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Non asymptotic minimax rates of testing in signal detection with
heterogeneous variances

B. Laurent, J.M. Loubes, C. Marteau *

Abstract

The aim of this paper is to establish non-asymptotic minimax rates for goodness-of-fit hy-
potheses testing in an heteroscedastic setting. More precisely, we deal with sequences (Y;) e
of independent Gaussian random variables, having mean (0;),;cs and variance (0;);es. The
set J will be either finite or countable. In particular, such a model covers the inverse problem
setting where few results in test theory have been obtained. The rates of testing are obtained
with respect to I3 and /o norms, without assumption on (o;);cs and on several functions
spaces. Our point of view is entirely non-asymptotic.

AMS subject classifications: 62G05, 62G20
Key words and phrases: Goodness-of-fit tests, heterogeneous variances, inverse problems.

1 Introduction
We consider the following heteroscedastic statistical model :
Y}'ZHJ‘—FO']'EJ', 7€ J, (11)

where 6 = (0;),cs is unknown, o = (0;);cs is assumed to be known, and the variables (¢;);cs
are i.i.d. standard normal variables. The set J is either {1,..., N} for some N € N* (which
corresponds to a Gaussian regression model) or N* (which corresponds to the Gaussian sequence
model). The sequence § has to be tested from the observations (Y});es in order to decide whether
76 = 07 or not. The particular case o; = o for all j € J corresponds to the classical statistical
model where the variance of the observations is always the same. It has been widely considered
in the literature, both for test and estimation approaches. In this paper, we consider a slightly
different setting in the sense that the variance of the sequence is allowed to depend on j.

We point out that the model ([[-]]) can describe inverse problems. Indeed, for a linear operator
T on an Hilbert space H with inner product (.,.), consider an unknown function f indirectly
observed in a Gaussian white noise model

Y(g9) = (Tf,g) +oelg), g€ H (1.2)

where ¢(g) is a centered Gaussian variable with variance ||g||? := (g,g). If T is assumed to be
compact, it admits a singular value decomposition (SVD) (b;,%;, ¢;)j>1 in the sense that

T¢; =bjj, T ;= bjdy,
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with T* the adjoint operator of T. Hence considering the observations Y (¢;), model ([L.2)
becomes
Zj = bjﬂj + o¢€j, jE€ N*, (13)

with €; = e(;), (T'f, ;) = b;0; and 0; = (f, ¢;). This model is often considered in the inverse
problem literature, see eg [[i]. Setting Y; = b;le and o; = ijfl for all j € N*, we obtain
([L.1). Hence inference on observations from model ([L.I]) provides the same results for inverse
problems. We stress that if estimation issues for inverse problem have been well studied over
the past years (see for instance [[[9), [[f] or [I§ for a model selection approach), tests for inverse
problems have either only been tackled, in the general case, by very few authors among them we
refer to [f], [[3], [[G or have been investigated only for the very specific case of the convolution

problem, see in [f] and references therein.
For all 0 € Iy(J), we set |02 = ZJEJHJQ- and for all § € loo(J), [|0]lc = supjey|0;]- The

purpose of this paper is to provide rates of testing for the hypothesis 76 = 07 against the
alternative ”||0||, > p” where ¢ = 2 or ¢ = oo . More precisely, given «, 3 €]0,1], a level a
test @, of the null hypothesis 76 = 0”7, and a class of vectors F C [4(.J), we define the uniform
separation rate pq(®q,F, ) of the test ®, over the class F with respect to the [, norm as the
smallest radius p such that the test guarantees a power greater that 1 — 8 for all alternatives
6 € F such that ||f||, > p. More formally

®,, F,B) =inf > 0, inf  Py(d, rejects ) > 1 — .
(@0, 7. =int {0,k Bal rejects ) > 1 5

Let us now define p,(F, o, ) as the infimum over all level a test @, of the quantity pq(®q, F, 3).
This quantity will be called the («, 8) minimax rate of testing over the class F. The aim of the
paper is to determine this minimax rate of testing over various classes of alternatives JF, for the
test of null hypothesis " = 0” in Model ([[.]) with respect to the Iy and I, norms.

The main reference for computing minimax rates of testing over non parametric alternatives
is the series of paper due to Ingster[[L]]], where various statistical models and a wide range of sets
of alternatives are considered. Lepski and Spokoiny [[7] obtained minimax rates of testing over
Besov bodies Bsp ,(R) in the irregular case (when 0 < p < 2), see also Ingster and Suslina [[L3].
Ermakov [[L0] determines a family of asymptotic minimax tests for testing that the signal belongs
to a parametric set against nonparametric sets of alternatives in the heteroscedastic Gaussian
white noise. In all these references, asymptotic minimax rates of testing are established. In
Model ([L.]), with o; = o for all j € J, Baraud [ consider a non asymptotic point of view,
which means that the noise level ¢ is not assumed to converge towards 0. This is the point of
view that we adopt in this paper. We give a precise expression of the dependency of the minimax
rates of testing with respect to the sequence (o) es. The particular cases of interest correspond
to polynomial and exponentially increasing sequences, which in the case of Model ([[.3) leads to
the so-called mildly and severely ill-posed inverse problems. We do not aim at providing the
adaptive minimax rates of testing, which will be the core of a future work.

The paper is organised as follows. In Section 2, we provide lower bounds for the minimax
separation rate over classes of vectors 6 with a finite number of non-zero coefficients, which yet
covers sparse signals. In Section 3, we determine upper bounds for those minimax rates. In
Section 4, we compute minimax rates of testing over ellipsoids and [, balls. The proofs are



gathered in Sections 5 and 6.

To end this introduction, let us define some notations. Let Y = (Y;);es obey to Model ([L.1).
We denote by 6 the vector (or sequence) (0;);cs and by Py the distribution of Y. All along the
paper, we consider the test of null hypothesis 70 = 0”. Let « €]0, 1[ be some prescribed level. A
test function @, is a measurable function of the observation Y, with values in {0,1}. The null
hypothesis is accepted if &, = 0 and rejected if &, = 1. Finally, for all z € R, we denote by |z]
the greater integer smaller than = and we set [z] = |z] + 1.

2 Lower bounds

The bounds will be established for two classes of signals characterized by their non zeros coef-
ficients. The first one deals with the elementary case where the coefficients are equal to zero
after a certain rank. The second one concerns the so-called sparse signals which are defined by
the amount of non zeroes coefficients which can be located at different scales.

2.1 Lower bounds in [, norm

In this section, we generalize the results obtained by Baraud [J] in an homoscedastic model to
the heteroscedastic Model ([L.1)).

We first give a lower bound for the minimax rate of testing over the set Sp, defined for all
D >1by
SD = {(9 S lQ(J),Vj > D,é?j = O}.

When J ={1,..., N}, we assume that D < N.

Proposition 1 Assume that Y = (Y;);jes obeys to Model ({[.1). Let 8 €]0,1 — af, c(a,B) =
(2In(1 +4(1 — a — B)%))"? and

1/2

D
pp=cle,B) D o}
j=1

The following result holds:

Vp<pp, inf sup  Pp(P, =0)> 3.
o 9eSp [10]2=p

This implies that the minimaz rate of signal detection over Sp with respect to the la norm
satisfies
p2(SD’a’ﬁ) > PD-

This proposition can be understood as follows: whatever the a-level test chosen, for all p < pp,
there exists a signal 6§ € Sp with norm p such that the error of the second kind is greater than
B. The results obtained in Proposition [l| coincide with the lower bound established by Baraud
Bl in the homoscedastic model (o; =0 Vj € J).



Let us now consider the problem of sparse signal detection. Let k,n € N* with £ < n. When
J ={1,...,N}, we assume that n < N. We want to obtain lower bounds for the minimax
separation rate of signal detection over the set Sy, defined by

Spn =10 €la(J), Vi >n, §; =0, Card {j <n,0; #0} <k}. (2.4)

Theorem 1 Assume that Y = (Y;);jes obeys to Model ({{.1). Let o) S o@) <. S oy, we
define for alll € {0,...,n —k},

I+k

=it
Let B €]0,1 — «f, such that a + 8 < 59%. Let
1/2

n
9 9 n—I n—I 4
P = ogrlngzizx—kzl’kln <1—|— 12 v 12 >\/ | Z;C_Ha(j) . (2.6)
j=n—

For all level a test @,
inf Po(®,=1)<1-24.
0€Sk,n,l10l12>pk,n o(®a )< b

This implies that the minimaz rate of signal detection over Sy, with respect to the lo norm
satisfies
p2(8k7n7a75) 2 Pk,n-

Comments : Let us consider three cases governing the behaviour of the sequence (0;);e..

1. In the homoscedastic case, o; = o for all j € J. In this case, Ezk = 0%k for all | and,

taking [ = 0, we obtain that
n n
Pin > 0kIn <1 +zV ,/ﬁ> :

which corresponds to the lower bound established by Baraud [f].

2. When k£ < n/2 and E%n/QJ E 2 Czi—k,k for some absolute constant C' (independent of k

and n), we obtain that

1/2

2 2 n | n - 4

j=n—k+1

At the price of a factor 2 in the logarithm (n is replaced by n/2), the variance term
appearing in the lower bound for pi 1S Ei, ., Which corresponds to the largest possible

variance for a set of cardinality &k in {1,...,n}, indeed
»2 . = max o2
n—k.k meMy, ,, “ 77

jem



where My, ,, denotes the set of all subsets of {1,...,n} with cardinality k.
This situation occurs for example when (0;);cs grows at a polynomial rate : o; = 427 for
some y > 0. In this case,

2
7>i22

2 2 2 n
Sk S kT X0 2k (5) Z 5oy Zn—kk:

3. When (0;),cs grows at an exponential rate : o; = exp(vj) for some v > 0, we obtain that

2 2
P > U(n)

2.2 Lower bounds in [, norm

In this section, we provide lower bounds for the minimax rate of signal detection in Model ([L.1)
with respect to the lo, norm. These bounds can be derived from the Theorem [[l Indeed, let
Sk.n be defined by (R.4). For § € Sy, [|0]|]2 = ||0]|cc. Hence, denoting by peo(F,, B) the (a, B)
minimax rate of testing over the class F with respect to the [, norm, we obtain that

poo(Sl,na «, /8) = pQ(Sl,n, «, 5)

By definition of the (o, ) minimax rate of testing it is obvious that if S C &', then poo(S) <
Poo(8"). Sin C Sk for all 1 < k < n. This implies that for all 1 <k < n,

Poo(Sk,m «, 5) Z P2(Sl,na a, /8)
This leads to the following corollary of Theorem [] :

Corollary 1 Assume that Y = (Yj)jes obeys to Model ([[1). Let B €]0,1 — af, such that
a+  <59%. Let

Skm:{é?elg(J), Vi >n, 0]':0, Card {jgn,é?];éo}gk}

Let 0'(1) < 0'(2) <...< O’(n) We deﬁne

Proo = max ogyr)y/In(l+n—1). (2.8)

0<i<n—1
The following result holds :
V1<k<n, poo(sk,naaaﬁ) > Pn,o0-

The proof of the corollary follows directly from the arguments given above and therefore will be
omitted.
Comments :

1. Let S, = {0 € l5(J),Vj > n,0; = 0} . Note that S, = Sy, hence Vn > 1, poo(Sp, o, ) >

Pn,oo-
2. When o; = o for all 1 < j < n, we obtain p, o = 0y/In(n+1).

3. When (0;)jes grows at a polynomial rate : o; = j7 for some v > 0, we obtain that
Pn,co > C(v)n74/In(n) by taking I = [n/2] in (P.§).

4. When (0;);jes grows at an exponential rate : 0; = exp(jy) for some v > 0, we obtain that
Pn,oo > Cexp(ny) for some constant C.



3 Upper bounds

In this section, we give upper bounds for the (a, ) minimax rates of testing over the sets Sp
and S, ,, that we compare with the lower bounds obtained in the previous section.

In order to show that the (o, ) minimax rate of testing with respect to the [, norm over a set
F is bounded from above by p, it suffices to define a test statistic ®,, such that the power of the
test at each point 0 in F satisfying ||0||; > p is greater than 1 — .

Proposition 2 Assume that ¥ = (Y )]eJ obeys to Model ([[.1). Let o, €]0,1[, and let

tpi1-al(o) denote the 1 — o quantile of Z] ) 32 32 :

Zae >tpi-alo) | =a.

Let @, be the test defined by
Ca = I[ZJ'D:1 3/]2>tD,1_a(0)' (3.9)

Then, ®,, is a level-a test :
PGZO((I)CV = 1) = Q.

Moreover, there exists an absolute constant C such that for all 8 € Sp, setting
C(a, B) = Clog(5™1) +log(a™ ) + v/log(a™1) + /log(571))
1/2

D
103> C(e.8) [ D o] =Pp(®a=1)>1-4
7=1

Hence, we obtain that
1/2

(SD,Oéﬁ <CO¢5 ZO’

Note that this bound coincides to the upper bound found in Proposition [l. Hence, it proves
that this lower bound is sharp.

Let us now propose a testing procedure for sparse signal detection. This procedure will be
defined by a combination of two tests. The first one is based on a thresholding method, which
was already used for detection of irregular alternatives in Baraud et al [[J] and in Fromont et al
M. The second one is the test considered in Proposition ] with D = n, which will be powerful
when k is larger that \/n.

Theorem 2 Assume that Y = (Y )JGJ obeys to Model (I.1). Let o, B €]0,1], and let t, 1o (0)

denote the 1 — a quantile of Z] 105 ? Let <I>( ) be the test defined by

LR



Let gn,1—a denote the 1 — o quantile of maxi<;<n, e?. Let @&2) be the test defined by

Y2
% = 1if max. <—g> > Gn1—a

9;

= 0 otherwise.

We define ®, = max ((I)S/)z’ (1)512/)2)' Then, @, is a level-a test :

P@:O(q)a = 1) = Q.
There exists a constant C(a, B) such that for all 0 € Sy, satisfying

1/2

1613 > C(a, B) | [ D of AR (3.10)
j=1

we have

Hence, we obtain that
P5(Skms i, B) < Cle, B) | | D of NS xIn(n) |, (3.11)

where El%k has been defined in ([2.9).
Comments : Let us compare these results with the lower bounds obtained in Theorem .

1. We first assume that (0;);cs grows at a polynomial rate : Vj € J, o; = o7 for some v > 0

(this includes the homoscedastic case). In this case, when k < n/2 there exists a constant

C > 0 such that %2 > (C¥2 . A lower bound for the («, ) minimax separation
[n/2],k n—k,k

rate of signal detection over Sy, is given by (2.7). This lower bound has to be compared
with the upper bound (B.11]).

e When k = n! with I < 1/2, the upper and lower bounds coincide and are of order
E?Lfk,k In(n).

e When k = n! with [ > 1/2, the lower bound is of order Ei—k,k\/ﬁ/k and Ei—k,k >
Cko?n?7, which leads to a lower bound of order Co?n27t1/2. The upper bound is

1/2

smaller that (2?21 0?) , which is smaller than o2n?'t1/2, Hence, the two bounds
coincide.

e When k& = /n/¢(n) where ¢(n) — +oo0 and ¢(n)/n — 0 as n — +oo (typically
¢(n) = In(n)), the lower bound is of order E?L—k,k In(¢(n)) and the upper bound is of

order Ei_ . 1n(n). In this case, the upper and lower bound do not coincide, up to a
logarithmic term.



2. Let us now assume that (0;);cs grows at an exponential rate : Vj € J, 0; = o exp(vj) for

2

some v > 0. The lower bound is greater than 02 = o2 exp(2yn) and the upper bound is

1/2
smaller that C'(«, 5) <Z?:1 0?) , which is bounded from above by C (o, 3, v)o? exp(2yn).
)

Hence the two bounds coincide. Note that in this case, the test @&2
is useless and one can simply consider that test

based on thresholding

B, =Y,
which achieves the lower bound for the separation rate.

3. The result stated in (B.10) is more precise than the minimax upper bound given in (B.11).
If the set J; = {j,0; # 0} corresponds to small values for the variances (o;);e,, it is not
required that [|0]|3 is greater than the right hand term in (B.11]) for the test to be powerful
for this value of #. The minimax bound given in (B.11) corresponds to the worst situation,
that is the case where the set J; corresponds to the largest values for the variances.

Let us now present an upper bound for the minimax separation rate with respect to the [
norm.

Corollary 2 Assume that Y = (Y;)jc; obeys to Model (I.4). Let oy < ... < o Let
o, 3 €]0,1[. Let ®, be the test defined in Theorem [§. There exists a constant C(«, 3) such that
for all k€ {1,...,n}, for all 0 € S, such that

1/4
0]l = C(c, B) | o/ In(n) A [ > of
j=1
we have
Pyp(Po=1)>1-p
This implies that for all k € {1,...,n},
1/4

Poo (St @, B) < Cla, B) | o(myv/In(n) A ZU?‘
j=1

This upper bound coincides with the lower bound obtained in Corollary [ when the sequence
(0j)jes is constant or grows at a polynomial or at an exponential rate.

4 Minimax rates over ellipsoids and [, balls

In the previous sections, the only constraint on the signal was expressed through the number
of non-zero coefficients. In several situations, one deals instead with infinite sequences having a
finite number of significant coefficients, the reminder being considered as negligible (in a sense
which will be precised later on). To this end, we consider in this section a slightly different
framework. Our aim is to study the link between the decay of the 0;’s and the associated rate
of testing. We consider in the following two different kinds of function spaces: ellipsoids and
l,-bodies.



4.1 Minimax rates of testing over ellipsoids

In the following, we assume that the sequence 6 = (6;) ;e belongs to the ellipsoid £, 2(R) defined
as

Ea2(R)={vE€l(]),> alv; <R},

jed
where a = (ay)kes denotes a monotone non-decreasing sequence. For instance, if 6 corresponds
to the sequence of Fourier coefficients of a function f and a; is of order j* with s > 0, then
assuming that 6 € £, 2(R) is equivalent to impose conditions on the s-th derivative of f. The
belonging to £, 2(R) may be seen as a regularity assumption on our signal. The following result
characterises the minimax rate of testing over &, 2(R).

Proposition 3 Let o, be fired and denote by pa(Ey2(R), o, B) the minimaz rate of testing
over Eq.2(R) with respect to the lo norm. Then

p3(Ea2(R), , B) > sup(ph A Rap?),
DeJ

where p% has been introduced in Proposition []. Moreover, for all D € J,

sup Py(®, =0) <5,
0€€a,2(R),|10]3>Cp}+R%ap?

where C = C(a, f) is a positive constant depending only on o and B and ®, denotes the test
introduced in Proposition 3. Hence,

P3(Eas(R), a0 B) < inf (Cpp + R¥ap?),
S

Proposition fJ presents both an upper and a lower bound for the minimax rate of testing over
E42(R). Remark that the upper bound is attained by the test ®, introduced in Proposition
where only signals with a finite number of non-zero coefficients were considered. We do not use
the whole sequence (Yj);cs in order to test the null hypothesis "6 = 0” but only the first D
coeflicients. The price to pay is to introduce some bias in the testing procedure. However this
bias can be controlled by taking advantage of the constraint expressed on the decay of 6.

A good characterization of p2(€,2(R), e, B) can be obtained as soon as the lower and upper
bounds are of the same order. As many statistical problems encountered in the literature, one
has to find a trade-off between the bias R2al_)2 and some kind of variance term p%. This trade-
off can be performed in several situations, hence leading to explicit rates of convergence: see
Corollary [ below.

Proposition ] presents the minimax rate of testing in a general setting. Several explicit rates
can be obtained when introducing specific constraints on the sequences (ag)res and (bg)re-
These rates are summarized in Corollary Bl Let (vg)ren+ be a sequence real numbers. In the
following, we write v, ~ k! if there exist positive constants ¢; and ¢y such that, for all k € N*,
k! < v < okt

Corollary 3 Let o, 3 be fized. We assume that J = N* and (Z;);c; obeys to Model (@.3). The

table below presents the minimax rates of testing over the ellipsoids Eq 2(R) with respect to the Iy



norm. We consider various behaviours for the sequences (ax)ken+ and (bg)ren<. For each case,
we give f(o) such that for all1 > o >0, C1(a, B)f(0) < p*(Ean(R), , B) < Ca(a, B) f(o) where
Ci(a, B) and Co(a, B) denote positive constants independent of o.

Mildly ill-posed Severely ill-posed
b ~ k! by, ~ exp(—7k")
ag ~ kS 0—#11/2 (log(o__g))—Zs/r
ajp ~ eXp(l/kS) 0.2 (log(o_—Q))(Qt-i-l/Q)/S e_QVDs (S < 1)

Here D denotes the integer part of the solution of p% = R2al_)2.

These rates have already been presented in the literature. The case a;, ~ k° and by, ~ k! was
first studied in [[4]. More recently, [1J] deals with other cases. Similar rates are also available
in [f] in the context of density estimation with errors in the variables. The aim of Corollary [
is to show that our approach can lead to important minimax results. Our point of view in this
paper is indeed entirely non-asymptotic and is not restricted to ill-posed inverse problems.

Concerning severely ill-posed problems with supersmooth functions (i.e. by ~ exp(—~vk")
and ay, ~ exp(vk?®)), we do not handle the general case since we assume that s < 1. When this
assumption is violated, the upper and lower bounds in Proposition | do not coincide: our test
does not attain the minimax rate of testing. This is certainly due to our approach, which in
some sense is related to a rough regularization scheme. We mention [[J] for a complete study
of this case.

4.2 Minimax rates of testing over [,-bodies with 0 <p <2

Ellipsoids contain essentially smooth functions. In the particular case where 6 corresponds to
the Fourier coefficients of a given function f, the constraints expressed through the belonging
to one of the spaces introduced above may be incompatible with the presence of discontinuities.
In order to extend the covered cases, we consider in this subsection sequences 6 belonging to
l,-bodies &, ,(R) defined as

Eap(R)=qveE lz(J),Za;’V;? < RP 3,
jed

where a = (ay)res denotes a monotone non-decreasing sequence and 0 < p < 2. The following
theorem proposes a lower bound for the minimax rate of testing over such spaces.

Theorem 3 Let (Yj)jes obey to Model ([[.1). Let a3 be fized and denote by ps(Eap(R),, B)
the minimaz rate of testing over &, ,(R) with respect to the ly norm. For all D € J and for all
0<1<D-—[VD], we set

l
2 2

2 . . .
where El,(\/ﬁ] is given in (2.). Then

p*(Eap(R), c, B) > sup (p1(D) V pa(D)),
DeJ

10



where

22
p1(D) = max (\/512/1)}22(11)22”—\/51 A ,0?\/5] D l) ;
0<I<D—[VD] D-[vD,[vVD] ”
and 12
D
pa(D) = VD RN Y oy
j=D—[VD]+1

To the end of this section, we assume that the sequence (b;);es is polynomially or exponen-
tially increasing, which yet correspond to the main case of interest in inverse problems. The
lower bounds in this particular setting are easier to handle, as proved in the following corollary.

Corollary 4 Let (Zj)jen+ obey to the Model ([I.3) with b; = 00]71 for all j € N*. Then,
assuming that for all j € N*, 0; = j7 or that for all j € N*, 0; = exp(vj) for some v > 0, we
obtain

1-2/ B
p*(Eap(R), 0, B) > C(7) sup (0 ypp AVD R = i
e b

where '0?\/51,D is defined in (B-8).

In order to attain the lower bound presented above, a test similar to the one introduced in
Proposition J is not sufficient. On [,-bodies, the bias after a given rank D is indeed more
difficult to control than for ellipsoids. Some significant coefficients (in a sense which will be
precised in the proof) may be contained in the sequence 6 after the rank D. Hence, we have to
introduce specific tests in order to detect these coefficients.

More precisely, for all j € J and « € (0, 1), introduce

it = Lvj12g5.0}
where g; . denotes the 1 — o quantile of a Gaussian random variable with mean 0 and variance

ajz. Then define

(I)L = (I)loc,a/Q A q)DT,a/2 with (I)loc,a/Q = sup (I){j},3a/7r2(ijT)2’
je{D1+1,.N}

where ®pt /o denotes the test constructed in Proposition B and
t_. 2 —2 /pl=2/p _ o
D _mf{DeJ,R ay?VD g,owﬁw}. (4.12)

By convention, DT = N if J = {1,..., N} and the set in (.13) is empty. The following theorem
emphasizes the performances of the test d1,.

Proposition 4 Let o, 8 be fized. We assume that the sequence (aj_pbj_(z_p)) . 1§ monotone
JeN*
non-increasing. Suppose that J ={1,...,N}. Then

sup Py(®f, = 0) < B,

0Eap (RGP >A0r2 , 1

with

11



o )\, = Clog(N) for mildly ill-posed problems, i.e (0;)jcs ~ (*)jes fort >0,

o )\, = Clog(]\f)\/Dflip/2 for severely ill-posed inverse problems, i.e. (0j)jes ~ (€7)jes
for v >0,

where C' denotes a positive constant independent of o.

Our test reaches the lower bound established in Proposition | up to a log term, it is not
sharp. Nevertheless this drawback is not characteristic of the heteroscedastic model since a
similar property occurs in the homoscedastic case: see [fJ] for more details. Hence, the lower
bound established in Proposition [J corresponds certainly to the minimax rate on &, ,(R).

For the sake of convenience, the upper bound is presented for J = {1, ..., N} which, roughly
speaking, corresponds to the regression setting. Nevertheless, our result can be easily extended
to the case where J = N*. In such a situation, our test will be performed on {1,... ,N}, where
N is a trade-off between the bias after the rank N on &, ,(R) and the growth of log(N). A good
candidate for N is a power of o 2.

In order to conclude this discussion, we point out that we impose a condition on the sequence

<aj_p bj_(Q_p )> o This condition is necessary in order to control the bias after the rank DT. Tt
je

always hold when p = 2 since (a;);jen is an increasing sequence. When p < 2, the considered
function has to be sufficiently smooth with respect to the ill-posedness of the problem. A similar
condition can be found for instance in [f].

The corollary below deals with the particular case of mildly ill-posed problems with polyno-
mial [,-bodies, where the situation is easier to handle.

Corollary 5 Assume that ar, ~ k® and b, ~ k=% for all k € N* where s,t denote positive
constants such that s > t(2/p —1). Then

4s+2/p—1 4s+2/p—1

Calog(N)o > 24175 > p?(E,,(R), 0, f) > Cho > 24175,

where C1, Coy denote positive constant independent of o.
—(2-p)

b;

1). Hence the conditions of Proposition | are satisfied. The proof follows the same argument as

in Corollary B.

Remark that the sequence (aj_p ) is monotone non-increasing as soon as s > t(2/p —
JEN*

5 Proofs

5.1 Proof of the lower bounds

The proofs of the lower bounds use a Bayesian approach extending the methods developed in
the papers by Ingster [L1]] and by Baraud [f]. We use the following lemma :

Lemma 1 Let F be some subset of lo(J). Let p, be some probability measure on

Fp=A{0€ T, 0] = p}

12



and let
S

Assuming that Py, is absolutely continuous with respect to Py, we define

dP

For all a > 0, g €]0,1 — «af, if

Ko (Lip* (Y)) <1+4(1-a-p)>,

then
Vp < p*, inf sup Py(®, =0) > 5.
Pa geF,
This implies that
p(F.a,B) = p".

For the proof of this lemma, we refer to Baraud [, Section 7.1.

5.1.1 Proof of Proposition [l
Let p > 0, we set for 1 < j < D,

—-1/2

D
2 E 4
Hj—wjajp O"7
Jj=1

where (wj,1 < j < D) are i.i.d. Rademacher random variables : P(w; = 1) = P(w; = —1) = 1/2.
Let p1, be the distribution of (61,...,0p). p, is a probability measure on
{0 € Sp, [10]l2 = p} -

Let us now evaluate the likelihood ratio L, (Y) = djnﬂﬁop (Y).

2

D 2 D 2
1 1 ow;p 1Y
LMP(Y) = Ew exXp —522 Yj—ﬁ exXp 520—]2
j=1"J >i=10] j=1 "7

2 Df 0'2. D Y

= exp (—%Z]Dl i) Hcosh pD]

2=193) i > 1]
Let Z be some standard normal variable. For all A € R,
E(cosh?(AZ)) = exp(\?) cosh(\?). (5.13)

13



Hence, since Y;/o; ~ N(0,1),

Since for all # € R, cosh(x) < exp(x2/2), we obtain

Eo (Lip(Y)) < exp <#410?> .

For p = pp we obtain :
Bo (L2,(Y)) <1+4(1—a- By,

which implies that p(Sp, a, 8) > pp by Lemma .

5.1.2 Proof of Theorem

Without loss of generality, we can assume that the sequence (0;);cs is non decreasing (if this
is not the case, we can reorder the observations Y;). We fix some [ € {0,1,...,n — k}. Let
My, 1. denote the set of all subsets of {{ +1,...,n} with cardinality k. Let m be a random set
of {{+1,...,n}, which is uniformly distributed on My, ,. This means that for all m € My,
P(n = m) = 1/C* ;. Let (wj,1 < j < n) be i.i.d. Rademacher random variables, independent
of m. Let us recall that

I+k
Sip= D, o
=11
We set
0j = (pw;jo;/Zik) Liem (5.14)

Note that § = (0;)jes € Sk, and that, since (0;);cs is non decreasing,

2 9 25em 9 9
o3 = P > 2
1k
1 1 : 1 y?2
Ly (Y) = Emo |exp | =53 5 (VG=6)" e | —5) 5
L jes jeJ J
Y;0, 1 62
L jem J jem J
YAw,p k‘p2
m,w gﬂ; o'jzhk 2212,k

14



Yiwip kp?
L,,(Y) = Z E, |exp Z# exp <—222

n lmeMkln jem “J I,k

k 1
= exp <—22p12k> oF Z H cosh( > .

n=l meMy, , jEM

We use (5.13) together with E(cosh(AZ)) = exp(A\?/2) for a standard Gaussian variable Z. Since
Y;/o; is a standard normal variable, we obtain that

kp? 1
Eo (Lip(Y)> = exp <_2—§>W 2. I o (222 )

m,m/ €My 1 n jEM\m/

2 2 2
14 P P

| H exp (2212k> | H exp <%> cosh <%> .
jem\m J jemnNm/’ ) )

fm\m| + [m/\m]| + 2lm (| = |m| + | = 2k,

X

Since, for all m,m’ € My p,

we obtain g

|mnm
2 1 i
EO (Lﬂp (Y)) = W Z (COSh <%>> .

n—l m,mleMk’l’n

The end of the proof is similar to the proof of Theorem 1 in Baraud [fl], similar arguments are
also given in Fromont et al. [[]. Let us recall these arguments.

Eo <sz(Y)> =E [exp <|mﬂ /| In cosh <%>>] ,

where m,m’ are independent random subsets with uniform distribution on My ,. For fixed
m, |t Nm/| is an hypergeometric variable with parameters (n — I, k,k/(n —1)). We know from
Aldous []] that there exists a binomial variable B with parameters (k,k/(n — 1)) and a o—
algebra B such that E(B/B) = |/ Nm/|. By Jensen’s inequality,

Eo <Lip(Y)) <E [exp <B In cosh (;—j))] .
Lk

Since B is a binomial variable with parameters (k, k/(n — 1)),

P k p*
exp | Blncosh | 5 =exp |kln|{1+——(cosh| 5] -1 .
El,k n—1 El,k

Let c=1+4(1—a— )% and A = "k—gl In(c). Since the function cosh is increasing on R, we

obtain that if )
2’42 <In (1+A+\/2A+A2),
Ik

E

15



then
2 1 1 -1
cosh (;%) ~1<5 (A+V2A+ 2 1)+ 5 (A+V2A+ 2 +1) =4
Lk
We finally obtain that

Eo <Lip(Y)) < exp [k In <1 + LA)] <e.

n—1
By Lemma [I], this implies that
p(Spmr, ) > X In (1 +A+ \/M)
Sheln (1424 V24).

V

If o + 3 <0.59, In(c) > 1/2, which implies that

—1 —1
P(Skps v, B) > 57y In <1+n Va2 )

Since this result holds for all [ € {0,n — k}, we get

n—1 n—I
> 2 ‘
p(Sk,n’ «, 5) = OSIlnSa;LX—k; El,k In (1 + \Vi )

In order to prove that

p(sk,n’a’ﬁ) > Z O-;‘l s
j=n—k+1
we define, as in the proof of Proposition i,
) " 2\ 12 ‘
0, :ijjP<Zj:n7k+1Uj> Vie{n—k+1,...,n},
=0 Vig{n—k+1,...,n},

where (wj,n —k+1 < j < n) are i.i.d. Rademacher random variables. Note that (0;);cs € Sk.n
and that [|0]|2 = p?. We now conclude as in the proof of Proposition [, using that C(a, 8) =
2In(c) > 1.

5.2 Proof of the upper bounds
5.2.1 Proof of Proposition

In order to prove Proposition B, we have to show that for all § € Sp such that ||0]3 >

1/2
C(Oé, 5) (Zle O?) )
D
Po [ > Y <tpialo) | <B. (5.15)
j=1

16



We denote by tp s(6,0) the 5 quantile of Z?Zl YjQ, when Y = (Y;)jes obeys to Model (L.1)). In
order to prove (p.1Y), it suffices to show that

tD71_a(O') < tD,g(a, O’).

To prove this inequality, we will first give an upper bound for ¢p 1_,(c) and then a lower bound
for tp g(8,0).

Upper bound for tp_4(0) :

We use an exponential inequality for chi-square distributions due to Laurent and Massart [[L5]
(see Lemma 1). It follows from this inequality that for all > 0,

1/2
D D
P o?(e2 —1) > 2z o} +2x sup (0?) | <exp(—z).
OLICEEENE DCs s (03) | < expla)
J=1 J=1
Setting z, = In(1/a), we obtain that
b b 1/2
tpi-alo) < 20]2 + 24/Tq Zaj + 2z, sup (o?)
= = 1<j<D
1/2
. D
Since sup;<;<p O'JQ- < (ijl O';-l> ,
b b 1/2
toi-al0) <Y ar+Cla) | D ot ]| . (5.16)
j=1 J=1

Lower bound for tp 3(6,0) :
We prove the following lemma, which generalizes the results obtained by Birgé [ to the het-
eroscedastic framework :

Lemma 2 Let
Y}ZQj-i-O'jEj, 1§j§D,

where €1,...€p are i.i.d. Gaussian variables with mean 0 and variance 1.
P D 5
We define T' = ijl Y7 and

D D
Y = ZO’?-FQZO’?G?.
j=1 j=1

The following inequalities hold for all x > 0 :

P <T —E(T)>2VEz +2 sup (af)x) < exp(—z). (5.17)
1<j<D
P (T R < —2\/2_35) < exp(—z). (5.18)

17



The proof of this lemma is given in the Appendix.
Inequality (B.1§) provides a lower bound for ¢p (6, o). Indeed, setting x5 = log(1/3), we obtain
that

P (T— E(T) < —2 Ex5> < B.

Hence, tp g(0,0) > ZJDZI(H? + JJQ») —2y/Yxg. (p.17) is satisfied if tp 1-o(0) < tpg(#,0), which
holds as soon as

D

D
> 07 —2\/Sag > 210

j=1

Za + 2z, sup (JJQ»). (5.19)
7j=1

1<5<D

Let us note that

VY = ZO‘ +20292

IN

<

Hence, the following inequality implies (p.19) :

D

D
ZG —2v2 sup (0j)\/Z3 29]2—2 Za}l(\/@—i—\/@)—Z sup (a?)xa>0.

1<j<D — , 1<j<D

This inequality holds if

which concludes the proof of Proposition P

5.2.2 Proof of Theorem [

The test &, is obviously of level o thanks to Bonferroni’s inequality :

IN

Po(Po = 1) D=1 +Po(@f), =1)

/2

QA

o(®
_|_

o9 'ﬁ

<

(e

<«
Let us now evaluate the power of the test.

Py(®y = 1) > max (Pg( 0y =1) +Py(@f), = 1)) .

18



It follows from Proposition [ that for all § € Sk.,n such that
1/2

1013 > C(a, B) | D of |
j=1

we have Pg(@&l) =1) > 1— g. It remains to evaluate the power of the test @&2/)2.

@) - V7
Po(®y’ =0) = Pp(Vje{l,...,n}, p= <qni-a)

< lnf PG(_]Q < Qn,l—oz)-

Y2
Po(=5 < @ni-a) = P (105 +0j¢| < 0jy/Tnia)

o
P (10| — ojlej| < oj/@ni-a)
P (ojlej| > 10;] — 0j/Gni—a) -

Let gg denote the 1 — 8 quantile of |e;|. We obtain that if

Jje{l,...,n}, 0] > 05(a5 + n1-a), (5.20)

IN A

then
Py(®?) = 0) < 8.

Condition (5.20) is equivalent to
Im € Mym, Y 07> D 03 (as + v/ami-a)*.
JjEM JjEM
In particular, if
1615 > | > oF | (a5 + Vamia),
then (5.20) holds. This implies that for all 6 € Sy, such that

1015 > max | > o} | (a3 + Vani-a)’,
o\ jem

we have IP’G(CD((XQ) = 0) < B. It remains to give an upper bound for ¢, 1. We use the inequality
P(ler| > x) < exp(—22/2). This leads to
P( max e? >2Iln(n/a)) < nP(le] > v/2In(n/a))
1<j<n
< o

Hence, ¢,,1-a < 2In(n/«), which concludes the proof of Theorem B
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5.2.3 Proof of Corollary

1/2
Since [|6]|2 > ||0]]2, > C%(c, B) (2?21 0;-1) , we obtain from Theorem [ that

Py(D.), = 0) < B.

We obtained in the proof of Theorem P that if (5.20) holds, then Pg(q)g) =0) < B. Since gp1—a <

2In(n/a), we obtain that there exists a constant C'(a, ) such that if ||0][c > C(a, )0 n)+/In(n),

then Py(® (/)2 =0) < p.

5.3 Proof of minimax rates on ellipsoids and /,-bodies
5.3.1 Proof of Proposition

We first prove the lower bound. For all D € J, introduce r% = p% A RQaBQ. Let D be fixed.
Then for all § € Sp such that ||0]|3 = 7%

D
> a307 = " al6? < ap|if)3 < R
j=1

jeJ

Hence

{0€5p,11015 =D} € {0 € Eaa(R), 10113 > 7D}

Since rp < pp, we get from Proposition [l

inf sup Py(®, =0) > inf sup Py(®, =0) > p, (5.21)
Pa gea o (R),|0ll2>rp ®a gesp,0)l2=rp

where the infinimum is taken over all possible level-a testing procedures. Since inequality (5.21)
holds for all D € J, we obtain p?(E,2(R),a, 8) > suppes(p% A R%a;?). Concerning the upper
bound, we know from Proposition P that the test ®, is powerful as soon as:

Mw

9 CQBPD<:>||9H2>C(O‘BPD+ZHIC’
j=1 k>D

where C'(a, ) denotes a positive constant. Since 6 € &, 2(R), we get

Z 07 < R*a;’” and sup Py(®,=0) <8,
k>D 0€€a2(R),|I0]2=Cph +R2ap?

where C' = C(«, 8). This concludes the proof since the previous result holds for all D € J.

5.3.2 Proof of Corollary

First case: aj, ~ k* and by, ~ k~t. Choosing

_ 2
D = La4s+4t+lJ ,
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—2

5 are of the same order, hence leading to the desired rate.

we can remark that p% and R%a

Second case: ay ~ ¥ and by ~ k. Set
1 ) 1/s
Dy = <ﬁlog(a )) .

p(Eaz(R),a.B) < Cpb, + Ry,
Co? (10g(0_72))(2t+1/2)/8 +0? < (C+1)0? (log(a,g))(mﬂ/z)/s’

Then

IN

where C denotes a constant independent of o. Concerning the lower bound, we set

Then

p3(Ea2(R), v, B)

v

2 2 -2
le AR CLDl,

Co? (log(U*Q))(ZtH/Q)/S Ao = Co? (log(U*Q))(ZtH/Q)/S ,

v

for some C > 0.

Third case: ap ~ k° and by, ~ e~ 7%, Set

Then
p3(Ea2(R), 0, B) < pi, + R*ap’,
< v DQUQbI_)g + R2al_)§,
< o+C(log(o2) " < (C+1) (log(o2) >"",

for some C' > 0. Concerning the lower bound, we set
1 1/r
D, = |7<%log(a2)> —‘ .

2 2 -2

le /\R CLDl,
272 2 -2

> o°bp N Rap,

> 1AC (log(o™?))

Then

Y

p5(Ea2(R), v, B)

—2s/r —2s/r

C (log(J_Q)) ,
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for some C > 0.

Fourth case: aj, ~ €’*5 and by, ~ e~ 7%". Denote by D the solution of the equation

2 2 -2
pp = Rap”.

Remark that .
p%o < R2a5§ where Dy = | D],
since (p%,))pen+ and (a%)pen+ are monotone increasing. Hence
Pi(Ean(R), a, B) < Coe P 4 7276 < (C 4 1)e™ 5.
Then B
p2D1 > RzaB? where D; = [D].

We get:
P3(Ean(R), 0, ) = pb, A RPap > R*ap! > R *'PL.

In order to conclude the proof, we have to prove that the lower and upper bounds coincide. To
this end, remark that D; = Dy 4 1. Thus

e 2D = ~W(Dot1)* _ =D o 2ADG—(Dot+1)'} < =20

for some constant C' as soon as s < 1.

5.3.3 Proof of Theorem [

The proof will use the one of Theorem [l We assume that (0;);cs is non-decreasing. Let us first
establish a relation between the [, ball £, ,(R) and the sets Sy, ,. Forall D € J, forall § € SUb.p

such that [|0]3 < \/5172/17}22&52, we have 6 € &, ,(R). Indeed, using Holder’s inequality
—+00
doater = 3" abe? < (VD) PP (o)) el < R
Jj=1 j:Gj;éO

We set k = [V/D], n = D and for all I € {0,1,...,n —k}, we define § = (05,5 € J) by
(6.14). As pointed out in the proof of Theorem fl, § € S, and [|0]|3 > p%. We also have
10113 < p2zi—k,k/2l2,k' This implies that if

then 6 € &, ,(R).
Moreover, in the proof of Theorem [[, we proved that if

n—1 n—1

then

Eo(L (Y)) <1441 —a—B)%

22



This implies by Lemma [I] that p3(&,,(R)) > p?. We finally get

n—1 n—1 1-2/p _ El%k
p3(Eap(R)) > 57 In <1 += \/ e ) AVD R2aD222

Since the result holds for all / € {0,1,...,n — k}, we obtain that p3(£,,(R)) > p1(D). To obtain
that p3(€,,(R)) > p2(D), we consider, as in the proof of Theorem [l, for k£ =

. —1/2 )
0, :wjajzp <Zj:n—k+1 J4> Vie{n—k+1,...,n},

Since p3(E.p(R)) > p1(D) V p2(D) for all D € J, the result follows.

5.3.4 Proof of Corollary {4

For the sake of simplicity, we assume that /D is an integer. We derive from Comment 2. of
Theorem [I] that when oj = j7, then

1-2/p

p1(D) > C(\VD TR A X2

D/2,vD"

Moreover,

D

2 2 -2y

p < C max X <C E J

vD,D 0<i<D-vD 1,V/D v
j=D—

2v+1/2 2
< oprtiPcesl ) o

When o, = exp?’, we have from Theorem [] that

p3(Eap(R)) > sup pa(D).
DeJ

Moreover, pa(D) > \/51_2/1)]:52(152 A U%. We conclude by noticing that, in this case, we also
have that 'O%/E,D < C(y)o%.

5.3.5 Proof of Proposition [
It follows from Bonferonis’s inequality that @L is a level-a test. Introduce
A={DeJ Ra2VD" " < 2
- Ao =PrvplnS-
In a first time, we suppose that A is empty. From the definition of DT, we get Dt = N and
Py(®f, = 0) < Py(®pi 02 =0) = Py(Pp /0 =0) < B,

for all sequence 6 satisfying

>0 =1l6l* = Cpi,

JjeJ
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for some positive constant C. Since A is empty and using the comments following Theorem

1=2/p _ 1-2/p _
p?VSC'O?\/NLN SC(,O?\/NLN/\\/N ay’R?) SC’ls)tg)](p?\/BLD/\\/ﬁ ap’R?).

Hence, our test is powerful as soon as ||6]|? > pzp R

From now on, we assume that the set A is not empty: DI < N. For all j € J, set

22(i _ Dh2
;= 2(v5+4)In <(JT5D)>

Two different situations may occur:

1/ For all j > DT, b?@? < az/ﬁ for some sequence pj, i.e. all the coefficients 6 have poor

importance after the rank DT,

2/ There exists at least j € {Df,..., N} such that b?HJQ- > O'ZIU,?, i.e. there exist significant
coefficients after the rank DT.

First consider the case 2/. Recall that in this case, the set A is not empty and there exists
4/ € {Df,... N} such that b?,@?, > JQM?,. In this particular setting, we have to use the
threshold test in order to detect these coefficients. More precisely,

Py(®f, =0) < Py <SupT D)y 30/m2(j—D2 = 0) < B <‘1>{j/},3a/7r2(jum)2 = 0) :
j>D
Thanks to inequality (29) of [ff], we know that this probability is smaller than § as soon as:
205 _ P2
2 272 m(j — D)
This is exactly the assumption made in case 2/.
Now, we consider point 1/. Let j > DT,

2 p2-pp2—pppy—(2—p)
Hj = 6]. bj Hjbj ,

< Uz_p,u?*pﬂé?bj_ 2-p)

Then, we get
2 2-p p;—(2—p) 2—p
Y0 < Yo T
j>DfT j>DT
2—p pgp, —pp—(2=p) 2-p
< TP Y T
j>Df
< 0¥ PRP maxa;Pb; F P 2P,
- j>Dt J N

. —p,—(2— . . .
Since the sequence (aj P b; @-p )) jen is assumed to be monotone non increasing, we can control

the bias as follows

2 2—p pp,,—pp—(2-p) 2—p
Z 07 <o PRPa b Ty
j>Dt
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In order to conclude the proof, we have to bound the right hand side of the above inequality.
First assume that the problem is mildly ill-posed, i.e. (bg)gen+ ~ (K7%)ren for some ¢ > 0. Then

DY = inf {D € J, R2a52(\/5)1_2/p < O.2D2t+1/2},
— inf {D € J,R%;2 < o> D2t+1/p} .

Thus
Z 9]2 < O_2fp0_p(DT)tp+1/2(DT)2t7tpM?V*p < 02(DT)2t+1/2M?\7p- (522)
§>DT

Hence, we deduce from Proposition J| that

Py(®f, =0) < Py(®pi e =0) <5,

07

for all sequence 6 satisfying ZJD:TI sz > Oy 52 (DH)2H1/2 which is equivalent to

161> > Capo® (D2 4 Y 7 67, (5.23)
j>Df

The first point of Proposition f|] follows from (p.29) and (f.23). Now assume that the problem
is severely ill-posed, i.e. (bp)ren+ ~ (€7 7%)pen+ for some positive constant . In this setting,

pi =inf {D € J,R?a2VD' " < 0% P}

Hence,
1-p/2 o_
2 2 _2yD 2—p
g 0; <o’ Vv Df W L
j>Df

An inequality similar to (5.29) holds, which concludes the second point.

6 Appendix

Proof of Lemma J :
We first compute the Laplace transform of 7. Easy computations show that for ¢ < 1/ (20]2),

E [exp(t(0; +0;¢,)")] = —— ( i )
exp i 1T 0j€; = exp 5 |-

\J1 - 2to? 1 = 2t0;
This implies that for ¢ < mini<j<p 1/(207%),

D 92 D

. 1
E {exp(tT)} = exp E L H .
=1 1 = 2toj j=14/1— 2750]2

Moreover,



This leads to

D 92922 D 1
F n _ 3% 4 2
E |exp(t(T —E(T))| = exp E T to; I | —
j=1 J j=14/1 2taj

D 5202 2 D
2t“0<o* 1
= exp 21—7220]2_@2' exp( §Zlog1—2t0)

We use the following inequality which holds for z < 1/2 :

11 (1—-2z)+z+ i >0
x20g X x1_2x_.

This inequality implies that for all ¢ < minj<;<p 1/ 20]2,

D t24

log E [eXp(t(T - E(T))] < Z 11— 220 2t* Z 1— 2t0

Jj=

This leads to
2%

1—2¢ suplSjSD(ajZ)'

log E [exp(t(f - E(T))} <

We now use the following lemma which is proved in Birgé [H] (see Lemma 8.2) :

Lemma 3 Let X be a random wvariable such that

2
log (E [exp(tX)]) < 1(a—t)bt for0<t<1/b

where a and b are positive constants. Then
P (X > 2a\/x + bx) <exp(—z) forallz>0.

Hence, inequality (F.17) is proved. Let us now prove inequality (f.1§).
For all z € R,

P(T—E(T) §—z> - P(—T+E(T)—220>

< infE < et(fTJr]E(T)fz))
>0
< infE <et(T_E(T)+Z)) .
Tt<0
We have, from the above computations
D 242 2
- N 2t 9 1
HT-E(T)+z2))) — —JJ 2__ — %2
In <E (e >> jEl [1 — 2t0 —toj 5 In(1 — 2to7)

We now use (f.29) for z = tajz- with ¢ < 0. We obtain
2ot

1 2 2 J
§ln(1 —QtUj)+tUj +1—72t0']2 S O
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This implies that

226202 62
—2 L < 207 — L In(1 - 2to?).
1 -2t oo J
Hence, for all t < 0, z € R,
N . D 1 92
E (et(m(mz)) <exp |- (5 log (1 —2to3) + ta§> (1 + 2U—g> +tz
j=1 J
We use this inequality with z = 2v/3x, and t, = —/z/VE.
i <T (D) < —2\/295) <E <etw(T—E(T>+2@>) .
Moreover,
(FE(T)+2/5) ZD: ! v v %
E <et”” T-E(M)+2vie ) =exp |— <— log (1 — 2—02»> — —02> <1 + 2—j> — 2z
J J 2
= 2 N V) o;
We use the following inequality which holds for all v > 0 :

1
3 log(1 + 2u) — u > —u?,

and we apply this inequality to u = —twa]z. We obtain that for all z > 0,

P (T —E(T) < —2V5x) < exp(-2).

This concludes the proof of Lemma .
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