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AN EXPLICIT FACTORISATION OF THE ZETA
FUNCTIONS OF DWORK HYPERSURFACES

PHILIPPE GOUTET

ABSTRACT. Let I, be a finite field with g elements, ) a non-zero element
of F,, and n an integer > 3 prime to ¢. The aim of this article is to
show that the zeta function of the projective variety over F, defined by
Xy 2l 4+ -+ 27 —npxy ...z, = 0 has, when n is prime and Xy is
non singular (i.e. when ™ # 1), an explicit decomposition in factors
coming from affine varieties of odd dimension < n — 4 which are of
hypergeometric type. The method we use consists in counting separately
the number of points of X, and of some varieties of the preceding type
and then compare them. This article answers, at least when n is prime,
a question asked by D. Wan in his article “Mirror Symmetry for Zeta
Functions”.

1. INTRODUCTION

Let n be an integer > 3 and F, a finite field of characteristic p { n. We
consider the family of hypersurfaces of Pﬁ’l defined by

Xyl +-Fa, —nzy ...z, =0, (Dwork family)

where ¢ € F, is a non-zero parameter. We will make the assumption that
Xy is non-singular, i.e. that ¢ # 1. We denote by | Xy (F,)| the number of
points of X, over an extension [, of degree r of [F;; the zeta function of X,

is defined by
+o00 4
Zy (1) = exp (3 1Xu(B) & ).
r=1

When ¢ = 1 mod n (see [10, Theorem 7.2 page 174]) and when n is
prime (see [6, Theorem 9.5 page 179]), it is possible to show that the zeta
function of X, takes the form

(Qt, ) R(ger, ) "
(1—t)(1—qt)...(1L—¢"2t)’
where p is the order of ¢ in (Z/nZ)*.
In this formula, Q(¢, ) is a polynomial with integer coefficients of degree
n — 1. As proved by D. Wan (see [10, §7, Eq. (14), page 173]), this factor

ZXIL)/EJ (t) =
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2 P. GOUTET

comes from the zeta function of the quotient Yy, of X, ® F,» by the group
{(G1,-- - G) €Fp | (P=1,(...¢ =1} (Wan calls Yy, a “singular mirror”
of Xy):
Qt. )
DD = T =gt A= 7
A simple equation of Yy, is (y1 + -+ yn)" = (n¢)"y1 . . . Yn.
The factor R(t,1) is a polynomial with integer coefficients of degree

(=1 A=)

n
whose roots have absolute values ¢~ ("~%/2. We are interested in describing

the factorisation of R; two approaches are possible: either predict, from
a theoretical point of view, the existence of a factorisation of R, or look
for explicit varieties with factors in their zeta functions appearing in R.
Concerning the first approach, we refer to [8]. The second approach is raised
by Wan in [10, §7, page 175] who mentions that it has been solved for n = 3,
n = 4 (Dwork) and n = 5 (Candelas, de la Ossa, and Rodriguez Villegas);
a recent article of Katz [7] also talks about the subject from a different
angleﬁ.

The aim of this article is to handle the case where n is a prime number
> 5 by using only properties of Gauss sums; the fact that n is prime allows to
restrict to the case ¢ =1 mod n in view of Haessig’s result [0, Theorem 9.5,
page 179] that, when n is prime,

R(qta 'QZ)) = RXw/EIp (qptpa w)l/p’

where p is the order of ¢ in (Z/nZ)*. More precisely, if we define Ng(q")
by R(t,¢) = exp( ::Ocl’ NR(q”)%), we will show the following result (Theo-
rem [5. 10 page [1T)).

Theorem. Let n be a prime number > 5 such that ¢ =1 mod n. We can
write

(1.1) Ne(d) =q"7 Ni(q") +q"2 N3(q") + - + Nualq"),

where each Ng(q") is a sum of some |Hgi(q")| — (¢ — 1) 1q™ 7!, the Hg,
being varieties of AC]%;LZ of hypergeometric type of odd dimension equal to d
with 1 < d < n —4 (their equations are explicitly given in §5.3 page [14).

This equality in terms of number of points translates into a factorisation
of the polynomial R in terms of the zeta function of the preceding Hy;(q").

His results are in terms of traces of the Frobenius of the toric hypersurfaces z1 . . . z,, =
AY1 ... Ym Over a hypergeometric sheave.
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This article is organised as follows. In §2] we recall the formulas concern-
ing Gauss and Jacobi sums we will need in the rest of the article. In §3 we
compute, in terms of Gauss sums, the number of points of some varieties
of hypergeometric type thanks to a method similar to the one Koblitz used
in [9]. In §4 we recall the formula for the number of points of X, and in
gbl, we compare this formula with those from §3l Finally, in 6l we detail
the cases n = 5 (already treated by Candelas, de la Ossa, and Rodriguez
Villegas in [4]) and n = 7. The assumptions that n is prime and that ¢ = 1
mod n will only be used starting from g5l and §4.2] respectively.

Let us mention to finish that our method does not give a geometric link

between X, and the varieties of hypergeometric type we consider.

2. (GAUSS AND JACOBI SUMS FORMULAS

In all this §2] IF, will be a finite field with ¢ elements.

Let © be an algebraically closed field of characteristic zero, G' a finite
abelian group and G = Hom(G, €2%) its character group. Let us recall the
following orthogonality formula:

1 1 ifg=e,
2.1 — =
(2.1) |G|Z¢(g) {0 fote
peG

where e is the neutral element of G. In the following, we will use this formula
when G =F, or G =Fj.

Let us now fix a non-trivial additive character ¢: [, — Q*.

Proposition 2.1 (Orthogonality formula).

(2.2) ézwax):{l if £ =0,

ocF, 0 ifx#0.
Proof. This results from Formula (2.I]) above and the fact that every addi-
tive character is of the form = — ¢(ax) for some a € F,. O

Definition 2.2 (Gauss sums). If x: Fy — Q* is a multiplicative character,

let G(¢p, x) be the Gauss sum
G, x) = Y _ ola)x(@).

erFq*

If 1 is the trivial character of Fy, we have G(p,1) = —1.

Proposition 2.3 (Reflection formula). If x is a non-trivial character of Fy,

(2.3) G, )G, x™) = x(—1)q.
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Proof. Let us recall the proof of this simple property (see also [2, Theo-
rem 1.1.4 (a), page 10]). We have

Gl )G x ) = D el +y)x(2).
x,yEIFq*
Making the change of variable x = yz, we obtain

Gl X)Gle,x ™) = ely(l+2)x(2)

—xDa-0+ Y (T et )
2€Fy, z#£—-1 “yely

We conclude by making the change of variable ¥’ = y(1 + z) and by using

an orthogonality formula. O

Proposition 2.4 (Multiplication formula). Let d > 1 be an integer dividing
q— 1. If n is a character of Fy,

Gle,n’) — — n@d)?
24) [Lay Gleinx) de;l Gle,x)’

Proof. This seemingly simple formula does not seem to admit an elementary
proof; we refer the reader to [2 Theorem 11.3.5 page 355] for additional
details. O

Definition 2.5 (Jacobi sums). If (x1,...,x,) is a finite sequence of char-
acters of F;, we define

J(X1, -y Xr) = Z X1(x1) o oxe ().

Proposition 2.6 (Link with Gauss sums). If x1, ..., X, are characters of
F; not all trivial,

1G(p,x1)---Gle, xr) .
q (SZ(XS;)Xl (;CP)X) fxi-xr =1,
2.5 J yere Xr) = ’ Gl

G X1 Xr)
Proof. Let us briefly recall the proof (see also [2, Theorem 10.3.1, page 302]).

ifxi-.-xr # 1.

The additive convolution of the functions x1, ..., x, is defined by
Cas-xx)@) = Y xl@).. . x().
r1+-t+zr=a
:L‘iEIF;

It is equal to (x1...xr)(a)J(x1-..X,) When a # 0. To compute the value
when a = 0, we notice that the sum of (x; * -+ * x,)(a) over a € F, is
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0 since at least one of the x; is non trivial. Thus, (x1 * - - * x,)(0) is 0 if
X1---Xr Z1andis —(¢— 1)J(x1,--., Xx) if x1...x = 1. Moreover,

H G(o,xi) = Z o(a)(x1* -+ x x.)(a),

aclfy,

and so

- Gloxi--xn)  ifxa-xe 21,
G(@aXi):‘](Xa"WXT)X .
21_[1 ! Glp, 1) —(g—1) if x1...xr =1,

which shows the result. O

Proposition 2.7 (Fourier inversion formula). For every map f: Fy — €,
* 1 -
26 veeR Jw =103 (X o )t
nefy “yeFr

Proof. 1t is a direct consequence of the orthogonality formulas for the char-

acters of the abelian group F'. O

Corollary 2.8. Ifz € F,,
1 -1
(2.7) p(z) = =1 Z G(o.n In(x).
nEIE‘q*
3. NUMBER OF POINTS OF SOME VARIETIES OF HYPERGEOMETRIC TYPE

In all of §3] n will be an integer > 2 and [, a finite field with ¢ elements.

3.1. Computation of the number of points. We consider here some
affine varieties of hypergeometric type for which we compute the number of

points by using Gauss sums and taking inspiration from Koblitz [9], §5].

Theorem 3.1. Let k > [ > 2 be two integers and \ € IF; a parameter; we
denote by Hy C A**L the affine variety defined by

yr=att gt (1 —a)P (L= (L =y — - — )
Axy... .o =1

where o; and 3; are integers > 1. The number of points of Hy over I, is
1
(N1 R
HA\(F)| = (¢—1)"¢"" + Z —1 ZNA,Xﬂz n(A),
x"=1 ul
x#1

i G(‘Pa X 77) ... G((p, onzn) G((p, Xﬁl) o G((p, Xﬁl)G((p, Xalﬂ) . G((p, Xak)
7 G(SO’ XalJrﬁl 77) s G((p, Xa‘lflJrﬁl*W])G(ga7 Xal+'~~+ak+ﬁzn) )

with v denoting the number of trivial characters among those appearing in

Nixxm =

the denominator (namely, x*+Pin for 1 <j <1 —1 and ya+ +ou+bip),
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Proof. To simplify, we shall write y" = Q(x1,...,z) for the first equation
defining H,. We have

H\F)l= >, 1= > > L

z€FF, yel, xcFF yeR,
y""=Q () Azy..x=1y"=Q(x)
Azxy..xp=1
with
ifz=20
el =z ’
x"=1
1
and thus 7

mEN= Y 1+ Y (1+Zx<@<x»)

z€FF xcFF x"=1
Axy...x;=1 Axy...x;=1 x#1
Q(z)=0 Q(z)#0
= 2 X 2
zcFF zeFF  x"=1
Axy...x;=1 Axy...x;=1 x#1
Q(2)#0
-1 _k—I
== Y Y
x"=1 meFk
x#1 Azxy..xp=1
Q(z)#0
:(q llkl+z Z 5)\$1 .zl
x"=1 meFk
XL Q(2)#0

where 0, ./ is the Kronecker delta (= 1 if z = 2’ and = 0 otherwise). Because

1
V2,2 €Fr, 6,0 = —— Z),
’ q’ ) q— 1 &= 77( )
nE]F;
we may write

| HA(Fy)| = (g — 1)l_1qk_l

P > (3 @t o)

Let us compute Ny 3 = 3020 X(Q(2))n(z1 ... 21). As o; and f; are > 0,

Naxw = D )X (L =am). () (1)
T1,e0® L _ « o a
sy mSBm P (1 — ) () ()X (@) - X ()
mn V(=2 = — ).
We recognize a product of Jacobi sums:

Ny = T, X - T, XP=0) T (¢, X, - X, x ™).
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By using Formula (23] page [ we deduce that

N LGlexn). . Glex™m)Gle,x™) . Glo, XM G, x4) . Gl x™)
Axom qv G(p, x*1tP1n) ... G(p, xu-1+Bi-1))G(p, yr+ - Fortbip) ’

with v as defined in the theorem. O

Notations. Let N, ,, be as in the previous theorem; we define

1
Nyy = ) > Naxan(d) and Ny= )" Ny,

~ n__
UE]F* X =1
a x#1

Corollary 3.2. Assume that n is odd, that none of the elements of the

sequence (B, ..., 0, g1, - .., 0) are diwvisible by n and that, for 1 < b <

n—1, the number of terms of the sequence = b mod n is equal to the number

of terms = —b mod n (this implies that k is even). When these conditions

are met, we say we have complete pairing. In this case,

Nyyy = g5 Gle, x*'n) - Gle, x*'n) |
G, x™1H0m) .. G, x -1 G, x ot tenthin)

where v is the number of trivial characters appearing in the denominator.

Proof. This is an immediate consequence of the reflection formula (2.3)):

Glp, xX™) ... Glo, X" G, x*) ... Glip, X*) = ¢7.

(Let us note that, because x # 1 and because each «; and ; are # 0
mod n, the characters appearing are all non trivial, and so the reflection
formula applies with x(—1) = 1 as n is odd.) O

3.2. Link with some hypergeometric hypersurfaces. Assume that n
is odd and that oy + 1 =0 mod n. In that case, H) has the same number
of points as the hypersurface of A* defined by

Yt = a5t (1 — ) (1= )P
g 7 hand O WD VRS e

without the points where x5 ... x; = 0. We recover in this way a hypersurface
of the same type as in [4, §11.1] when n = 5 (see also example page [19)).

4. NUMBER OF POINTS OF THE DWORK HYPERSURFACES

In all this §4l n denotes an integer > 3 and our aim is to compute
the number of points of X, and then organise it into an appropriate form
to relate it to the number of points of varieties of hypergeometric type
considered in §3]

To compute the number of points of X in terms of Gauss sums, it is

possible to use a method close to the one A. Weil used in [I1] for the diagonal
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case ¢ = 0; this is done for example in [9 Theorem 2, page 13] and [10, §3].
After recalling this computation in §4.21 we will organise the terms in the
same way as Candelas, de la Ossa and Rodriguez-Villegas did for the case
n=>5in [3, §9] and [4, §11], namely (see Theorem ETI0):

|X¢(1Fq)| =1 + q +--+ C]n72 + Nmirror + Z Ns-
In §5 we will explain how each N; is related to a Ny = [H\(F,)| — (¢ —
1)1 from §3 (here, A = w—ln)

4.1. Preliminaries. The aim of this §4.1] is to set a certain number of
notations useful in what follows. The groups Z/nZ, (Z/nZ)* and &, act
on each (s1,...,8,) € (Z/nZ)" satisfying s; + - - - + s, = 0 in the following
way':

Vj € Z/nZ, (St ySn) =014+ sy Sn+7);

VE € (Z/nZ)*, kX (s1,...,8,) = (ks1,...,ksp);

Vo € G, 0(81,...,5’”) = (80—1(1),...780—1(n)).

Definition 4.1. Consider an s = (s1,...,8,) € (Z/nZ)" such that s; +
-+ s, = 0; we denote by

a) [s] = [s1,--., Sy the class of (sq,...,s,) mod the action of Z/nZ;
b) (s) = (s1,...,5n) the class of (s1,...,s,) mod the simultaneous ac-
tions of Z/nZ and &,;
c) s the class of (sy,...,s,) mod the simultaneous actions of Z/nZ, G,
and (Z/nZ)*;
d) 7s the number of permutations of (sq,...,s,).
Remarks 4.2.

a) The number ~, only depends on s, not on the choice of s.

b) If all the s; are equal, then ~, = 1.

c) If (s) =(0,1,2,...,n — 1), then 75, = n! but the number of permu-
tations of [s] is n!/n = (n — 1)! (the 1/n comes from the fact that
adding the same number to each coordinate amounts to a circular

permutation).

The following lemma, which we will only use later (see Lemma [(.2),
shows that, when n is prime, the number ~y, of permutations of (sq,...,s,)
is almost always the same as the number of permutations of [sq, ..., s,].

Lemma 4.3. Assume that n is prime. If (s1,...,s,) # (0,1,2,...,n— 1),
then s is equal to the number of permutations of [s1, ..., Sy].
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Proof. 1f there exists j € Z/nZ non zero such that (s; +j,...,5, +j) is a
permutation of (si,...,s,), then {s1,...,s,} is a nonempty subset of Z/nZ

stable by = +— z + j and thus equal to Z/nZ as n is prime. Consequently,
(s) =(0,1,2,...,n—1). O

Remark 4.4. This proof shows that, when (s) # (0,1,...,n — 1), the only
J € Z/nZ such that there exists o0 € &, satisfying s = s+ jis j = 0.

4.2. Formula for the number of points of X,. The aim of this §4.2]is
to prove Theorem below, stated in a slightly different form by Koblitz in
[9, §3]. From now on, we resume using the notations and assumptions of the
introduction: I, is a finite field, n an integer > 3 such that ¢ =1 mod n,
¢ € F, is a non-zero parameter (but we don’t yet suppose that " # 1) and
Xy is the hypersurface of Pﬁ’l given by z{ + -+ + 2] —npx; ...z, = 0.

Theorem 4.5 (Koblitz). We have
X ()| = 1+q+---+q"‘2

[s] neF

where § = 0 if one of the x*n is trivial and 6 = 1 otherwise.

Proof. For the sake of completeness, and because it would be just as long to
deduce our formula from Koblitz’, we will recall the proof given in [9, §3].
Let f(z) =27+ -+ 4+ 2 — nyxy ...z, and set

vy(Xy) = {z € | | f(z) = O}
vy (Xy) = {z € (E)" | f(z) = 0}].
As the product z; ...z, is zero when one of the z; is zero, we have v,(X,) —
va(Xy) = v4(Xo) —v5(Xo), ie
vg(Xy) = vq(Xo) + v (Xy) — v (Xo).
The computation of v,(Xy) is classical and goes back to A. Weil, also we
will not recall it (see [11] or [2, Theorem 10.4.2, page 304]). By using For-

mula (Z7]) to express everything in terms of Gauss sums and by doing the

change of variable y; — x; ', here is what we find:

(4.1) yq(xo):q"*wu > <HG 0, X7 )

q X7 =1, xi#1
X1-- Xn—]-

We now need to compute v (X,,) and v (Xo). Both computations rely on the
same method, the only difference being that, when 1) = 0, the polynomial
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f(z) is a sum of n monomials instead of n + 1 which slightly changes the
result. We will only give the details for v (X,) when v # 0.

The orthogonality formula (2.2)) page Bl for additive characters shows
that

=Y T

aE]Fq ze(F)n

q—l Z Z (Hspax ) —nvazy ... x,).

aE]F* ze(FF)m

We now express each ¢(...) in terms of Gauss sums thanks to Formula (2.7))
page

i) = 4=
+§Z (H Glo) (q#z ) (0))
V(G DIUAIER) DRSS

Using orthogonality formulas, the sums over a and the z; are all non-zero

(equal to g — 1) if and only if

M- Ml =1 F ! —an =
e Tintin ie. 3 GF*, " =1 and oo Xn 1
i c [[1’ 77,]], 771‘n77n+1 1 n q X . X1 X

Nn+1 =1

The character 7 defined in this way is not unique; indeed, if 7’ and x/} are also
solutions of the system, there exists y satisfying ™ = 1 such that n’ = x~!n
and x; = xx; for all ¢. This means that if R is a representative set of the
n-uples (x1, ..., xn) of characters mod the (y, ..., x) satisfying xI = 1 and
X1---Xn = 1 with x" = 1, E\he map (X1, Xas M) = (X175 -+, Xa?, 1 ")
is a one-to-one map of R x Fy onto the set of (n + 1)-uples (71,...,7n41)
satisfying the preceding conditions. From this, it results that, if y is a mul-

tiplicative character of order n,

(g—1)"
q

'y ZZ(HG o, X )G(%n")n((_n;w)-

S WEF* =1

(4.2) v (Xy) =
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This ends the computation of v;(Xy). By a similar method, we find

a3 e =1 2 S (TL6end)

q ¢
X1.--Xn=1

From (1)) and (@3], we obtain
R iy =i Ol (1 CCe)]

q q m

qnfl _ (q — 1)n
q
qg—1 & _
Sy Y (T ™)
q =~ \i_
(Xl,---,Xn) mod {(X7"'7X)} UE]F; 1=1
X?Zly X1---Xn=1 =
i, x;=1
Writing x; = x® where x is, as above, a character of order n, we transform
the first sum into a sum over the [s] such that 3i, s; = 0; finally, we combine
the terms of this sum with those satisfying 7" = 1 in Formula (£.2]) above

for v3(Xy). As G(p,1) = —1, we have, with § as defined in the theorem,

vy(Xy) = 15 (Xy) + vy(Xo) — 15 (Xo)

n— 1 ) —S8i 0 — n

="+ Y 7 <H G(p, x 1))0(90,?7 (=)
[s] neky =1

By counting the number of zeros in the projective space instead of the affine

space, we obtain the announced formula. O

4.3. Reorganisation of the terms. We keep the assumptions and nota-
tions of §4.2] and suppose that n is odd. The aim of this §4.3is to write the
formula obtained for | X, (F,)| in Theorem in terms of some coeflicients
Bsi,...sn)x.n Which we now define.

Definition 4.6. Let us consider (s1,...,$,) € (Z/nZ)" such that s;+-- -+
sp, = 0. If x is a multiplicative character of Fy of order n and if n is a

character of F}, we set

w1, s Gle,m)G(p, xn) ... G(p, X" 'n)
4.4 ﬁ S1,08n)xn — 4 ; =
(44) ( b G(e, x*n) ... G(p, x*"n)

where z denotes the number of trivial characters in the finite sequence
(x*'n,...,x*n) and where 6 = 0if z # 0 and § = 1 if z = 0 (this is
the same J as in Theorem [.T)).
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Proposition 4.7. With the above assumptions, we have
1 [+ .
(Tt et ) = Pl (55
i=1
Proof. Invoking the reflection formula (2.3]), we obtain
- - - n(=1)"
G Si 1 — Nz
U (b X ) =q o

@, x*1m) ... Gle,x*mn)
and, using the multiplication formula (2.4]), we get, as n is odd,

ny _ )" n—
Gl ") = q(n; Gl m)G(e,xn) .. G, X" 'n).
With these two formulas, we deduce at once the result. O

The coefficients 3 defined above satisfy the following three compatibility
relations respective to the actions of the groups Z/nZ, &,, and (Z/nZ)*.

Lemma 4.8. With the same notations and assumptions as the preceding
definition,

(45> Vo € 6”’ ﬁ(so(l)v---vso(n))v)(vn = /6(817"'75%)7)(777;
(4.6) Vj € Z, ﬁ(51+j7---75n+j)7X777 = 6(817...78n)7x7xjn?
(4.7) Vk € (Z/nZ)™,  Bis,ebsn)on = Bist,msn)xn-

Proof. Formula (43) results immediately from the definition of 5. As for

(4£6) and (&7), we note that the product G(p,n)G (¢, xn)...G(o, X" 1)
in Formula (44) stays the same if we change 1 into x’/n or if we change

into x* with & prime to n. O

Proposition 4.9. Under the same assumptions as above, the following

quantities only depend on (s) (as well as on the choice of x) and of s re-

spectively and not on the choice of the representative (sy,...,s,):
)5X q—l Zﬁsh mﬁxnﬁ(ﬁ)?
nEF*
Ne=7% > Ny
(s"yes

Proof. For Ny, we just use Formula ([G) and the fact that n — x/n
is a one-to-one map of Fy onto itself when j € Z/nZ. For N, we use

Formula (£7) and the fact that y — x* is a one-to-one map of {y € fF:; |
X" = 1} onto itself if k € (Z/nZ)*. O

We deduce the following result.
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Theorem 4.10. Under the preceding assumptions, we have

| Xy (F,)]| :1+q+---+qn_2+ZN§.

Remark 4.11. As we will see in 4.4l below, Ny = Npiror and, when Xy, is
non-singular (i.e. when ¥ # 1), N 12,..n-1) = 0.

4.4. Identification of some of the factors. We keep the assumptions
and notations of §4.3] Let us recall that Yy, denotes the “singular mirror” of
Xy, as specified in the introduction, and we write Npior = Yo (F,)| — (1 +
g+ +q"?).

Theorem 4.12 (Wan). Ny = Npirror-

Proof. See [10], §4]; note that the result is not known when ¢ # 1 mod n,
unless n is prime (see [0]). O

Let us recall that, in this § the only assumption we make on 1 is that

¥ #0.

Lemma 4.13. We have

0 if Y # 1,
Noi2,.n-1)x = g — 1

and so the term N2, .n—1) = (n — 1)! Nio1,2.. n—1),x does not contribute to

the zeta function Zx, r, (t) when ™ # 1 and contributes as (1—q%t)_("—1)!
when Y™ = 1.

Proof. When (sq,...,s,) =(0,1,...,n— 1), we have

Glo.x™Mn) ... Gle,x™n) = G, n)G (g, xn) ... G, X" ~'n).

Moreover, the number z of trivial characters in the sequence (n,xmn,...,
X""'n) is equal to 1 — § with the notations of Definition page [[I, and
thus

n—1

ﬁ(0717"'7n_1)7X7n = q 2

Consequently;,
n—1
_ 9 1
N<0,1,2,...,n—2,n—1>,x = =1 Z n(wn>7
nE]F;
and we conclude by using an orthogonality formula. U

Remark 4.14. A similar result was given by Candelas, de la Ossa and
Rodriguez-Villegas when ¢ = p and n =5 (see [3, §9.3]).



14 P. GOUTET
5. LINK BETWEEN THE NUMBER OF POINTS

In all this §5 we will assume that the integer n is a prime > 5 and
that ¢ =1 mod n. We will only add the assumption that ¢ = 1 in Theo-
rem [5.10

The aim of this section is to show (in §5.4) the Formula (1)) of the
introduction. More precisely, we shall show, in Theorem 5.7, that each N
(with s # (_J)H appearing in Theorem is equal, up to a multiplicative
integer constant and a power of ¢, to a term of the form

(5.1) Na=> Naiy= > qf11 > Naxn(V),

where \ = w—ln and N, , is given by Corollary page [7

The crucial point is, starting from a given s, to find the integers «; and
B; which appear. For that, we define in §5.2] integers v; and w; from which
we then define the integers «; and 3; in §5.31 But before this, we start by a

divisibility result useful for the main result.

5.1. A divisibility result. The aim of this §5.1is to show that the integer
7vs (from Definition [A1] page {) is divisible by

K, =|{k € (Z/nZ)* | [ks1,...,ks,| is a permutation of [sy,...,s,]|}|.

This result is crucial in Theorem [5.7] to be sure that the quotient 75/ K is

an integer. Note that K only depends on s, not on the choice of s.

Definition 5.1. Given s € (Z/nZ)" such that s;+- - -+s, = 0, we consider
the following subgroups of &,,:
Si={0€6,|%=s};
Ss ={0 €6, |[’s] = [s]};
Ss={o0€6,|[%s] € (Z/nZ)* -s]}.
Let us note that, with these notations, [&,, : S!] is the number v, of

permutations of (sy, ..., s,) whereas [S,, : S, is the number of permutations

of [s1,..., 8]

Lemma 5.2. When s # 0, the integer K, divides |&,, : Ss]. Hence, when
additionally (s) # (0,1,2,...,n—1), K divides 75 = [&,, : S.] = [6,, : Ss].

2Let us note that there does not exist any s # 0 when n = 3; this explains the
assumption that n > 5.
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Proof. We remark that

A
5.]

As [s] #10,...,0], we have [{k € (Z/nZ)* | [ks] = [s]}| = 1 and so

K

k€ (Z/nZ)" | [ks] = [s]}],

(S, : S, =[G, : S - K.

When furthermore (s) # (0,1,2,...,n — 1), we have v, = [&,, : Ss] by
Lemma page [ hence the result. O

5.2. Transformation of the 3 coefficients. In order to relate Ny to a

certain Ny y» in §5.3] we must first change the formula giving B, . s.) -

Notations. Consider (si,...,s,) € (Z/nZ)" such that s; +---+ s, = 0.
For each b € Z/nZ, define k(b) = |{i | s; = b}|. We have

> k(Mb=0 and Y k(b)=n.

bEZ/nZ beEZ/nZ

We also set n' = |{b € Z/nZ | k(b) # 0}| and m =n —n’.

Remarks 5.3.

a) The integer n' satisfies 1 < n’ < n and we have n’ = 1 if and only if
[s] =10,...,0] and n’ = n if and only if (s) = (0,1,...,n —1).

b) As n is prime, the integer n' is # 2. Indeed, if k1b; + koby = 0 with
ki,ky > 1 and ky + ko = n, then ky Z 0 mod n and ky(by — by) = 0,
hence b; = bs.

c) As n is odd, the integer n' is # n — 1. Indeed, let s1, ..., s,_1 be
distinct elements of Z/nZ and denote by s,, the element of Z/nZ not
appearing in this sequence; as n is odd, we have s; +---+s, = 0, and
SO 281+ -+ Sp_1 =851 — Sp # 0.

d) Thus, if (s) # (0,1,...,n— 1), then m > 2 and if, moreover, [s] # [0],
then 2 <m <n-3.

Theorem 5.4. With the preceding notations,

[T  Gle.x)
5 - an—l_V beZ/nZ, k(b)=0
815e58m )5 XN H G(QO, an)k(b)f1 )

bEZ/NZ, k(b)#0

where v = 0 unless there exists b such that x’n = 1 and k(b) # 0, in which
case v = k(b) — 1.
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Proof. From the definition of B, . s,y (Definition page [IT]), we have

1} G(p, x"n)

_ ntl_,_ 5 bEL/nZ

Blstrmsa)oen =4 2 [1 Gle, xn)+®
bEZ/NZ

[T G(e,x"n)

nT-H a4 k(b):O

— 1 [T G(p, xtp)k®-1"
k(b)£0

We now have to show that 2 + § = 1 + v. Recall that z is the number of
trivial characters in the finite sequence (x*'n,...,x*"n) and that § = 0 if
z#0and §=1if 2=0. When 2 =0, =1 and v =0 hence z+d = 1 4 v.
When z # 0, there exists a unique b € Z/nZ such that n = x~% we thus
have z = k(b), d =0 and v = k(b) — 1, hence z+ 6 = 1 4 v. O

-----

Remark 5.5. Let (vy,...,v,) be an enumeration of the b € Z/nZ such
that k(b) = 0 and let (wy,...,w,) be an enumeration of the b € Z/nZ
such that k(b) > 2, each repeated with multiplicity k(b) — 1. The formula
of Theorem [5.4] can be rewritten as
(5.2) Bis, — g((w,xzin)---G(w,xizn) ’

px ) - Gl x )

where v is the number of trivial characters appearing in the denominator.

Lemma 5.6. With the notations of the preceding remark,
v+t v, =w 4+ w, modn.

Proof. This identity can be rewritten as

b= (k) —1b ie. Y b=> k(b

k(b)=0 k(b)=1 b b
We conclude by noting that .7 k(b)b = 0 and that, because n is odd,
> ez un b= 0. O

5.3. Link with the hypergeometric varieties. We now establish the
link between X, and the varieties of hypergeometric type from §3l

Theorem 5.7. Let s be distinct from the class of (0,1,...,n — 1) and of
(0,...,0). If s is a representative of s, assume that there exists two sequences
(U1, ..., Um) and (wyq, ..., wy,) of elements of Z/nZ as in Remark [2.3 and
an even integer m' < m — 2 such that

Vi € [[]., m7’]]’ Woi—1 — Voi—1 = —(’wgi — Ugi) mod n.
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We consider the affine variety Hy yn of dimension 2m —m/ — 3 given by

n __ .01 ) Um/ 41~ W/ 41 Um—2—Wm—2 _ w1—v1
Yyt =at g, c T2 (1 — 1)
Wm—1—"Um— Um—1—"Wm—
(1 _ xmfl) m—1 m 1(1 _ xm e e e — x2mim/72> m—1 m—1

Tl Ly = Y
(In this formula, we replace the exponents by their representatives in [1;n].)

It is a variety of the form considered in Corollary[3.2 page[7 and we have,
using the notations of 43,

N, = % anH’m%le/zpn where vs/Ks € N by Lemma[2.2.

Proof. As s is distinct from the class of (0,1,...,n — 1), we have m > 2
(see Remark [(.3.d| page [[3]). The variety we consider is the one introduced
in Theorem B page Bl with [ = m, k = 2m —m/ — 2 and

Q1 = vy, ceey O = U
Umt1 = U1 — Wi/ 415 - -y Q2mem/ -2 = U2 — Wm—2;
Br=wi—v1, ..., Bm1=Wn-1—VUn-1, Bn="Un-1— Wn_1.

According to the pairing assumption on the v; and w; and to Lemma [5.6]

we have
Up/41 + 0+ Uy = W41 + 00+ Wiy 1HZ/nZ7

and thus, a,, + a1 + -+ Qom_mr—2 + B = w,, mod n. Moreover,

o+ =w modn, ..., Qno1+ OBmo1=wWp_1 modn;
Gi+0B:=0 modn, ..., Buw_1+Bw =0 mod n;
Uil + Bwr1 =0 modn, ..., Qm-m—2+ Bno=0 mod n;

Bm-1+ Bmn =0 mod n.

The last three lines show that we have complete pairing (in the sense
of Corollary page [M) of the sequence (51, ..., Bm, Qmits-- s Qommi—2);
these elements are 0 mod n as v; Z w; mod n, and so
amem'=2_, G0, X"'0) - .- G, X" 1)

G(p,x* ) ... G, xmn)
Hence, by comparing with Formula (5.2)) page [I6],

Nijyn ym =4

n4+1 2m—m/

/B(slrnvsn)van = qT 2 Nl/d’”,Xﬂ?'

Multiplying this equality by qi—lfr](%ﬂ) and summing over 7 € E;‘, we get
+1

2m—m/

Nsyx=a¢72 " 2 Niyny.
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We now sum over k € [1;n— 1] the preceding formula where x is remplaced
by x*. Noting that Nigynk = Nigsy,y (see Formula (4.7) page [12)), we obtain

n—1

n_+1_2m—m/
ZN%S%X =4q° Z Ny
k=1

The left hand side is equal to K Z<S,>e§ Nigy 1€ to %N§. As [s] # 0],
Lemma page [I4] shows that ~5/K; is an integer. The result is hence

proved. O

Remark 5.8. When m’ = m — 2, we have v,,_1 — W;,_1 = W, — Uy, by
Lemma [5.6] page [I6 and the equation of the variety simplifies greatly:
yr=atooalim (1 —x) (1 =y,
Hl/z/)” : n
Tl Ty =
5.4. Conclusion. We are now capable of showing Formula (1)) of the in-
troduction. We begin by a result giving a lower bound on the number of

pairings which will enable us to show that the dimension of the hypergeo-

metric varieties is always < n — 4.

Proposition 5.9. Let s be distinct from the class of (0,1,...,n—1) and of
(0,...,0) and let s be a representative of s. We can choose two sequences
(V1 ..., 0m) and (ws,...,wy) satisfying the assumptions of Remark
page 18 such that we have the pairing

\V/'L - [[]., 27”_27”4_1]], Woi—1 — Vi1 = —(’wgi — Ugi) mod n.
Proof. Let (vy,...,v,) and (w1, ..., w,,) be sequences as in Remark 5.5 By
Theorem 1.2 of [Il, page 126], it is possible to permute (wy, ..., w,,) so that
the v; — w; are pairwise distinct. Define V' as the subset {v; — w;} of Z/nZ

(it has m elements) and p as the number of opposite pairs contained in V/;

we have
2u=Vn(=V)|=2m—-|VU(=V)|>2m—(n—1).
As 2p is the maximal number of pairings, this ends the proof. O
Theorem 5.10. If y" # 1, we can write
[ Xp(E)l =1+q+ - +¢" "+ Nuirror
+ ¢ T N+ ¢ T Na+ -+ qN,y,

where each Ny is a sum of terms of the form |H\(F,)| — (¢ — 1) 1g@+
where o; and (3; are obtained from each s as described in 5.3 and where

each Hy C A™2 is a variety of hypergeometric type of odd dimension equal
tod with1 <d<mn—4 (here, \ = 1/¢™) as considered in §31.
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Proof. We saw in Theorem page [13] that, if ¢» # 0 and ¢ =1 mod n,

we could write

Xy (F)l =1+q+ -+ +Ng+ Y N,
s#£0
In Theorem [A.12] we recalled Wan’s result showing that Ny = Npiyror and in
Lemma [A.13] we showed that the term corresponding to (0,1,2,...,n — 1)
was zero when ¢" # 1.
Let us now consider s distinct from the class of (0,...,0) and of (0,1, 2,
...,n—1). Let m’ be the greatest even integer < m—2 such that there exists

two sequences (vq,...,0,) and (wy, ..., wy,,) as in Remark (5.5 verifying
Vi € [[1, mT’]]’ Woi—1 — Vi1 = —<U}2i — 'UQZ') mod n.

By Proposition (.9, we have m’ > 2m —n+ 1 (note that, by Remark [5.3.dl
page I8 m + 3 < n, hence m — 2 > 2m — n + 1). The dimension d =
2m —m/ — 3 of the corresponding variety of hypergeometric type considered
in Theorem [5.7 page [16] thus satisfies 1 < d < n — 4.

/

Moreover, we have ¢"5 "3 = ¢" %, and so, as d varies between 1
and n — 4, these powers of ¢ take the values anfa, ..., q respectively and

all these values are obtained; indeed, if we consider an integer m such that

2<m=d+1<n-3anddefines=(0,...,0,1,n—1,2,n—2,..., 2=2=1

n— "";_1), then w = (0,...,0) and v = ("_T””l,n—"_T"”l,...,"T_l,”TH)
each consist of m elements and we have m’ = m — 2 with the notations of
Theorem (.71 O

6. EXAMPLES

To illustrate the methods we have just presented in this paper, let’s detail
explicitly the cases n = 5 and n = 7; these examples are given in terms of

the hypersurfaces of hypergeometric type from §3.2

Example 6.1 (n = 5). Let’s recover the results announced by Candelas, de
la Ossa and Rodriguez-Villegas in [4] in the non-singular and non-diagonal
case (see [5] for a complete treatment of the n = 5 case). We are interested
in the factorisation of the zeta function of the quintic My: 23 4+ -+ +
2 — 5wy ...x5 = 0 when ¢ # 0 and ¥° # 1. We list all the classes
(s1,-..,85) # (0,0,0,0,0) and # (0,1,2,3,4) (following the notations from
e94. 1], (5.1, and [0.3):

v Ks m m/
2
2

d
1
1

ocol3

0 2
0 2
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Using the method described above, we obtain the following table (the hyper-
geometric hypersurfaces are all of the form y° = 2" (1 — z)"2(1 — %x)g’*”).
s vy vy w; Wy EQUATION
(0,0,0,1,4) 2 3 0 0 ¢°=2*1—-2)>31— L5a)?
0,0,1,1,3) 2 4 0 1 ¢°=22(1-2)*(1— L2

We find the same equations as those given in [4, §11.1]:
Ay y° =2*(1 —2)*°(1 — #xﬁ and By:y® =2*(1—2)"(1— %x)

We set Na, = |Ay(F,)| —q and Np, = [By(F,)| — ¢ (these number of points
are affine). We have, when ¢ # 0, ¢° # 1 and ¢ =1 mod 5:

‘M¢<Fq)| =1+ q + q2 + q3 + Nmirror + 10(1]\7,% + 15(1NB¢

Example 6.2 (n = 7). We use the preceding results to find the factorisation
of the zeta function of the septic Sy: 2]+ -+ 2l — Tz ...z = 0. We list
the (s1,...,87) #(0,...,0) and # (0,1,2,3,4,5,6) (following the notations
from §§4.7], [5.1], and B3)):

s v Ky m m' d
(0,0,0,1,2,5,6) 840 2 2 0 1
(0,0,1,1,3,4,5) 1260 2 2 0 1
(0,0,1,1,2,4,6) 1260 2 2 0 1
(0,0,0,0,1,2,4) 210 3 3 0 3
(0,0,0,1,1,2,3) 420 1 3 0 3
(0,0,1,1,3,3,6) 630 3 3 0 3
(0,0,0,0,0,1,6) 42 2 4 2 3
(0,0,0,0,1,1,5) 105 1 4 2 3
(0,0,0,1,1,1,4) 140 2 4 2 3
(0,0,0,1,1,6,6) 210 2 4 2 3

The result is that, when ¢ # 0, 9" # 1 and ¢ = 1 mod 7, the number of

points takes the form
1S6(F)l =1+ q+¢*+ ¢+ ¢" + ¢ + Nirror + ¢*N1 + N5,
where the terms corresponding to curves of A? can be written as
Ny = 420N, + 630N, + 630N,
and those corresponding to threefold hypersurfaces of A* can be written as
N3 = T0N;, + 420Ny, + 210Ny, + 21Ny, + 105Ny, + 70Ny, + 105Ny,

where the various terms are defined in the following table (the corresponding

number of points are in the affine space).
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EQUATION OF THE HYPERSURFACE NB. OF PTS.
y72$3<1—$)4(1 — %x):s q_'_Nm
y'=2%(1 —2)%(1 — %x) q+ Ne,
y" =231 - 2)°(1 - )’ q+ Ney
y" = afadal(l — o) (1 — 22 — 23)°(1 — Jrm122) ¢° + Ny,
y" = aiwsrs(l— 1) (1 — 22 — 23)%(1 - #%952) ¢’ + Ny,
y" = 23x5rs(1 — 21)%(1 — 2y — 23)°(1 — %MZEQ)Q ¢ + Ny,
y" = 23x5rd(1 — 21)°(1 — 22)%(1 — 23)*(1 — w7$’1l’2$3)3 ¢* + Ny
y" = 23321 — 21)4(1 — 29)(1 — 23)5(1 — w756’1$€2373) ¢° + Ny,
y" = 23a5a(1 — o) (1 — 22)%(1 — 23)8(1 — L2y2973) ¢* + Ny,
y" = airded(l — o) (1 — 22)*(1 — 23)"(1 — ranzaws)®  ¢* + Ny,

Let’s justify for example the equation corresponding to [0,0,0,0,0, 1, 6].
We have {vy,vq,v3,04} = {2,3,4,5} and w; = wy = ws = wy = 0. Let’s
take, for example, v; = 2, v9 = 5, v3 = 3 and vy = 4 so that w; — v, =
—(wg — vy) and w3 — v3 = —(wy — vg). For this choice, we have m = 4,

m’ =m — 2 = 2 and the equation we obtain is

Y = 22wl — 11)°(1 — 29)%(1 — 23)*(1 — %xlxgxg)?’.
This is the equation corresponding to Ny . The other equations follow in a

similar way.

Remark 6.3. Using the same method, we could treat the casesn =11, n =
13, etc. The only difficulty is practical, as the number of classes (si, ..., s,)

grows quickly with n.
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