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Abstract

In this paper, we study the problem of nonparametric adaptive estimation of the covariance
function of a stationary Gaussian process. For this purpose, we consider a wavelet-based method
which combines the ideas of wavelet approximation and estimation by information projection in
order to warrants the positive semidefiniteness property of the solution. The spectral density of
the process is estimated by projecting the wavelet thresholding expansion of the periodogram onto
a family of exponential functions. This ensures that the spectral density estimator is a strictly
positive function. Then, by Bochner theorem, we obtain a semidefinite positive estimator of the
covariance function. The theoretical behavior of the estimator is established in terms of rate of
convergence of the Kullback-Leibler discrepancy over Besov classes. We also show the excellent
practical performance of the estimator in some numerical experiments.

Keywords: Covariance estimation, adaptive estimation, wavelet thresholding, sequences of exponential
families, Besov spaces.
AMS classifications: Primary 62G07; secondary 42C40, 41A29

1 Introduction

The estimation of covariance functions is a fundamental problem in inference for stationary stochastic
processes. It has many applications in the geosciences, ecology, demography, financial series and
other fields (e.g. Journel and Huijbregts [[[9], Christakos [[f] and Stein [2]). In order to preserve the
property of positive semidefiniteness enjoyed by a true covariance function, statisticians commonly
resort to fitting parametric models, which are numerous in the literature (see Cressie [ for a detailed
account of parametric covariance estimation). In the nonparametric approaches, one difficulty lies
in imposing this property to the estimator. For example, Shapiro and Botha [R7 suggested an
estimator of the covariance function that has the property on a discrete set, but does not produce
a smooth covariance function which is positive semidefinite in the continuum. In the non stationary
case and for spatio-temporal data, Sampson and Guttorp [RJ] proposed an approach based on a
covariance representation due to Schoenberg [Rf], which ensures that the resulting estimator is a
positive semidefinite function. Hall, Fisher and Hoffman [I§] enforce the positive semidefiniteness
property on a kernel type estimator of the covariance function using Bochner theorem [B], which
characterizes the class of continuous positive semidefinite functions by the behavior of their Fourier



transform. One drawback of this approach is that it involves the choice of three parameters, including
the optimal selection of the bandwidth of the kernel function. More recently Elogne, Perrin and
Thomas-Agnan [[[§] proposed a nonparametric estimator of smooth stationary covariance functions
using interpolation methods. Their estimator has the difficulty that involves the computation of a
convolution integral, but it is a positive semidefinite function by construction.

The Bochner theorem mentioned before states that a continuous function on R? is positive
semidefinite if and only if it is the Fourier transform of a bounded nonnegative measure called the
spectral measure. If the spectral measure has a density, this density is called the spectral density.
Hence, the estimation of the covariance function is strongly related to the estimation of the spectral
density of the process. Typically, inference in the spectral domain uses the periodogram of the data.
The periodogram is an inconsistent estimator and needs to be smoothed to achieve consistency. For
highly regular spectral densities, linear smoothing techniques such as kernel smoothing are appropri-
ate (see Brillinger [[]). However, linear smoothing methods are incapable of achieving the optimal
mean-square rate of convergence for spectra whose smoothness is distributed inhomogeneously over
the domain of interest, and a need for nonlinear methods arises. One nonlinear method for adaptive
spectral density estimation of a stationary Gaussian sequence was proposed by Comte [f]. It is based
on model selection techniques. Others nonlinear smoothing procedures are the wavelet thresholding
methods, first proposed by Donoho and Johnstone [[14]. In this context, different thresholding rules
have been proposed by Neumann [P3] and Fryzlewics, Nason and von Sachs [[[§] to name but a few.

Neumann’s approach [PJ] consists in pre-estimating the variance of the periodogram via kernel
smoothing, so that it can be supplied to the wavelet estimation procedure. Kernel pre-estimation
may not be appropriate in cases where the underlying spectral density is of low regularity. One
way to avoid this problem is proposed in Fryzlewics, Nason and von Sachs [[[f], where the empirical
wavelet coefficient thresholds are built as appropriate local weighted I; norms of the periodogram.
Their method does not produce a positive spectral density estimator, therefore the corresponding
estimator of the covariance function is not semidefinite positive.

To overcome the drawbacks of the above estimators, in this paper we propose a new wavelet-
based method for the estimation of the spectral density of a Gaussian process and its corresponding
covariance function. As a solution to ensure positiveness of the spectral density estimator, our method
combines the ideas of wavelet thresholding and estimation by information projection. We estimate
the spectral density by a projection of the nonlinear wavelet approximation of the periodogram onto a
family of exponential functions. Therefore, the estimator is strictly positive by construction. Then,
by Bochner theorem, the corresponding estimator of the covariance function satisfies the positive
semidefiniteness property. This technique was studied by Barron and Sheu [J] for the approximation
of density functions by sequences of exponential families, by Loubes and Yan [PI] for penalized
maximum likelihood estimation with /; penalty, by Antoniadis and Bigot [i]] for the study of Poisson
inverse problems, and by Bigot and Van Bellegem [f] for log-density deconvolution.

The theoretical optimality of the estimators for the spectral density of a stationary process is
generally studied using risk bounds in Lg-norm. This is the case in the papers of Neumann [RJ],
Comte [§ and Fryzlewics, Nason and von Sachs [[Lf] mentioned before. In this work, the behavior
of the proposed estimator is established in terms of the rate of convergence of the Kullback-Leibler
discrepancy over Besov classes, which is a more natural loss function for the estimation of a spectral
density function than the Lo-norm. Moreover, the thresholding rules that we use to derive adaptive
estimators differ from previous approaches based on wavelet decomposition and are quite simple to
compute. Finally, the practical performance of our estimator is showed to be excellent compared
with other estimators.



The paper is organized as follows. Section 2 presents the statistical framework under which
we work. We define the model, the wavelet-based exponential family and the linear and nonlinear
wavelet estimators by information projection. We also recall the definition of the Kullback-Leibler
divergence and some results on Besov spaces. The rate of convergence of the proposed estimators
are stated in Section 3. Some numerical experiments are described in Section 4. Technical lemmas
and proofs of the main theorems are gathered in the Appendix.

Throughout this paper C' denotes a constant that may vary from line to line. The notation C(.)
specifies the dependency of C' on some quantities.

2 Statistical framework

2.1 The model

We aim at providing a nonparametric adaptive estimation of the spectral density which satisfies
the property of being positive in order to guarantee that the covariance estimator is a semidefinite
positive function. We consider the sequence (X;),. that satisfies the following assumptions:

Assumption 1 The sequence (X1, ...X,,) is an n-sample drawn from a stationary sequence of Gaus-
stan random variables.

Let p be the covariance function of the process, i.e. p(h) = cov (X, Xyyp) with h € Z. The
spectral density f is defined as:

@) =5 h%puw Sy e [0,1].
S

We need the following standard assumption on p:

Assumption 2 The covariance function p is semidefinite positive, such that there exists two con-

stants 0 < Cy,Cy < +00 such that Y |p(h)| = Cy and Y |hp? (h)| = Cs.
heZ hez.

Assumption 2 implies in particular that the spectral density f is bounded by the constant Cj.
As a consequence, it is also square integrable. As in Comte [§, the data consist on a number of
observations X1,...X,, at regularly spaced points. We want to obtain a positive estimator for the
spectral density function f without parametric assumptions on the basis of these observations. For
this, we combine the ideas of wavelet thresholding and estimation by information projection.

2.2 Estimation by information projection
2.2.1 Wavelet-based exponential family

Let ¢ (w) and 1 (w), respectively, be the scaling and the wavelet functions generated by an orthonor-
mal multiresolution decomposition of L ([0,1]), see Mallat [PJ for a detailed exposition on wavelet
analysis. Throughout the paper, the functions ¢ and  are supposed to be compactly supported and
such that ||¢|| ., < 400, ||[¥|l,, < +0c. Then, for any integer jo > 0, any function g € Ls ([0, 1]) has
the following representation:

270 -1 +o00 271
gWw) = Z (9, Djo.k) ok (W) + Z Z (9, Vi0) Vg (W) 5
k=0 Jj=jo k=0



where ¢, 1 (w) = 2%0(;5 (2j0w - k:) and 9 (w) = 2%¢ (ij - k‘) The main idea of this paper is to
expand the spectral density f onto this wavelet basis and to find an estimator of this expansion
that is then modified to impose the positivity property. The scaling and wavelet coefficients of the
spectral density function f are denoted by aj, 1 = (f, ®jo.k) and b, = (f, V).

To simplify the notations, we write (1) for the scaling functions (¢; k) . Let j1 > jo
and define the set

Jj=jo—1

Ay ={0G k) rjo—1<j<j,0<k <2 —1}.

Note that #A;, = 271, where #Aj, denotes the cardinal of Aj,. Let  denotes a vector in R#M51 | the
wavelet-based exponential family &;, at scale j; is defined as the set of functions:

En=NFio ) =exp | > Outin() |, 0= 0:0)pen, ERT . (2.1)
(j,k?)EAjl

We will enforce our estimator of the spectral density to belong to the family £;, of exponential
functions, which are positive by definition.

2.2.2 Information projection

Following Csiszér [[L(]], it is possible to define the projection of a function f onto &;,. If this projection
exists, it is defined as the function fjhe;‘_‘l in the exponential family £;, that is the closest to the true

function f in the Kullback-Leibler sense, and is characterized as the unique function in the family
&j, for which

(Fn, i) = (F.tbj) 1= By for all (5, k) € Ayy.

Note that the notation f3; is used to denote both the the scaling coefficients a;, ; and the wavelet
coefficients b; 1.
Let

n n

be the classical periodogram, where (Xt/ — 7)* denotes the conjugate transpose of (Xt — 7) and

_ n

X = % > X;. The expansion of I, (w) onto the wavelet basis allows to obtain estimators of aj, i
t=1

and b; ;. given by

1 1
Gt = [ 10 @) o @)do and D= [ 1 @) 0y ) 22)
0 0
It seems therefore natural to estimate the function f by searching for some §n € R#MNi1 guch that

1
<fj1,§n’¢J k /In 7,[)] k )dw = Bxk for all (], k‘) S Ajlv (23)
0



where Bj,k denotes both the estimation of the scaling coefficients @;, ;, and the wavelet coefficients
b; 1. The function fj1 g, is the spectral density positive linear estimator.

Similarly, the positive nonlinear estimator with hard thresholding is defined as the function f;f :g\ ¢
(with 6,, € R#i1) such that
(FTT i) = b (B) for all (k) € Ay, (2.4)

where d¢ denotes the hard thresholding rule defined by
O¢ (x) =2l (o] > §) for x € R,

where £ > 0 is an appropriate threshold whose choice is discussed later on.

The existence of these estimators is questionable. Moreover, there is no way to obtain an explicit
expression for 8,. In our simulations, we use a numerical approximation of 6, that is obtained
via a gradient-descent algorithm with an adaptive step. Proving that such estimators exist with
probability one is a difficult task. For the related problem of estimating a density from an independent
and identically distributed random variable, it is even shown in Barron and Sheu [P that for some
exponential family (e.g. based on a spline basis), the vector 6, may not exist with a small positive
probability. Thus, in the next sections, some sufficient conditions are given for the existence of fjl,(;n
st

71,0n,

and with probability tending to one as n — +o0.

2.3 Kullback-Leibler divergence

To assess the quality of the estimators, we will measure the discrepancy between an estimator fand
the true function f in the sense of relative entropy (Kullback-Leibler divergence) defined by:

a(rd)= [ (s (5) - r7)an

where p denotes the Lebesgue measure on [0,1]. It can be shown that A ( f; f) is nonnegative and

equals zero if and only if f: f.

2.4 Besov spaces

It is well known that Besov spaces for periodic functions in Ly([0, 1]) can be characterized in terms
of wavelet coefficients (see e.g. Mallat [PF]). Assume that ¢ has m vanishing moments, and let
0 < s < m denote the usual smoothness parameter. Then, for a Besov ball B,  (A) of radius A > 0
with 1 < p, ¢ < oo, one has that for s* =s+1/2—1/p > 0:

Q=

270 -1 P © 29 -1
By (A) =9 €Lo((0,1] : llgllspg = | D lajorl” | +{ D29 [ D bl <Ap,
k=0 k=0

Jj=Jjo

hSAES)

with the respective above sums replaced by maximum if p = oo or ¢ = oo and where aj, 1 = (9, @jo.k)
and bj ;= (g,Vjk)-



The condition that s+1/2—1/p > 0 is imposed to ensure that By ,(A) is a subspace of L ([0, 1]),
and we shall restrict ourselves to this case in this paper (although not always stated, it is clear that
all our results hold for s < m). Besov spaces allow for more local variability in local smoothness
than is typical for functions in the usual Holder or Sobolev spaces. For instance, a real function f
on [0, 1] that is piecewise continuous, but for which each piece is locally in C*, can be an element of
B;,p(A) with 1 < p < 2, despite the possibility of discontinuities at the transition from one piece to
the next (see e.g. Proposition 9.2 in Mallat [R]). Note that if s > 1 is not an integer, then B3,(A)
is equivalent to a Sobolev ball of order s. Moreover, the space BI“;’,q(A) with 1 < p < 2 contains
piecewise smooth functions with local irregularities such as discontinuities.

Let M > 0 and denote by Fj; (M) the set of functions such that

inq(M) ={f=exp(9): l9llspq <M},

where ||g||sp,q denotes the norm in the Besov space B; . Note that assuming that f € FJ (M)
implies that f is strictly positive. In the next section we establish the rate of convergence of our
estimators in terms of the Kullback-Leibler discrepancy over Besov classes.

3 Asymptotic behavior of the estimators

We make the following assumption on the wavelet basis that guarantees that Assumption P holds
uniformly over FJ (M).

Assumption 3 Let M > 0, 1 < p <2 and s > 1/p. For f € F; (M) and h € Z, let p(h) =
fol fw)e™@™hdy, Cy(f) == 3 |p(h)] and Co(f) == 3 |hp* (h)|. Then, the wavelet basis is such
hezZ heZ

that there exists a constant M, such that for all f € FJ (M),

Ci(f) < M, and Cy(f) < M,.

3.1 Linear estimation

The following theorem is the general result on the linear information projection estimator of the
spectral density function. Note that the choice of the coarse level resolution level jy is of minor
importance, and without loss of generality we take jo = 0 for the linear estimator fj1 8,

Theorem 3.1 Assume that f € Fy, (M) with s > % and suppose that Assumptions [1, B and [} are

. 1
satisfied. Define j1 = ji (n) as the largest integer such that 27* < n2s+1. Then, with probability
tending to one as n — 400, the information projection estimator ([2.3) exists and satisfies:

A(fihma,) = O (n775).

Moreover, the convergence is uniform over the class F5o (M) in the sense that

. . 25



This theorem provides the existence with probability tending to one of a linear estimator for the
spectral density f given by fjl(n) By This estimator is strictly positive by construction. Therefore
Wi1(n

the corresponding estimator of the covariance function p” (which is obtained as the inverse Fourier
transform of fj1 (n) é\n) is a positive definite function by Bochner theorem. Hence p” is a covariance
function.

In the related problem of density estimation from an i.d.d. sample, Koo (] has shown that,

for the Kullback-Leibler divergence, N is the fastest rate of convergence for the problem of
estimating a density f such that log(f) belongs to the space B3 (M ). For spectral densities belonging

2s
to a general Besov ball By (M), Newman B3 has also shown that n™ 2s+7 is an optimal rate of

convergence for the Lo risk. For the Kullback-Leibler divergence, we conjecture that n_% is the
minimax rate of convergence for spectral densities belonging to F252(M ).

However, the result obtained in the above theorem is nonadaptive because the selection of j; (n)
depends on the unknown smoothness s of f. Moreover, the result is only suited for smooth functions
(as F55(M) corresponds to a Sobolev space of order s) and does not attain an optimal rate of
convergence when for example g = log(f) has singularities. We therefore propose in the next section
an adaptive estimator derived by applying an appropriate nonlinear thresholding procedure.

3.2 Adaptive estimation
3.2.1 The bound of f is known

In adaptive estimation, we need to define an appropriate thresholding rule for the wavelet coefficients
of the periodogram. This threshold is level-dependent and in this paper will take the form

01 j 0l .
gzsj,nzzlznfuoo (\/ BT+ 23|Iyl ff") +fjﬁ] (3.1)

where 6 > 0 is a tuning parameter whose choice will be discussed later on and C, = 4/ CQ%SC%. The
following theorem states that the relative entropy between the true f and its nonlinear estimator
achieves in probability the conjectured optimal rate of convergence up to a logarithmic factor over a
wide range of Besov balls.

Theorem 3.2 Assume that f € F,, (M) with s > %—l—% and 1 < p < 2. Suppose also that
Assumptions 1, 2, 8 hold. For any n > 1, define jo = jo (n) to be the integer such that 27° > logn >
2701 and j; = j1 (n) to be the integer such that 27t > % > 211=L For § > 6, take the threshold
&in as in ([B1). Then, the thresholding estimator (2]) ewists with probability tending to one when
n — 400 and satisfies:

2s
A <f’fjo(n>,jl(n>,5n,£j,n) =0 <<logn> ) '

Note that the choices of jo, ji and §;,, are independent of the parameter s; hence the estimator

]H(:Z) () Bt is an adaptive estimator which attains in probability what we claim is the optimal

0 »J1 sUn,Cj,n

rate of convergence, up to a logarithmic factor. In particular, f]H(:Z) () Bt is adaptive on Fy o (M).
0 J1 ,Un,Sh,n ’

This theorem provides the existence with probability tending to one of a nonlinear estimator for the




spectral density. This estimator is strictly positive by construction. Therefore the corresponding
estimator of the covariance function p™V* (which is obtained as the inverse Fourier transform of
HT ) is a positive definite function by Bochner theorem. Hence p™™ is a covariance
]O(n)yjl(n)707h£j,n
function.

3.2.2 Estimating the bound of f

Although the results of Theorem .9 are certainly of some theoretical interest, they are not helpful for
practical applications. The (deterministic) threshold ¢; ,, depends on the unknown quantities || f||
and C, := C (Cy,Cy), where C7 and Cy are unknown constants. To make the method applicable,
it is necessary to find some completely data-driven rule for the threshold, which works well over a
range as wide as possible of smoothness classes. In this subsection, we give an extension that leads
to consider a random threshold which no longer depends on the bound on f neither on C,. For this
let us consider the dyadic partitions of [0, 1] given by Z,, = {(j/QJ", (j+ 1)/2‘]") ,j=0,..2" - 1}.
Given some positive integer r, we define P,, as the space of piecewise polynomials of degree r on the
dyadic partition Z,, of step 27/». The dimension of P,, depends on n and is denoted by N,,. Note
that N,, = (r + 1) 277, This family is regular in the sense that the partition Z,, has equispaced knots.

An estimator of ||f||,, is constructed as proposed by Birgé and Massart [f] in the following
way. We take the infinite norm of fn, where fn denotes the (empirical) orthogonal projection of the
periodogram I, on P,,. We denote by f, the Ls-orthogonal projection of f on the same space. Then
the following theorem holds.

Theorem 3.3 Assume that f € F,; (M) with s > %4—% and 1 < p < 2. Suppose also that

Assumptions 1, 2 and 3 hold. For any n > 1, let jo = jo (n) be the integer such that 27° > logn >
2/0=1 " and let j; = j1 (n) be the integer such that 27 > & > 21—l Tuke the constants 6 = 6 and

be [%, 1), and define the threshold

0 logn i
— = 122
m<<y@2n 91l

Fn

n

~ 0 logn logn
§j,n_2[2‘ T >+ ] (3.2)

Then, if |f = fallo < 7 Iflloe and N,, < (Tfl)Q Toen» Where K is a numerical constant and r is the
degree of the polynomials, the thresholding estimator ([2.]) ewists with probability tending to one as

n — +oo and satisfies

2s
LHT B n T 2s+1
A (f’fjo(n>,j1(n>,é‘n£j,n) =0 <<logn> ) '

In Comte [f] the condition ||f — ful < 3£l is examined. If some regularity conditions are
set on f, then it is generally satisfied, as is known from approximation theory. Indeed for f € B,
with s > %, we know from DeVore and Lorentz [[[3] that

,007

w-muSO@umwﬂ“J

with |f|8p = supy *wy (f, y)p < 400, where wq (f, y)p is the modulus of smoothness and d = [s] + 1.
’ y>0

1ls p
(T[S

1
Therefore ||f — folle < 7 1fllo if No > (40 (s) >S*% = C(f,s,p), where C(f,s,p) is a

constant depending on f, s and p.



4 Numerical experiments

In this section we present some numerical experiments which support the claims made in the theo-
retical part of this paper. The programs for our simulations were implemented using the MATLAB
programming environment. We simulate a time series which is a superposition of an ARMA(2,2)
process and a Gaussian white noise:

Xt = }/t + COZt, (41)
where
Yi+a1Yi—1 +a2Yi_9 = boe + bigi—1 + bagi—o,

and {e:}, {Z:} are independent Gaussian white noise processes with unit variance. The constants
were chosen as a1 = 0.2, ag = 0.9, bg = 1, by = 0, by = 1 and ¢y = 0.5. We generated a sample of
size n = 1024 according to ([.1]). The spectral density f of (X;) is shown in Figure . It has two
moderately sharp peaks and is smooth in the rest of the domain.

Starting from the periodogram we considered the Symmlet 8 basis, i.e. the least asymmetric,
compactly supported wavelets which are described in Daubechies [[1]. We choose jy and j; and as in
the hypothesis of Theorem B.3 and left the coefficients assigned to the father wavelets unthresholded.
Hard thresholding is performed using the threshold Ejn as in (B.3) for the levels j = jo, ..., j1, and the
empirical coefficients from the higher resolution scales j > j; are set to zero. This gives the estimate

270 —1 J1 27-1

Jomyﬁjn Z o, kPjo.k + Z Z bj il (‘bg k‘ > &, n> Vjks (4.2)

j=jo k=0

which is obtained by simply thresholding the wavelet coefficients (B.) of the periodogram. Note that
such an estimator is not guaranteed to be strictly positive in the interval [0,1]. However, we use it
to built our strictly positive estimator fH T (see (B-4) to recall its definition). We want to find

J0,J15 nvfj n

§n such that

< HT a¢j7k> =0 <§]k> for all (j,k) € Aj,

]Ov]lyanvfj n
For this, we take

0 =argmin Y ((fjo,j1,6,¢j,k> —0g (Bj,k>>2,

GeR#Ah (j,k)EAjl

where fj; i,.6(.) = exp < Yo 0k ()) € &, and &j, is the family (R.1). To solve this opti-
(j,k?)EAjl
mization problem we used a gradient descent method with an adaptive step, taking as initial value

0o = <log << ;351,537) > ’¢j7k>’

where (fHT ~ w)) = max <fHT ~ (w) ,77) for all w € [0,1] and 1 > 0 is a small constant.
J0,91,84,n + J0,J1,€5,n



1.2

True spectral density
oo Estimation by Wavelet Thresholding
Final positive estimator

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 1: True spectral density f, wavelet thresholding estimator fjH :]F 3 and final positive estimator
0,71,55,n
HT !
J0,J1,0n,85,n

In Figure [Il we display the unconstrained estimator jlggl £y B in (.9), obtained by thresholding
of the wavelet coefficients of the periodogram, together with the estimator f;:?l G which is
strictly positive by construction. Note that these wavelet estimators capture well the p7eJ8LkS and look
fairly good on the smooth part too.

We compared our method with the spectral density estimator proposed by Comte [], which is
based on a model selection procedure. As an example, in Comte [§], the author study the behavior of
such estimators using a collection of nested models (.S,,), with m = 1, ..., 100, where S,, is the space of
piecewise constant functions, generated by a histogram basis on [0, 1] of dimension m with equispaced
knots (see Comte [ for further details). In Figure fl we show the result of this comparison. Note
that our method better captures the peaks of the true spectral density.

5 Appendix

5.1 Some notations and definitions.

Throughout all the proofs, C' denotes a generic constant whose value may change from line to line.
First, let us introduce the following definitions.

10



1.4

True spectral density
Final positive estimator

= = = Regular histogram estimation

Figure 2: True spectral density f, final positive estimator fij 5. and estimator via model
05J1,0n,85,n

selection using regular histograms.

Definition 5.1 Let V; denote the usual multiresolution space at scale j spanned by the scaling func-
tions (¢ k)o<r<oi—1, and define Aj < +00 as the constant such that |[v||, < Aj[Jvlly, for allv € V.

Definition 5.2 For f € F; (M), let g =log(f). Then for j > jo — 1, define D; = ||g — g;l|, and
27 -1
Vi =19 — gjll » where g; = kE 0 kVjk, with 05, = (g, k)-
=0

The proof of the following lemma immediately follows from the arguments in the proof of Lemma
A.5 in Antoniadis and Bigot [l].

Lemma 5.3 Let j € N. Then A; < C29/2. Suppose that f € F;q(M) with 1 < p < 2 and
5 > %. Then, uniformly over Fj (M), D; < C2-I(+1/2=1/p) g v < C279=1/P) ywhere C' denotes
constants depending only on M, s, p and q.

5.2 Technical results on information projection

The estimation of density function based on information projection has been introduced by Barron
and Sheu . To apply this method in our context, we recall for completeness a set of results that
are useful to prove the existence of our estimators. The proofs of the following lemmas immediately
follow from results in Barron and Sheu [ and Antoniadis and Bigot [fl].

11



Lemma 5.4 Let f and g two functions in Lo([0,1]) such that log (5) is bounded. Then A(f;g) <
og( L 2
%eHl g<g>Hoo fol f <log (5)) du, where p denotes the Lebesgue measure on [0, 1].

Lemma 5.5 Let 3 € R#*N1. Assume that there exists some 6 (3) € R#X such that, for all (j,k) €
Aj,, 0(B) is a solution of

(fio@) Yik) = Bk

Then for any function f such that (f,v;r) = Bjr for all (j,k) € Aj;, and for all 6 € R#M51 | the
following Pythagorian-like identity holds:

A(f; fio) =D (f; from) + A (f08); o) - (5.1)

The next lemma is a key result which gives sufficient conditions for the existence of the vector
6 (8) as defined in Lemma [.§. This lemma also relates distances between the functions in the
exponential family to distances between the corresponding wavelet coefficients. Its proof relies upon
a series of lemmas on bounds within exponential families for the Kullback-Leibler divergence and
can be found in Barron and Sheu [f]] and Antoniadis and Bigot [I.

Lemma 5.6 Let 6y EN]R#AJ'l, Go = (607(]-7,6))(].7,6)6%1 € R#*N such that Bo,(jk) = (fi.005Vjx) for
all (j,k) € Aj,, and § € R*Y1 a given vector. Let b = exp (Ilog (fj80)ll,,) and e = exp(1). If
HE— ﬁon < ﬁ then the solution 6 (E) of

(Fivnos Vi) = Bix for all (j,k) € Aj,

exists and satisfies:

o (5) =], < 2eb][ 5~ o]
f'1, 0
(322
A <fj1,9(50);fj179(5)> < 2eb HB— ﬁo‘

where ||3||2 denotes the standard Euclidean norm for 3 € R¥% .

”oo

S 2€bAj1

B—ﬁo‘L

2
9’

Lemma 5.7 Suppose that f € F; (M) with s > % and 1 < p < 2. Then, there exists a constant My
such that for all f € F; (M), 0 < Ml_1 < f <M < +oo.

5.3 Technical results for the proofs of the main results
Lemma 5.8 Let n > 1, 3 = (f,¥jr) and Zi\j,k i= (In,¥jx) for j > jo—1and 0 < k < 27 — 1.

~ ~ 2
Suppose that Assumptions [, B and [3 hold. Then, Bias? (ﬁj,k) = (E (ﬁj,k> — ﬁj,k) < %% with

2 ~ ~ ~ 2
C, = 0217:?2901 , and Var <ﬁj7k> =E <ﬁj7k —E <ﬁj,k>> < % for some constant C > 0. Moreover,

there exists a constant My > 0 such that for all f € F; (M) with s > % and 1 <p <2,

E (Egk - ﬁj,k)2 = Bias’ <Bjk‘> + Var <Bjk‘> < %

n

12



Proof. Note that Bias? <Bjk‘> <|If- IE(In)Hi2 Using Proposition 1 in Comte [§, Assumptions

and [ imply that ||f — E (In)Hi2 < CQL; ‘29012, which gives the result for the bias term. To bound

the variance term, remark that Var <//3\]k‘> = E(I, —E(I,), v, w2 < E|I, — E(I,) ||2L2||1,Z)jk||2L2 =

fol E|IL,(w)—E (I,(w)) |*dw. Then, under Assumptions [ and P, it follows that there exists an absolute
constant C' > 0 such that for all w € [0,1], E|I,(w) — E (I, (w)) > < €. To complete the proof it
remains to remark that Assumption P implies that these bounds for the bias and the variance hold
uniformly over Fj (M). =

Lemma 5.9 Letn > 1, b := (f, V%) and Zj’k i= (In, i) for j > jo and 0 < k <27 —1. Suppose
that Assumptions [| and [§ hold. Then for any x > 0,

b — b E /2 E Cs < -
P (B~ tyal > 27l (/2 + 2720002 + 52 ) <2
where C*:\/CQ%’SC%

Proof. Note that

1

Y (X -X) (Xp -X)" / 2ty (W) dw = —X T () X7,

2

1

oo
gk 2m™n

where X = (X1 - X, X, - Y)T, XT denotes the transpose of X and T (k) is the Toeplitz
1

matrix with entries [T5,(vj )], ,, = [e2mt=t) 4 (w)dw, 1 < t,#' < n. We can assume without
’ 0

loss of generality that E (X;) = 0, and then under under Assumptions [ and P, X is a centered
Gaussian vector in R™ with covariance matrix ¥ = T,,(f). Using the decomposition X = E%e,
where ¢ ~ N (0,1,), it follows that EM = ﬁsTAj,ks, with A, = E%Tn(i/)j,k)E%. Note also that
E <Bjk> = 5i-tr (A;}), where tr (A) denotes the trace of a matrix A.

Now let s1,...,s, be the eigenvalues of the Hermitian matrix A;j with [s1| > [s2| > ... > [sy]
and let Z = 2mn (b] r—E (ij)) = el Aj e —tr (Ajk). Then, for 0 < A < (2]s1|)~! one has that

log <IE <e’\Z>) = En: —As; — %log (1—2\s;)

n —4oo n —+oo
9 SEICMVES 5) BRI
i=1 (=2 i=1 =2
= 1
< Z —Alsi| — 3 log (1 — 2A[s;])
=1
where we have used the fact that —log(l — z) = Zof mé for z < 1. Then using the inequality
u? 1
—u— 3 log (1—2u) < 1%, the above inequality implies that

— Msi|? N2|s])?
log <E <6AZ>) = Z:; 1= oM = T—20s1]

13



where [[s||? = Y, |s;|?. Arguing as in Birgé and Massart [ff], the above inequality implies that for
any z > 0, P(|Z] > 2|s1|x + 2||s||v/z) < 2e™7, which can also be written as

> > z H | -
o . <
P (!bm E (B ) | > 2lsal5— +2 f) <277,
that implies
> > z sl -
P ir—E(b; 2|s1|— +2— < 2e7%, .2
<|b]7k (b],k) | > |81|n + - \/E) < 2e (5.2)

Let 7(A) denotes the spectral radius of a matrix A. For the Toeplitz matrices ¥ = T,,(f) and
T (1} 1) one has that

7(2) < [ flloo and 7 (Tn(¥j 1)) < [¥jhlloc = 27790

The above inequalities imply that
1 1 .
s1] = 7 (SPTa(@i) =) < 7(9) 7 (TaWin)) < 1002?16 (5.3)

Let \;, i = 1.,,,.n, be the eigenvalues of T},(1; ). From Lemma 3.1 in Davies [[3], we have that

n—+oo T n—+oo T

1
lim supltr (T (¥ %)?) = limsup— Z M= /zﬁ?k (w)dw =1,
0
which implies that
o2 = Z s = tr (42,) = tr (L)) < 7 (2 b (L)) < [flm. (50)

where we have used the inequality ¢r ((AB)?) <7 (A)? tr (B?) that holds for any pair of Hermitian
matrices A, B. Combining (b.2), (b.3) and (p.4), we finally obtain that for any 2 > 0

P (!@,k -E (Zj,k) > 2 flloo <\/% + 23'/2\\1/;”%%)) < 27" (5.5)

Now, let & = 2| flloo (v/Z + 2j/2\\1/1|]oo%) f’ and note that

P ([Bss — bi| > & ) <P ([bs — E (Bin) | > &0 — [E (i) — b3])

By Lemma f.§, one has that ‘E (ij) — ijf‘ < %, and thus &, — ‘E (@k) — bj,k‘ > &in — %
which implies using (f.5) that

P ((Zj,k - bj,k‘ > € ) <P <(ZM ~E () ‘ > Ejn — %) <277,

which completes the proof of Lemma f.9. m
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Lemma 5.10 Assume that f € F; (M) with s > % + % and 1 < p < 2. Suppose that Assumptions
[, B and B hold. For any n > 1, define jo = jo (n) to be the integer such that 270 > logn > 2J0=1
and j1 = j1(n) to be the integer such that 291 > @ > 21=L For § > 6, take the threshold

Eim =2 [2\\]“”00 < 51"% +2% 1%l o 510%) + %] as in (B1), where C, = \/CQ%SC%. Let B =
(f,¥jk) and ij,n,(j,k) = 0g,, (B;k) with (j,k) € Aj, as in ©4). Take 3 = (ﬁj,k)(j,k)eA and

J1
ng,n = (ng’m(m)) . Then there exists a constant M3 > 0 such that for all sufficiently large

(j:k)eAjl
n

2s

2 3 2 o
2 —F Z ‘@’k — (5§j’n (ﬂj,k)‘ < Mj <1ogn> Zot1

(jvk)EAjl

o~ .

uniformly over Fj (M).

Proof. Taking into account that

N g 20-1 ) J1 29-1 2 N
E Hﬁ — ﬁfj,n ) = kzzo E (CL]'(Lk - ajo,]g) +]§]:O ];) E |:<bj,k - bj7k;> 1 (‘b]7k‘ > gj,n>:|
j1 29-1 R
+ 30 0P ([bin] < &)
j=jo k=0
=T + 15 + T3, (56)

we are interested in bounding these three terms. The bound for 7} follows from Lemma [.§ and the
fact that jo = logy (logn) < ﬁ logsy (n):

290 —1 ;

~ 2]0 __2s

T = 3 E(ajop —jor)? = O <?> <0(n72H). (5.7)
k=0

To bound 75 and T3 we proceed as in Hardle, Kerkyacharian, Picard and Tsybakov [[q]. Write

1 271 2 N . ~ ;
T,=> > E [(bj,k - bj,k) {I (‘bj,k‘ > &5 byl > %) +1 (‘bj,k‘ > &5 byl < %)H ;
J=jo k=0
and
j1 29-1 R N
Ty =3 " 03 [P ([Bin] < Gn s [binl < 265) + P ([Bik] < Gims sl > 265 ] -
j=jo k=0
Note that
I (‘/gj,k‘ > & byl < %1) <I (‘@yk - bjyk‘ > %) : (5.8)

I ((ijk( < &y [bjnl > 25j,n) <1 (‘Bj,k - bj,k( > 7) :

15



and if

~ ~ b ~ ~ b
bir| <&, lbix| > 2, , then (b, S‘J'k‘,and bir —bik| > |big|—|bix Z‘J’k‘.Therefore
> J> D> Js > 2 > > D> > 2

. 2
B2 <4 (b — i) - (5.9)
Using (F.§) and (5.9), we get

Jj1 29-1 R 9 6 Jj1 29-1
T+ T < ZE{(bj,k—bj,Q }[<‘bjk’> an) SN I (bl < 2¢5.0)

j=jo k=0 j=jo k=0
Jj1 29-1
~ 5-7
#5303 B (han =) 1 (e | > 55
J=jo k=0
— T/+T//+T///

Now we bound T". Using Cauchy-Schwarz inequality, we obtain

j1 29-1

™ <5% S E: [(M by ) ]Pz (‘b k—b]k‘ %")

Jj=jo k=0

: : - 4 4 4 4
By the same inequality we get E [(bj,k — bj,k) } =E [(In — fo0k) ] <E {HIn — fllz, ij7kHL2:| =

O (E||L — fll}, ). Tt can be checked that E|I, — f[[}, < SE (I, — E(L.)[7, + IE (L) - £, ).
According to Comte [§], E||I, — I[Z(In)Hi2 = O (n?). From the proof of Lemma [.§ we get that
|E (1) — fHAi2 = O (). Therefore E||I,, - fHAi2 < O (n*+ Z) = O (n?). Hence

E [@,k - b],,fy] =0 (|1, - fI1,) =0 (n?).

For the bound of P (‘ij — ijf‘ > 537"> we use the result of Lemma [.9 with = 6logn, where
6 > 0 is a constant to be specified later. We obtain

n > g1 51 C,
P (o] > 5 >:P<‘bxk—ijk(>2\|flloo <\/ L Ogn)+ﬁ)

S 26—610gn — 271_6.

Therefore, for § > 6, we get

J1 291 N 4 o é‘n
T <5 Z Z E% |:(bj,k - ijf) ] P% <‘bj,k — ijf‘ > ]T’>
Jj=jo k=0
21 . n—1 2s
<CZ an_* <Cn_2223— (n=227") :O<logn> SO(n_m>-
J=jo k=0 J=Jjo

Now we follow results found in Pensky and Sapatinas [P4] to bound 77 and 7”. Let ja be the

integer such that 274 > (&)m > 2/4=1 (note that given our assumptions jo < ja < j; for
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all sufficiently large n), then 7' can be partitioned as T" = T] + T3, where the first component is
calculated over the set of indices jy < j < j4 and the second component over j4+1 < j < j;. Hence,
using Lemma [.§ we obtain

Jja 2) R n r{kl 2s
T<CYy —=0(@wm)=0 <logn> n ) <o (n_2_+1> . (5.10)

J=jo

To obtain a bound for T3, we will use that if f € F; , (A), then for some constant C, dependent on
s, p, ¢ and A > 0 only, we have that

29—1 _
S8, < 02 (5.11)
for 1 <p<2 wheres*=s+1-1 5~ Taking into account that I (\bjk] > 5”) < gzi ]bj7k\2, we get
7,n

g1 2-1 . g1 291 b, 42

Tz’é—zzz bil” < ZZ - 2
41 z 3! "
=i ks =K 2l (/B 2 ol S8 )+
J1 2-1 2
1 [kl

Iy Y

2
RS a1, (T 4 2% i, S

jio2i-1
< C(HfH ) — —25 jaA Z Z 22]8 ‘bjk’
(«/5logn+ 1Y o SnaeiT (logn)46+2> j=ja k=0

§0(2—2S*jA):o (10;“)_+ :

_—s_ 4s+1
where we used the fact that \/dlogn + |4 0n2+T (logn)*s+2 — 400 when n — +o00. Now remark
that if p = 2 then s* = s and thus

2s™* 2s

T 2s+1 n T 2s+1
T} = o - . 12
=0 (i) O((logn) ) (512

For the case 1 < p < 2, the repeated use of the fact that if B,D > 0 then I (|bjx| > B+ D) <
I(|bj | > B), allow us to obtain that

j1 29— 1y ¢ i 2-1 dlogn
<oy YL <|bjk|> “><OZZ <|bj,k|>2uf||oo\/ . )

Jj=ja k=0 j=ja k=0

J1 291

—-Pp
=02 Z 107,17 [0 l" 1 (!bgk\_p < <2Hf|! Vo log”> >

JJAkO

j1 29— 1 logn —-P
<03 521 (2es M)

Jj=ja k=0

17



(A) it follows that there exists a constant C' depending only on p, ¢, s and A such that

Since f € F,
27 -1 _
> bkl < c27P (5.13)
k=0
where s* = s+ § — % as before. By (b.13) we get
j1 29—1 ogn)_g
T2 S (logn) ”f”oo7 P Z Z T ’b] k‘p
nt"2
=ja k=0
(1 1—5 J1 1 -5
C (1l -0.0) LB 2 5™ e — 0 (LB, 2 mias
* j=ia e
r(s+3-3)

P_q _ __2s
n 2 n 2s+1 n 2541
=0 <10gn> <logn> =0 <<logn> ) : (5.14)

Hence, by (F10), (FI2) and (B1), T = O <($)—m

Now, set ja as before, then T can be split into 7" = Ty + T4, where the first component is

calculated over the set of indices jo < j < ja and the second component over j4 + 1 < j < j;. Then

ja 21 Slogn 5logn e
T <y > O | (bl <32 140711 (\/ 2% ] ) + =

Jj=jo k=0

ja 2-1 5logn 5logn 2 Ja 21y
3 3 (78 2t o ) o) 33
j=jo k=0 j=jo k=0

where we used that (B + D)2 <2 (32 + D2) for all B, D € R. Using the same property again, we
obtain the desired bound for 77"

ja ¥-1 dlogn 52 (logn) ja ¥-1 1
oY ( P2 ol >+c<o*>z s 1
J=jo k=0 Jj=jo k=0

C(nC*) i“: .

1
C(Ifll, o) == Z 2+ C (| flloe 8 1]l o

Jj=jo Jj=jo J=Jo
logn logn
C (16,0 B 20 1 0 (1l 8. i) LB 920
s s s s 2s5+1
To bound T4, we proceed as follows:
i 2-1 _2258«:1
" _ —2jas*) _ n
Iy < Z Z b= ( > 0 <logn> ’

Jj=ja+1 k=0



where we have used the condition (f.11]). Now remark that if p = 2 then s* = s and thus

2s* 2s
T 2sF1 n T 2sF1
T//: n — . .1
2 =0 <logn> O<<logn> ) (5.16)

If1<p<2,
ji 29-1
Ty = > bkl P bial” T (k] < 2¢50)
j=ja+1 k=0
. i 2
noord dlogn i dlogn logn P »
< D0 D Blflleef = 81l 2% 10l — = + 44/ = 16k
Jj=ja+1 k=0

2=p 51 291
_ 1
=<c<|rfuw,a>+4+c<ufuoo,uwuw,a>>2p( Og") ST bl
__r(e+d-3)

n .=
J=ja+1 k=0
1 %Tp 2s+1 _%
sk s+ s+
—o((282) " o) o | (L o (-2 . (5.17)
n logn logn

where we have used condition (5.13) and the fact that C. < y/logn for n sufficiently large, taking
into account that the constant C := C (C4, C2) does not depend on n. Hence, by (p.17), (6.16) and

_ 25
B17), 7" =0 ((%) ZSH). Combining all terms in (f.6), we conclude that:

2:0(( n >—22+1)
2 logn

This completes the proof. m

[Nl

E 8- B,

Lemma 5.11 Assume that f € F;, (M) with s > % + % and 1 < p < 2. Suppose that Assumptions

[, B and @ hold. For any mn > 1, define jo = jo(n) to be the integer such that 270 > logn >
200~ and j; = j1(n) to be the integer such that 2* > 2~ > 27171 Define the threshold &;, =

logn
2 [2 ‘ fn N <1 / (1_517)2 lEn 4 9% |l (l_éb)z loi") + loin} as in ([3.3) for some constants 6 = 6 and

be [%, 1). Let B 1 = (f,¥;r) and ij,n,(j,k) = 5§M <ng) with (j,k) € Aj, as in (B4). Take 8 =

) ; 1 K n
Bimdgmen, dBe = (B in saren, - Then i 1F = fullg < 31 loe and No < T2,

where K is a numerical constant and r is the degree of the polynomials, there exists a constant My > 0
such that for all sufficiently large n:

2s

—~ 2 n \ %1
s, ()~ ) =00 ()

ello-e. =2 ¥

(j,k‘)EAjl

uniformly over Fj (M).
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Proof. Recall that f, is the Ly orthogonal projection of f on the space P, of piecewise polynomials
of degree r on a dyadic partition with step 27/». The dimension of P, is N,, = (r +1)27». Let f,
similarly be the orthogonal projection of I, on P,. By doing analogous work as the one done to
obtain (b.§), we get that

~ 2
E|s-5 |, =T+ T+ (5.18)

270 —1 —~ s
where 77 = Z E (aj,r — ajo,k)2 do not depend on &;,,. Therefore, by (5.7), 71 = O (n_%“> For

T5 and T3 we have that

J1 29-1 9 ¢ é‘\
TQZZZE[(bj,k_bjk) { (‘bjk‘>53nv‘bjk’> ]n)+I<‘bjk“>§J7ﬂ‘b]k’§7>}]

and
j1 29-1

T3 = Z Z bjk [ <‘bjk‘ <5Jn’|b3k| < 25Jn> +P<‘b]k‘ < gjm|byk| > 2£jn>} .
Note that

Jj=jo k=0
N n £j7n
I |bjx|>&n, |bj,k| < Yo I

I ((Zj,k( < & bjl > 2@n> =1 (319’“ - bj”“‘ - %) ’

IN
S

ik — bj,k‘ > 57" ) , (5.19)

~ ~ ~ ~ b ~ ~ b,
and 1f(bj,k( < &n. |bjsl > 26, . then ‘bj,k < Bl and (bj,k —bj,k‘ > ‘bj,k‘—\bj,k\ > 1Bl Therefore

~ 2
ba <4 (bj,k - bapk) : (5.20)

Using (b.19) and (p.2()), we get

j1 291 . 2 6
T2+T3§ZZE{<bj,k—bj,k) (\bak!> M)}
j=jo k=0

ji 29-1

3 D BB (Il < 2650)

Jj=Jjo k=0

j1 29-1 R 9 N g
53 % E{(bj,k ~bi) 1 (‘bj,k e %)}

J=jo k=0
— T/ + T// + T///

Now we bound T"”. Using Cauchy-Schwarz inequality, one obtains

j1 29-1

T’”<5ZZE§[(M M)]Pz((bjk bjk\ %")

Jj=jo k=0
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From Lemma [. we have that for any y > 0 the following exponential inequality holds:

> i Cs -
P ([Bra—tsa] > 2071 (L + 201 L) + S ) <o 521

As in Comte [E], let

|f\| ’
with b € (0,1). Then, using that P (‘@w — bj,k‘ > B —|—D) <P <‘gj7k — bj,k‘ > B) for B,D > 0,
and taking x, = (6113%)2, one gets

P <‘/gj,k - bj,k‘ > %) < P <‘/gj7k — bj,k‘ > 2 ]?n - <H % +2% ”w”oo %))
<P <<‘/gj,k - bj,k‘ > 2‘ o (, / %" + 2% 191l o %)) | @n7b> P (©np)
2 ([ = vaa] > 2B (22421022 ) ) ena) Pet)

= PlP (@n’b) + PQP( %’b) .

F

In Comte [f] is proved that if ||f — fullo < 7/fll. then P <@fL b) < O (n™*) for the choices of

1>b~ %\/j =0.841 > 3 and N, < mlogn, where Kk = % is the numerical constant in the

hypothesis of our theorem. Following its proof it can be shown that this bound can be improved
taking kK = ﬁ and b as before (see the tree last equations of page 290 in [§]). With this selection of

k we obtain that P <@fL7b> < O (n7%). Using that P (6,;) = O (1) and P, = O (1), it only remains
to bound the conditional probability P;. On 0, the following inequalities hold:

‘fn <
o

Then, using (5-29) we get

~ dlogn dlogn —Sloan _
PISP<‘bj,k_bj7k‘>2Hf”oo (\/ B 128 [l ng )) < 2e7008™ = 270,

where the last inequality is obtained using (p.21)) for y = dlogn > 0. Hence, using that § = 6, we

get
<‘ka Jk‘ > £Jn> <0(n™).

(1 =0)[[flloo (5.22)

|l >
o

and

(L40) 1 fllo - (5.23)
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Therefore

J1 291 ) 4 L e = Jj1 279-1
TU/<5ZZE§[( >]P§<‘bj,k—bj,k‘>$>SCZZn_z
Jj=jo k=0 Jj=jo k=0
J _
= COn~? 21: 21 < 0 (n"%20") =0 (;;g;) <0 (n—2§i1> _
Jj=jo

1

Now we bound 7”. Let j4 be the integer such that 274 > <1L s 9dal then T' = TY + Ty,

ogn
where the first component is computed over the set of indices jy < j < j4 and the second component
over j4 +1 < j < j;. Hence, using Lemma [.§ we obtain

ja 271 L
e g o) v <0 () 0 (gfn) o) o)
J=jo k=0 i=jo

For T3, one has

J1 29-1 R 5 f
= Z ZE{<bj,k_bj,k) I (‘b] k’ > j2n @n,b>}

J=ja k=0
Jj1 29-1 N 9 f
D, E{(% - bj,k) I (Ibg K> 257 fw)}
J=ja k=0
= T2/,1 + T2/,27

Now we bound T2,,1- Using that on ©,,; inequality (5-29) holds and following the same procedures
as in the proof of Theorem B.3, we get

j1 29-1

2 n z n 1
T, < 3 S B (- bix) T [rbj,k\ >2(1=0)[|flls (@W 1¥]loo %) Ty Oin]
J=ja k=0

<< S5 (el > 20 -0 11 (22 +2E ol 22)) (5.24)

Jj=ja k=0
Jj1 29-1 2
TP - 2
4 nj:jA k=0 Hf||2 ( 6logn +22 HT;Z)H 6logn>
() b)n
201
< (”f” ) 2—2s*jA i Z 22js* ‘b ’2
4s+1 3,k
<\/—510gn—|— ]|, (1 — b)~ "  dnzein (logn)46+2) =7 k=0
2"
< O (2—28"‘]’14) = O n =
- logn ’
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where we have used that \/dlogn + ||¢], (1 — b) ! Snaeit (logn)% — 400 when n — 400 and
that condition (f.11)) is satisfied. Now remark that if p = 2 then s* = s and thus

2s
n _23+1
Ty, =0 <<10gn> ) : (5.25)

For the case 1 < p < 2, from (f.24) we have that

ji 29—-1 510gn 510gn
T21<—ZZI ikl > 21 fllo | A/ + 2% (|9 ~ M= byn

=ja k=0
C .71 2J 1 \/Tgn
< =
<% ZI il > 21l /02
Jj= =0
3 S - - logn -
< Z el sl <|bj,k| P < (2 17106 \/5T>
logn —E j1 29-1
Cledin s (E0) 7Y X il
Jj=ja k=0
2 g1 271 1—P
(logn)™2 logn) "2 __ . .
< (1og ) O (1 6,7) 50— z\bjk,p_ logm)' %,
nooz A k=0 n- 2

ya
2

-1 p( % __2s
<o (-2 . . (5.26)
- logn 10 log n ’ ’

__2s
where we have used condition (B.13). Hence T3 ; = O << = > 28“).

logn
Now we bound T: 2’72. Using Cauchy-Schwarz inequality, we have

Jj1 29-1
T i Tn, logn 1
T < P 2‘ n - 2 - "
heo) S z<|b]k|> Rl (2 2ol 22 ) 222 e ) JC
ji o291 X j1o29-1 n-1 ,
= _2 — S
<oy Tarben)zey Yotzo(5) <o (g ) <o (w ),
j=ja k=0 Jj=ja k=0

(5.27)
where we have used that E { <bj7k —gj,k)4} = O (n?) and that P < ;71)) < O (n7Y). Then, putting

_ 25
together (5:28), (F:2) and (F:27), we obtain that T3 = O ((L) 28+1>‘

logn
Now we bound 7". Set j as before, then T = T{' + T/, where the first component is calculated
over the set of indices jo < j < ja and the second component over j4 +1 < j < j;. Recall that
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§ 1
Ty = (1f%)2, then

Fo

ja 27-1 r
SNSRI AN

(22 IOg”D
J=jo k=0
ja 27-1 M log
<Y (rbj,k\g4 2(14+) Il (fw ol 22) + /2 D

J=jo k=0
ja 29-1
2
DD P
Jj=jo k=0
/! + T
1,1 1,2»

where we have used that given ©,,; inequality (£.23) holds. Now we bound T7';. For T}, we have

ja 29-1 2
Tn i Ty logn
TV =D D 0P { 1bial* <16 [2(1+0) £l <\/7+22 ||wuoo;)+\/ - ]
J=jo k=0
ja 29-1 " _ . log 2
<1 (1+0) oy 9% in
63 2 [2a+nlsl <~/n+ zuwuwn)+ n]
0

ja 2-1 ogn 2 ogn ogn
<3222< 1+ B2 I (—(“;n ol o )2)+1g)

Jj=jo k=0 n
IS <s<1+b> VI (M 204 1% “"g”>2> +1°g”>
i (1-0)°n (1—b)*n? no )’

where we have used repeatedly that (B + D)2 <2 (B2 + D2) for all B,D € R.
Then,

ja ¥ dlogn 52 logn logn
1220 Y Y (OOt (o + ke ) + <22

Jj=jo k=0
logn Ja, logn .
= Clflloo s 19 lloo ,0,0) —> D> 2 < C(Ifllaes 1%l - 6,b) 2
Jj=Jjo

1 __2s
:O<logn< n )2“'“):0<< n ) M), 5.28)
n logn logn

To bound T7’, we use again that P (631}) < O (n™%) and that condition (F-11]) is satisfied. Then

ja 29-1
5 < i d <t Z C27%5 =0 <n_62—2jos*) <0 (n). (5.29)
Jj=jo k=0 J=jo
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__2s
Hence, by (p.2§) and (p-29), T/ = O <<logn> 2S+1>. Now we bound T%'.

J1 29-1 a1 3
. iy . n 2s+1
e S S () s X im0 () <o (1)),

j=ja+1 k=0 Jj=ja+l k=0
where we have used again the condition (f.11]). Now remark that if p = 2 then s* = s and thus

2s* 2s

T 2sF1 n T 2sF1
T” — n = .
=0 <1ogn> O((logn) )

For 1 < p < 2, we proceed as follows.

Jj1 291
=2 2F [b?vkl <|bj”“| = 2577“’9"71)) + bl <|bj,k| < 2%jn; Z,b)]
j=ja+1 k=0
S s z j x logn
n 2z n
<> Y E (\bj,kr <4 <2<1+b> 11 <\/7+2z Il 22) + /2 ))]
j=ja+1 k=0
Jj1 27-1 , R logn c
Jj=ja+1 k=0 o0
51+ Too,

where we have used that on 0, ; inequality (5.23) holds.
Now we bound T3';.

j1 29—1
_ logn
> X bl p|bj,k|f”f<|bj,k|38<1+b> 151 (422 + 28 Mol 22 ) + 4/ )

J=ja+1 k=0
i 29-1 2 p
dlogn i1 [l 01logn logn
< 8(1+0) [ flloo < + 22 0 +4 10 [P
j=%:+1 kZ:O ( (1-b)%n (1-b)*n n J
S WH logn logn »
< D > (CUfle-b) (1 R b
j=jat1 k=0 ) )

/logn a2 log n 3r .
<O (IF o b0, 140 100)* 77 ( n ) Yo Y sl <o (( n > 27 )
j=ja+1 k=0
1 2—p _p(s+%—7%) __2s
2 2s+1 2s+1
n logn logn

where we have used that condition (5.13) is satisfied. To bound T3, we use again that P (92,17) <
O (n~°) and that condition (F.11]) also holds. Then, from (B:29) we get

J1 27 -1
< S S P (eg,) <n S Z C27 =0 (n027 ) <o (7). (5.31)
J=ja+1 k=0 Jj=ja+1
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__2s
Hence, by (5-3(0) and (5.31), 7”7 = O <(logn) 28“). Combining all terms in (p.1§), we conclude

that:
2:0(( n >_22—+1>
2 logn

This completes the proof. m

E|8- 5,

5.4 Proof of Theorem B.1]
First, one needs the following proposition.

Proposition 5.12 Let 3, = (f,¢;x) and Zi\j,k = (In,vjk) with (j,k) € Aj,. Suppose that f €
Fy, (M) with s > 1/p and 1 < p < 2. Let My > 0 be a constant such that M1_1 < f < My (see
Lemma B.7). Let ej, = 2M7e*n 1 Dj Aj, . If €5, <1, then there exists 0%, € R#Ai1 such that:

<fj1,e;f1,¢j,k> = (f,¥jr) = Bjx for all (j,k) € Ay

Moreover, the following inequality holds (approzimation error)
My .
A(fif0) < e D3,

Suppose that Assumptions [] and [} hold. Let Njrn = 4M1262'Yj1 +2€5 +2A?1#. Then, for every A > 0
such that A < 77]_1111 there exists a set Qy, 1 of probability less than Mo\~ where My is the constant
defined in Lemma [5.8, such that outside the set Q1 there exists some @\n e R#*Niv which satisfies:

(£ i) = (s k) = B for all (j k) € Ay,

J

Moreover, outside the set Qy 1, the following inequality holds (estimation error)

: i+ei+1 #A]
A <fj,9;7fj7§j) < 2MieVi T M2)\Tl_

Proof. Approximation error: Recall that 3;;, = (f,¢;k) and let § = (ﬁj7k)(j Men, - De

J1

fine by g5, = Y. 0jx¥;r an approximation of g = log(f) and let Gy jx) = <fj179j1’¢jvk> =
(Lk‘)EAjl

(exp (g5,) , ¥j k) with 8, = (ej’k)(j7k)eAj1 and Gy = (507(j,k))(j7k)€1\j1. Observe that the coefficients
Bik — Bo,.k)» (4,k) € Aj,, are the coeflicients of the orthonormal projection of f — fj1,6j1 onto V.
Hence by Bessel’s inequality:

2 2
Hﬁ_ﬁOHQé Hf_fjvejHLQ'
Using Lemma p.] and Lemma 2 in Barron and Sheu [J], we get that:

2
Hﬁ—ﬁo\l% é/(f_fjvejfd/‘SMl/Wd,u

a5 [ (s (1)) o

< MEePo=9illw || g _ng2Lz _ MfemD?-
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Then, one can easily check that
b= (Hlog(f“ 911)“ ) < Mjeln.

Thus the assumption that €;, < 1 implies that the inequality || — Boll, < Mie¥1D; < ﬁ is
1

satisfied. Hence, Lemma @ can be applied with 0y = 0;,, 5 = [ and b = exp (‘ log (fjhgjl) H >,
o0

which implies that there exists 07 =6 (8) such that <fj1,9;1,1/1j7k> = B for all (j, k) € Aj,.

By the Pythagorian-like relationship (B.J]), we obtain that A < e fj,9;> < A ( e fj79j). Hence,
using Lemma .4, it follows that

NIPRPENECO T <ﬁ>>2dﬂ

My 1o (f)—log( f;.e

. 716H s()=tog(fi0; )| / log (f) —log (f;0,))" dx
Jy; | M,

_ 71€||g—gg||w lg — g;112, = 716731)]2..

which completes the proof for the approximation error.

Estimation error: Applying again Lemma [.§ with 6y = 0%, Bo,gik) = (fir.00: Vi) = Bk, E = B,
where Zi\ = (gj,k>(j7k)€1\jl, and b = exp <Hlog (fj1,€;1> HOO) we obtain that if HB— ﬂHz < ﬁAj then

there exists 5]-1 =40 (E) such that <fj1 , ,¢j7k> = Bj,k for all (5, k) € Aj,.
1

Hence, it remains to prove that our assumptions imply that the event

1
5 S m holds

with probability 1 — MyA~!. First remark that b < M;e% % and that by Markov’s inequality and
Lemma p.§ we obtain that for any A > 0

#Aj, o1
n - )\ #Aj,

p[5-al = #0) < L m i o < e

-~ 2 )
Hence, outside a set €2, 1 of probability less than M)\~! then Hﬂj — 6]-H2 < )\#. Therefore, the

1
condition Hﬁg - ﬁj”2 < ﬁ holds if <)\ #04) ) ’ < ﬁ, which is equivalent to 4€2b2A?)\$ <1.
This last inequality is true if n;,, = 4MZe?it2 +2A2 #A“ < 1, using that b? < MZe?it2,

Hence, outside the set €2, 1, our assumptions 1mply that there exists Gjl =0 <B> such that

<f]1 9}1,% k> = BJ i for all (j,k) € Aj,. Finally, outside the set €2, 1, by using the bound given in
Lemma f.6, one obtains the following inequality for the estimation error

#Ah

A <f179§;fj,§j) < 2Mle’7j+€j+1)\ -

which completes the proof of Proposition 5.13. m
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Our assumptions on jj(n) imply that %nﬁ < () < nﬁ Therefore, using Lemma .3, one
has that for all f € F5,(M) with s > 1/2

1-2s

3(25+1) 1
le(n) S C(’n,2(2s+1)7 A ) S C’fn‘2(2s+1)7 D

i1 (n) < Cn~ 2541

Ji(n
where C' denotes constants not depending on g = log(f). Hence,

_ L 2 2y, (m+1 —
nEI—ir-loo €j1(n) = nEI—Ti-loo 2Mienm Ajl(”)Djl(”) =0,

uniformly over F3o(M) for s > 1/2. For all sufficiently large n, €
b.13, there exists 05 ) € R#%1m such that

i) < 1 and thus, using Proposition

Ml ) — 28 s
A (f; fj,(?}l(n)) = 76%1(") D5 ) < Cn 2+ for all f € Fyo(M). (5.32)

By the same arguments it follows that

#HA
i . = i 2275, (n) +2€5, (n) +2 42 Ji(n)
n—>hlfoo RO n—>hl}rloo AMe™n ' Afi ) n

=0,

uniformly over F3o(M) for s > 1/2. Now let A > 0. The above result shows that for sufficiently large
n, A < nj_l%n) ,,» and thus using Proposition it follows that there exists a set €2, 1 of probability

less than MoX\~! such that outside this set there exists §n € R#*M1m which satisfies:
#Nj ()

< Can~ o, (5.33)
n

i1 (n) T€5; (n) 1
A (fjl(n)’e;l(n);fjl(n)A > < 2M1€731( )T ()t Mo

»Un

for all f € F5,(M). Then, by the Pythagorian-like identity (B.1) it follows that outside the set Q,, 1

A <f; fjl(n)@L) =a <f; fjl(")vei(m) tA <fj1(")’9§1<n>; Tim > ’

J1(n)

and thus Theorem .1 follows from inequalities (5.39) and (.33).

5.5 Proof of Theorem 3.3

First, one needs the following proposition.

Proposition 5.13 Let 3 := (f,¥;x) and B&j,n,(j,k) = 0g; <B]k) with (j, k) € Aj,. Assume that

fery, (A) with s > 1/p and 1 < p < 2. Let My > 0 be a constant such that M1_1 < f < My (see

Lemma 7). Let €j, = 2MZe*'n 1D, A; . If ¢;, < 1, then there exists 07, € R#Ai1 such that:
(F5, 03k ) = (F0ik) = B for all (k) € Ay,

Moreover, the following inequality holds (approzimation error)

A <f;fj,9;) < %e”Df-

28



__2s
Suppose that Assumptions [ and B hold. Let n;, , = 4MEe*1h Jr2€J’l“A?l <logn> ** . Then, for
every A > 0 such that A < 773_1111 there exists a set €, 2 of probability less than M3\, where M3

is the constant defined in Lemma [5.10, such that outside the set €, o there exists some §n e R#*Mi
which satisfies:

(F1 i) =0y, (Bik) = Bey iy Jor all (k) € Ay,

Moreover, outside the set Qy 2, the following inequality holds (estimation error)

2s

) < IMyetatI) <L>_“1 .

<f] b f] logn

1, 7L7€gn

Proof. Approximation error: The proof is the same that the one of Proposition p.13.
Estimation error: Applying Lemma @ with 6y = 9;1, 507(]-714) = (fir.00:Vjk) = Bjk, B = 55]»,,17

where ng,n = <B§j’m(]‘,k))( ,and b = exp <Hlog (fj1,9;1> HOO> we obtain that if ‘Egm - ﬁHz <

ﬁAj then there exists é\jl =0 (st,n) such that <fﬁ7TJ1’5] ,1/1]-7k> = Bﬁj,n,(j,k) for all (5,k) € Aj,.

.77k)€A]1

, < 7y holds
with probability 1 — M3A™!, where 3 = (ﬂj7k)(j K)EA,, " First remark that b < M71€%7% and that by
’ 1

Markov’s inequality and Lemma, we obtain that for any A > 0

__2s _2s
P (o2 () ™) < 5 (i)l -]

_2s __2s
é % n 2s+1 n 2s+1 S Mg)\—l
A \logn logn

R 2 __2s
Hence, outside a set 2, 5 of probability less than M3\~ it holds that Hﬂgm — 6”2 <A (bZn) e

Hence, it remains to prove that our assumptions imply that the event Hﬁgm - B

__2s
Therefore, the condition Hﬂgm — ﬂH < 2ebA holds if <)\ <10gn> zs+1> < ﬁAjv which is equivalent

2s 2s

to 46262A?)\ (logn> > < 1. This last inequality is true if n;, = 4M7e 2VJ+2€J+2A2 (logn) B <
using that b% < MZe?it2e,

Hence, outside the set 2, 2, our assumptions imply that there exists §j1 =40 (Zi\gj’n> such that

1
A

<fJH€ ¢ ,1/1j7k> = ﬁgj Gk for all (4,k) € Aj,. Finally, outside the set €, 2, by using the bound
1,051 585,n R ’
given in Lemma .6, one obtains the following inequality for the estimation error

__2s
HT e+l n ot
ke 1 < Vi€
A (f]’9j7 jvejvgj,’rL) < 2Me A (]ogn>

which completes the proof of Proposition f.1J. =
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Our assumptions on ji(n) imply that S < 971(n) < o Therefore, using Lemma b.d, one

— logn
has that for all f € FJ (M) with s > 1/p

1 1 .
n _<S_¥) n \?2 n \ °
Vj1(n) <cC <logn> ) Aj1(") < <logn> ) Djl(") <C <logn> )

where C' denotes constants not depending on g = log(f). Hence,

lim €i1(n) = lim 2M12€2ﬁ/j1(")+1Aj1(n)D

n—-4o0o n—-—+o0o

i) =0,
uniformly over F; (M) for s > 1/p. For all sufficiently large n, ¢;

p.13, there exists 0 ) € R#A1(m such that

j1(n) < 1 and thus, using Proposition

n

M —2s
A (f;fjl( ), > < Te%l(sz( ) < C( ) for all f € FJ (M).

Jl(n)

logn

Now remark that if p = 2 then s* = s > 1 (by assumption), thus

() -0 () ") 2o () )

If 1 < p < 2 then one can check that condition s > 3 + L jmplies that 2s* >

28+1, hence

2s
n \ T
et <0((2) ).

By the same arguments it follows that

__2s

. ) ) n 2s+1
lim (o) = lim AMP0me btz ( > -0

n——+00 logn

uniformly over F;j (M) for s > 1/p. Now let A > 0. The above result shows that for sufficiently large
n, A < nj_l%n) ,,» and thus using Proposition it follows that there exists a set €}, o of probability
less than M3A~! such that outside this set there exists §n € R#X1m which satisfies:

2s
) . . HT N < i (n)+5 (n)+1 n 2s+1
A <f‘]1(n)’9j1(n)’ fjl(n),enygj,n) —= 2Mle 1 71 )\ <10g n (535)

for all f € FJ (M). Then, by the Pythagorian-like identity (b-1) it follows that outside the set Q,, o

HT _ . f § . . - fHT
<f f 9n7§3 n) o A (f’ f‘yl(n)’ejl(”)) + A (f‘yl(n)’ejl(n)7 jl(”)venfj,n) ’
and thus Theorem .9 follows from inequalities (f.34) and (f.35).

5.6 Proof of Theorem B.3
The proof is analogous to the one of Theorem B.9. It follows from Lemma [f.1]).
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