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Analyticity and Gevrey-class regularity for the second-grade fluid
equations

Marius Paicu and Vlad Vicol

ABSTRACT. We address the global persistence of analyticity and Gevrey-class regularity of solutions
to the two and three-dimensional visco-elastic second-grade fluid equations. We obtain an explicit
novel lower bound on the radius of analyticity of the solutions to the second-grade fluid equations
that does not vanish as t — co. Applications to the damped Euler equations are given.

CONTENTS

Introduction

Preliminaries

The two-dimensional case

The three-dimensional case

Applications to the damped Euler equations
. Appendix

References

O T W=

EEEE e

1. Introduction

In this paper we address the regularity of an asymptotically smooth system arising in non-
Newtonian fluid mechanics, which is not smoothing in finite time, but admits a compact global
attractor (in the two-dimensional case). More precisely, we consider the system of visco-elastic
second-grade fluids

(u — a?Au) — vAu + curl(u — o?Au) x u+ Vp =0, (1.1)
divu =0, (1.2)
u(0,x) = up(x), (1.3)

where o > 0 is a material parameter, v > 0 is the kinematic viscosity, the vector field u represents
the velocity of the fluid, and the scalar field p represents the pressure. Here (x,t) € T? x [0, 00),
where T? = [0,27]? is the d-dimensional torus, and d € {2,3}. Without loss of generality we
consider velocities that have zero-mean on T¢.

2000 Mathematics Subject Classification. 76B03,35L60.
Key words and phrases. Second grade fluids, global well-posedness, Gevrey class, analyticity radius.
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Fluids of second-grade are a particular class of non-Newtonian Rivlin-Ericksen fluids of differ-
ential type and the above precise form has been justified by Dunn and Fosdick [[L]. The local
existence in time, and the uniqueness of strong solutions of the equations ([[.1))~([.3) in a two or
three-dimensional bounded domain with no slip boundary conditions has been addressed by Cio-
ranescu and Ouazar [[[4]. Moreover, in the two-dimensional case, they obtained the global in time
existence of solutions (see also (L3, B4, 5, R9]). Moise, Rosa, and Wang [{0] have shown later
that in two dimensions these equations admit a compact global attractor A, (see also 26, B5]).
The question of regularity and finite-dimensional behavior of A, was studied by Paicu, Raugel,
and Rekalo in [45], where it was shown that the compact global attractor in H3(T?) is contained
in any Sobolev space H™(T?) provided that the material coefficient « is small enough, and the
forcing term is regular. Moreover, on the global attractor, the second-grade fluid system can be
reduced to a finite-dimensional system of ordinary differential equations with an infinite delay. As
a consequence, the existence of a finite number of determining modes for the equation of fluids of
grade two was established in [@5)].

Note that the equations ([L1)—([.]) essentially differ from the a-Navier-Stokes system (cf. Foias,
Holm, and Titi [20, B1)], and references therein). Indeed, the a-Navier-Stokes model (cf. [1])
contains the very regularizing term —vA(u — a?Au), instead of —vAwu, and thus is a semi-linear
problem. This is not the case for the second-grade fluid equations where the dissipative term is very
weak — it behaves like a damping term — and the system is not smoothing in finite time. The a-
models are used, in particular, as an alternative to the usual Navier-Stokes for numerical modeling
of turbulence phenomena in pipes and channels. Note that the physics underlying the second-
grade fluid equations and the a-models are quite different. There are numerous papers devoted
to the asymptotic behavior of the a-models, including Camassa-Holm equations, a-Navier-Stokes
equations, a-Bardina equations (cf. [g, R0, 23], B4, B7)).

In this paper we characterize the domain of analyticity and Gevrey-class regularity of solutions
to the second-grade fluids equation, and of the Euler equation with damping term. We emphasize
that the radius of analyticity gives an estimate on the minimal scale in the flow R, BI]|, and it also
gives the explicit rate of exponential decay of its Fourier coefficients [23]. We recall also that the
system of second-grade fluids has a unique strong solution u € L ([0, 00); H?®) in two-dimensional
setting (cf. [I4]]). Thus, opposite to the Navier-Stokes equations, the system of second-grade fluids
cannot be smoothing in finite time.

We prove that if the initial data ug is of Gevrey-class s, with s > 1, then the unique smooth
solution u(t) remains of Gevrey-class s for all t < T, where T, € (0,00] is the maximal time of
existence in the Sobolev norm of the solution. Moreover, for all ¥ > 0 we obtain an explicit lower
bound for the real-analyticity radius of the solution, that depends algebraically fot |Vu(s)||peeds.
A similar lower bound on the analyticity radius for solutions to the incompressible Euler equations
was obtained by Kukavica and Vicol [B9, B3] (see also [I, B, d, B, B6]). The proof is based on the
method of Gevrey-class regularity introduced by Foias and Temam [RJ] to study the analyticity
of the Navier-Stokes equations (see also [[1l, {9, B2, B4, B5, B6, @3, A4]]). We emphasize that
the technique of analytic estimates may be used to obtain the existence of global solutions for the
Navier-Stokes equation with some type of large initial data ([[3, @€]).

Note that if v > 0, and d = 2, or if d = 3 and wug is small in a certain norm, then 7T, = oo, both
for the second-grade fluids ([.])—([-3), and for the damped Euler equations (f.])—(F.3). The novelty
of our result is that in this case the lower bound on the radius of analyticity does not vanish as
t — oo. Instead, it is bounded from below for all time by a positive quantity that depends solely on
v, a, the analytic norm, and the radius of analyticity of the initial data. In contrast, we note that
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the shear flow example of Bardos and Titi [B] (cf. [Lq]) may be used to construct explicit solutions
to the incompressible two and three-dimensional Euler equations (in the absence of damping) whose
radius of analyticity is decaying for all time, and hence vanishes as t — oc.

The main results of our paper are given bellow (for the definitions see the following sections).

THEOREM 1.1. (The three-dimensional case) Fix v, > 0, and assume that wqy is of Gevrey-
class s, for some s > 1. Then the unique solution w(t) € C([0,T*); L*(T?)) to (B9 -(B-11) is of
Gevrey-class s for all t < T*, where T* € (0,00] is the mazimal time of existence of the Sobolev
solution. Moreover, the radius 7(t) of Gevrey-class s regularity of the solution is bounded from
below as

7(t) > D0 e=C § IVu(s)oods,
0

where C' > 0 is a dimensional constant, and Cy > 0 has additional explicit dependence on the initial

data, o, and v via (£23) below.

In the two dimensional case we obtain the global in time control of the radius of analyticity,
which is moreover uniform in . This allows us to prove the convergence as o — 0 of the solutions of
the second-grade fluid to solutions of the corresponding Navier-Stokes equations in analytic norms
(cf. Section B.J). The convergence of solutions to the Euler-« equations to the corresponding Euler
equations, in the limit o — 0, has been addressed in [B7].

THEOREM 1.2. (The two-dimensional case) Fiz v > 0, 0 < « < 1, and assume that ugy is of
Gevrey-class s for some s > 1, with radius 79 > 0. Then there exists a unique global in time Gevrey-
class s solution u(t) to ([L])-([L3), such that for all t > 0 the radius of Gevrey-class reqularity is
bounded from below by

70

t)y > —————
T()_ 1—1—007'0’

where Co > 0 is a constant depending on v and the initial data via (B.24) below.

2. Preliminaries

In this section we introduce the notations that are used throughout the paper. We denote the
usual Lebesgue spaces by LP(T?) = LP, for 1 < p < co. The L2-inner product is denoted by (-, ).
The Sobolev spaces H"(T%) = H" of mean-free functions are classically characterized in terms of
the Fourier series

H'(TY) = {v(z) = > 6™ : B =0, T =0, [[oll7 = (2m)* D (1+[*)"[0s|* < 00}
kezd keZd

We let A1 > 0 be the first positive eigenvalue of the Stokes operator, which in the periodic setting
coincides with —A [[[6, 9]. For simplicity we consider T¢ = [0,27]%, and hence A; = 1. The
Poincaré inequality then reads [[v]|;2 < [|[Vv| 2 for all v € H!. Throughout the paper we shall
denote by A the operator (—A)Y/2, i.e., the Fourier multiplier operator with symbol |k|. We will
denote by C a generic sufficiently large positive dimensional constant, which does not depend on
«, v. Moreover, the curl of a vector field v will be denoted by curlv =V x v.
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2.1. Dyadic decompositions and para-differential calculus. Fix a smooth nonnegative
radial function x with support in the ball {|¢]| < %}, which is identically 1 in {|{] < %}, and such
that the map r — x(|r|) is non-increasing over R . Let ¢(&) = x(£/2) — x(§). We classically have

D p279) =1 forall &eR\{0}. (2.4)
qEZ
We define the spectral localization operators A, and S, (¢ € Z) by

Agu:=p(2 " D)u =Y a(k)e™ p(27k|)

kezd
and
Squ = x(27"D)u =Y (k) x(27k]).
kezd
We have the following quasi-orthogonality property :
ArAqu=0 if |[k—q|>2 and Ag(S;—1uldgw) =0 if |k—gq|>5. (2.5)

We recall the very useful Bernstein inequality.

LEMMA 2.1. Let n € N, 1 < p; < py < 00 and ¥ € CP(RY). There exists a constant C
depending only on n,d and Suppt) such that

1D Dyul e < €2 G2 @9 Dy o
and

1 _ 1 11
197N G =) @ DYull o < sup 1902~ 9D )l < 2 Gi=2)) o279 Dy o

|a|=n
In order to obtain optimal bounds on the nonlinear terms in a system, we use the paradifferential

calculus, a tool which was introduced by J.-M. Bony in []. More precisely, the product of two
functions f and g may be decomposed according to

f9="Trg+Tyf + R(f,9) (2.6)
where the paraproduct operator 1" is defined by the formula

ng = qu—lqugy
q
and the remainder operator, R, by

R(f,9) = AgfAgg with Ag:i=Agq+ A+ Agp.
q

2.2. Analytic and Gevrey-class norms. Classically, a C°°(T%) function v is in the Gevrey-
class s, for some s > 0 if there exist M, T > 0 such that

pr
10%v(z)] < M=,
718l
for all z € T9, and all multi-indices 3 € Nj. We will refer to 7 as the radius of Gevrey-class
reqularity of the function v. When s = 1 we recover the class of real-analytic functions, and the
radius of analyticity T is (up to a dimensional constant) the radius of convergence of the Taylor
series at each point. When s > 1 the Gevrey-classes consist of C' functions which however are not

analytic. It is however more convenient in PDEs to use an equivalent characterization, introduced
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by Foias and Temam [R3] to address the analyticity of solutions of the Navier-Stokes equations.
Namely, for all s > 1 the Gevrey-class s is given by

U D(ATeTAl/S)

>0

for any r > 0, where

HAreTAl/sv”QL2 _ (271')3 Z ’M2T€2T‘k|1/sﬁ)\k’2' (27)
kezd

See L6, L9, B3, B1, B2, B3}, B6, 4, f9] and references therein for more details on Gevrey-classes.

2.3. Vorticity Formulation. It is convenient to consider the evolution of the vorticity w,
which is defined as

w = curl(u — a?Au) = (I — o®A) curl u. (2.8)

It follows from ([L1)- (L), that w satisfies the initial value problem

Ow —vA(I — ?A) o+ (u-Vw = (w- V)u, (2.9)
divw = 0, (2.10)
w(0,2) = wo(x) = curl(ug — a*Aug) (2.11)

on T x (0,00). Additionally, if d = 2, w is a scalar, and the right side of (R.9) is zero. Denote by
R the operator

Ra = (—A)I — ?A)7L. (2.12)

It follows from Plancherel’s theorem, that for all v € L? we have

1
1 +a||U||L2 < IRavllze = —ollz. (2.13)

The velocity is obtained from the vorticity by solving the elliptic problem

divu =0, curlu = (I — ozzA)_lw,/ u =0, (2.14)
T3

which in turn classically gives that
u=Kx(I—a’A) v =Kaw, (2.15)
where K is the periodic Biot-Savart kernel. Combined with (B.13), the above implies that
C
Jullgs < EHMHL% (2.16)

for some universal constant C' > 0. Note that when o — 0 the above estimate becomes obsolete.
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3. The two-dimensional case

3.1. The case a large. In the two-dimensional case, the evolution equation (R.9) for w does
not include the term w - Vu, which makes the problem tangible, in analogy to the two-dimensional
Euler equations. The main result below gives the global well-posedness of solutions evolving from
Gevrey-class data, whose radius 7(t) does not vanish as ¢t — oo.

THEOREM 3.1. Fiz v,a > 0, and assume that wg € D(eT‘)Al/S), for some s > 1, and 19 > 0.
Then there exists a unique global in time Geuvrey-class s solution w(t) to (B.9)-([R-11), such that for

all t > 0 we have w(t) € D(eT(t)Al/s), and moreover we have the lower bound
T(t) > T(]E_CMO fg e*us/(2+2a2)ds/a > TO€—C(2+2a2)M0/(aV)’ (31)

ToAY/s

where My = ||e wollz2, and C' is a universal constant.

PROOF OF THEOREM B.1. We take the L%inner product of ;w + vRaew + (v - V)w = 0 with
2rAY/s
e

1 d S S S S S S
§E|]e”\1/ w3z — 7"HA1/2567A1/ w3z + (eTAl/ Row, ™™ w) = —(eTAl/ (u- Vw),eTAl/ w). (3.2)
Note that the Fourier multiplier symbol of the operator R, is an increasing function of |k| > 1,

and therefore by Plancherel’s theorem and Parseval’s identity we have

and obtain

s s k 2 ~ s
@ R AN ) = rf e
rezevgoy
(27)? ~ 2 2r|k[1/s L ravs o
= 1+ a2 kezzz\:{O} |k |%e = WHG w|[z2-

We therefore have the a priori estimate
li |e7.A1/s 14
2 dt 1+ a?

The following lemma gives a bound on the convection term on the right of (B-J) above.

. / /s /
WH%Q _ 7_HA1/2se—rA1 SWH%Q + HeTAl WH%2 < |<u ) Vw,€2TA1 sw>|‘ (3‘3)

LEMMA 3.2. There exists a dimensional constant C > 0 such that for all w € D(Al/zse”\l/s),
and divergence free u = Kow, we have

1/s CT 1/s 1/s
(- T, 2™ w)| < ST w2 A2 (3.4)

Therefore, by (B.3) and (B.4), if we chose 7 that satisfies

CT”eTAl/s

=t wl|pz =0, (3.5)

then we have

1d 2 v 2
— — <0
sl + T allelx... <0

and hence

e™ @A w1 12 < ™M wol| p2e ™, (3.6)
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where we have denoted v = v/(2 + 2a?). The above estimate and condition (B.§) show that
T(t) 2 Toe—%”e‘f'()/\l/su)o”Lz fot e V3ds 2 Toe—c(2+2a2)||eTOA1/Sw0||L2/(l/a)’ (37)

which concludes the proof of the theorem. The above a priori estimates are made rigorous using a
classical Fourier-Galerkin approximating sequence. We omit further details. ]

3.2. The case a small. The lower bound (B.1]) on the radius of Gevrey-class regularity goes
to 0 as @ — 0. In this section we give a new estimate on 7(¢), in the case when « is small.

THEOREM 3.3. Fizxv >0, 0 < a <1, and assume that curlug € D(AeT‘)AU ), for some s > 1,
and 79 > 0. Then there exists a unique global in time Gevrey-class s solution u(t) to ([L1)—(LJ),

such that for all t > 0 we have u(t) € D(eT(t)Al/s), and moreover we have the lower bound

T0
> .
()2 T (3.8)

TAYs

where Cy = Co (v, ||uo|| g3, ||AeT°A1/S curlug|| 2, ||e curl Aug||r2) is given explicitly in (B.24).

PRrROOF OF THEOREM B.3. For simplicity of the presentation, we give the proof in the case
s = 1. Taking the L-inner product of (1)) with —e?™ curl Au, we obtain

%di (||AeTA curluf|2, + a2 e™ curlAuH%g) + v]le™ curl Aul|?,
-7 <||A3/2€TA curlul|?, + o?||AY2e™ curl AuH%g) <T + Ty, (3.9)
where
T, = o? ‘(eTA ((u-V)Acurlu),e™A curlu)|, (3.10)
and
Ty = ‘(AeTA ((u- V) curlu), Ae™ curl )| . (3.11)

The upper bounds for 77 and 715 are given in the following lemma.
LEMMA 3.4. Let v,7 >0, 0 < a <1, and u be such that curlu € D(A5/267A). Then

C 4
T < %HeT curl Au||3, + ——— a HA1/2 ™A curl Au2; [|e™ curl Aul|s, (3.12)
v

and
Vi oA 2 Q 4 TA 2
T2§4||e Acurlul|zz + — || curl ul|p2 [[Ae™ curl ul|7.
v
Cr? 3/2 TA 2 TA 2
+ > |A°=e™ curlul|72||[Ae™ curlul|72, (3.13)

where C' > 0 is a universal constant.
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We give the proof of the above lemma in the Appendix (cf. Section .I). Assuming that
estimates (B.13) and (B.IJ) are proven, we obtain from (f.13) that

1d
T (HAeTA curlu||2; + a?|le™ curl Aul32) + gHeTA curl Au||?,
C Cr?
< ﬁ” curlul[4, || Ae™ curlu||2, + <7" + TTHABTA curlu||%2> A% 2™ curl w2,
2 (- 207'2 TA 2 1/2 7A 2
+a |74+ o —|le™" curl Au||5. | [[AV ™ curl Aul|7.. (3.14)
v
Define

Z(t) = |Ae™ curlul|?,

and
W(t) = |le™ curl Aul|?,.
We let 7 be decreasing fast enough so that

Cr(t)*
) + %)W(t) =0, (3.15)
which by the Poincaré inequality implies
Cr? 9
T+ —HAe curlul|72 <0,

and also
C 2
T+ az—THeTA curl Aul3, <0,
v

since by assumption a < 1. It follows that for all 0 < o < 1 we have
1d

C
2dt(Z+a2W) +lw < 3||curlu\|ﬁi2Z (3.16)
< Sllemtully(z +a?w). (317

We recall that w = curl(I — a?A)u solves the equation
Ow +VRow ~+ (u-V)w =0 (3.18)

which by the classical energy estimates implies

S IO + = eI <0 (3.19)
and therefore
lo®)Zz < llwollZ2e™>" (3.20)
where v = v/(2 + 2a?). Using that 0 < o < 1 and
[wl|Zo = || curlul|3s + 202 (| Aul|3s + o[ curl Aul|7. (3.21)

we obtain the exponential decay rate

| curlu(t)|| 2 < C|lug||gse™ . (3.22)
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Combining (B.17) and (B.29), and using a < 1, we get

Z(t) < (Z(0) + a2 W (0))e: Jo | curtu(s)l}z ds
< (2(0) + W (0)er !l < (2(0) + W (0))et (3.23)

where we have denoted My = ||ug|| 3. Plugging the above bound in (B.1f) and integrating in time,
we obtain

20) + ®W(t) + 7 /O W (s)ds < (Z(0) + W(0)) <1 + %ECMé/v4 /0 | curlus)|4, ds>

4
1. ¢ ]\640 LOME /v

< (Z(0) + W(0)) <ﬁ + > V= Cor?,  (3.24)

v

where Cy = Co(v, ||uo||g3, Z(0), W(0)) > 0 is a constant depending on the data. Thus, by the
construction of 7 in (B.17) and the above estimate, by possibly enlarging Cy, we have the lower
bound

() = <i0 + ¢ /OtW(s) ds) B > %TOOCO (3.25)

T v

thereby proving (B.§). We note that this lower bound is independent of ¢ > 0, and 0 < a < 1.
This concludes the a priori estimates needed to prove Theorem B.J. The formal construction of the
real-analytic solution is standard and we omit details. The proof of the theorem in the case s > 1
follows mutatis mutandis. O

3.3. Convergence to the Navier-Stokes equations as o — 0. In this section we compare
in an analytic norm the solutions of the second-grade fluids equations with those of the correspond-
ing Navier-Stokes equations, in the limit as a goes to zero. The fact that the analyticity radius
for the solutions of the second-grade fluids is bounded from bellow by a positive constant, for all
positive time, will play a fundamental role. We consider a > 0 and ug such that e**ug € H3 (T?).
We recall that the Navier-Stokes equations

Owu — vAu +curlu X u+Vp =10

divu =0 (3.26)

uli=0 = uo,
have a unique global regular solution when ug € L?(T?). Moreover, this solution is analytic for
every t > 0, and if e’ uy € H? one can prove that e‘mu(t) € H? for all t > 0 (for example, one
can use the same proof as in the one in Section f]). Let u, denote the solution of the second-grade
fluids equations; then z = u, — u satisfies the following equation

O(z — a2Az) —vAz+curlz X uy +curlu X z + V(py —p) = @29, Au + o curl Aug X ug

divz =0 (3.27)

z(0) = 0.

The following product Sobolev estimate (see [[L1]]) will prove to be very useful
oA SN oA
[€°%(ab) | s +s2-1(12) < [l€”allpror (r2) [1€°70l] g2 (v2), (3.28)

where s1 4+ 59 > 0, 51 < 1, so < 1. Applying e** with 0 < § < a fixed but small enough (given for
example by (B:2])) to the equation, denoting by 29(t) = ¢ 2(t), and considering the L?(T?) energy
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estimates, using (B.2§), the Young inequality, and the classical Sobolev inequalities, we obtain the

following estimate
ld s 5 5
57 12122 + @*IV21IZ2) + v V2 22

Ca' 5112 C 52 5112 v 5112
< THatVU 72 + ;H%HH%H«Z ||H% + %HVz 172

+ 2| curl Aul || 2 ||u

Cat 5 C. s 5 5 5 v 5
< 7|]8tVu 172 + ;H%HLZHV%HHHZ l22IV2°] 2 + %HVZ 172

6 é
20,y + lcurl 1202

4 §
A

1 1 1 1
5 5113 ST 1.2 5132 ) 5 )
+ | curl Aug [| 2 [|ug, || 22 [ Vug 122 12°11 22 IV 20120 + [[u || g [12° |22 V20 | 2
Cat v C
e A R e AR [ A A A A
Ca* 5 5 5 vV,.s C. s 5
+ =l curl Aud 7 fosd 2l Ve z + 1 172 + Il 3112

From the above estimate and the Poincaré inequality, we deduce that for ¢ > 0
d ) ) 4 ) C 4 C d J 4
e 72 + & [V21[72) + v (I12°)172 + @*[V2°72) < Nl 7 + ;H%H%z\\v%lliz 12°117

Cat 5 5 5 5
+ T(II&W 172 + || curl Al || Follug | z2 | Vg, | £2),

where 0 < v = v/(2+2a?). Integrating this inequality from 0 to ¢ and using the Gronwall inequality,
we obtain

t
C
1251122 + a2 V22 (8)]|2 g/ <
0

C
é é 6 §
TN+ IV ) 17 s

Ca?* [t
+ = [exn (965 = ) (1090 ()1 + [ curt A a2 V1) s

Using one more time the Gronwall lemma, we deduce from the above estimate that, for t > 0
t.C C
512 2 5 \12 512 512 512
IO + a9 0l < oxp ([ (S0 + S0l el vadi ) as)

COé4 t
x — [ exp(y(s —1)) <\|atvu5(s)\|i2 + curlAugH%zHugHmHWiHLz>dS- (3.29)

v-Jo
We recall the estimate (B.24) on ud, which gives
t
AU |25 + 2| curl Aud||2, + V/o || curl Awd||2, < M. (3.30)

The equation on u, gives that dyu, = (I — a?A) " HrAu, — Pleurl(uy — a?Aug) X ug)], and using
the estimate (B.2§), the previous bound and the fact that the operator aV (I —a?A)~! is uniformly
bounded on L?(T?), we obtain that a||9;Vul|2 < CMy. When a < 1, the inequality (B:29)
together with the above uniform bounds and the corresponding property for the Navier-Stokes
equation, namely fg [u®||2,, < M, implies that

12°(@)]|72 + ||V (t)]172 < o®Koef', (3.31)
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where Ky and K are positive constants depending only on |e*ug||s. Thus, we obtain the
convergence in the analytic norm as o — 0 of the solution of the second-grade fluid to the solutions
of Navier-Stokes equations, with same analytic initial data ug, such that e* uy € H5.

4. The three-dimensional case

4.1. Global in time results for small initial data. In this section we state our main result
in the case v > 0, with small initial data. There exists a global in time solution whose Gevrey-class
radius is bounded from below by a positive constant for all time. A similar result for small data is

obtained in [[1]].

THEOREM 4.1. Fizv,a > 0, and assume that wg € D(Al/zsemAl/s), for some s > 1, and 19 > 0.
There exists a positive sufficiently large dimensional constant x, such that if

|| ||L < -
KW
ollL® = 2(1 —|—Oé2)’

then there exists a unique global in time Geuvrey-class s solution w(t) to ([£.9)—R.11), such that for
all t > 0 we have w(t) € D(eT(t)Al/s), and moreover we have the lower bound

T(t) > 7_06—/-@(4+4a2)M0/(l/a) (42)

(4.1)

for all t > 0, where My = HGTOAI/SWOHL2-

The smallness condition ([L.T]) ensures that ||w(t)|| 2 decays exponentially in time, and hence by
the Sobolev and Poincaré inequalities the same decay holds for | Vu(t)| . Therefore, as opposed
to the case of large initial data treated in Section [£.9, in this case there is no loss in expressing the
radius of Gevrey-class regularity in terms of the vorticity w(t). It is thus more transparent to prove
Theorem [1.] by just using the operator A (cf. [B6]), instead of using the operators A, (cf. [B2])
which are used to prove Theorem [L.J below.

PROOF OF THEOREM [.1]. Similarly to (B.J), we have the a priori estimate

v
1+ a?

1 d |eTA1/s

Al/s . Al/s
S lem e < #IAYP N w2

wllze +
+ [(u - Vw, e2TA1/sw)| + |(w - Vu, ezTAl/Sw)|. (4.3)
The convection term and the vorticity stretching term are estimated in the following lemma.

LEMMA 4.2. There exists a positive dimensional constant C such that for w € Ys -, and u = K,
is divergence-free, we have

S C S S
(0 T, 2N ) < e\ oAV w2, (4.4)
and
/s C /s CT /s /s
(w - Vu, 2™ w)|§a\|w||L2||eTAl w||%2—|—;||eTAl | 2 |AYZ ™A )12, (4.5)

The proof of the above lemma is similar to [B6, Lemma 8], but for the sake of completeness a
sketch is given in the Appendix (cf. Section [6.9).

The smallness condition (JL.1]) implies via the Sobolev and Poincaré inequalities that ||Vug|| e <
v/(2 + 2a2), if k is chosen sufficiently large. Let v = v//(2 + 2a?). It follows from standard energy
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inequalities that [|w(t)|[z2 < |Jwollp2e™ 2 < |lwolz2. Combining this estimate with ([3), (E4),
and ([£J), we obtain

1 d /s 1/s . CT 1/s 1/s

el el < (7 Nl ) IV s, a0
@

where we have used that x was chosen sufficiently large, i.e., K > C. The above a-priori estimate

gives the global in time Gevrey-class s solution w(t) € D(eT(t)Al/s), if the radius of Gevrey-class
regularity 7(t) is chosen such that

Cr

P4 =™ w2 < 0. (4.7)
(6

Since under this condition we have
e N w(t)]| 2 < [|le™ wol| 262

for all t > 0, it is sufficient to let 7(¢) be such that 7 + CMye ""/?7/a = 0, where we let My =

ToAY/$

lle wol| 2. We obtain

7(t) = T~ CMoJo 7 s /e (4.8)
and in particular the radius of analyticity does not vanish as t — oo, since it is bounded as

T(t) > TO€—2C’M0/('yoe) _ 7_06—C’Mo(4-i-40¢2)/(1104)7 (49)

for all ¢t > 0, thereby concluding the proof of Theorem [1]. O

4.2. Large initial data. The main theorem of this section deals with the case of large initial
data, where only the local in time existence of solutions is known (cf. [[3, [[4]). We prove the
persistence of Gevrey-class regularity: as long as the solution exists does not blow-up in the Sobolev
norm, it does not blow-up in the Gevrey-class norm. Similarly to the Euler equations, the finite
time blow-up remains an open problem.

THEOREM 4.3. Fix v,a > 0, and assume that wqy is of Gevrey-class s, for some s > 1. Then
the unique solution w(t) € C([0,T*); L*(T3)) to @9)-@-11) is of Gevrey-class s for all t < T*,
where T* € (0,00] is the mazimal time of existence of the Sobolev solution. Moreover, the radius
7(t) of Gevrey-class s regularity of the solution is bounded from below as

(1) > L e=ClolIVu(lizocds, (4.10)
0

where C' > 0 is a dimensional constant, and Cy > 0 has additional explicit dependence on the initial
data, a, and v via (1.25) below.

We note that the radius of Gevrey-class regularity is expressed in terms of ||Vu/||r, as opposed
to an exponential in terms of higher Sobolev norms of the velocity. Hence Theorem [ may be
viewed as a blow-up criterion: if the initial data is of Gevrey-class s (its Fourier coefficients decay
at the exponential rate e_TO‘kP/S), and at time T} the Fourier coefficients of the solution u(7%) do
not decay sufficiently fast, then the solution blows up at 7.



ANALYTICITY FOR THE SECOND-GRADE FLUIDS 13

To prove Theorem .3, let us first introduce the functional setting. For fixed s > 1, 7 > 0, and
m € {1,2,3}, we define via the Fourier transform the space

D(Ane” "{):{wEC’OO(']I‘d):divwzo,/wazo,

/s 2 s
HAmeTA}n WH 27 3 o e 2l 5, 2 < OO}
kezd

where @y, is the k" Fourier coefficient of w, and A,,, is the Fourier-multiplier operator with symbol
|km|. For s, 7 as before, also define the normed spaces Y, » C X, - by

3
- 1/s - 1/5 2
Xor = () DAme™), ol = EZHA S (4.11)
m=1
and
2 1+5/2 TA 1/s 1+5/2,, TAl/s 2
= N P b el = EHM o (4.12)

It follows from the trlangle inequality that if w € X, then w is a function of Gevrey-class s,
with radius proportional to 7 (up to a dimensional constant). If instead of the X, ; norm we use

||AeTAl “w|| 2 (cf. [L6, B6]), then the lower bound for the radius of Gevrey-class regularity will
decay exponentlally in ||w|| g (ie., a higher Sobolev norm of the velocity). It was shown in [BZ]
that using the spaces X ; it is possible give lower bounds on 7 that depend algebraically on the
higher Sobolev norms of u, and exponentially on ||Vu(t)| e, which in turn gives a better estimate
on the analyticity radius.

PROOF OF THEOREM [L.3. Assume that the initial datum wy is of Gevrey-class s, for some
s > 1, with wp € Y; ., for some 79 = 7(0) > 0. We take the L2-inner product of (R.9) with

Agne%(t)/\’l?{sw(t) and obtain
(0 A2, ™M ) 4 (R, A2™M ) + (u - Vo, Afne%/\ifsw) (- Vu, Agne%A%Sw),
For convenience we have omitted the time dependence of 7 and w. The above implies
(OrAmeT Ay AmeTA}'{SW) - %(A}rjsmemi’{sw,Ai,fs/zem’%sw) + V(RaAmeTA%Sw,AmeTA%Sw)

=—(u-Vw, Afne%A’l”/sw) + (w - Vu, Afne%A’l”/sw). (4.13)

Note that the Fourier multiplier symbol of the operator R, is an increasing function of |k| > 1,
and therefore by Plancherel’s thorem and Parseval’s identity we have

AL ALY 3 k|2 2~ 12 27|kl
(RaAme™ ™ w, Ape w) = (2m) Z WM‘M AR
keZ3\{0}
(2m)3 N s 1 1/s
2 1yqr 2 PR = o A
keZ3\ {0}
The above estimate combined with ([L13J) gives for all m € {1,2,3}, the a-priori estimate
1d 1/s v 1/s . 1/s
S e B+ A — AL R, < T+ T, (41
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where we have denoted

/s /s
Ty = |(u- Vw,Afne%A}" w)‘ , and Th = ‘(w . Vu,Afne%A}" w)| . (4.15)

The convection term T3, and the vorticity stretching term 75 are estimated using the fact that
divu = 0, and that u = Cyw.

LEMMA 4.4. For allm € {1,2,3} and w € Y, -, we have

C
2 2
T4 T, < OVl [l + S04 7) ol ol
Cr? Cr? 9
+(CrI9ull + T el + ol ) ol (1.16)

where C > 0 is a dimensional constant.

This lemma in the context of the Euler equations was proven by Kukavica and Vicol [B, Lemma
2.5], but for the sake of completeness we sketch the proof in the Appendix (cf. Section [p.J). The
novelty of this lemma is that the term ||Vu| r~ is paired with 7, while the term ||w| 51 is paired
with 72. This gives the exponential dependence on the gradient norm and the algebraic dependence
of the Sobolev norm. By summing over m = 1,2,3 in ([.14), and using (f.14), we have proven the
a-priort estimate

1d

5w, +

c :
- wilk,,, < CIVuliellol, , + 0+ 1) ) ..

|

14 a?
) Cr? Cr? 9

# (7 CrIul e + S ol + S e, ) ol - (417

Therefore, if the radius of Gevrey-class regularity is chosen to decay fast enough so that

Cr2 Cr2

#+ Cr [Vl + = ol + — [l . <O, (115)
then for all v > 0 we have
d C 9
glellx., +2lwllx... < ClIVulrelwlix. . + — @0 +70) [wilz (4.19)

where as before v = v/(2 + 2a?). Hence by Gronwall’s inequality

_ C t B
e, ., < M0 (Ll + 0+ m) [ @l o). @20)
where for the sake of compactness we have denoted
M(t) = oC Jo IVu(s)lpoods
Thus it is sufficient to consider the Gevrey-class radius 7(¢) that solves

T2
#t) + Cr() [ Vu()] oo + T

Lo
«

lw(@)| g1

C t
MO (el + S04 70 [ ol dis) as) =0, (@21)
0
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The explicit dependence of 7 is hence algebraically on ||w||z1 and exponentially on ||[Vul|z~ via

(1 cC rt a o
T(t) = M(t) 1<7—O+5/0 lw(s)|| g M (s) ™" + e ||wol|x. ,, ds

~1
1 ! s :
+ % / e~ / lw(s) |2 M(s') " 1e?r ds’ ds) . (4.22)
0 0
A more compact lower bound for 7(t) is obtained by noting that if v > 0 we have
lo(®) 1 < M (t)e™>" [lwoll (4.23)
for all t > 0. Assuming ({.23) holds, if v > 0 (and hence v > 0), then

-1
1 w + ||wol| x5 14 79)||wol|?
(1) > M) <—+C” ollzr + llwollxry (1470 oHH1> il

M) 4.24
TO oy TaZ? (), (4.24)

where the constant Cy = Cy(v, o, 7o, wp) is given explicitly by

1+a? s (1+0a%)?
o +CT()(1+TO)”WO”le.

Co =1+ Cro([lwol[ 1 + [lwollx,..,) (4.25)

The proof of the theorem is hence complete, modulo the proof of estimate ([£.2J), which is given in
the Appendix (cf. Section [5.4). O

5. Applications to the damped Euler equations

The initial value problem for the damped Euler equations in terms of the vorticity w = curlw is

Ow+vw+ (u-Viw = (w-V)u (5.1)
u=Kj*w (5.2)
w(0) = wp = curluy, (5.3)

where K, is the T%periodic Biot-Savart kernel, and v > 0 is a fixed positive parameter. Here u
and w are T%periodic functions with de u =0, and d = 2,3. When d = 2 the vorticity is a scalar
and the term on the right of (B.1]) is absent. It is a classical result that if d = 2, and for any v > 0,
the initial value problem (b.1))-(f.9) has a global in time smooth solution in the Sobolev space H",
with > 2. We refer the reader to [[L0], B§ for details. Moreover, in the case d = 3, and v > 0, if
the initial data satisfies |Vug| L~ < v/k for some sufficiently large positive dimensional constant
K, if follows from standard energy estimates that (5.1)—(f.J) has a global in time smooth solution
in H", with r > 5/2.

For results concerning the analyticity and Gevrey-class regularity of (5.1)-(F.d), with v = 0,
i.e. the classical incompressible Euler equations, we refer the reader to [, B, |, B, B2, B6]. Note
that in this case one can construct explicit solutions (cf. [B, [4]) to (F-1)-(F-d) whose radius of
analyticity is decaying for all time and hence vanishes as t — oo, both for d = 2 and d = 3. In this
section we show that if v > 0, and either d = 2, or if d = 3 and the initial data is small compared
to v, then this is not possible: there exists a positive constant such that the radius of analyticity
of the solution never drops below it. The following is our main result.

THEOREM 5.1. Assume that v > 0, and that the divergence-free wg is of Gevrey-class s, for
some s > 1. If additionally, one of the following conditions is satisfied,

(i) d=2
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(ii) d =3 and ||Vug| L~ < v/kK, for some sufficiently large positive constant k,

then there exists a unique global in time Gevrey-class s solution to (b.1)~(B.3), with w(t) € D(A’"eT(t)Al/s)
for all t > 0, and moreover we have the lower bound

7(t) > 7(0)eCloe " %ds > £(0)e=20/v, (5.4)
where C > 0 is a constant depending only on wy.

PROOF OF THEOREM .1 Let us first treat the case when d = 2, with v > 0 fixed. Since
divu = 0, it classically follows from (@) that for all 1 < p < oo we have

lw®llze < llwollzre™, (5.5)
t > 0, and for any r > 0 the Sobolev energy inequality holds
s llw®lE +vlw®E < ClIVut)ll=lw®)ll-, (5.6)

where C'is a positive dimensional constant depending on r. Moreover, if 7 > 1 the classical potential
estimate(cf. [§, Bg))

w r
[Vl < Cllollzz + Cllwlle + Cllwllz log (1 + |‘r‘w\|\’fw>

combined with (f.5) shows that

e’Hw(t)|| gr
[Vu(t)]lz < Ce™ (umm + flwoll 2o + [lwoll s log (1 " 7\\[0?;21}] ))

< CCoe " (24 log (1 + e ||w(t)||ar/Co)) , (5.7)

where Cy = max{||wol|r2, |wollr=} > 0. Multiplying (5.§) by €’ and combining with the above
estimate (f-7), upon letting y(t) = e”*||w(t)||ur/Co, we obtain

y(t) < Ce™"y(t) (2+ log(1 + (1))

By Gronwall’s inequality, the above implies that there exists a positive constant C; = C(Cy, v, ||wol| mr)
such that y(t) < C;/Cy for all t > 0, and therefore by the definition of y(t) we have

lw(®)||ar < Cre™, (5.8)
for all ¢+ > 0. Similarly, by (F-7), there exists Cy = C'(Cp, C1) > 0 such that for all ¢ > 0 we have
[Vu(t)||pe < Coe ™. (5.9)

We now turn to the corresponding Gevrey-class estimates. For r > 5/2, and initial vorticity
satisfying ||[A7+1/2 eTOAl/SwOH 12 < 00, the following estimate can be deduced from [B6]

1 d s s s
S AT w2, 4 AT w2y < Cllwl + (F 4+ CrlIATEN w2 ) IATF 2N )2,

2 dt
(5.10)

Therefore, if 7(¢) decays fast enough so that 7(t) + CT(t)||A’"eT(t)A1/Sw(t)||L2 <0 for all t > 0, then
using (B.§) we have

%%HAreT(t)Al/sw(t)H%2 + VHATET(t)Al/SOJ(t)H%Q < 00%6_3”, (5‘11)
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and hence there exists a positive constant Cs = C(C1, v, HAT’eTOAl/SaJOH 12) such that for all ¢ >0

A7 A ()| 12 < Ce/2. (5.12)
Then it is sufficient to impose
#(t) + CCs7(t)e "% =0, (5.13)
and hence we obtain the lower bound for the radius of Gevrey-class regularity
7(t) > Toe~C0s Jy e /s, (5.14)

In particular it follows that for all ¢ > 0,

7(t) > e 2/, (5.15)
which proves the first part of the theorem. The case d = 3 is treated similarly: the estimate (.10])
holds also if d = 3, so the missing ingredient is the exponential decay of the Sobolev norms. But
as noted earlier, the smallness condition on ||Vul|ze, not only gives the global in time existence of
H" solutions, but also their exponential decay. We omit further details. ]

6. Appendix
6.1. Proof of Lemma B.4.
PRrOOF OF (B.13). Recall that we need to bound the quantity

T = o? |<eTA ((u-V)Acurlu),e™A curlu)|

=a? |<eTA ((u-V)Acurlu),e™ A curlu) — ((u- V)e™ A curl u, e™ A curl u>‘ , (6.1)
since divu = 0. By Plancherel’s theorem we have
T<0a® Y (eﬂ” - eTW) 1@ - 311121k % alll2) x e, (6.2)
jk=1; .k 10

Since |7l — 7kl < O j|em@ Ik} we obtain

T<Co’r Yy iR leT PR < e P x e
< Ca’r > 191372 @€ k2 |k < @l em M 11P/2)0 % ag e
JH+k=l; j.k,1£0; 1| > k|
< Ca®r||AY?e™ curl Au| 2 ]le™ curl Aul|,2 Z 191%/% (@]
J7#0
< Ca®r||AY2e™ curl Au| 2 |le™ curl Aulf3,. (6.3)

In the above we have used the triangle inequality [j|'/2 < |k['/2 + |I|'/2, the fact that in the two-
dimensional case we have ;72 (o | j|73 < 0o, and the Cauchy-Schwartz inequality. The proof of

(B-13) is concluded by estimating the right side of (.3) as

C 4.2
ZHeTA curl Aul3, + ar AL/ 2D curlAuH%QHeTA curl Aul|7, (6.4)

4

O
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PrOOF OF (B.13). Recall that we need to bound the quantity 7, which can be written as

T = |<AeTA (u-V)curlu), Ae™ curlu) — ((u- V)Ae™ curl u, Ae™ curl u)|,

using the fact that divu = 0. By Plancherel’s theorem we have

nL<c Y (|1|e7‘” - |k:|eT‘k|> 1@ - 11k x a1l x a@lem

By the mean value theorem, we have
016 = Jile™ ] < 1511+ 7 max{ ], k] }yer mex{HhHy,
and therefore by the triangle inequality we obtain

T, < C Z @112k x ag e |1 x ay e

GHk=1; 3,k 140
+Cr Y [ulliPerV (1] + (kDR x @lem M1 x e,
GHk=1; 3,k 140

By symmetry, and the inequality ¥ < 1+ ze® for all x > 0, we get

T, <C > @117 e < g 1122 % yle

+COr > 15112 ek 32k x Tl *1 210 x e,

J+k=1;5,k,17#0; 15| <[kl,|I]
and by the Cauchy-Schwartz inequality,
Ty < C| curlul|pz[le™ curl Aullr2 > |a||jle™
J#0
+ CT|[A¥2e™ curlul 2 [le™ curl Aul| 2 Y [iy]]5]" /e,
J#0
Note that in the two-dimensional case, by the Cauchy-Schwartz inequality we have
S fagllsle™ =3 (1l 22 (152 ) 2erV2) |
J#0 J#0
< C||Ae™ curlu”lL/z2 le™ curl AquL/22
Similarly,
DLl le <Y Pl < Ol Ae™ curlul| e,
J#0 i#0
and therefore
Ty < C|| curlul|p2[|Ae™ curlquL/fHeTA curl AuH‘z/QZ

+ C7||A%2e™ curlul| 2 ||[Ae™ curlul| 2 [|e™ curl Au ;2.

The above estimate and Young’s inequality concludes the proof of (B.1J).

(6.5)

(6.6)

(6.9)

(6.10)

(6.11)
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6.2. Proof of Lemma f.2. For convenience of notation we let ¢ = 1/s, so that ¢ € (0,1].
Since divu = 0, cf. [B2, B6] we have (u - Ve w, e™ W) = 0, and therefore

T, = ‘(u -Vw, ezTACw)‘ = ‘(u -Vw, e2TA<w) —(u- VerMw, eTACw)‘ .
As in [B3, B2, B6]|, using Plancherel’s theorem we write the above term as
T= @)% Y (@ k)@ Gr)er (eTlllc —eTl’f‘C) , (6.12)
k=l

where the sum is taken over all j, k,1 € Z3\ {0}. Using the inequality e® — 1 < ze® for z > 0, the
mean-value theorem, and the triangle inequality |k 4 j|¢ < |k[¢ + ||, we estimate

TS _ orlklc ¢ (|6 m max{]UlS,[K|} L 7151¢ TIRI¢
e e ‘ < 7| 1S = |k[C|em ™ SCT|I<:|1—C—|—|Z|1—C€ I e,

for all ¢ € (0, 1], where C' > 0 is a dimensional constant. By (p.13), the triangle inequality, and the
Cauchy-Schwartz inequality we obtain

i~ ¢~ BIC I~ 1 I K|
I <Cr Z 117 ™91 | e @y e [R[=C + i<
j+k=l
i 1 i~ 1 B ~ 1 T lIlC )
< Cr 37 jlfalem @plen M e 12 (151672 4+ 0102
jt+k=l
< Orllem™ w2 |AY e w2 D 1512 e + O A2 w3, Y L[ eI
§#0 J#0
<Ot eTA<w 2 A</267Acw 2 A3+C/2€TA<U 2+ CT A</2eTA<w 2, A?’eTA(u 2 6.13
l L L L 7 L

In the above we used the fact that >, .o ;czs |77 < 0o. We recall that by (P-15) we have u = Kyw,
and therefore for a > 0 we have

C
IA%ull 2 < —[lwlLe,
a
and similarly
3 _TAC c TAC 3+¢/2 TAS c ¢/2 TAS
|IA°e™ w2 < EHe wl|z2, and ||A ez < E”A e w2 (6.14)
By combining (f.1J) and (p.14) above, we obtain for all 7 > 0, and ¢ € (0, 1] that

CT‘

Ty < [l w2 A2 w)2,, (6.15)
(0%

for some sufficiently large dimensional constant C, thereby proving ([4), since ¢ = 1/s.
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The estimate for the vorticity stretching term is similar. By the triangle inequality and the the
estimate ¥ < 1+ ze® for all z > 0, we have

T, = ((w.u, e2TA<w)( = |en)® S @ - k)@, - oe
J+k=l
<O 1@l e g e eI
J+k=l
<C Y7 (@l kllali@e™ + O Y7 jlem I gl e
j+k=l j+k=l

C
Ll wll 2| A2 w3, (6.16)

C ¢
< — TA 2 -
< Slwllzzle™ ol + =

In the last inequality above we also used [|A%ul/pe < Cljw||z2/a. This proves (f§) and hence
concludes the proof of the lemma.

6.3. Proof of Lemma [{.4. For ease of notation we let ¢ = 1/s, so that ¢ € (0, 1]. Following
notations in Section E, for any m € {1,2,3}, we need to estimate
Ty = (u- Vw,AgnezTAgnw), (6.17)
and

Ty = (w - Vu, AgnezTAgnw). (6.18)

First we bound the term 7). Note that since divu = 0, we have (u - VAmeTAglw, AmeTAsnw) =0,
and therefore by Plancherel’s theorem we have (see also [B2])

T) = (u- Vw, Afne2TA$"w) — (u- VAmeTAsnw, AmeTAglw)
=i(2m)* 3 (Ilale 1" — e 1) @ - k)@ - )T (6.19)
k=l

where the summation is taken over all j, k,l € Z3\ {0}. We split the Fourier symbol arising from
the commutator, namely |l |e™ — |k, [Tl in four parts (cf. B2)) by letting
Tia = i2m)* D7 (il = ]} €1 @5 - ) @5 Bl
k=l
Tiy = i(2)" 3 el (& 8nl) 1€ = b)) 0 - ) @ - D0l
k=l
Tis = i(2m)* Y wlhn* 2l (1] — ki) (@ - K) @k - B/ 27,
k=l
Tia = i(21)° > 7(lim| — [km)eoml® (|zm|1—</2 - |km|1—</2) (@ - k) (@ - B |l |1 H¢/ 2711
k=l

To isolate the term ||Vul[p~ arising from 777 and 733, we need to use the inverse Fourier transform
and hence may not directly bound these two terms in absolute value. The key idea is to use the
one-dimensional identity (cf. [B2])

ljm + km| = |km| = jmsgn(km) + 2(Jm + km) Sgn(jm)X{sgn(km-i-jm) sgn(km)=—1}s (6.20)
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an notice that on the region {sgn(k,, + jn,)sgn(k,,) = —1}, we have 0 < |ky,| < |jm]|. Define the
operator H,, as the fourier multiplier with symbol sgn(k,,), which is hence bounded on L?. From

(b-19), the defintion of 711, and (f.20), it follows that
Ty = (Opu - VHmeTAsnw,AmeTAglw)
+i(2m)° >, 2(jm + kim) sg0 ()€™ (@ - k) (@ - D)€

Jj+k=l{sgn(km+jm) sgn(km)=—1}
(6.21)

The first term in the above is bounded by the Hélder inequality by [|Vul|ze|lw||%, . The second

term is bounded in absolute value, by making use of e71¥m1* < e+ 72|k, |2 ehml®  and of |kp,| < [ ],
by the quantity

Clwlmllwlix,. | Y limll@;] | +Cr2wl5, . { D il la] | - (6.22)
§#0 J#0
By the Cauchy-Schwartz inequality, and the fact that 2(¢ — 3) < —3 for all ¢ € (0, 1], we have
D M@ =D il L@ 1] < ClAL AP w2 < Clwl /e, (6.23)
j#0 J7#0

and similarly >, o [jm|[t;| < Cllw|[g1 /a. Therefore

C C
T < ClIVullie Wil , + —lwlinlwllx.., + —m*lwlm el - (6.24)

To bound T3 one proceeds exactly the same if s = ( = 1. If € (0,1), (F-20) may not be applied
directly to |l,,|¢ — |km|¢. In this case, by the mean value theorem, for any |l,,|,|kn| > 0, there
exists 0, 11 € (0,1) such that

’lm‘c - ‘km’C = C(’lm‘ - ’km‘)‘km‘c_l
Ul = ) (Ol Fin] + (1= O DS ™ — [in<T). (6.25)

It is possible to apply (£.20) to the first term in the above identity, while the second term is bounded
in absolute value by ¢(1 — C)|jm|?|km| ™/ min{|km|, |lm|}. The rest of the Ty3 estimate is the same
as the one for 771 and one similarly obtains

C C
T3] < ClIVullp=llwllk. . + — lwlin @l + = lwllmllwly, - (6.26)

The term 779 is estimated in absolute value, by making use of the inequality |e* — 1 — x| < z2el*l
and of [|1n|¢ — [km || < Clim|/(km|'=¢ + [lm|*=¢). Tt follows from the Cauchy-Schwartz inequality
applied in the Fourier variables that

C
Tho| < ETQIIwHXs,TIIwH?/S,,- (6.27)
Similarly, by using that ¢ — 1 < ze® for all x > 0, it follows that
C c
Tha| < ETII@U\I%JIWIIXS,T + ET2IIwHH1\IWII§/S,T- (6.28)

Combining the estimates (6.24), (5.27), (6:26), and (6.29), and using that 7(t) < 7(0) < C, we
obtain the desired estimate on T;. To estimate 75, we proceed similarly. Here we do not have a
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commutator, and all terms are estimated in absolute value in Fourier space. We omit details and
refer the interested reader to [B9, Proof of Lemma 2.5].

6.4. Proof of Estimate ([L.2]). If we take the inner product of (£.9) with w, and then with
Aw, using the fact that quwAw = — [ Opu; Oiw; Okw; by integrating by parts, we obtain

H w3 + 5l < ClIVullz w3 + [(Ok(w - Tu), ). (6.29)

2dt 1+

The proof of ([.29) follows from the above estimate by using Holder’s inequality and Gronwall’s
inequality and assuming that we have

lw - Vullgr < Cl[Vul| e |lw]| - (6.30)

The latter can be proved by using the Bony’s para-differential calculus [L(]. This inequality is
equivalent to proving that

[Ag(w- V)|l L2 < C27%y||Vul o< |lw] g1,
for some 0 < a4 € 2(N) with - a2 < 1. Let Ag(ab) = AgT,b+ AgTya + AgR(a,b), where
AqR(a,b) Z Ay (Agal b),
q'>q-3

and
ATb= Y Ag(Sy_1bAga).
lg—q'|<4

We have Ag(wVu) = AT, Vu+ A Ty,w+ AgR(Vu,w). Using a Bernstein type inequality we have
1Sy —1w ]z < C2%7 |Vl e

and also
Ay Vul2 < C27% sup |Ayd°Vul|2 < Ca™ 272 Ayw]| 2.

|| =2
So, we obtain
18T VUl 2 < Ol Vul[p=[|Agwllz < C27%ay[[Vul| < |w]l a1,
where a, € (*(N). Similarly, we have
18¢Tvuwllr2 < Ol Vullp=[|Agwllz < C27 %y [|Vu| o< |w] g1

Concerning the rest term, we have

18R, Vu)ll2 < D [Agwllze=l|Ag Vull 2

q'>q—3
< > IVullz [Agwllz2
q'>q—3
<C > 2 %ay||Vull e @l < C27 % || Vul| Lo [[w]| (6.31)
q'>q—3

where a, = Zq,>q_3 2_(‘1/_‘1)%/ € ?(N). This complete the proof.
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