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ABSTRACT
Capability indices measure the performance of a process. Although process yield is the

primary focus on the performance criteria, the C_(u,v) indices combine process yield and

process centering. With this compromise, there is no direct link between the process yield and
these indices, but literature provides lower and upper bounds for the process yield. However
errors in the proposed results limit the knowledge of these bounds to a few special cases. In

this paper we give these bounds for any C_(u,v) index, allowing the user to choose the index
which best suits his needs. An application on high-tech paint is also presented.
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1. INTRODUCTION

Process capability indices are widely used in manufacturing industries to measure the ability
of a process to realize items that meet the tolerance limits [L;U ]. The original reasons for

introducing capability indices seem to be associated with the expected percentage of
conforming items, that is, the probability of obtaining a value inside the tolerance limits. The

first generation C | and C, indices were defined in this objective. However these indices did
not measure process centering, that is, process capability relative to T, the target value, and
did not encourage process optimization. For this reason the € and C_ , indices were

introduced. In order to generalize the four basic capability indices ¢ , ¢, , C, ,and C

Vannman (1995) proposed a superstructure containing these four basic indices as

pmk ?

d-u |,u - m|
3\/02 v(g-T)
where x and o are the mean and the standard deviation of the variable of interest, m = (L +
U)/2 is the midpoint of the tolerance interval, d = (U —L)/2 is the half-length of the

tolerance interval, and u and v are two non-negative parameters. However, if indices C (u,v)

are well adapted to the case of symmetrical tolerances (T = m), they have some undesirable
properties when the tolerances are asymmetrical (T = m) (see Boyles (1994)). To overcome

C,(uv)=
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the problems with asymmetric tolerances, and to generalize the family C (u,v) to the case
T = m, Chen and Pearn (2001) suggested to use the family

d —uA” | )
3o 2 +VA®
in which A=max{d(u—-T)/D,,d(T -u)/D,}, A =max{d (u-T)/D,.d" (T -u)/D,},
D,=U-T,D,=T-L,and d" =min{D,,D,}. The family C_(u,v) has an obvious interest

since the choice of u and v allows to attach more or less importance either to the process
yield, or to the process centering, which are the most important criteria to measure the process
performance. However in order to enable the user to understand what these indices mean, it is
necessary to explain the links which join the indices, the process yield and the process
centering. Links between capability indices and process centering are known and given in the
most widespread form by Chen and Pearn (2001). Links between capability indices and
process yield have only been partly studied. See Juran, Gryna and Bingham (1974) for C ,

Boyles (1991) for C , , Boyles (1994), and Ruczinski (1996) for C  , Boyles (1994), and
Chen and Hsu (1995) for c ., Pearn and Chen (1998), Pearn, Lin and Chen (2004), and
Chang and Wu (2008) for C, , Pearn, Lin and Chen (1999) for C,
(2001) for C_(u,v) . However some of these studies include errors or inaccuracies. Thus the

C (u,v)=

and Chen and Pearn

pmk ?

purpose of this paper is to specify the relations between the C (u,v) indices and the

percentage of conforming or nonconforming items, and this for any u, v > 0. In the following
section, the results found in the literature are recalled and the cases that have not been studied
accurately are brought to the fore.

In section 3 we state several lemmas that will allow, for a given value of C (u,v), to study
the variations of the conforming items proportion depending on the position of the mean
process. In Section 4 we give the results of our study with six theorems specifying the
minimum and maximum values of the proportion of nonconforming items. Finally in the last

section we provide an example to show how the results obtained can be applied to a real
industrial application.

2. EXISTING RESULTS

In this section, we recall the existing results concerning the links between C_(u,v) or
C,(u,v) indices and the process yield. These studies consider the most usual case where the

variable of interest is normally distributed. In these conditions, the process yield, which we
note Yield, is represented by the relation

Yie|d:(D((U—,u)/O')—q)((L—/J)/J), 2
in which @ is the cumulative function of the standard normal distribution. The user often
prefers using the nonconforming items proportion, which we note NC, and which is obviously
defined by the relation NC = 1 — Yield.
For C,=C,(0,0)= (U - L)/60 , first index introduced by Juran, Gryna and Bingham (1974),

we have 2@ (-3C ) < NC <1, the lower bound being reached only when the process is well
centered, that is to say when g is on m.



For C,, =C,(1,0)=min((U - x)/30,(u-L)/3c), index which takes into account the
position of the mean inside the tolerance interval, we have @(-3C ,)< NC <2®(-3C,,)
(Boyles (1991), Kotz and Johnson (1993)) .

For c,, =C,(0,)=(U - L)/6+Jo’ +(u~T)> , and under the usual assumption that T =m,
Ruczinski (1996) shows that when C  <1/3 then 2&(-3C, )< NC <1, when C  =1/3

m

then 2@ (-3C ) = 2@ (-1) < NC <1/2, when 1/3<C, <1/+/3 then 0< NC <M where M

m

is the solution of an equation which can be solved numerically, and finally when C > 1/3,
then 0< NC <2®(-3C,,).

Forc,, =C,Ly=Cc,C_  /C_,wehave 0<NC<2d(-3C, ) (Boyles (1994), Chen and
Hsu (1995)).

Generally, when the tolerances are symmetrical, Vannman (1995) proposes the family
C,(u,v), where uand v are two positive or null parameters. Kotz and Lovelace (1998, p.184)

indicate that NC < 2d(-3C, (u,v)) for all u and v, without taking into account the restrictions
specified by Ruczinski (1996) for C, =C(0,1). Theorems 4, 5, and 6 will prove that this
result is inaccurate when 0 <u <1 and (u,v) = (0,0).

For asymmetrical tolerances, Chen and Pearn (2001) propose the family C_(u,v). To study
the process yield, these authors use the index
S =3O {(1/2)D((U - p)/ o)+ (1/2)@((u — L)/ o)} suggested by Boyles (1994) which
is directly related to the proportion of nonconforming items by the relation NC = 2®(-3S ).
After graphically noticing that C (u,v) <s _, they conclude that if C_(u,v) =c, the process
yield must be no less than that corresponding to s =c. In other words, the proportion of
nonconforming must not be greater than 2d(-3C _(u,v)). However it is possible to find
values for which C_(u,v) > s, which thus do not allow to obtain an upper bound of NC. For
example, when (L,T,U)=(26,50,58), x = 59.3, o = 0.643, we have C;(o.s,l) =0.06 and
S, = 0.009. In these conditions, the proportion of nonconforming is equal to 0.98, a quantity
which is not lower than 2 (-3C_(0.5,1)) = 0.86.

In the particular case where (u,v)=(,1), Pearn, Lin and Chen (1999) show that
NC <2®(-3C, ) supposing that ¢ <c_ . . However it is possible to find values for
which c;m >C,. - For example, when (L,T,U)=(26,50,58), u = 49, o = 0.5, we have

k

C,=307 andC_, =2.68.
In the particular case in which (u,v)=(,0), Pearn and Chen (1998) use the fact that
C, < S, Without proof, to show that NC <2a(-3C ). However, later, Pearn, Lin and
Chen (2004), or Chang and Wu (2008), obtain a different result

NC <2-[®(3C, /min{L,r}) + ®(3C , max{l, r})], 3)

where r=D, /D, .



As we have just seen, the results evoked in the literature concerning the links between
capability indices and process yield include some errors or inaccuracies. In the following
section we give some necessary lemmas for a proper study of these links.

3. PRELIMINARY LEMMAS

To take into account the position of T in the interval JL;U[, we note T =m+5d where
5 e]-11] . Assuming that d, =d /D, ,and d, =d /D, we have

d, =1/(1-5), (4)
d, =1/(1+9), (5)
and d /d=1-|6]. (6)

To take into account the deviations of x, we assume that « =T +Ad where A is unspecified.
Links between capability indices and centering are given (Chen and Pearn (2001)) by the
relation

(1_R)D| (1_R)Du

T- - <pu<T+ - , 7
3VC (u,v) +u(L-R) 3VC ) (u,v) +u(l-R) ()
inwhich R=|1—r|/(1+r).Since 2 =(u-T)/d and d"/d =1- R, the relation (7) can still
be written in the form
1 = ﬂ“min < /I < ;)’max = l (8)

d,(Wd /o, +u) d (Wdio,+u)’
where o =d " /(3C(u,v)) . Although it is not specified by the previous authors, note that the
relation (7) is true for c;(u,v) >0, and (u,v) = (0,0). When (u,v) = (0,0), the relation (8)
remains true assuming that 2 . =-« and A, =+« . Thus in the following we assume that
C,(u,v)>0 and u,v>0. For given C,(u,v), the relations (1) and (2) show that o and Yield

are functions of 4, thus of 1. So, for given C (u,v) , our purpose is to study the extrema of the

process yield according to the values of 4 defined in the relation (8). Since C_(u,v) is written
differently depending on the sign of x-T, the extrema of the Yield function are to be

searched separately in the intervals ]2 ;0] and [0;4,,[. Lemmas 1 and 3 give expressions

max[

of oand Yield in these intervals. Lemma 2 will allow us to study the behaviour of the Yield
function at the bounds of these intervals. Lemma 4 concerns the sign of the derivative of the
Yield function which will enable us to obtain the extrema of this function in section 4.

Lemmal:

X

jau(/l) =(os@-uad))’ —v(,wlolu)z)l/2 if 0<A<2a,,
o =

if 2. <A<0

[0,(2) = (20~ uAd,)? - v(add,)?)"’ N
Proof :
If 0< 4 <4,,,then C’(u,v)= d*(l—uldu)/(B(af(ﬂ)+v(ﬂddu)2)l/2) ,thus o, (1) .

If 4, <2<0,then C’ (uv)=d 1+ uﬁdl)/(S(o-f(/l)+v(idd|)2)l/2), thus o, (1).

n

Lemma?2:



If (u,v)=(0,0), then llirﬁn o, (A) = Alirﬂn o, (A)=0

Proof :
Let (u,v) = (0,0) . According to (8) and lemma 1, we have
Jim o (/1)_H/[dul(ifrawu)](aj(l—u,zdu)z_V(addu)z)l/z
2 2 1/2
( [ 1 ( 1 y V)
= -u -V
LG"L d (vd /o, +u) J Ld(\/_d/cr +u) JJ
2 2\Y2
(( fa Y ( Ba ) \|

=0

:u\/\Td/aOHJ L«/_d/o- +uJ )

It is the same for &, (1) .

Lemma3:
a) If (u,v) = (0,0), then

jFu(l)=CD(d(l—c?—l)/au(/l))—tb(—d(1+5+/1)/o-u(ﬂ,)) if 0<A<A4,,
Yield = F (1) = .
LF,(A):CD(d(l—é—/i)/al (A))-®(-d@+5+A)/o, (A)) if A, <A<0

b) If (u,v) =(0,0), then
Yield =F (1) =@ (d(1-6-2)/0,)-®(-d(1+5+1)/0o,), forany 1 e |-, +oo[ .

Proof :
Since u=T+Ad and T=m+5d,wehave U —uy=d(1l-6-4), and L—u=-d@Q+5+ 1),
thus the lemma from (2).

Lemma4 :
a) If (u,v) = (0,0), then F, (1) has the sign of

Q,(A) =q,(A)+vAd?d} — (k, (1) + (6 + A)q, (A) + svAd*d}) tanh(d * (5 + A) /o 2 (A)) ,
where k, (1) = o.(1-uad,)’ and q, (1) =ud,o; (1 -uid,) .

b) If (u,v) = (0,0), then F, (1) has the sign of

Q,(A) =q,(2) +vad?d? - (k,(A) + (5 + 2)q,(A) + svad ’d ) tanh(d *(6 + A) [ o 2 (A)) ,
where k, (1) = o @+uad,)’ and q,(1) = —ud,c(L+uid,).

c) If (u,v) =(0,0),then F'(2) has the sign of Q (1) = —sinh(d’(s + 1)/ c?).

Proof :
a) From lemma 3, we have F, (1) = ® (v, (1)) - ® (¢, (1)), Where

w,(A)=dl-6-A)lo,(2),and ¢, (1) =-d@+5+2) /o, (4).

Fromlemmal, o (1) =-(ud, o (1-uid,)+vid®d?)/o (1), thus

. (A)=[-do,(A)+d@1-6 - A){ud,c’(1-uldd,)+vid’d’}/ o, (A)]/c’(A)
=[-dol(A)+d@-5-2){ud,c;@-urd,)+vAid’d’}]/c’(2).

From lemma 1, we obtain

. (2)=[-d{ci(l-uad,)’ —v(Add )’}+d(1-6 - 2){ud,c.@1-uad,)+vad’d’}]/c’(A)
=d[-o@-uAd,) +(@1-6 - A)ud,ci@-uid,)+@Q-5)vAd’d2]/a’(A)



=d[-k,(A)+ Q-6 -2A)q,(A)+ @-8)vAd?d /i) .

p,(A)=[-do’(A)-d@+6+ A){ud,ocl(l-uad,)+vid’d’}]/c’(A)

=—d[ol(l-uAd,)* —v(Add,)* + @+ 5 + 2){ud, o (1-uid,) +vAid’d }1/c’(2)
=—dlo;@-uAd,)  +(@+S +A)ud,o (L-udd,)+ (L+5)vad’d 1/ o’ (A)

= —d[k,(A)+ @+ 5+ A)q, (A1) + @+ )vad’d 1/ a’(A).

Consequently,

F (1) =@ (v, ())y,(2) - @ (9,(2)9, (1)

— (27[)71/2e*(d(lffff/l)lﬁu(/1))2/2l//L'J (/1) _ (2”)—1/2e*(d(1+5+/1)/a.,(l))Z/Z(oL'J (/1)

_ (2”)—1/2e—dz(1+<c>‘+4)2>/(2cr§<z>>ed2(a+4‘)/a§(4)w; (1) - (27[)—1/2e—dz(1+(5+z)2)/<205(4))e—d2(«M)/a§(z)(p; (A)
_ (2”)71/2e—dz(uwmﬁ/(zaf(z))[edz(mwlafu)% (1) - e—dzwmwof(m(p; ()]

= (27) Mg O WA @ () [e"zw*”’“f“)d (—k, (A) + (-5 — A)q, (A) + A-5)vad2d2) /o 3(2)
4o ORI A G (k (A)+ L+ S+ A)q, (A1) + L+ S)vAd zdf)/af(/l)J
—d (2”)—1/2%—3(A)e—dz(1+(z>‘+z)2)/(2crf(ﬂ)) [(edzwwlcfu) + e’dz(““"’”z”))(qu(ﬂ) +vad 2duz)
_(e" I g @I My (k (1) 4 (8 + 2)q, (A) + SvAd 2o|j)}

= d\2z et (e DR Y
x [(qu (A)+vad?®d?)cosh(d*(6 + A)/ ol (A))
—(k, (A) + (8 + A)q, (1) + SvAd *d ?)sinh(d * (5 + 4)/05(1)”

= d2z 0P (A)e " I cosh(d? (5 + 2) 1 o F (A))Q, (A) -

Now d\/Eﬁ’”zau’a(ﬂ)e“’2‘“‘5*“2”‘“5“” cosh(d?(5 + 2) /o (A))>0. Thus F (1) has the sign
of Q,(1).

b) The proof is similar for F, (1).

c) If (u,v) = (0,0), from the lemma 3,

F(A)=—(d/o)[®(dL-5-2)/0oy)-D'(~d 1+ 5+ )/ o,)]

e—(d(l—&—l)lao)zu - d(l+5+/1)/ou)2/2]

=—(d/o-0)[(2ﬂ_)—1/2 _(27[)71/2e (

=—(d/oc )(27[)-1/2e*dz(1+(5+/1)2)/(20§)[ed2(5+z)/a§ _e—d2(5+/1)/a§]
0
2 2 2 , ) , ,
= —(d /oy )2z e @O NI sinh(d? (5 + A) [ 02) = dN2x 2o te NI (g,

Now d~/27 2t @+ @»/e0) 5 o thus F'(1) has the sign of Q(1).

4. EXTREMA OF NONCONFORMING ITEMS PERCENTAGE

The following sub-sections explain the behaviour of the functions Yield or NC, more precisely
the existence of maxima and minima, by distinguishing the various situations depending on
the u and v values.

4.1. Case (u,v)=(0,0)



When (u,v) =(0,0), we have C_(u,v)=C_(0,0)=C .
Theorem 1 :
20 (-3C, /(1-|5)) < NC <1,
Proof :
From the lemma 4, F (1) has the sign of Q(1) = —sinh(d*(s + 1) /o).
>0 if A<-48
Thus F (1) J:o if 1=-6.
t< 0if A>-6
Consequently F(4) has a uniqgue maximum at 2 =-¢6, and this maximum is equal to

F(-6)=2® [3;—*0;)—1 =20 (3C, /(1-|5))-1, from (6). On the other hand,

lim F(4) = lim [®(d(L-6~2)/0,) =P (~d L+ +2)/7,)] = D (-0) - D (-0) =0,

A=+

lim F(4) = lim [®(d(L-5~2)/0,) =@ (~d(L+ 8+ 2)/7,)] = D (+0) ~ D (+0) = 0.

A= -

Thus 0< F(1) <20 (30; A6 |))—1 ,and the theorem since NC = 1 — Yield.

Particular case: If T =m, we have 6 =0, C_=C_, thus 2(D(—3Cp)< NC <1, result well
known, given for example by Pearn and Kotz (2006, p.9).

4.2. Case (u,v) =(1,0)

When (u,v) = (1,0), we have C (u,v)=C (1,0)=C,,.
Theorem 2 :
cp(—3c;k(1+|5 N/(l-15]))<NC < @(—3c;k)+q>(—3c;k(1+ |5 |)/(1—|5|)).

Proof :
If (u,v)=(0),from(8), -1/d, =4,

- Let 0<a<1/d,. We have Q,(4)=q,(2) - (k,(2) + (6 + 2)q,(A)) tanh(d*(5 + 1) a2 (A)) ,
where k, (1) = (1-2d,)* and q,(1) =d cZ@1-Ad,).

Q,(A) =d,o;(1-4d,)-{o;(1-2d,)* + (5 + A)d, o (1-Ad,)}tanh(d*(5 + 1)/ 5 (A))
=oi@-2d)[d, —{@-2d,)+ (5 + 2)d Ytanh(d*(§ + 1)/ & (2))]

=oi@1-2d)[d, -@+ad,)tanh(d* (5 + )/ o2 (A))]
=ol(l-Ad,)d,[1-tanh(d*(s + 2) /a2 (2))], from (4).

Now 0 < tanh(d*(5 + 4) /o (1)) <1,and 1- Ad, >0, thus Q,(4) > 0, and from the lemma 4,
F,(4)>0,when 0< 1 <1/d,.

- Let —-1/d, <2 <0. We have Q,(4) =q,(2) — (k,(A) + (5 + 2)q,(A)) tanh(d * (& + A) [ o[ (A)),
where k(1) =o; @+ Ad,)* and q,(1) = —d,o (1 + Ad,).

Q,(A) = —d, oA+ Ad)—{oi@+ Ad)* = (5 + A)d,0; 1+ Ad,)}tanh(d* (5 + A) [ o[ (A))

= o L+ Ad)[-d, +{-@+2d,) + (5§ + 2)d, }tanh(d* (5 + 1)/ o} (A))]

= o @+ Ad)[-d, + (-1+&d,)tanh(d*(5 + 1)/ o} (1))]

=—d,o, (1+Ad,)[1+ tanh(d*(5 + 1)/ o} (4))], from (5).

<A< A, =1/d,.



Now 0 < tanh(d*(s + 1)/ o /(1)) <1, and 1+ Ad, > 0, thus Q,(4) < 0, and from the lemma 4,

F, (1) <0,when -1/d, < 1 <0.

From the study of F (1), it results that F(1) has a minimum at 2 =0, that is to say at

u =T ,equal to

FO=F0)=F@0)=0d1-0)/0,)-®(-d1+95)/0,)

= ®(3C,(u,vV)1-8)IA-]5]))- @ (-3C, (u,v)(L+5)/(1-]5])) from (6). Thus
F(0)=®(3C,(u,v))-@(-3C,(u,v)L+[5)/QA-]51]))- 9)

So, for (u,v) = (1,0), we have F(0) =@ (3C, )-®(-3C, (1+[5 ) /(1-|51).

From the study of F (1), it results that F(4) has a maximum when 2 —» 2, or A — 4,

equal to max(lliﬂn Fu(/l),}lirln Fl(ﬁ)) . Now when (u,v) = (1,0), from lemma 1 and (4),

o,(A)=0c,1-2d,)=0,d,A/d, —2)=c,d, (1-5-1),thus

1-5-2)o,(A)=1l(c,d,), (10)
and from lemma 1 and (5),0,(1) = o,(1+ 4d,) =0c,d,(1/d, + ) =o,d,(1+ 5 + 4) , thus
L+5+A)lo,(A)=1(c,d,). (11)

From (6), (10) and (11), and from lemmas 2 and 3, we have
I|m F,(4) = lim q>(d(1 §=2)o,(4)- lim CD( d(l+6+ )/ o, (1))

:CD(d/(G ))—(I)(—oo):(D(BC (/d,)d/d )): (3c (1—5)/(1—|5|)),
I|m F(/l)_ lim @ (d(1-6-2)/0,(2))- lim &(-d(1+5+2)/0,(2)

=q>(+oo)—cD(—d/(O'0 ) =®(3C, (1/d,)(d/d"))=d(3C, (1+8)/(1-]51).

Finally F (1) has an upper bound equal to

max(m(sc;k(l—a)/(l—m|)),q>(3c;k(1+ 5)/(1—|5|))) =®(3C,, (1+]5 /- |51])-
Consequently @ (-3C, (1+[5 ) /(-5 )) < NC <@ (-3C )+ @ (-3C,, (1+[5 ) /(A-|5).

The upper bound given in Theorem 2 is identical to the one given by Chang and Wu (2008) in
the expression (3). To reach that conclusion, we just need to observe that r = 1+ 5)/(1- ) .

Particular case : If T=m, we have 6 =0, thus ®(-3C )< NC <2®(-3C ), result well
known, given by Boyles (1991).

4.3.Case (u=1,v>0),and u>1

Theorem 3 :
When u =1 and v> 0, or when u > 1, we have

0<NC <®(-3C, (u,v))+®(-3C,(u,v)I+|5)/A-]51]))-

Proof :
We have C (u+x,v+y)<C (u,v), forany x,y > 0. Thus when u=1 and v >0, or when

u>1,C (uv)<C_(1,0)=C,, . Thus from the theorem 2,
NC <®(-3C,, )+ ®(-3C, (1+|5)/(1-]51)



<@ (-3C,(u,v))+®(-3C, (u,v)(1+ |5 )/(1-|51)), and from (9), this upper bound is reached
at 2 =0. Moreover, F(4) is always maximised by 1, value reached at 2, and 2,
according to lemma 5 (see appendix). Thus NC is minimized by 0, and the theorem.

Particular cases : If T =m , then s =0, and C_(u,v)=C_ (u,v). Thuswhen u=1,v>o0,or
u>1, wehave 0<NC <2d(-3C,(u,v)). When (u,v) = (1,1), we obtain the result given by

Boyles (1994). In addition, when T = m, and (u,v) = (1,1), then C_(1,1)=C_,, and we have

pmk !

NC <@ (-3C_,)+®(-3C,,, (1+]5]))/(1-|5]) <2®(-3C_ ). The result obtained by Pearn,
Lin, and Chen (1999) is thus exact, although their proof is not true in all cases.

44, Case 0<u<l,v=0

Theorem 4 :

When 0<u<landv=0,

1)s>o0

a)If ¢ _(u,0)>C,,then M, <NC <1,

b) If C_(u,0)<C,, then min(M,,M,)< NC <1,

where
c _lelfr hl( u )
1 3 |5 Ll—lél(l—u)J’
M1=CD(3C";(U,0) Autlo]-t \+CD( 3c Ayt 16 ]+1 \l
L (1—|5|)(1+uﬂ.1/(1+|5|))J L (1 |5|)(1+uz /(1+|5|))J
M2=CD(3C;(U,O) )i’ul+|5|_1 \ ( 3C ( ) /1u1+|5|+1 \,
L 1-16h(1-u4, /(1—|5|))J L (1—|5|)(1—u/1u1/(1—|5|))J
L o gt@r1s1a-u)(1- |5|j nh‘l(”j
1+ |5 | (s O))z (3¢, (u, o)) 1+]6 | 148 | (1-u)
n- - - u, ,
U H tanh #\
TR v
1- h 4u(1_|5|(1_l:))tanh’l(#\
1-15 | . 2 (3C,(u,0)) Ll—|5|(1—u)J
Ay = +(3C,(u,0)) ; \ _
: outanh | 0
l-151a-w))
2) <0

We have the same results as in 1) if M, isreplaced by Mm,,and M, by ™M, .
3)s=0
M, <NC<1,

where M, = ®(3C, (u,0)(4, 1) /(1 - U4,)) + D(~3C , (U, 0)(4, +1) /(L - U4,)) ,



_ 1 (3C;(u,0))2 |( 4u tanh’l(u)\|
u 2u‘ tanh (U)L (SC;(U’O)) J

Proof :

Let o be positive or null. We obviously have 0<F(1)<1. According to lemma 6 (see

appendix) the lower bound O is reached at 4, and 2, . If there is @ maximum less or equal

to 1, it is necessarily obtained for the values of 1], .4,.[, solutions of the equation

F,(A)=00r F (1)=0.

- Study of F,(1).

Leto<i<24,, =1/ud,. Whenv =0 and from lemma 4, we have

F,(1)=0e Q,(4) =0 < q,(1) - (k,(A) + (5 + 2)q, (A)) tanh(d*(5 + A) a2 (A)) = O

o ud,oil-uid,) - (ci@-uid,)? + (6 + A)ud,o;(1-uid,)) tanh(d*(§ + 1)/ a (1)) =0
o ud,oi@l-uid,)-o (l-uldd,)(l+Sud,)tanh(d*(5 + A)/cZ(A)) =0

& of(l-uid,)[ud, - @+ sud,)tanh(d’(§ + 1)/ a (1)) =0

< ud, - (1+dud,)tanh(d’(s + A1) /o l(A))=0,since 0< A <1/ud,,

& tanh(d?*(5 + 2)/[o (1 -uld,)’]) =ud, /(1+ Sud,), from lemma 1,

o d*(E+A) (el -uad,)?) =tanh (ud, /1 +Sud,)).

Let t, be the quantity tanh™'(ud, /(1+ &ud,)). t
from (4). Now, we have

F,(1)=0& d*(6+4)=t,oc.(1-uad,)?

o toiuidia? - (ud ol +d*)A-d*s +t,0. =0, (12)
which is a second-degree polynomial of the variable A.

Since A, =d* +4t,c/ud,d*(L+usd,) > 0, we have two roots,

C2udtol+d?-\fA, 1 . d? - fa,

is positive and t, = tanh™ (u/(1- 5(1-u)))

u

" 2t,oiu’d? ud, 2tolu’d’’
2udutu002+d2+«/Au 1 d?+ A,

vz = 2.2 2 = + 20242 °
2t,o,ud; ud, 2t,o,u’d,

As can be seen, 4, >1/ud, = 4., IS not suitable in the studied field. To make 1, become

acceptable, we needto 0< 4, <2, .Since A, >d*, we have 4, <1/ud, = 4_,, . In addition,
since 2,, >0, for 2, to be positive or null, the product of the roots of (12) has to be positive

or null, or that —d*s +t,0, 20 < -d’s+t,(d /(3C,(u,0))*20 < C_ (u,0)<H , with

_1( u
Ll—&(l—u)

for which F, (1) = 0 and thus for which F, (1) is maximum.

1-15|

. 1 . _
H =4t /od /(3d):T\/§tanh J Thus when C_(u,0)<H , there exists

ﬂ’ul € [O’ ﬂ’max[
Note that in the particular case where C;(u,O) = H , that is to say when -d’s +t,c. =0, we
have 4,, =0 and t, =d*s /o . Whenv =0, from lemma 4, we have

Q,(0) = o [ud, — (1+ Sud,) tanh(d*5 /o ))] = o;[ud, — (L + Sud,) tanh(t,)]

10



= ol[ud, — (1+&ud,)ud, /(L + sud,)] = 0. Consequently, according to lemma 4, F,(1)=0,
and F, (1) ismaximumfor A =4, =0.

When C (u,0)>H , we have 4, <0. Thus there is no value of ie[0,4,,[ for which

F,(2) = 0. On the other hand F,(0) = ® (3C(u,0))—-® (-3C_(u,0)(1+5)/(1-|5 1)), from (9).

Consequently, we have F, (0)>0, lim F,(4)=0 from lemma 6, and F (1)=0 when
A= Amax

2€[0,2,.]
- Study of F, (1)
Let -1/ud, =2,
F (1) =0e Q(A)=0 & q,(2) — (k,(A) + (5 + 2)q,(A)) tanh(d * (& + A) [ o} (A)) = 0

& —ud,oi@+uid,)-[ci@+uid,)’ - (5 + A)ud,c’(L+uid,)]tanh(d*(5 + 1)/ o/ (A)) =0

& o (l+uid)[-ud, + (-1+Sud,) tanh(d*( + )/ o/ (A))] =0

& —ud, + (-1+6ud,) tanh(d*(5 + 1)/ o} (A)) =0, since -1/ud, =1, <A <0.

Thus from lemma 1, we have

F (1) =0« tanh(d’(5 + A) /[o (L +uld,)?]) = ud, /(-1+5ud,). (13)
From (5), ud, /(-1+6ud,) = -u/(1+5(1-u) < 0. Consequently the solutions of (13) can exist
only for 2 < -5 . Let t, be the quantity tanh™(-u/(1+ & (- u)) . We have

FF(A)=0 d*(5+2)/[ei@+urd)’]=t < d*(5+2)=to @+uid,)’

& tolu®dl2’ + (2udtor —d*)21-d?s +t,o; =0, which is a second-degree polynomial of
the variable A. Since t, <0 and -1+6ud, <0, A, =d* +4tolud,d*(-1+usd,)> 0, and we
have two roots,

_d2—2ud,t,o—§—,/AI o d? - /A,

. Thus F, (1) is decreasing when 2 0,4, [ and maximum when 2 =0.

< A1 <0.Whenv=0and from lemma 4, we have

! 2t,oiu’d/’ ud, 2togu’d/ ’
d2—2ud|t,0'2+1/A 1 d2+JA

12 = 2 20 2 -=- + 2 2 I2'
2t,o,u"d, ud, 2to,u’d,

As can be seen, 4, <-1/ud, = 4,,, is not suitable in the studied field. To make 2, become

min

acceptable, we need to 4, <1,<-8<0. Since A, >d*, we have 1,>-1/ud, =4
Furthermore, since 4,, <0, for 1, to be negative or null, the product of the roots has to be

min *

positive or null, or that —d*s + t,o> < 0, which is always true. Thus F, (1) is maximum when

Ay € |Amini =61 -

In conclusion, from the study of F, (1) and F, (1), we can deduce:

- If C;(u,O)z H, F,(4) is maximum when 2=0, and F, (4,)>F (0) =F, (0). Thus
F (4) has an upper bound when 4, € ]4,,.;-5[. On the other hand, from lemma 6 (appendix),
lim F,(2) = lim F(2)=0. Thus 0 < F(21) < F, (4,) Or 1-F, (4,,) < NC <1. From (4), (5),

;‘ - ;"max

(6), lemmas 1 and 3, and assuming that M, =1-F, (4,,), we obtain
M, =1-®(d(1-6-4,)/(c,(L+ul,d,)))+®(-d@+5+4,)/(c,(1+ur,d)))

11



(. Ay +6-1 Yoo Ay +6+1 )
= ®|3C (u,0) +®| -3C (u,0)
L ’ @-18)@+ui, /@+ 5))J L ’ @15 na+ u/1,1/(1+5))J

1 d?—\d*+4tolud,d*(-1+usd,)

and 4, = - +
" ud 2t,olu’d!

1 l+4u(1+5(1_u2)(1_|5|j tanh'l(é\
1+6 . 2 (3C,(u,0)) 1+6 L1+5(1—u)J
- -(3C,(u,0))

2
u —
ZUZ(l |5|j tanh'l(iu )
1+6 Ll+5(1—U)J
- If C (u,0)<H, F, () is maximum when 1, 0,4

, and F, (1) is maximum when

max[

Ay € |Amni—0[- Thus,F(1) has an upper bound when Ae]i,. ;4..[, equal to
max(F, (4,,);F,(4,,). On the other hand, from lemma 6 (appendix),
lim F,(4) = lim F(4) =0 . Thus 0 < F(A)<max(F (4,),F,(1,), or

min(1- F,(4,),1- F,(4,,)) < NC <1. From (4), (5), (6), lemmas 1 and 3, and assuming that
M, =1-F, (4,,), We obtain
M, =1-®(d(1-6-4,)/(c,(1-ui,d)))+®(-d@+5+4,)/(c,(1-ui,d,)))
Ay +6-1 AN Ay +6+1 )
u +®| -3C (u,0) - :
(1—I5I)(1—U/1u1/(1—5))J L (1—|5|)(1—u/‘tu1/(1—5))J

:@{3c;(u,0)

1 d?—\d*+4tolud,d* (1 +usd,)

and 4, = + e
ud, 2t,o,ud;
T PG CS)) I S,
1-5 .. 2 (3C; (u,0))’ l1-s0-u) )
== +(3C,(u,0)) ; - )
2 2 h—l s
u- tan Ll—ﬁ(l—u)J

In the particular case where & = 0, the product of the roots of the second-degree polynomial
(12) is equal to u?, therefore it is always positive. Consequently, F, (1) is maximum in

A € [0, A
=o,(-4),and F,(1)=F(-4) for o<i<2a . Thus M <NC <1, where M, =M, (4,)
=M,(4,),With 2, =4,=-2,.

Now, we study the case s <0. From (4), (5), and lemmas 1 and 3, if 0<A1< 4
F,(1,8)=F (-4,-6). Thus we have the following results: H, M, M,, 2
functions of 4,

- If C (u,0)>H(-5), then M, <NC<1, where M, (5)=1-F, (4,)=M, (-5), and
A (8) ==2,(-8) e ]-5;4
-If C_(u,0) < H (-5), then min(M,, M) < NC <1, where M (§) =1-F, (4,) =M (-5),and
A1 (8) = =2,(=8) € |4, 0] .

, for any value of C (u,0)>0. Since 5 =0, we have d, =d =1, o,(4)

we have

max !

A,, being

ul?

max['
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Let c, be H(|5), M, be M (|5 ]) and M, be M (|5 |). Thus the theorem ensues from the
results obtained for s >0 and 6 < 0.

45.Case 0<u<l,v>0

Theorem 5 :

When 0<u<1andv>0,

1)s>0

a) If C (u,v) > max(C,,C,), then 0<NC <1-F,(4,).

b) If C (u,v) <C,, then min(L- F (4),1-F,(4,)) < NC <1.

c)If c,<C (u,v)<C ,then 0<NC <max(1-F,(4,).1-F(0)).
d)If ¢ (uv)=C, <C,, then 1-F (4)<NC < max(l-F(0),1/2).
e)If c,<C,=C_(u,v),then 1-F (4)<NC <max(1-F,(4,),1/2),

where C1:1_|5| itanh‘l(—u \, C2=—(1_u)(1_|6|) , 1-F(0)
3 \ls| (-1sla-u 3V

= ®(-3C,(u,v))+®(-3C,(u,v)(1+ |5 /(A-|51])), and 2, and 2,, if they exist, are solutions

of the following equations (14) and (15).

2) 5<0

We have the same results as in 1) if F,(4,) isreplaced by F,(4,),and F,(4,) by F,(1,).

3)s=0

a)If C,(u,v)>C,,then 0<NC <max(1-F(4,),1-F(0)).

b) If C (u,v)<C,, then 1-F(4)<NC<1.
c)If c (uv)=c,,then 1-F(2,)<NC <max(l-F(0),1/2),
where 2, , if it exists, is the solution of the following equations (14) or (15).

Proof :

The extrema of the function F (1) are obtained either at the study intervals bounds A4_. , 0,

min !

..., either for the A values solutions of the equations F, (1) =0 or F, (1) =0, that is to say
according to lemma 4, of the equations

q,(A) +vad?d’ - (k, () + (6 + 2)q, (1) + svad’d?) tanh(d*(5 + A) /o2 (2)) =0, (14)
q, () +vAad®d} - (k,(A) + (5 + A)q,(A) + svad*d}) tanh(d*(5 + A) /o /(A1) = 0. (15)

These solutions can only be obtained numerically.
When ¢ > 0, the theorem is ensued from lemmas 7, 8, 9 and 10 in appendix. When & <0, we
use the fact that F, (1,6) = F (-4,-5) foro<ai<2a_, .

46.Case u=0,v>0

Theorem 6 :

Whenu=0 and v>0,

1)s5>0

a)If C (u,v)>C,,then 0<NC<1-F,(4,).

b) If C_(u,v)<C,, then min(1- F (4),1-F,(4,)) < NC <1.

13



¢)If Cc (u,v)=C,, then 1-F (4)<NC <max(1-F,(4,),1/2).

where C, = (1-u)(1- |5 ) /(3«/;) ,and 2, and 4,, are solutions of the equations (14) and (15).
2) 5<0

We have the same results as in 1) if F,(4,) isreplaced by F,(4,),and F,(4,) by F,(1,).
3)6=0

a)If C,(u,v)>C,,then 0<NC <max(1-F(4,),1-F(0)).

b) If C_(u,v)<C,,then min(1-F(4,),1- F(0))<NC <1.

c)If c;(u,v) =C,,then min(1- F(4,),1- F(0)) < NC <max(1- F(0),1/2),

where 2, , if it exists, is the solution of the equations (14) or (15).

Proof :

When u =0, we have C, =0, thus C(u,v) > C,. The theorem is ensued from lemmas 7, 8, 9
and 10 in the appendix.

Particular case : When (u,v)=(0,1), and & =0, we have C;(0,1)=c C,=1/3, and

1- F(0) = 2@ (-3C,,) . The results we obtain thus are compatible with Ruczinski’s (1996).

pm !

5. APPLICATION EXAMPLE

A company of the Toyal group manufactures aluminium paste used for the fabrication of
high-tech paint for cars, hi-fi, mobile telephony, cosmetics.... The manufacturing process
consists in crushing the raw material to which lubricant is added. The product is then
conveyed into a mixer where a solvent is added in order to obtain a final product containing a
constant non volatile percentage. A quality control is carried out at this stage of the
production. It concerns the non volatile percentage which has a target of 67. The usual
tolerances for the profession are + 1 , but are difficult to hold for this type of product. The

lower values being more prejudicial for the customer, the tolerances have been fixed at 66 and
69. We have m = 675, d = 15, and s = (T —m)/d = 1/3. Suppose that the process is

considered capable when C (u,v) takes a value larger or equal to 1, the number of

nonconforming items is smaller or equal to 1500 parts per million (ppm), and the process
mean does not move away more than 20% of the distance between the target and the
tolerances. From theorems 1 to 6 we can find the pairs (u,v) such as NC <1500 when

C,(u,v) = 1. We limit our study to varying u and v with a step of 0.1. Table 1 gives the pairs
(u,v) where the upper bound of NC (en ppm) is the nearest to 1500. From (6) and (8) we have

" -1
-KD, < u-T < KD,, where K = (3\/\70p(u,v)/(1—|5|)+u) . If we want the process mean

not to move away more than 20% of the distance between the target and the tolerances, we
must take K =0.2. Thus, in table 1, we have written out the value of K when C;(u,v) =1. So

the C;(o.s,l.l) index will meet our objectives in the best way.

6. CONCLUSION
The motives underlying the introduction of process capability indices seem quite clearly to be

related to monitoring the proportion of nonconforming items. However various authors have
addressed the practical importance of process centering as a component of process capability.

14



For these reasons, Vannman (1995) suggests the C (u,v) indices when the tolerances are

symmetrical, then Chen and Pearn (2001) suggest the C_(u,v) indices when the tolerances

are asymmetrical. The compromise between process yield and process centering is achieved
by the choice of the parameters u and v. However, if the links between capability indices and
process centering have already been studied, those between capability indices and process
yield have only been accurately studied for some particular cases. In this paper we study the

links between the process yield and the C_(u,v) indices. We find already known results for

some particular cases, we correct inaccuracies found in the literature, and expand the study to
any positive or null values of u and v. From these results, the practitioner can choose a pair

(u,v), so that the resulting index C}(u,v) will meet his objectives best. In order to illustrate

how this reasoning can be applied, we present a real example on an aluminium paste
manufacturing process.

REFERENCES

Boyles, R. A. (1991). The Taguchi capability index. Journal of Quality Technology,
23(1):17-26.

Boyles, R. A. (1994). Process capability with asymmetric tolerances. Communications
in Statistics- Simulation and Computation, 23(5):615-643.

Chang, Y. C., and Wu, C. W. (2008). Assessing process capability based on the lower
confidence bound of c_ for asymmetric tolerances. European journal of operational

research, 190:205-227.
Chen, K. S. and Hsu N. F. (1995). The asymptotic distribution of the process
capability index c . . Communications in Statistics- Theory and Methods, 24(5):1279-1291.

Chen, K. S. and Pearn, W. L. (2001). Capability indices for processes with asymmetric
tolerances. Journal of the Chinese Institute of Engineers, 24(15):559-568.

Juran, J. M., Gryna, F. M., and Bingham, R.S. (1974). Quality Control Handbook.
New York: McGraw-Hill.

Kotz, S., and Johnson, N. L. (1993). Process capability indices. London, U.K:
Chapman and Hall.

Kotz, S., and Lovelace, C. R. (1998). Process capability indices in theory and
practice. London, U.K: Arnold.

Pearn, W. L., and Chen, K. S. (1998). New generalizations of the process capability
index C , . Journal of Applied Statistics, 25(6):801-810.

Pearn, W. L., and Kotz S. (2006). Encyclopedia and handbook of process capability
indices. Singapore: World scientific.

Pearn, W. L., Lin, P. C., and Chen, K. S. (1999). On the generalizations of the
capability index € for asymmetric tolerances. Far East Journal of Theoretical Statistics,
3(2):49-66.

Pearn, W. L., Lin, P. C,, and Chen, K. S. (2004). The C, index for asymmetric
tolerances: Implications and inference. Metrika, 60:119-136.

Ruczinski, 1. (1996). The relation between C  ~and the degree of includence. Doctoral
Dissertation, Univ. Wurzberg, Germany.

Vannman, K. (1995). A unified approach to capability indices, Statistica Sinica, 5:805-
820.

15



APPENDIX

Lemma 5:
When u =1 and v>0,0rwhen u>1, then lim F,(1)= lim F (4)=1.
A= Amin

A= Amax
Proof :
From lemma 3, we have

lim F ()= lim [@(d(1-6-2)/0,(2)-®(-d@L+6+ 1) /o, (A)]
= lim @(d(A-6-2)/0,(2) - ®(-0) = lim O(d(1-5-2)/0,(2)).

A= Amax

On the other hand, from (4) and (8), d(1-6 - 4,,,) = D, («/Vd +(u —1)00)/(J\7d +uo,) .

Since 0< 4 <4,,, we have C_(u,v)>0 and thus o, >0. When u=1 and v>0,o0ru>1,

max !

thus we have d(1-6 -1

max

) > 0, from where ilirin ®(d@1-6-2)/c,(1))=P(+0)=1, and

lim F,(1)=1.

A= Amax

From lemma 3, we have
llirﬁn Fl(ﬂ)z;lirin [®AL-6-1)/c,(A)-D(-d@A+5+ 1)/ o, (A)]

= @ (+0) ~ lim @ (-d(@+5+2)/0,(2)) =1~ lim @ (-d(@+5+2)/0,(2)).

On the other hand, from (5) and (8), -d 1+ & + 4,,,) = -D, (\/Vd +Uu-1o,) /(\/\7d +Uuo,) .
Since A

min

<4<0, we haveC (u,v)>0 and thus o, >0. When u=1 and v>0, or u>1,
thus we have -d@+s6+4,_,.)<0, from where Ilim ®(-d(l+J5+1)/c,(1))=Dd(-»)=0,

l‘)}"min
and lim F (1) =1.
A= Amin
Lemmab :
When 0 <u<1and v=0,then lim F (1)= lim F(1)=0.
A= Amax A= Amin
Proof :

From lemma 3 we have
lim F,(4)= ;Iizn [@d1-6-4)/c,(A)-®(-d@1+5 + 1)/ o, ()]

A= Aax

= lim ®(d(1-5-2)/0,(1)-®(-©) = lim d(d@-5-1)/c,(2)).

A= Amax

Now when 0 <u <1 and v =0, from (8) we have 4, =1/ud,, and from (4), d(1-6 -4
=D,(u-1)/u<0,thus lim F,(1)=®(-»)=0.

A= Amax

From lemma 3 we have
;Iian F (1) = ;Iian [®AA-5-A)/o,(A)-D(-d(1+5 + )/ o, ()]

ITI&X)

= ®(+0) = lim ®(-d(L+5+2)/0,(2) =1— lim ®(-dL+5+ 1)/ c,(4)).

Now when O<u<1 and v=0, from (8 we have A =-1/ud,, and from (5),
—d(l+35+4,,) =-D,(u-1)/u>0,thus lim F(1)=1-®(+0)=0.
A= Amin

Lemma?7 :
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When 0<u<i1andv>0,
a) If C;(u,v)>(1—u)(1—|5|)/(3\/\7),then lim F,(1)= lim F(1)=1.

b) IfC;(u,v):(1—u)(1—|5|)/(3\/\7),then;Iizn F,(4) = lim F(2)=1/2.

c) If0<C;(u,v)<(1—u)(1—|5|)/(3\/;),thenilicn F,(2)= lim F(2)=0.

Proof :
From lemma 3 we have

lim F,(2) = lim [®(d(1-6-2)/0,(1) - ®(-d(1+5+2)/ 0, (4))]

A= Aax

= lim ®(d@1-5-12)/0,(4) - D (-») = lim d(d@A-5-2)/0,(2)).

A= Amax

From (4) and (8), we have
d(-5-1,,)=dD, (3WC (u,v) + (u-1)(1-|5)) /(3vdC (u,v) +ud") . Thus
a) If C(u,v)>(@-u)a-|5)) /@), then d(1-5 -4

max)

max

®(+o0) =1,and lim F,(1)=1.
A= Amax

b) If C’(u,v) = (@-u)a-|5N)/G3VV), then d(1-5 - 4,,,) in

®(0) =1/2,and lim F,(1)=1/2.
A= Amax

¢) If 0<C(u,v) < @—u)(-]5 ) /(3V), then d (15 - 4,,) <0,
i|i£n ®(d@1l-6-1)/0c,(A)) = ®(-») =0, and Jiin F,(1)=0.

)>0, /1”91 Od@A-0-41)lo,(1))

=0, lim ®d@-5-1)/c,(1))

In a similar way we have lim F (1) =1- lim ®(-d(+dJ + 4)/0o,(4)), and the lemma since
A= Amin A= Amin

from (5) and (8), we have
—d(L+ 5 + Ayy,) = —dD, (3BYWC | (U,v) + (U —1)(A— | 5 ) /(3BYvdC (u,v) +ud ) .

Lemma8:

When 0<u<1 and v>0, if C)(uv)=@-u)a-|5)/3Vv), then for anya e[0;4 ],

there exists 2, =-2,d /d e[4,.:0] such as F (2,)<F () when §>0, F(4)<F,(4,)

when 5 <0, and F,(4,)=F,(4,) when § =0.
Proof :

The proof is given for 5 > 0. The case 5 < 0 is similar, and the case 5 = 0 is obvious.

Let 2,€[0;2,,. ], 4, =-44d,/d €[2,:0], E=0,(4)/d,a=01-6-2,)/E,
b=@+5+4,)/E,and x= (1, -4,)/E>0.

If C)(u,v) > (L—u)(- |5 )/(3\V) , then 3WWC (u,v) /(-] 5 ) +u =1, and

1/(d, (3\/;C'F;(u,v) /(1-|8])+u))<1/d,.From (4) and (8), we deduce

0<A, <A, :1/(du(3\/;C;(u,v)/(l—|5|)+u)) <1/d,=1-5, from where
1-2,d, = 0. Consequently, since § > 0, we have

and

d,>d,, 1-4d,)/d, <@-44d,)/d,,and 1/d, -4, <1/d,-d, 4, /d,. Since 2, =-2d_/d,,

from (4) and (5) we deduce a=(1-5-4,)/E<(1+5+4,)/E=b.
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Let f the probability density function of the standard normal distribution N(0,1). Since f is
decreasing on [0;+x[, When x>0 and b>a=>0, we have j:” f(x)dx < J' f (x)dx , thus

(1+5+4,)/E (1-5-2 —(1+5+4)/E (1-6-2,)!

f(dx+ | T f(x)dx <0 < A+B <0,

(1-5-2)1E

)/ E
f(x)dx < j
(1-5-4,)/E ~(1+5+4,)/E

I(1+5+A|)/E FOgdx < J

—(1+5+4)/E

where A= | f(x)dx =D (~(1+5+A4)/E)-d(-L+5+4,)/E),

(1+5+4,)/E
(1-6-2,)1E

and B:LH%)/E f(x)dx =d(1-6-1,)/E)-®(1-5-4)/E).Now

®((L-6-A,)/E)-D(-(1+5+A,)/E)=D(1-6-A4)/E)-d(-1+5+4,)/E)+ A+ B, thus

®((L-6-A,)/E)-D(-A+5+A,)/E)< ®((L-5-A4)/E)-D(-(1+5+4)/E).

Since 1, =-2,d,/d, from lemma 1, we have o, (4)=0,(4,), and E=o,(4,)/d

=o,(4,)/d . Consequently,

edA-6-4,)10,(4))-P(-dA+5+4,)/0,(4,))
<OAA-5-24)0,(4)-@(-d@+5+ 1)/ o,(4)),

and F (1,) <F (4,).

It should be noted that when C_(u,v) < (1-u)(1-|5) /(3\/;) and s = 0, no general rule can

be obtained, as shown in the graphic investigations which have been made, but which are not
detailed here.

Lemma9:
1) When 0 <u<1andv>o0,wehave
if 6 =0, then F (1) has arelative minimumat 4 =0,

if >0, then F(4) decreases in the neighbourhood of 4 =0 when C_(u,v) >C,, and has a
relative minimumat 2 = 0 when C (u,v)<C,,
if 5 <0, then F(4) increases in the neighbourhood of 2 = 0 when C_ (u,v) > C,, and has a
relative minimumat 2 = 0 when C (u,v)<C,,

where C, = a-14D itanh’l(;\.
3 ol \era-w)

2) When u=0 and v > 0, we have

if 6 =0, then F (1) has arelative extremumat 2 =0,

if 6 >0,then F (1) decreases in the neighbourhood of 2 =0.

if 6 <0, then F(2) increases in the neighbourhood of 2 =0.

Proof :

If 5 =0, we have ]irE+Qu(/1) =uo, and llinon,(l) =-uc,, thus from lemma 4, F (1) has a

relative minimum at 2 =0 when 0 <u <1, and has a relative extremum when u =0 .
Let §>0. We have lim o (4)=Ilimo (1)=0,, limk, (4)= lim k(1) =o, limq,(4)
A0 20" 20" A—-0" 20"

=ud,o;,and lim g,(4) = -ud,o, . Thus from (4), (5), and (6), we have

2
00

lim Q,(2) = - [u +(1+5 - su)tanh ((3C, (u,v))’8 /(- | & |)2)] ,and

1+6
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2
lim Q, (1) = —2
A—0" 1-6

Since 0<u<1,s6>0,and 1+5-5u>0,wehave limQ,(1)<0.Foru=0, limQ,(4)<0,
A0~ A—0"

[u—(1-6+su)tanh ((3C, (u,v)*51A-15)*)].

thus F (1) decreases in the neighbourhood of 2 =0. For 0 <u <1, since 1-6 +su >0, we
have lim Q,(1)>0 when C (uv)<C, IlimQ,(41)<0 when C (uv)>C, and
A—0" A—0"

limQ,(4)=0 when C (u,v)=C, where C:(1—|5|)\/(1/5)tanh’1(u/(1—5(1—u)))/3,

which is equal to C, since § >0 . For § <0, we use the fact that F, (1,5) = F,(-4,-¢) if
0<A <A,

Lemma 10 :

1)When 0 <u <1 and v>0,if C (u,v) = 0 -u)@- |5 [)/(33v), then

-F,(4) is decreasing in the neighbourhood of 2 =21, =1-6, and cannot have more than
two extrema for 2 €[0;4,,,.[ -

-F,(4) is increasing in the neighbourhood of 2 = 4, =1+, and cannot have more than two
extrema for 2 <]4,,,;0].

2) When u=6=0 and v>o0, if C;(u,v):(1—u)(1—|5|)/(3\/\7), then F, (1) cannot have
more than one extremum for 1 < [0; 4
o[ .

[,and F (1) cannot have more than one extremum

max

for 21e[a

Proof :
The proof is given for 5 > 0. The case 5 <0 is similar.

1) If € (u,v) = (L—u)(A- 15 ) /(3\V) , we have o, = Jvd /(L—u), 2., =1-5,

min !

d’v(@l-6 - Au)? ud’v(l—6 -ui)
k,(4) = > 1 0,(4) = > =
(1-u)1-9) (1-0)1-u)
1/2
d((1-6-ut)>—1*1-u)? 2
o, (4) = ud (¢ ud) - Aoy’ . and Qu(ﬂ):#(A—Btanh(x))
(1-5)1-u) (1-u)"(1-9)

~ vd*(A + B)
- u)i-8)2 (e +1)

A-B 2x 2
1+ e’ |,where A=u(l-6-ul)+A(1-u)’,
A+B

(6+A)(1-6)A-u)’
V(-6 -ua) - A*(1-u)’)
[,and
A+B=(1-6-ul)1-6+u(l+6))+A(1-u)’@+s) which is positive. When A tends to
1-¢, lis negligible compared to e**(A-B)/(A+ B), thus Q, (1) is negative and F, (1) is
decreasing in the neighbourhood of 2 =1-+5.

Now we show that F (1) cannot have more than two extrema when 1 < [0; 4

_ 1- o(l-
,q,:mwithte[o;Jroo[.Wehave x=(t+ u)(t+ o u))a
1+t-u v(2t +1)

. Now,

B=(1-6-4u)(1-8+5u)+si(-u)*, and x =

max

A-B =(1-05)(1-u)(A-(1-¢)) Which is negative since 1 e[0;1

. Let

max[

nd

19



A-B 1-5)1-u)

=— . Thus Q,(4) has the sign of
A+B [2t+1-6+u(l+6)]

(t+1-u)(t+5(1-u))

(1-0)1-u) 62 v(2t+1)

G(t)=1-
[2t+1-5+u(l+6)]

(1-u)@-5)(y*-1)

Let y = 2D i 5 859 oy Wehave G(y)=1-e 20 (y+2k),
Ql-u)@-9o) 1-9)
where kzwl
(1-05)1-u)
a-v)a-9)(y*-1)
2v(y+k) _ _ 3 2 2
Since G '(y) = - (1—(1 Wa=0) y +4ky +(1+42k )y+2k\, G '(y) has the sign
(y +2k) 2v (y +k)
3 2 2
of H(y):l_(l—u)(l—ﬁ) y~ + 4ky +(1+42k )y + 2k We have
2v (y +k)
3 2 2 3
|_||(y):_(1—u)(1—5)y +3ky” + (4k —13)y+4k _3k,and y+k=L>osince
2v (y + k) 1-u)1-9)

t>0.Thus H '(y) has the opposite sign of K (y)=y®+3ky” + (4k* -1)y + 4k’ -3k .
For the particular case where u =0 and 6= 0, we have k=0 and K (y) >0 since
y>1+8)/1-58)=1.

For the case where u =0 or § = 0, we have K '(y) = 3y? + 6ky + (4k” —1), and the
discriminant of the quadratic equation K '(y) is A =12(1-k?).

If |k|>1,wehave A <0,thus K'(y)>0 and K(y) isincreasing. When k > 1, since
K (0) = 4k° -3k >0, thus K(y)>0 for y>(@1+68)/(1-5). When k <1, we have
K(-2k)=-k>0,and 1+6)/(1-8)-(-2k)=(1-5+u+5u)/(1-5)1-u))>0.Thus
K(y)>0 when y>@1+05)/1-57).

If |k <1, wehave A >0 and K ‘(y) has two real roots, y, = (—6k — 1201 kz))/s and

. (1+6) 1 12(1-k?) .
= (-6k +4/12(1-k?)}/6.N -y, = - 0,
& ( L2 )) ow 1-95) 2 (1-5)1-u) 6 >0, SINEE

1-68)'@-u)'>1and 0<412(1-k*) /6 <1. Thus K (y) is increasing when
y>(@1+8)I(1-68)>y,>y,. Moreover, K (1) = 4k*(k +1) > 0. Thus K (y) >0 when
y>1+8)/(1-06)=1.

To conclude, for all cases we have K (y) >0, thus H'(y) <0, and H (y) is decreasing with
lim H(y)=-o . Therefore H(y) has at the maximum one zero, G(y) has at the maximum

y—>+oo

two zeros, and F,(4) cannot have more than two extrema when 1 [0;4,,.[ -
2) When u =6 =0, we have lim G(y)=0, thus G(y) has at the maximum one zero,

y— (1+06)/(1-5)

and F, (1) cannot have more than one extremum when 2 €[0; 2

max['
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