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Abstract

In this paper, we study the problem of adaptive estimation of the spectral density of a statio-
nary Gaussian process. For this purpose, we consider a wavelet-based method which combines
the ideas of wavelet approximation and estimation by information projection in order to warrants
that the solution is a nonnegative function. The spectral density of the process is estimated by
projecting the wavelet thresholding expansion of the periodogram onto a family of exponential
functions. This ensures that the spectral density estimator is a strictly positive function. Then,
by Bochner’s theorem, the corresponding estimator of the covariance function is semidefinite po-
sitive. The theoretical behavior of the estimator is established in terms of rate of convergence
of the Kullback-Leibler discrepancy over Besov classes. We also show the excellent practical
performance of the estimator in some numerical experiments.

Keywords: Spectral density estimation, adaptive estimation, wavelet thresholding, sequences of expo-
nential families, Besov spaces.
AMS classifications: Primary 62G07; secondary 42C40, 41A29

1 Introduction

The estimation of spectral densities is a fundamental problem in inference for stationary stochastic
processes. Many applications in several fields such as weather forecast and financial series are deeply
related to this issue, see for instance Priestley [R(]. It is known that the estimation of the covariance
function of a process is strongly related to the estimation of the corresponding spectral density. It
is known that a covariance function satisfies the property of being nonnegative definite. Bochner’s
theorem states that a continuous function on R? is nonnegative definite if and only if it is the Fourier
transform of a bounded nonnegative measure called the spectral measure. Hence in order to preserve
the property of nonnegative definiteness of a covariance function, the estimation of the corresponding
spectral density must be a nonegative function. The purpose of this work is to provide a nonnegative
estimator of the spectral density.

Inference in the spectral domain uses the periodogram of the data, providing an inconsistent esti-
mator which must be smoothed in order to achieve consistency. For highly regular spectral densities,
linear smoothing techniques such as kernel smoothing are appropriate (see Brillinger [fi]). However,
linear smoothing methods are not able to achieve the optimal mean-square rate of convergence for



spectra whose smoothness is distributed inhomogeneously over the domain of interest. For this
nonlinear methods are needed. One nonlinear method for adaptive spectral density estimation of
a stationary Gaussian sequence was proposed by Comte [ff]. It is based on model selection tech-
niques. Others nonlinear smoothing procedures are the wavelet thresholding methods, first proposed
by Donoho and Johnstone [@] In this context, different thresholding rules have been proposed by
Neumann [1§] and Fryzlewics, Nason and von Sachs [[[J] to name but a few.

Neumann’s approach [E] consists in pre-estimating the variance of the periodogram via kernel
smoothing, so that it can be supplied to the wavelet estimation procedure. Kernel pre-estimation
may not be appropriate in cases where the underlying spectral density is of low regularity. One
way to avoid this problem is proposed in Fryzlewics, Nason and von Sachs [[L3], where the empirical
wavelet coefficient thresholds are built as appropriate local weighted I; norms of the periodogram.
These methods do not produce nonnegative spectral density estimators, therefore the corresponding
estimators of the covariance function is not nonnegative definite.

To overcome the drawbacks of previous estimators, in this paper we propose a new wavelet-based
method for the estimation of the spectral density of a Gaussian process. As a solution to ensure non-
negativeness of the spectral density estimator, our method combines the ideas of wavelet thresholding
and estimation by information projection. We estimate the spectral density by a projection of the
nonlinear wavelet approximation of the periodogram onto a family of exponential functions. There-
fore, the estimator is nonnegative by construction. Then, by Bochner theorem, the corresponding
estimator of the covariance function satisfies the nonnegative definiteness property. This technique
was studied by Barron and Sheu [[J] for the approximation of density functions by sequences of
exponential families, by Loubes and Yan [[f] for penalized maximum likelihood estimation with Iy
penalty, by Antoniadis and Bigot [fl] for the study of Poisson inverse problems, and by Bigot and
Van Bellegem [fJ] for log-density deconvolution.

The theoretical optimality of the estimators for the spectral density of a stationary process is
generally studied using risk bounds in Ly-norm. This is the case in the papers of Neumann [Lg],
Comte [ and Fryzlewics, Nason and von Sachs [[[3] mentioned before. In this work, the behavior
of the proposed estimator is established in terms of the rate of convergence of the Kullback-Leibler
discrepancy over Besov classes, which is maybe a more natural loss function for the estimation of a
spectral density function than the Lo-norm. Moreover, the thresholding rules that we use to derive
adaptive estimators differ from previous approaches based on wavelet decomposition and are quite
simple to compute. Finally, we compare the performance of our estimator with other estimators on
some simulations.

The paper is organized as follows. Section 2 presents the statistical framework under which
we work. We define the model, the wavelet-based exponential family and the linear and nonlinear
wavelet estimators by information projection. We also recall the definition of the Kullback-Leibler
divergence and some results on Besov spaces. The rate of convergence of the proposed estimators
are stated in Section 3. Some numerical experiments are described in Section 4. Technical lemmas
and proofs of the main theorems are gathered in the Appendix.

Throughout this paper C' denotes a constant that may vary from line to line. The notation C(.)
specifies the dependency of C' on some quantities.



2 Statistical framework

2.1 The model

We aim at providing a nonparametric adaptive estimation of the spectral density which satisfies the
property of being nonnegative in order to guarantee that the covariance estimator is a nonnegative
definite function. We consider the sequence (X;),y that satisfies the following assumptions:

Assumption 1 The sequence (X1, ...X,,) is an n-sample drawn from a stationary sequence of Gaus-
stan random wvariables.

Let p be the covariance function of the process, i.e. p(h) = cov (X, X¢1p) with h € Z. The
spectral density f is defined as:

f@) =5 > p() e w e 0.1
c

We need the following standard assumption on p:

Assumption 2 The covariance function p is nonnegative definite, such that there exists two con-

stants 0 < C1,Cy < 400 such that > |p(h)| = C1 and Y |hp* (h)| = Cs.
heZ heZ

Assumption 2 implies in particular that the spectral density f is bounded by the constant Cj.
As a consequence, it is also square integrable. As in Comte [, the data consist on a number of
observations Xj,..., X, at regularly spaced points. We want to obtain a positive estimator for the
spectral density function f without parametric assumptions on the basis of these observations. For
this, we combine the ideas of wavelet thresholding and estimation by information projection.

2.2 Estimation by information projection
2.2.1 Wavelet-based exponential family

To ensure nonnegativity of the estimator, we will look for approximations over an exponential family.
For this, we construct a sieve of exponential functions defined in a wavelet basis.

Let ¢ (w) and 1 (w), respectively, be the scaling and the wavelet functions generated by an
orthonormal multiresolution decomposition of Ly ([0,1]), see Mallat [[7] for a detailed exposition
on wavelet analysis. Throughout the paper, the functions ¢ and v are supposed to be compactly
supported and such that ||¢| < 400, ||[¥||,, < +0o0. Then, for any integer jo > 0, any function
g € Lo (]0,1]) has the following representation:

270 —1 +oo 29 -1
g W)= Z (9, Djo.k) Pio ke (W) + Z Z (9, Vik) Yk (W)
k=0 j=jo k=0

where ¢, 1 (w) = 2J70<;5 (2j0w - k) and 9 (w) = 2314) (2jw - k) The main idea of this paper is to
expand the spectral density f onto this wavelet basis and to find an estimator of this expansion
that is then modified to impose the positivity property. The scaling and wavelet coeflicients of the
spectral density function f are denoted by aj, 1 = (f, ®jo.x) and b = (f, ¥ k).



To simplify the notations, we write (%’,k)j , for the scaling functions (¢ k) o Let j1 > jo
and define the set

Ajy={(Gk) Go—1<j<j,0< k<2 —1}.

Note that #A;, = 271 where #A;, denotes the cardinal of Aj . Let 6 denotes a vector in R#Ai1 | the
wavelet-based exponential family &;, at scale j; is defined as the set of functions:

€= o) =exp | > Outin() | 0= 05k) e, €RT . (2.1)
(j,k?)EAjl

We will enforce our estimator of the spectral density to belong to the family &;, of exponential
functions, which are positive by definition.

2.2.2 Information projection

Following Csiszér [f], it is possible to define the projection of a function f onto &j, . If this projection
exists, it is defined as the function fjhe;‘l in the exponential family &£;, that is the closest to the true

function f in the Kullback-Leibler sense, and is characterized as the unique function in the family
&j, for which

<fj1,0;f1,¢j,k> = (f.¥k) == Bjw for all (j,k) € Ay,

Note that the notation f;j is used to denote both the the scaling coefficients a;, ; and the wavelet
coefficients b; .
Let

Xt Xt’ _ X)* 6i27rw(t7t/),
~ 2mn ; tle

be the classical periodogram, where (Xt — 7)* denotes the conjugate transpose of (Xt — 7) and
Z X¢. The expansion of I, (w) onto the wavelet basis allows to obtain estimators of aj,
and b; glven by

Ajo k

1
Iy (W) $jo e (W) dw  and ’Bj,k:/fn(w)zpj,k(w)dw. (2.2)
0

O\H

It seems therefore natural to estimate the function f by searching for some é\n € R#Mi1 such that
1
<fj17§n’wj k /In Ib] k )dw = 5]’,]4: for all (], k) S Ajl? (23)
0

where Bj,k denotes both the estimation of the scaling coefficients @;, ;, and the wavelet coefficients

Zj,k- The function fj1,67n is the spectral density positive linear estimator.
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Similarly, the positive nonlinear estimator with hard thresholding is defined as the function f HT

J1, 77475
(with 8, € R#i1) such that
(FTT i) = b (B for all (k) € Ay, (2.4)

where 0¢ denotes the hard thresholding rule defined by
O¢ (x) =l (o] > §) for x € R,

where £ > 0 is an appropriate threshold whose choice is discussed later on.

The existence of these estimators is questionable. Moreover, there is no way to obtain an explicit
expression for é\n In our simulations, we use a numerical approximation of é\n that is obtained
via a gradient-descent algorithm with an adaptive step. Proving that such estimators exist with
probability one is a difficult task. For the related problem of estimating a density from an independent
and identically distributed random variable, it is even shown in Barron and Sheu [P] that for some
exponential family (e.g. based on a spline basis), the vector 9 may not exist Wlth a small positive
probability. Thus, in the next sections, some sufficient conditions are given for the existence of fjl,Gn

and f Hg ¢ with probability tending to one as n — +oo0.

J1,n,

2.3 An appropriate loss function : the Kullback-Leibler divergence

To assess the quality of the estimators, we will measure the discrepancy between an estimator fand
the true function f in the sense of relative entropy (Kullback-Leibler divergence) defined by:

a(rd)= [ (5o (£) = rF)an

where 11 denotes the Lebesgue measure on [0,1]. It can be shown that A < I f) is nonnegative and
equals zero if and only if f: f.

2.4 Smoothness Assumptions

It is well known that Besov spaces for periodic functions in Ly(]0, 1]) can be characterized in terms
of wavelet coefficients (see e.g. Mallat [[7]). Assume that 1) has m vanishing moments, and let
0 < s < m denote the usual smoothness parameter. Then, for a Besov ball B,  (A) of radius A > 0
with 1 < p, ¢ < oo, one has that for s* =s+1/2—-1/p > 0:

290 —1 l 291 % a
Bs (A =S g€ Lo([0,1] : lgllspg = | D lajourl” Z?J” Z b,k 1” <A,
k=0 Jj=Jjo

with the respective above sums replaced by maximum if p = oo or ¢ = oo and where aj, 1 = (g, @jo.k)
and by = (g, %j.)-

The condition that s+1/2—1/p > 0 is imposed to ensure that B, ,(A) is a subspace of L ([0, 1]),
and we shall restrict ourselves to this case in this paper (although not always stated, it is clear that
all our results hold for s < m). Besov spaces allow for more local variability in local smoothness



than is typical for functions in the usual Holder or Sobolev spaces. For instance, a real function f
on [0, 1] that is piecewise continuous, but for which each piece is locally in C*, can be an element of
B;p(A) with 1 < p < 2, despite the possibility of discontinuities at the transition from one piece to
the next (see e.g. Proposition 9.2 in Mallat [[7]). Note that if s > 1 is not an integer, then B3 ,(A)
is equivalent to a Sobolev ball of order s. Moreover, the space B, (A) with 1 < p < 2 contains
piecewise smooth functions with local irregularities such as discontinuities.

Let M > 0 and denote by Fj; (M) the set of functions such that

sz,q(M) ={f=exp(9): l9llspqg <M},

where ||g||spq denotes the norm in the Besov space B; . Note that assuming that f € F; (M)
implies that f is strictly positive. In the next section we establish the rate of convergence of our
estimators in terms of the Kullback-Leibler discrepancy over Besov classes.

3 Asymptotic behavior of the estimators

We make the following assumption on the wavelet basis that guarantees that Assumption J holds
uniformly over FJ (M).

Assumption 3 Let M > 0, 1 < p <2 and s > 1/p. For f € F; (M) and h € Z, let p(h) =

fol fw)e @™ hdw, C\(f) :== 3 |p(h)| and Co(f) := 3 |hp? (h)|. Then, the wavelet basis is such
heZ hezZ

that there exists a constant M, such that for all f € F; (M),

3.1 Linear estimation

The following theorem is the general result on the linear information projection estimator of the
spectral density function. Note that the choice of the coarse level resolution level jy is of minor
importance, and without loss of generality we take jo = 0 for the linear estimator fj1 g -

Theorem 3.1 Assume that f € F5o (M) with s > % and suppose that Assumptions [l, B and |} are

. 1
satisfied. Define j1 = ji (n) as the largest integer such that 27* < n2s+1. Then, with probability
tending to one as n — +oo, the information projection estimator (2.3) ewists and satisfies:

A<fﬂﬂmm@)zzcb<n‘%%)_

Moreover, the convergence is uniform over the class F3, (M) in the sense that

2s
lim i : P(@Ab. ﬁ @:0
K~1>I<IF100 n—1>I-iI-1c>o f€;;2p(M) n f f]l(n),en >

This theorem provides the existence with probability tending to one of a linear estimator for the

spectral density f given by fjl(n) By’ This estimator is strictly positive by construction. Therefore
Vi1 (n

the corresponding estimator of the covariance function p” (which is obtained as the inverse Fourier



transform of fjl(n) g.) is a positive definite function by Bochner’s theorem. Hence p’ is a covariance
function.
In the related problem of density estimation from an i.d.d. sample, Koo ] has shown that,

for the Kullback-Leibler divergence, n T is the fastest rate of convergence for the problem of

estimating a density f such that log(f) belongs to the space B3 (M ). For spectral densities belonging

2s
to a general Besov ball By (M), Newman [[§ has also shown that n~ %+ is an optimal rate of

convergence for the Lo risk. For the Kullback-Leibler divergence, we conjecture that n_% is the
minimax rate of convergence for spectral densities belonging to Fy,(M).

However, the result obtained in the above theorem is nonadaptive because the selection of j; (n)
depends on the unknown smoothness s of f. Moreover, the result is only suited for smooth functions
(as Fy,(M) corresponds to a Sobolev space of order s) and does not attain an optimal rate of
convergence when for example g = log(f) has singularities. We therefore propose in the next section
an adaptive estimator derived by applying an appropriate nonlinear thresholding procedure.

3.2 Adaptive estimation

3.2.1 The bound of f is known

In adaptive estimation, we need to define an appropriate thresholding rule for the wavelet coefficients
of the periodogram. This threshold is level-dependent and in this paper will take the form

dlogn i dlogn Cy
E=tn=2 [2||fuoo< B 4 2% ], >+ = (31)
. . . . . _ [/ Ce+39C%
where ¢ > 0 is a tuning parameter whose choice will be discussed later on and Cy =/ ——5—+. The

following theorem states that the relative entropy between the true f and its nonlinear estimator
achieves in probability the conjectured optimal rate of convergence up to a logarithmic factor over a
wide range of Besov balls.

Theorem 3.2 Assume that f € Fj (M) with s > %—l—% and 1 < p < 2. Suppose also that

Assumptions 1, 2, 3 hold. For any n > 1, define jo = jo (n) to be the integer such that 270 > logn >
2701 and j; = j1 (n) to be the integer such that 27t > % > 2i1=1 For § > 6, take the threshold
&in as in (8). Then, the thresholding estimator (B.4) exists with probability tending to one when
n — +oo and satisfies:

2s
) HT . n T 2541
A <f’ ij(n)vjl(n)vé\nvgj,n) a Op ((logn) ) '

Note that the choices of jo, ji and §;,, are independent of the parameter s; hence the estimator
HT

jo(n),jl(n)7§n,§j’n

rate of convergence, up to a logarithmic factor. In particular, fH(T) ) T is adaptive on Fy o (M).
Jo(1),J1(n),0n,&5,n ’

This theorem provides the existence with probability tending to one of a nonlinear estimator for the

spectral density. This estimator is strictly positive by construction. Therefore the corresponding

estimator of the covariance function p™V* (which is obtained as the inverse Fourier transform of

HT ) is a positive definite function by Bochner theorem. Hence p™ is a covariance
.]O(n)z.]l(n)venygj,n
function.

is an adaptive estimator which attains in probability what we claim is the optimal



3.2.2 Estimating the bound of f

Although the results of Theorem B.9 are certainly of some theoretical interest, they are not helpful for
practical applications. The (deterministic) threshold £; , depends on the unknown quantities || f||
and C, := C (C1,Cy), where Cy and C5 are unknown constants. To make the method applicable,
it is necessary to find some completely data-driven rule for the threshold, which works well over a
range as wide as possible of smoothness classes. In this subsection, we give an extension that leads
to consider a random threshold which no longer depends on the bound on f neither on C,. For this
let us consider the dyadic partitions of [0, 1] given by Z,, = {(j/QJ", (j+ 1)/2‘]") ,j=0,..2/ — 1}.
Given some positive integer r, we define P, as the space of piecewise polynomials of degree r on the
dyadic partition Z,, of step 27/». The dimension of P, depends on n and is denoted by N,,. Note
that N, = (r +1) 277 This family is regular in the sense that the partition Z,, has equispaced knots.

An estimator of || f||,, is constructed as proposed by Birgé and Massart [f] in the following
way. We take the infinite norm of fn7 where fn denotes the (empirical) orthogonal projection of the
periodogram I, on P,. We denote by f, the Lo-orthogonal projection of f on the same space. Then
the following theorem holds.

Theorem 3.3 Assume that f € F;, (M) with s > 1 —i—% and 1 < p < 2. Suppose also that

2
Assumptions 1, 2 and 8 hold. For any n > 1, let jo = jo( ) be the integer such that 270 > logn >
2001 and let j1 = j1 (n) be the integer such that 271 > oam 2 211=1 . Take the constants 6 = 6 and
be [%, 1), and define the threshold
~ ~ 6 logn J 6 logn logn
=2 |2|| B I L ) —— + . 3.2
3 [ fw<(wan s n) n] (32

Then, if |f — fallew < 3£l and N, < (TH)Q Togns Where K is a numerical constant and v is the
degree of the polynomials, the thresholding estimator (2.]) exists with probability tending to one as

n — +oo and satisfies

2s
HT _ n_\
<f f n),ji(n )envgj,n) N Op ((logn> ) ‘

Note that, we finally obtain a fully tractable estimator of f which reaches the optimal rate of
convergence without prior knowledge of the regularity of the spectral density, but also which gets
rise to a real covariance estimator.

We point out that, in Comte [ the condition ||f — full,, < % | fllo is assumed. Under some
regularity conditions on f, results from approximation theory entails that this condition is met.
Indeed for f € B with s > %, we know from DeVore and Lorentz [T that

pioo

w-m&sC@vmwﬂ“ﬂ

with [f], , = supy~*wq (f,y), < +00, where wq (f,y), is the modulus of smoothness and d = [s] + 1.
’ y>0

1
Therefore [|f — folloo < 31l if Nn > (4C’ (s) |||J;||T;:>r% = C(f,s,p), where C(f,s,p) is a

constant depending on f, s and p.



4 Numerical experiments

In this section we present some numerical experiments which support the claims made in the theo-
retical part of this paper. The programs for our simulations were implemented using the MATLAB
programming environment. We simulate a time series which is a superposition of an ARMA(2,2)
process and a Gaussian white noise:

Xt =Y +co 2y, (4.1)

where Y; +a1Y;—1 + a2Yi—o = boet + bier—1 + baer—o, and {e;}, {Z;} are independent Gaussian white
noise processes with unit variance. The constants were chosen as a; = 0.2, ao = 0.9, bg =1, by =0,
by = 1 and ¢y = 0.5. We generated a sample of size n = 1024 according to ([L.1]). The spectral density
[ of (X3) is shown in Figure [l It has two moderately sharp peaks and is smooth in the rest of the
domain.

Starting from the periodogram we considered the Symmlet 8 basis, i.e. the least asymmetric,
compactly supported wavelets which are described in Daubechies [H] We choose jp and j; as in the
hypothesis of Theorem B.3 and left the coefficients s assigned to the father wavelets unthresholded.
Hard thresholding is performed using the threshold §] n asin @ for the levels j = jo, ..., j1, and the
empirical coefficients from the higher resolution scales j > j; are set to zero. This gives the estimate

270 —1 J1 271
jOv]lvfjn Z a]07k¢J0 kTt Z Z b] Kl <‘b] k‘ > 5] n) ¢] k> (4.2)
j=jo k=0

which is obtained by simply thresholding the wavelet coefficients (@) of the periodogram. Note that
such an estimator is not guaranteed to be strictly positive in the interval [0, 1]. However, we use it
to built our strictly positive estimator fH T~ (see (B4) to recall its definition). We want to find

J0,J1, nv&] n

é\n such that

(F 5 e bin) =g (Bia) forall (5, k) € Ay,

J0,J15

For this, we take

~

0,, = arg min Z ((fjo,j1,97¢j,k> - 5gjm (Bj’k>>2’

A .
0eR™1 (j k)eA,,

where fj;i,.6(.) = exp < Yo 0k ()) € &, and &, is the family (B.I). To solve this opti-
(jvk)EAjl
mization problem we used a gradient descent method with an adaptive step, taking as initial value

Oy = <log << ]ﬁ?hg;n) ) ’wj7k>7

where (fHT ~ (w))+ = max <fHT ~ (w) ,77) for all w € [0,1] and 7 > 0 is a small constant.

JO?]lvfjn ]Ovjlvfjn
In Figure [] we display the unconstrained estimator ]Igijpl g B in (.9), obtained by thresholding
of the wavelet coefficients of the periodogram, together with the estimator fJH? G which is
0,71,VnySj,n



1.2

1 — True spectral density
= = = Estimation by Wavelet Thresholding
Final positive estimator
0.8
0.6
041
0.2
0 ]
-0.2 | | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Figure 1: True spectral density f, wavelet thresholding estimator f77 Z and final positive estimator
J0,11,85,n
HT
J0,J1,0n,&5,n

strictly positive by construction. Note that these wavelet estimators capture well the peaks and look
fairly good on the smooth part too.

We compared our method with the spectral density estimator proposed by Comte [ﬂ], which is
based on a model selection procedure. As an example, in Comte [, the author study the behavior of
such estimators using a collection of nested models (S,,), with m = 1, ..., 100, where S, is the space of
piecewise constant functions, generated by a histogram basis on [0, 1] of dimension m with equispaced
knots (see Comte [ff] for further details). In Figure I we show the result of this comparison. Note
that our method better captures the peaks of the true spectral density.

5 Appendix

5.1 Some notations and definitions.

Throughout all the proofs, C' denotes a generic constant whose value may change from line to line.
First, let us introduce the following definitions.

Definition 5.1 Let V; denote the usual multiresolution space at scale j spanned by the scaling func-

10



1.4

1.2 N

= True spectral density
Final positive estimator
= = = Regular histogram estimation

Figure 2: True spectral density f, final positive estimator fH77 5. E and estimator via model
J0,71,6n,85,n

selection using regular histograms.

tions (¢ k)o<k<2i—1, and define Aj < +00 as the constant such that |[v||, < Aj[Jvll,, for allv € V}.

Definition 5.2 For f € F; (M), let g =log (f). Then for j > jo — 1, define D; = ||g _9j||L2 and
27 -1

Vi =119 = 9jllo » where gj = 37 0k k, with 05k = (g,1jk)-
k=0

The proof of the following lemma immediately follows from the arguments in the proof of Lemma
A5 in Antoniadis and Bigot [].

Lemma 5.3 Let j € N. Then A; < C2/2. Suppose that f € Fj (M) with 1 < p < 2 and
s> %. Then, uniformly over F,; (M), D; < C2-i(s+1/2=1/p) gnd v < C2-16=1/P) where C' denotes
constants depending only on M, s, p and q.

5.2 Technical results on information projection

The estimation of density function based on information projection has been introduced by Barron
and Sheu [F]. To apply this method in our context, we recall for completeness a set of results that

11



are useful to prove the existence of our estimators. The proofs of the following lemmas immediately
follow from results in Barron and Sheu [Jf] and Antoniadis and Bigot [l].

Lemma 5.4 Let f and g two functions in Lo([0,1]) such that log (5) is bounded. Then A(f;g) <

%eHbgG)Hm fol f <log (5))2 du, where o denotes the Lebesgue measure on [0, 1].

Lemma 5.5 Let 8 € R#*N1. Assume that there exists some 6 (3) € R#X such that, for all (j,k) €
Aj,, 0(B) is a solution of

(fi.008):Vik) = Bjk-

Then for any function f such that (f, ;i) = Bjxr for all (j,k) € Aj, and for all 6 € R#51 | the
following Pythagorian-like identity holds:

A(f; fio) =D (f; from) + A (f08) o) - (5.1)

The next lemma is a key result which gives sufficient conditions for the existence of the vector
6 (B) as defined in Lemma p.J. This lemma also relates distances between the functions in the
exponential family to distances between the corresponding wavelet coefficients. Its proof relies upon
a series of lemmas on bounds within exponential families for the Kullback-Leibler divergence and
can be found in Barron and Sheu [B] and Antoniadis and Bigot [[I].

A A
Lemma 5.6 Let 6y GNR# i, By = (’Bov(jvk))(j,k)EAh S R#MNi1 such that ,8070-7]?) = <fj,«9071/}j,k> fOT
all (j,k) € Aj,, and B € R¥Ai a given vector. Let b = exp (|[log (fj,)ll,) and e = exp(1). If
HE— ﬁon < ﬁ then the solution 0 (E) of
(Fiv00Vik) = B for all (j,k) € Ay,

erists and satisfies

[ (3) - tu], < 205 - ]
‘ < 2eb;, |5 - B,

log <f11,9(50)>
fjl’g(g) 00

A <fj170(50); fj1,9(5)> < 2eb

2
9’

‘g—ﬂo‘

where |32 denotes the standard Euclidean norm for § € R#M

Lemma 5.7 Suppose that f € F;f,q(M) with s > % and 1 < p < 2. Then, there exists a constant My
such that for all f € F; (M), 0 < Mfl < f< M < +cc.
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5.3 Technical results for the proofs of the main results

Lemma 5.8 Let n > 1, B = (f,¥jr) and B\j,k i= (In,¥jx) for j > jo—1and 0 < k <27 —1.
. o5 = 2 o2 .

Suppose that Assumptions [, B and [§ hold. Then, Bias (ﬁj,k) = (E (ﬁjﬁ) —ﬁj,k) < == with

2 ~ ~ ~ 2
C, = 021_7?301, and Var <ﬁj7k> =FE <ﬁj7k —E <ﬁj7k>> < % for some constant C > 0. Moreowver,

there exists a constant My > 0 such that for all f € F; (M) with s > % and 1 <p <2,

~ 2 ' ~ ~ M
E (ﬁj,k — ﬁj,k) — Bias® <ﬁj7k> + Var <ﬁj7k> < 72
Proof. Note that Bias? (B\Nﬁ) <|If-E (In)||%2 . Using Proposition 1 in Comte [ff], Assumptions

. Ca439C3
and P] imply that ||f — E (In)H%2 < 24—;% L
variance term, remark that

, which gives the result for the bias term. To bound the

Var (Bix) =E (I — E (L) , )
<E|L, —E (L) 12, 194112,

1
= /0 E|l,(w) — E (I (w)) |*dw.

Then, under Assumptions ] and [}, it follows that there exists an absolute constant C' > 0 such
that for all w € [0,1], E|[,(w) — E (I,(w)) |*> < % To complete the proof it remains to remark that
Assumption [ implies that these bounds for the bias and the variance hold uniformly over Fy (M).
]

Lemma 5.9 Letn > 1, b = (f, ;) (mdgj,k i= (In, i) for j > jo and 0 < k < 27 —1. Suppose
that Assumptions [] and [ hold. Then for any x > 0,

~ T » x C
P([bx—bikl > 2l [ 1/=+ 277%||¢h]|l0c = £ ) <2e7®
(B = basd > 2l (/24 2720l 2) + 2 ) <267
whereC*:\/CQ%ng

Proof. Note that

1

ik =5 Z Z (X = X) (Xv = X)" /emw(t_t)%‘,k( ) dw = ﬁX Tn(¥jk) X",

t=1t'=1 0

where X = (X1 -X,.., X, - Y)T, XT denotes the transpose of X and T,,(1; %) is the Toeplitz
1
matrix with entries [T, (v;1)],, = feiwa(t—t/)w%k (w)dw, 1 < t,t' < n. We can assume without

loss of generality that E (X;) = 0, Oand then under under Assumptions ] and ], X is a centered
Gaussian vector in R"™ with covariance matrix ¥ = T,(f). Using the decomposition X = 2%5,
where ¢ ~ N (0, I,,), it follows that /l;j,k = ﬁaTAj,ka, with Aj ) = E%Tn(wj,k)E%. Note also that
E <Zj,k> = 5i-tr (A; ), where tr (A) denotes the trace of a matrix A.

13



Now let s1,...,s, be the eigenvalues of the Hermitian matrix A;; with [si| > |so| > ... > |s,]
and let Z = 2mn <b] r—E (E)\j,k)) = el Aj ke —tr (A;x). Then, for 0 < X < (2|s1])~! one has that

o (7)) = 3~ = 5o (1 =248

n —+oo n +oo
—ZZ (25;0)° ZZ (2]s:|\)
i=1 (=2 i=1 (=2

" 1
< Z —Alsi| — 3 log (1 — 2A[s;)

+OOJ:

where we have used the fact that —log(l — z) = z | 7 for x < 1. Then using the inequality
—u — %log (1 —-2u) < % that holds for all 0 < u < 5, the above inequality implies that

—~ Nsi? A2ls|?
log (E (7)) < o <
AN _;1—2)\]si\ =1—2)\sq

where ||s]> = Y, |si|*. Arguing as in Birgé and Massart [ff], the above inequality implies that for
any x > 0, P(|Z| > 2|s1|x + 2||s||v/z) < 2e~*, which can also be written as

N o x IIsll -
P ([b; —E(b») 9sy|—— + 2250 7 < 2077,
(I ik ik ) | > 2sil5— + %nﬁ)_ e
that implies
T - z sl -
PL1bjk —E (bjx) | >20s1] + 252V ) <277 (5.2)

Let 7 (A) denotes the spectral radius of a matrix A. For the Toeplitz matrices ¥ = T,(f) and
T, (1j1) one has that

7(2) < [ flloo and 7 (Tn(¥j 1)) < [$jhlloc = 27790

The above inequalities imply that

s1] =7 (BT (50T ) <7(2)7 (Tu(W5)) < 12/ (5.3)

Let \;, i = 1.,,,.n, be the eigenvalues of T, (¢; ). (From Lemma 3.1 in Davies [[(], we have that

1
1
lim sup—tr (Tn(¢j,k) = limsup— Z M= /¢]2,k (w)dw =1,
L 0

n——+oo T n——+oo T

which implies that
sl = D" Lsil? = tr (42,) = tr ((STaws0)?) < 7 (22t (Tulwin)?) < 1f 1, (5.4)
=1

14



where we have used the inequality ¢r ((AB)?) < 7 (A% tr (B?) that holds for any pair of Hermitian
matrices A, B. Combining (b.2), (b.3) and (p.4), we finally obtain that for any 2 > 0

P (I@pk —E (gj,k) | > 2[[flloo <\/§ + 2J/2\|¢||Oo%>> <277 (5.5)

Now, let & = 2| flloo (v/Z + 2/2||9|Z) + £=, and note that

n

P (B =sa] > &5 ) < B (o =B (Bi6)| > 0 = [E (Br) = sa])
By Lemma f.§, one has that ‘E (gj,k) — ijﬁ‘ < %, and thus &, — ‘IE <Zj,k) — bj,k‘ > &in — %
which implies using (b.5) that
N N = C. .
P <‘bj,k - bj,k‘ > gj,n) <P ‘bﬁk —E (bj,k)‘ > fjm —— ] <277,
which completes the proof of Lemma f.9. m

Lemma 5.10 Assume that f € F; (M) with s > % + % and 1 < p < 2. Suppose that Assumptions
[, @ and B hold. For any n > 1, define jo = jo (n) to be the integer such that 27° > logn > 2/0~1,
and j; = ji1(n) to be the integer such that 291 > % > 211=L For § > 6, take the threshold

j 2
Ejn =2 [2 £l < glogn 1 93 {4l ‘“jlg") + %] as in ([F4), where C, = \/ N Let g =

(f,¥jk) and Egj’m(m = 5§jm (B\Nﬁ) with (j,k) € Aj, as in @) Take 8 = (ijk)(j,k)eAjl and
B&jn = (B\in G k)) . Then there exists a constant M3 > 0 such that for all sufficiently large
7 PRI (G,k)EA Gy

n

2s

2 3.\ o
- o Z ‘ﬁj,k —0¢, (ﬁ;,k)‘ < Mj3 <logn> 2s+1

(jvk)eAjl

Ells - .

uniformly over Fj (M).

Proof. Taking into account that

20 —1 Jj1 29-1

E Hﬂ — Be;. z = D E@jok —Goa) + ) D E [(bj,k —gj,k>2 1 (‘ZM‘ > 5j,n>]
k=0 i=jo k=0
j1 29-1 R
+3 S e,p ((bm( < &)
j=jo k=0
=T +T5 + T3, (5.6)

we are interested in bounding these three terms. The bound for 7} follows from Lemma [.§ and the
fact that jo = log, (logn) < ﬁ logy (n):

290 —1

2Jo s
Ty = ) E(ajor — k)’ = O (—) <0 (n_23+1) : (5.7)

n
k=0

15



To bound T and T3 we proceed as in Hardle, Kerkyacharian, Picard and Tsybakov [[4]. Write

Ji 29-1 2 . A
=Y Y E [(bj,k ) { (\b]k\ > & [binl > 5”) +1 (\bj,k\ > & [bil < %)H ,
Jj=jo k=0
and
j1 0 29-1 R R
Ty= > bk [P <‘bj,k‘ < & 10jk] < 2€j,n> +P (‘bj,k‘ <&y bjk| > 2£j,n>} :
j=jo k=0
Note that
b bl <) <1 (15, b Sjin 5.8
ik > & bkl < 255 ) < ik = bjk| > =57 | (5.8)
T T 5',11
I <‘bj,k‘ <&jn lbjk| > 2€j,n) <I (‘bj,k - bj,k‘ > ]7 :
and if /b\j,k‘ <&ms bk > 265, then ‘/gj,k‘ < |b]é’“|7 and ‘/I;j,k — bj,k‘ > ‘Ej,k‘_‘bj7k‘ > @ Therefore

N 2
by <4 <bj,k - bm) : (5.9)
Using (b.§) and (b.9), we get

j1 29—1 9 é. Jj1 29-1
T2—|—T3<ZZ {( Jk> }1<\bjky> Jn> Zzb o (1bi] < 2650)

=jo k=0 =jo k=0
jl 2j—1 2 ~ é'
+53 S E { (bi = Bjne) 1 (‘bj,k — byu| > 2 >}
Jj=jo k=0
o T/+T”+T,H.

Now we bound T". Using Cauchy-Schwarz inequality, we obtain

ji 29-1

T’”<5ZZE%[(M Jk”Pz(‘b]k Jk(> >

Jj=jo k=0

" 4
By the same inequality we get E [(bj,k - bj,k) } =E [(In — f, zpj,k>4] <E {an - inQ H%’,kHiQ] =

0] (E | I, — inQ) It can be checked that E |1, — fHAi2 < 8E (HIn — IE(In)HAi2 + |[E(I,) — f\\ig)
According to Comte [fi], E |1, — IE(In)HAi2 = O (n?). From the proof of Lemma p.§ we get that
|IE (I,) — ijé2 =0 (#) Therefore E ||1,, — ijé2 <O (n*+ #) = O (n?). Hence

B[ (B -tia) | =0 (I~ 11L,) =0 ().
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For the bound of P (‘Bjk — bj7k‘ > 5’7"> we use the result of Lemma @ with x = dlogn, where
6 > 0 is a constant to be specified later. We obtain

<‘b““ bia| > 5 > -7 <‘bﬂ’,k—ijk‘ > 2fllo <\/W+2 190 Ogn> * ﬁ)

S 26—6logn — 271_6.

Therefore, for § > 6, we get

j1 29-1

1 7.\ ph &jin
gl e
Jj=jo k=0
_71 27 —1 nil 9
-2 — O (n~2971) — —52
<CZZTL 2<Cn 223 231)—O<logn>§0(n 2+1>.
J=jo k=0 J=Jjo

Now we follow results found in Pensky and Sapatinas [[9] to bound 77 and T"”. Let ja be the
1

integer such that 274 > (logn)T+1 > 2/4=1 (note that given our assumptions jo < ja < j; for
all sufficiently large n), then 7" can be partitioned as 77 = T} + T3, where the first component is
calculated over the set of indices jy < j < j4 and the second component over j4+1 < j < j;. Hence,

using Lemma [.§ we obtain

jA 2j . n #‘H 2s
<CYy = =0(@m)=0 <1ogn> nt) <0 (n7). (5.10)

J=jo

To obtain a bound for T4, we will use that if f € Fy , (A), then for some constant C', dependent on
s, p, ¢ and A > 0 only, we have that

271 '
> <o (5.11)
k=0
for 1 < p <2, where s* = s+ % — % Taking into account that I <\b]k] > 5’") < % ]bj7k\2, we get
J,m
C j1 29-1 j1 29—1 ‘b'k’2
SgZZ ijk|<—ZZ -

. 2
- " [ (/T 2 ol 222) + ]
b4l

2
2 3! JA 3!
°4wm(-%ﬁ+2nw =3

271
C () 205 2js*
w2 D D 2 bl
(\/510gn+H1/JH St (logn)45+2> j=ja k=0

cofee) o[ () 7).

S
”MQ
g
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—s 4541
where we used the fact that \/dlogn+ |4, 0n2+1 (log n)ﬁ — +00 when n — +o00. Now remark

that if p = 2 then s* = s and thus

2s* 2s
;o n T 2s+1 . n T 2s+1
Ty =0 <logn> =0 <<1ogn> ) . (5.12)

For the case 1 < p < 2, the repeated use of the fact that if B,D > 0 then I (|bjx| > B+ D) <

I(|bji| > B), allow us to obtain that

j1 29— 1 1 29— 1 Slogn
T,<Cy Z <|bjk|> ><CZ Z (ij,k|>2\|flloo\/ " )

Jj=ja k=0 j=ja k=0
j1 29— 1 logn —-p
03 3 et (1 < (2100572 )
Jj=ja k= o "
N 1 logn -’
<03 51 (01 552) i
J=ja k=0
Since f € F?_(A) it follows that there exists a constant C' depending only on p, ¢, s and A such that
271 ‘
> bkl < C27P, (5.13)
k=0
where s* = s+ % — % as before. By (b.13) we get
Jj1 29— 1 O n) g
Ty < (logn) C (|| fllo »6,0) D Z BN 16,k
Jj=ja k=0 ?
(logn)'~% (logn)'~%
C(1fl-6:) Ogng Z 02" = <L2>
2 n-"2

Jj=ja

- (10gn> <logn> - <logn> ' (519

2s

Hence, by (B10), (F12) and (ETd), ' = O ((logn)
= T/ + TY, where the first component is

Now, set j4 as before, then T” can be split into T” =
calculated over the set of indices jo < j < ja and the second component over j4 + 1 < j < j;. Then

ja 21 5logn 5logn e
2 2 ¥
TV <y > bid [ 10l <32 4715 (\/ - 2% 9] ) +-

Jj=jo k=0
ja ¥-1 6logn 5logn ? ja ¥- L1
CUf S Y (\/ 24 ol ) WYL
j=jo k=0 j=jo k=0

18



where we used that (B + D)2 <2 (B2 + D2) for all B, D € R. Using the same property again, we
obtain the desired bound for 77"

ja 21 dlogn (logn ja 21
<ol S z( L I, —) 3y
J=jo k=0 Jj=jo k=0
10?5” y (10gn)2 S J
Clflls90) 22 + O (I flloo -8 19l o0) 57— > 2 GG 22
j=jo j=jo j=jo
logn logn
C (1l 8,C2) 238 1+ (| . i) B0
O ((logm) 251 n=751 4 (ogm)i n—rit) <0 [ () ™ 15
— s+ s+ s+ s+
<( ogn) n + (logn) n ) < <10gn> . (5.15)

To bound T4, we proceed as follows:

g1 271 . .51
e Y Yh-o(zm) o () 7))
7j=ja+1 k=0

where we have used the condition (b.11]). Now remark that if p = 2 then s* = s and thus

2s™ _2s
"o n 2s+1 . n 2s+1
-0(() ) o () ) 16

If1<p<2
Jj1 291
Ty = > > bkl P bial” T (k] < 2¢50)
j=ja+1 k=0
i 2-1 2-p
dlogn 5logn logn
> ) <8HfHoo\/ + 801 lloo 2% ]l +4/ = 10,17
j=ja+1 k=0
2=p 51 21
2-p logn »
= (C(Ifllse6) + 44+ C Ul 1Pl ) - Yo D bl
j=ja+1 k=0
g G e
s s+ s+
—o((282) " o) o (L o (-2 . (5.17)
n logn logn

where we have used condition (f.13) and the fact that C, < y/logn for n sufficiently large, taking
into account that the constant C, := C (Cy, Cs) does not depend on n. Hence, by (5.15), (5.16) and

__2s
n ) Zat+1 > Combining all terms in (p.€), we conclude that:

()’ =0 <(logn

2:0<< n )-22—+1>
2 logn

s~ .
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This completes the proof. m

Lemma 5.11 Assume that f € F; (M) with s > 1 5 + l and 1 < p < 2. Suppose that Assumptions

[, B and @ hold. For any n > 1 define jo = jo( ) to be the integer such that 270 > logn
2701 and j, = j1 (n) to be the integer such that 27* > ﬁ > 20171 Define the threshold &;

2 [2 ‘ ﬁz < 0 logn 1 9% 1% o logn) + loin:| as in ([3.3) for some constants 6 = 6 and
o0

v

(1-b)* oo (1- b)2 n

be [%,1). Let Bk = (f,¥;k) and ﬁg Gh) T 6@% <B\],k) with (j,k) € Aj, as in (B4). Take 8 =
. ; _ 1

(Bia) guyen,, and By, Q%Wmmxm%MJCMW“UHf falloo < 3 W lloo amd Now < Gz g

where Kk is a numerical constant and r is the degree of the polynomials, there exists a constant My > 0
such that for all sufficiently large n:

ells-Be. [, =2 X

(jvk)eAjl

2s

~ 2 n \ 241
6@971 <ﬂj’k) B ﬂj’k‘ = M <logn>

uniformly over Fj (M).

Proof. Recall that f,, is the Lo orthogonal projection of f on the space P,, of piecewise polynomials
of degree r on a dyadic partition with step 277/». The dimension of P, is N,, = (r +1)2/». Let fn
similarly be the orthogonal projection of I, on P,. By doing analogous work as the one done to
obtain (b.§), we get that

~ 2
EW—%JM:ﬂ+B+H, (5.18)

2]0 1 2s

where Ty = Z E (aj,x — @jox)* do not depend on &;,,. Therefore, by (57), 71 = O (rfﬁ) For
T5 and T3 we have that

j1 27-1 o : R
TFZZE[(%—%) { <1bm1>£]n,|bm|> J")u(\bm\mn,wm 7)}]

j=jo k=0
and
j1 29-1 N N N R R R
15 = Z Z b7 ), [P <‘bj,k‘ <E&imslbjkl < 2€j,n> + P (‘bj,k‘ < &jms [bjk| > 2£j,n>} :
j=jo k=0
Note that
g T ) fj,n
bjk >§]n7’b]k‘ < T SI bj,k_b],k > =1, (5.19)

2
3| < 3 B b > G
I bj,k < gj,n ; ’bj,k’ > 25],71 <I bj,k - b],k: > T ;
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and if [bs.4] |bj2’k | . Therefore

5 ~ 2
bjk <4 <bj,k - bm) : (5.20)

Using (B.19) and (5:20), we get

jl 2j*1 N 2 A,
Tr + T3 < Z Z E { <bj,k - bj,k) 1 (‘bj,k’ > %) }
J=jo k=0
ji 29-1
+> D E {b?,kf <\bj,k! < 2§j,n>}
Jj=jo k=0
jl 2j—1 - 2 e g
+5) Y E { (bj,k - ijc) I <‘bj,k - b;;k‘ > %) }
Jj=jo k=0
= T/ _|_ TI/ _|_ T”/.

Now we bound T". Using Cauchy-Schwarz inequality, one obtains

jl 2j—1 R 4 e A.
<530 3 8 (e be) | 4 (e ous] > 52 ).
Jj=jo k=0

;From Lemma [.9 we have that for any 3 > 0 the following exponential inequality holds:

-~ 7 C* _
P ([Bra = taa] > 2070 (L #2010l L) + S ) <o (521)

As in Comte [f], let

~

|7 1.
0 _ < ,
1l

Gn,b =

with b € (0,1). Then, using that P ((ZM — bj,k‘ >~ B +D) <P ((’Bj,k — bj,k‘ > B) for B,D > 0,

dlogn
N T z T
_ 272 _
Al (22t 2))

(1-b)*’
(s ua] > 55 ) < (2

(YE 2w )) 1ow) Pen

Al (V2211 22) ) 1en) P ery)

<P <<‘/gj,k — bj7k‘ > 2‘
= P1P (en,b) + PQP( %,b) .

and taking x, =

one gets

Fn

+ P <<‘/gj,k — bj7k‘ > 2‘
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In Comte [f]] is proved that if ||f — fullo, < %1/fll. then P <@%7b> < O (n™*) for the choices of

1>b~= %\/% = 0.841 Z and N, < ngn, where Kk = % is the numerical constant in the

hypothesis of our theorem Following its proof it can be shown that this bound can be improved

taking kK = % ( ) and b as before (see the tree last equations of page 290 in [[f]). With this selection of

k we obtain that P <@%7b> < O (n~°). Using that P (0,;) = O (1) and P, = O (1), it only remains
to bound the conditional probability P;. On 0, the following inequalities hold:

|7 > -9 (5.22)

|7a]| . < @+ 17l (5.23)
Then, using (5.27) we get

~ [dlogn J 610 n _§logn _

where the last inequality is obtained using (p.21)) for y = dlogn > 0. Hence, using that § = 6, we

get
P <‘Zj7k — bj,k‘ > %) <0 (n_G) .

and

Therefore
Y- aq (- g J1 29-1
T///<5ZZE2[( )]P2<bj7k—bj,k‘>$>gczzn2
Jj=jo k=0

Jj=jo k=0
) Ji ' " -1 .
=Cn~ ZQJSO(TF 2J1):O<1ogn> SO(n 25+1>.

J=jo

1
2s5+1

> 20471 then T' = T} + T3,
where the first component is computed over the set of indices jy < j < ja and the second component
over ja +1 <7 < j1. Hence, using Lemma we obtain

ja 27-1 j A L
MY 3B () s ¥ <0 ()0 <<1gn> "l> <0 (n3t).

J=jo k=0 J=jo

ogn

Now we bound 7”. Let j4 be the integer such that 274 > <1L

For Ty, one has

J1 29-1 R ) g
= Z Z E { <bj,k; - bj,k) 1 (‘bJJJ > %, (“)mb) }

Jj=ja k=0
j1 27-—1 R 9 5 .
+ Z ZE{<bj,k—bj,k) <|bjk| > ]2 2,1;)}
Jj=ja k=0
=Ty, + Ty,

22



Now we bound T2/,1- Using that on ©,,; inequality (5.22) holds and following the same procedures
as in the proof of Theorem B.2, we get

j1 29—-1 9 - j . -
7 n L n g’I’L
< 3 SR (b —b) 1 [rbj,k\ > 2 (1= D)l (2 424 10l 22 ) + 2

Jj=ja k=0
Jj1 29-1 T ; ,
<O S 1 (bl > 20 -0y (22 4 28 g 22 (521)
] =ja k=0

271

J1 2
sy LT :
4n j=ja k=0 2 (Slogn 2 (Slogn

17115 +22 Y]l miyn

j1 29—1

C(Hf” ) — 725 jA Z Z 22]5 ‘b],
<w/—510gn+\|1[)\| (1—b) " onzit (10gn)4s+2) =74 k=0

_ 25T
O (2—28 ]A> O n 2s5+1
logn ’

—s 4s+1
where we have used that \/dlogn + ||| (1 —b) ™" on2s+1 (logn)ﬁ — 400 when n — 400 and
that condition (f.11]) is satisfied. Now remark that if p = 2 then s* = s and thus

2s
n T 2s+1
Ty, =0 <<10gn> ) : (5.25)

For the case 1 < p < 2, from (f.24) we have that

1 29-1 Slogn dlogn
1, < S 3 ZI(!bjkb?HfH (\/T ol ﬁ))

Jj=ja k=0
1

C h % logn
SEZZI<“’JI¢‘>2HJCH \/ )
= =
o p
C _ _ logn
< Z |bj,k| Ploj P I <|bj,lc| P< <2||fHoo Vo, ) )

logn -5 gL 2]
Ol bp) - ( ) SN oyl

Jj=ja k=0

—_2 j1 27-1 1-%
logn)~2 logn) 2 i
< (o) O (I 0.9) PBE S S ‘bxk’p:0<(nli—)%2 )

-1/ -t o n O\ T2 o6
<10gn> - <10gn> ’ (5.26)




__2s
where we have used condition (B.13). Hence T3 ; = O <<1Ogn> 23“).

fn

Now we bound T2’72. Using Cauchy-Schwarz inequality, we have
i 2 T j x logn 1
VA
Ty, <C Y kzonpz <|bjk|>2‘ (,/;"+22\|¢\|m?">+ | ©¢ ) 2 (05,)
J=ja

1 29-1 1 29-1 1 )
<CY S upi <C’ZZn2<O< ) 0(" >§0<n‘ﬁ),

logn
Jj=ja k=0 j=ja k=0 5

(5.27)

~ \4
where we have used that E { <bj7k — bj,k) } =0 (n2) and that P <®; b) <0 (n*6). Then, putting

logn

__2s
together (5:29), (5:2) and (F-27), we obtain that Ty = O (( n ) 25+1>_

Now we bound T”. Set ja as before, then T” = T} + T}/, where the first component is calculated
over the set of indices jy < j < ja and the second component over j4 +1 < j < j;. Recall that
ja 29-1 r
T =Y bv,P <ybj7k\ <4 2(

Ty, = (‘Sllf%)’;, then
logn
(\/ 2% ]l D
i=do k=0 -
ja 27-1 [ logn
<> Y up (rbj,k\ <420+ 0l (2 + 2 Il ) 22 D

Jj=jo k=0
ja 29-1
2
+> D biiP
j=jo k=0
/! T
1,1 t 1412,

F

where we have used that given Oy, inequality (§.23) holds. Now we bound T7';. For T{'; we have

ja 29-1 2
2 x i x logn
Tih =30 3 P | bl <16 |20+ 0)[1f]. (\/;"w kuw;”)ﬂ/ - ]
J=jo k=0
ja 21 T j x logn ?
J
<16 > [20+) 1l <\/5+22 ||wuoo;">+\/ n]
Jj=jo k=0

Jja 27—-1
<3zzz< (1+0)2|f1% <(5k’% + 27 )2 . (lobg)f)2>+1oin>

Jj=jo k=0

2 dlogn 62 (logn)? ) logn)
<C 8(1+0 ——— +2 274 + ,

> ( (107 12, ( S I T |
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where we have used repeatedly that (B + D)2 <2 (B2 + D2) for all B, D € R. Then,

ja ¥ dlogn 5% logn logn
720 Y Y (OOt (2 + ik i ) + 222

Jj=jo k=0
logn A logn .
= Clflloo s 19 lloc ,0,0) —> D27 <Ol 4]l - 6:0) o2
J=jo

_1 __2s
_oflen (n A\FT) o () T (5.28)
n logn logn

To bound T7’, we use again that P <@;,b> < O (n7%) and that condition (p.11)) is satisfied. Then

ja 29-1 ja
Ty Y Y Bt <n 0y C2 =0 () <0 (), (529
j=jo k=0 J=jo

2s

Hence, by (5.29) and (5.29), 77 = O <<lo§n>2$+l

). Now we bound 7.

*

Jj1 29-1 1 29-1

T < 3 Y P (bl <26.) < Y S =02 ) =0 <1ogn>—+ |

j=ja+1 k=0 J=ja+1 k=0

where we have used again the condition (f.I1)). Now remark that if p = 2 then s* = s and thus

2s* 2s
T 2s+1 n T 2s+1
T” — O n — O .
2 <10g n logn

For 1 < p < 2, we proceed as follows.

j1 27-1
T = Z ZE[bﬁkl <‘bj,k’§2§j,n7®n,b)+b?,kl <‘bj,k’S2§j7n7 Z,b)]
Jj=ja+1 k=0
i 2-1 T j x logn
< 2 , oy 93 on
< > Y E|B <|bj,k|s4<2<1+b>||f||oo <~/n + 25 [yll = ) + 4/ =2 ))
j=ja+1 k=0
291 ) N logn c c
0 Sl (gl = (87 (52 el 2 ) + 4y 2R ) €5, ) P (85
j=ja+1 k=0 >

s/ 1"
=15, + 15,

where we have used that on ©,,; inequality (5.29) holds.
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Now we bound 77.

j1 29-1
_ logn
D> bl bl 1 <|bj,k| <8(1+0) [ flls <\/ + 27 ||| > +4 i )

j=ja+1 k=0
J1 27 -1 2-—p
41 j 51 1
<> > ( (140 1fll ( UMY L ;g“> +4,/_°g”> byal?
i o (1-b)"n (1-0b)"n n
211
< 3 5 (e o Ils) flan, fioen o
o0 ! (1—b)2 1—b _]Jg
j=ja+1 k=0
logn 2P J1 27-1 logn Tp
S C(Hf”oo7b7 57 HwHOO)Q—p (\/ n ) Z Z ‘b‘%k’p S O (( n > 9—PjAS )
j=ja+1l k=0

1 2—p _p(s+%_%) __2s
2 2s+1 2s+1
—o| (22 r o (-2 . (5.30)
n logn logn

where we have used that condition (5.13) is satisfied. To bound T2” 5 we use again that P (@; b) <
O (n~%) and that condition (5-I1]) also holds. Then, from (F-29) we get

1 291 Ji
Ta$ 35 S WP(O5) St X Cr BT =o(nfr B ) <o ). (53
j=ja+1 k=0 J=ja+1

__2s
Hence, by (5.30) and (5.31), 7" = O <<107g‘n) 25“). Combining all terms in (.1§), we conclude
that:

elo-Ae -0 () ™)

This completes the proof. m

5.4 Proof of Theorem B.1]

First, one needs the following proposition.

Proposition 5.12 Let 1, = (f,v;r) and Bj,k = (In,vjk) with (j,k) € Aj,. Suppose that f €

Fj (M) with s > 1/p and 1 < p < 2. Let My > 0 be a constant such that MY < f < My (see

Lemma B.7). Let €j, = 2M2e*"n 1D, A; . If ¢j, <1, then there exists S R#Ah such that:
(Finoy, i) = i) = By for all (k) € Ay,

Moreover, the following inequality holds (approzimation error)

M, .
A <f, fj179;1> < 76%1 D]2~1.
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Suppose that Assumptions [ and [} hold. Let Njrn = 4M1262’7j1+25j1+2A?1#. Then, for every A > 0
such that A < nj_lln there exists a set Q1 of probability less than MoX—1, where My is the constant
defined in Lemma [.8, such that outside the set Q,,1 there exists some 6, € R*Ni which satisfies:

(£ 50 ik ) = Unstis) = By Jor all () € Ay,
Moreover, outside the set Qy, 1, the following inequality holds (estimation error)

e a1 #A;

A (finagyi £5,) < 20Tt apa o
Proof. Approximation error: Recall that §;, = (f,;) and let § = (ﬁjvk)(j,k)eAjl' De-
fine by g;, = > 0,1, an approximation of g = log (f) and let ﬁ07(j,k) = <fj1,9].1,1/1j7k> =

(j,k)GAjl

(exp (gj,) ¥ k) with 05, = wj,k)(j,k)eAh and By = (ﬁ07(j’k))(j7k')e/\jl‘ Observe that the coefficients
Bik — Bo,ijk)> (J,k) € Aj,, are the coefficients of the orthonormal projection of f — fi10;, onto Vj.
Hence by Bessel’s inequality:

2
Lo

18 = Boll3 < ||7 = o,

Using Lemma p.q and Lemma 2 in Barron and Sheu [J], we get that:

2
Hﬂ—ﬁoHSS/(f—fjl,ejl)Qd/iSM1/Wdu

log<ffl’f"h>Hoo/f <log <f fa >>2du
J1.05,

< mpelomanlla g — g1, = Mpetn D

2
S M16

Then, one can easily check that

p— oee(sina,)].) < Myei.
Thus the assumption that €;, < 1 implies that the inequality || — Boll, < Mie¥1D; < ﬁ is
satisfied. Hence, Lemma f.g can be applied with 6y = ;. B = [ and b = exp (Hlog <fj179j1) HOO>,
which implies that there exists 07 =6 (B) such that <fj1,9;1,1/1j7k> = B for all (j, k) € Aj,.

By the Pythagorian-like relationship (f.1]), we obtain that A ( I fj1,9;1> <A ( I fj1,€j1> . Hence,
using Lemma p.4, it follows that

10g<f11{9j1>H00 /f <10g <fjf€jl >>2dlu
< %eumg(f)1og(fn,9n>Hoo / <10g (f) —log <fj17911))2 dp

- %e\lg*wl\lw

A(F:fm,) < 5

M
2 1 ]
lg —gill7, = TGV“DJZI-
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which completes the proof for the approximation error.

Estimation error: Applying again Lemma f.6 with 6y = 07,5 Bo,iik) = (Fir00s Yik) = Biks B =5,
where B\ = <B\j’k>(j,k)eAh’ and b = exp ( log (fﬁﬁ%) HOO) we obtain that if ‘B\— BH2 < ﬁ with
B = (ﬁj,k)(j kA, then there exists 6, = 0 <§) such that <f 7 ,¢j,k> = Ej,k for all (5,k) € Aj,.

) 1 n

J1,
Hence, it remains to prove that our assumptions imply that the event HB\ — BH < er a; holds
2

with probability 1 — MyA~!. First remark that b < Mje"1 741 and that by Markov’s inequahty and
Lemma f.§ we obtain that for any A > 0

p (7ol =#) < L tafp o] <

-~ 2 )
Hence, outside a set €2, 1 of probability less than MyA~! then HB — BH2 < A#. Therefore, the

1
condition Hﬁ -8B ’2 < ﬁ holds if ()\#) P < ﬁ, which is equivalent to 4e?b* A% )\#A“ <1

This last inequality is true if n;, , = 4M1262“/11+2611+2A§1 % < %, using that b? < MZe?n T2,

Hence, outside the set €2, 1, our assumptions imply that there exists é\n =0 (3) such that
<fj1,§n’¢jvk> = Ej,k for all (j,k) € Aj,. Finally, outside the set €2, 1, by using the bound given in

Lemma f.6, one obtains the following inequality for the estimation error

A
A <fj1, i 9n> < 2M167J1+e“+1)\#nh

which completes the proof of Proposition - [

Our assumptions on j;(n) imply that n23+1 < (M) < n23+1 Therefore, using Lemma .3, one
has that for all f € F5,(M) with s > 1/2

1-2s

Yjr(n) < C'n2@s+1) (2s+1) | A

in) < OB, < Cn” %41,

Diji(n)
where C' denotes constants not depending on g = log(f). Hence,

lim e, (n) = lim 2M2 2“/11(”)"'114 L(n)
n—-+00 Jiin n—-+0oo

D) =0,
uniformly over F5o(M) for s > 1/2. For all sufficiently large n, €

b.13, there exists 9;1 (n) € R#X100 such that

j1(n) < 1 and thus, using Proposition

M _ 25
(f fier, (n)) < 7%%@ D3y < Cn 24T for all f € Fso(M). (5.32)
By the same arguments it follows that

A
lim gy, = lim 4MPePnm 2604242 i _,

n—-+0o0o n——+o0o 1(n) n
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uniformly over F3o(M) for s > 1/2. Now let A > 0. The above result shows that for sufficiently large

n, A < nj:%n) ,,» and thus using Proposition it follows that there exists a set €2, 1 of probability
less than MoX~! such that outside this set there exists é\n € R#M1( which satisfies:
A 2
. 1 (n) €5y () F1 #j1(n) —507
A (Fino:, oy Ty, ) < 2MrENO TR AL\ < Ox i, (5.33)

for all f € F3,(M). Then, by the Pythagorian-like identity (B.1)) it follows that outside the set {2, 1

A(fi L) = A (Fifinmer o) + A (Famer i Fima )
and thus Theorem B.] follows from inequalities (5.39) and (5.33).

5.5 Proof of Theorem

First, one needs the following proposition.

Proposition 5.13 Let 3 := (f,¢;x) and ij,m(jvk) = 0g; <Byk) with (j, k) € Aj,. Assume that
fer, (A) with s > 1/p and 1 < p < 2. Let My > 0 be a constant such that M1_1 < f< My (see
Lemma [.]). Let €j, = 2M7e*n ™ D; A; . If €5, < 1, then there exists 07 € R#Ai1 such that:

<fj1,e;f1,¢j,k> = ([,¥jr) = Bjx for all (j,k) € Ay,

Moreover, the following inequality holds (approzimation error)
A <f;fj1,9;l> < e Dj,.

__2s
Suppose that Assumptions [{ and B hold. Let nj, , = 4M1262'YJ'1 +2€J’l+2A?l <$> =T Then, for

every A > 0 such that A < 773_1}71 there exists a set Qy, 2 of probability less than M3\~ where Mj

is the constant defined in Lemma |5.10, such that outside the set Sy, o there exists some é\n € R#\i
which satisfies:

(FI7 o i) = Gy (Bin) = Bey iy Jor all (3,k) € Ay

Moreover, outside the set Qy 2, the following inequality holds (estimation error)
__2s
HT e +1 n et
: * L -~ < g -
A(fjo i 115 ) S 2 Fetiy <10gn> .

Proof. Approximation error: The proof is the same that the one of Proposition .13 L
Estimation error: Applying Lemma p.q with 6, = 9;1, Bo,ik) = (fir.00:Vik) = Bk, B = Be;ms

where 3¢, = <ﬁ£j’"’(j’k))(j,k)eAjl’ and b = exp < log (fﬁﬁ%) > we obtain that if ’ij,n — BHQ <

ﬁ with 8 = (ﬁjvk)(j,k)eAh then there exists 8,, = 0 <B§m> such that <fﬁ7791j1 £ ¢j,k> = Be; 0 (.)
for all (j,k) € Aj,.

I
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Hence, it remains to prove that our assumptions imply that the event H ng I ﬁH2 < ﬁ holds
? 1

with probability 1 — M3A~!. First remark that b < M;e¥17%1 and that by Markov’s inequality and
Lemma we obtain that for any A > 0

2s 2s
—~ 2 n \ 2+t 1 n \ 2z (|~ 2
P e -4, <5 E ||, - 4]
< Pesn =P 2 A logn ~ A \logn Pesn =P 2
_2s __2s
- % n 2s+1 n 2541 < Mg)\fl.
A \logn logn

~ 2 -2
Hence, outside a set €, 2 of probability less than M3\, it holds that Hﬁgm — ﬁHQ <A (%) R

N __2s \ 2
Therefore, the condition Hﬁgm — BHQ < erA holds if ()\ ( ) 25+1> < ﬁ’ which is equiva-

logn

__2s
lent to 4621)214?1)\( 1 ) “*1 < 1. Using that b < MPe?1 72 the last inequality is true if

logn

logn

__2s
M = AMBEI 20202 (L2 ) B < 4
Hence, outside the set €, 2, our assumptions imply that there exists @\n =40 <B§Ln> such that

<fJH€ . ,T/ij> = B}M (k) for all (j,k) € Aj. Finally, outside the set €2, 2, by using the bound
1,Un,
given mJ Lemma f.6, one obtains the following inequality for the estimation error

2s

) < 2M16’Yj1+5j1+1>\ <L> 2s+1

<f]1’0 ’ logn

jl?gnvgj n
which completes the proof of Proposition . [

Our assumptions on ji(n) imply that 32— - < 21(n) < Toen
has that for all f € F; (M) with s > 1/p

. Therefore, using Lemma [.J, one

*

1 1
n 7<375) n 2 n s

where C' denotes constants not depending on g = log(f). Hence,

lim € (n) = lim 2M2 2“/11(”)"'114 L(n)
n——+oo I\ n—+o0o

jl(n) = 0,
uniformly over F?* for s > 1/p. For all sufficiently large n, €
p7

.13, there exists 9;1 (n) € R#Ai1m such that

j1(n) < 1 and thus, using Proposition

M, n o\
. r < eV D? s .
A(Fifmer ) S M DL, <C <1ogn> for all f € F (M)

Now remark that if p = 2 then s* = s > 1 (by assumption), thus

—9s _2s
n n 25+1
A <f’fj1(")’0;1(n)> =0 <<logn> ) <0 <<logn> > '
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2s
2s+1°

2s
n T 2541
(o) <0 () )

By the same arguments it follows that

If 1 < p < 2 then one can check that condition s > % + % implies that 2s* > hence

2s

1 . — 1 2 2(Vjy (n) €5, ()1 2 n _T‘Fl_
ngrfoonﬂ(")vn = ngrfoo4Mle ( 71 (n) T€51(n) )Aj1(n) <logn> = O,

uniformly over F;j (M) for s > 1/p. Now let A > 0. The above result shows that for sufficiently large

n, A< nj:%n)’n, and thus using Proposition it follows that there exists a set ), 2 of probability

less than M3\~! such that outside this set there exists é\n € R#Nim) which satisfies:

2s

o . e, 1 n T 2s+1
- . < IMeVir(n) (n) —_— .
i fjl(n),en,éj,n) < 1€ 7 A <10gn> (5.35)

A <fj1(n>,9
for all f € FJ (M). Then, by the Pythagorian-like identity (B-1) it follows that outside the set Oy, 2

A0 ey ) = A (F Famas, ) + 8 (Famas, i iy e,)

and thus Theorem B.J follows from inequalities (5.34) and (5.37).

5.6 Proof of Theorem B.3
The proof is analogous to the one of Theorem B.9. It follows from Lemma p.11.
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