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DENDROIDAL SETS
AS MODELS FOR HOMOTOPY OPERADS

DENIS-CHARLES CISINSKI AND IEKE MOERDIJK

ABSTRACT. The homotopy theory of co-operads is defined by extending Joyal’s
homotopy theory of co-categories to the category of dendroidal sets. We prove
that the category of dendroidal sets is endowed with a model category structure
whose fibrant objects are the co-operads (i.e. dendroidal inner Kan complexes).
This extends the theory of co-categories in the sense that the Joyal model
category structure on simplicial sets whose fibrant objects are the co-categories
is recovered from the model category structure on dendroidal sets by simply
slicing over the point.
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INTRODUCTION

The notion of dendroidal set is an extension of that of simplicial set, suitable
for defining and studying nerves of (coloured) operads in the same way as nerves
of categories feature in the theory of simplicial sets. It was introduced by one of
the authors and I. Weiss in [MWO07]. As explained in that paper, the category
dSet of dendroidal sets carries a symmetric monoidal structure, which is closely
related to the Boardman-Vogt tensor product for operads [BV73]. There is also
a corresponding internal Hom of dendroidal sets. The category of dendroidal sets
extends the category sSet of simplicial sets, in the precise sense that there are
adjoint functors (left adjoint on the left)

7 : sSet = dSet : i*
2000 Mathematics Subject Classification. 55P48, 55U10, 55U40, 18D10, 18D50, 18G30.

Key words and phrases. Inner Kan complex, operad, oo-operad, dendroidal set, co-category,
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with good properties. In particular, the functor 4 is strong monoidal and fully
faithful, and identifies sSet with the slice category dSet/n, where n is the unit of
the monoidal structure on dSet. (In fact, this adjunction is an open embedding of
toposes.)

Using these adjoint functors 4 and ¢*, we can say more precisely how various
constructions and results from the theory of simplicial sets extend to that of den-
droidal sets. For example, the nerve functor NV : Cat — sSet and its left adjoint,
which we denote by 7, naturally extend to a pair of adjoint functors

74 : dSet = Operad : Ny

which plays a central role in our work.

The goal of this paper is to lay the foundations for a homotopy theory of den-
droidal sets and “co-operads” (or “operads-up-to-homotopy”, or “quasi-operads”)
which extends the simplicial theory of co-categories (or quasi-categories) which has
recently been developed by Joyal, Lurie and others. Our main result is the existence
of a Quillen closed model structure on the category of dendroidal sets, having the
following properties:

1. This Quillen model structure on dSet is symmetric monoidal (in the sense
of [Hov99]) and left proper;

2. The fibrant objects of this model structure are precisely the oo-operads.

3. The induced model structure on the slice category dSet/n is precisely the
Joyal model structure on simplicial sets [JT07, Lur06].

The existence of such a model structure was suggested in [MWO07]. The co-operads
refered to in 2. are the dendroidal analogues of the co-categories forming the fibrant
objects in the Joyal model structure. They are the dendroidal sets satisfying a
lifting condition analogous to the weak Kan condition of Boardman-Vogt, and were
introduced in [MWO07, MW09] under the name “(dendroidal) inner Kan complexes”.
The dendroidal nerve of every operad is such an co-operad; conversely, intuitively
speaking, oco-operads are operads in which the composition of operations is only
defined up to homotopy, in a way which is associative up to homotopy. For example,
the homotopy coherent nerve of a symmetric monoidal topological category is an
oo-operad. The theory of co-operads contains the theory of co-categories, as well
as the theory of symmetric monoidal co-categories and of operads in them. The
theory of co-operads is also likely to be of use in studying the notion of co-category
enriched in a symmetric monoidal co-category (e.g. the various notions of A..-
categories, dg categories, weak n-categories).

The proof of our main theorem is based on three sources: First of all, we use the
general methods of constructing model structures on presheaf categories developed
in [Cis06] (we only use the first chapter and Section 8.1 of that book, which are both
elementary). Secondly, we use some fundamental properties of dendroidal inner
Kan complexes proved in [MW09]. And finally, we use some important notions and
results from Joyal’s seminal paper [Joy02]: namely, the theory of join operations
and the notions of left or right fibration of simplicial sets. Apart from these sources,
our proof is entirely self-contained. In particular, we do not use the Joyal model
structure in our proof, but instead deduce this model structure as a corollary, as
expressed in 3. above.
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It is known that there are several (Quillen) equivalent models for oco-categories:
one is given by a left Bousfield localisation of the Reedy model structure on simpli-
cial spaces and has as its fibrant objects Rezk’s complete Segal spaces; another is
given by a Dwyer-Kan style model structure on topological categories established
by Bergner, in which all objects are fibrant. The equivalence of these approaches
is extensively discussed in Lurie’s book [Lur06]; see also [Ber07, JT07]. It is nat-
ural to ask whether analogous models exist for co-operads. In two subsequent
papers [CMa, CMb], we will show that this is indeed the case. We will prove
there that the model structure on dendroidal sets described above is equivalent to
a model structure on topological operads in which all objects are fibrant, as well
as to a model structure on dendroidal spaces whose fibrant objects are “dendroidal
complete Segal spaces”. The models for co-categories just mentioned as well as the
equivalences between them will again emerge simply by slicing over suitable unit
objects of the respective monoidal structures. Together these model categories fit
into a row of Quillen equivalences

sOperad ——— {Set —> dSpaces

]

sCat ——— sSet — sSpaces

in which the vertical arrows are (homotopy) full embeddings.

This paper is organized as follows. In the first section, we recall the basics
about dendroidal sets. In Section 2, we state the main results of this paper: the
existence of a model category structure on the category of dendroidal sets whose
fibrant objects are the co-operads, as well as its main properties. In Section 3, we
construct this model structure through rather formal arguments. At this stage, it
is clear, by construction, that the fibrant objects are co-operads, but the converse
is not obvious. Sections 4 and 5 provide the tools to prove that any oco-operad is
fibrant, following the arguments which are known to hold in the case of simplicial
sets for the theory of co-categories. More precisely, in Section 4, we develop a
dendroidal analog of Joyal’s join operations, and prove a generalization of a theorem
of Joyal which ensures a right lifting property for inner Kan fibrations with respect
to certain non-inner horns, under an additional hypothesis of weak invertibility of
some 1-cells. In Section 5, we construct and examine a subdivision of cylinders
of trees in terms of dendroidal horns. At last, in Section 6, we prove that any
oo-operad is fibrant, and study some of the good properties of fibrations between
oo-operads. This is done by proving an intermediate result which is important by
itself: a morphism of diagrams in an oco-operad is weakly invertible if and only if
it is locally (i.e. objectwise) weakly invertible (this is where Sections 4 and 5 have
their roles to play).

We also added two appendices, which are independent of the rest of this paper. In
Appendix A, we study the join operations on leaves (while in Section 4, we studied
join operations on roots), and in Appendix B, we study another subdivision of
cylinders of trees. In fact, these appendices can be used to provide another proof
of our main results: Section 6 might have been written using Appendices A and B
instead of Sections 4 and 5 respectively, without any changes (except, sometimes,
replacing the evaluation by 1 by the evaluation by 0, whenever necessary). However,
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these appendices are not formal consequences of the rest ot these notes, and it will
be useful to have this kind of results available for further work on the subject.

1. DENDROIDAL SETS

1.1. Recall from [MWO7] the category of trees Q. The objects of Q are non-empty
non-planar trees with a designated root, and given two trees T' and 7”7, a map from
T to T’ is a morphism of the corresponding operads which, in these notes, we will
denote by T and T’ again. Hence, by definition, the category of trees is a full
subcategory of the category of operads. Recall that the category dSet of dendroidal
sets is defined as the category of presheaves of sets on the category of trees 2.
Given a tree T, we denote by Q[T] the dendroidal set represented by T'.

Let 0 be the tree with only one edge, and set n = [0]. Then the category Q/n
identifies canonically with the category A of simplices, so that the category dSet/n
is canonically equivalent to the category sSet of simplicial sets. The corresponding
functor

(1.1.1) i:A—Q, [n]—inl=n
is fully faithful and its image is a sieve in €. This functor ¢ induces an adjunction
(1.1.2) iy : sSet = dSet : i*

(where i is the left Kan extension of i). Under the identification sSet = dSet/n,
the functor 4, is simply the forgetful functor from dSet/n to dSet. The functor %
is fully faithful and makes sSet into an open subtopos of dSet. In other words, if
there is a map of dendroidal sets X — Y with Y a simplicial set, then X has to
be a simplicial set as well.

We also recall the pairs of adjoint functors

(1.1.3) T:5Set = Cat: N and 74 : dSet = Operad : Ny

where N and N, denote the nerve functors from the category of categories to the
category of simplicial sets and from the category of (symmetric coloured) operads
to the category of dendroidal sets.

The category of operads is endowed with a closed symmetric monoidal structure:
the tensor product is defined as the Boardman-Vogt tensor product; see [MWO07,
Section 5]. This defines canonically a unique closed symmetric monoidal structure
on the category of dendroidal sets such that the functor 74 is symmetric monoidal,
and such that, for two trees T and S, we have

QT @ QS| = Na(T @5y S),

where T'®py, S is the Boardman-Vogt tensor product of operads. We will denote
internal Hom objects by Hom(A, X) or by X4.

Note that the functor 4, : sSet — dSet is a symmetric monoidal functor, if we
consider sSet with its closed cartesian monoidal structure.

The functor ¢* turns the category of dendroidal sets into a simplicial category;
given two dendroidal sets A and X, we will write fom(A, X) for i*(Hom(A, X)),
the simplicial set of maps from A to X.

1.2. We recall here from [MWO07] the different kinds of faces of trees in .
Let T be a tree.
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If e is an inner edge of T, we will denote by T'/e the tree obtained from T by
contracting e. We then have a canonical inclusion

(1.2.1) O0c:T/e —T.

A map of type (1.2.1) is called an inner face of T.

If v is a vertex of T', with the property that all but one of the edges incident to v
are outer, we will denote by T'/v the tree obtained from T by removing the vertex
v and all the outer edges incident to it. We then have a canonical inclusion

(1.2.2) Oy :T/v —T.

A map of type (1.2.2) is called an outer face of T

A map of type (1.2.1) or (1.2.2) will be called an elementary face of T.

We define 9Q[T] as the union in dSet of all the images of elementary face maps
Q[T /x] — Q[T]. We thus have, by definition, an inclusion

(1.2.3) a0T] — Q[T].

Maps of shape (1.2.3) are called boundary inclusions. The image of a face map 9,
will sometimes be denoted by 9,(T') for short.

We will call faces the maps of Q0 which are obtained, up to an isomorphism,
as compositions of elementary faces. It can be checked that faces are exactly the
monomorphisms in ; see [MWO07, Lemma 3.1].

1.3. A monomorphism of dendroidal sets X — Y is normal if for any tree T, any
non degenerate dendrex y € Y (T') which does not belong to the image of X (7') has
a trivial stabilizer Aut(T"), C Aut(T). A dendroidal set X is normal if the map
) — X is normal. For instance, for any tree T', the dendroidal set Q[T is normal.

Proposition 1.4. The class of normal monomorphisms is stable by pushouts,
transfinite compositions and retracts. Furthermore, this is the smallest class of
maps in dSet which is closed under pushouts and tranfinite compositions, and which
contains the boundary inclusions OQT) — Q[T], T € Q.

Proof. This follows from [Cis06, Proposition 8.1.35]. O

Proposition 1.5. A monomorphism of dendroidal sets X — Y is normal if and
only if for any tree T, the action of Aut(T) on Y (T) — X(T) is free.

Proof. Tt is easily seen that the class of monomorphisms which satisfy the above
property is stable by pushouts and transfinite compositions, and contains the
boundary inclusions 9Q[T] — Q[T]. It thus follows from the preceding propo-
sition that any normal monomorphism has this property. But it is also obvious
that any monomorphism with this property is normal. [

Corollary 1.6. A dendroidal set X is normal if and only if for any tree T, the
action of the group Aut(T) on X(T) is free.

Corollary 1.7. Given any map of dendroidal sets X — Y | if Y is normal, then
X is normal.

Corollary 1.8. Any monomorphism i : A — B with B normal is a normal
monomorphism.
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Proposition 1.9. Let A — B and X — Y be two normal monomorphisms. The
induced map
AR®Y pex BRX — BR®Y

is a mnormal monomorphism.

Proof. As the class of normal monomorhisms is generated by the boundary inclu-
sions, it is sufficient to check this property in this case; see e.g. [Hov99, Lemma
4.2.4].

Consider now two trees S and T'. We have to show that the map

oN[S] @ QT Upqps)ganrr) LUS] ® 0Q[T] — Q[S] @ Q[T

is a normal monomorphism. But as Q[S] ® Q[T] is the dendroidal nerve of the
Boardman-Vogt tensor product of S and 7', which is 3-free, it is a normal dendroidal
set. Hence we are reduced to prove that the above map is a monomorphism. This
latter property is equivalent to the fact that the commutative square

8Q[S] ® INT] — IQ[S] © Q[T

i |

Q[S] ® 9QT] —— Q[S] ® Q[T

is a pullback square in which any map is a monomorphism. As the nerve functor
preserves pullbacks, this reduces to the following property: for any elementary faces
S/z — S and T/y — T the commutative square

Sl ®@py T/y —= Sz @py T

| |

S@py T/y ——S@py T

is a pullback square of monomorphisms in the category of operads. This is an
elementary consequence of the definitions involved. ([

1.10. Under the assumtions of Proposition 1.9, we shall write AQY UB® X instead
OfA@YHA®XB®X.

2. STATEMENT OF MAIN RESULTS
In this section, we state the main results of this paper.

2.1. Recall from [MWO09, Section 5] the notion of inner horn. Given an inner edge
e in a tree T, we get an inclusion

(2.1.1) AC[T] — Q[T ,

where A°[T] is obtained as the union of all the images of elementary face maps
which are distinct from the face 9, : T/e — T. The maps of shape (2.1.1) are
called inner horn inclusions.

A map of dendroidal sets is called an inner anodyne extension if it belongs to
the smallest class of maps which is stable by pushouts, transfinite composition and
retracts, and which contains the inner horn inclusions.

A map of dendroidal sets is called an inner Kan fibration if it has the right lifting
property with respect to the class of inner anodyne extensions (or, equivalently, to
the set of inner horn inclusions).
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A dendroidal set X is an inner Kan complex if the map from X to the terminal
dendroidal set is an inner Kan fibration. We will also call inner Kan complexes oco-
operads. For example, for any operad P, the dendroidal set N4(?P) is an oo-operad;
see [MWO09, Proposition 5.3]. In particular, for any tree T, the dendroidal set [T
is an oo-operad. For a simplicial set K, its image by 4 is an oo-operad if and only
if K is an oo-category (i.e. K is a quasi-category in the sense of [Joy02]).

A map of dendroidal sets will be called a trivial fibration if it has the right lifting
property with respect to normal monomorphisms.

Note that the small object argument implies that we can factor any map of
dendroidal sets into a normal monomorphism followed by a trivial fibration (resp.
into an inner anodyne extension followed by an inner Kan fibration).

Remark 2.2. A morphism between normal dendroidal sets is a trivial fibration if
and only if it has the right lifting property with respect to monomorphisms: this
follows immediately from Corollaries 1.7 and 1.8.

2.3. Recall the naive model structure on the category of operads [Wei07]: the weak
equivalences are the equivalences of operads, i.e. the maps f : P — Q which are
fully faithful and essentially surjective: for any n + 1-uple of objects (a1, ..., an,a)
in P, f induces a bijection

Play,...,an;a) — Q(f(a1),..., flan); f(a)),

and any object of Q is isomorphic to the image of some object in . The fibrations
are operadic fibrations, i.e. the maps f : P — Q such that, given any isomorphism
B :bp — by in Q, and any object a; in P such that f(a;) = by, there exists an
isomorphism « : ag — a1 in P, such that f(«) = 3.

This model structure is closely related with the naive model structure on Cat
(for which the weak equivalences are the equivalences of categories). In fact, the
latter can be recovered from the one on operads by slicing over the unit operad
(which is also the terminal category). The fibrations of the naive model structure
on Cat will be called the categorical fibrations.

Theorem 2.4. The category of dendroidal sets is endowed with a model category
structure for which the cofibrations are the normal monomorphisms, the fibrant
objects are the co-operads, and the fibrations between fibrant objects are the inner
Kan fibrations between oc-operads whose image by 14 is an operadic fibration. The
class of weak equivalences is the smallest class of maps of dendroidal sets W which
satisfies the following three properties.

(a) (2 out 3 property’) In any commutative triangle, if two maps are in W,

then so s the third.
(b) Any inner anodyne extension is in W.
(¢) Any trivial fibration between oo-operads is in W.

Proof. This follows from Proposition 3.12, Theorem 6.10, and Corollary 6.11. [

Corollary 2.5. The adjunction 74 : dSet = Operad : Nq is a Quillen pair. More-
over, the two functors 74 and Ny both preserve weak equivalences. In particular, a
morphism of operads is an equivalence of operads if and only if its dendroidal nerve
is a weak equivalence.

Proof. See 6.17. g
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Proposition 2.6. The model category structure of Theorem 2.4 has the following
additional properties:

(a) it is left proper;
(b) it is cofibrantly generated (it is even combinatorial);
(c) it is symmetric monoidal.
Proof. See Propositions 3.12 and 3.17. (]

Corollary 2.7. For any normal dendroidal set A and any oc-operad X, the set of
maps [A, X] = Homyge(gs) (A, X) is canonically identified with the set of isomor-
phism classes of objects in the category Thom(A, X).

Proof. See Proposition 6.20. (]

Corollary 2.8. Let f : X — Y be a morphism of occ-operads. The following
conditions are equivalent.

(a) The map f: X —Y is a weak equivalence.
(b) For any normal dendroidal set A, the map

7q Hom(A, X) — 74 Hom(A,Y)

is an equivalence of operads.
(¢) For any normal dendroidal set A, the map

Thom(A, X) — Thom(A,Y)
s an equivalence of categories.

Proof. Remember that, by definition (and any co-operad being fibrant), the map f
is a weak equivalence if and only if, for any normal dendroidal set A, the induced
map

is bijective. This corollary is thus a direct consequence of Corollaries 2.5 and 2.7
and of the fact the model category structure on dSet is monoidal. O

Corollary 2.9. Let u : A — B be a morphism of normal dendroidal sets. The
following conditions are equivalent.

(a) The map u: A — B is a weak equivalence.
(b) For any co-operad X, the map

74 Hom(B, X) — 74 Hom(A, X)

s an equivalence of operads.
(¢) For any co-operad X, the map

Thom(B,X) — Thom(A, X)
s an equivalence of categories.

Proof. The fibrant objects of dSet are exactly the oco-operads. Hence, the map
u: A — B is a weak equivalence if and only if, for any oo-operad X, the map

(B, X] — [A, X]

is bijective. We conclude the proof using the same arguments as in the proof of
Corollary 2.8. O
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Corollary 2.10 (Joyal). The category of simplicial sets is endowed with a left
proper, cofibrantly generated, symmetric monoidal model category structure for
which the cofibrations are the monomorphisms, the fibrant objects are the oco-ca-
tegories, and the fibrations between fibrant objects are the inner Kan fibrations
between co-categories whose image by T is a categorical fibration.

Proof. The model category structure on dSet induces a model category structure
on dSet/n ~ sSet; see also Remark 3.14 for B = 7. O

Remark 2.11. Note that, the functor 4, : sSet — dSet is fully faithful and symmet-
ric monoidal. Moreover, for any simplicial sets A and X, we have fom(i,(A), (X)) =
X4, We deduce from this that the induced map

HomHo(s.Set) (Aa X) - HomHo(tﬁget) (il (A)7 i (X))

is bijective (where Ho(sSet) denotes the homotopy category of the Joyal model
structure, given by Corollary 2.10). As a consequence, we also have formally the
simplicial analogs of Corollaries 2.7, 2.8 and 2.9.

3. CONSTRUCTION OF AN ABSTRACT MODEL CATEGORY FOR 0co-OPERADS

This section is devoted to the construction of a model category structure on dSet.
The construction is relatively formal and uses very little of the theory of dendroidal
sets. By definition, we will have that any fibrant object of this model category is
an oo-operad. The proof of the converse (any oc-operad is fibrant) is the ‘raison
d’étre’ of the next sections.

Proposition 3.1. Let A— B and X — Y be an inner anodyne extension and
a normal monomorphism respectively. The induced map

ARYUB®X — BQ®Y
is an inner anodyne extension.

Proof. Using [Cis06, Corollary 1.1.8], we see that it is sufficient to check this prop-
erty when A — B is an inner horn inclusion and when X — Y is a boundary
inclusion. This proposition thus follows from [MW09, Proposition 9.2]. (]

3.2. We denote by J the nerve of the contractible groupoid with two objects 0 and
1 (i.e. J is the nerve of the fundamental groupoid of A[1]). We will write Jg = 41(J)
for the corresponding dendroidal set.

A morphism of dendroidal sets is a J-anodyne extension if it belongs to the
smallest class of maps which contains the inner anodyne extensions and the maps

0T ® JLUQIT] @ {e} — QT @ Jy TeQ, e=0,1,

and which is closed under pushouts, transfinite compositions and retracts.

A morphism of dendroidal sets will be called a J-fibration if it has the right
lifting property with respect to J-anodyne extensions.

A dendroidal set X is J-fibrant if the map from X to the terminal dendroidal
set is a J-fibration.

Proposition 3.3. Let A — B and X — Y be a J-anodyne extension and a
normal monomorphism respectively. The induced map

ARYUB®X — BQ®Y

is a J-anodyne extension.
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Proof. Using [Cis06, Corollary 1.1.8], this follows formally from the definition and
from Proposition 3.1. (]

3.4. Let B be a dendroidal set. Denote by Anp the class of maps of dSet/B whose
image in dSet is J-anodyne. For each dendroidal set X over B, with structural
map a : X — B, we define a cylinder of X over B

(0%,9%)

XX “FeoxXsx

(3.4.1) ~ £?4/

in which 0% is the tensor product of {e} — J; with 1x, while ox is the tensor
product of J; — n with 1x, and a’ is the composition of 1;, ® a with the map
opB.

These cylinders over B define the notion J-homotopy over B (or fiberwise J-
homotopy) between maps in dSet/B. Given two dendroidal sets A and X over B,
we define [A, X|p as the quotient of the set Homg,,5(A, X) by the equivalence
relation generated by the relation of J-homotopy over B. A morphism A — A’ of
dendroidal sets over B is a B-equivalence if, for any dendroidal set X over B such
that the structural map X — B is a J-fibration, the map

[Ale}B - [AvX]B
is bijective.

In the case B is normal, any monomorphism over B is normal; see Corollaries 1.7
and 1.8. We see from Proposition 3.3 and from [Cis06, Lemma 1.3.52] that the class
Anp is a class of anodyne extensions with respect to the functorial cylinder (3.4.1)
in the sense of [Cis06, Definition 1.3.10]. In other words, the functorial cylinder
(3.4.1) and the class Ang form a homotopical structure on the category dSet/B in
the sense of [Cis06, Definition 1.3.14]. As a consequence, a direct application of
[Cis06, Theorem 1.3.22, Proposition 1.3.36 and Lemma 1.3.52] leads to the following
statement!.

Proposition 3.5. For any normal dendroidal set B, the category dSet/B of den-
droidal sets over B is endowed with a left proper cofibrantly generated model category
structure for which the weak equivalences are the B-equivalences, the cofibrations
are the monomorphisms, and the fibrant objects are the dendroidal sets X over B
such that the structural map is a J-fibration. Moreover, a morphism between fibrant
objects is a fibration in dSet/B if and only if its image in dSet is a J-fibration.

Remark 3.6. Any J-anodyne extension over B is a trivial cofibration in the model
structure of the preceding proposition; see [Cis06, Proposition 1.3.31].

Lemma 3.7. Letp: X — Y be a trivial fibration between normal dendroidal sets.
Any section s : Y — X is a J-anodyne extension.

Proof. This is a particular case of [Cis06, Corollary 1.3.35] applied to the homo-
topical structure defined in 3.4 on dSet/Y. g

LThe results of [Cis06] are stated for presheaves categories, so that, strictly speaking, to apply
them, we implicitely use the canonical equivalence of categories between dSet/B and the category
of presheaves on Q/B.
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3.8. We fix once and for all a normalization F, of the terminal dendroidal set: i.e.,
we choose a normal dendroidal set FE, such that the map from F., to the terminal
dendroidal set is a trivial fibration.

Lemma 3.9. For any normal dendroidal set X, and any map a : X — FE, the
map (a,1x): X — Eo x X is a J-anodyne extension.

Proof. This follows immediately from Lemma 3.7 because (a, 1x) is a section of the
projection X X E,, — X, which is a trivial fibration by definition of F. ([l

Lemma 3.10. Let i : A — B be a morphism of normal dendroidal sets, and
p: X — Y a morphism of dendroidal sets. The map p has the right lifting
property with respect to i in dSet if and only if, for any morphism B — E., the
map 1g_ X p has the right lifting property with respect to i in dSet/E.

Proof. Suppose that 15 x p has the right lifting property with respect to ¢, and
consider the lifting problem below.

A——

BT>Y

a

As B is normal, there exists a map 0 : B — FE,,. If we write a = (14, we see
immediately that the lifting problem above is now equivalent to the lifting problem

(ev,a)

A——F o x X

l 8.0 7 l
I3 1B, XP

B(TM)EDOXY

and this proves the lemma. O

3.11. Given a normal dendroidal set A and a J-fibrant dendroidal set X, we denote
by [A, X] the quotient of Homy,, (A, X) by the equivalence relation generated by
the J-homotopy relation (i.e., with the notations of 3.4, [4, X]| = [A, X]., where e
denotes the terminal dendroidal set).

Proposition 3.12. The category of dendroidal sets is endowed with a left proper
cofibrantly generated model category in which the cofibrations are the normal mono-
morphisms, the fibrant objects are the J-fibrant dendroidal sets, and the fibrations
between fibrant objects are the J-fibrations. Furthermore, given a normal dendroidal
set A and a J-fibrant dendroidal set X, we have a canonical identification

[A7 X] = HomHo(d:Set) (A> X) :

Proof. Proposition 3.5 applied to B = E, gives us a model category structure on
dSet/E. Consider the adjunction

pr: dSet/Fo, = dSet : p* |

where p* is the functor X —— E,, x X. It follows obviously from Lemma 3.9 that
the functor p*p, is a left Quillen equivalence from the category dSet/F., to itself.
This implies immediately that the adjunction (p;,p*) satisfies all the necessary
hypothesises to define a model structure on dSet by transfer; see e.g. [Cra95]
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or [Cis06, Proposition 1.4.23]. In other words, the category of dendroidal sets
is endowed with a cofibrantly generated model category structure for which the
weak equivalences (resp. the fibrations) are the maps whose image by p* is a
weak equivalence (resp. a fibration) in dSet/E.,. The description of cofibrations
follows from Proposition 1.4. We know that the fibrations between fibrant objects
in dSet/FE., are the maps whose image in dSet is a J-fibration; see Proposition
3.5. The description of fibrant objects and of fibrations between fibrant objects in
dSet as J-fibrant objects and J-fibrations is thus a direct consequence of Lemma
3.10. The identification [A, X] = Hompge(gs.) (A, X) is obtained from the general
description of the set of maps from a cofibrant object to a fibrant object in an
abstract model category. It remains to prove left properness: this follows from
the left properness of the model category structure of Proposition 3.5 for B = F,
(which is obvious, as any object over E., is cofibrant), and from the fact that
p* preserves cofibrations as well as colimits, while it preserves and detects weak
equivalences. O

3.13. The weak equivalences of the model structure defined in Proposition 3.12
will be called the weak operadic equivalences.

Given a dendroidal set A, a mormalization of A is a trivial fibration A’ — A
with A’ normal. For instance, the projection Eo, x A — A is a normalization of
A (as Fo is normal, it follows from Corollary 1.7 that Fo, x A is normal). For a
morphism of dendroidal sets f : A — B, the following conditions are equivalent.

(a) The map f is a weak operadic equivalence.
(b) For any commutative square

Al—A

|

B'—B

in which the horizontal maps are normalizations, and for any J-fibrant
dendroidal set X, the map [B’, X] — [A’, X] is bijective.
(¢) There exists a commutative square

Al—A

|

B '——B

in which the horizontal maps are normalizations such that, for any J-fibrant
dendroidal set X, the map [B’, X] — [A’, X] is bijective.

Remark 3.14. Given a normal J-fibrant dendroidal set B, the model structure
induced on dSet/B by the model structure of Proposition 3.12 coincide with the
model structure of Proposition 3.5 (this follows, for instance, from the fact these
model structures have the same cofibrations and fibrations between fibrant objects).

Remark 3.15. The model category structure of Proposition 3.12 is cofibrantly gen-
erated. The generating cofibrations are the inclusions of shape OQ[T] — Q[T
for any tree T. We don’t know any explicit set of generating trivial cofibrations.
However, we know (from the proof of Proposition 3.12) that there exists a gener-
ating set of trivial cofibrations J for the model structure on dSet/FE,, such that
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p(J) is a generating set of trivial cofibrations of dSet. In particular, there exists
a generating set of trivial cofibrations of dSet which consists of trivial cofibrations
between normal dendroidal sets. Statements about trivial cofibrations will often be
reduced to statements about J-anodyne extensions using the following argument.

Proposition 3.16. The class of trivial cofibrations between normal dendroidal sets
is the smallest class C of monomorphisms between normal dendroidal sets which
contains J-anodyne extensions, and such that, given any monomorphisms between
normal dendroidal sets

A—‘>p—t-C,

if j and ji are in C, so is i.
Proof. Let i : A — B be a monomorphism between normal dendroidal sets. As B

is normal, we can choose a map from B to E,,. We can then choose a commutative
diagram over F,

A—2= 4

BT>B/

in which a and b are J-anodyne extensions, A’ and B’ are fibrant in dSet/FE,
and 4’ is a monomorphism: this follows, for instance, from the fact that any .J-
fibrant resolution functor constructed with the small object argument applied to
the generating set of J-anodyne extensions preserves monomorphisms; see [Cis06,
Proposition 1.2.35]. Applying [Cis06, Corollary 1.3.35] to the model structure of
Proposition 3.5 for B = F.,, we see that ¢ is a trivial cofibration if and only if i’ is
a J-anodyne extension. This proves the proposition. [l

Proposition 3.17. The model category structure on dSet is symmetric monoidal.

Proof. As we already know that normal monomorphisms are well behaved with
respect to the tensor product (Proposition 1.9) it just remains to prove that, given
a normal monomorphism i : A — B and a trivial cofibration j : C' — D, the
induced map

A DUB®C —B®D

is a trivial cofibration. According to [Hov99, Lemma 4.2.4], we can assume that ¢
is a generating cofibration, and j a generating trivial cofibration. In particular, we
can assume that ¢ and j are monomorphisms between normal dendroidal sets; see
Remark 3.14. It is thus sufficient to prove that, given a normal dendroidal set A,
the functor X — A ® X preserves trivial cofibrations between normal dendroidal
sets. By Proposition 3.16, it is even sufficient to prove that tensor product by A
preserves J-anodyne extensions, which follows from Proposition 3.3. O

4. THE JOIN OPERATION ON TREES

The aim of this section is to study a dendroidal analog of the join operations on
simplicial sets introduced by Joyal in [Joy02]. We shall prove a generalization of
[Joy02, Theorem 2.2]; see Theorem 4.2.
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4.1. Let X be a oc-operad. A 1-simplex of X (i.e. a map A[l] — *(X)) will be
called weakly invertible if the corresponding morphism in the category 7(i*(X)) is
an isomorphism.

Note that, for any oco-operad X, the category 7(i*(X)) is canonically isomorphic
to the category underlying the operad 74(X): this comes from the explicit descrip-
tion of 7(i*(X) given by Boardman and Vogt (see [Joy02, Proposition 1.2]) and
from its dendroidal generalization, which describes 74(X) explicitely; see [MW09,
Proposition 6.10]. As a consequence, weakly invertible 1-cells in X can be de-
scribed as the maps #)A[1] = Q[1] — X which induce invertible morphisms in the
underlying category of the operad 74(X).

Theorem 4.2. Let T be a tree with at least two vertices as well as a unary vertex
r at the root, and let p : X — Y be an inner Kan fibration between oco-operads.
Then any solid commutative square of the form

A s x

Q[T L)Y

in which f(r) is weakly invertible in X has a diagonal filling h.

4.3. In order to prove this theorem, we will introduce join operations on forests.

A forest is a finite set of trees (i.e. of objects of ). Given a forest T =
(Ty,...,Tx), k > 0, we write T /dSet for the category of dendroidal sets under the
coproduct Q7] = II¥_, Q[T;]. The objects of T /dSet are thus of shape (X, ;) =
(X,21,...,2x), where X is a dendroidal set, and z; € X(T;), for 1 < i < k.
Morphisms (X, z;) — (Y, y;) are maps f : X — Y such that f(z;) = y; for all 4,
1<t <k

Given an integer n > 0, we construct the tree 7 xn by joining the trees Ty, - - - , Tk
together over a new vertex v, and then grafting the result onto i[n] (i.e. onto [n]
viewed as a tree).

(4.3.1) (Ty,...,Tp) *n =

We insist that the forest 7 might be empty: for k = 0, we have

v

(4.3.2) (Y*xn=
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As each T;, 1 < i < k, embeds canonically into 7 % n, we can view Q[7 xn| as an
object of T /dSet. One checks that there is a unique functor
A—Q, [n—Tx*n

such that the inclusions T; — 7 xn are functorial in T; and such that the canonical
inclusion i[n] — 7 % n is functorial in [n]. This defines a functor

(4.3.3) Tx(=): A — T/dSet.

By Kan extension, we obtain a colimit preserving functor which extends (4.3.3):
(4.3.4) T *(—): sSet — T /dSet.

We have T x A[n] = Q[7 % n]. The functor (4.3.4) has a right adjoint

(4.3.5) T\(=) : T/dSet —> sSet .

For a one tree forest 7 = (T), we will simply write 7 x K = T x K and T\X =
T\X for any simplicial set K and any dendroidal set X under Q[T]. Under these
conventions, these operations extend the join operations introduced by Joyal in
[Joy02] in the sense that we have the following formulas.

iln] xi1(K) = 9 (Aln] x K)
iln\ir(L) = ir(A[n]\L)
Note that the inclusions Q[n] — T xAln] in dSet induce a natural projection map
(4.3.6) wx : T\X — i*(X)
for any dendroidal set X under 7.

Remark 4.4. Note that any tree with at least one vertex T is obtained by joining
a forest with an ordinal, i.e. as T = 7 x n for some forest 7 and some integer
n > 0. A tree T has at least two vertices and a unary vertex at the root (as in the
statement of Theorem 4.2) if and only if there exists a forest 7 such that 7= 7 % 1.

4.5. In order to prove Theorem 4.2, we will have also to consider some specific
maps of forests. For this purpose, we introduce the following terminology.

Let T be a tree. A set A of edges in T is is called admissible if, for any input
edge e of T, and any vertex v in T, if A contains a path (branch) from e to v, then
A contains all the edges above v.

If A is an admissible set of edges in T', we will define a forest 04(T'), and for
each tree S in 94(T), a face map S — T in the category ). Roughly speaking,
one deletes from T all edges in A, and defines 94(T') as the resulting connected
components. A formal definition is by induction on the cardinality of A.

(i) If A is empty, then 04(T) =T.

(ii) If A contains the root edge e of T', let T1, ..., T} be the trees obtained from
T by deleting e and the vertex immediately above it, let A; = T; N A, and
define 94(T") as the union of the forests da,(T;), 1 < i < k.

(iii) If A contains an input edge a of T', it must contain all the edges above the
vertex v just below a. Let T(,) be the tree obtained from T by pruning
away v and all the edges above it. Let A,y = T(,) N A, and define 94 (T) =
94, (T(w))-

(iv) If A contains an inner edge a of T, let T'/a be the tree obtained by con-
tracting a, and define 94 (T) to be 04_1q)(T/a).
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One can check that the steps (i)—(iv) can be performed in any order, so that the
forest 04(T") is well defined. Each tree S in this forest d4(T) is a face of T, hence
comes with a canonical map S — T.

Example 4.6. The tree

has two input edges ¢ and d. The edges b and ¢ form a path from ¢ down to v. So
any admissible set A which contains b and ¢, for example, must contain d and e as
well.

4.7. This construction extends to forests in the following way. Let T = (T1,...,Tk)
be a forest. An admissible subset of edges A in T is a k-tuple A = (Aq,..., Ag),
where A; is an admissible set of edges of T; for 1 < i < k. We can then define the
forest 04(T') as the union of the forests 04, (T;). Given any integer n > 0, we have
a canonical map

(4.7.1) OA(T)xn — T Hn

which is characterized by the fact that, given any tree S in some 94, (T;), for
1 <i < k, the diagram

Sxn——=>T;%n

]

Oa(T) xn—> T un

commutes. The map (4.7.1) is a monomorphism of trees in 2 and is natural in [n]
(as an object of A). More generally, given an inclusion A C B between admissible
subsets of edges in T, we have canonical monomorphisms of trees

(4.7.3) Op(T)*n — 04(T)*n

(which is just another instance of (4.7.1) for the forest 94(7) with admissible sub-
set of edges given by the sets B;N04,(T;)). The maps (4.7.3) define a contravariant
functor from the set of admissible subsets of edges in 7 (partially ordered by in-
clusion) to Q. Given an inclusion A C B of admissible subsets of edges in T, there
exists a unique morphism

(4.7.4) Qs (T)] — Q0A(T)
such that the following diagram commutes for any simplicial set K.

Q0p(T)] ——Q0a(T))

|

Op(T)* K ——=0A(7)*x K
By adjunction, we also have natural morphisms
(4.7.6) Ip(TI\X — 9a(T)\X
for all dendroidal sets X under Q[04(T)].
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FEzample 4.8. If a is the root of T, and if T is obtained by grafting trees T; with
root edges a; onto a corolla, then the map of type (4.7.3) for A = @ and B = {a}
is the map 9d, given by contracting a:

4.9. We will now study an elementary combinatorial situation which we will have
to consider twice to prove Theorem 4.2: in the proof of Proposition 4.11 and in the
proof of 4.15.2.

Consider a tree T. Assume that T = 7 % n for a non-empty forest T =
(Ty,...,T)) and an ordinal [n], n > 0.

Let 4, 0 < ¢ < n, be an integer, and {A;,...,As}, s > 1, a finite family of
admissible subsets of edges in 7. Define

C c D c Q[T]
by

C=(Joa ()N n)) UQln] and D= | Jda, (T)* Aln],

where Q[n] is considered as a subcomplex of Q[T through the canonical map.

Lemma 4.10. Under the assumptions of 4.9, the map C — D is an inner anodyne
extension.

Proof. If T is the empty forest, we must have s = 1 and A; = &, so that D = Q[T],
and C' = A*[T] is an inner horn. From now on, we will assume that 7 is non-empty.

Given a forest 77, the number of edges in 7" is simply defined as the sum of the
number of edges in each of the trees which occur in 7’. For each integer p > 0,
write 7, for the set of faces F' which belong to D but not to €', and which are of
shape F = Q[04(7) *n| for an admissible subset of edges A in T, such that 94(7)
has exactly p edges.

Define a filtration

C=CcCic...cC,c...CcD
by
Cr,=CpU |JF, p>1.
Fe¥,

We have D = C), for p big enough, and it is sufficient to prove that the inclusions
Cp—1 — C) are inner anodyne for p > 1. If F' and F” are in ¥, then F N F’ is in
Cp—1. Moreover, if F = Q[04(7) xn] for an admissible subset of edges A, then we
have

FNCy_y =AN[04(T)*n],
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which is an inner horn. Hence we can describe the inclusion C,_y — C), as a
finite composition of pushouts by inner horn inclusions of shape FN Cp,_; — F
for F' € ¥,. O

Proposition 4.11. Let T = (T1,...,Tx) be a forest, and n > 1, 0 < i < n,
be integers. The inclusion (T x Af[n]) U Qn] — T x Aln] is an inner anodyne
extension.

Proof. This is a particular case of the preceding lemma. [l

4.12. Remember from [Joy02] that a morphism of simplicial sets is called a left
(resp. right) fibration if it has the right lifting property with respect to inclusions
of shape A‘[n] — Aln] forn > 1and 0 <i <n (resp. 0 < i < n).

A morphism between co-categories X — Y is conservative if the induced func-
tor 7(X) — 7(Y) is conservative (which can be reformulated by saying that a
1-simplex of X is weakly invertible if and only if its image in Y is weakly invert-
ible). For instance, by virtue of [Joy02, Proposition 2.7], any left (resp. right)
fibration between oco-categories is conservative.

Proposition 4.13. Letp: X — Y be an inner Kan fibration of dendroidal sets
under a forest IT. The map

‘T\X — T\Y Xi=(Y) Z*(X)

is a left fibration.
In particular, for any occ-operad X under a forest T, the map T\X — i*(X)
is a left fibration.

Proof. This follows immediately from Proposition 4.11 by a standard adjunction
argument. (I

Corollary 4.14. For any co-operad X and any forest T over X, the simplicial set
T\X is an co-category. Similarly, for any inner Kan fibration between oco-operads
X — Y and any forest T over X, the simplicial set T\Y X;«(yy i*(X) is an
oo-category.

Proof. If X is an oco-operad, then i*(X) is clearly an co-category. Since the projec-
tion T\X — *(X) is a left fibration, this implies this corollary. O

As a warm up to prove Theorem 4.2, we shall consider a particular case.

Lemma 4.15. Theorem 4.2 is true if T = () x 1 (where () denotes the empty
forest).

Proof. In this case, T is a tree of shape

0
r
1

and A"[T] is the union of the two faces

UTl and 7‘+(1)
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In other words, we get A”[T] = () x A'[1] U Q[1]. Thus, a lifting problem of shape

AT L x
I lp
T~ -y

is equivalent to a lifting problem of shape

m—_ s (O\x

A1) —Zs O\ xe v i7(X)

By virtue of Proposition 4.13, the map ¢ is a left fibration, and, as left fibrations
are stable by pullback and by composition, so is the projection of ( )\Y X« (y)i*(X)
to i*(X). The image of § by the latter is nothing but f(r), and, as we know that
left fibrations between oco-categories are conservative (see [Joy02, Proposition 2.7]),
the 1-cell g is quasi-invertible in ( )\Y x;«(y) i*(X). We conclude the proof using
[Joy02, Propositions 2.4 and 2.7]. O

Proof of Theorem 4.2. Let T be a tree with at least two vertices and a unary vertex
r at the root. There is a forest T = (11, -+ ,Tx), k > 0, such that T = T * 1.
By virtue of Lemma 4.15, we may assume that 7 is not the empty forest, or,
equivalently, that & > 1. We will write 77 = 7 x 0. The trees T and T’ can be
represented as follows.

Given a dendroidal set X, a map A"[T] — X corresponds to a compatible
family of maps of simplicial sets

{1} = A[0] — 0a4(T)\X,

indexed by the non-empty admissible subset of edges A in T”. This family corre-
sponds to a map
A[0] —>(li_m8A(T’)\X.
A
By separating the case A = {0} (the root edge of T') from the others, the map
A"[T] — X corresponds to a commutative square of shape

A[0] T\X
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in which the limit lim 95(7)\X is over the non-empty admissible subsets of edges
Bin T with 0¢ B, and B= (BNTy,...,BNTy).

Consider from now on an inner Kan fibration between oco-operads p: X — Y.
Lifting problems of shape

correspond to lifting problems

P
.
80 J/ h l ®
T g

A[l] Q
where P =7\X and Q = U xw V, with
U=limdg(T\X, V=T\Y, W=lmos(T)\Y.

|

Exactly like in the proof of Proposition 4.15, it now suffices to prove the following
three statements:

(i) the map ¢ : P — @ is a left fibration;
(ii) the simplicial set @ is an co-category;
(iii) if f(r) is weakly invertible in X, then the 1-cell § is weakly invertible in
"(Q).
Note that, as left fibrations are conservative and are stable by pullback and com-
position, statements (ii) and (iii) will follow from the following two assertions:

(iv) the map V — W is a left fibration;
(v) the map U — ¢*(X) is a left fibration.

But (iv) is a particular case of (i): just replace p by the map from Y to the terminal
dendroidal set. It thus remains to prove (i) and (v).

4.15.1. Proof of (i).
For 0 < i < n, a lifting problem of the form
Ailp] — P
7
!
Aln] —=Q
correspond to a lifting problem of the form
AT xn] —=X
QT * n] —Y

As AY[T % n] is an inner horn, (i) thus follows from the fact p is an inner Kan
fibration.
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4.15.2. Proof of (v).
For 0 < i < n, a lifting problem of the form
Aln]

U
7

Aln] —> *(X)

corresponds to a lifting problem of the form

C—=X
l K
1

where the inclusion C' — D can be described as follows. The dendroidal set D is
the union of all the faces 9,,(‘7 xn) given by contracting an inner edge or a root edge
in one of the trees T}, or by deleting a top vertex in the tree 7 «n. The dendroidal
set C'is the union of the image of Q[n] — Q[7 *n| and all the ‘codimension 2’ faces
of Q[T = n] of shape 9;0,(7 *n), where 9, is as above, and 0 < j < n is distinct
from 4. It is now sufficient to check that the inclusion C' — D is an inner anodyne
extension, which follows from a straightforward application of Lemma 4.10. O

5. SUBDIVISION OF CYLINDERS

5.1. Let S be a tree with at least one vertex, and consider the tensor product
Q[S] ® A[1]. It has a subobject

A = 9Q[S] ® A[1]UQ[S] ® {1}

where {1} — A[1]is 9y : A[0] — A[1]. In this section, we will prove the following
result.

Theorem 5.2. There exists a filtration of Q[S] ® A[1] of the form
AOCAl C---CAN_ CAN:Q[S]®A[1],
where:

(i) the inclusion A; — A;41 is inner anodyne for 0 < i < N —1;
(i) the inclusion Ax_1 — AN fits into a pushout of the form

AT[T] ——= Ay 1

L
[T] —— Ay

Q

for a tree T with at least two vertices and a unary vertex r at the root;
(iii) the map
A[l] — AT[T] — An—1 C Q[S] ® A[1]
corresponding to the vertex r in (ii) coincides with the inclusion
{es} ® All] — Q[S] ® A[1]

where eg is the edge at the root of the tree S.
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5.3. The proof of Theorem 5.2 is in fact very similar to that of [MWO09, Proposition
9.2], stated here as Proposition 3.1. We recall from loc. cit. that, for any two trees
S and T', one can write

N
Qs @ Q1] = | Qni,

i=1

where Q[T;] — Q[S] ® Q[T] are ‘percolation schemes’. Drawing vertices of S as
white, and those of T" as black, these percolation schemes are partially ordered in
a natural way, starting with the tree obtained by stacking a copy of the black tree
T on top of each input edge of the white tree .S, and ending with the tree obtained
by stacking copies of S on top of T'. The intermediate trees are obtained by letting
the black vertices of T" percolate through the white tree S, by successive ‘moves’ of
the form

with SI\T/S" in S, and thm inT.
s t

In the special case where T = [1], the filtration referred to in Theorem 5.2 is given
by

A=A UQ[T|U---UQ[T],

where T7,...,TxN is any linear order on the percolation schemes extending the
natural partial order.

Remark 5.4. For any tree S with at least one vertex, and root edge named eg (e for
‘exit’), the last tree Ty in the partial order of percolation schemes for Q[S] ® A[1]
is of shape

S
(ES 70)

TN = s
(es,1)

It always has a unique predecessor T _1 of the form




DENDROIDAL SETS AS MODELS FOR HOMOTOPY OPERADS 23

where S is of the form (Sy,---,Sy,) x[0].

S:

This observation already enables us to get

Proof of parts (i) and (iii) of Theorem 5.2. Consider all the faces of Tyy. For such
a face F' — Ty, there are three possibilities;

(a) it misses an S-colour entirely (i.e. there is an edge s in S so that neither
(s,0) nor (s,1) are in F, so that Q[F] factors through 9Q[S] ® A[1];

(b) F is given by contracting the edge (eg,0), in which case Q[F] factors
through Q[Tn_1] (since the face F' then coincides with the face of Ty _1
obtained by contracting (s1,1),..., (sn,1));

(c¢) F is given by chopping off the edge (egs, 1) and the black vertex above it, i.e.
Q[F] = Q[S] ® {0}. This face cannot factor through Ag, nor through any
of the earlier percolation schemes since none of these has an edge coloured
(63, 0) .

Thus, Q[Ty]NAn—_1 = A"[T], where r denotes the black vertex as pictured above.
This shows that
A"[T] ——= An_4

L

Q[T — Ay

is a pushout, exactly as stated in part (ii) of Theorem 5.2. Moreover, the statement
of part (iii) of Theorem 5.2 is obvious from the construction. O

5.5. The proof of part (i) of Theorem 5.2 is more involved, but it is completely
analogous to the proof of MWO09, Proposition 9.2]. The difference with the situation
in loc. cit. is that, now, we are dealing with an inclusion of the form

QS| @ QTTUQ[S] ® A°[T] — Q[S] @ Q[T],
where e is an outer edge of T = i[1], whereas in loc. cit., we dealt with
Q[S] ® 0Q[TTUA°[S] ® Q[T] — Q[S] @ Q[T7],

where e is an inner edge of S. This forces us to look at different ‘spines’ and
‘characteristic edges’ compared to the ones in loc. cit. (notice also in this connection
that although the tensor product is symmetric, the partial order on the percolation
schemes is reversed).

The following lemma was also used (implicitly) in [MWO09].

Lemma 5.6. Let T; and T; be two distinct percolation schemes for Q[S] ® A[l].
Then

Q[TZ] N Q[Tj] C UkQ[Tk]
as subobjects of Q[S|®@ A[l], where the union ranges over all the percolation schemes
T}, which precede both T; and T in the partial order.
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Proof. Let F be a common face of Q[T;] and Q[T}]. If T; < T; in the partial order,
there is nothing to prove. Otherwise, we will give an algorithm for replacing T; by
successively earlier percolation schemes,

Tj=Tj 2T 2Tj, 2

each having F as a face, and eventually preceding 7T; in the partial order. As a first
step, T is obtained from an earlier percolation scheme T} by changing

(s1,0) (5n,0)

(s1,1) (sn,1)

into (s,1)

in Ty in Tj

If F is also a face of T}/, we ‘push up the black vertices’ by replacing T; by T;, = T}.
If not, then the colour (s,0) must occur in F', hence in Tj as well as in T;. So the
occurrence of (s,0) in 7} is not the reason that T; ¢ T;, and we put Tj, = Tj.
Treating all black vertices in this way, we can push them up if they occur below
black vertices in 75, until we eventually reach a percolation scheme T}, < Tj, still
having F' as a face, for which T} < T;. O

5.7. We return to the proof of Theorem 5.2. Consider the inclusion
(571) Ak — Ak+1 - Ak U Q[Tk+1] 5

for K+ 1 < N. The percolation scheme Ty,; will have at least one black vertex.
Consider all the black vertices in Tjy1, and the corresponding faces of Tj41 which
are formed by paths from these black vertices to the root of Tj41:

(5.7.2)

The face 3 is the minimal external face which contains the given black vertex as well
as the root edge. We call a face 3 of Tj41 of this form a spine in T)1. Notice that
the vertex just above (eg,1) is indeed white, as in the picture, because k + 1 < N.
Notice also that the outer face of § given by chopping off this vertex misses the
colour eg, hence belongs to 9Q[S] ® A[1] C Ap. Furthermore, the outer face of
given by chopping off its black top vertex belongs to [S] ® {1} C Ay. Finally,
all the inner faces of § miss an S-color, hence factor through 9Q[S] ® A[1], except
possibly the one given by contracting the edge (s, 1) near the top. However, if this
last face Js 1)(3) of 3 belongs to Ay, then some earlier T;, 1 <14 < k, contains the
edge (s,0), hence all of 5. Thus, either Q[3] is contained in A, or we can adjoin it
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by an inner anodyne extension

ACD[F] —— Ay

N

Qf] — A, U Q[f].

Such a spine ( is an example of an initial segment of Tj41. Recall from [MWO09]
that a face R — T} is called an initial segment if it is obtained by successively
chopping off top vertices. Our strategy will be to adjoin more initial segments of
Tr11 to Ag, starting with the spines. To this end, we need the following definition
and lemma from [MWO09], in which we use the notation m(R) C Q[Ty4+1] for the
image of the map Q[R] — Q[T}+1] given by an initial segment R.

Definition 5.8 ([MWO09]). Let R, Q1,...,Q, be initial segments of Ti41, and let
B = m(Q1) U---Um(Q,). Suppose that, for every top face F of R, we have
m(F) C Ax U B. In this situation, an inner edge £ of R is called characteristic
with respect to Q1,...,Q, if, for any inner face F' of R, if m(F/§) is contained in
Aj U B, then so is m(F') (where F'/§¢ — F is the face obtained by contracting &).

Ezample 5.9. In any spine [ as in picture (5.7.2), the edge £ = (s, 1) is characteristic
with respect to any family of initial segments.

Example 5.10. More generally, suppose R is an initial segment of Ty, given by a
spine J expanded by one (or more) white vertices, say

(s,0)
(s,1)

(1)
R =

Then € = (s,1) is again characteristic with respect to any family Q1,...,Q,. In-
deed, if R/ is a face of an initial segment @Q;, then so is R itself; see [MWO09,
Remark 9.6 (iv)]. And if R/ is a face of T} for a percolation scheme T, then T}
either contains R, or looks like

(s,0)
(s",0)

(s",1)

ot

But, by Lemma 5.6, we can assume 7} comes before T}y in the partial order, so
this is impossible. Finally, if Q[R/¢] — Q[S] ® A[1] factors through Ao, then R/&
misses an S-colour, and hence so does R.
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5.11. The proof of Theorem 5.2 (i) is based on a repeated use of arguments like
the preceding one in Example 5.10. We quote the following lemma on characteristic
edges from [MWO09].

Lemma 5.12 ([MWO09, Lemma 9.7]). Let R, Q1,...,Qp be initial segments of
Tit1. Let B = m(Q1) U---Um(Qp), and suppose each top face of R has the
property that m(F) is contained in Ar U B. If R possesses a characteristic edge
with respect to Q1,...,Qp, then the inclusion

A, UB —»AkUBUm(R)
of subobjects of Q[S] ® A[l] is inner anodyne.

Lemma 5.13. Let R, Q1,...,Qp be initial segments of Ti41, satisfying condition
(i) in Definition 5.8, and let 3 be a spine in R. Then the edge & = (s,1) immediately
below the black vertex on the spine is a characteristic edge for R.

Hint for a proof. This is proved exactly as Example 5.10; cf. also [MW09, Lemma
9.8]. O

5.14. Using the characteristic edges from Lemma 5.13, one can now copy the proof
of [MW09, Lemma 9.9], repeated below as Lemma 5.15, verbatim. This proof is by
induction on I, and describes a precise strategy for adjoining more and/or larger
initial segments of Tj41 to Ag.

Lemma 5.15. Fiz | < 0, and let Q1,...,Q, be a family of initial segments in
Ti+1, each containing at least one spine, and at most I spines (so, necessarily,
p=0ifl =0). Let Ri,...,Ry be initial segments which each contain ezactly
Il + 1 spines. Then the inclusion Ay — Ax U B U C is inner anodyne, where
B=m(Q1)U---Um(Qp) and C =m(Ry)U---Um(Ry).

5.16. This strategy terminates when one arrives at the number [ of all spines in
Ty+1. Indeed, for this [ and p = 0, ¢ = 1, Lemma 5.15 states for Ry = Tj41 that
Ay — Agq is inner anodyne, as asserted in Theorem 5.2 (i). This completes the
proof of Theorem 5.2.

6. 00-OPERADS AS FIBRANT OBJECTS

6.1. The aim of this section is to characterize oo-operads as the fibrant objects
of the model category structure on the the category of dendroidal sets given by
Proposition 3.12. This characterization is stated in Theorem 6.10 below.

Given an oo-category X, we denote by k(X)) the maximal Kan complex contained
in X; see [Joy02, Corollary 1.5].

Recall that, given two dendroidal sets A and X, we write

hom(A, X) = i* Hom(A, X) .

Note that, by virtue of Proposition 3.1, if X is an oco-operad, and if A is normal,
then Hom(A, X) is an oo-operad, so that fiom(A, X) is an oco-category.

For an oo-operad X and a simplicial set K, we will write X () for the subcomplex
of Hom(i)(K), X) which consists of dendrices

a: QT xu(K) — X
such that, for any 0-cell u in T, the induced map
a, : K — i*(X)
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factors through k(i*(X)) (i.e. all the 1-cells in the image of a,, are weakly invertible
in i*(X)).

For an oc-operad X and a normal dendroidal set A, we will write k(A, X) for
the subcomplex of fom(A, X) which consists of maps

u: A®u(An]) — X
such that, for all vertices a of A (i.e. maps a : n — A), the induced map
Ug : Aln] — (X))
factors through k(i*(X)). So, by definition, for any normal dendroidal set A, any
simplicial set K, and any oc-operad X, there is a natural bijection:
(6.1.1) Hom, (K, k(A, X)) = Homg,, (4, X5,
Remark 6.2. The simplicial set k(A, X) is by definition the co-category of objectwise

weakly invertible 1-cells in fom(A, X). We can reformulate the definition of k(A4, X)
as follows (still with A normal and X an oo-operad). Define

(6.2.1) obA=]]n
Ap

We have a unique monomorphism 4 : Ob A — A which is the identity on O-cells.
As A is normal, i is a normal monomorphism. We also have

(6.2.2) k(Ob A, X) = k(hom(Ob A, X)) = [[ k(i"X),
Ao

and k(A, X) fits by definition in the following pullback square.
k(A, X) hom(A, X)

| |

k(hom(Ob A, X)) — hom(Ob A, X)

In particular, the projection of k(A, X) on k(Ob A, X) is an inner Kan fibration,
and as the latter is a Kan complex, this shows that k(A, X) is an co-category. One
of the key results of this section asserts that k(A, X) is a Kan complex as well,
which can be reformulated by saying that the inclusion k(fom(A, X)) C k(A, X) is
in fact an equality. In other words, a map in the oo-category hom(A, X) is weakly
invertible if and only it is objectwise weakly invertible; see Corollary 6.8.

6.3. Before stating the next theorem, we recall that, for a morphism between oo-
categories f : X — Y, the induced map 7(f) : 7(X) — 7(Y) is a categorical
fibration if and only if the map

evy : XA L y@AM) o x

induced by evaluating at 1 (i.e. by the inclusion {1} — A[1]) has the right lifting
property with respect to dA[0] — A[0]; see [Joy02, Proposition 2.4].

Theorem 6.4. Let p : X — Y be an inner Kan fibration between oco-operads.
The map evqy : XA — YALD xy X has the right lifting property with respect
to inclusions OQ[S] — Q[S] for any tree S with at least one vertex. Consequently,
the functor Ti*(p) is a categorical fibration if and only if the evaluation at 1 map
XA y(ALD %y X is a trivial fibration of dendroidal sets.



28 D.-C. CISINSKI AND I. MOERDIJK

Proof. Consider a tree S with at least one vertex and a solid commutative square

90[S] — = yam

7
Q] —L>y@l «, x

We want to prove the existence of a diagonal filling h. This corresponds by adjunc-
tion to a filling A in the following commutative square

00(s)© AU QIS @ {1} L x

l ,,@,,

Q[S] @ A[1] d

Y

(as the inclusion of dQ[S] in Q[S] is bijective on objects, and as the restriction of A
to dQ[S]@A[1]UQ[S]®{1} coincides with f, the map Q[S] — XA corresponding
to a filling h will automatically factor through X(ADD).

Consider the filtration

9Q[S] ® A1]UQ[S] @ {1} = Ag C Ay C -+ C Ax_1 C Ay = Q[S] ® A[1]

given by Theorem 5.2. As the map X — Y is an inner Kan fibration, using
Theorem 5.2 (i), it is sufficient to find a filling in a solid commutative diagram of
shape

’

An—1 . X

lﬁfl

Q[s] @ All] L~y

in which the restriction of f’ to dQ[S]® A[1]UQ[S]®{1} coincides with f. By virtue
of Theorem 5.2 (ii), it is even sufficient to find a filling % in a solid commutative
diagram of shape

QT ——Y
in which T is a tree with unary vertex r at the root, and a is the restriction of f’
to A"[T] C Anx_1. Furthermore, by Theorem 5.2 (iii), we may assume that a(r)
is weakly invertible in ¢*(X). Thus, the existence of the filling k is ensured by
Theorem 4.2.
The last assertion of the theorem follows from 6.3. O

Lemma 6.5. Any left fibration between Kan complezes is a Kan fibration.
Proof. This follows from [Joy02, Theorem 2.2 and Proposition 2.7]. O

Lemma 6.6. A morphism of simplicial sets X — 'Y is a left (resp. right) fibration
if and only it has the right lifting property with respect to maps of shape

AA[n] x Al1]UA[n] x {e} — Aln] x A[1]
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fore=1 (resp. fore=0) andn > 0.

Proof. The map 0A[n] x A[1]U A[n] x {0} — A[n] x A[l] is obtained as a finite
composition of pushouts of horns of shape A*[n+1] — A[n+1] with 0 < k < n+1;
see (the dual version of) [GZ67, Chapter IV, 2.1.1].

Conversely, the inclusion map A¥[n] — A[n], 0 < k < n, is a retract of the map
A¥[n] x A[1]U A[n] x {0} — A[n] x A[1]; see [GZ67, Chapter IV, 2.1.3].

We deduce easily from this that a morphism of simplicial sets X — Y is a right
fibration if and only if the evaluation at 0 map X2 — VAN xy X is a trivial
fibration (i.e. has the right lifting property with respect to monomorphisms). The
case of left fibrations follows by duality. ([l

Proposition 6.7. Let p: X — Y be an inner Kan fibration between oco-operads.
If Ti*(p) is a categorical fibration, then, for any monomorphism between normal
dendroidal sets A — B, the map

k(B7X) — k(B7Y) ><k(A7Y) k(Aa X)
is a Kan fibration between Kan complexes.

Proof. The functor 4, : sSet — dSet being symmetric monoidal and preserving
inner anodyne extensions, Proposition 3.1 implies that the map

hom(B, X) — hom(B,Y ) X fom(a,y) hom(A, X)
is an inner Kan fibration between oco-categories. This implies the map
k(B7X) - k(B7Y) XE(A)Y) k(AuX)

is an inner Kan fibration between oco-categories.
We claim that this map has the right lifting property with respect to the inclusion
{1} — AJ1]. Using the identification (6.1.1), we see that lifting problems of shape

{1} ——— = k(B, X)

(6.7.1) J/ 7 l

A[L] = k(B,Y) Xp(ay) k(A X)
correspond to lifting problems of shape
A——— x (&)
(6.7.2) l 7 i
B —> YAl xy x

so that our claim follows from Theorem 6.4.
More generally, the map k(B,X) — k(B,Y) Xya,y) k(A4, X) has the right
lifting property with respect to maps of shape

(6.7.3) OAn] x A[1JUA[n] x {1} — A[n] x A[1], n=>0.
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We have just checked it above in the case where n = 0, so that it remains to
prove the case where n > 0. Consider a lifting problem of shape

OA[n] x A[JUAn] x {1} ——“— k(B, X)

7

(6.7.4) l g l

Aln] x A[1] k(B,Y) xiay) k(A X)

This lifting problem gives rise to a lifting problem of shape

00Nn] @ BUQN] @ A —— x (A1)

(6.7.5) l h7 l

Qnl@ B——— vl %y X .

The existence of the lifting h is provided again by Theorem 6.4. The map h defines
a map

:i(Aln] x A1) © B — X .

As a consequence, it is sufficient to check that, for every non-degenerate m-simplex
0 : Alm] — Aln] x A[l], m > 1, and for any object b : n — B, the map
(1i1(6))p : Alm] — i*(X) factors through k(i*(X)). Using the ‘2 out of 3 property’
for weakly invertible 1-cells in ¢*(X), we can assume that m = 1. But then, as
n > 0, using again the ‘2 out of 3 property’ for weakly invertible 1-cells, we may
assume that § factors through 9A[n] x A[l], which implies then that (I 0 4(d)) ®
1p factors through the subcomplex ij(0A[n] x A[l]) ® B: the required property
thus follows from the fact that the restriction of the transpose of h to the object
i1(Aln] x A[1]UOA[n] x {1}) ® B corresponds to the map u in (6.7.4).

By virtue of Lemma 6.6, the map k(B, X) — k(B,Y) X,y k(A, X) is a left
fibration, hence, by [Joy02, Proposition 2.7], is conservative. By applying [Joy02,
Corollary 1.4], we deduce, from the case where A = @ and Y is the terminal
dendroidal set, that k(B,X) is a Kan complex for any normal dendroidal set B
and any oo-operad X. As any left fibration between Kan complexes is a Kan
fibration (Lemma 6.5), the maps k(B,X) — k(A,X) are thus Kan fibrations
between Kan complexes for any monomorphisms between normal dendroidal sets
A — B and any oo-operad X. As a consequence, Kan fibrations being stable by
pullback, we see that the fiber product k(B,Y") x4,y k(A4, X) is a Kan complex.
Using again Lemma 6.5, we conclude that k(B, X) — k(B,Y) Xya,y) k(4,X) is
a Kan fibration between Kan complexes. ([

Corollary 6.8. For any normal dendroidal set A and any co-operad X, we have
k(hom(A, X)) = k(4,X).

For any inner Kan fibration between occ-operads p : X — Y such that 7i*(p) is
a categorical fibration, and for any monomorphism between normal dendroidal sets
A — B, we have

k(hom(B,Y) X fom(a,y) hom(A, X)) = k(B,Y) Xy(ay) (4, X).
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Proof. If A is normal, then, for any operad X, k(A, X) is a Kan complex which
contains k(hom(A, X)). As k(hom(A, X)) is the maximal sub Kan complex con-
tained in the oco-category hAom(A, X), this proves the first assertion. The second
assertion is proved similarly. [

Corollary 6.9. Let p: X — Y be an inner Kan fibration between oc-operads. If
Ti*(p) is a categorical fibration, then, for any anodyne extension of simplicial sets
K — L, the map

XE) 5y ) sy e XE

s a trivial fibration of dendroidal sets.

Proof. This follows from Proposition 6.7 and from the natural identification (6.1.1).
O

Theorem 6.10. A dendroidal set is J-fibrant if and only if it is an oco-operad.
An inner Kan fibration between oo-operads p : X — Y is a J-fibration (i.e. a
fibration for the model category structure of Proposition 3.12) if and only if Ti*(p)
is a categorical fibration.

Proof. Let p: X — Y be inner Kan fibration between oo-operads. We have to
prove that, for e = 0,1, the anodyne extension {e} — J induces a trivial fibration
of dendroidal sets
X7 — YT xy X

if and only if 74*(p) is a categorical fibration. But, for any oc-operad Z, we clearly
have Z7¢ = Z(Y) and Z = ZUe}). Hence, by virtue of Corollary 6.9, if 7i*(p) is a
categorical fibration, then p is a J-fibration. The converse is a direct consequence
of [Joy02, Corollary 1.6]. O

Corollary 6.11. The class of weak operadic equivalences is the smallest class of
maps of dendroidal sets W which satisfies the following three properties.

(a) (2 out 3 property’) In any commutative triangle, if two maps are in W,
then so s the third.

(b) Any inner anodyne extension is in W.

(¢) Any trivial fibration between oo-operads is in W.

Proof. Consider a class of maps W satisfying conditions (a), (b) and (c) above. We
want to prove that any weak operadic equivalence is in W.

Let f : A — B be a morphism of dendroidal sets. Using the small object
argument applied to the set of inner horns, we can see there exists a commutative
square

A—>X

/ i

B—'>Y
in which the maps a and b are inner anodyne extensions, and X and Y are oco-
operads. It is clear that f is a weak operadic equivalence (resp. is in W) if and
only p has the same property. Hence it is sufficient to prove that any weak operadic
equivalence between co-operads is in W. As any trivial fibration between oo-operads

is in W by assumption, and as co-operads are the fibrant objects of a model category,
this corollary follows from Ken Brown’s Lemma [Hov99, Lemma 1.1.12]. |
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6.12. We will write C,, for the corolla with n + 1 edges,

Let X be an oc-operad. Given an (n + 1)-tuple of 0-cells (z1,...,2,,2) in X,
the space of maps X (x1,...,2,;x) is obtained by the pullback below, in which the
map p is the map induced by the inclusion nII---1In — Q[C,,] (with n+ 1 copies
of n, corresponding to the n + 1 objects (a1, ...,an,a) of C,).

X(z1,...,Tn; ) — Hom(Q[Cy], X)

T

Xn+1

(T150eesT )

Using the identification sSet = dSet/n, we shall consider X (z1,...,7,;7) as a
simplicial set.

Proposition 6.13. The simplicial set X (x1,...,x,;x) is a Kan complez.

Proof. The first assertion of Corollary 6.8 for A = Q[C,,] can be reinterpreted by
saying we have the pullback square below (see Remark 6.2).

k(hom(Q[Cy], X)) — Hom(Q[C,,], X)

| |

k(Z*X)n-‘rl X71,+1

As the terminal simplicial set 7 is certainly a Kan complex, it thus follows from the
construction of X (x1,...,x,;x) that we have a pullback square

X(21,... 2 2) — k(hom(Q[C,], X))

| |

k(i*Xx)ntt

(T1,0e s T, )

in which the right vertical map in this diagram is a Kan fibration (by Proposition
6.7, applied for A =nll---IIn and B = Q[C,,]). The stability of Kan fibrations by
pullback achieves the proof. ([l

Proposition 6.14. There is a canonical bijection
mo(X(z1,...,2n;2)) 2 17a(X) (21, .., Tp; ).

Proof. We will use the explicit description of 74(X) given by [MWO09, Lemma 6.4
and Proposition 6.6]. The unit map X — Ny74(X) induces a map

(
X(x1,.. xn;x) — (Ngma(X) (21, ...y 205 )
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It is easily seen that (Ng7q4(X))(x1,. .., 2n; x) is the discrete simplicial set associated
to 7¢(X)(z1,...,x,; ), so that we get a surjective map
mo(X(21,...,xn;2)) — 1a(X) (21, .., Tn; ).

Using the explicit description of 74(X) given by [MW09, Lemma 6.4 and Propo-
sition 6.6], it is now sufficient to prove that, if f and g are two O-simplices of
X(x1,...,2n;x) which are homotopic along the edge 0 in the sense of [MWO09,
Definition 6.2], then they belong to the same connected component. But then, f
and g define two objects of 7(hom(2[C,], X)) which are isomorphic, which can be
expressed by the existence of a map

h: A[l] — k(hom(Q[C,], X))

which connect f and g. Using that k(hom(Q[C,], X)) — *(X)"*! is a Kan
fibration between Kan complexes, we can see by a path lifting argument that such
a map h is homotopic under OA[1] to a map A[l] — X(z1,...,%,;2) which
connects f and g. O

Lemma 6.15. Let X — Y be a trivial fibration between oco-operads. Then, for
any (n + 1)-tuple of 0-cells (x1,...,zn,x) in X, the induced map

X(z1,. . zpz) — Y(f(21), .., flan); ()
is a trivial fibration of simplicial sets.
Proof. We know that the map
Hom(Q[C,], X) — Hom(Q[C,],Y) Xy X"

is a trivial fibration (this follows from Proposition 1.9 by adjunction). As we have
a pullback of shape

X(x1,. ., Tp;T) Hom(Q[C], X)

| |

Y(f(xl)a AR f(xn)a f(x)) - 'f]—[am(Q[Cn]’ Y) Xyn+i Xntl

this proves the lemma. (Il

Proposition 6.16. The functor tq : dSet — Operad sends weak operadic equiva-
lences to equivalences of operads.

Proof. We know that 7; sends inner horn inclusions to isomorphisms of operads
(this follows from [MWO09, Theorem 6.1] by the Yoneda Lemma). As 74 preserves
colimits, we deduce that 74 sends inner anodyne extensions to isomorphisms of
operads. By virtue of Corollary 6.11, it is thus sufficient to prove that 74 sends
trivial fibrations between oc-operads to equivalences of operads. Let f : X — Y
be a trivial fibration between oo-operads. By virtue of Proposition 6.14 and of
Lemma 6.15, we see that 74(f) is fully faithful. As f is obviously surjective on
0-cells, 74(f) has to be an equivalence of operads. |

Corollary 6.17. The adjunction q : dSet = Operad : Ny is a Quillen pair. More-
over, the two functors 74 and Ny both preserve weak equivalences. In particular, a
morphism of operads is an equivalence of operads if and only if its dendroidal nerve
is a weak operadic equivalence.
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Proof. The functor 74 preserves cofibrations, so that this is a direct consequence
of Proposition 6.16. Note that any operad is fibrant, so that the dendroidal nerve
functor Ny preserves weak equivalences. Hence the last assertion comes from the
fact Ny is fully faithful and 7; preserves weak equivalences. O

Remark 6.18. Theorem 6.10 also asserts that the functor 74 preserves fibrations
between oo-operads.

6.19. If A is a normal dendroidal set, and if X is an oco-operad, we have
(6.19.1) Hompgo(gser) (A, X) = [A, X] ~ mo(k(hom(A, X))).
Indeed, J ® A is a cylinder of A, and morphisms

JRA— X

correspond to morphisms
J — k(hom(A, X)),

so that this formula follows from the fact X is J-fibrant. The next statement is a
reformulation of (6.19.1).

Proposition 6.20. Let A be a normal dendroidal set, and X an oco-operad. The
set [A, X]| = Hompg(gser) (A, X) can be canonically identified with the set of iso-
morphism classes of objects in the category Thom(A, X) (which is also the category
underlying Tq(Hom(A, X)) ).

Proof. This proposition is a direct application of the explicit description of the
operad 74(Hom(A, X)) given by [MW09, Proposition 6.6] and of Corollary 6.9. [

APPENDIX A. GRAFTING ORDERS ONTO TREES

The main goal of the technical sections 4 and 5 was to deduce Theorem 6.10, and
from it, Corollary 6.9. There is an asymmetry in this approach, in that Theorem
6.10 was only proved for evaluation at one of the end points, and the symmetry was
established in Corollary 6.9 by using the theory of left fibrations between simplicial
sets.

In these two appendices, we will prove the analogs of Theorems 4.2 and 5.2,
from which one can deduce directly the symmetric version of Theorem 6.10 (for
evaluation at 0). These two appendices can also be used as an alternative approach
to the results in Section 6. Moreover, they are of interest by themselves, as they
form the basis of a theory of right fibrations of dendroidal sets.

However, since the left-right duality for simplicial sets does not extend to den-
droidal sets, the results of these appendices cannot be deduced from their analogs
proved earlier.

We begin by studying the analog of Theorem 4.2 (see Theorem A.7 below).

A.1. Let T be a tree endowed with an input edge (leaf) e.

(A.1.1) T = V
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Given an integer n > 0, we define the tree n x. T" as the tree obtained by joining
the n-simplex to the edge e by a new vertex v.

(A.1.2) ke T = n{

This defines a unique functor

(A.1.3) A—Q, [n]—n*xT
such that the obvious inclusions i[n] — nx.T are functorial. We thus get a functor
(A.14) (=) *e T : A — T/dSet

(where T'/dSet denotes the category of dendroidal sets under Q[T]). By Kan ex-
tension, we obtain a colimit preserving functor

(A.1.5) (=) % T : sSet — T/dSet .
We have Aln]*. T = Q[n . T]. The functor (A.1.5) has a right adjoint
(A.1.6) (=)/T : T/dSet — sSet .

Remark A.2 (Functoriality in 7). We shall say that a face map R — T is e-
admissible if it does not factor through the external face map which chops off e.
For such a face R — T, e is also a leaf of R, and there are natural maps

(A.2.1) nkxe R—nx*x.T.

Thus, we obtain, for each simplicial set K, and each dendroidal set X under T (i.e.
under Q[T), natural maps

(A.2.2) Kxe R— Kx*. T

and

(A.2.3) X/.T — X/.R.

Similarly, the inclusions Q[n] — Aln] %, T induce a projection
(A.2.4) X/ T — i"(X)

for any dendroidal set X under 7'

A.3. Let 0 < i < n be integers. Let {Ry,...,R:}, t > 1, be a finite family of
e-admissible faces of T', and define

CCDCQnxT)
by t t
C=({JAN M * R)UQn] and D= ] Aln] R.,
s=1

s=1
where [n] is seen as a subcomplex of Q[n %, T] through the canonical embedding.
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Lemma A.4. Under the assumptions of A.3, the map C — D is an inner anodyne
extension.

Proof. For p > 1, write ¥, for the set of faces F' of Q[n %, T] which belong to D
but not to C, and which are of the form F = Q[n . R] for an e-admissible face R
of T with exactly p edges. Define a filtration

C=CycCic...cC,c...CcD
by
C,=CpaU | J F, p>1.
Fe¥,
We have D = C), for p big enough, and it is sufficient to prove that the inclusions
Cp—1 — C) are inner anodyne for p > 1. If F' and F’ are in %, then F N F’ is in
Cp—1. Moreover, if F' = Q[n %, R] for an e-admissible face R of T', then we have
FNCp 1 =AMNnx R],

which is an inner horn. Hence we can describe the inclusion €,y — C), as a
finite composition of pushouts by inner horn inclusions of shape FNCp_; — F
for F € %,. O

Proposition A.5. Let 0 < ¢ < n be integers. The inclusion
(A'[n] % T) U Q[n] — Qn . T
is an inner anodyne extension.

Proof. Apply Lemma A.4. O

Proposition A.6. For any inner Kan fibration p : X — Y wunder T, the mor-
phism X/ T — Y /e X vy i*(X) is a right fibration of simplicial sets.

In particular, for any oo-operad X under T, the map X/.T — i*(X) is a right
fibration between oo-categories.
Proof. This follows from Proposition A.5 by a standard adjunction argument. [

Theorem A.7. Let S be a tree with at least two vertices, let v be a unary top vertex
i S, and let p: X — Y be an inner Kan fibration between co-operads. Then any
solid commutative square of the form

AV[S] 2= x
4
W
"
Ty
QS] ——Y
in which ¢(v) is weakly invertible in X has a diagonal filling h.

Proof. The tree S has to be of shape S = 1 x. T for a tree T with a given leaf
e. Under this identification, we have A”[S] = A°[1 x. T]. A lifting h in the solid
commutative square

Al w, T) 5 X

o
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is thus equivalent to a lifting k& in the diagram
0 -2~

Q<=—9

Al -2
in which P = X/, T and Q = U xyw V, with
U=lmX/.R, V=Y/T, W=lmY/.R,

R R

where R ranges over all the proper e-admissible faces of T. As in the proof of
Theorem 4.2, it is now sufficient to prove the three following properties:

(i) the map P — @ is a right fibration;
(ii) @ is an oco-category. )
(iii) if p(z) is weakly invertible in X, then so is the 1-cell ¥ in Q.
Properties (ii) and (iii) will follow from the two assertions below:

(iv) the map V — W is a right fibration;
(v) the map U — ¢*(X) is a right fibration.

As (iv) is a particular case of (i), we are thus reduced to prove (i) and (v).
A.7.1. Proof of (i).

A lifting problem of shape

A"[n]*:P
l : J/ 0<i<n
Aln] —=Q

is equivalent to a lifting problem of shape
C—X
7
7
Qfn *e T Y

where C is the union of A’[n] x. T' with the union of the faces of Q[n %, 7] which
are of the form nx. .S — n . T, where S ranges over the e-admissible elementary
faces of T. In other words, C' = A%[n %, T is an inner horn, so that the required
lifting exists, because p is assumed to be an inner Kan fibration.

A.7.2. Proof of (v).

A lifting problem of shape

U
l J/ 0<i<n
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is equivalent to a lifting problem of shape

C——
J/ I
A .

in which the inclusion C — D can be described as follows:
C =Qn]U| JAn]xe RC D= JQnx R C QnTJ,
R R

where R ranges over the e-admissible elementary faces of T'. It is easily seen that
the inclusion C' — D is an inner anodyne extension by Lemma A.4. ([

APPENDIX B. ANOTHER SUBDIVISION OF CYLINDERS

B.1. We will refer to the horn inclusions of shape A*[S] — Q[S], where S is a
tree with a unary top vertex x, as end extensions. A composition of pushouts of
end extensions will be called an end anodyne map.

The goal of this section is to prove a dual version of Theorem 5.2, namely:

Theorem B.2. Let T be a tree with at least one vertex, and consider the subobject
By ={0} @ QTNUA[1l] ® 0Q[T] C All]® Q[T].
There exists a filtration of A[l] ® Q[T of the form
ByC By C...CBy_1 CBy=A[1]®Q[T]

where, for each i, 0 <1i < N, the map B; — B;41 is either inner anodyne or end
anodyne.
Moreover, the end anodyne maps are all push outs of the form

A?[S] —— B;

L

Q[S] — > Bi

with the following properties:
(i) the tree S has at least two vertices, and v is a unary top vertex;
(ii) the map
A[l] — A”[S] — B; C A[1] @ Q[T],
corresponding to the vertex v in S, coincides with an inclusion of shape
Alll @ {t} — A[l] ® Q[T
for some edge t in T.

B.3. As in the proof of Theorem 5.2, we will follow the convention of [MW09], and

write
m

Q[s] @ Q[T = | QITi],
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where the union ranges over the partially ordered set of percolation schemes, start-
ing with a number of copies of T' grafted on top of S, and ending with the reverse
grafting. For

s=m=1{.

the first tree is of shape

(B.3.1) T

and the last one is

(B.3.2) T =

Let us fix a linear order on the percolation schemes for A[1]®Q[T] which extends
the natural partial order. Such a linear ordering induces a filtration on the tensor
product A[1] ® Q[T],

(B33) CocCic...cCp_1CCy = A[l] X Q[T]
by setting
(B34) Co =By = {0} ® Q[T] @] A[l] & GQ[T] and C; = By U Q[Tl] Uu---u Q[TZ] .

the filtration of Theorem B.2 will be a refinement of this one.
Let us start by considering 77. If the root edge of T is called r, then 77 looks
like

(B.3.5)

(O’T)

(1,r)

With the exception of the faces d,y(T1) (which contracts (0,7)) and O, (T1)
(which chops off (1,7) as well as the white vertex), any face F' of T7 misses a colour
of T (by this, we mean there is an edge a in T such that no edge in F is named
(i,a)). Hence, Q[F]| C A[l] ® 0Q[T] for these F. Moreover, 0 y(T1) = {0} ® T1.
So Q[T1] N BQ = A(O’T) [Tl], and

A(O,r) [Tl] _— BQ

(B.3.6) l i

Q7] Bo UQ[TY]

is a pushout. So, if we let B; = C4, then By — Bj is obviously inner anodyne.
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Suppose we have defined a filtration up to some B;
(B.3.7) ByCcBiC...CB =1,

so that B; = C} for some k, 1 < k < m. We will extend this filtration as B; C
Bi11 C ... C By, so that By = Cg41. The percolation scheme T} is obtained
from an earlier one T} by pushing a white vertex in T} one step up through a black
vertex x, as in

(B.3.8)

in T; in T4

(we have denoted by x the black vertex in both trees, although it would be more
accurate to write = for the relevant vertex of 7', and write 0 ® x and 1 ® x for the
corresponding vertices in T; and Ty4q repectively). The Boardman-Vogt relation
states that, as subobjects of A[1] ® Q[T7], the face of Ti41 obtained by contracting
all input edges of = coincides with the face of T} obtained by contracting the output
edge of z in T;. In particular, notice that if x has no input edges at all (i.e. if x
is a ‘nullary operation’ in T), then Ty4q is a face of T}, so Cxy1 = Cj, and we
let B;r = By, and there is nothing prove. Therefore, from now on, we will assume
that the set of input edges of z, denoted input(z), is non-empty, and we proceed
as follows.
Let E be the set of all colours (edges) e in T for which

B.3.9 (0,
(B.3.9) %,e)

occurs in Ty1. For U C E, let
(B.3.10) T € T

be the face given by contracting all the edges (1, ¢e) for e € E but e not in U. Notice
that if U N input(z) = &, then Q[T,gﬂ] C B; by the Boardman-Vogt relation just
mentioned. Therefore, we will only consider U with U N input(z) # <. We will

successively adjoin Q[Téﬂ] to B; for larger and larger such U, until we reach the

case where U = E and T,g)l = Tht1.

If U = {e} is a singleton (with e an input edge of x), then the face 8(176)Q[T,§i61})]
is contained in Bj; as said, while the face 8(0’6)Q[T,5{:1})] is not (it cannot belong to

an earlier T;, and is obviously not contained in By = Cj). Any other face of T, ,5_{1:2‘1})

misses a colour of T" and hence is contained in By. Thus,

(B.3.11) Qrit1nB carliP)

is either an inner horn (if (0,e) is an inner edge of Ty41) or an end extension (if

(1,e) is an input edge of Ti41). In either case, we can adjoin Q[T,S_{:l})] by forming
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the pushout below.

QriPnB,

(B.3.12) i
Q[T({e})] 5 Q[T({e})] UB;

By

k+1 k41
We successively adjoin Q[T,Efl})] to B; in this way for all e in F which are input
edges of x in T if these are ey, ..., ey, let
(B.3.13) By = BUQITH U u i),

Then, for each r < p, the map Bjy; — Bjy,41 is inner anodyne or end anodyne.
In general, we proceed by induction on U. Choose U C E with UNinput(z) # @,

and assume we have adjoined Q[T ,5_({1)] already, for all U’ of smaller cardinality than
U. We will write By for the last object in the filtration constructed up to that
point. Fix an order on the set of elements of U, and write it as

(B.3.14) U={a1,...,as}.
Consider Q[T,gﬂ] The tree Tlgﬂ has edges (0,c¢) or (1,c¢) for ¢ not in E, and the

corresponding face misses the colour ¢ alltogether, hence a(i,c)Q[Téﬁ] is contained

in By for these c¢. Next, the tree 7Y has edges coloured (1,q;) for 1 < i < s, and

k+1
contracting any of these gives a face
U U—{a;
(B.3.15) O an AT = QAT

which is contained in Bjs by the inductive assumption on U. None of the faces
given by contracting (if it is inner) or by chopping off (if it is outer) an edge (0, ;)

. U . .
in T,£ _& can be contained in By, however.

Let Aq,...,A; be all the subsets of the set of these edges {(0,a1),...,(0,as)}
of T,gi which contain (0, 1), and order them by some linear order extending the
inclusion order. So there are t = 257! such A;, and we could fix the order to be

Ay ={(0,1)}
Ay = {(070‘1)7 (07@2)}

As = {(07041), (07a8)}
As+1 = {(07041)’ (O?OQ)’ (0,043)}

A ={(0,01),...,(0,a)} .

Forg=1,...,t let Tlg’f) be the tree obtained from Téﬂ by contracting or chopping
off all the edges (0, ;) not in 4,. So

U, U
(B.3.16) T = 00,000,001 -+ 0,00 T
and
Ut U
(B.3.17) 7Y =1
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We will successively adjoin these Q[T,iglq)] to the filtration, to form the part
(B.3.18) By C Byrg1 C ... C By = B UQTY))]

of the filtration, as

(B.3.19) Byriq = B QT VTU L om0

We start with Tlgg’ll). The only face of Q[Tlg’f)] not contained in By is the one
given by the edge (0, ;). Thus

(B.3.20) QY010 B c QY]

is either an inner horn (if (0, 1) is an inner edge) or an end extension (if (0, a1) is
an input edge of T,gz)l, i.e. oy is an input edge of T'). So the pushout Byr — Byrig
is either inner anodyne or end anodyne.

Suppose we have adjoined Q[T,g’lq/)] for all 1 < ¢’ < ¢, so have arrived at the

stage By 4q—1 of the filtration. Consider now A, and the corresponding dendroidal
set Q[Tég’lq)]. As before, its faces given by edges coloured by (i,c) for ¢ = 0,1 with
¢ not in E are contained in By, and its faces given by edges coloured (1,e) with

e € U are contained in Q[T,gill)] for a smaller U’' = U — {e}, hence are contained in

Byr. Let us consider the remaining faces given by the edges (0,a1), ..., (0, a,) in
A, If i # 1, the face of Q[Tlg’f)] given by (0,q;) € A, is contained in Q[T,g’lq y

for some ¢’ < ¢ with A, = A, — {(0,;)}. So the only face that is missing is the
one given by (0, a1), i.e.

U, @ U,
(B.3.21) QTN Byrggoy = A [T{T0].

Therefore, the induced pushout By4q_1 — Byryq is either inner anodyne or end
anodyne (depending on whether ay is an external edge of T' or not). At the end,

when ¢ = ¢, we have adjoined all of Q[T,E_(ﬁ]

This completes the contruction of the segment of the filtration for the subset
U C E. Assaid, we continue this construction until we reach the stage U = E, when

T,gi = T}41, which completes the construction of the segment of the filtration from

By until By, interpolating between Cj and Cjy1. This completes the description
of the filtration. From it, the last part of the theorem is clear.

REFERENCES

[Ber07] J. Bergner, Three models for the homotopy theory of homotopy theories, Topology 46
(2007), 397-436.

[BV73] J. M. Boardman and R. M. Vogt, Homotopy invariant algebraic structures on topological
spaces, Lecture Notes in Math., vol. 347, Springer-Verlag, 1973.

[Cis06] D.-C. Cisinski, Les préfaisceauz comme modéles des types d’homotopie, Astérisque, vol.
308, Soc. Math. France, 2006.

[CMa] D.-C. Cisinski and I. Moerdijk, Dendroidal Segal spaces and co-operads, in preparation.

[CMDb] , Dendroidal sets and simplicial operads, in preparation.

[Cra95] S. E. Crans, Quillen closed model structures for sheaves, J. Pure Appl. Algebra 101
(1995), 35-57.

[GZ67] P. Gabriel and M. Zisman, Calculus of fractions and homotopy theory, Ergebnisse der
Mathematik, vol. 35, Springer-Verlag, 1967.

[Hov99] M. Hovey, Model categories, Math. surveys and monographs, vol. 63, Amer. Math. Soc.,
1999.

[Joy02] A. Joyal, Quasi-categories and Kan complezes, J. Pure Appl. Algebra 175 (2002), no. 1-
3, 207-222.




DENDROIDAL SETS AS MODELS FOR HOMOTOPY OPERADS 43

[JT07] A. Joyal and M. Tierney, Quasi-categories vs Segal spaces, Categories in Algebra, Ge-
ometry and Physics, Contemp. Math., vol. 431, Amer. Math. Soc., 2007, pp. 277-326.

[Lur06] J. Lurie, Higher topos theory, arXiv:math/0608040, 2006.

[MWO07] I. Moerdijk and I. Weiss, Dendroidal sets, Algebraic & Geometric Topology 7 (2007),
1441-1470.

, On inner Kan complezes in the category of dendroidal sets, preprint
arXiv:math.AT/0701295, to appear in Adv. Math., 2009.

[Wei07] 1. Weiss, Dendroidal sets, PhD thesis, Universiteit Utrecht, 2007.

[MW09)

LAGA, CNRS (UMR 7539), UNIVERSITE PARIS 13, AVENUE JEAN-BAPTISTE CLEMENT, 93430 VIL-
LETANEUSE, FRANCE

E-mail address: cisinski@math.univ-parisi3.fr

URL: http://www.math.univ-paris13.fr/“cisinski/

MATHEMATISCH INSTITUUT, UNIVERSITEIT UTRECHT, PO.Box 80.010, 3508 TA UTRECHT,
THE NETHERLANDS

E-mail address: moerdijk@math.uu.nl

URL: http://www.math.uu.nl/people/moerdijk/



