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Abstract

We consider a wide class of semi linear Hamiltonian partial differential equa-
tions and their approximation by time splitting methods. We assume that the
nonlinearity is polynomial, and that the numerical trajectory remains at least
uniformly integrable with respect to an eigenbasis of the linear operator (typically
the Fourier basis). We show the existence of a modified interpolated Hamiltonian
equation whose exact solution coincides with the discrete flow at each time step
over a long time depending on a non resonance condition satisfied by the stepsize.
We introduce a class of modified splitting schemes fulfilling this condition at a
high order and prove for them that the numerical flow and the continuous flow
remain close over exponentially long time with respect to the step size. For stan-
dard splitting or implicit-explicit scheme, such a backward error analysis result
holds true on a time depending on a cut-off condition in the high frequencies
(CFL condition). This analysis is valid in the case where the linear operator has
a discrete (bounded domain) or continuous (the whole space) spectrum.
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1 Introduction

The Hamiltonian interpolation of a symplectic map which is a perturbation of
the identity is a central problem both in the study of Hamiltonian systems and in
their discretization by numerical methods. This question actually goes back to
Moser [23] who interpreted such a map as the exact flow of a Hamiltonian system
in the finite dimensional context. Such a result was later refined and extended by
Benettin and Giorgilli [3] to the analysis of symplectic numerical methods, and
leads to the seminal backward error analysis results of Hairer, Lubich [16] and
Reich [24] for numerical integrators applied to ordinary differential equations.
These results constitute now a cornerstone of the modern geometric numerical
integration theory (see [18, 25]).

In the finite dimensional case, the situation can be described as follows: if
(p,q) — ¥"(p,q) is a symplectic map from the phase space R?? into itself, and
if this map is a perturbation of the identity, " ~ Id + O(h), then there exists
a Hamiltonian function Hy(p,q) such that ¥" can be interpreted as the flow at
time ¢t = h of the Hamiltonian system associated with Hj,. If ¥" is analytic,
such results holds up to an error that is exponentially small with respect to
the small parameter h, and for (p,q) in a compact set of the phase space. In
application to numerical analysis, the map W"(p,q) ~ <I>’}{(p, q) is a numerical
approximation of the exact flow associated with a given Hamiltonian H. As a
consequence, the modified Hamiltonian Hj,, which turns out to be a perturbation
of the initial Hamiltonian H, is preserved along the numerical solution, (py, ¢,) =
(UM (po, qo), n € N. More precisely we have

(Pn>an) = (¥")"(po, q0) = (P4 )(po, q0) + nhexp(—1/(ch)) (1.1)

under the a priori assumption that the sequence (py,, ¢ )nen remains in a compact
set used to derive the analytic estimates. Here the constant ¢ depends on the
eigenvalues of the quadratic part of the Hamiltonian H (i.e. the linear part of
the associated ODE). As a consequence the qualitative behavior of the discrete
dynamics associated with the map ¥ over exponentially long time can be pretty
well understood through the analysis of the continuous system associated with
Hy,.

The extension of such results to Hamiltonian partial differential equations
(PDE) faces the principal difficulty that the Hamiltonian function involves op-
erators with unbounded eigenvalues making the constant ¢ in the previous esti-
mate blow up. The goal of this work is to overcome this difficulty and to give
Hamiltonian interpolation results for splitting methods applied to semi linear
Hamiltonian PDEs.

We consider a class of Hamiltonian PDEs associated with a Hamiltonian
H than can be split into a quadratic functional associated with an unbounded



linear operator, Hy, and a nonlinearity P which is a polynomial functional at
least cubic:
H=Hy+ P.

Typical examples are given by the non linear Schrédinger equation (NLS)
i0u = Au+ f(u,a) (1.2)
or the non linear wave equation (NLW)
Opu — Au = g(u) (1.3)

both set on the torus T¢ or on the whole space R%. Here f and g are polynomials
having a zero of order at least three at the origin, for instance f(u,u) = |u|*u
for the cubic defocusing (NLS) and g(u) = u3 for the classical (NLW).

To approximate such equations, splitting methods are widely used: They consist
in decomposing the exact flow <I>f}{ at a small time step h as compositions of the
flows <I>}I‘_IO and <I>}IB. The Lie-Trotter splitting methods

u(nh,x) ~ up(x) = ((I)’}{O o ®M) ug(z) or wun(x) = (P o @’ﬁo)"uo(x) (1.4)

are known to be order 1 approximation scheme in time, when the solution is
smooth. Here smooth means that the numerical solution belongs to some Sobolev
space H®, s > 1, uniformly in time, see [21, 19] for the linear case and [22] for
the non linear Schrédinger equation.

These schemes are all symplectic, preserve the L? norm if Hy and P do, and
can be easily implemented in practice. For instance, in the cases of (NLS) or
(NLW) just above, we can diagonalize the linear part and integrate it by using fast
Fourier transform and integrate the nonlinear part explicitly (it is an ordinary
differential equation). More generally, instead of fast Fourier transform, pseudo
spectral methods are used if the spectrum of Hy is known and available.

The Hamiltonian interpolation problem described above can be formulated
here as follows: is it possible to find a modified energy (or modified Hamiltonian
function) Hy, depending on Hy, P and on the chosen stepsize, such that

Do Pl ~ Ol (1.5)

Formally, this question corresponds to the classical Baker-Campbell-Hausdorff
(BCH) formula (see [2, 20]) for which the modified Hamiltonian Hj, expresses as
iterated Poisson brackets between the two Hamiltonian P and Hj. Hence we ob-
serve that the validity of such representation a priori depends on the smoothness
of the discrete solution u,. But this is not fair, as there is no reason for u,, to be,
a priori, uniformly smooth over long time. Actually, it is well known that this
assumption is not satisfied in general - even if the exact solution of the continuous



system is smooth - making such analysis irrelevant in many cases of applications,
see for instance [10]. Note that this smoothness assumption balances the blow up
of the constant ¢ in the finite dimensional exponential estimates (1.1). In other
words, the norm for which (1.5) is valid with the “finite dimensional” method
is not the norm required for the analytic estimates of the error in the infinite
dimensional context.

In this work, we give backward error analysis results in the spirit of [3, 16, 24]
for the map (1.5). We follow a general approach recently developed in [8] for
linear PDEs. In this linear context, Debussche and Faou proved a formula of
the form (1.5) by considering smoothed schemes, namely schemes where <IDF}{O is
replaced by the midpoint approximation of the unbounded part Hy. This yields
schemes of the form

Ppodl  or DY odp (1.6)

where Ay depends on h, and is an approximation of the operator hHy when
h — 0.

In the present work we consider the context of nonlinear PDEs (P is at least
cubic) and we assume that the eigenvalues of Ay are of the form

)\a = ah(hwa) (17)

where we denote by w, the frequencies of Hy (here the index a belongs to a
discrete set or is a continuous variable), and where «y, is a filter function satis-
fying oy, (z) ~ x for small x. It turns out that under such an assumption, (1.6)
remains an order one approximation of the continuous solution, provided that
the numerical solution is smooth. This general setting contains the standard
splitting methods (1.4) which corresponds to the choice oy (x) = x for all z, and
the midpoint approximation of the linear flow which corresponds to the function
(see [S])

ap(x) = 2arctan(z/2).

Our results can be described as follows: we assume that, in the Fourier vari-
ables associated with the diagonalization in an eigenbasis of H, the numerical
trajectory remains bounded in the space £, for some fixed s > 0. In the case of
the Laplace operator on T¢, this means to assume that u, has its Fourier trans-
form satisfying (|k|*up (k)gezqe) in £1(Z%) while in the case of the same operator
on R?, this corresponds to assume that u, has its Fourier transform satisfying
I€]°1, (€) in L%(Rd). When for instance s = 0, this implies in both cases that
the numerical trajectory remains bounded in the L* space associated with the
space variable uniformly in time. This is actually the standard assumption is the
finite dimensional case: no blow up in finite time.



Then for z (the Fourier variable) in a fixed ball of £}, we construct a Hamiltonian
Hj, such that

12 0 @4, (2) — @y, (2)ll , < KV THON)Y (1.8)

les
for some constant C' depending on P and s. It turns out that the number N
depends on a sort of non resonance condition satisfied by the eigenvalues of the
operator Ag. With )\, the eigenvalues of Ay (see (1.7)) this condition can be

written
Vi=1,...,m, VY(a1,...,a;5) |Agy £--- £ A | <27 (1.9)

If this is satisfied for some r > 2, then we can take in the previous estimate
N=(r—-=2)/(ro—2)

where 1 is the degree of the polynomial P. Note that this condition is inde-
pendent of the regularity index s. We thus see that the actual existence of a
modified PDEs almost coinciding with the numerical scheme at each time step
depends on the degree of the polynomial P and on the non resonance condition
(1.9).

For numerical schemes associated with a filter function
an(x) = Vharctan(z/Vh), (1.10)

we can actually prove that the non resonance condition (1.9) is satisfied for
large 7 ~ 1/v/h. The analytic estimate (1.8) then yields an exponentially small
error at each step. The choice (1.10) typically induces a stronger regularization
in the high frequencies than the midpoint rule, without breaking the order of
approximation of the method.

For the other classical schemes (standard splitting, implicit-explicit schemes),
the non resonance condition (1.9) is in general not satisfied unless a Courant-
Friedrichs-Lewy (CFL) condition is imposed [7], depending on the wished number
r. Although the CFL number tends to 0 when r goes to oo for all schemes,
we obtain very different results for relatively small r regarding on the method
and on the specific form of the nonlinearity. For example the combination of
the midpoint approximation of the linear part in an implicit-explicit scheme
together with a CFL condition with CFL number of order 1 in the case of the
cubic nonlinear Schrodinger equation yields a modified equation with precision
of order h” at each step (see section 5 for details and other examples).

We can precise in which sense the estimate (1.8) induces a better control of
the numerical solution. Actually, the modified Hamiltonian depends on Ay and
P and can roughly speaking be described as a Hamiltonian Ag/h+ P where P is
a modified nonlinear Hamiltonian. For example in the case of the method (1.10)



applied to the cubic (NLS) on R? we show (cf. section 6) that the modified
energy reads

Larc an 2)10(6))? My
/]Rd N tan(VhIE[?)[@(€)]*dE + P, (u), (1.11)
h

and is preserved up to an error O(h) over exponentially long times t < e/ */_,
provided the numerical solution remains bounded in ¢! = E(l) only. Here, u denotes

the Fourier transform of v and P,El)(u) is a polynomial nonlinearity of degree 4.

The actual expression of P}EI)(u) depends on small denominators controlled by
the non resonance condition (4.1) and is given in Theorem 6.5. Note that this
modified energy will be close to the original energy only if w is smooth, something
that is not guaranteed by the present analysis unless the a priori regularity index
s is large enough. However, the preservation of (1.11) implies the control of the
H'! norm of low modes of the numerical solution, and of the L? norm of high
modes, as in [8], over very long time.

The relative question of persistence of smoothness of the numerical solution
has recently known many progresses: see [9, 11, 12, 17, 6, 13, 14] and [10].
However, we emphasize that the resonances considered in all these works are not
of the same type as here. They read

Aa; £+t Ao, >~ 2km for some k € Z (1.12)

and they control the persistence of the regularity of the solution over long time.
As explain in [11, 12, 10], the case k = 0 corresponds to physical resonances (they
actually are close to resonances of the PDE under study, see also [4, 15]) while
the case k # 0 corresponds to numerical resonances (they are not resonances of
the PDE).

In the present work, we address a different question and we point out that possible
physical resonances do not contradict the existence of the modified energy (1.11).
Such relations are in fact also resonances of the modified equation associated with
the modified Hamiltonian Hj, . In such a case, no preservation of the regularity in
high index Sobolev spaces H™ for the numerical solution can be expected, though
the existence of the modified equation is guaranteed by the present analysis even
if s = 0. Only numerical resonances can avoid the existence of a modified energy.

We end this introduction by two important commentaries:

Commentary 1.1 We emphasize that we use the assumption that the nonlin-
earity has zero momentum. This ensures the fact that the Poisson bracket of two
Hamiltonian with bounded polynomial coefficients will still act on the space (1,
and that the corresponding vector field will be well defined on (L. This kind of
assumption is made in [12] and precludes Hamiltonian PDEs with strong non lo-
cal nonlinearity. Note however that we may obtain results with small momentum



by combining the results in [8], i.e. by assuming that the nonlinearity P(x,u)
depends smoothly on x and polynomially on wu.

Commentary 1.2 Note that similar results can be obtained for Strang-like split-
ting methods generalizing (1.6), i.e. schemes of the form

@]113/2 o @}40 o @]113/2

for which the analysis is very close to the one developed here. Similarly, we
conjecture that the same kind of results holds true for any symplectic Runge-
Kutta method under CFL condition, but this leads to technical difficulties. The
big advantage of the splitting approach is that the induction equations building
the modified Hamiltonian directly express at the level of the Hamiltonian, and
not on the corresponding vector field (in particular we do not have to show that
the vector field constructed at each step is - indeed - Hamiltonian).

2 Abstract Hamiltonian formalism

In this section we describe the general form of Hamiltonian PDEs we are con-
sidering. We focus on the case where the spectrum of the linear operator is
discrete: elliptic operator on the torus or on a bounded domain with boundary
conditions. We give in the last section of this paper the principal changes that
have to be made to obtain similar results in the case where the spectrum of
the linear operator is continuous (Schrodinger or wave equation over the whole
space).

So typically, the solution of the PDE under study is decomposed in the eigen-
basis of the linear part:

Y(t,w) = &(t)dr(x)

and we observe the PDE in the Fourier-like variables § = (§).

The main difference with the presentation in [11, 12, 15] lies in the choice
of the phase space. We consider Fourier variables ¢ belonging to ¢} and not
to £2 the weighted ¢? space which corresponds to function 1 belonging to the
Sobolev spaces H®. In particular, considering Fourier coefficients in Eé remains
to consider bounded functions, i.e. to assume that the solution (or its numerical
approximation) of the PDE under study is (essentially) bounded.

2.1 Setting and notations

We set N = Z¢ or N¢ (depending on the concrete application) for some d > 1.
For a = (ay,...,aq) €N, we set

la|* = max (1,af + - - + a3).
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We consider the set of variables (£,, 1) € CN x CV equipped with the symplectic
structure

i déa A dna. (2.1)

aeN
We define the set Z = N x {£1}. For j = (a,0) € Z, we define |j| = |a| and we
denote by j the index (a, —6).
We will identify a couple (£,7) € CV x CV with (z;)jcz € CZ via the formula
Zj = ga if 6= 1,

= (a,0) € Z =
j = (@) {zj = n, if 0=-1.

By a slight abuse of notation, we often write z = (£, n) to denote such an element.

Example 2.1 In the case where Hy = —A on the torus T, the eigenbasis is the
Fourier basis, N' = 7% and € is the sequence associated with a function 1 while
1 is the Fourier sequence associated with a function ¢ via the formula

Y(x) =) e and ¢(z) =Y nee .

aeN aeN

For a given s > 0, we consider the Banach space £ := ¢1(Z, C) made of elements
z € C# such that
el = 3 15112l < oo,
JEZ

and equipped with the symplectic form (2.1). We will often write simply ¢ = 6(1).

We moreover define for s > 1 the Sobolev norms

/
el = (S 1i12) "

JEZ

For a function F of C!(¢%,C), we define its gradient by

v = (),

where by definition, we set for j = (a,d) € N x {£1},

oF .
8_F B a—é_a lf (S = 1,
3Zj - oF .
— if =-1.
ona



Let H(z) be a function defined on ¢1. If H is smooth enough, we can associate
with this function the Hamiltonian vector field Xy (z) defined by

Xpg(z) =JVH(2)

where J is the symplectic operator on ¢! induced by the symplectic form (2.1).
For two functions F' and G, the Poisson Bracket is (formally) defined as

{F,G}=VFTJVG =i or oG oF oG

or 9 97 O (2.2)
e Onj 985 O; On;

We say that z € £} is real when 5 =% for any j € Z. In this case, we write

z = (&€) for some & € CN. Further we say that a Hamiltonian function H is
real if H(z) is real for all real z.

Example 2.2 Following Example 2.1, a real z corresponds to the relation ¢ = 1)
and a typical real Hamiltonian reads H(z) = [pa h(¢(z), ¢(x))dz where h is a
regular function from C? to C satisfying h(¢,() € R for all ¢ € C.

Definition 2.3 For a given s > 0, we denote by Hs the space of real Hamilto-
nians P satisfying

Pecl(tl,©), and XpecCl(el,oh).

ERINE
Notice that for F' and G in H, the formula (2.2) is well defined.

Remark 2.4 At this stage we have to note that, in general, the quadratic Hamil-
tonian Hy corresponding to the linear part of our PDE will not be defined for
¢ € (L. For instance for the NLS equation, Hy is associated with the Laplace
operator (see example 2.1 above) and reads in Fourier variable > k?|&.|?. Nev-
ertheless it generates a flow which maps £ into £} and which is given for all time

t and for all indices k by & (t) = e~ *1€,(0).

We will verify later (see example 2.7) that the typical real Hamiltonians given
in Example 2.2 belong to the class Hs. Actually the proof is not totally trivial
because the Fourier transform is not well adapted to the £ space.

With a given Hamiltonian function H € Hg, we associate the Hamiltonian
system

2= JVH(z)
which can be written
: OH
ga = —Za—(faﬁ) CLGN,
MNa
. oH (2:3)
Na = Za—éa(é“,n) a€cN.

9



In this situation, we define the flow ®%,(z) associated with the previous system
(for an interval of times ¢ > 0 depending a priori on the initial condition z). Note
that if z = (§,€) and if H is real, the flow (¢!, n') = ®¢,(z) is also real for all
time ¢ where the flow is defined: ¢! = i*. When H is real, it may be useful to
introduce the real variables p, and g, given by

1 - 1
o = %(pa + iQa) and o = E(pa - Z'Qa)a

the system (2.3) is then equivalent to the system

) OH

Pa = _a—qa(q7p) a€N7
. oOH

o = a—pa(q,p), aeN,

where by a slight abuse of notation we still denote the Hamiltonian with the

same letter: H(q,p) = H(§,€).
We now describe the hypothesis needed on the Hamiltonian nonlinearity P.
Let ¢ > 2. We consider j = (ji,...,j¢) € 2% and we set for all i = 1,.../¢
Ji = (a;,0;) where a; € N and ¢; € {£1}. We define
J="01,--Je) with 7, =(a;,—8;), i=1,...,L

We also use the notation

25 = Zj, " Zj,.
We define the momentum M(j) of the multi-index j by
M(G) =a161 + -+ + agdy. (2.4)
We then define the set of indices with zero momentum
To=1{3=01,...,j0) € 25, with M(j) = 0}. (2.5)
We can now define precisely the type of polynomial nonlinearities we consider:

Definition 2.5 We say that a polynomial Hamiltonian P € Py if P is real, of
degree k, have a zero of order at least 2 in z =0, and if

e P contains only monomials ajzj having zero momentum, i.e. such that
M(3) =0 when aj # 0 and thus P formally reads

k

P(z) = Z Z a;zj (2.6)

(=2 jEIe

with the relation aj = aj;.

10



o The coefficients aj are bounded, i.e. satisfy
v6:27"'7]{77 vj:(j17”'7j£)€:z’-€7 ’aJISC

In the following, we set

1Pl = Z sup [a;. (2.7)

2.762

Definition 2.6 We say that P € SPy, if P € Py has coefficients aj such that
aj # 0 implies that j contains the same numbers of positive and negative indices:

tlilgi = (ai, +1)} = #{i ] ji = (as, =1}

In other words, P contains only monomials with the same numbers of & and n;.
Note that this implies that k is even.

Example 2.7 Following example 2.2, P(z dep (), ¢(x))dx, where p is a
polynomial of degree k in C[X,Y] satzsfymg p(¢,¢) € R and having a zero of
order at least 2 at the origin, defines a Hamiltonian in Py,.

An example of polynomial Hamiltonian in SPay is given by P = [ [y|?kda.

The zero momentum assumption in Definition 2.5 is crucial in order to obtain
the following Proposition:

Proposition 2.8 Let k> 2 and s > 0, then we have Py, C Hs, and for P € Py,
we have the estimates

[P < IPI( max 2] ) (2.8)

—4 7

and

Vzel, [Xp(2)l, <2k(k— 1P Izl (71111.?}54 =1l )- (2.9)

Moreover, for z and y in £%, we have

IXp(2) = Xp W), < 4k(k—1)*[|P|| ( max (il > I=l)) 1z = ol - (2:20)

Eventually, for P € Py and Q € Py, then {P,Q} € Pris—o and we have the
estimate

{P, Q| < 2kL][P| [|Q]] - (2.11)
If now P € SPy, and Q € SPy, then {P,Q} € SPxi¢—2.

11



Remark 2.9 The estimate (2.9) is a sort of tame estimate. Notice that the same
estimate with £} replaced by €% is proved in [15] under a decreasing assumption on
the coefficients of the polynomial P. Actually the present proof is much simpler.
We also notice that, with this estimate and following [15], we could develop a
Birkhoff mnormal form theory in £.. The only disagreement with this choice of
Fourier space is that {* is not the image by the Fourier transform of L>, making
difficult the pull back of the normal form to the original variables.

Proof. Assume that P is given by (2.6), and denote by P; the homogeneous
component of degree i of P, i.e.
Pi(z) = Zajzj, i=2,...,k.
JEL;
We have for all 2z ‘ ‘
1P < 1Bl =l < B =11, -

The first inequality (2.8) is then a consequence of the fact that

k
1Pl =17 - (2.12)
1=2

Now let j = (a,€) € Z be fixed. The derivative of a given monomial z; =
zj, -+~ zj; with respect to z; vanishes except if j C 7. Assume for instance that
j = Jji- Then the zero momentum condition implies that M(ji,...,Ji-1) = —€a
and we can write

op;
82’]'

131°

<[l Bl > 131° 1250 -+ 2jia | (2.13)
JEZITL , M(F)=—ca
Now in this formula, for a fixed multiindex j, the zero momentum condition

implies that
1" < (Il 4+ 4 )" < (= 1)° max ], (2.14)

n=1,...,i—

Therefore, after summing in a and € we get

IXpP ()l <206 = VRN Y max |gal*lz] 2]
s jezioi n=1,...,i—

i’ i—2
< 2i(i = D[P Nzl o llellyy ~ (215)
which yields (2.9) after summing in ¢ = 2,...,k.
Now for z and y in ¢!, we have with the previous notations
0F; 0P,
) 1 _ 7 < .15
| G - S| < X

qeZ

1 8PZ
1-— — Yql-

12



But we have for fixed j = (¢,a) and ¢ = (6,b) in Z, and for all u € £}

0P, ) .
] LTI RN U TSP
%194 JEZI=2  M(j)=—ea—5b

ik

In the previous sum, we necessarily have that M(j, 7, k) = 0, and hence

1—2
31 < (sl + -+ Gical +1al)® < G —1)[al* T 1l
n=1

Let u(t) =ty + (1 — t)z, we have for all ¢ € [0, 1] with the previous estimates

ey
|° — (u(t))dt| <
| [ 5 o] <
it~ vl [ 1l (0] el 0.

jezi-2 M =—ea—3b

Multiplying by (2, — y,) and summing in k£ and j, we obtain

1Zp,(2) = Xp, (W)l x < 4G = 1)°|[ 2] / [[u( Hgl dt)HZ Yllys -
Hence we obtain the result after summing in ¢, using the fact that
Ity + (L= 0zl < max(lyll, - 1zl ).

Assume now that P and () are homogeneous polynomials of degrees k and ¢
respectively and with coefficients ag, k € Z, and by, £ € Z,. It is clear that
{P,Q} is a monomial of degree k+ ¢ — 2 satisfying the zero momentum condition.
Furthermore writing

PR = ) ez

JE€Lkto—2

c;j expresses as a sum of coefficients agby for which there exists an a € A and
e € {1} such that

(a,e) Ck €I and (a,—e) C L€y,

and such that if for instance (a,€) = k; and (a,—¢) = ¢1, we necessarily have
(ko ..., ki, la,...,ly) = j. Hence for a given j, the zero momentum condition
on k and on £ determines the value of ea which in turn determines the value of
(¢,a) when A" = N¢ and determines two possible value of (¢, a) when N = Z<.
This proves (2.11) for monomials. If

k ¢
P-3r i @-Y,
i=2 =2

where P; and (Q; are homogeneous polynomials of degree ¢ and j respectively,

13



then we have
k+6—2

P=>Y > {P.Q;

n=2 i+j—2=n

Hence by definition of ||P|| (see (2.7)) and the fact that all the polynomials
{P;,Q;} in the sum are homogeneous or degree i+ j — 2, we have by the previous
calculations

k4+£-2 k+4-2
1PE= > > {Pe@ili<2 ) > ilellel
n=2 i+j—2=n n=2 i+j—2=n

< m(fj 17 (fj 1@l ) = 2keiP] QI
i=2 j=2

where we used (2.12) for the last equality.
The last assertion, as well as the fact that the Poisson bracket of two real Hamil-
tonian is real, follow immediately from the definition of the Poisson bracket. ®

Remark 2.10 The zero momentum condition was crucially used to prove (2.9)
and (2.11). For instance instead of (2.15), we would have without this condition!
in the case where s =0,

IXp ()l <20 > lagellzi - 2|

(eZ jezi-1

and this last expression cannot be controlled by the £* norm of z without an extra
decreasing property on the |aje|. For instance we can assume that ) ,|aje| is
uniformly bounded with respect to j. See also [15] in the case where the phase
space is {2 instead of £},

With the previous notations, we consider in the following Hamiltonian func-
tions of the form

H(z) = Ho(2) + P(2) = > _ wala(2) + P(2), (2.16)
aeN

where for all a € NV,
Io(2) = &aMa

are the actions and w, € R are the associated frequencies. We assume

VaeN, |ws <Cla™ (2.17)

"Here we assumed that |a;| does not depend on permutation on the multi index j.
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for some constants C' > 0 and m > 0. The Hamiltonian system (2.3) then reads

éa - _iwaé.a - Za—P(§7 77)7 ac N7
Ong
oP (2.18)
Na = iwana‘{'i%(&'f/), acN.

2.2 Examples

In this subsection, we present two examples of equations that can be put under
the previous form. We mention that many other systems can be put under the
previous form. In particular, we stress out that we do not need any non resonance
assumption on the frequencies w, as required in an perturbative approach (see
for instance [15, 4]).

2.2.1 Nonlinear Schrodinger equation

We first consider non linear Schrédinger equations of the form
0 = —AY + Dag(4,9), z €T (2.19)

where g : C?> — C is a polynomial of order rg. We assume that g(z,z) € R, and
that g(z,%) = O(|z|?). The corresponding Hamiltonian functional is given by

@) = [ (V0P +9(0.0) dr

Let ¢q(x) = €' a € Z be the Fourier basis on L2(T¢). With the notation

v=(52)"" Y Gtule) and b= ()" Y mdale).

acZd acZa

d/2

the Hamiltonian associated with the equation (2.19) can (formally) be written

H(&n) = Z Walala + Z Zpab Eay " 'gapmn c Mg (2.20)

a€Zd r=3 a,b

Here w, = |a|?, satisfying (2.17) with m = 2, are the eigenvalues of the Laplace
operator —A. As previously seen in Examples 2.1, 2.2, 2.7, the nonlinearity P =
Jpa 9((x), (x))dx is real, satisfies the zero momentum condition and belongs
to Hs (as g is polynomial).

In this situation, working in the space ¢! for ¢ corresponds to working in a
subspace of bounded functions v (x). Similarly the control of the ¢! norm of ¢
for s > 0 leads to a control of [V, ..

15



2.2.2 Nonlinear wave equation

As a second concrete example we consider a 1-d nonlinear wave equation
Uy — Ugy = g(u) , z€(0,7m), teR, (2.21)

with Dirichlet boundary condition: «(0,¢) = u(w,t) = 0 for any ¢t. We assume
that g : R — R is polynomial of order ry — 1 with a zero of order two at u = 0.
Defining v = uy, (2.21) reads

o <Z> B (um fg(ﬂ)) '

Furthermore, let H : H*(0,7) x L?(0,7) — R be defined by

H(u,v) = /51 <%v2 + %ui + G(u)) dz (2.22)

where G such that 9,G = —g¢ is a polynomial of degree rg, then (2.21) expresses
as a Hamiltonian system

a(o) = (o) ()
= JVuoH(u,v) (2.23)

0 1 .
where J = (_ 1 0> represents the symplectic structure and where V,, =

<gu> with V, and V,, denoting the L? gradient with respect to u and v respec-

v
tively.
Let —Ap be the Laplace operator with Dirichlet boundary conditions. Let
A= (—AD)1/2. We introduce the variables (p, q) given by

q:= A2y and pi= A2y,

Then, on H*(0,7) x H*(0,7) with s > 1/2, the Hamiltonian (2.22) takes the
form Hy + P with

Ho(q,p) = = ({Ap,p)r2 + (Aq, q)12) (2.24)

DO | —

and

P(q,p) = /S 1 G(A™%g)dz. (2.25)

In this context N' = N\ {0}, wy, = a, a € N are the eigenvalues of A and
¢q = sinaz, a € N, the associated eigenfunctions.
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Plugging the decompositions

q(x) = qada(x) and p(z) = pada(z)

aeN aeN

into the Hamiltonian functional, we see that it takes the form

2 2
Z Pat 4
H: wa%_{_P
aeN

where P is a function of the variables q,. Using the complex coordinates

o = %(Qa +ipg) and 7, = %(Qa — iPa)
the Hamiltonian function can be written under the form (2.20) with a nonlin-
earity depending on G. In this case, the space ¢! for z = (£,7) corresponds to
functions u(z) such that the Fourier transform u(a) = %fow u(x) sin(azr)dx sat-
isfies (atl)aen € LY(N)  and  (a '%)4en € ¢1(N). This implies in particular
a control of u(x) and Jyu(z) in L*°(0,7). More generally, with a z in some
¢! space, s € N, is associated a function u(z) such that 0%u(z) € L>(0,7) for

k=0,...,s+1.

2.3 Splitting schemes

In this subsection we describe some Splitting schemes to which we will apply
our technic in the next sections. The standard Lie-Trotter splitting methods for
the PDE associated with the Hamiltonian Hgy 4 P consists in replacing the flow
generated by H during the time h (the small time step) by the composition of
the flows generated by Hy and P during the same time, namely

P 0@ and @ o DY .

As explained in the introduction, it turns out that it is convenient to consider
more general splitting methods including in particular a regularization in the
high modes of the linear part. Thus we replace the operator hHgy by a more
general Hamiltonian Ag. Precisely let ap(2) be a real function, depending on
the stepsize h, satisfying a;,(0) = 0 and ap(x) ~ x for small x. We define the
diagonal operator Ag by the relation

Vi=(a,9) € Z, Aoz =0ap(hwy)z;. (2.26)
For a € N, we set A\, = ap(hw,). We consider the splitting methods

Ppodl and @Y o ®p (2.27)
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where <I>f£, is the exact flow associated with the Hamiltonian P, and where CI&‘O
is defined by the relation

Vj=(a,d) € Z, (@ko(z))j = exp(i0Xq)z;.

We will mainly consider the cases listed in the table 1 below.

Method ap(z)

Splitting ap(z) =x
Splitting + CFL ap(z) =2l ,.0(x)

Mid-split ap(x) = 2arctan(x/2)

Mid-split + CFL ap(z) = 2arctan(z/2)1,<.(x)

New scheme (I) an(z) = hP arctan(h=Pz)
B x + 22 /hP
1+ a/hP + 22 /h2P

New scheme (II) ap(x)

Table 1: Splitting schemes

Let us comment these choices. The “mid-split” cases correspond to the ap-
proximation of the system

éa - _iwaga CLGJ\/,
Na = iwele a€N,

by the midpoint rule (see also [1, 26]). Starting from a given point (£2,70) we

have by definition for the first equation

e <1 — ihw,a /2

a T iho /2)52 = exp(—2i arctan (hw, /2))EY

which is the solution at time 1 of the system

& = —i2arctan(hw, /2)¢, a €N,

N = 12arctan(hwy/2)n, a €N.

18



Thus in this case the Hamiltonian A is given by
Ao(&,m) = 2arctan(hwa/2) Eatla-
acZ

Note that using the relation

VyeR, |arctan(y)—y| < vl® (2.28)

3
3
we obtain for all a € N,

| exp(—ihwy) — exp(—2i arctan(hw, /2))| < Ch3w?
for some constant C' independent of a. Using the bound (2.17), we get for all z,

19%, (2) = @, (2l o < CRI2]l o

More generally, we have the following approximation result:
Lemma 2.11 Assume that the function ap(x) satisfies:
Ve >0, |ap(z)—a <Ch %27 (2.29)

for some constants C >0, o > 0 and v > 2. Then we have

19 (2) = Dy ()l 2 < OB |20l o (2.30)
Proof. For a given a € N, we have

lan (hw) — hw,| < Ch7™%w].
Hence owing to the fact that |e®® — ™| < |o — y| for real x and y, we obtain
| exp(—ihw,) — exp(—iap(hw,)| < Ch7 w],

and this yields the result. [ |

Commentary 2.12 Under the assumption that P acts on sufficiently high index
Sobolev spaces H®, the previous result can be combined with standard convergence
analysis to show that the splitting methods (2.27) yield consistent approximation
of the exact solution <1>’}{ provided the initial solution is smooth enough (depending
on m). The condition v — o > 2 guarantees a local order 2 in (2.30) that will
be of the same order of the error made by the splitting decomposition after one
step. Such a local error propagates to a global error of order 1, which means that
for a give finite time T, the error with the exact solution after n iterations with
nh = T will be of order n x h? ~ h up to constants depending on T, and under
the assumption that the numerical solution remains smooth. Give more precise

results would be out of the scope of this paper, and we refer to [22] for the case
of NLS.
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Let us consider the function
ap(x) = hP arctan(h P x) (2.31)

for 1 > 8 > 0. It satisfies (2.29) with C' = 1/3, 0 = 20 and v = 3 (see (2.28)).
Hence for 5 = 1/2, the estimate (2.30) shows a local error of order v — o = 2,
and hence the splitting schemes (2.27) remains of local order 2 (though with
more smoothness required than with the midpoint approximation) which means
that the error made after one step is of order h?. Of course, when 3 = 1, the
approximation is not consistent (local error of order 1).

The second example

x+ 2% /h?
= 2.32
on(w) 1+ x/hP + 22 /h28 (2.32)
exhibits similar properties. Note that the simple choice
T
= 2.33
on(s) = T (233

ensures only a local error of order h2~% (y = 2 and ¢ = 3 in (2.30)). Hence the
corresponding splitting schemes (2.27) are of global order 1— /3 (hence 1/2 in the
case where = 1/2).

All these “new” schemes have the particularity that ap(z) ~ x when z is
small, but when = — oo, we have ay,(z) ~ hP?. Their use thus leads to a stronger
regularization effect in the high modes than the midpoint approximation, with-
out breaking the order of approximation for smooth functions. We will see in
section 3 and 4 that this property allows to construct a modified equation over
exponentially long time for all these schemes.

Note that in practice, the implementation of the schemes associated with
the filter functions (2.31) or (2.32) a priori requires the knowledge of a spectral
decomposition of Hy. This will be the case for NLS on the torus, or NLW with
Dirichlet boundary conditions, where the switch from the z-space (to calculate
<1>]}3) to the Fourier space (to calculate @}40) can be easily implemented using fast
Fourier transformations.

3 Recursive equations

In this section we explain the strategy in order to prove the existence of a modified
energy. We will see that it leads to solve by induction a sort of homological
equation in the spirit of normal form theory (see for instance [15]). For simplicity,
we consider only the splitting method @%o@ho. The second Lie splitting CI&‘O OCID’IS
can be treated similarly.
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We look for a real Hamiltonian function Z(t,£,n) such that for all ¢ < h we
have
Do @Y = Dy (3.1)

and such that Z(0) = Ay.
For a given Hamiltonian K € H,, we denote by Lp is the Lie differential
operator associated with the Hamiltonian vector field Xg: for a given function

1 s >0, and taking values on C or f;, we have

g acting on /g,

Lxle) = S0, 2.
jeZ J

Denoting by z(t) the flow generated by Xy starting from z € £, ie. 2(t) =
Pl .(2), we have (if K is in Hy)

2B (t) = £k [1)(2(t)) forall keN,

where I define the identity vector field: I(z); = z;. Thus we can write at least
formally

O = exp(Lx)[]]- (3:2)

Differentiating the exponential map we calculate as in [18, Section I11.4.1]

d
aq)lz(t) = XQ(t) [¢] (I)lz(t),

where the differential operator associated with Q(t) is given by
1 k
‘CQ(t) = Z (k + 1)!Ad£zu)(ﬁz't))
k>0

with
Adg,(Ly) = [La, LH]

the commutator of two vector fields.
As the vector fields are Hamiltonian, we have

[La, L] = Liany,

where

adK(G) = {K, G}

Hence we obtain the formal series equation for Q:

1 !/
Qt) = kzzo mad%(t)z (t) (3.3)
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where Z'(t) denotes the derivative with respect to ¢ of the Hamiltonian function
Z(t).
Therefore taking the derivative of (3.1), we obtain
Xp (o] <1>§3 (¢} (1)1140 = XQ(t) (o] <1>1Z(t)

and hence the equation to be satisfied by Z(t) reads:

1 /
;;) Wad’;(t) (t) = P. (3.4)

k _ e*—1
z

Notice that the series >, (kil)!z is invertible in the open disc |z| <

27 with inverse given by > .-, %zk where By are the Bernoulli numbers. So
formally, Equation (3.4) is equivalent to the formal series equation (see also [8],
Eqn. (3.1))

k>0

Plugging an Ansatz expansion Z(t) = Y ,.,t*Z, into this equation, we get
Zy = Ap and for n >0

B
(n+1)Zpy1 = k—f > adg, ---adg, P. (3.6)
k>0 7 ly4Al=n

Commentary 3.1 The analysis made to obtain this recursive equation is for-
mal. To obtain our main result, we will verify that the series we manipulate are
in fact convergent series in Hy uniformly on balls of £} that contains the different
flows involved in the formulas (see in particular Lemma 4.3 below).

For instance (3.2) holds true as soon as z(t) remains in a ball By, = {z €
k
0L [2ll,, < M} for 0 <t <1, and that the series }_ % is uniformly con-

vergent on Bj,. Notice that this in turn implies that t — z(t) is analytic on the
complex disc of radius 1.
Commentary 3.2 In the case of Strang splitting methods of the form

@];/2 o ‘Iﬁlo o @];/2

we can apply the same strategy and look for a Hamiltonian Z(t) satisfying for all
t<h,

(I)lz(t) = ‘I)if o ‘Iﬁlo o (I)Z2
and this yields to equations similar to (3.6). We do not give the details here, as
the analysis will be very similar.
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The key lemma in order to prove that the previous series converge (and thus
to justify the previous formal analysis) is the following one (and whose proof is
straightforward calculus):

Lemma 3.3 Assume that
Q(z) = a;z

JEZ

18 a polynomial, then
adz, (Q) = Y _iA(4)a;z;

JEZ
where for a multi-index j = (j1,...,Jr) with fori = 1,...,r, j; = (a;,0;) €
N x {£1}, we set

A(G) =01g, + -+ A,

Hence we see that if A(j) < 27 we will be able to define at least the first term
Z1 by summing the series in k in the formula (3.6).

4 Analytic estimates

We assume in this section that «j and h satisfy the following condition: there
exist r and a constant d < 27 such that

Vn<r VjeZ, [AG)<2r—0. (4.1)

Using Lemma 3.3, this condition implies that for any polynomial @ € P,, we
have the estimate

ladz, @[l < (27 —8)[|Q]l (4.2)

as for homogeneous polynomials, the degree of adz,() is the same as the degree

of Q.

Theorem 4.1 Let rg > 3. Assume that P € Py, and that the condition (4.1)
is fulfilled for some constants 0 and r. Then for n < N := 7:):22 we can define
polynomials Zy, € P (rg—2)42 satisfying the equations (3.6) up to the order n, and

satisfying the estimates || Z1]| < ¢ and for 2 <n < N,

1Znll < e(Cn)" (4.3)

for some constants ¢ and C depending only on ||P||, ro and §. If moreover

P € 8Py, then Z, € SPyrg—2)+2-
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Proof. Let

T0

P(z) = Z Z a;zj.

(=2 jel—g

First we prove the existence of the Zj for k < N. The equation (3.6) for n =0

reads B

— 2k

Z1=2_ 7
k>0

ad%o P.

The previous Lemma and the condition (4.1) show that Z; exits and is given by

¢ iA()
2 2 axpliA(y)) 1
Further we deduce immediately that Z; is real, and satisfies || Z1|| < ¢5||P|| for
some constant cs.
Assume now that the Z; are constructed for 0 < k < n, n > 1 and are such that
Zy, is a polynomial of degree k(rg — 2) + 2. Formally 7,1, is defined as a series
1 By,

Zn+1 - k
+ |
n 1 >0 k!

where

Ak = E adzel e adZ[k P.
b+ AHLl=n

Let us prove that this series converges absolutely. In the previous sum, we sepa-
rate the number of indices j for which ¢; = 0. For them, we can use (4.2). Only
for the other indices, we will use the estimates of Proposition 2.8 by taking into
account that the right-hand side is a sum of terms that are all real polynomials
of degree ({1 4+ Llg)(ro—2)+ro=(n+1)(ro —2) +2 < (n+ 1)r¢ and hence
the inequality of Proposition 2.8 is only used with polynomials of order less than
(n + 1)rg. Thus we write for k > n

Al =1l > adg, ---adg, P|| <
O+ +l=n

. |
k! (2m — &)k o

P D DR R V2 O FA R A

i=1 U €1+~~~+€i:n|£j>0

< (2m —8)F"E" Y Yo (T2 Za) Gl Ze) P

=1 €1+---+€i:n|£j>0

and thus Zkzo %Ak converges and Z, 1 is well defined up ton+1 < .
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Further, as the right-hand side of (3.6) is a sum of term that are all real polyno-
mials of degree (n+1)(rog—2)+2, Z,,+1 is a polynomial of degree (n+1)(rg—2)+2.
Now we have to prove the estimate (4.2). Following the previous calculation we
get

(n+ D) Znsall <

Z Z Z %(2# — 5)k*i(n + 1)2‘712%31‘)(

=1 51+---+Z¢:n\5]~>0 k>1

Ol Ze |l - Lll Ze L IPL-

On the other hand, the entire series f(z) := >, %zk defines an analytic

function on the disc |z| < 27. Thus its ¢ — th derivative )., %zk*i also

defines an analytic function on the same disc and, by Cauchy estimates, there
exist a constant Cs = sup|.<or_g/2 | f ()| such that

B » L2\
Zﬁ&w—&k < Cy il (5) .

k>i
We then define for n > 1
Cn = nTO”Zn” .

These numbers satisfy the estimates, for n > 0,

n
G < Orocs [P+ Caroll PIY. S0 (04 17 A0 1) Gy
=1 Z1+~~~+£i:n\€j>0

Let us fix N > 1. We have forn=0,...,N
467 g (N 4+ 1)Cng1 < 40 (N + 1)8%rgcs || P||

+Csas g P > > (N +1)" (40~ 170)"Cey -+~ oy

=1 21+---+2i:n|éj >0

Let B;, 7 =0,..., N the sequence satisfying

Bor1=00C1+C2> > By By (4.4)
=1Ly +-+L;=n|l; >0
where 40
Cy =A(N + 1)r2cs 5 Y|P and Cy= T‘%g”p” .

25



By induction, we have that for all n =0,..., NV,
4r
(N + 1)~ < fin.

Multiplying (4.4) by t"*! and summing in n > 0 we see that the formal series
B(t) = >_;51 1 B; satisfies the relation

B(t) = tCy + 1Cs (1—#6(0 - 1> .

(1= pB1)(B(E) —tC1) = tC2B(t)

This yields

or equivalently

ﬁ(t)Q — ﬁ(t)(l + t(Cl — CQ)) +tCy =0.
The discriminant of this equation is
(1 + t(Cl — CQ))Z — 4tCl =1 2t(6’1 =+ CQ) + tQ(Cl — 02)2
and hence, for t < 1/2(Cy + C3), we find using ((0) = 0,
) 2\ 1/2
28 =1+ t(Cy — Cs) — <1—2t(01 +Cy) +12(Ch — Cy) ) .
We verify that for ¢t < 1/2(Cy — C3) we have

3
26 < —.
f< 2
By analytic estimate, we obtain that for all n > 0 we have
(o 3 n
b= 2210 220 - )"
n! 2

For n = N, this yields
Bx < (CN|IPIDY

for some constant C' depending on ¢ and . We deduce the claimed result from
the expression of (. [ |

For s > 0, we define

By ={zet]lal, <M}

and we will use the notation By = Bg/[.

Theorem 4.2 Letrg >3, s > 0 and M > 1 be fizred. We assume that P € P,
and that the condition (4.1) is fulfilled for some constants 6 and r > r¢ and we
denote by N the largest integer smaller than TC):QZ. Then there exist constants cg

and C depending on rg, s, 0, ||P|| and M such that for all AN < ¢y, there exists
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a real Hamiltonian polynomial Hyp € Pn(ry—2)42 such that for all z € By, we
have

19 0 @4, (2) — @y, ()]l y < KYFHON)Y. (4.5)

Moreover, assuming that

P(2) =Y a;z

(=1 j€I,

then for z € B}, we have
|Hy(2) = Hy"(2)| < Ch (4.6)

where

Hl(zl)(z) = Z %O‘h(hwa)gana + Z Z %C@ZJ& (4.7)

Y (=1 jez, xPUAG)

If finally, P € 8Py, then Hy € SPN(ro—2)+2-

Proof. We define the real Hamiltonian Hj, = Z”éh), where

N
Zh(t) = Z t]Zj,
=0

and where, for j = 0,---, N, the polynomials Z; are defined in Theorem 4.1.
Notice that N depends on r and thus on h via the condition (4.1).

By definition, Z(t)(z) is a polynomial of order N(rg — 2) + 2 < N7y and using
Theorem 4.1 we get

=

1Z0 ()] < er(1+) (Ctj)?) < oo
=2
for some constant c; depending on ¢ and ||P||. Thus Z € Py(y—2)42 (and in
S’PN(TO_QH_Q if P e SPTO).
We will use the fact that for all s, there exists a constant ¢; such that for all
j>1, |
7% < (cs)’. (4.8)

Now, as for all j, Z; is a polynomial of order j(rg —2) 4+ 2 < jro with a zero
of order at least 2 in the origin, we have using Proposition 2.8 and Theorem 4.1
that for z € Bg,,; and j > 1.

. s NG— k s . r0\J
1z, ()0 < 2Gro) CH( sup 2l ) < M(2Ceariej(0M)Y

k=1,...,5r0—1
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where the constants ¢ and C' are given by estimate (4.3). On the other hand we
have using Lemma 3.3 and (4.1)

1 X2, (D)l < 272, < 27M.

Hence, for t < (4NCegrite) 1 (9M) 70 we have
N
X 2,0 ()l < 20M + MY (£2Ccery ™ eN(OM)™) < (2m+1)M < 8M. (4.9)
J=1
Therefore by a classical bootstrap argument, the time 1 flow <I>1Zh (1) T0ap B3, into
Bg,, provided that ¢ < (4NCegryte)=1(9M) 0
On the other hand, <I>}40 is an isometry of /! and hence maps B3, into itself,

while using again Proposition 2.8, we see that ®%, maps B3, into Bg,, as long as
t < (4rgtH|P|| Mo=1)=1 We then define

T =T(N,M,rg,s,6,|P|)
= min{(4rg | P|| MT0~D)L (UNCeri™e)"L(OM) ™0} (4.10)

and we assume in the sequel that 0 < ¢t < T in such a way that all the flows
remain in the ball Bg;.

Let u(t) = @}, 0 @} (2) — )

Z (t)(z) and denote by @, (t) the Hamiltonian defined
by

Qn(t) =) (kil) ady, ) Z;,(1).

k>0

Lemma 4.3 Fort <T given in (4.10), the Hamiltonian Qn(t) € Hs and satis-
fies for z € B3,

d

We postpone the proof of this Lemma to the end of this section.
Using this result, as u(0) = 0, we get for t < T given in (4.10)

e, < / 1Xp(@h 0 ©},() — Xy (0(®, 0y (] 1 ds
! 1
< [ IXR@Y, () = Xoo (@b, o (D)1 d

= [ 1Xp@h 0 8l () = Xp(@}, () (D] ds
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Therefore for ¢t < T
t t
lull, < / sup [ Xp(2) — Xg, (), ds + Lp / Ju(s)ll o ds  (4.12)
s 0 z€Bonm s 0 s

where using Equation (2.10) in Proposition 2.8, we can take
Lp = 4ritH|P|| (9M)0 2.

So it remains to estimate sup,c g, ,, | Xp(2)—Xq, 1) (2)| 1 for z € By and t < T

I,

Now by definition of @, (t) and using Lemma 4.3 we have
Zy(t) = gad%h(t)Qh(t)
k=0

where the right hand side actually defines a convergent series by the argument
used in the proof of Theorem 4.1. By construction (cf. section 3), we have

o0

ad, (, (@n(t) — P) = O(t™)

in the sense of Hamiltonian in the space H,. Taking the inverse of the series, we
see

Qu(t)—P =) K, (4.13)

n>N

where we have the explicit expressions

K= Y <m+1>z(k+11), S adg, ads, Zmi

l+m=n| m<N k>0 Tl el =00 <N
(4.14)
Estimates similar to the one in the proof of Theorem 4.1 lead to
¢ k—1i)
i,.2 i (2m — 5)(
[Knl < Z (m+1)227“o(n+1)2mx
L+m=n|m<N =0 k>1
> Ol Zey || -~ il Zey || Gl Zo, || || Zimsn |
O 4L =L|0<L; <N
and hence after summing in k,
: 22 (n + 1)°
T DR C RS Pl R
l+m=n| m<N 1=0
> Ol Zey || -~ - il Zey || Gl Zo || | Zimsn |

O+ 44;=L]0<t;<N
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for some constant C; depending on . Using the estimates in Theorem 4.1, we
have for £; > 0 and /; < N,

E]HZKJ || S C(ij)gj_l S C(CN)gj_l

Using moreover ||Z,t1|| < ¢(CN)™, and as the number of integer ¢1,...,¢;
stricly positive such that ¢; + - -- + ¢; = £ is bounded by 2%, we obtain

~

2 7 2@ 1
Kl <ccr S meny ZTolnt '
f+m=n m<N =0

Z (CN)€1+~~~+€i+m—i
O£ =L)0<L;<N

2 1z+1
ccaeny ¥y 2 i+ I
{+m=n 1=0

Therefore, there exist a constant D depending on ro and || P|| such that
Vn>N, |K,| <(DN)".

As K, is a polynomial of order at most rgn, we deduce from the previous estimate
and Proposition 2.8 that, for z € Bg,,,

Xk, ()]l < 2(nro)* H(DN)™(OM)"™ < (2c5r§™ DN (9M)™)",
where the constant cs is defined in (4.8). Hence the series > (1" Xk, (2) con-

verges for ¢ < (degrg™' DN(9M)™)~!. Furthermore, again for z € Bj,, and
t < (4csr8+1DN(9M)m)_1 we get using (4.13) and the previous bound

X0 (2) = Xp()lly < Xk, (2 Dy <N+ BN)Y
n>N

for some constant B depending on || P||, s, 0 and rg.
Let us set

CO(MaTO’é S, ||P||) =
min{(4r§ || P|| M) (4C et e)THOM) T, (degrg F D(9M)0) 1Y
For t < co(M, 1o, 9, s,||P|| )N, inserting the last estimate in (4.12) we get

t
lu()l,, < ¥ BNV + LP/O [u(s)ll, ds-

and this leads to .
[u(t)]| . <tV TH(BN)Y
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for some constant B depending on rq, 8, s ||[P|| and M. This implies (4.5) defining
Hy, = Zp(h)/h for h < c¢o(M,rg, 6, s, ||P|| )N~
The second assertion of the theorem is just a calculus defining
1 1
! = -2 + 2.
Using the previous bounds and the first inequality in Proposition 2.8, we then
calculate that for z € Bj,

N
1Hu(z) = Hy (Dl <D W HZi(2),
j=2
N
< heM®© Y W TA(CiM™)
j=2
N .
< heM®0 " (L>H < 2h M0
o , 2N -
7j=2
by definition of ¢o(M,rg, 9, s, || P]|). |

Proof of Lemma 4.3. With the previous notations, we have

Qn(t) =) t"K,
n>0
where K, is given by (4.14) and the bounds obtained show that Qp(¢)(z) and
Xg, ) (2) are well defined on Bgy;. Now let us consider the flow ¢1Zh(t). As
previously mentioned, it acts from B3, to Bg,,;. Now we can write formally

1
Sz = Zy(ﬁzhu))k
k>0

= > " Z > Lz, 0oLz [I(z)  (4.15)
n>0 k>0 f1+ AL =n|l; <N
= Z "W, (2
n>0
We are going to show that this series converges uniformly for z € B§, and t <T.
Let K be fixed polynomial of degree k, and G(z) = (G(2));jcz a function acting
on £}, and taking value in £, and such that the entries G;(z) are all polynomials
of degree ¢. By definition, we have

(Lico G)y = S 0R) S = (.G,

€2
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Now using the relation (2.11) of Proposition 2.8, we have that (Lx o G); is a
polynomial of degree k + ¢ — 2 and of norm smaller that 2k¢||K|| ||G,||. Now if
K = Zj, this bounds can be refined in ||(Lz, 0 G);|| < (27 —9)||G;|| using (4.2).
For a given 2 € Bj, the j-th component of Lz, o---0Lyz, (I)(2) is a polynomial
of order n(rg — 2) + 2 and involve terms of momentum M(j) = —ea if j = (a,€)
(see (2.13)). Hence summing in j, and separating as before the indices m for
which /,,, = 0 in the sum, we obtain for a given n and z € B},

a2l < 20mrg)™ M x
" o — §)k—1
>y Sy

i=1 ki 014+L=n|[l, <N

(2nr8)" ul| Zey || -+ €11 Ze, ||

and we conclude as before that this series is convergent for ¢ < T given in (4.10)
with K depending on rg, M, ||P||, s and 0.
Now writing down the same argument for the series (in £ > 0 and ¢", n > 0)

defining %(I)lzh(t) and X, ) © <1>1Zh (1)> We see that this series are again convergent,

which justify the relation (4.11). ]

5 Applications

In this section we analyze the consequences of the analytic estimates obtained
in the previous section. We first show that for the “new schemes” in table 1, we
obtain exponential estimates. We then show that for general splitting schemes,
we obtain results under an additional CFL condition depending on 7.

5.1 Exponential estimates
We consider the following splitting scheme
D0 Y (5.1)
where the operator Ay is associated with a function ay,(x) (see (2.26)) satisfying
VzeR J|ap(z) < yh° (5.2)

for some 8 € (0,1) and some v > 0. Examples of such methods preserving the
global order 1 approximation property of the scheme (5.1) for smooth functions
are given in table 1. For such scheme, we obtain an exponentially closed modified
energy:

Theorem 5.1 Let rg > 3 s > 0 and M > 1 be fixred. Assume that P € P,
and that «y, satisfies the condition (5.2) for some constants v and (. Then there
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exists a constant hg depending on ro, | P||, s, M and ~ such that for all h < hyg,
there exists a real polynomial Hamiltonian Hy, such that for all z € B}, we have

1©h 0 Dl (2) = ®f, (2)ll 0 < hexp(—(ho/R)). (5:3)

I

Proof. The hypothesis (5.2) implies that the eigenvalues \, of the operator A
are bounded by vh”. Hence for a multi-index j = (j1,...,/,) we have
[AGG)| < ryh?

and the condition |A(5)| < 7 will be satisfied as long as r < (w/v)h™". Taking
r1 such that 1 < (7/7)h™? < ry + 1 and defining N = (r; —1)/(rg — 1), we get
bih™? < N < byh =P for some positive constants b; and by depending on v and
ro. Now the estimate (4.5) in Theorem 4.2 for this N yields

1@ 0 @, (2) = @y, ()4 < KNHHCN)N < B(ChA )Y,

as long as AN < ¢y. Thus defining
ho = min{ (coby )Y/ =8) (eCby)~1/(0=F) p1/Py,
we have for 0 < h < hg

[0 0 @Y (2) — D% (2)]],, < he™ < he " < hexp(—(ho/h)").

ly
|

The dynamical consequences for the associated numerical scheme are given
in the following corollaries. We first assume that the numerical solution remains
a priori in ¢! only over arbitrary long time.

Corollary 5.2 Under the hypothesis of the previous Theorem, let 20 = (€°,£0) €
¢' and the sequence 2" defined by

=0 o @l (27), n>o0. (5.4)

Assume that for all n, the numerical solution 2" remains in a ball By of £* for
a given M > 0. Then there exist constants hy and ¢ such that for all h < hg,
there exists a polynomial Hamiltonian Hy such that

Hy(2") = Hp(2°) + O(exp(—ch™?))

for nh < exp(ch™?). Moreover, with the Hamiltonian Hf(Ll) defined in (4.7) we
have

V(") = HV(2%) + O(h) (5.5)

over exponentially long time nh < exp(ch™?).
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This means that the modified energy remains exponentially closed from its initial
value during exponential times. Or more practically (since H f(Ll) is explicit) the
first modified energy is almost conserved during exponential times.

Proof. As all the Hamiltonian function considered are real, we have for all n,
2" = (£",€M), i.e. 2" is real. Hence for all n, Hy(z") € R. Note moreover that
we can always assume that M > 1.

We use the notations of the previous theorems and we notice that Hp(z) is a

conserved quantity by the flow generated by Hj. Therefore we have
Hy, (") = Hy(2") = Hy(®p 0 @}, (2")) — Hp (P, (2"))
and hence

() = ()] < (sup [ VHA() o ) [9 0 @ () = @y, ()]0
z 2M

Now using (4.9) and (5.3) we obtain for all n
|Hj,(2"*1) — Hy,(2™)] < drMhexp(—(ho/h)")
and hence
[Hi(=") — Ha(=")| < (nh) exp(~2¢h~7)
for some constant ¢, provided hg is small enough. This implies the result. The

second estimate is then a clear consequence of (4.6). ]

The preservation of the Hamiltonian H }(Ll)

2= ("),

over long time induces that for

1
S e

aeN

is bounded over long time, provided z° is smooth. For the functions «a; given
in Table 1, this yields H"/2 bounds for low modes, while the L? norm of high
modes remain small (see [8, Corollary 2.4] for similar results in the linear case).
We detail here the result in the specific situation where oy (z) is given by (1.10).

Corollary 5.3 Letrg >3, P € Py, and ay,(z) = Vharctan(z/vVh). We assume
that there exists a constant b > 1 such that

1
VaeN, g]a\m < wg < blal™. (5.6)

Let 2™ the sequence defined by (5.4). We assume that 20 = (£2,€°) € H™/? and
that the sequence z™ remains bounded in €*. Then there exists constants C, o
and (3 such that

> Mg Y gPsc

ljl<ah=1/2m |j|>ah—1/2m
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over exponentially long time nh < exp(ch™").

Proof. The almost conservation of the Hamiltonian H ,(Ll) (cf. (5.5) ) shows
that for all n such that nh < exp(ch™?), we have

Z — arctan (Vhwq)|€7|?

aEN

< \P,gl)(zo) ")+ Z — arctan (Vhwa) |2 + Ch
aeN
for some constant C, where P,El)(z) is the non linear Hamiltonian of equation
(4.7). As 2" remains bounded in ¢!, we have that |P,El) (ZO)—P,EI) (z™)] is uniformly
bounded. Now we have for all a

1
— arctan(Vhw,) < w,.

Vvh

and we deduce using (5.6)

Z —arctan (Vhwa) [0 < Cll2ll 1o -
aeN
Hence we have
Z — arctan (Vhwa)|E7)? < C
aEN

for some constant C' depending on M and ||z|| We conclude by using

Hm/2"
x
x > 1= arctanz > arctan(l) and z <1= arctanz > 5

and the bounds (5.6) on wy. ]

Now we conclude this section by considering the case where the numerical
solution 2" remains a priori bounded in some ¢!, s > 0. In this case, we can
show that the initial energy H(z") remains bounded over exponentially long time,
provided that s is sufficiently large (typically of order 3 in concrete applications).
We first begin with the following Lemma:

Lemma 5.4 Assume that h < 1, and that oy (x) satisfies:
Ve >0, |ap(z)—z <Ch %27, (5.7)

for some constants o > 0, v > 24+ 0 and C > 0. Assume moreover the non
resonance condition (4.1) is satisfied for some § > 0, and let HF(LI) be the Hamil-
tonian defined in (4.7). Then for all M > 0 and s > m~/2 (where m is given in
(2.17)), and for all z € B,

HD(2) — H(z)| <Cih
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where Cy depends on M and §.

Proof. For all a € N/, we have using (5.7) and y —oc—1>1
1

Eah(hwa) — Wy

Hence as z = (£, 7) is real,

< Ch 7l < Chw.

Z hah hwa)§a?7a HO( )

aeN

Now, for all || <27 — §, we have

<Ch Y w)éana < Chl|z Hgl L LS CM?h.
aeN

1

1— s < Csle™ — 1 —iz| < Cslz|?,

for some constant Cjs depending on §. Hence we have for all z € £},

Sy A0 — s -PE)| £ G APl

= IJGIK J (=1 j€Iy
< Cs(2m =46 ZZM )1
= 1_’]61{
Now using the fact that for a given multiindex 5 = (j1,...,Jr,) with for all
i=1,...,r0, ji = (a;,0;) , we have

70

< <
A < roh max wa,| roh [ ] 13il™,

i=1
we obtain
AQ)
Z Z a5z — P(2)| < Cs(2m — 5)r0h|]zHZ;n .
l= IJEI[ J
As mvy/2 > m, we have ||z || " < M™ | and this yields the result. ]

As an example of apphcatlon, we give the following result:

Corollary 5.5 Under the hypothesis of Corollary 5.2, assume that ap(x) =
Vharctan(z/v'h), and that the sequence 2™ defined by (5.4) remains in a ball
B3, of £ for a given M > 0 and s > 3m/2 where m is given in (2.17). Then
there exist constants hg and ¢ such that for all h < hg, and all n such that
nh < exp(c/v'h), we have

H(z") = H(z°) + O(h) (5.8)

where H = Hy + P 1is the original Hamiltonian.

36



Proof. In view of Corollary 5.2, we only have to prove that for real z € B3,
we have

HD(2) ~ H(z)| <Ch

which is given by the previous Lemma with v =3, 0 =1 and § = 7. |

5.2 Results under CFL condition

We now consider cases where «ay, does not depend on h and thus does not satisfy
(5.2). We focus on schemes such that

ap(z) = B(z)Lecc(x) (5.9)

i.e. schemes associated with a filter function 6 and a CFL condition with CFL
number ¢. We mainly have in mind the two applications (see Table 1)

B(x) =x and p[(x) = 2arctan(z/2)

corresponding to standard and implicit-explicit splitting schemes. Now for such
scheme and for all multi-index j = (j1,...,Jr) we have at most

[A(G)] < rB(c).

Hence if we define 5

4,27

cr =3 1(_

,

the condition (4.1) will be satisfied for some ¢ if ¢ < ¢,. The following result is
then a easy consequence of Theorem 4.2:

) (5.10)

Theorem 5.6 Let rq > 3, 7 > 19, s > 0 and M > 0 be fired. Assume that
P € P,, and that oy, is of the form (5.9) for some constants ¢ < ¢, where ¢,
is given by the equation (5.10). Then there exist constants hg and C, such that
for all h < hg, there exists a real polynomial Hamiltonian Hy such that for all
z € B%,, we have

[ 0 @Y, (2) — @, (2)]| , < C-RNT) (5.11)

I

where N(r) = (r —2)/(ro —2) + 1.
If moreover P € SPy, and for all a € N, wg > 0, then the same results holds
true under the weaker condition

47

). (5.12)

C< Cpg = ﬁ_l(
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Proof. The first part of the Theorem is a consequence of the previous estimates.
The last assertion comes from the fact that all the A\, are positive. Hence for a
given r and a given monomial of SP, associated with a symmetric multi-index
] = (jl, R 7jr/27k17 o 7kr/2) with j; = (ai, +1) and k; = (bi, —1), a; and b; € N,
we have

rB(c)

2
and this yields the bound (5.12). |

A(j):Aal+"'+)‘ar/2_>‘b1_"'_>‘br/2S

This result implies the preservation of the Hamiltonian over long times of
order h~ N1 as in Corollary 5.2. Similarly, Corollary 5.3 extends to the case
of the mid-split scheme (i.e. the case f(z) = 2arctan(z/2)) leading to a H™/?
control of the frequencies smaller than ¢, h~ Y™, over long times of order h= (r)+1,

namely
Yo lilMgPsc
lj|<erh=1/m

for n < h~N()_ As the proof is completely similar, we do not give the details
here. Note however that the high frequency cut-off does not give a control of the
L? norm for high modes.

In Table 2, we give the expression of the CFL constant ¢, in (5.10) required in
order to obtain a given precision of order hV(") in the estimate (5.11) in the two
cases where f(x) = x and ((z) = 2arctan(x/2). The third column is concerned
with the nonlinear cubic Schrodinger equation with a general cubic nonlinearity
(i.e. a quartic Hamiltonian, o = 4) while, in the fourth one, we consider the
case of the nonlinear cubic Schrodinger equation with a nonlinearity belonging
to SPs. For instance, we see that in this latter case, the preservation of the
energy is ensured over long times of order h~% with a CFL or oder 1 for the
mid-split integrator.

Commentary 5.7 Note that Corollary 5.5 can be easily extended to the situa-
tion where 3(x) = 2arctan(z/2) with a CFL condition c,. Indeed, in this case,

for a real z = (&,m) the difference between the energy H,gl)(z) with ap(x) =
B(x)y<e, () and the same energy but associated with ap(x) = [(x) is

Z 2arctan(hw,/2)Ean, < 7 Z Eaa

aeN| hwa>cr aeN| hla|m>c,

and this last expression is bounded by C’thHj1 for s =m/2. We then conclude

using Lemma 5.4 with ap(x) = B(x), 0 = 0 and v = 3 to prove statements
stmilar to Lemma 5.5 in this situation.
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RN (™) B(z) ==z B(z) = 2arctan(z/2) B(xgor cii?gt;?fgﬂ)

h? 1.57 2.00 00

h3 1.05 1.15 3.46
h 0.79 0.83 2.00
h® 0.63 0.65 1.45
h® 0.52 0.54 1.15
h’ 0.45 0.46 0.96
h® 0.39 0.40 0.83
h? 0.35 0.35 0.73
h10 0.31 0.32 0.65

Table 2: CFL conditions for quartic nonlinearities

6 Equations on R

In this section we generalize our method to the “continuous” case, i.e. the case
where the linear part of the Hamiltonian has a continuous spectrum. As an
example we consider the nonlinear Schrédinger equation (NLS) on R%:

iug = —Au+ 0ag(u, ) (6.1)

where we assume that g : C?> — C is smooth and has a zero of order at least 3 at
the origin and satisfies g(z, z) € R.

The natural phase spaces are the Sobolev spaces, (u, @) € H*(R?) x H*(R?)
which are endow with the symplectic structure associated with the following
Poisson bracket

OF 0G  OF 0G
F i) =i — .
{F, G} (u. ) 1/Rd <8u o 0u au> de
In this Hamiltonian setting the NLS equation reads
oH . _ oOH

=g =Ty

with

i) = [ (Vu@)f +g(ula),a(a)) do.

The Fourier transform maps the symplectic space H*(RY) x H*(R?) into the
symplectic space P¢ := L2(R%) x L2(R?) where

LARY) = (9 € L3RY, | (14 PO < +oo)
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and, in the Fourier variables, the Poisson bracket reads

OF 0G  OF 0G
F -4 e il
In this setting the NLS reads

iy = g—g =&+ 85
0 0
e =~ =€~ o
with
o) = [ £6©0ds + Po.0)
and

P = [a( [ o= [ vimeran) as

In particular for the cubic NLS, g(u,u) = |u|* and

P(6, 1) = / (1) (€)1 (11 )b (12) A Ay .
E14+E2—m1—n2=0

More generally, i.e. for general (analytic) nonlinearity g,

> 2 a;z/ DY) - (ne)déy - - - djdny - - - iy
3<n j+l=n M(En)= 0
where
MEnm) =&+ +&—m—-—m
and

To give a general framework similar to the discrete case we introduce the following
notations: for a given d, we set

2¢ =R% x {1}

endowed with the canonical measure d§ x 1y1y. For 7 = (£,9) € Z¢, we set
|7] = |£], and we define the variable z(7) = (#(£),v(€)) by the formula

26,6 = @& if 6=1,
2(6,8) = Y(©) if =1L
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For s > 0, we say that z belongs to L} if the norm

2l = 5 | (+ €960 + lo(eae

is finite.
Following Definition 2.3, we define

Definition 6.1 We denote by HS the space of Hamiltonians P satisfying
PeC™(LL,C), and XpecC™(Ll L.

For instance

P(z) = / B(E2)D(E2) (m ) (n2)dErdadmdr
&1+€2—n1—12=0
is in ‘H§ with
Xp(2)(€,1) = 2 / S(€1)(E2) i (n)dE1dexdn
§1+E2—n=¢

and

Xp(2)(€, 1) = ~2i / () ddmdns
1 —n2=

As in the discrete case, we say that z is real if z = (¢, ¢) and that a Hamiltonian
P(z) is real if it is real for real z (like the example just above).
For the multi-variable 7 = (71,...,7/) € (2¢)* we use the notation

2(1) = 2(m1) - 2(1).
We define the momentum M(7) of the multi-variable T by
M(T) = &101 + -+ + &y
We then define the subset of (Zc)z
={r=(n,...,m) € 2", with M(r) =0}

We also use the notation 7 = (£,6) with € = (&1,...,&) and § = (01,...,0)
which means that for all i = 1,...,¢ we have 7; = (&;,9;). We denote by dZ/(T)
the measure defined by

[ sz = 3 / 5)de

de{+1}t

where d€ = d&; - - - d&,.

41



Definition 6.2 We say that a polynomial Hamiltonian P € Py if it is real and
if we can write

k
SCEDY / ()i (r)
with

k
S lall e,y = I1P] < o0.
=2

Similarly to the discrete case, we define the set of symmetric polynomials SP.
The following result is the analog of Proposition 2.8:

Proposition 6.3 Let k > 2 and s > 0, then we have P, C 'HS, and for P € Py,
we have the estimates

P()| < ||P "
|P(2)] < II(NEQanIIZHLé)

IR}

and for all z € L},

IXp(2)], < 2k(k =P 2], ( max 2]} ).

1

S

Xp(2) = Xpl)l,y < ak(k =171 (_max (ol I=07)) ==l

Moreover, for z and y in L., we have

Eventually, for P € P and Q € Py, then {P,Q} € P ,_, and

I{P, @} < 2kL|[P|l Q]
and if P € SP; and Q € SPy, then {P,Q} € SP;,,_,-

Proof.  The first estimate is a clear consequence of the definition of ||P||.
Assume that P is a homogeneous polynomial of degree k with coefficients a(1),
T € I). Assume that 7 € Zj is fixed. The derivative of a given monomial
z(T) = z(71) -+ - 2(73;) with respect to z(7) vanishes except if 7 C 7. Assume for
instance that 7 = 7, = ((,€). Then the momentum zero condition implies that

M(7y,...,7p—1) = —€(. Hence we can write with the previous notations
oP
(1) | s | <M / (1-+ 7)€, 8.
02(7) 2 EE(RY) 1, M(€.6)=—C

se{+1}k-1
Now as in (2.14) we have using the zero momentum condition

A+[r) < A+l +.. +1&l)” < (1 -1)° max (14 ]&])°

yeeey
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As in (2.15), we obtain the first estimate after integrating in 7 = ((,€). The
second estimate as well as the estimate on the Poisson bracket is proven similarly.
|

We then consider operators Hy with continuous frequencies w(&). In the case
of NLS we have w(¢) = |¢]2.

Starting with this formalism, the formal analysis of section 3 is essentially
the same with Ay = ap(hHp) for some real function «y, satisfying oy (x) ~ = for
small z. Thus

Apd(§) = an(hw(§))o(§) and  Agy(§) = —an(hw(£))¥(§).
and we set A\(£) = ayp,(hw(§)). We consider the splitting method
D 0 DYy,

and we look for a real Hamiltonian function Z(t, ¢,) such that for all ¢ < h we
have
Pp oDl = <1>1Z(t)
and Z(0) = Zp := Ap.
As in section 3, plugging an Ansatz expansion Z(t) = 3,5 t'Z,, we get the

same recursive equations (3.6) to solve. The key lemma is the following:

Lemma 6.4 Assume that
Q) = [ a(r)sryan(n)
Iy
is a homogeneous polynomial of order k. Then

adZO(Q):/ iN(T)a(T)z(T)dZg(T)

I

where for a multi-variable T = (71,...,7.) such that for i = 1,...,r, 7, =
(&,6;) € RY x {£1}, we have

A(T) = 51)‘(51) +-+ 57")‘(§r)
Using this Lemma, we obtain that the condition (4.1) takes the form
Vk=3,...,r, V1€l |AT)<2m-6

and the rest is extremely similar. For instance for the cubic NLS equation (6.1)

with oy, () = Vharctan(z/vh) and g(u, @) = |u|* we get
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Theorem 6.5 Let 20 = (¢o,p0) € L' be the initial datum in Fourier space
(o = o) and define the sequence z™ = (¢ppn, pn) (the numerical solutions in
Fourier space) by

=0l o oL ("), n>0,

where Ay is associated with the filter function ay(x) = vharctan(z/vh) and P
is associated with the nonlinearity [ |u|*. Assume that for all n, 2™ = (¢n, dn)
remains bounded in L'. Then there exist constants hg and c such that for all
h < hg, there exists a polynomial Hamiltonian Hj, such that

Hy(¢n, bn) = Hp(¢, ) + O(exp(—ch™'/?))

or nh < exp(ch=Y2). Moreover, with the Hamiltonian W given by
h

1 00) = [ |z arctan((efVEo(e) P+

/ i(J&1]? + |&)® — Im]? — |n]?)
§1+&2—n1—m2=0

e PGP m PP — 1

?(€1)P(E2)¥(m )b (n2)dE1dEadndne

we have B _
HiY (6n, dn) = Hi" (6,6) + O(h)

over exponentially long time n < exp(ch*I/Q).
Moreover, suppose that ug € H*(R3) then there exists a constant C' such that

1
“lon(©Ide + —= WE2dE < C
/|a|gah_1/4'5' [n(©)IPdE + /5 o lOn(©)PdE <

over exponentially long time n < exp(ch*I/Q).
Finally, assume that for all n, 2" remains in B3, with s > 3, then we have

H(z") = H(z") + O(h)

over exponentially long time n < exp(ch*I/Q).
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