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Abstract

We prove the existence of a volume preserving crystalline mean curvature flat
flow starting from a compact convex set C' C RV and its convergence, modulo
a time-dependent translation, to a Wulff shape with the corresponding volume.
We also prove that if C' satisfies an interior ball condition (the ball being the
Wulff shape), then the evolving convex set satisfies a similar condition for some
time. To prove these results we establish existence, uniqueness and short-time
regularity for the crystalline mean curvature flat flow with a bounded forcing
term starting from C', showing in this case the convergence of an approximation
algorithm due to Almgren, Taylor and Wang. Next we study the evolution of
the volume and anisotropic perimeter, needed for the proof of the convergence
to the Wulff shape as t — 4oc.

Nous montrons l'existence d’une évolution par courbure moyenne cristalline
a volume constant & partir d’un ensemble initial C C R¥ convexe et borné, ainsi
que sa convergence, modulo une translation dépendant du temps, vers la forme
de Wulff de méme volume. Nous montrons aussi que si C' satisfait une condi-
tion de sphére intérieure (ou plus précisément de “forme de Wulff” intérieure),
alors I’évolution satisfait une condition similaire au moins pour des temps petits.
Nos démonstrations reposent sur un résultat d’existence, unicité et régularité
en temps petit pour des mouvements par courbure cristalline d’ensembles con-
vexes, avec un terme forgcant. Ces solutions sont construites comme limites d’un
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algorithme d’approximation dii & Almgren, Taylor et Wang. La preuve de con-
vergence vers la forme de Wulff est obtenue en étudiant I’évolution du volume
et du périmetre de ces flots au cours du temps.

Key words: crystalline mean curvature, volume preserving flows, ¢-regular
and flat flows, convex bodies.
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1. Introduction

Mean curvature flow, which corresponds to the gradient flow of the area
functional

E— 1dHN 1,
OF

is the evolution of a hypersurface F with velocity in the direction of the unit
normal v¥ at a point x € JE given by the sum of its principal curvatures at .
Such a flow has been studied by many authors since the works of Brakke [11],
Huisken [21], and Gage-Hamilton [20], and several results have been obtained in
the last two decades on the subject. For our purposes, we just recall here that in
[21] it has been proved that a convex compact hypersurface shrinks to a point in
finite time, while its shape approaches the shape of a sphere. Moreover, under
the additional constraint that the volume enclosed by the hypersurface remains
constant, the flow turns out to be defined for all times ¢ > 0 and asymptotically
converges to a sphere with exponential rate as ¢ — +oo [22].

More recently, Andrews [5] extended this result to the smooth anisotropic
mean curvature flow. Namely, let us consider the anisotropic area functional
Py, defined as

Py(E):= | ¢°(WF)dH N1,
)
where ¢° : RV — [0,400) (the surface tension) is an even positively one-
homogeneous function such that {¢° < 1} is a smooth compact uniformly con-
vex set with nonempty interior. Then anisotropic mean curvature flow is the
gradient flow of Py, and becomes the evolution of a hypersurface with normal
velocity given by

kY = div ng, ng = ¢°(VF)Ve° (VF) on OF, (1)

and ng is sometimes called the Cahn-Hoffman vector field. In [5] it is proved
that a convex hypersurface evolving by anisotropic mean curvature flow with
constant volume (and with a quite arbitrary mobility) converges to the Wulff



shape as t — +o00. The Wulff shape W is defined as (a rescaled of) the solution
of the minimum problem

inf{Py(F) : |E| = const}

and it turns out that Wy = {¢ < 1}, where ¢(&) := sup{(n,§) : ¢°(n) < 1} for
any £ € RV,

In this paper we are interested in the case when N > 3 and {¢° < 1} is
neither strictly convex nor smooth; in this respect, we say that the anisotropy
@° is crystalline if {¢° < 1} is a polyhedron.

Due to the lack of differentiability and strict convexity of the surface ten-
sion, many of the techniques employed in [22, 5] are not available in this case,
therefore we adopt a completely different approach, which is based more on
the variational nature of the flow than on the direct analysis of the evolution
equation. Such a variational approach has been introduced by Almgren-Taylor-
Wang [1] and Luckhaus-Sturzenhecker [25], where a general existence result for
weak evolutions is established.

We show that the volume preserving crystalline mean curvature flow starting
from a convex set (with a “natural” mobility) converges to the Wulff shape of
the same volume as t — 400, modulo a time-dependent translation. Let us
observe that it is not true in general that the crystalline convex mean curvature
flow (which disappears in finite time) converges to the Wulff shape after an
appropriate rescaling, as can be shown by explicit computations [29, 27].

Let us describe in detail the content and the results of the paper. In Section
2 we introduce the notion of rWy-regular flows (see also [9, 8]), which corre-
spond to regular evolutions, in the general setting of this paper. The first part
of the paper is devoted to prove the existence and uniqueness of rWy-regular
and flat crystalline mean curvature ¢-flows with forcing term and is the purpose
of Sections 3 and 4. Following some ideas from [9, 17], in Section 3 we show
that, if an rWy-regular flow with a time dependent forcing term ¢ € L*°(0, +00)
exists, then it is unique (Theorem 1 and Corollary 3.1). We remark that this
result is valid without any convexity assumption on the initial data. The unique-
ness property is a consequence of some stability estimates (Proposition 3.3 and
Corollary 3.4), that allow to establish also the comparison principle. The proof
of Theorem 1 is based on the use of the time discrete operator 7T defined in
(10), (12), introduced by Merriman, Bence and Osher in [26], and developed
further in [19], [23]. We adapt in particular some ideas from [17] to treat the
case when the forcing term is present. The object of Section 4 is to prove the
existence of a convex rWy-regular flow with forcing, which is more involved,
and the ezistence and uniqueness of convex flat ¢-flows, also with forcing term,
for initial compact convex sets. In Theorem 4 we state the local existence of



an 5 Wy-regular flow with forcing term starting from a compact convex set C
satisfying the rWy-interior condition. Together with the results of the previous
section, we therefore can conclude that such a flow is unique. The proof of The-
orem 4 is based on a weak formulation of the evolution problem (and this is the
reason for which the existence part is more involved) and is the same as in [8],
with the minor modification of the presence of the time dependent forcing term
¢, and therefore is not presented here. Also, in Section 4, using the approach
of Almgren-Taylor-Wang [1], we define the convex flat ¢-flow with forcing, by
means of the discrete operator Sj,. Once convex flat ¢-flows exist, they provide
weak evolutions defined for all times. Theorem 3 shows that the algorithm of
Almgren-Taylor-Wang converges along a subsequence, under the convexity as-
sumption of the initial datum C. In addition, the convex rWg-regular flow is
also obtained as the limit of the algorithm based on the operators Sj. There-
fore, in the convex case, the flat ¢-flow has the consistency property, namely it
coincides with the rWy-regular flow for all times till the latter exists. Also the
proof of Theorem 3 is essentially the same as in the one in [13], and is omitted.

Theorem 5 shows that the flat ¢-flow with forcing is unique, and therefore
the discrete algorithm has a unique limit. We also show in Lemma 4.4 that two
such flows stay close to each other if the corresponding forcing terms are close.
Uniqueness and stability are proved in Theorems 5 and 6 respectively.

In Section 5 we study the evolution of the volume |C(¢)| and the anisotropic
perimeter P,(C(t)) for a convex flat ¢-flow C(¢) with forcing. In Proposition
5.4 we give an estimate on the rate of change of Py, which is also used for
characterizing the asymptotic limit of convex volume preserving flat ¢-flows
in Section 7.1. Formula (69) of Theorem 7 gives the evolution equation for
|C(t)|, and allows to express the volume preserving ¢-flow as a crystalline mean
curvature flow with a suitable forcing term.

In Section 6 we study the convex volume preserving crystalline mean cur-
vature flow which is defined via the discrete algorithm considered in Section 4,
where however now the forcing term depends on the evolving set itself, see (71).
In Theorem 8, valid without the assumption of the interior ball condition on the
initial datum, the existence of a flat ¢-curvature flow with preserved volume is
given. A uniqueness result for volume preserving convex rWy-regular flows is
given in Theorem 10. Finally, in Section 7 we prove that a volume preserving
convex flat ¢-flow starting from a compact convex set C' converges to the Wulff
shape of volume |C| as t — +00 modulo a time-dependent translation.

Appendix A contains three equivalent ways of expressing the property that a
convex body has bounded crystalline mean curvature. This result is essentially
contained in [14], though not explicitly stated there, and we include it here for
the sake of completeness.



2. Notation and setting

2.1. Anisotropies and ¢-distance function

Let ¢ : RV — [0,400) be an even, convex function satisfying the one-
homogeneity condition

P(AE) = [N[o(§)  VEERY, VAER, (2)
and the nondegenerate condition

mlgl < ¢(€)  VEERY, (3)

for some m > 0. We let Wy, := {¢ < 1} (Wulff shape) and rWy := {¢ < r}
when 7 > 0. The dual function ¢° of ¢ (called surface tension) is defined as
@° (&) = sup{(n, &) : ¢(n) < 1} for any ¢ € RV, and turns out to be convex;
moreover, it is one-homogeneous, nondegenerate and (¢°)° = ¢. ¢° (and ¢) is
sometimes called anisotropy.

We write ¢ € C3° if ¢? is of class C*°(R™ \ {0}) and there exists a constant
a > 0 such that V2(¢?) > o Id in R \ {0}.

The ball condition property reads as follows.

Definition 2.1. Let C C RY be a set with int(C) # 0 and r > 0. We say that
C' satisfies the interior (resp. exterior) rWg-condition if, for any x € 0C, there
exists y € RN such that

™Wy+yCC and x€d(rWs+y)
(resp. Wy +y CRN\C and zed(rWy+ y)) :

We denote by 9¢(£) the subdifferential of ¢ at & € RY. If ¢ is differentiable
at &, we write V(&) in place of 9¢(€).
Given a nonempty set C C RV, we let

dd)(xvc) = 'L/lrelg (;5(1' - y)a VS RN?

and for § > 0 we set
Cf =={x eRY :d%(z,0) < 5}, Cy =={z eRY :d%(@,R"V\ O) < §}.

We denote by dg the signed ¢—distance function to dC negative inside C, that
is
d(z) == d®(z,C) — d®(x, RN\ C), zeR. (4)

Observe that \d%(m)| = d?%(z,00).



The function d% is Lipschitz and at each point x where it is differentiable
we have ¢°(Vddc’(x)) =1. We set

1/5 = Vd‘é on 9C, (5)

at those points where Vd?, exists. Note that (Vd%,n) = 1 when n € 9¢°(VdZ).
Observe that the signed ¢-distance d‘g from a compact set C' is convex if
and only if C is convex.
For A,B C RN we let d®(A,B) := inf{¢(x —y) : = € Ay € B} the
¢-distance between A and B.

Definition 2.2. Let t1 < ta, ¢ € L>®(t1,t2) and r > 0. An rWy-reqular mean
curvature flow with forcing term ¢ in [t1,t2] is a map t € [t1,ta] — E(t) C RY
satisfying the following properties:

(i) E(t) is closed, has compact Lipschitz boundary, and satisfies the interior
and exterior rWy-condition;

(i1) there exists an open neighborhood A of Uyepy, 1,1(OE(t) x{t}) in RN x[t1, t5]
such that, if we set

d(w,t) = dg (@), (2,t) € RV x [0,400), (6)

then d € Lip(A);

(iii) there exists a vector field n : A — RN such that n € 0¢°(Vd) almost
everywhere in A, and divn € L>(A);

(iv) there exists A > 0 such that

%(m,t) —divn(z,t) +ct)| < Ald(z,t)] for a.e. (z,t) € A.  (7)

2.2. ¢-total variation and anisotropic perimeter

Let 2 be an open subset of RY. A function u € L(Q) whose gradient Du in
the sense of distributions is a (vector valued) Radon measure with finite total
variation |Du|(€2) in © is called a function of bounded variation. The class of
such functions will be denoted by BV (2), see [4]. We denote by BVjoc(€2) the
space of functions w € Li () such that we € BV (Q) for any smooth function
 with compact support in 2.

A measurable set £ C RY is said to be of finite perimeter in Q if |[Dx g|(Q2) <
oo. The (euclidean) perimeter of F in € is defined as P(F, ) := |Dxg|(£2), and

we have P(E,Q) = P(RV\ E, Q). We shall use the notation P(E) := P(E,RY).



Let u € BV (92). We define the anisotropic total variation of u with respect
to ¢ in Q [3] as

/ ¢°(Du) := sup { / udivodr: o € CHQ;RY), ¢(o(x)) <1V € Q} (8)
Q Q
If E C RY has finite perimeter in ©, we set
Py(E,Q) := | ¢°(Dxg)
Q

and we have [3]

P,(E,Q) = /

QNo*E

¢°(vP) dHN ! ::/ 1dPy, (9)
QNO*E
where 0*F is the reduced boundary of E and v¥ the (generalized) outer unit
normal to E at points of 9*E. We shall use the notation Py(E) := P,(E,RY).
Recall that, since ¢° is homogeneous, ¢°(Du) coincides with the nonnegative
Radon measure in RY given by

D? .
#(Du) = 6 (Vut) ds-+ 07 () 1D,
where Vu(z)dx is the absolutely continuous part of Du, and D*u its singular
part.

3. Stability of »Wy-regular flows with forcing

In this section we derive some stability estimates, comparison and unique-
ness for the flows of Definition 2.2. These will be deduced from estimates for
the Merriman-Bence-Osher [26] approximation algorithms, which is shown to
converge to the flow.

3.1. The Merriman-Bence-Osher algorithm

As in [17], we introduce the anisotropic generalization of the Merriman-
Bence-Osher algorithm with a forcing term. Following [24], the forcing term is
enforced by thresholding at a suitable level the solution of a heat-type partial
differential inclusion at time A, h the time discretization step.

Given a constant ¢ € R, a closed set £ C R with compact boundary and
h > 0 sufficiently small, define

T (E) = {wéRN s u(x, h) 2%— NG

ol

\/E}, (10)



where u : RY x [0, +00) — [0, 1] is the solution of

% ¢ div (¢°(Vu)5¢°(Vu)) in RN x (0, +00),

(11)
u(-,0) = xe() in RY x {t =0},

and xg is the characteristic function of E. The function u is well defined and
unique by classical results on contraction semigroups [12]: if E is compact,
it corresponds to the flow in L?(RY) of the subdifferential of the functional
u 3 [on (6°(Vu)?de if w € H'(RY), and extended to 400 otherwise. On
the other hand, if RN \ F is compact, one defines u by letting u := 1 + v where
v solves the same equation with initial datum yg — 1.

The idea is that an evolution ¢t — E(t) starting from FE(¢1) can be approxi-
mated with

n—1 n—2

En(t) == T," T," ~~TC’L(E(t1)) n>1,

t—11

A 1 [htGEDh (12)
} and ¢}, := E/ c(s)ds
¢

(here [¢] denotes the integer part of £ € [0,400)). In particular, our theorem

where n := {
1+ih

states that the anisotropic Merriman-Bence-Osher scheme is consistent with the
evolutions given by Definition 2.2.

Theorem 1. Let t € [t1,t2] — E(t) be an rWy-regular flow with forcing term
¢ € L*®(t1,t2). Then, for any t € [t1,t2], 0EL(t) converges to OE(t) in the
Hausdorff distance dy, as h — 0.

The proof of this theorem relies on an estimate for the approximate flow
which is computed in Section 3.2, and is given in Section 3.3. We can deduce
the following corollaries.

A first corollary, also proven in [9], shows that if an 7WWy-regular flow exists,
then it is unique.

(t) be two rWy-regular flows with
C F(t1). Then E(t) C F(t) for all
hen E(t) = F(t) for allt € [t1,12].

Corollary 3.1. Let t € [t1,t2] — E(t), F
forcing term ¢ € L>®(t1,t2). Assume E(t1)
t € [t1,t2]. In particular, if E(t1) = F(t1), ¢

An additional, more precise stability property will be shown at the end of Sec-
tion 3.3 (Corollary 3.4). The next corollary follows, with a standard proof [7],
from the monotonicity and consistency of the scheme.

Corollary 3.2. Assume that ¢, ¢° € C2(RN \ {0}) and are uniformly convex.
Let E C RY be a closed set with compact boundary and denote by E(t) the
level set ¢-curvature flow starting from E on a time interval [0,T); assume in
addition that no fattening occurs [18]. Then OE(t) — OFEs(t) in the Hausdorff
distance for anyt <T, as h — 0.



Let us observe that Corollary 3.2 follows from Theorem 1 when evolutions ac-
cording to Definition 2.2 are known to exist.

3.2. Estimate for the time-discrete flow Tf

In this section we consider an rWy-regular flow with forcing, and we show
(Proposition 3.3) an estimate on one step of the algorithm applied to E(t) or a
neighboring set.

Let E(t) be an rWy-regular flow on [t1, t2] with forcing term ¢ € L™ (t1,t2).
Possibly choosing a smaller A and reducing r, we may assume that A is of the
form A’ x [t1,ta] (A’ open subset of RY), and that {|d(-,#)| < r} C A for any
t € [t1,t2], where we recall that d is defined in (6).

Proposition 3.3. Fiz § € [0,7/2] and t € [t1,t2). Then, for any o € R and
e € (0,7/2), there exists ho > 0 depending only on €, |al, ||c| o (¢, t,), such that
if h € (0, min(hg, t2 — t)] we have

Tt ({d(,t) <6}) C {d(-,t+h) < (14 Ah)§ +ah+ (1+2X\)eh}, (13)
where
1 [tth
cp = f/ c(s) ds, (14)
h Ji
Tt s defined in (10) and X is as in (7).

Proof. Let u be the solution of the anisotropic heat equation with initial datum
X{d(-,t)<8}+

{gz € div (¢°(Vu)de*(Vu))  in RY x (0,6 — 1), (15)

u(,O) = X{QJERN:d(J;,t)Sé}(') in RN X {7’ = 0}

We estimate u(-, h) for small h with a suitable supersolution v of (15). Define

t+T1
g(1) = /t c(s) ds, T €[0,t2 — ],

and
v(x,T) = 'y(—d(amt—l—r) + 8 —g(r) + My, T) + h, (16)

Vo € RN, V7 € [0,ty — t], where n > 0 is a small parameter which will be
fixed later on (see (24)), and v : R x [0,+00) — [0, 1] is the solution of the
one-dimensional heat equation starting from the Heavyside function:

{2’1(&) = Yee(&7), EER, >0, n

’7(70) = X[O,+oo)(') 3 T =0,



where we shorthand v¢ = ?TZ and yge = g%}, and we recall that

(&) ! / - d 1 ¢
= — e 4 ds = — =: — .
Yy, T 2\/7?7_ . Y \ﬁ7 Al \ﬁ
We first observe that
0(,0) = X[0,400) (—d(, 1) +0) +h = Xqa(py<oy (€) +h > X{a(py <oy (@) = u(z, 0).

Furthermore, for almost every (z,7) € A’ x [t1, t2],
ad oy
Grtor) = (<Gt ) = et 1) o) + o) + 50)18)

where (o) means ( — d(z,t+7) + 6 — g(7) + An7,7), and
Vo(z,7) = —ye(o)Vd(x,t + 7). (19)
Since ¢ > 0, from (2) we have ¢°(Vv) = ¢, while
00°(Vu(z,7)) = —=0¢°(Vd(x,t + 7)) > —n(z,t + 7),
where n is as in Definition 2.2 (iii). Hence, the vector field Z defined as
Z(z,7) = —n(z,t + 1)ve(0)  V(z,7) € A" x [t1,t2],

is such that Z € ¢°(Vv)9¢°(Vv) almost everywhere in A’ X [t1,t2]. Moreover,
recalling that (n(z,t+ 7), Vd(z,t + 7)) = 1, we also have

divn(z,t 4+ 7)ve(o0) = —div Z(z, T) + yee (o). (20)
From (7) it follows

f%(x,t+ 7)—c(t+7) > —=divn(z,t +7) — Md(z,t + 7)|.

Therefore, using (20),

( - %(z,t +7)—c(t+ T)>7§(o)
> divZ(x,7) — yee(®) — A|d(z,t + 7)|ye (o). (21)
From (18), (21) and (17) we deduce

%(%T) 2 divZ(z,7) + A — |d(x, t +7)|)7e (o) (22)

a.e. in A" x [0,t2 — t1]. Therefore v is a supersolution of (15) in {|d| < n},
provided we show it is also above u on its parabolic boundary.

10



We claim that v > u on the parabolic boundary of the set
B = {(z,7) € A x[0,h] : d(x,t) <5 +e,d(x,t +7) >0 — 2},

provided h is less than some hy depending only on € and cpee(s, 1,). Let 2 € A’
be such that d(z,t) = 6 + € < r. Then, as in [17, Lemma 3.2], one shows that
there exists 71 = 71(€) independent of , such that

u(z,7) <71 V1 < 7 (e).

This is obtained by comparison with the evolution starting from the initial
datum 1—x{yer™:g(y—a)<e} (+), which is above u(-,0). Indeed, since E(t) satisfies
the rWy-condition and § < r/2, it follows that {d(-,t) < ¢} satisfies the §Wy-
condition. From this and € < r/2 it follows that {d(-,t) < §} N {y € RY :
¢(y — ) < e} =0, which in turn implies

1= X{yer~:p(y—)<e} () 2 ul’, 0)-
Hence, if h < 71, one has v(x,7) > h > u(z, 7) as long as 7 < h.
Choose now (z,7) with d(z,t+7) =0 — 2 > —r. Then
—d(z,t+7)+0—g(r)+AInT = 2e —g(T)+ M7 > € (23)

as long as 7 < 7o 1= g/||c[| oo (4, ,1,)- We now recall that in [17, Lemma 3.1}, it is
proved that for any € > 0, there exists 79 > 0 such that y(e,7) > 1 — 7 for any
T € [0, 79]. Therefore, using (23), one finds that v(z,7) > v(e,7)+h >1—7+h
as long as 7 < min{7g, 72 }. In particular, if

h < hg := min{7y, 71, T2},

we also have v(x,7) > 1 > u(x,7) as long as 7 < h. The proof of the claim is
concluded.

The claim, together with (22), imply that v is a supersolution of (15) in B,
provided {|d| <7} D B, hence as soon as 7 > § + 2. We therefore let

n:=0+ 2. (24)

By standard parabolic estimates, we deduce that v(z, h) > u(z, h) if d(z,t) <
d0+e¢e,0—2e<d(z,t+h), as soon as h < hy (and t + h < t3).
Recalling that ¢, = g(h)/h and that

T;l;tha({d(_’t) S 5}) = {LU S RN : U($,h) Z % _ C;\—/i—%a\/ﬁ}7

we deduce, using (24),

T ({0 < 0)) €
1
2

{7(—d(-,t+h)+6—hch+/\(6+25)h,h) > NG

— (cn —|—0¢)ﬂ — h}. (25)

11



As shown in [17], we have that v(-, h) "1 (1/2 = (cs + @)Vh/(2y/7) —h) = —(cn +
a)h+o(h) where the infinitesimal o(h) only depends on |a|+||c|| oo (¢, 1,). Hence
(25) becomes

Tt ({d(-,t) < 6}) C

{z e RN : —d(z,t+h)+ 35— hep + ANJ +2e)h > —(cp, + a)h +o(h)} . (26)

Possibly reducing hg (still depending only on €, |al, ||c|| o (¢, ,t,)), We have o(h) <
eh so that (13) is deduced from (26). O

3.8. Consistency of the algorithm and stability of rWe-regular flows

We are now in the position to prove Theorem 1. Let us fix § > 0 and a € R.
Let 5;5’0‘ (t) be the time discrete evolution with step h, as given by (12), but
starting from the set {d(-,¢1) < £d}, and with a speed given by c(¢) + a:

n—1 n—2
g5y = T TR T LT ({d( 1) < +0)),

where ¢y, is defined in (14). From estimate (13), it follows that for any ¢ > 0, if
h > 0 is small enough, one has for any ¢ > 0 with t; +ih < ¢y and t; +(n—1)h <
t<ti+nh

EY*(ti+ih) C {d(-,t1 +1ih) < &}, (27)

as long as 0 < §; < r/2, where §; is defined as follows: dp := § and
Oiv1 = (14 AR)0; + ah + (1 4+ 2N\)eh.

By induction, we find

(1+Ah)'—1
—
Letting 0p,(t) := 6;) with i(t) = [(t — t1)/h], we have that 0,(t) converges, as
h — 0, to the function

6 = (L+AR)'S + (a+(1+2))¢) (28)

e)\(tftl) . 1
5(t) := M5 4 (a+ (1+2)) s)f, t>1t. (29)
Let us observe that, by symmetry of the scheme, we also have
E 0Tty +ih) D {d(-,t1 +ih) < =8}, (30)

as long as 0 < §; < r/2. The proof of Theorem 1 then follows from (27) and
(30), choosing § = a = 0: indeed for any € > 0, we find that any Hausdorff
limit of O&x(t), as h — 0, lies in {(z,t) : |d(x,t)| < 6(t) < r/2} with §(¢) =
e(1 4+ 2X\)(exp(A(t — t1)) — 1)/A. Letting € — 0 we get the convergence. O

In a similar way, we derive from Theorem 1 and estimates (27), (30) the
following result:

12



Corollary 3.4. let t € [t1,ts] — E1(t), E2(t) be two rWy-regular flows defined
in the same open set A, with forcing terms ci1, ca, respectively. Let r > 0 be
such that the flow Eq(t) satisfies the rWy-condition for any t € [t1,t2] and
{(z,t) : |d%1(t)(w)| <r} C A. Letting 6 := dy (OE1(t1),0Ea(t1)) (where dyy is
the Hausdorff distance), we have for all t € [t1,t2] with 6(t) < r/2,

dy (OEL (1), DEs(t)) < 6(t), (31)

where 6(t) is defined as in (29) with € =0 and o = ||c1 — 2| Lo (41 ,2) -

4. Convex flat ¢-flows with forcing

If the initial set is convex, it happens that the flow remains convex for
subsequent times, whatever the anisotropy. This strong regularity property
allows to build unique flows in the convex, rWy-regular case, and by comparison
to define convex flows starting from an arbitrary compact convex set. This
section relies on two previously released papers where the situation with no
forcing term was investigated [13, 8]. These papers are quite long and, for
the second, very technical and we cannot recall all the results in all details.
The construction for showing existence relies on an implicit time-discretization
scheme first proposed by Almgren, Taylor and Wang [1] (see also Luckhaus-
Sturzenhecker [25]).

4.1. Existence and uniqueness of convex flat ¢-flows

Let us shortly recall the basic ingredients of the approach in [13]. Let C C
RY be a compact convex set and ¢ € R. Let us consider the equation

u—hdivde®(Vu) +hé— db 3 0 in RV, (32)

which has to be understood in the sense that u € BVi,.(RY) N L _(RY) and
there exists a vector field ¢ € L™ (RY;RY) with £(z) € 0¢°(Vu(x)) almost
everywhere in RY such that ¢ - Du = ¢°(Du) as measures in any bounded set

of RY (see [6, 13]) and
u—hdivé +hé— d2 = 0 in RV, (33)

The following result was proved in [13] when & = 0. The same proof applies
to the present case.

Theorem 2. Problem (32) admits a unique solution u in the class of functions
in BVioe(RY) N L2 (RN with bounded sub-levels. This function u is convez,

loc
Lipschitz, and each sub-level {u < s} is a solution of

1

in { Py(F) + — d?, — s|dx — &|F P,
Frg%nN{a >+h/wS|C s dz — g |}, (P

13



where Cy := {dg < s} and FAC is the symmetric difference between F and Cs.
Moreover, if s < s’ and Fs and Fy are solutions of (Ps) and (Ps/) respectively,
then Fs C Fy. Hence, for any s € R there exists a minimal and a mazximal
solution of (Ps), and this solution is unique for almost any s € R.

Remark 4.1. As in [13], we observe that the vector field £ associated with the
solution u of (32) is such that div¢ > 0.

Taking s = 0 in (Ps) we may define [1, 13, 16]

dg|

S5 (C) := arg min {P¢(F) + / hd:cE|F|}. (34)

FCRN FAC

In case there are multiple solutions, we define S§(C') as the smallest one which
coincides with {u < 0} where u denotes the solution of (32) (see Theorem 2 in
[13]). Observe that

oy — ~ [T R—
SL(C) = arg anli{nN {P¢(F) —I—/FAC< ’ csgn (dg) | dx

d% — he
= in { P,(F ¢ .
arg FncllanN{ »(F) + /F< . ) dx}

Observe also that if ¢ > 0 and u is a solution of (33), then u is a solution of

u—hdivé = df .y, nRY,
that is
SYUC)={u+hc<0} and  S(C+heWy) = {u<0}=S5(C).

Hence, if z € 0S5 (C'), then

dgg(c) () > u(x) + he = he.
Thus
d*(95;,(C),085(C)) = he. (35)

The same is true if ¢ < 0 and (C' + héWy,) + hlc|Wy = C.

For h > 0, let ¢, € L*(0,4+00) be a piecewise constant function, constant
on each interval (ih, (i + 1)h], i € N, and such that sup, ||cal| £ (0,400) < +00.
We then define a discrete (in time) evolution by letting for any t > 0

Cu(t) = G gpr(@=Dh g @), = t/h). (36)
Notice that Cj,(t) coincides with {u™ < 0} where u™ is the solution of

u— hdivde®(Vu) + hep(nh) — d2,., > 0in RV,
h

14



with Cp~! o= gD g (),
Denote by K the class of all compact convex subsets of RY, endowed with
the Hausdorff distance dy.

Theorem 3. Let C € K. There exists a sequence {hi} converging to 0 as
k — oo and a continuous function C' : [0, +00) — K with C(0) = C such that

Jimdr (Qc,, . Qc) =0,

where QChk and Q¢ are the space-time tubes defined as

Qe = J @) x (1)), Qo= J(C@) x {1}). (37)

t>0 t>0
Proof. The proof is the same as in [13, 8] and is omitted. |

Definition 4.2. We call the evolution C(t) given by the thesis of Theorem 3
a convez flat ¢-flow with forcing term ¢ € L*°(0,400) (the weak-+ limit of cp)
starting from C.

The next two results (existence of convex rWy-regular flows, and comparison
for convex flat ¢-flows), can be proven following the same lines as in, respectively,
[8, Theorem 6.1] and [8, Theorem 7.4]; in particular, the local existence proof of
Theorem 4 is based on the weak formulation given by the flat ¢-flow. Together
with the uniqueness result of Theorem 3.1, we can conclude the existence and
uniqueness of an 5Wy-regular flow starting from a compact convex set satisfying
the rWy-condition.

Theorem 4. Letc € L>(0,+00). Let C € K satisfy an interior rWy-condition
for some r > 0, and let t1 > 0. Then there exist to > t1 and a unique convez
5Wy-reqular flow t € [t1,t2] — C(t) with forcing term c such that C(t;) = C,
where to — t1 depends only on r and ||c||p~. Moreover, if ¢, — c weakly-*
in L>(0,+00), then C(t) is obtained as the Hausdorff limit of the discretized
evolutions Cp(t) defined by (36).

Proposition 4.3. Let C,C" € K with C C int(C"). Lett € [0,400) —
C(t),C'(t) be two convex flat p-flows with forcing term ¢ € L™ (0, +00) starting
from C and C' respectively. Then C(t) C C'(t) for any t > 0.

Then, we provide with a lemma to compare flows with different (close) forc-
ing terms.

Lemma 4.4. Let C; C Cy be two compact convex sets, c¢i,ca € L°(0,+00),
and let C;(t) be a convex flat ¢-flow with forcing term c; starting from C; for
any t =1,2. Define

5(t) == d?(9C(t),0Cs(t)) WVt € [0, +00)
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and assume that 6(0) > 0. Let Teontact = Teontact (C1, Ca,c1,c2) € (0,+00] be
the first contact time (if any) between OC1(t) and OCy(t). Then

(S(t) Z (5(0) — At(CQ — Cl)ds vt S [07Tcontact)' (38)

Proof. Set § := 6(0). Choose Cy = Cy 4 §/3W,, Cy := Cy + 20/3Wy,
and let C;(t) be the rWy-regular flows starting from C; with forcing term c¢;,
given by Theorem 4, in a suitable common time interval [0,7). Let 8(t) :=
dist(aél (t),aég(t)) for any ¢ € [0,T). By approximating the sets Wy, C1,Cs
with smooth sets as in [8, Remark 12, Section 6], it is possible to prove that
5(t) > 6(0) — fot(CQ —c1)ds for t € [0,T), see also [8, Section 8, Lemma 13].
This also follows by combining the observations leading to (35) and the proof
of [8, Section 8, Lemma 13]. Finally, since the distance between dCy(t) and
AC1(t) (resp. dC,(t) and ACs(t)) is nondecreasing (see [8, Section 8, Lemma
13]), estimate (38) follows. O

Definition 4.5. Given a compact convez set C' and a a convex flat ¢-curvature
flow with forcing term ¢ € L*°(0,+00) starting from C, we define

toe :=sup{t >0:|C(r)| > 0 for any 7 € [0,t)} € [0, 400, (39)
= U ©wxin.
0<t<tc,c

Theorem 5. Let C; C Cy be two compact convex sets and let Cy(t) and Ca(t)
be two convex flat p-curvature flows with forcing term ¢ € L (0,4+00), starting
from C1 and Cy respectively. Then

01 (t) - Cg(t) YVt € [O,t027c).

In particular, the convex flat p-flow starting from a compact convex set is unique,
as long as the enclosed volume remains positive.

Proof. We argue as in [8, Theorem 7.4]. Assume C; C int(60Cs), with 6§ > 1,
and let §y(t) := dist(0Cy(t),00C2(t/6?)). Applying Lemma 4.4 with ¢; = ¢,
co = 5c(t/6%), and with Cy replaced by 6C5, we get

5o (t) > 34(0) /Ot <;c(;2) c(s)> ds Ve (0,tp), (40)

where tg := Teontact (C1,0C2, ¢, ¢2) is the first contact time between 9C (t) and
00C5(t/6?). Now, if R is the radius of a ball inside Cy, we must have Jp(0) >
(0 — 1)R. On the other hand,

/ot (;C () _C(S)> ds = (6 1)/:/02 o(s) ds+/t:92 o(s) ds

< 360 = 1)llell Lo (0,4-00) -
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Hence, we find that t9 > t; := R/(3]|c||s). Letting # — 1% and recalling that
0C5(-) is continuous from the left (see Theorem 3 and [13, Lemma 7.2]), we
deduce that C1(t) C Cy(t) as long as ¢t < t;. Now, we may start again from t;
and push further the inclusion as long as R > 0 (i.e., for Cy having nonempty
interior). O

Under the assumptions of Theorem 5, we cannot exclude the existence of a
contact time between 0C(t) and JC5(t) when the volumes of Cy(t) and Ca(t)
vanish.

Remark 4.6. If |C3| = 0, it is not clear whether the comparison remains true.
Indeed, if for instance, Co = {22+ y?> < R,z = 0} C R? and ¢ = 1, it is likely
that for R large enough, a solution with positive volume may evolve starting
from C, while other approximations of ¢ will yield an empty flat low. Hence,
we cannot expect uniqueness in this situation.

We have shown that the convex flat ¢-flow with forcing define a continuous
semigroup up to extinction of the interior. The next result is a slightly stronger
stability result.

Theorem 6 (stability of the convex flat ¢-flow). Let C,,,C € K, and as-
sume that C' has nonempty interior and lim,_, o dy(Cr,C) = 0. Let ¢y, c €
L2 ([0,400)) and suppose that ¢, — ¢ weakly-+ as n — +oo. Let Cy(t),
0 <t<tg,e and Ct), 0 <t < tc, be the conver flat ¢-flows with forc-
ing terms ¢, and c starting from C,, and C, respectively. Then

tC,c S lim inf tcmcn

n—-+4oo

and

lim dy(Cn(t),C(t) =0

n—-+4oo

locally uniformly.

Proof. We combine the previous proofs. Let 8§ > 1. If n is large enough,
from the assumption lim,_, o dp(Cp,C) = 0 we have C,, CC 6C. Define
85 (t) := dist(0C,, (t),00C(t/6?)); by Lemma 4.4 we have

o(t) > 5;;(0)—/; (;c(;) —cn(3)> ds (41)

for all ¢ before the first contact time between 9C,(t) and 00C(t/6%). As
n — +oo, (41) converges to (40), with dg(0) given by dist(9C, 0C) and es-
timated from below by (0 — 1)R where R is a ball inside C. For n large
enough, we therefore get, as in the proof of Theorem 5, that as long as ¢t <
t1 := max(R/(6||c|| L=, 1) and C(t) does not vanish, C,(t) C 6C(t/6?). Sending
n — +oo, we find that any Hausdorff limit of C,,(t) is inside 0C(t/6?) for any
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6 > 1 and ¢ < t;. Letting then § — 17, we get that C(t) is a bound from above
for the Hausdorff limits of C,(¢). The same argument with now § < 1 and
0C cc C,, (for n large enough) will yield the same bound from below. Hence,
limy,— 4 oo d (Cn(t), C(t)) = 0 on (0, t1) if |C(t)| does not vanish. It is then pos-
sible to bootstrap and show that this must happen up to ¢¢ ., by contradiction.
U]

We also mention that the crystalline flow of convex sets may be approximated
with smooth anisotropies: to state the result we recall that in [28, 8] it is proved

the following approximation lemma.

Lemma 4.7. Let ¢ : RN — [0,+00) be a convex function satisfying (2) and
(3), and let C be a compact convex set satisfying the rWy-condition for some
r > 0. Then there exist a sequence {¢.} C C° of convex functions satisfying
(2), (8) and ¢¢ € C, and a sequence {C.} of compact smooth uniformly convex
sets satisfying the rWy_-condition for any e > 0, such that

lim ¢ = ¢ uniformly in RV, lim dn(Ce,C) = 0.

Proposition 4.8 (stability with respect to the anisotropy). Let (¢:)c>0
and ¢ be anisotropies with ¢. — ¢ as e — 0, and let C(t), C.(t) be the convex
flat flows corresponding to the anisotropies ¢ and ¢. respectively, starting from
the same initial convex set C (see Lemma 4.7). Assume that |C(t)] >n > 0 for
allt € [0,T). Then

lim dy (0C:(t),0C(¢t)) =0, (42)

e—0*t

uniformly on [0,T].

Proof. It C(t) is an rWy-regular flow, the thesis has been proved in [8, Remark
12, Th. 12]. Therefore, we can use 7Wy-regular flows to compare lim._.o C.(t)
with appropriate dilations of C(t) (and viceversa), as in Lemma 4.4 and in
Theorem 5, using the fact that |C(t)] > 0. O

5. Evolution of volume and perimeter for a convex flat ¢-flow with
forcing term

Let C C RY be a compact convex set with nonempty interior. Let Cj(¢) be
defined by (36). By Theorem 5, we know that there exists a time t¢ . € (0, +00]
(defined in (39)) and a unique convex flat ¢-flow C(t), of positive volume
as long as t < tc,., such that the space-time tubes defined in (37) satisfy
limp 400 dn(Qc,, Qc) = 0 (locally in time, if tc, = +00). Reasoning as
in [13, Th. 5], we obtain also the following properties:
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Proposition 5.1. The function t — 0C(t) € K is continuous, the Hausdorff
convergence of IC(t) to OC(t) is locally uniform in time, and, letting

d(x,t) == dg. (@), (43)

we can find z € L (RN x (0,tc.); RY), with 2 € 9¢°(Vd) almost everywhere,
and such that div z is a nonnegative Radon measure in RN x (0,tc.), with

—divz+c+ % > 0 out of Qg, (44)
Cdivetet % < 0 inint(QL) (45)

in the sense of measures. Moreover, out of Q. the measure div z is represented
by a locally bounded function, and more precisely

N-1

0<divz < (46)

almost everywhere in {d > 6}, for all 6 > 0.

We recall that Q is the tube Q¢ up to first extinction, defined in Definition 4.5.
Notice that (46) follows by comparison with the (discrete) evolution of a Wulff
shape of radius ¢.

Remark 5.2. As a consequence, dd/9t is a Radon measure on RY x (0,tc.)\

0Qr. In fact, one can show from the construction that d(t + h) > d(t) —
:+h c(s)ds, so that d/0t > —c € L>(0,tc.) is a Radon measure in RY x
(O,tqc).

Definition 5.3. Given a convezx set C, with the symbol Vf(C) we indicate the
second mized volume of order N, V(Wy, Wy, C,...,C) (see [28]), multiplied by
N(N - 1).

The mixed volume V;’(C) can be defined by the relationship

i FelC+0Ws) — Py(C)
d—0+ 6

= V()

and is a nondecreasing, continuous function of C' € K ([28, proof of Theo-
rem 5.1.6, (5.1.23)]). If ¢,¢° € C° and C is of class C'', we have Vi(C) =
Joc ng dPy where ng =div ng and ng = V¢°(Vdg) (recall (1)). In the same
way, we have |C| =V(C,...,C) whereas Py(C) = NV(W,,C,...,C).

Proposition 5.4. Let C € K, t € [0,+00) — C(t) be a convez flat ¢-flow with

forcing term ¢ € L*°(0,400) starting from C, let d be defined as in (43), and
let z be the vector field given by Proposition 5.1. Then,

1
sup

tC’,c
- / / (divz)*dzdt < +oo. (47)
5500 0 {0<d(-t)<é}

19



Moreover, for any 0 < t; <ty < 400,
Py(C(t2)) = Py(C (1))

tz t2
< —limsup / / s (div 2)? dz dt + / (VL (C(t)) dt
0< t)<

6—0 t
< / <_(V2¢(C(t)))2 + c(t)Vf(C(t))) dt (48)

and in particular

@t < eyt AOWeR)  mD(Ote). (@)

Remark 5.5. We observe that (47) gives a sort of W22-regularity of 9C(t).

Proof. Let b > a > 0, and let T (r) := max{a, min{b, r}} for any r € R. Recall
from (46) that div z is a nonnegative bounded function in {d > a}. From the
first inequality in (44), we get, for almost every ¢ € (0,tc.),

0T a(d)
ot

> T}, (d)(div = — c) (50)
in the sense of measures. We now test (50) with a sequence of time-dependent

test functions supported in [t,¢ 4 h] and increasing to Xj¢¢4n); integrating by
parts, passing to the limit and using the fact that d(z,-) is continuous, we get

t+h
Top(d(z,t + h)) — Tap(d(x,t)) > /75 Toy(d(x, 5))(div 2(z, 8) — ¢(s)) ds

almost everywhere in RY.
We compute

¢°(V(Tap(d(z,t + h))))dz — [ ¢°(V(Tup(d(z,1)))) dx
RN RN

< / (0, Y (Tup(d(, t + h)) — Tup(d(x,)))) d,
RN

where 7 is any vector in 9¢°(V(Tyup(d(x,t + h)))). Therefore

°(V(Tap(d(z, t + h)))) dx — | ¢°(V(Tap(d(x,1)))) d

RN RN

g/ div 2(z, ¢ + h)(Tap(d(z, £ + 1)) — Top(d(z, 1)) dz
RN

t+h
< —/ </ X{a<d(-,s)<b} (divz(z,s) — c(s)) ds> div z(z,t + h)dx
RN \J¢
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since divz > 0 almost everywhere out of Qf.. Dividing all terms by h, we use
the fact that d is continuous in time and that all the functions appearing in the
integrals are uniformly bounded, for A small enough, we can pass to the limit
as h — 0%, and we obtain

d
= Ha < d(t) < b}

< 7/ (div z(z, 1)) derc(t)/ div z(z,t) dzx
{a<d(-,t)<b} {a<d(-,t)<b}

in D/((O,tc7c)). Ifo<t; <ty < tc7c, we find

/t?'/ (div(z, ) 2dedt < —|{a < d(-ts) < b}
t1 J{a<d(-,t)<b}
+ {a <d(-,t1) < b} +/t c(t) (Py (C(t)y) — Py (C(t)7)) dt,

where we recall that C(t)} := C(t) + pWy, p € {a,b}.
Letting @ — 07 we deduce that divz € L?({0 < d < §}). Then, we divide
by § := b and send § — 07, and get

1 ("
lim sup — / (div z(z,t))?dx dt
J tp J{0<d(-,t)<d}

§—0*t

< PO + P + [ dvicana

ty

showing (47), as well as the first inequality in (48).
The second inequality (and (49)) follows by noticing that

2
1 / .\ 1 .
- (div2)* dx > / div zdz
0 J{o<d(- 1)<} SHO < d(-,t) <0} \ Jio<d( py<s

{0 < d(:,t) <4} <P¢(C(t)5) - P¢>(C(lf)))2 _ ew)y
g {0 <d(-,t) < 4} Py(C(1))

as 6 — 0T, O

Remark 5.6. In general (49) is not optimal even when ¢,¢° € C3°, C(t) is
smooth, and ¢ = 0: indeed, in this case it is well known that

d

d 2 cm))?
dt

. C(t)y2 (
pacan =~ [ 5rar, < e

and the inequality may be strict. However, we point out that the first inequality
in (48) is always optimal.
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5.1. On convex sets having ¢p-mean curvature in L>

Definition 5.7. Assume that ¢ € C$°. Let C be a convex set. We say that C
has ¢-mean curvature in L?(0C) if the vector field

2(x) = 0¢°(VdS(z))  for ae. z € RY, (51)
satisfies
— 1
hoc = lim inff/ (divz)?dz < +oo. (52)
d—0F {0<d? <5}

Proposition 5.8. Assume that ¢ € C3° and let C be a compact convex set with
¢-mean curvature in L?(0C). Then the problem

div¢de = P¢(C)} (53)
C

min{/(divf)de: £:C — Wy, divgeLQ(C),/
c

has a solution Z, and two solutions of (53) have the same divergence. Moreover
there exists a constant k > 0 such that

/C (divz)2de < #(Ps(C) + hoc). (54)

Proof. Step 1. We build a competitor z* : C — RY for the minimization
problem in (53), hence satisfying

/C(divz*)de < K(Ps(C) + hac) (55)

for some k > 0 independent of z*.
Let z be defined as in (51), and let e, € (0, 1) be such that ; | 0 and

. . 2 T
kgr-‘,r-loo o0t (divz)*dPy = hac - (56)

Observe that near dC7, the vector field z is Lipschitz. Indeed, by [8, Eq. (16)],
one has

A
Vz| < X|divz\ a.e. outside of C, (57)
where A, A are the ellipticity constants of ¢°, defined by [8, Eq. (7)]:
Md < ¢°D?¢° +Vo° @ V¢° < Ald.

Let B(%,R) C C a maximal ball contained in C'; without loss of generality we
may assume T = 0. Denote by hy, : RY — [0, +00) the convex, one-homogeneous
function such that C = {hy < 1}. In particular, Vhy is zero-homogeneous,
bounded by 1/R, and Vhy(z) = |[Vhy(z)|v° (z) for HN~1-almost every = € 9C,
where we recall that v is the outward unit normal to 9C. We define

H(z) = hk(x)z<hljz)>, veCt.
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Then ¢°(2*(x)) = hp(2)¢°(2(z/h(z))) < 1 for almost every x € CF, and

div 25 (z) = (Vhg(), 2 (h:éx)>> + “zjijl Oz (h:(’x)) (m - mf(;)&hk(x))

where ¢;; is the Kronecker symbol. We deduce, using (57),

e R (R | O ) R

We now employ the co-area formula to write

1 N-1

(divzF)2 dx = (div 2%)? dn ds
+ |Vh|
Cgk 0 {hk:S} k

where we used that Vhy and div 2* are zero-homogeneous. Since |Vhy| is esti-
mated from below by the inverse of (¢;+ the diameter of C), we deduce from
(58) and (59) that

/ (divzF)?de < k| Py(CL) +/ (div2)?dP, |, (60)
o, elops

where x depends on R, A/\, N, the diameter of C' and max,cgv-1 ¢°(v). As
k — +oo, zF converge weakly-+ in L>(C;RY) to some z* : C — Wy, and
passing to the limit in (60) (using (56)) we get estimate (55). To conclude the
proof of step 1, we need to show that

/ divz* dz = Py(C). (61)
C

Since

/ div 2* dz = Py(CH) —/ div ¥ da
c ct\c

sending k — +oo formula (61) follows.

As a consequence of step 1, the class of competitors in the minimum problem
(53) is nonempty.

Step 2. We build a solution of (53).

For all A > 0 denote by u) the unique solution of the problem

min { - ¢°(Du) + g/]RN(u—XC)2 dm} . (62)

u€BV (RN)

One can show that 0 < uy < 1, and that uy = 0 almost everywhere outside of C
(by showing, for instance, that uyc has an energy lower than u, because of the
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co-area formula and the convexity of C'). Therefore problem (62) is equivalent

to
: o é _1)\2
uerg‘l/réc){/c¢ (Du) +/ac |u|dPy + 5 /C(u 1) dx}. (63)

It is shown in [14, 2] that for any u > 0, as soon as A > pu, the set
E,={ux>1—-p/A} (64)
is the unique solution of

min {Fy(E) — plBl} (65)

and does not depend on A. Moreover, for A > 0 large enough, p* := A(1—||ux|lco)
does not depend on A and coincides with the ¢-Cheeger constant of C'. In
addition, it is shown that wuy is concave (hence locally Lipschitz) in Ey = {uy >
0}, so that E, is convex for all 4 > p*. For p = p*, (65) has at least two
solution, @ and the convex set {uy = ||ux||oo}, while it has been shown in [15, 2]
that, at least in the isotropic case ¢(-) = |-|, there is no other solution. If p < p*
then @ is the only solution of (65).
The Euler-Lagrange equation for (63) is

—divzy = A1 —uy) a.e. in C,
P(2a) <1, (2x, Vur) = ¢°(Vur)  ae inC, (66)
zy - vY = —¢°(v°) HN"La.e. in 0C N {u > 0}.

In particular, —divzy = p on 0E,, \ 9C (which expresses the fact that OF,, has
¢-curvature p inside C), and div z) = div z) almost everywhere in E) for any
N >\ As A — +o0, —2, converges weakly-* in L>(C;RY) to a vector field
z2:C — Wy withdivz =pon 0E, \ 0C, p > p*, and divz = p* in E-.

Now, convex duality shows that z) is also a solution of the problem

min{/ (A + divn)?dr: n:C — Wy, divneLQ(C’)}.
c

In particular, if £ is an admissible vector field for problem (53), one has for any
A>0

/()\ + divzy)?dr < /()\ + div (=¢))*dx,
c c
that is, using [, div§de = Py(C),

/(divz,\)2 dx + 2\ (P¢(C)+/ div z) da:) < /(divf)Qda:.
c c c

Passing to the limit, we find that [, (divz)?dz < [, (divE)? de, and [, divz =
P4(C), so that Z is a solution of (53). Since problem (53) is strictly convex in
the divergence, we deduce the uniqueness of divz. In particular, we have shown
that given any solution Z of (53), one has divz = p on 0E, \ 0C for any p > p*,
and divz = p* in Ej-. |

24



Proposition 5.9. Let ¢, C and Z be as in Proposition 5.8. For 6 > 0 small
enough, define
C® = (Cy)Ff CC.
Then
0 < Py(C)—Py(C°) < 6 (divz)? da . (67)
Cc\C?

Proof. We observe that that E,, in (64) is of class C*! and Iﬁf“ < u (otherwise

we easily contradict the minimality in (65)) and Kf“ = pon 0F, \ OC. Hence,
it satisfies an interior ball condition [8, Remark 4]. Moreover, by [8, Corollary
2], E, satisfies the interior I%W¢—condition. Therefore, if 6 < 1/u, one has
{e€eE, : x4+ Wy CE,} +0Wy = E,, hence E, C CY. In particular, since
U,E, = C, we have that divz > 1/§ almost everywhere in C'\ C?. Therefore,

Py(C) — Py(C%) < /8 )

:/ divzdxr < 5/ (divz)*dz.
Cc\C? Cc\C?

zZ, vy dHN 1 — / (z,v°) dHN 1
acs

In particular, we deduce the following corollary.

Corollary 5.10. Let C be a compact convexr set with ¢-mean curvature in
L?*(0C). Then
Py(C) — Ps(Cy )

Jim, 5 L = V(). (68)

Proof. Let C? := (C5){. By [28], we know that
Py(C%) = P4(C5) + 6V5(Cy) + O(s%)

as 0 | 0. Since C% C C and Vy is continuous, we deduce P,(C) — Py(C5) >
§VL(C) + o(1). The reverse inequality follows from (67). O

Remark 5.11. Observe that (68) is not true if, for instance, C' is a square in
the plane and ¢ = | - |. Indeed, in this case the right hand side of (68) equals
27, while the left hand side is equal to 8. This is due to the fact that divz is
not in L2(R?\ C).

We are finally in the position to compute the evolution equation for the
enclosed volume.

Theorem 7. Let C(t) be a convex flat ¢-flow with forcing term c(t), ¢ €
L>(0,4+00). Then

%\C(t)l = VS (C0) +e()Py(C(1)) i D'((0,tc.c))- (69)
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Proof. Assume first that ¢ € C3°. Let a <b < 0. Let Q5,(r) =1ifa+e<r <
b—e, 0if r <aorr>b, and let Q5,(r) be equal to the linear interpolation
between 0 and 1 if r € [a,a 4+ ¢] U [b—€,b]. Let TS, (r) be the primitive of Q%
with T5,(r) = a for r < a. Then, using the fact that d is continuous and 9d/0t
is a Radon measure in RV x (0,tc..), we find, recalling (45)

% /B TS, (d) de = /B sz(d)%g /B Q5 (d)(div = — ) da
_ /B (2, DQ3(d)) — c(t) /B 0=, (d) dx (70)

= —%|{a§d§a+€}| + é|{b—s§d§b}|
- dﬂé@;@ﬂa

where B is a ball containing {d(-,t) < 0} for any t € [0,t¢c,] in its interior.
Observing that

b—e
./ < (d)dz = w—enBri/ (T2, (d) < s} ds.
B a

and letting ¢ — 0% we obtain, from (70),

-4 | Hae < syas
< Py({dl1) < B) ~ Py({d(-1) Sa}) — eft)lfa < d(,1) < b}l

Dividing the above expression by b — a, and letting b — 0~ we get

a1 [°
Srar L a0 < sy as

Py(C(t) = Po({d(-,t) <a})

la|

{o<d(.0 <0}

|al

c(t)

As a — 07, the first and last term of this inequality converge respectively to
—(d/dt)|C(t)] and —c(t)Py(C(t)) in D'((0,%c,c)).

We now need to find the limit of the quotient F2(¢M)=Fo{d(t)<a})

la]
0~, which requires a rather delicate argument. In view of Remark 5.11, we
already know that, if we want this term to converge to —V;’(C(t)), we need to
exploit some regularity property of C(t); and this will be provided by estimate
(47). Consider for almost every ¢ € (0,tc,) the vector field Z(x,t) obtained
by solving problem (53) in C(¢) (C(t) is continuous in time so that divZz is

as a —
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measurable). We have

tC,c
/ / (divZ(z,t))? dedt <
0 C(t)

to,e
n/ Py (C(1)) +liminf1/ (div z(z,t))? dz | dt,
0 5—=0+ 0 Jio<d(- t)<sy

which is finite by (47). Denoting by C1%l(t) the set {d(-,t) < a} + |a|Wy, we
deduce from Proposition 5.8 that for any nonnegative ¢ € D((0,tc,)), one has

toe  Py(C(t) — Py({d(-,t) < a}) dt

¥(t)
0 lal
) Otc,c o ( P,y(C(1)) |a1|3¢(cal(t)) N Py(Clol(t)) — |1(?14[({d(~,t) < a})) it

IA

/tc’c »(t) / (divz(z,t))? da + V2¢(C(t)) +o(1) | dt
C\Clal(t)

OV dt + o).

IN

from which we deduce
—%IC(t)I <Va(C(t) — c(t)Ps(C(t)  in D'((0,tc,c))-

The opposite inequality is obtained almost in the same way using the first
inequality in (44) and letting first @ — 0~ and then b — 0~ : the main difference
is that this time, passing to the limit in the expression (P4(C(t) + bWy) —
P4(C(t)))/b does not raise any difficulty.

In the general case, we approximate ¢ with ¢. € C$° and pass to the limit in
(69), recalling Proposition 4.8, and the continuity of the mixed volumes [28]. O

6. Convex volume preserving ¢-curvature flows

6.1. Existence of a convex volume preserving flat ¢-flow

Let C be a compact convex set in RY; we define
&= V3 (0)/Py(0), (71)

and
5 (C) = Si(0)

where S is introduced in (34), and depends on C. Then, we define a discrete
(in time) evolution by letting for any ¢t > 0

ont) = M), (72)

namely we iterate the operator ¥, for [¢/h] times.
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Remark 6.1. For h > 0 fixed, the volume of C}(t) is in general not equal to
the volume of Cy(t). This property however becomes true in the limit, as a
particular consequence of the next theorem.

Theorem 8. Let C C RN be a compact convex set. Let Cy,(t) be defined by (72).
Then there exist a sequence {hy} converging to 0 as k — oo and a continuous
Junction C(t) : [0,+00) — K such that C(0) = C,

C®)]=1[CO)]  vt=0,

and
i (00,.0c) 0.

Proof. This follows from Theorem 3, provided we can show that the piece-
wise constant function ¢p(t) := ‘/2¢(Ch(t))/P¢(Ch(t)) > 0 remains uniformly
bounded for all times as h — 0%. From standard inequalities between mixed
volumes [28, Theorem 6.31], we have

VE(Ch(t) _ N —1Py(Ci(t)
Po(Ch(D) = TN [Ca(0)]

Let r,R and = € C be such that x + rW, C C C RWy. Since ¢, > 0,
Cu(t) 2 (S)#/M (1 4 rWy) which in turns contains z + (r/2)W,, for ¢ less than
or equal to some Ty > 0 of order r2. Hence

(73)

|Ch(t)| > |rWy] vt € [0, Tp).
On the other hand, P,(C(t)) < P;(2RW,), so that
Ch(t) < (1 — 1/N)P¢(2RW¢)/|’I"W¢| =:C

as long as t < Ty and Cj(t) € 2RW, which will happen (by induction) if we

also choose Ty < R/é. Hence on [0,Tp], ¢, remains uniformly bounded with

respect to h, and we may apply Theorem 3 to get existence of a flow on [0, Tp].
Let now

T* := sup {T >0: 3hr >0: sup [len|lpe(o,r) < +oo} > Tp. (74)
h<hr

By a diagonal procedure, from Theorem 3 we can find a sequence {hy }; converg-
ing to zero as k — 400, and a convex evolution C(¢) such that Cp, (t) — C(%)
in the Hausdorff distance, locally uniformly in [0,7*). In particular, by conti-
nuity we have ¢, (t) — ¢(t) = Vi’ (C(t))/P,(C(t)) locally uniformly in [0, 7).
Using (49) and (69), we deduce that |C(t)| = |C|, and that ¢t — Py(C(t)) is
nonincreasing. In particular, by inequality (73) applied to ¢(t), we find that

VI(C) _ N-1Py(0)

W Few TN e <
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for ¢ < T*. Hence C(t) is contained in (R + t¢)W,, and must contain some
Wulff shape z(t) + r(¢)Wy where r(¢) > 0 depends only on |C(¢)] = |C| and
R + t¢ (see for instance [28, Eq. (6.2.13)]).

It remains to show that 7% = 4+o00. Assume this is not true. Then

(*) the sets C(t) obtained above are contained in R*W,, with R* = R+ T"¢,
and contain a small Wulff shape z(t) + r*Wy where r* depends only on
|C| and R*.

Reasoning as in the beginning of this proof, we can find 7(R*,7*) > 0 such that
for any convex K contained in 2R*W, and containing a Wulff shape of radius
r*/2, the forcing term of the motion Zg/ MK remains uniformly bounded for
h<rT,aslongast <.

Let us show that if h is small enough, Cj, (T™* —7/2) satisfies (*); by (74), this
will yield T* > T* 4+ 7/2, a contradiction. If it is not true, there must exist a
sequence {hy} converging to zero as k — +oo such that either Cy, (T* —7/2) ¢
2RW for all k, or Ch, (T*—7/2) C 2RW but does not contain any Wulff shape
of radius r*/2 for all k. Extracting a further subsequence, we may assume that
Ch, (t) — C(t) locally uniformly on [0,7*) and in this case we have seen that
for some z, z+r*W, C C(T* —71/2) C R*Wy, a contradiction. This shows that
T* = +o0. O

Remark 6.2. If d(z,t) = dg(t) (x), then d satisfies (44) out of Q¢ and (45) in
int (Qc).

6.2. Convez volume preserving rWy-reqular flows
6.2.1. Existence

The following result is a consequence of Theorems 4 and 8.

Theorem 9. Let C C RN be a compact convex set satisfying an interior rWe-
condition, for some v > 0. Then there exists a convex volume preserving 5We-
regular flow C(t), for t € [t1,t2], such that C(t1) = C.

6.2.2. Uniqueness

We will prove that the forcing term of a convex volume preserving rWy-
regular flow E(t) depends only on the initial set. In particular, we will obtain
a comparison result similar to Corollary 3.4.

Theorem 10. Fort € [t1,12], let E1(t), Ea(t) be two convex, volume preserving
rWy-reqular flows defined in the same open set A. Assume that the initial
distance between their boundary 1 := dy (OE1(t1), 0E2(t1)) is such that n < r/2.
Then

dy (OB (1), 0Es(t)) < ePT )y vt € [ty ty] with MKy < p/2. (75)
where X is defined in (7) and K depends only on N and on the radius of a ball
contained in Eq(t) for all t € [t1,t2].
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We begin with the following lemma.

Lemma 6.3. Let ¢ € C°. Let C1 C Cy be two compact convex sets satisfying
the interior rWe-condition, and let R > 0 be the radius of a ball contained in
Cy. Define
n:i= d'H (301, 602)

Then

ny\N-1

Po(C) € Py(Co) < (1+ %) PolCn),

Ay N=2 (76)

He) <)< (1+4) W

Proof. The inequalities in (76) immediately follow from the observation that
(assuming the origin is the center of a ball of radius R contained in Cy) Cy C
(14 n/R)C: and the monotonicity of Py and Vf with respect to the inclusion
of convex sets (which is a consequence of the fact that these quantities are
multiples of mixed volumes (see [28], [14])). O

Proof of Theorem 10. Let us assume that ¢ € C2°. We have

alt) = 5 ! VS(Ei(t)) Vit € [ty t].

o (Ei(t))

Hence, from Lemma 6.3, we deduce that if R > 0 is the radius of a ball contained
in F4(t) and n(t) = disty (0E1(t), 0E2 (1)),

<1+”g>>_w_l) at) < et) < (1—1—77;;)>N_2c1(t). (77)

Indeed n
Py(Er)er < Py(Ez)ez < (1+ E)N71P¢(E1)C2

so that (14 %)~ =Ye; < cp. Similarly,

Py(Ez)ey < (14 %)N_Qpas(El)Cl <(1+ %)N_2P¢(E2)01
From (77) we deduce
lea(t) — ea(B)] < Kn(t),

where the constant K depends on N and R.

Assume 1 < r/2 where the evolution FE4(t) is rWy-regular. Let now & > 0
and 7 > 0 be the first time in [0,f2 — ¢1] at which n(t; + 7) = (1 4+ &) (if it
exists). From the previous inequality, one has |c1(t) — c2(t)] < (1 +¢)Kn if
t; <t <t+ 7. Hence, from Corollary 3.4, one finds

erM —1
n(t) < e’\Tn + (1+¢)Kn

30



for t <ty + 7. Hence,

(1+e) < & + (1+ )Ke/\T_l so that >lln 1+L
<= : ' TEA A (14+eK)"
We get that
n(ti+7)—n _ 775 < e
T T

nln 14 2 7
M (1+e)K

which in the limit gives liminf, _ o+ (n(t1 +7)—n)/7 < (A+ K)n. This argument
is valid starting from any time, as long as n(t) < r/2. The thesis follows. O

7. Asymptotics of the volume preserving flat ¢-flow in the convex
case

The main purpose of this section is to prove the following result.

Theorem 11. Let C' be compact convex set, and let t € [0,4+00) — C(t) be a
conver volume preserving flat ¢-flow starting from C, as given by Theorem 8.
Then, modulo a time-dependent translation, C(t) converges in the Hausdorff
distance as t — 400 to a translate of the Wulff shape of volume |C|.

We develop the proof along the next subsections.

7.1. Asymptotic flow

Let t — C(t) be a convex volume preserving flat ¢-flow starting from C
(Theorem 8). Throughout this section we assume that modulo a time-dependent
translation, C(t) is uniformly bounded. Therefore, upon extracting a diverging
subsequence {t;}, we may assume that

Jim_dw(C(0),C) =0,

where C is a compact convex set with |C| = |C|. Note that, on the other hand,

Py (C) =inf;50 Py (C(2)).
Consider the sequence of convex flat ¢-flows

Cult) = Oty +1),  Vte[o,1],

with forcing terms
c(t) = V5 (Cu(1))/ Po(Cr (1))

By passing to the limit as k — 400 and invoking Theorem 6, we can show that
Ci(t) converges uniformly in [0,1] to a flat ¢-flow C(t), starting from C, and
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with forcing term c( ) = VP(C(t ))/Ps(C(t)). Moreover, according to Remark
6.2 each di(z,t) = de(t)( x) satisfies the PDE

Odj,
—div 2z, + ¢ (t) + e >0 out of Jyopeqr (Cr(t) x {t}),

and the corresponding PDE in int (g, (Ck(t) % {t})), where z;, € ¢°(Vdy,)
almost everywhere. Therefore, by extracting a subsequence if necessary, we

may assume that dj(z,t) — d(z,t) = d@( )( x) uniformly in RY x [0,1], 2z, — 2

weakly-* in L=®(RY x (0,1); RY), and
o ad
7dwz+c()+a>0 out of (Jyo,oq1(C 2(t) x {t}), (78)

and Z satisfies the corresponding PDE inside int (U0<t<1(C~'(t) X {t})), where

Z € 9¢°(Vd) almost everywhere. A full account of this passage to the limit can
be found in [13].
Since
PA(C(1)) = Po(C) = inf Po(C(s)) Vi€ [0,1],

by (48) we deduce that for any t; < to

t21 to Y, P (A )2
lim sup / - / (div 2(x, t))? dedt < mczt. (79)
50t Ji, 6 Jyo<d(- <oy n Pp(C())

On the other hand, for almost every ¢,

§—0+

1
liminf — / (div (z,t))? dx
{0<d(-,t)<8}

e . i 5
- 1%r3(1)r+1f (5 ./{o<ai(.,t)<5} divE(e ) dx) {0 < d(-,t) < 0}
<P¢<é<t> + W) —P¢<é<t>>> K _ B(Cw)?
5 {0<d(,) <8} Pu(C(1)

(80)

from which we deduce that all inequalities in (80) and (79) are in fact equalities,
and

lim — / / div Z(z,t)
50+ 5 D(C(H)+sW.) [

I S .~ p
Py (C(t)+sWe) /53(é(t)+sW¢) leZ(y,t)d ¢(y)

2
dPy(x)dsdt = 0. (81)

for any t; < ts.
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7.2. The limit flow is stationary and rWy-regular

The following proposition concerns flat ¢-flows satisfying suitable properties.

Proposition 7.1. Let C’( t) be a convex volume preserving flat ¢-flow starting
from a compact convex set C satisfying (78) and assume Py(C(t)) is independent
of time, so that (81) holds. Then

(i) C(t) =C for anyt >0,
(i) C satisfies the interior rWy-condition.

Proof. Let € > 0 and let F,, : R — [0, 4+00) be a smooth non-increasing function
with F,(r) = 1 when r < 1 < e, F,(r) = 0if r > ¢, converging uniformly
to F': R — [0,4+00) where F(r) = 1 —Z when r € [0,¢]. Let us consider a
nonnegative, bounded continuous function ¢ : RY — R* and a nonnegative
¥ € C§°(0, +00). Then,

/Jm/RN (t))e(z)drdt = /+OO/RN gt( )(t)da:dt
400

/ ad
/ [ POE®)p() G (0 drdt.

Here, both OF, (d))/dt and dd/dt are measures (on {d > 1/n}, where the other
terms are not zero), but the last equality is shown by first mollifying d and then
passing to the limit. Using (44) and F < 0, we find

+o0 _
[ vriore o e i
0 RN

+o0 _
< / /  YOFLA®)(divE — ple) dadt

0 {0<d(-,t)<e}

Letting n — +o00 we obtain

400 ~
- [ v erdeee dd
0 gl
—/ w(t)f/ (div z — ¢&)p(x) dz dt
0 € J{o<d(-,t)<e} )

1 [tee ,
(6/0 ¥(t) /{0<g(.,t)(§f}<x)) dxdt)
1 [tee o L 3
" (5/0 v /{0<J(-,t)(§(il}VZ(x,t) o dxdt) .

Since, using (81), the right hand side tends to zero as € — 01, we deduce that

IN

IN

/+<>° Y (t)p(x)dedt < 0 (82)
at
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for any nonnegative ¢ € C5°(0, +00) and  : RY — R, bounded and continuous.
Since |C(t)| is constant, we may add any real constant to the above inequality
and we deduce that (82) holds for any bounded ¢ € C(RY), and since it holds
also for —¢, we deduce that the left hand side of (82) vanishes. This implies
that C(t) is independent of ¢, and the flow is stationary.
We deduce from (78) that

od X
OZEEdivé(x,t)—E, in RV \ C.
In particular, divz € L>°({d(-,-) > 0}). Using Proposition A.1 in Appendix A,
we deduce that C satisfies the rWW,-condition for some radius » > 0. This radius
is at least given by min{1/¢,|C|/P(C)}. However, since é = Vi’ (C)/P4(C), by
(73) we find that r > |C|/Ps(C). O

7.83. The limit shape is the Wulff shape

The remaining of this section is devoted to the proof that the stationary limit
flow C' can only be the (invariant) Wulff shape of volume |C|. If ¢,¢° € C3°,
this was proved in [5]. We adapt the proof when ¢ is not smooth. Let us first
show the following lemma.

Lemma 7.2. Let K be a convex set, d := df(, 0 > 0 small enough, and write
Y5 :={0 < d < §}. Assume that there exists z € L™ (X5) such that z € 0¢°(Vd)
almost everywhere and divz € L*(3s). Let o(x) := (z,Vd(z)). Then

/6K+adP¢ = N|K], (83)

/ odivzdPy = (N —1)Ps(K]), (84)
KT
for almost every s € (0,4).

Proof. Equation (83) is standard: the integral reduces to [, (z,v™)dHN 1,
which is N|K| by Green’s formula. To show (84), we prove that

div(cz) = odivze + 1 (85)

in the sense of distributions in ¥5. Let w € W1>°(Zs) be a function with
compact support. Since (z, Vd) = 1 almost everywhere, we have

d
—/Zé(x,Vd(a:)Mz,Vzw dr = 7 ., d(Azx){z, Vw) dm‘

d .
= = s w(d(Az) divz + A(Vd(A\z), 2(x))) dx‘

A=1

d
_ divz wd dr + = d(\z), d’ .
/250 ivzw x+/ w x+d)\ w{(Vd(Ax), z(x))) 7|,

35 s
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It is enough to show that the last term is zero. First of all, the function
A= fgé w (Vd(\), z)) de (which is well defined if A ~ 1 since w has compact
support) is differentiable at 1, as a sum of terms which are all differentiable.
Then, since z € 0¢°(Vd) almost everywhere, we have, almost everywhere in s,
(2,Vd) = ¢°(Vd) = 1, while (z(x), Vd(Az)) < ¢°(Vd(Az)) = 1if A # 1. Hence,
if for instance w > 0 almost everywhere,

/ w(Vd(Az), z(x)) de < / w(Vd, z) dz
35 s
for any A close to 1. This yields

d

= EJw(Vd(Ax),z(a;))dw‘ ~ 0.

A=1

If w < 0 almost everywhere, A = 1 is now a minimum and the derivative is,
again, 0. If w changes sign, it suffices to compute the derivative separately for
the positive and negative parts of w. We have shown (85).

We are now in the position to show (84). For almost every s € (0,0), we
have, using (85),

1 1
/ odivzdP; = lim — odivzdx = lim — div (oz) — 1dz =
8K+ e—0 ¢ KS++E\KS+ e—0 ¢ K:;E\K;

1
lim ~ (/ 0<z,VK:+E>dHN71 —/ cr(z,VK-:r)dHN*l - |Kj'+E\Kj|> .
e—0 ¢ oK+ 8K+ ’

st+e

Thanks to (83), the quantity inside the limit is (N — 1){s < d < s+ €}|/¢,
which converges to (N — 1)Py(K[) as e — 0. O

We apply Lemma 7.2 to K = C, z = %, d = d. Since we also have for almost
every s € (0,0) that Vi’ (KF) = Jo+ divzdPy, we obtain, as in [5, Cor. 4.2],
that

0 < (N —1)Ps(KS)? = NIKIVY (KT)

= P¢(K:r)/ O'diVZdP(ﬁ*/
oK+

0
1
= Py(K} di —7/ di dP;.
s ( S)/¢9Kja< ivz Py OKT) Joxes 1vz> b

Letting s — 07 and using (81), we deduce that for almost every ¢,

K: g dP¢ /aK;i— div z dp¢

(N = )P4(C)? = NIEVE () = 0 (36)

In particular, for the velocity & we have é = (1 — 1/N)Py(C)/|C| (we get again
the stationarity of the limiting velocity).
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If $ € C3°, Andrews [5] uses (86) together with [28, Th. 6.6.8] to conclude
that C' is a translate and homothetic of the Wulff shape (after proving that C has
also smooth boundary). In two dimension, we can deduce that C is the Wulff
shape, without any further assumption, since (86) reduces to the isoperimetric
inequality.

In higher dimension, the situation is not so simple. Thanks to the regularity
proven in Proposition 7.1, we show again that the limit shape is the Wulff shape,
but the proof is more involved.

First of all, recalling (86), we may invoke [28, Th. 6.6.18] to conclude that
C is a “(N — 2)-tangential body of a homothetic translate of W,”, according to
the following definitions [28, pp. 74, 75]:

Definition 7.3. Let K be a compact conver set in RN, v € RN, |v| = 1,
vt = {y € RN : (y,v) = 0}. A hyperplane P = x + v+, with x € 0K, is a
1-extreme support plane of K if v belongs to the relative interior of a face F' of
the exterior normal cone N to K at a point y € relint(K N P), and dimF < 2.

Definition 7.4. Given two compact convex sets L C K in RN, K is a (N —2)-
tangential body of L if each 1-extreme support plane of K is a support plane of
L.

To clarify the situation, we mention the following characterization [28, Theorem
2.2.7):

Theorem 12. If P is a l-extreme support plane, it is limit of support planes
whose normal cone has dimension at most 2.

Notice that, if N = 2, every support plane is a 1-extreme support plane, so that
L is the only O-tangential body of itself. In general, if a (N — 2)-tangential body
K of L has smooth boundary, or more generally if the dimension of the normal
cone at each point of 0K does not exceed 2, then K = L. We now show:

Proposition 7.5. If a convex body K is a (N — 2)-tangential body of L, and
satisfies the rL-condition for some r > 0, then K = L.

Proof. Let y € OL Nint(K) such that 0L is differentiable at y, and let z € 0K
such that P = = + v¥(y)* is a support plane of K. Since K satisfies the rL-
condition, it follows that = € (z4rL) C K for some z € RY. In particular, P is
a support plane of z 4+ rL, hence it contains the whole face of z + rL normal to
vX(y), and in particular the point Z = z +ry € K. Thus, K is differentiable
at Z, so that P is a l-extreme support plane (even, 0-extreme); by assumption,
we deduce it is the support plane of L of normal v*(y). Hence y € P, and then
y € 0K, a contradiction. |
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It follows from Proposition 7.5, the identity (86) and Proposition 7.1, that
C is the Wulff shape. Thus Theorem 11 is proved. O

A. Convex sets with bounded crystalline mean curvature

The following result, which shows the equivalence between three different
ways of expressing the fact that a convex set has bounded crystalline curvature,
is essentially contained in [14], though not explicitly stated there.

Proposition A.1. Let ¢ be an anisotropy, and let C be a convex body in RN .
Py (C)

Let Ao := T The following assertions are equivalent:
(i) there exist 69 > 0 and a vector field z € L ({0 < dg < 3o }; RN, with z €
5‘¢)°(Vdg) almost everywhere, such that 0 < divz < k in {0 < dg < do},
k> 0;

(ii) C satisfies the rWy-condition with r = max(k, A\c)™!;

(111) C is rWe-regular, that is there exist 81 and a vector field z € L°°({|dg| <
511 RY), with z € 8¢°(Vdg) almost everywhere, such that 0 < divz < &
in {\dg| < 01} for some K > 0.

Proof. (i) = (i1): Let A > max(k, A\c). We notice that for 0 < § < Jp small
enough we have that

0<divz <=k
in a neighborhood of AC; and A = FelC)
ghborhood o 5 an > max(n,)\C;), where )‘C(;* = eE By
)
Theorem 7.3 in [14] we know that Cj is the unique solution of
min {P¢(F) —)\|F|} (P,\’(s)
Fcoy

Let {¢-} C C3° be a sequence of anisotropies converging to ¢ as ¢ — 0, locally

uniformly (so that W, — W, in the Hausdorff distance), and C¢ be smooth
Py, (C2)

convex sets converging to C’;’ in the Hausdorff distance. Let A% := I

2SO = infx o PﬂET(lX). Observe that A% > \&9,

One can show that Py_(C%) — P¢(C’;’), hence, A9 — ch as € — 0. Hence
choosing € small enough we know that A > A% > X% Now, we consider the
problem

in {P,_ (F)— \F|}. P
Fnélgg{ o (F) = AIF'[} (Phc.5)
Let D.s be a minimizer of (Py.s). Since C? is of class C*! and ¢. € Cs,
we know that C? is Lipschitz ¢.—regular and satisfies the 7W,_-condition for
some 7 > 0 ([10, Lemmas 3.4,3.5], see also [8, Remark 4]). By Theorems 6.3
and 7.2 in [14], moreover, this minimum is unique and it is a convex set, with
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Ch! boundary. Let ne,s be the Cahn-Hoffman vector field of D, s. Since it
solves (Pycs), we have that divnes < X on dD.s [10]. Let dc5 := d%as.

By [8, Theorem 4] we have that d. s € C2l ({|de.s| < A™'}), and we deduce [8,

loc

Corollary 1] that it satisfies the A™*W_-condition.

As ¢ — 0, the solution of (Py. ) goes to the solution of (P s), in other
words, D.s — C; (in L', but since these sets are convex and uniformly
bounded, equivalently in the Hausdorff distance). In the limit, we find that
Cy satisfies the A™!Wy-condition. Letting A — r we deduce (i7).

The implication (ii) = (i) follows from [8, Proposition 2]. The implication
(#it) = (i) follows from the definition of a ¢-regular set. O

Acknowledgement. V. Caselles acknowledges partial support by PNPGC
project, reference MTM2006-14836. A. Chambolle is partially supported by the
Agence Nationale de la Recherche, grant “MICA” nr. ANR-08-BLAN-0082.

References

[1] F. Almgren, J. E. Taylor, L.-H. Wang, Curvature-driven flows: a variational
approach, STAM J. Control Optim. 31 (2) (1993) 387-438.

[2] F. Alter, V. Caselles, Uniqueness of the cheeger set of a convex body,
Nonlinear Analysis TMA 70 (2009) 32-44.

[3] M. Amar, G. Bellettini, A notion of total variation depending on a metric
with discontinuous coefficients, Ann. Inst. Henri Poincaré 11 (1994) 91-133.

[4] L. Ambrosio, N. Fusco, D. Pallara, Functions of bounded variation and free
discontinuity problems, Oxford Mathematical Monographs, The Clarendon
Press Oxford University Press, New York, 2000.

[6] B. Andrews, Volume-preserving anisotropic mean curvature flow, Indiana
Univ. Math. J. 50 (2) (2001) 783-827.

[6] G. Anzellotti, Pairings between measures and bounded functions and com-
pensated compactness, Ann. Mat. Pura Appl. 135 (1983) 293-318.

[7] G.Barles, P. E. Souganidis, A new approach to front propagation problems:
theory and applications, Arch. Rational Mech. Anal. 141 (3) (1998) 237-
296.

[8] G. Bellettini, V. Caselles, A. Chambolle, M. Novaga, Crystalline mean
curvature flow of convex sets, Arch. Ration. Mech. Anal. 179 (1) (2006)
109-152.

38



[9]

[10]

[13]

[14]

[15]

[16]

[17]

[18]

G. Bellettini, M. Novaga, Approximation and comparison for nonsmooth
anisotropic motion by mean curvature in RY, Math. Models Methods
Appl. Sci. 10 (1) (2000) 1-10.

G. Bellettini, M. Novaga, M. Paolini, On a crystalline variational problem.
I. First variation and global L* regularity, Arch. Ration. Mech. Anal.
157 (3) (2001) 165-191.

K. A. Brakke, The motion of a surface by its mean curvature, vol. 20 of
Mathematical Notes, Princeton University Press, Princeton, N.J., 1978.

H. Brézis, Opérateurs maximaux monotones et semi-groupes de con-
tractions dans les espaces de Hilbert, North-Holland Publishing Co.,
Amsterdam, 1973, north-Holland Mathematics Studies, No. 5. Notas de
Matemadtica (50).

V. Caselles, A. Chambolle, Anisotropic curvature-driven flow of convex
sets, Nonlinear Anal. 65 (8) (2006) 1547-1577.

V. Caselles, A. Chambolle, S. Moll, M. Novaga, A characterization of
convex calibrable sets in RY with respect to anisotropic norms, Annales
de I'Institut Henri Poincare/Analyse non lineaire 25(4) (2008) 803-832.

V. Caselles, A. Chambolle, M. Novaga, Uniqueness of the cheeger set of a
convex body, Pacific Journal of Mathematics 232 (2007) 77-90.

A. Chambolle, M. Novaga, Implicit time discretization of the mean curva-
ture flow with a discontinuous forcing term, Interfaces and free boundaries
10 (2008) 283-300.

A. Chambolle, M. Novaga, Convergence of an algorithm for the anisotropic
and crystalline mean curvature flow, SIAM J. Math. Anal. 37 (6) (2006)
1978-1987 (electronic).

Y. G. Chen, Y. Giga, S. Goto, Uniqueness and existence of viscosity so-
lutions of generalized mean curvature flow equations, Proc. Japan Acad.
Ser. A Math. Sci. 65 (7) (1989) 207-210.

L. Evans, Convergence of an algorithm for mean curvature motion, Indiana
Univ. Math. J. 42 (2) (1993) 533-557.

M. Gage, R. Hamilton, The heat equation shrinking convex plane curves,
J. Differential Geom. 23 (1986) 69-96.

G. Huisken, Flow by mean curvature of convex surfaces into spheres, J.
Differential Geom. 20 (1984) 237-266.

39



[22]

[23]

G. Huisken, The volume preserving mean curvature flow, J. Reine Angew.
Math. 382 (1987) 35-48.

H. Ishii, A generalization of the Bence, Merriman and Osher algorithm
for motion by mean curvature, in: Curvature flows and related topics
(Levico, 1994), GAKUTO Internat. Ser. Math. Sci. Appl. 5, Tokyo, 1995,
pp. 111-127.

H. Ishii, G. E. Pires, P. E. Souganidis, Threshold dynamics type approxi-
mation schemes for propagating fronts, J. Math. Soc. Japan 51 (2) (1999)
267-308.

S. Luckhaus, T. Sturzenhecker, Implicit time discretization for the mean
curvature flow equation, Calc. Var. Partial Differential Equations 3 (2)
(1995) 253-271.

B. Merriman, J. K. Bence, S. J. Osher, Diffusion generated motion by
mean curvature, in: J. E. Taylor (ed.), ”Computational Crystal Growers
Workshop”, Selected Lectures in Math., Amer. Math. Soc., Providence,
Rhode Island, 1992.

M. Novaga, E. Paolini, Stability of crystalline evolutions, Math. Models
Methods Appl. Sci. 15 (6) (2005) 921-937.

R. Schneider, Convex bodies: the Brunn-Minkowski theory, vol. 44 of
Encyclopedia of Mathematics and its Applications, Cambridge University
Press, Cambridge, 1993.

A. Stancu, Asymptotic behavior of solutions to a crystalline flow, Hokkaido
Math. J. 27 (2) (1998) 303-320.

40



