists a.s. a Gaussian process Z* with the same distribution
as the driving process of the SDE such that

YO = v bV (o) + oA 41 (26)

13



with A, == Z, — 21

since the sequence (Yéﬁj" ’7)) is stationary. Let now (X7 ) be constructed as in (R2) with
sequence (A,) of (F). By (£9), the lemma will be true if we are able to show that for

sufficiently small ~,

)+ Moreover, by Remark A, EWHYTSO ’ﬁ/)|2] does not depend on n

limsup B, [| X7, — YTE,‘?O’V)P] <C (27)

n—-+00

where C' does not depend on . The process of the proof of (R§) is quite similar to Step
1. First, using assumption (Hs), one checks that:

’X(n-i-l)'y - Y*((TLO_T_{Y))»YP < ‘Xn'y - Yrggoﬁ)P(l —ay+ 072) + 67 as.

For sufficiently small 7, ary — Cy? > ya /2. Setting & = «/2, one derives from an induction
that:

n—1

Eul| X1y — Yiorin 2 < (1= 67 EL[I1XG = Y™V + 87 Y (1 — am)F —
k=0

o™

. (28)
This concludes the proof of (i).

(ii) First, we prove uniqueness for the distribution of a stationary solution to SDE (f):
let (Y;1)i>0 and (Y;2)i>0 be some stationary solutions to (f) built on (Q1, FL, (FL),P1)
and (Qg, F2, (F£),Py) respectively and denote by Z! and Z?2 the corresponding driving
processes. We want to show that for every 7' > 0, for every bounded Lipschit] continuous
functional F : C([0,T], R?) — R,

E[F(Y;1,0 <t <T)] = E[F(Y;2),0 <t <T)] (29)

Let (X};) and (X};) be some solutions to (f]) starting from = and built with the previous
driving processes Z!' and Z? respectively. First, since b is Lipschitz continuous, a classical
argument shows that weak uniqueness holds for solutions to (f]) starting from any deter-
ministic z € R%. As a consequence, X *; and X have the same distribution on C(R4, Rd).
Thus, using that Y ; and Y 5 are stationary, we obtain that for every s > 0:

E[F(Y,)] - E[F(Y.2)] = E[F(Yirs1,0 < ¢t < T)] — E[F(Xf,,1,0 < t <T)]
+E[F(X]y0,0 <t < T)] — E[F(Yia,0 <t < T)]

Since F' is a bounded Lipschitz continuous functional, it follows that for every s > 0,

2
[E[F(Y,0)] —E[F(Y.2)]| <CY E[ sup [Vi; — X7 A1),
i—1 t€ls,s+T]

In order to obtain (P9), it is now enough to prove that

x| S—+00
sup [V, — X
t>s

0 as., ©t=1,2.
Set Vi = Y — X7 2. We have:

dvi = 2(b(Yz,i) — b(X{), Y — X1

for the standard distance § defined for every o, 8 € C([0,T],R?) by §(a, B) = Sup,epo,7) [t — Bel-
14



Thus, it follows from (Hg) with = 0 and from the Gronwall lemma that,
Yii — X75[% < (Yo — @)% exp(—2at).

Therefore,

sup |Y;; — Xffi\2 < (Yo — )% exp(—2as) =20 a.s., i=1,2.
t>s

This concludes the proof of the uniqueness for the distribution of a stationary solution
to (). For Equation (E4), the proof is a straightforward adaptation of the previous one.
Details are left to the reader. O

ProprosiTiON 5. Assume (Hip) and (Hg). Then, there exists 79 > 0 such that a.s.
(P(M’V)(w,da))ye(oﬁo) is relatively compact for the topology of uniform convergence on
compact sets. Furthermore, any weak limit of (P> (w,da))ye(0,0) (when v — 0) is the
distribution of a stationary solution to SDE (f).

Proof. Step 1: A.s. tightness of (P(®")(w,da)): For w € Q, we recall that Y (%) is a
cadlag process with distribution P (w, da). According to Theorem VI.3.26 of [{], we
have to show the two following points:

e For every T > 0, there exists 79 > 0 such that

limsup sup P( sup |Yt(°°’7)| > K)=0. (30)
K—+00 v€(0,70]  t€[0,7]

e For every positive T, € and 7, there exist § > 0 and =y > 0 such that for every

Y é Y0,
P( sup YO v >0 < (31)
[t—s]|<8,0<s<t<T

First, we focus on (B0). Let K > 0. By Proposition ], we have:
T —
P( sup |Yt(oo’ﬁ/)| >K)<P |Y0(°O”Y)| —I—/ b(Y > )|ds + sup |0Z)]| > K | .
t€[0,T) 0 t€[0,7]

Using the Markov inequality, it follows that

o0 1 [e.e] o
B( sup |V > K) < - <E[|YO( DN+oT  sup  E[Y,)] +|lo||E[ sup |Zt|]>
te[0,7] ne{0,....[T/4]} te[0,7]

where |o|| = sup{|oz|/|z|,# € R?}. Now, since (Y,,) is a stationary sequence and
supye(o,7] |Zt| is integrable (see Proposition f), one obtains:

o0 C o0
P( sup V7| > K) < = (1+ B[]
t€[0,T

where C' does not depend on +. Finally, the first point follows from Lemma [§.

Let us now prove (B1]). In fact, using for instance proof of Theorem 8.3 of [], it is enough
to show that for every positive €, 77 and T', there exist § > 0 and =y > 0 such that for every

v < 7o:

1
—P( sup |Yt(°°’7) — Yo > ) <p Vy <59 and 0<t<T. (32)
t<s<t+d
15



By the Markov inequality, we have for every p > 1:

2o\ | ([ i
P| sup ]Y;(OO’V) — Y| >e | < < ) E / b(YL>))|ds (33)
t<s<t+6 € t

=

2 P - -
+ <M> E| sup |Z]—-2Z]]P
€ s€[t,t+0]

On the one hand,

46 2 [(t46) /] 2
E[</ ‘b(Ys(“’”)!ds> <E > VANABEE))
¢ k=[t/~]
[(t+6) /7] [(t+6)/7]
<E >y > Abem)?
k=1[t/~] k=[t/~]

thanks to the Cauchy-Schwarz inequality. Now, when ~ is sufficiently small

[(¢+8)/]

Z v < 246.

k=lt/]

Therefore, using also the fact that b has sublinear growth yields:

E [( [ |bo@<°°ﬂ>>|ds>2

thanks to the stationarity of (Y,Sf;o ’7)),20.
On the other hand, we deduce from the stationarity of the increments of (Z;)¢>o that

<01+ sup  E[V,S07P]) < COHE[Yy 7 P)
ke{[L],....[{E2])

(34)

E| sup |Z)7 - Z]IP| <E| sup |Zs— ZP| <E[sup |Zs"].
SE[t,t+4] SE[t,t+0] s€[0,0]
Thus, by Proposition fj (see Appendix), for sufficiently large p,
E| sup |Z7 - Z]]P| < C§'*P (35)
sE[t,t+0)

where p is a positive number.
Then, the combination of (BJ), (B4) and (BF) yields for sufficiently small +:

P ( sup |Y2(OO/Y) o Y'S(oop/)| > 6) < 052/\(1+p)
t<s<t+d

and (B]) follows from Lemma .

Step 2: We want to show that, a.s, any weak limit P(w,da) of (P (w,da)), when

v — 0 (for the uniform convergence topology) is the distribution of a stationary process.
Let f: R" — R be a bounded continuous function and let ¢ > 0 and ¢q,...,t, such that

16



0 <t <...<t,. Denoting by (Y;)i>0 a process with distribution P(w, da)), we have to
show that:
Elf Yot Vo) = E[f (Yay, .. Y2, (36)

First, since P(w, da) is a weak limit of (P(*7)(w, da)), there exist some sequences (v, )n>0

and (Y (7)), <4 such that £(Y (7)) = Pmm)(w, da) and (Y;(OO’%)) converges weakly
to (Y;) for the weak topology induced by the uniform convergence topology on compact
sets on D(R, Rd). In particular,

E[f(Y0, Yo 2 B (Y,, L Y,)] and, (37)
ELF O, V)] P Bl (Vg i) (38)

since &, = Yn[t/vn] — t when n — +o00. Now, by Proposition fi,
E[f (v, YN = B, V)] ve> L

(BA) follows.
Step 3: Let ® : D(R,,R?) — D(R,,R%) be defined by

(@(a))t = ar — g — /0 b(as)ds.

With the notations of Step 2, we want to show that Y := (Y;)¢>0 is a solution to (f]), i.e.
that ®(Y) is equal in law to 0Z := (0Z;)¢>0- Let (v,) and (Y (%)), 54 be defined as
in Step 2. Then, since ® is continuous for the uniform convergence topology on compact
sets,

O(y (2omm)) "ZEX ¢ (Y, (39)

for the weak topology induced by the uniform convergence topology on compact sets.
Therefore, we have to prove that

O (Y (0m)) "ZEX 57, (40)

for this topology. With the notations of Proposition [,

By o)y = N 4 BRI where R)™ = — [ b(Y{®))ds. (41)
E’Yn

First, since b is sublinear and ¢t — ¢, < v,, we have for every T' > 0:

[R"| < Cyn(1+ sup [v,7))) vt eo,1].
te[0,T

Now, in Step 1, we showed that (sup,cpo,n) |Yt(°°’7)|),ye(0m) is tight on R. It follows easily
that

sup |R)"| 2=F°%, 0 in probability VT > 0.
te[0,7

Therefore, one derives from (B9) and ([1),
N(eomm) "ZE2 gy,

Then, it follows from Proposition [| that N (c07m) i a convergent sequence of Gaussian

processes such that N (o) £ 57, This implies the finite-dimensional convergence to
(Z¢)¢>0 and concludes the proof. O
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6 Appendix

PROPOSITION 6. Assume that (Z;)i>o satisfies (Hy). Then, for every T > 0, for every
r > 0, Elsupscio )| Ze|"] < +o00. Moreover, there exist p > 1 and Ty > 0 such that for
every T < Ty,

E[ sup |Z;P] < CT'*™ with p > 0.
t€[0,T

Proof. First, note that it is enough to prove the result for every coordinate Z7 with
j € {1,...,£}. Therefore, it is in fact enough to prove that the results are true for
any one-dimensional centered Gaussian process with stationary increments and variance
function (c(t));>o satisfying (Hy). Then, for every t > 0 and ¢ > 0, ¢(t) = E[Z}] and
denote by D(T, ) the Dudley integral defined by

D(T,e) = /Oe(log(N(T, w)) 2 du,
where, for u > 0,
N(T,u) =inf{n > 1,3 s1,..., s, such that vt € [0,T], Ji € {1,...,n} with \/m < u}.
By the Dudley Theorem (see e.g. Theorem 1 of [[LJ] p 179), for every T > 0,

E[ sup |Zi]] <2E[ sup Zi] < CD(T,~/¢(T)) with ¢(T) = sup c(t). (42)
te[0,7 te[0,7 te[0,T

Let us control the right-hand member. By assumption (Hy) and (f]), for every € (0, 1),
¢(0) < Co*  where C does not depend on § and
€ (0,1] (depending on the value of ay). It follows that, for u > 0,
N(T,u) < CTu**,

where C does not depend on T'. For € > 0 small enough,
15
2
D(T,¢) < / 10g(CT) + = Tog(w)|/2du < Celog(e)] /2.
0

It follows from ([id) that there exists Ty > 0 such that for T' < Ty
E[ sup |Z]] < C(&(T))"/?|log(e(T))|'/
te[0,7T
< CTH?|log(T)| V2.

Then by Corollary 3.2 in [[[I]] Efsupsejoy|Z:]"] < +oo for every T' > 0 and every r > 0

and

E[ sup |Z[7] < CT*/?|1og(T)[P/?,
te[0,7

for T < Tpy. One can choose p big enough to prove the second inequality in the Proposition.
O
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Proof of Proposition [2|.

Let X := (X;)i>0 be a stationary solution to (f) and assume that Xy is independent of
Z := (Z)t>0. The matrix o is assumed to be invertible. We denote by o~! its inverse.
First, note that for every t > 0, Zyy . — Z; = ¢(X¢4.) where ¢ : C(R4,R?) — C(Ry,RY) is
defined for every a € C(R,,R%) by

t
P(a)y =0 oy — g — /0 b(as)ds) YVt >0,

is continuous. Then, since (X}) is stationary, it follows that for every bounded continuous
functional F' (for the topology of uniform convergence on compact sets), for every s > 0,
for every t > 0, and every bounded continuous function f : R — R,

E[(f(Xo) — ELF(Xo)]) F(Zstu — Zsyu = 0)] = E[(F(Xe) — ELF(X0)]) F((Xrs5)]
— E[(f(X) — Ef(X)]) F(Ziroru — Zirsru > O)].

Since Xy is independent of Z,
E[(f(Xo) — ELf (X0))) F(Zstu — Zs,u = 0)] = 0.
This implies that
Elf (X)) F(Zistu — Zt,u 2 0)] = E[f (X)|E[F(Ziss4u — Zigs,u 2 0)].

One deduces that for every s,t > 0, such that 0 < s < ¢, X, is independent of (Z;4, —
Zi)u>0- As a consequence, for every positive u, ¢, for every i,j5 € {1,...,d},

I
™~

ok (E[XZ(ZHu - 2]~ [ EWCO)Ze, - 200~ B2 - zm) ,

m=1

I
M~

Oim (E[XZ]E[Zf+u —Zi] - /0 B[V (Xo)IE(Z],., — Z{]ldv — B[X(]E[Z., — Zf]) :
1

I
e 3
[

Since Z is a centered Gaussian process, it clearly implies that Z has independent incre-
ments.
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