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GLOBAL EXISTENCE AND FULL REGULARITY
OF THE BOLTZMANN EQUATION WITHOUT ANGULAR CUTOFF

R. ALEXANDRE, Y. MORIMOTO, S. UKAI, C.-J. XU, AND T. YANG

AsstracT. We prove the global existence and uniqueness of classiigtlans around an
equilibrium to the Boltzmann equation without angular ¢tito some Sobolev spaces. In
addition, the solutions thus obtained are shown to be ngative andC® in all variables
for any positive time. In this paper, we study the Maxwelliaolecule type collision
operator with mild singularity. One of the key observatiamshe introduction of a new
important norm related to the singular behavior of the cezsgion in the collision opera-
tor. This norm captures the essential properties of theutanigy and yields precisely the
dissipation of the linearized collision operator throuh telebrated H-theorem.
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1. INTRODUCTION
We consider the Cauchy problem for the inhomogeneous Baliznequation
(1.1) fi+v-Vif =Q(f, f), flo = fo,

wheref = f(t, x,v) is the density distribution function of particles, havingsitionx € R3
and velocityv € R3 at timet. Here, the right hand side .1) is given by the Boltzmann
bilinear collision operator, which is given in the classicarepresentation by

Q(g,f>=ffB(v—v*,fr){g;f'—g*f}d(rdv*,
R3 J§2?

wheref! = f(t,x, V), ' = f(t, x,v), f. = f(t,x,v.), f = f(t,x,v), and foro € §?,
V+V, V=V, V4V, V=V

2 T2 2 2 ”
which gives the relation between the post and pre collidieglacities. Recall that we have
conservation of momentum and kinetic energy, thavis,v, = V' + V. and|v|?> + |v.|* =
IV'|? + |V.|?. The kerneB is the cross-section which can be computed ffedent physical
settings.

In particular, the non-negative cross secti®(z, o) depends only otg and the scalar
product(é,a). In most cases, the kernBlcannot be expressed explicitly, but to capture
its main properties, one may assume that it takes the form
V-V, i
|V - V*l ’ E
An important example is the inverse power law potendidl with r > 1, p being the
distance between two particles, in which the cross sectigratkinetic factor given by

VvV =

o, V,=

B(lv — V.|, cosh) = ®(Jv — v.|)b(cosd), cosh = < 0'>, 0<6<

4
(D(|V—V*|)z|V—V*|7, '}/:1_?,

and a factor related to the collision angle containing aidigty,
b(cosd) ~ KO 2725 when 6 — O+,

for some constant€ > 0 and O< s= % <1.

The cases with k r < 4,r = 4 andr > 4 correspond to so-called soft, Maxwellian
molecule and hard potentials respectively. In the follandtiscussion, this type of cross
sections, with the parametersands given above, will be kept in mind.

As a fundamental equation in kinetic theory and a key storstdtistical physics, the
Boltzmann equation has attracted, and is still attractingpt of research investigations
since its derivation in 1872.

A large number of mathematical works have been performeeéutind Grad's cutt
assumption, avoiding the non-integrable angular singulaf the cross-sections, see for
example[10] 4d, 31, B4, 186.137)46] 40}, i1, 59] to cite onlya ferther references being
given in the review([§2].

However, except for the hard sphere model, for most of theratiolecule interaction
potentials such as the inverse power laws recalled abosertdss sectioB(v — V., o) is
a non-integral function in angular variable and the callisbperatoQ(f, f) is a nonlinear
singular integral operator in velocity variable.

By no means to be complete, let us now review some previouksnedated to the
Boltzmann equation in the context of such singular (or notoff) cross-sections. For
other references and comments, readers are referrfdd @][5, 6
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The mathematical study for the Boltzmann equation, witremguming Grad’s cufb
assumption, can be traced back at least to the work by PaoTI(Dls@] which is about
the spectrum of the linearized operator. In 1980s, the eéxist of weak solutions to the
spatially homogeneous case was proved by Arkeryﬁh [14hemild singular case, that
is, when 0< s < % and by using an abstract Cauchy-Kovalevskaya theoremi, idka
[@] proved the local existence of solutions to the inhonmegeris equation, in the space of
functions which are analytic ir and Gevrey inv.

For a long time, the mathematical study of singular crossises was limited to these
results and a few others, most of them related to the spaliathogeneous case concerning
only the existence. An important step was initiated by theka@f Desvillettes and his
collaborators in 1990s, showing partial regularizatiosuts for some simplified kinetic
models, cf. [2B[ 34 29, 6. BP.|2B/61].

After the well known result of DiPerna and Lio31] for thetaff case, Lions was able
to show the gain of regularity of solutions in the Landau c[@: which is a model arising
as a grazing limit of the Boltzmann equation. It was then etgubthat this kind of singular
cross sections should lead to smoothirteet on solutions, that is, the solutions have
higher regularity than the initial data. For example, it gldbe similar to the case when
one replaces the collision operator in the Boltzmann eqodiy a fractional Laplacian in
velocity variable, that is, a fractional Kolmogorov-typguation ].

Certainly, the results of Lionsl__[|43] and Desvillettes hamfiuenced the research in
this direction. It is therefore not surprising that a sysaimapproach, using the entropy
dissipation anfr the smoothing property of the gain part of the collisioreigtor, was
initiated and has been developed to an almost optimal stagadh the &orts of many
researchers, such as Alexandre, Bouchut, Desvillettdse@E@dons, Villani and Wennberg.
The underlying tools have proven to be very useful for thelstan the mathematical
theory regarding the regularizingfect for the spatially homogeneous problems for which
the theory can now be considered as quite satisfactorygdit, [LB2[L[ 26] 31, 29, BP.]50,
@,@], and the references therein, see also for a much retaéat! discussion|[5].

Compared to the spatially homogeneous problems, the afigimatially inhomoge-
neous Boltzmann equation is of course physically more éstarg and mathematically
more challenging. For existence of weak solutions, we rantivo results regarding
the Cauchy problem. One is about the local existence bettveemoving Maxwellians
proved in [}] by constructing the upper and lower soluti@mther is the global existence
of renormalized solutions with defect measures show@n&tﬁare the solutions become
weak solutions if the defect measures vanish. On the othed,ithe local existence of
classical solutions was proved 12] in some weighted $nbspaces.

However, in view of the above available results, the mathmalgheory for non-cutfy
cross-sections is so far not satisfactory. This is in shanprast to the cutdcase, for which
the theories have been well developed, §ef[[1d, 17, 1§, BB324[4b[56] 31, $9] and
the references therein.

For the study of the regularizingfect, one of the main diculties comes from the
coupling of the transport operator with the collision opgeravhich is similar to the Landau
equation studied ir‘@Z]. To overcome thigftdiulty, a generalized uncertainty principle a
la Fefferman [3B] (see alsp 1, ]4B,]49]) was introduced]id][8, 9ifierstudy of smoothing
effects of the linearized and spatially inhomogeneous Boltungguation with non-cufd
cross sections.

In order to complete the full regularization process, régem [E], by using suitable
pseudo-dierential operators and harmonic analysis, we have develsipgrp coercivity
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and upper bounds of the collision operators in Sobolev spgagether with the estimation
on the commutators with these pseudfatiential operators. More precisely, [i@l 11,
E], for classical solutions, we established the hypgetdiity of the Boltzmann operator,
using the generalized version of the uncertainty principle

The present work is a continuation of our collaborative paogsince 2006[[d, 19, [L1,
E]. Comparing to the cufbcase, we aim to settle a mathematical framework similar to
the studies first proved by Ukai, se@[ 57], and fitted ime®mergy method by Liu and
collaborators|[44] 45] and Gup [37] which has led to a cleaoti for the Cauchy problem
in the cutdf case, for solutions close to a global equilibrium.

In this paper, we will establish the global existence of magative solutions in some
Sobolev space for the Boltzmann equation near a globalibguih and prove the full
regularity in all variables for any positive time.

As mentioned in the abstract, one of the main ingredientsdiptoof is the introduction
of a new non-isotropic norm which captures the main featdirthe singularity in the
cross-section. This new norm is in fact the counterpart efdbercive norm which was
introduced by Guo|B6] as an essential step for Landau emuatAs will be clear soon,
it is important to note that we do not need the explicit egleae of this norm to some
Sobolev norm, which is in contrast to the case of the Landaatsan.

In fact, this norm not only works extremely well for the deption of the dissipative
effect of the linearized collision operator through the H-tleeo, but also well fits for the
upper bound estimation on the nonlinear collision operatere, we would like to mention
the work by Mouhot and StrailﬁbEM] about the gain of monierat linearized context
due to the singularity in the cross-section. Such a gain afierd which is well described
by the new non-isotropic norm is in fact crucial for the probfjlobal existence.

We now come back to the problem considered in this paper. T presentation
as simple as possible, and to concentrate on the singutdrihe grazing &ect, we shall
study the Maxwellian molecule type cross-sections withdmihgularity, that is, the case
when

V-V, n
— = = << =
B(lV — V.|, cosf) = b(cosf), coso <|v— vk o), 0<6< 5
and
(1.2) b(cosd) ~ K& 2725, 9 — 0,

with0 < s< % The general case will be left to our future work.

In order to prove the global existence, we need to use the letengissipative £ect
of the collision operator. Similar to angular ctit@ase, such dissipativefect can be
fully represented by the dissipation of the linearizedismh operator on the microscopic
component of the solution through the H-theorem.

Thus, as usual, we consider the Boltzmann equation aroundnaatized Maxwellian
distribution ,
uv) = (2r) P
Sincey is the global equilibrium state satisfyir@(u, 1) = 0, by settingf = u + g, we

have
Qu+ Vug. p+ Vug) = Q. Vu9) + Q(Vug. 1) + ALV g, V).
Denote

I(g, h) = 2Q(Vr g, Vih).

Then the linearized Boltzmann operator takes the form
Lg=L19+L2g=-T(vu, 9) -T(9, V).
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And the original problem[ll.l) is now reduced to the Cauctopfam for the perturbation
g

(13) gt+Vng+£g=F(g,g), t>01

' Ol=0 = Jo.

This problem will be considered in the following weightedd®tev spaces. Fd¢, ¢ €
R, set

HERS,) = {f € S(RS): W' e HYRS,) | .

whereRS, = R3 x RS andW/(v) = (W = (1 + V)2 is the weight with respect to the
velocity variablev € R3.

The main theorem can be stated as follows.

Theorem 1.1. Assume that the cross-section satis@ (1.2) iths < 1/2. Letg €
HX(R®) for some k> 3,¢ > 3and

fo(x, V) =+ vV do(x. V) = 0.
Then there existsy > 0, such that iﬂlgo”HI[((Re) < &op, the Cauchy problerr@B) admits a
unigue global solution
g€ L7([0, +oo; HE(R)).
Moreover, {t,x,v) = u + u 9(t,x,v) > 0Oand
g € C(]0, +oo[ xR®).

Actually, for the uniqueness, we can prove the following@ster result, which might
be of independent interest. Note that here we do not needstomesthatf is a small
perturbation ofu.

Theorem 1.2.Under the same condition on the cross-sectionQferT < +oo and|> 2s+
7/2,let f > 0, fo € L™(R3; HZ,(RY)). Suppose thatif f, € L~(]0, T[xRE; HZ,(R3)) are
two solutions to the Cauchy proble@l.l). If one solutionde-negative, then f= f,.

Throughout this paper, we assume that the cross-sectigfiemthe condition (1.6)
with 0 < s < 1/2 except otherwise stated.

The rest of the paper will be organized as follows. In the rs&dtion, we will in-
troduce a new non-isotropic norm and prove some essentgtiedy and upper bound
estimates on the collision operators with respect to thig merm. In order to study the
gain of regularity of the solution, we need to apply some feedlifferential operators on
the Boltzmann equation. For this purpose, in Section 3, waysthe commutators of the
collision operators with the pseudofidirential operators. In Section 4, we will apply the
energy method for the Boltzmann equation and obtain the éogstence theorem. In Sec-
tion 5, we will study the uniqueness and the non-negativitthe solutions. Note that
this non-negativity result is new even for the diittase. In Section 6, the full regularity
is proved along the approach 12]. Finally, the globaktxce of the solution will be
given in the last section. For global existence, the macieremecomposition introduced
by Guo ] will be used for the estimation on the macroscepimponent.

Note: After finishing this paper, we were informed by R. Strain of Fécent paper in
collaboration with P. GressmanE[38], showing also theterise of global solutions to
the Cauchy problem by usingftBrent approach. Notice that their solution is iffelient
function space which does not lead to full regularity beeanfthe weak regularity in the
velocity variable.
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2. NON-ISOTROPIC NORMS

In this section, we study the bilinear collision operataegi by

Qa.f) = fR 3 fs b(cost) g/~ g.f]dorav..

through harmonic analysis. Since the collision operatts anly with respect to the ve-
locity variablev € R?, (t, X) is regarded as a parameter in this section.

2.1. Coercivity and upper bound estimates.Letg > 0, g £0, g € L1 M LlogL(R3). It

was shown in ﬂb] that there exists a constejt 0 depending only on the values |¢g‘1|L1
and igllL gL such that for any smooth functidne HS(R3), we have

(211) Cg||f||Hs(R3) < (_Q(g$ f)’ f)LZ(]Rg) + C“g”Ll(Rg)”f”iZ(]Rg)

Besides this, we still need some functional estimates orBtlizmann collision op-
erators. The first one, given below, is about the boundedifeb® collision operator in

weighted Sobolev spaces, sBe[[1[]4] 4, b[1p, 39].

Theorem 2.1. Assume that the cross-section satisf@ (1.2) viths < 1. Then for any
m € R and anya € R, there exists G- 0 such that

(2.1.2) IQ(F, llkpeegy < CllfllLe, @Gz e3)
forall f e LY, ,(R3) and ge H([”;:ZZSS)+ (R3) .

We now turn to the linearized operator. First of all, by uding conservation of energy
V2 + V2 = |V + VP
we haveu(v.) = u(v) u(v.) u(v'). Thus,
T(f, Q)(v) = ™2 [[ b(cost)( Vi f, VY - = f. Vi g )dv.dor

(2.1.3) = [[ b(cost) vk (f/g’ - f.g)dv.do

It is well-known that£ (acting with respect to the velocity variable) is an unbaeohd
symmetric operator oh?(R3). Moreover, its Dirichlet form satisfies

(£9 9) e = ~(T(VE. ) + 1@ VA, 9) .

= [[] breosax(@2g - Gy 2t + 5.2 - 622 geudrdy

= [[] breosa(@y g - 020 + 5162 - 0.42) ) g el
@14) = [[[ bleoss)((2g. - ()7, + gV - 1)) g.v oy

= [[[ breost(e)g: - (7. + 9160 - ) o vy

= 5 [[] oteos (6% - 620" + (2. - 670’ vl
> 0.

The third line in the above equation is obtained by using thenge of variables/(v,) —
(V',V.). The fourth line follows from the change of variablesy.) — (v., V) and then the
fifth line follows from the fourth one by using the change ofighles ¢, v.) — (V,V)).
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And the second last line is just the summation of the previous lines. Note that the
Jacobians of the above coordinate transformations ard eglia

Moreover, it follows from the above formulatl"(afg, g) =0ifandonlyifPg = g
where

L2(BY)
Pg = (a+ b.v+ c|v|2) N
with a, c € R, b € R3. Here,P is theL?-orthogonal projection onto the null space

N = Spar{ Vi, vi Vi, V2 vii . Va v, M2V .

The following result on the gain of moment of ordein the linearized framework is
essential in the sequent analysis.

Theorem 2.2. (Theorem 1.1 o[l@])
Assume that the cross-section satisfied (1.2) iths < 1. Then there exists a constant
C > Osuch that

(£9-9) 2z 2 CIIC = Pl e -

For the bilinear operatadr(-, -), we need the following two formulas. For suitable
functionsf, g, the first formula coming fron{ (2.1.3) is

(2.1.5) I'(f, g)(v) = Q(vuf, g+ ffb(cos@)(\/y_* - )f*’g'dv*d(r.
On the other hand, applying the change of variableg.] — (V/,V.) in () gives
(1. 0 N, = [[[ Dlcost) V= (1297 = 1.9
_ f f b(cosd) iz (f.g— T/ .
By adding these two lines, the second formula is

(2.1.6) (FCF, 0. 1), = % f f f b(cost)( /g’ — f.g)( vz h— Vi IY).

The following lemma shows thaf; controls..

Lemma 2.3. Under the condition (1.6) on the cross-section viith s < 1, we have

1
(2.1.7) (£19. 9)2es) = 5(£9 9), s -

Proof. From (2.1.B) and similar changes of variables, we have
(£19. 9) s = ~(M(VE-9). 9)
_ % f f b(coss)((1,) g — (u.)20) dv.dedv
- % f f bcose)((«') g — (1*/?g.) dv.derdv
1 N2 1/24)? T 124 \2
=3 || beosa) {(@) 2y - 4a)20)" + (w)¥?g. - (*%g.)’ | dv.derav.
Therefore, [(2.1]7) follows fromA + B)? < 2(A% + B?) and (2.1.}4). O
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2.2. Definition and properties of the non-isotropic norm. The non-isotropic horm as-
sociated with the cross-sectibfcosd) is defined by

(2.2.1) liglli? = f f b(cosA). (g’ —g)° + f f b(cosA)g? (i — Vi ).

where the integration is ové@3 x R3 x S2. Thus, it is a norm with respect to the velocity
variablev € R® only. As we will see later, the reason that this norm is catled-isotropic
is because it combines both derivative and weight of osdiere to the singularity of cross-
sectionb(coss).

The following lemma gives an upper bound of this non-isattaprm by some weighted
Sobolev norm.

Lemma 2.4. Assume that the cross-section satisfieg (1.2) Withs < 1. Then there exists
C > Osuch that

2.2.2) llgll < Cligli2,s
for any ge H$(R3).

Proof. Applying (2.1.2) withe = ~sandm = —sgives
(22.3) (% 9.9)
On the other hand,

CRER f f b(cost)(12 g - F2g)g

= f f b(coss)fZ (g’ - g)g + f o f b(coss)(fZ - 12).

For the first term in the last equation, usio@ — b) = 1(a? - b?) — 1(a- b)? yields
2 2
(A 9. 9). = f f b(cos)f? (¢ - o?)

__ff b(cost) £ (g fg f b(coss)(fZ - f2).

By the change of variables/( V') — (v, V), the first term above is alsp [[[ bg?(f2 - £2).
Thus, it follows that

Q% 9. 8) =5 [[[ D@ =07+ 5 [ & [[ (12 - 2).
dth
o [[[ o - 07 < 2(er? 019 | [[[ ber(12 -

By using [2.28) and the cancellation lemma frdin [6], we get
(2.2.4) f f bf2(g’ - 9)* < CIIFII%llgllf; + ClGIIZIIFIIZ < CIIFIIZIIgIZs.

Thus, choosing = /i gives
llgll? < CAll VEIIE NgliEe + 1911 Vi IiFg) < Cllgligs.

This completes the proof of the lemma. O

L] < Il lglieligling < CITIE NGl
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In the context of usual weighted Sobolev spaces, this lasitres likely to be optimal.
Next we will show that this non-isotropic norm is controllby the linearized operator.
First of all, we shall need the following preliminary comatibn.

Lemma 2.5. For any¢ € Ct, we have
| beosaiow.) - s )ider < Catv - v < Cw
where G depends offiglic: = ligll~ + 1| V Sl
Proof. It follows from Taylor’s formula that
64) = 9] < Culv. = VI < Cysin 5 )lv v,
and|g(v.) — ¢(V,)| < C,. Then for anys € (0, 7/2),

/2
[ bteosow. - ¢(V)|da<c¢{|v— v f S+ [ 91}25d9}

<C, {lv—v*lo‘ T 25}.

If [v—v.|™* < Z, by choosing = |v - v,|™%, we get
| bleosaiow.) - s < v - v < Cou
If v—v,| < 2, we have
fg b(coss)I¢(V.) — ¢(V,)Idor < Cylv — V.| < Cé < GV,

And this completes the proof of the lemma. O

Up to the kernel off, the following lemma gives the equivalence between the non-
isotropic norm and the Dirichlet form of.

Lemma 2.6. For g € N+, we have
2
(2.2.5) (£9 9) . g ~ NP

Here A~ B means that there exists two generic constani£g> Osuchthat GA< B <
CLA.

Proof. We first deal with the lower bound estimate starting with thents linked to/,.
Since

_(ng’ )LZ(R3) ( @ Vi), g)LZ(R3)’
we get from [2.1]5) that
2:26) ~(£28. 9 = (UVAG. V. )5+ [[[ Bloos(viE - Vi Jai Vi g

Using (2.1.p) withe = 0,m = 0, the first term on the right hand side §f (2}2.6) can be
estimated by

(V8. V). 9], < 1A VG, VAl

< Cll Vil | VEllzsliglle < Cligli?.-
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For the second term on the right hand side.2.6), we have

ff b(cost)( Vi — Vit ) g, i’ g dvdvdo

= [[] breos (VA = i) g (63 - e

+ [[[ breosa) (Vi - i)y g
Thus,

Uff b(eost)( Vi — it )i g
- (ff b(cost) (V- = Vi )zlglz(,t/)l/“)l/2

g (fff bcoss) (1) - (M*) Ig;|2(;/)1/4)1/2
+(fff b(cosg)’@_ Vi IQI2(,6/)1/4(#)1/4)1/2

x(fffb(cos@)|\/u_*—\/,u_;

1/2 12, y1/2 1/2
S XL+,

Using Lemmd 2]5 withp = 1'/* gives
f b(coss)
smce%)““;ﬂ)“z = ()4 YA YA = ()44 G4, we get
li+l3<C f f b(cos)| ()2 - ()3 191%(w’)*dvdv.do
<[] breosmfe) - Gy 4| (6e ) + ) )
<[] breosmfey - Gy 4fuay 4

+C [[[ broosfuay - iy

< Cff ((V*>25(/J*)1/4<V>23|g|2 + <v*>ZS(IJ*)]./4<V>Zslul/4|g|2)dvd\lk

< C(I0Iz g3y + 190172 esy)-

Forl,, by using the change of variables¥{.) — (v., V) and then¥,Vv.) — (v,V.), one has

[[[ oteoss (6 - 6y gy
= [ broosy (i - a4 i
< [[ ()0 igR)dva < iR,

|g;|2<y’)1/4w)1/4)1/2

()4 - (;1*)1/4'd0' <CV-V|®<C<v>Bcy, >%,

WY 1g?
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Forl4, using the change of variableg ¢.) — (V/,V.) implies that

[[[ eteoss)| v - Vi
= [[[ otcos)| v - Vi

< ¢ [[ (w90, P)dvav < Clif

9P ) 4 )

192) 4 )M

In summary, we obtain

L. 29’ g = g 2
(2.2.7) I(£29.9)l < ClglIZ,
For the term involvingZy, using [2.1]6) yields
(£19. 9) s = ~(T(VE- 9. 9)

= %ff b(cosb) ((#;)1/29/ — (u)? g)z
= %ff b(coss) ((,u;)l/z(g/ —g) + g((u)"? - (}1*)1/2)2

> % f f f b(cost) (g —9)2—% f f f b(cost)g?(() - (u.)2)',

where we used the inequalits ¢ b)*> > 3a? — b Then

(2266 > 5[] pcosuita - 07+ [[] btcosna?(6y? - e )
- Z fff b(cose)gz(('ui)l/Z _ (ﬂ*)l/z)z_

We now apply [2.2]4) and the change of variabies.) — (v., V) to get

2
UUNMwwm%wf”—wo”)sqm@w”uésq@@.
Therefore,
1

(£19. 9),, = Zllgil* - Cligl;-

Thus, we have fron{(2.2.7)
(Lg, g)LZ = (ng, Q)LZ + (ng, g)Lz
1 2 2
> Zllgili” - Cligll,-

By Theoren{ 2]2, we have from the assumptijpa A'* that

gl < 4(£g. g),, +Cligli?, < €(£g, g)

L2’

which gives the lower bound estimation.
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For the upper bound estimate, we have

(ng’ 9oes = ff b(cosd) (/1 Y2 — ()2 )
= %ff b(COS@) (/J;)l/z(g' _ g) + g((/l*)l/Z _ (/1*)1/2)

< [[[ bieosanita - 9+ [[[ breosne?(ey - ()

<Illgll>.

By (2.1.7), we have
(£9. 9),, ¢, < 2lal?.

The proof of Lemm4 2]6 is then completed. o

The next result shows that the non-isotropic horm contfds3obolev norm of both
derivative and weight of ordes:

Lemma 2.7. There exists G 0 such that
(2.2.8) gl = Cllglifs + Igli%,)-
Proof. Write
2
a2 = [ . [ bleoss(gv) - gtv)) dordvav
R6 Js§2
+ f f b(cost)g?(u*/*(v) - /,tl/z(\/))ZdO'dV*dVE A+B.
R6 SZ

According to the calculation of Proposition 2 i|ﬂ [6], we have

A= f f 2 bk - ). (9(v) - 9(v)) dordlv.dv

_ 2 2
= (2 f f & - o) a0 + (0)E)

- 2R6u(§ )3(EH)8(E) jdorde
2 _
> 5o [ 0P ] [ bl - o))~ e o o
> Cy f EPlaE)de > Ci2% [ (1+ IeR)lace)Pde
[é1>1 1€1>1

> C12 gl ) — CallgIZ:

where we have used Lemma 3 ﬂ1 [6] that

(2.2.9) f (|§| o)(@0) - A€ )dor = Cules, Vigl = 1.
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Similarly,

B= f f bk )G (12 (v) - ,ul/z(\/)) dodv,dv

-0 [ [ B - o) @oTeR + PO

- 2Regz(€‘)ﬂl/2(§+)#1/2(6)}dtfd§

2(27T)3 L3 fsz 92(0)|#1/ 2(¢*) - p1P2(¢)Pdode
(2”)3 fR3 Lz gZ(O) Regz(g )) 1/2(5)#1/2(5 )dorde
= Bl + Bz .

For B4, one has
¢
B, = 2(0)|1/2 220 dod
) ff (& - P)POTe) ) o

= Callolzes) fR ) fs 2 b(E o)) - 1 dorde

> Collglif, gy
where

=G f 7@ [ b(E - o)) - 1fidords > 0

For the second term on the right hand side, by using

JV2(E) () > CR(26),

for some positive constan:t, we have
o= [ [ b5 - )(G(0) - Re@e) (@) i e
scf [ b(l_i‘:l . 7)(0%(0) - Regle") J2£)derce
=C fR . f ] b(é o) f g’ (V)(1 - cosg™ - v))dvia(2¢)dodg
=c . 2(v)( fR ] fs LR )(1- cos - v)r(zg)dadg)dv

-c [ g [ g - uo- ﬂ(—))dff)dv

>C| g (v)llede> C2 g%, ) — ClIDIE g3

V=1

where we have usefl (2.P.9) and the change of varialatebip exchanging; and ¥

Finally, by choosing a suitably small constartQl < 1,
llglll* = A+ By + By > 1A + By + 1B,

2 C(”g”HS(]R3) + ”g”LZ(Re))’
and this concludes the proof of the lemma.

13



14 R. ALEXANDRE, Y. MORIMOTO, S. UKAI, C.-J. XU, AND T. YANG

2.3. Upper bound estimates.To apply the energy method, we need some upper bound
estimate on the collision operator in terms of the non-ggaitr norm which will be given

in the following proposition. For this, we first prove

Lemma 2.8. There exists G 0 such that
(2.3.1) f f b(cos)) (@' - 9)* < CIIfIIZ, ligll>.
Proof. Different from Lemmé 24, we apply Bobylev formula][15] to have
f f b(cosd)u. (g’ — g)?dv.dodv
(Zﬂ)s — [[v (| - ) (A(O)BIR + 1877 — 2Re (e )o(E )a(E))dedr
- G || P - ) A0)EO - 8(e")7 + 2Ref(0) - )t )ae)oeder

and

f f b(cost) f2(g’ — g)?dv.dodv

- 5 i (|§| )fz(O)Ig(é-‘) 8(e")1? + 2Re(2(0) - T2(6))a(e")(€) )

Sinceu{0) = 1, fZ(O)— 1112, we obtain

L2
f f b(cost) f2(g’ — g)?dv,dodv
- 1112, f [ btcosty. (g - grav.doray

(Zﬂ)gnfn [b (|§| )Re#(o) AE))a(E 5O )dedr

BOE f f (|§_| ‘T)Re (72(0) - 72(6))a(¢")3())dedlor

For the last term, we note that

f (él )|f2(0) f2(§)|do-sfb(é-o-)(fvfz(v)'l—e“"f'dv)do-

Now consider
[0+ - e <aer
5

If [vilé] > 2, we choosé =
Andif > 6 > 6, we havgl — e | < 2. Hence,

/2 1
f (Ifl )|1 e 'do-<C|v||§-‘|f —— sm9d9+Cf6 oo

< CVIIg6™ 2 + €672 < C PSS,

< 7/2 to havell — e™V4| < |v||¢| sind for any 0< 6 < 6.
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On the other hand, if|¢] < % we have directly

it/ 2
f (|§| )'1 g Ve ’do-< Cj; 91+23|v| |&| sinade
<

Civilgl < CvZies.

Thus, we have

ir(m Nﬁ@‘ﬁﬁww@%wsqmamy
By using the regular change of variables> £*, and by noticing that

- _ + _ et [
& =9 0)=¢ ~ cosd’
1= ltang,  cos§ = 5o

we have

)| F2(0) - f2(¢7)|1g2(¢")dédor
I (i

xﬂkwmz(%rﬂf Nﬁw—QW€JwW@mfw
< CIIfIR, gl

Hence,
| [ 6(£ -0 rel0) - P ot e cedo < ciri, i
Similarly, we have
’ J]' o[ - Refao)- e )ate e

Therefore, we have provefd (23.1) by usifig (2.2.8). o

< ClIVE I, llgls-

In view of future application of the energy method, the scal@duct of the collision
operator with a test function is given by

Proposition 2.9. There exists C 0 such that

(TCF @) 1) | = C 1z i+ gz 1) B
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Proof. Note that
(T(f, 9, ) ey = (472QUM2E, 1¥2g), h)

L2(R3) L2(R3)

= f f f b(cosa)ul'*(f/g’ - f.g) h

= %ff b(COS@)(f*/g' - f*g)(lui-/Zh_lui_/z/h,)

< %( f f f (cost)(f/g' - f*g)z)l/z

X (ff b(cos)((u.)"?h - (,u;)l/Zh/)z)l/z

< iavzipi2
2

For B, we have

B~ [[] otcosa(Gy 2t =+ ey - )2’
< fof b(COS@) {Iu;(h’ — h)2 + hZ((ﬂ;)l/Z _ ('u*)l/Z)z}

<2 [[[ btcosayu.(r - 17 + 2 [ [ bcosayi()2 - )" = 21

where we have used the change of variableg.J — (v, V,) for the first term andy, v.) —
(vs, V) for the second term. Similarly,

A= [[[ beosa)(t:tg - @+t - 1)
<2 [[[ beosn) (g - 92 + (1 - 1.7

< fo b(cosd) f.2(g’ — g)° + fo b(cost)g.?(f’ - f)2.
Then [2.3]1) implies that
A < C(IFIZ, INgll® + gl 1117
which completes the proof of the proposition. ]

3. COMMUTATOR ESTIMATES

3.1. Non-isotropic norm in RS,. We now define the norm associated with the collision
operator on the space of,{). Forme N, ¢ € R, set

|l<m

BY(RY) = {g € S' S glpes) = fR 3 W a5,9(x, -)llIPdx < +oo},
where||| - ||| is the non-isotropic norm defined i.1).
First of all, one has
Lemma 3.1. For any > 0,y,8 € N3,
(BL11) WG Plllggee) + IIPW X Dllgasy < CrallddilFogeys
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(3.1.2) Colllgilg ey — CollalEasy < (£9: 9), 25 , < CallliFges)
and
(313) ||g|||_2 (RG) + ||g||L2(R3 HS(R3)) = C“'g”lBO(Ra) = C||g||L2(R3 Hs R3))

Proof. By definition of the projection operatét, we have

Pg = ag(t, )u''? + Z b j(t, ) vip’? + c(t, V22,
j=1
with
gt ) = [ ot et oot = [ gt x v
RS v
and

by j(t, X) = fg(t,x,v) v (v)dv, j=123
\
Thus [3.1]1) can be obtained by integration by parts. To[gét¥), we use[(2.3.2) and

(-2.$) to obtain

2
lil{5oce) > @@LMWZ%W—”WWM
mwmw ColllPgllZges)

> g1y sy~ Colldges

Finally, (8.1.3) follows directly from[(2.2]2) anfl (2.2.8) o

3.2. Weighted estimates on commutatorsWe will use the following notation, foy €
N3,

(3.21)  7(F, G u)=Q,F G)+ f b(cosd)((,)» — (), JF.G'dv.dor,
whereu, = p,(v) /u(v) = 8”(yu) is a Maxwellian type function of variable
In this notation, [(2.1]5) is equivalent to
I(f.9) =7(f.9. V).
And the Leibniz formula gives

(322  HAT(L.g= > Cprr TERHM. 07000 ms )
a1+az=a, B1+B2+B3=p

First of all, let us recall the following lemma froﬂlZ].

Lemma 3.2. Let¢ > 0,0 < s< 1/2. There exists G 0 such that
(W Q(f, @) - Qf, W g)), h)

<Cll f|||_}(R3))||g|||_§(R3)||h||LZ(R3)-

L2(R3)
Using this result, we shall show that
Proposition 3.3. For any¢ > 0,
(3.2.3) (WT(F. G. pty) = T(F. W'G. ). ), o < CIIFIl2IGII Il 2
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Proof. From (3.2.]1), it follows that
(W'T(F, G, y) = T(F, WG, py), h)
= (W Qy F. G) - Qu,F.WG). h) , .
+ [[[ breosite,. - e - W
= B]_ + Bz.
Lemma[3.p implies that
B1 < Clluy FlilIGllzlhllz < ClIF(I2lIGllc2llhll 2.

For By, since we have assumed that & < 1/2, we get

¢ v )2\ 1/2 1/2
Bz<( [[[ cosayrrperEt ') ( 1] b(COw)Sine(ﬂy*—#'y*)zlhlz) |

([£.2.%) implies that
2
f f b(cOSH) 1y — 4. ) 1P < Cllt sl IIE..

L2(RY)

while, using
W’ = W2 < sir? o (WE)? + (W)?) < sinf 6 (WEA(W)?,

we get

t _ \£\pl)2
f f b(cos9)|F;|2|G'|2% < f f b(cos) sing (W’ F)2(W’ G)"2
< ClIFI? zIIGIILz,

which leads to completion of the proof of the proposition.
Similarly, we have also

Proposition 3.4. There exists a constant £ 0 such that

(3.2.4) ‘(T(F, G, 1ty), h)

Proof. By the Cauchy-Schwarz inequality, we have

(T(F. G 1) D)oo f f b(coss)(uy.)*(F.G’' - F.G) h
=5 f f b(cost)(F/G" - F.G)((uy-)"/?h = (u.)"/2H)

< %( f f (cost)(FIG' - F*G)z)l/z
x| [ [ otcost)(Guyy2h - ()42 )’
[ [ oo il

< AV B2

ey| S CUIFIIz NG+ 1IGHz IIF ) b

By using the estimation of the terfin the proof of Propositio@.g, it follows that
A < C(IIFIIZ, NIGII + IGIZ IIF1I%)
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and
< C(lly IZ; 1AM + 1I0IZ, lley 17) < ClIRIE.

We are now ready to prove the following estimate witffatientiation and weight.

Proposition 3.5. For any¢ > 3, and N> 3, we have, for alg € N |5 < N,
(W drct. g). )

Le@sy| = Clifllanes) 9lllsyees) lhllgoes)-

Remark 3.6. In fact, this proposition holds even whén> g + 2s, and N> g + 2s.

Here, we consider the case whérx 3,N > 3 with 0 < s < 1/2 for the simplicity of the
notations.

Proof. Using the Leibniz formuld(3.2.2) gives

(WHCE G 1) g, = 2 G T £, WG 1), 1)
+ > TCh (WIT (07, 079, ug,) — TP, WP, g, ), h)

Then from [3.23), we get

‘(V\FT(aﬁlf, 99, ug,) - T (0, W'g, g, ). h)

1/2
<C( f 6712, 5 1201 5 ) Il zges,

o[ 1Pl el gl IMgesy. 1 1Bl < 1;
||5B1f|||_§(R§V)||5529||L°°(R§;L§(R§)) Nz es,)» if |81l > 2.

Since|B1| < 1 implies|B:] + 3/2 < 3 < N and|B] > 2 implies|B,| + 3/2 < |, it follows
that

L2(RS,)

L2(RE,)"

L2(RS,)

L2(R%)

(3.2.5) ’(wf’T(aﬁl f, 80, us,) - T, WoP2g, 1g,), )

< Cll b ey Gl P,
On the other hand, {B1| < 1 so thaigi| + % +5< 3 <N, we getfrom 4)

'(T(aﬁl f, W'6%g, g,). h)

L2(RS)

< C( f 167 £1173 sy (I G2 + W21 ) X

1/2
2 2 2
+ fR §||W"’a“29||L§GR3)(|||651f||| +||aﬁlf||Hs(R3))dx) 1Pl 53(e5)
< C(10% e 13y + 107 FIF e, sy MG g e L sgesy
< Il rrzose e 101 e 1Dl ey

Hence, foBy] < 1, we have

‘(T(aﬁlf, W'g, g,), )

ty| S e 10l ey ey
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We now consider the case whighi| > 2. First of all, assume Z |34] < |8 — 1 so that
1B2l = |8 — |81l — |B3] < |BI - 2. Then, we get

‘(T(aﬁlf, W g, 15, )

< C(11Fll o1 ey W 2Dl e ey

+ IW gl 3 2 107 Fll 2o ey I ses)
< Cllfllysus ey IWATZ AP, o, NNl g0(z5)

L2(RGY)

< CllFllyp-2sgaey 19l 2192150 gy P gz

< Cllf Iy ey 191 ey 1Pl ey

We turn next to the case wh@a = 3, for which we have

(7(@f, Wig, V). h) (@1, W'g). h)

L2(88,) ( L2(RS,)’

Since we want to avoid using the non-isotropic nornf afn the right hand side, we can
not use the estimatg (2.0.3) to complete the proof. So wesprbn a diferent way, use
firstly (2.1.5) to get

(r@t. W'g), h) )= (Q(vu o f. Wig), h)u(ﬂzgv)
+ f f f b(cost)( Vi — Vi )@ ),(W’ g)hdv.dodvdx.

On one hand[(2.1.2) witm = 0, a = —s, implies that

L2(R%y

(vaet. wig). n)

ceay| = Cllzeo)ll VI Fllees; g @ IW Gl e vy

< ClIf sy Wl 22y 1N o)

On the other hand, we can write

f f f b(cost)( vt — Vi )@ ). (W' g)'hdv.dordvdx
= f f f b(coss)( v — Vil )@ 1), (W' g)'(h - )dv.dodvdx

+ f f f b(cost)( Vi — Vil )@ F).(W’ g)hdv.dordvdx
= Dl + D2 .

By the Cauchy-Schwarz inequality, one has
P 1/2
ou <[] breostn newey (6 - 6y dvdodve

x ( f f f b(cose) (2 + (u)H4) (h - h’)zdv*dcrdvdx)l/z .
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Lemma|[2.b yields
f f f b(cosa)|(3# 1Y, PIWQ) (1) M* — ()"#) dv.dordvdx
<C fR ; fR . 1@ 1)L PIW Q) A)*(v.)*dv.ddvdx

<C fR3 16 E ey gy IV Oy 8% < CHOP FlEy WDl g ey
< ClIF Iy sy W A2 G5 56y < ClTI g o 1025,
while from Lemmd 2]8, we get

f f f b(cose)(u2 + (u)H4)"(h - Y2dv.derdvdx

<4 f f f b(cosh)u/?(h — i)2dv,dodvdx< C|||h|||fgo(R6).
0

Therefore, we obtain
Dyl < CIIfIIHg(Re)|I|glllgg(Re)|I|hlllgg(Re)~
For the termD,, we have

f ff b(cost)( Vi — Vi )@ f). (W' g)’h’dv*d(rdvd%
| [ st - s

SCIML&W '(6‘*1‘)*

<C f 16 gy W il Il ey O
Rx

< (-:||(961:|||_2(]R§;L2

3/2+2st+€

We g' Ihi(v)25(v, Y25dv, ddvd x

W dll @z 2z I zEs)
so that

Dzl < Cllflly, oy Qllszges) Il
Therefore, it follows that

(3.2.6) ’(r(aﬁf, W'g), h)

cy| S Pk, . o0l Il es).

Finally, for the casé¢s;| > 2, since 32+ 2s < 3 < N, we have also

'(T(aﬁlf, W o2g, g, ), h) < ClIFlln ge) l19llles) TN go(ge) -

L2(RS)

The proof of the proposition is then completed. O

By using the argument in the proof of the above propositiba following proposition
follows from the Sobolev imbedding theorems.

Proposition 3.7. For any¢ > 3, we have, for alg € N°, |g| < 2,
@27)  |(Wer(t. g). h)

L2(8S,) < C||f||H§(R6) 19l 3 (zs) |||h|||38(R5).

Finally, the linear operators can be also estimated asasllo
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Proposition 3.8. For ¢ > 3, we have for any € N°,

(3.2.8) (W LoD, 1), | < Conel Fllyseey Ny
If |8l = 1, we have
(3.2.9) (LaW ) - W' o L2(@). ),

< Cipe( Il asy + Mgl gor sz ) MM goes)-
and for|g| =0
(3.2.10) |(£2W g) - W’ £1(g), ) 2 sy | < Cllgllzsy NPl gges)-

Remark 3.9. On the right hand side of (3.3.7), the tefiigllls:zs) comes from the Sobolev
imbedding
Loo(R HZS(RS)) S H3/2+25+5(R6) 58 (RG)

whose order of gfferentiation is equal t@. Note that this is due to the nonlinearity in the
operatorT'(-,-). For the linear operators, the estimates given|in (3.2.9) §12.10) do not
involve this term.

Proof. For the proof of[(3.2]8), by using the Leibniz formufa (3)2:8e have
= (WS Lalf). 1) 4o, = (WORT(E, Vi), )
Zcﬁl T(aﬁlf Wfaﬁz\/_ ﬂﬁ3) h)LZ(R5
+ D Chp (WT (@, P N, pagy) = TP, WP, pag, ), )
=E; + Eo.
Then [3.2]5) implies
Eal = |3 Gl (WT @1 N ) = T £ WP i ). )
< C”f”HkE‘(RG)” \/EHHF(RB)”lhmBg(R(s) < C”f”HkE‘(RG)l”h”'Bg(RS)’
and (3.2}4) implies also,
|El|—|2cﬂl (T, WoP i, s, ), )
< Cllfllys gs) Dl gz

where for the case whehi = 8, we have used (3.2.6).

For (3.2.9), since-£1(9) = T( A, @), by using again the Leibniz formulf (3.R.2), we
have

= (W &y £1(9) - LiW v @), h) o
= (WOl (Vi, »0) — T(V, W &y 9). h)

= ) Ch (T VE, WG, ), h)
|B21<(81-1
+ > O (WIT (0 Vi, 729, g, ) - T (0 i, WG, pig, ), )
= Fl + Fg.

L2(RS,)

L2(RE,)

L2(R%)

L2(R%)

L2(RS)

L2(R%)

L2(R%)
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Then (3.2]5) implies
D Ch (W (P Vi, 29, g, ) — TP Vi, WG, g, ), h)
< CIl Vel e 1P, ) < Cllg e Pl -

which also gives[(3.2.10) .
On the other hand, fdfy, (3.2.4) implies that, wheys,| < |8| -

(7@ Vi, Wog, ). 1)

|F2l =

L2(RS)

L2(RGY)

< C( f 10% VRN (WO + W P27y )X

1/2
f V2%, o (6% VI + 1107 Vi lle(R3))dX) il e
< ClVE s ey 19l ges g Dl sgiesy
< Cllglll -1y 1Nl 3ce)-

Then the proof of the proposition is completed. O
4. LOCAL EXISTENCE

4.1. Energy estimates for a linear equation.We now consider the following Cauchy
problem for a linear Boltzmann equation with a given funetfo

(4.1.1) 0g+v - Vig+ L1g=T(f, 9) - Lof,  dlo=0o.
which is equivalent to the problem:
G +Vv - VG = Q(F, G), Gli=o0 = Go,

With F = u+ jufandG=pu+ ug.
We shall now study the energy estimates pn (#.1.1) in thetiomspaceH). For
N > 3,¢> 3 andB € N8, |8 < N, taking

@t x,v) = (~1)P(K W 50)(t. X, V),
as a test function oR2 x R3, we get
2810 Oy + (W[ V] - Va0, Wikg)
= (Wgﬁﬁ,vl"(f, g)’ W[a‘;(vg)
where we have used the fact that
(V Vx(W{’a?(v g) Wfﬁﬁ Vg)Lg(Rg) =
Applying now Proposition@.S arjd B.8, we get for any B < N and|g] < k,
5 dtnaﬁ Ol sgee) + (L2(W'T). WHK0)

< Cl1 ey Gy + 100 ey + 1 ey Gl sie

L2(RS) + (Wfaé(,le(g)’ Wga‘f(,vg)
— (WakuLa(f), W'é)

L2(RS)

L2(R6) L2(RS)’

L2(RS)

+ (gllsy + QMg 2y llsses))-
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By taking summation ovejs| < k, Lemma[2.3 together with (3.1.2) and the Cauchy-
Schwarz inequality imply that

(4.1.2) IlgllHk(Re) |||g||| ey < CiellFlleqes) 103
+Cie (IlgllH[k(Rs) 1 igesy + GG 1(Re)) 3<k<N.
Fork = 1,2, Propositiorf 3]7 is used to get
d

(4.1.3) Gl * |M@msqmmmwm@m

+ Cre (IlgllHk(Ra) sy + MQlliZe 1(R6))
while fork =0
(4.1.4) ||g|||_2 @+ IIIQIIIBO(RS) < Corllllzqee) 10 G0

+%4M@m+mmmﬂ

whereCy is the constant inm.Z), which is independenkpfhandN.
TakeN > 3, whenk > 2, by taking a linear combination df (4.1.2) afid (4.1.3), e

C
(me) mmm)zmnmwm

C 2
sEmewmwm+mwm+www)

O
u%wm ~— Mgl

<

| D

Wmmwmwm+w@m+w@w)

+ Cy- 150HHHN@@ﬂngmBWRq + 1100 ey + ey +¢ugm;¢qR%).
By induction and by usind (4.1.4), we have the following mstie

(4.1.5) dt[ > cklngnHWRq]+-co|ngm3WRq

0<k<N
<%mwmmmmwﬁwwm+mmw)
for some positive constan® < Co, Ck.s andCN,g. Notice that
2 2
(4.1.6) 19 esy ~ >, Okilee-
0<k<N
We are now ready to prove the following theorem.

Theorem 4.1. Let N > 3,¢ > 3. Assume thatge H)(R®) and f € L*([0, T]; H}(R®)).
If g € L=([0, T]; HN(R®)) N L2([0, T]; BN(R)) is a solution of Cauchy problenfi (4.11.1),
then there existgy > 0 such that if

Ifll o.1y; WMy < €o,
we have

(417) ”g”zw([o T] HN(RG)) + ”g”LZ([O T] BN(RG)) — Cé: (”gO”HN(RG) + EOT)
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for a constant C> 0 depending only on N .

Proof. Choosinge = 2? , we have, from[(4.1]5),
(\3

{Z ki ||g||Hk(Re)] = gles,

0<k<N

< 2819 ey + €0) < CC D, Ot 10y + 0):
0<k<N

and

d —Ct CO 7Ct -
a{e OZK; Ck| ||g||Hk(R5)] |I|gI|IBN(R6) <Cee .

Thus we get7) for some constéht- 0 and this completes the proof of the theorem.
m]

4.2. Existence for the linear equation. With the energy estimate given in the above sub-
section, we can now prove the following local existence tegoby using the Hahn-Banach
theorem.

Theorem 4.2. Let¢ > 3,N > 3and g € H)(R®). There existg > 0 such that if
Ifllo.1y; WM sy < €o,
then the Cauchy proble.l) admits a unique solution
g€ L([0.T]; HY'(R) N L*([0. T]; B} (R%).
Proof. We consider the following Cauchy problem :
4.2.1) Pg=0g+Vv - Vyg+ L1g-I(f, g) = H, g(0) = go.
Forh e C*([0, T]; S(Riv)) with h(T) = 0, we define

(g’ N ¢ )LZ([O TEHN RS)) (P 9 )LZ([O,T];H}V(RS)) ’

so thatP; , is the adjoint of the linear operat@¥in the Hilbert spac&?([0, T]; HY(R%)).
Set

W = {w= Py b heC([0,T]; S(RE,)) with h(T) = 0},
which is a dense subspaceld{([0, T]; H)(R®)). And we also have
Pr.o(h) = =dth+ (v - V,)*h+ Lih+T7(f, h).

Then
(% P Wy = ~5 i Ny + (v T )
+(La(h). h) ~ (r(f. ), h)

Same as Theorefn .1, fof|lL«(o.1}; Hyesy < €0, We have

.
ft 2C(s-) |(h Pre h)HtN(Ra)

HY' (k)

HY(RS) HN(RS)’

dt2 1001y ey + f CELN (S 05
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Thus, forallO<t< T,

2 2 .
||h(t)”H[N(RG) * CIIhIILZ([LT]; gEs) = C(h’ 0y h)LZ([t, TI; HY ()
< ClIPN, ((Mllzqe, Ty ey N Lz, ;00 gesy) -

Hence, we get

(4.2.2) INllzqo, 73; Hvgaey) + MllLsqo, 1; Hvgeey) < CTIPR, (MllLzqo, 1); HivGes) -
Since

Iz, mmn ey < ClilzqeTy; 8Y@e))-
we also have

(4.2.3) Il zqo.1y; svesy) < CIPN e (Mllizqo, 15, Hvesy) -

Next, we define a functiong} on W as follows
Gw) = (H, h) 20,7y, HNRS) T (%, h(o))H;‘(R‘S)'
Then, ifH € L%([0, T]; HY (R®)), B.1.3) gives
IGMW)I < IRz o, 1; 1y oy IDllzqo, 71; 1Y ey + 119ollnges) IOl es)

(+s
< ClIHllzqo, i vy zopINllzqo.m; 8¥cee) + 1190l sy IN(O) ks
< ClIPN (Mllzo.7y; wpsy < ClIWlLago, 3 ey »
where we have usel (4.p.2) ad (4.2.3).

Thus,G is a continuous linear functional ((fW; Il - llzqo, 7g; H}\I(Rs))). Now, there exists
g e L%([0, T]; HN(R®)) such that for anyv € W,

GW) = (9. W20, 7): HN(RS))

by Hahn-Banach Theorem. For ahyg C*([0, T]; S(R‘;‘YV)) with h(T) = 0, we have

(R h)LZ([O, THHMES) (H. Moo rpmpsy + (90 NODwp(es):

and by the definition of the operat#y, ,, we have also

(P ¢ ﬁ)Lz([O,T];LZ(Rs)) = (H, F‘)LZ([O, Ty T (o F‘(O))LZ(W)’

where
h= ANWZANh e C*([0, T]; S(R®)) with h(T) =0,
whereA = (1 - Ay)?. SinceANWZ AN is an isomorphism ofth : h € C*([0, T]; S(R®))
with h(T) = 0}, we have shown that i € L?([0, TH} (R%)), theng € L%([0, T];H} (RS))
is a solution of the Cauchy problern (4]2.1).
It remains to take

H = —L5(f) = I(f, V),
to get

(H, h)izo, 73; wyvgaey | < Clifllzqo, 1y v eoy Ihllzqo.1y; 8hesy-

Theng is also continuous ofi7. And this completes the proof of Theor¢m|4.2. O
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4.3. Convergence of approximate solutions.n this subsection, we prove the local exis-
tence theorem.

Theorem 4.3. Let N> 3, > 3. There exist;, T > 0 such that if g € HY(R®) and
I9ollNs) < €1,
then the Cauchy proble@) admits a solution
g€ LV(0, T]; HY(R) N LA([0, T]; B} (R®).
Remark 4.4. By the equation imB), we have, fol < s< 1/2,
&g € L™([0, TI; HH(R?),

and thus
g e HY, ([0, TIx R%),
which implies that g is a classical solution.

For the proof of Theorer@.S, we consider the sequence obappate solutions de-
fined by the following Cauchy problem,e N,

AfML v - V™= QN 14, ™Yo = fo,
wheref" = u + u*/?g" and f° = f,. Note that it is also equivalent to
(4.31)  ag™t+v . Vg™t + Lig™ - T(Q", g™ = - Log", 9™ico = Qo.
Proposition 4.5. Let N> 3,¢ > 3. There exist;, T > 0such that if g € H)(R®) and
I9ollNs) < €1,

the Cauchy problen{ (4.3.1) admits a sequence of solutions

(g".ne N} c LY([0, T]; HY(R?) N L*([0, T]; BY'(R%)).
Moreover, for all ne N,
(4.3.2) 191w o7 v ey + 197207y, B ey < €0,
whereg is the constant in Theore@.l.
Proof. () will be proven by induction on. Firstly, consider the equation

ag' +V - Vxg' + £1g" - T(00.0") = —L200.  G'h=0 = 0.
Whene, < &, the existence af? is given by Theorer@.z satisfying
gt € L™([0. T]; HY'(R%) n L*([0, T]; B'(R®).

From Theorel, we can deduce

19M I o7y HNES) T 194207y BNRS) < CeCT”gO“H}\‘(RG)'

Thus [4.3.R) holds whea is chosen to be small comparedeo
Forn > 1, under the assumption that

19"l qo.13; Hvesyy + 192,77, By < €05
Theoren{ 4]2 yields the existence of
g™ € L2([0. ] HY'(R) 0 L*(0, T; B7'(R%)).
From Theorenrf 4]1, we can deduce

g™ 22 12 < CE T(llgoll? +6T).

sty sy 197 Izqo g, avesy < HN(RS)
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and this gives
1 1
9™ Ml o, vcasyy + 19" Hlizqo 1y, sy sy < €.

whenT > 0 is suficiently small,
Thus we prove.2) for afl € N, and this completes the proof of the propositiom

It remains to prove the convergence. 88t= g™ — g" and deduce fron{ (4.3.1) that
W' +V - VW' + LW —T(g", W) =TW"L,g") - Lw™, W' =0.
Similar to the computation fof (4.1.4), we obtain

d 2 CO 2 n 2
TV + Mgy < Corllggeesy 130 e,
+ CorlM i zey UG ey + LWl gogesy:

If & is suficiently small, this yields,

d
GHIW ey + CallM G ey < CollW™ ey,

L2(R®) BI(RE)
which, in turn, gives, ifT is suficiently small,
Wl oLz eey < /1||Wn_1||Lm([o,T];Lg(Re)),

for someAd € (0,1). Thus we conclude that the sequenrigd} is a Cauchy sequence in
L=([0, T]; LAR®)). Letg be the limit function.

By interpolation with the uniform estimat3.2), we et the sequence is strongly
convergentin

L=([0, T]; Hy°(R%) n L*([0, T]; B;°(R%))

for anys > 0. Furthermore, by using equatign (4]3.1) and Proposltin we see that
{0:g"} is uniformly bounded in.* ([0, T]; H(’)‘_*ll), so that it is a compact set in

C(0, T.[; HN Y2 (Q x RY).

Now we can take the limit in equatioh (4]3.1) and tigis a solution of Cauchy problem
(%))

Finally, by a standard weak compactness argument, we caaces subsequence of
approximate solutions such that

9" — g e L¥([0, T]; H}'(R®)) weakly*,
g" — ge LA([0, T]; BY(R®) weakly,
which shows that
g€ LV(0, T]; HY'(R) N LA(0, T]; B (R®).
Now the proof of Theorer@.s is complete.

5. QUALITATIVE STUDY ON THE SOLUTIONS

In this section, we will prove two main qualitative propediof the solutions to the
problem considered in this paper, that is, the uniquenessan-negativity.
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5.1. Uniqueness. The uniqueness of solutions can be proved in a larger fumspace as
stated in Theorer‘[ﬂ.z. To obtain this theorem, we now firstgtao preliminary results
in the following lemmas.

Sety(V, X) = (v, )2 = 1+ |vi2 + [x2 and

W @2
To(v,X) 14 M2+ X2

@l

Lemmab5.1. For | > 4, we have

) O\ (W HWLW ey
|W‘Pv| - ‘p’|| S Cs|n(§)(w + S|n| 3(5) <ﬂ,|,*)
(5.1.1) < C(OWW, 5, +67°W,,.),
where W, , = —~— and also for I> 1,
S (VL X)
51.2 W, W C 0 WI/ i WI,* WI/WI/*
1. -W/ | <Csin|= = < o
612 W —Woil < Csin(3) <G = O
Proof. Fork > 0,a> 0, set
/1k
Fr(A) = .
KA A+a

Then fora € [1, oof, we haved Fy(2) > 0if k > 1 andZ, Fi(2) > 0if k > 2. Sinced Fi(2)

is positive and increasing on,[&[ if k > 2, it follows from the mean value theorem that
fori, A’ >1
’ d ’ ’
IFk(d) = Fi()l < R+ 14 = Dl = ).
Settinga = ()2, ' = (V')?, we have

d
IFk((v)?) = F((v)?)] < o Fr((W)? + IV = V) (2N + v = VIV = V|
< 2kFi_12(2(W)2 + V= V)V = V]|,

becausgl — | < 2v— V|V + v - V|? < V2 + 2v - V> and VAZF(2) < kFicy/2(2).
Therefore, we obtain, choosirag= |x[?

W v-vl = vi

W, — W | <C
We =W, I < G W2+v-vEZ+a W2+NV-Vv2+a
ol
(5.1.3) <C V=V PFi((v?) + C 2 v
W2+Iv-Vv]2+a
=1+l

Note that(v)? < 2(v,)? + 2|v — v,[2. SinceF is increasing, we have

RSN VA
(V)2 + [V = V|2 + X2
9) W+ Wi_aWs,,

<G sm(i )

I <C v=V[w2
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On the other hand
v—v,| sin (g)
|
1+ (1-sir? (g) V2 + L sir? (g) IV, [2 + X2

<G sin? (9) W+ W
< 2

I <C

P(ve, X)
Sincev andVv are symmetric, we get the first conclusion. The second onediseat
consequence of the first inequality f (5]1.3). o
Lemmab5.2. Letl e N. If 0< s< 1/2, there exists C- 0 such that
(5.1.4) (Wer QF. )= QUF. Wer @), ),

< Cliflls @32 @y Wea dllizgs) Nz s).
Moreover, if |> 5then

(5.1.5) (W QF @)= QF. Wt @) 1),
< ClW,, Flliz@e) 19l @32y INzee).-

Proof. It follows from (5.1.2) that

(Wer Q(F. @) = Qf, We @), ),

' f f f b f/g/(W, —ww)hdvdudadx{
c f f f b1l I(WA )] 1(W,g)'| Ihl dvddordx
e f f f bIAI(WA ). I(W,.0)] 1] dvdviderdlx

of [[[[ b1 10 111 ey @)Pveiucoay)*”

x(fff bI6 I(W £).| N dvdvdordx)

= CJ]_ X Jo.

IA

IA

Clearly, one has

I < ClfllL i esy Wea Ol 2 gy f b(cost) 101 dor < ClIll g e IWe OlEz ey
S

Next, by the regular change of variables» v, cf. [g, [L3], we have
%= [[[ Dotv.viwity.inavavx

where
) 0V, V', o)
Do(v,V) = Zfsz coZ(6(V., V', 0)/2)
nd

/4
b(cosd(v,, V', o))do < C f v sing dy,
0

a
V -V,

|V/ - V*l

cosy = co, W=10/2, do = singdyde.

Thus,
33 < Clif s ey I geys
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and this together with the estimate dngive (5.1.4).
We now prove[(5.1]5) by using (5.1L.1) instead|[of (§.1.2). thes purpose, wheh> 5,

we write

|((W(p,| Q(f, g) - Q(f’ th,l g))’ h)LZ(]RS)

C{ f f f b16l (W, F).| I(WigY| Ihl dvdudodx
G dvdwadx}

= Ml + Mo.

The estimation onM; can be obtained following the proof df (5]1.4) except for the
variable. Indeed,

Mlscf(ff b6l I(W,3 f).! (W g)l>dvdv.do
1/2
x(ff blel 1(W,.3 ).l 11 dvdvdo)  dx

< Ol 3y f W, Fllu eIl X

1/2 1/2
< ClgllLs ei23) (fHWg;,s f||i2(R3)dX) (f||h|||_2(Rg)dX)

< ClWes fllz(es) 191l g2y 1N IL2ze)-

IA

)1/2

M; can be estimated as follows. Firstly, we have

2
M5 =C? (fff b16'2|(W,,, f).llgl h| dvdmdadx)
<C? f f f bl6'~2 3 |glI(W,,, ). 2dvdv.dodx
xfff bl6]'-2+2|g|Ih[2dvdv.dodx

=M2,1 XMz,g.
Then, ifl =23 —2s— 1> -1, thatis| > 2s+ 3 + 2, we have

Mo < Cligll g3 @enWe Fl2gs)-
On the other hand, foM,, we need to apply the singular change of variables» V'.
The Jacobian of this transform is
V.| 8 8 4

il = = 16972, 9 €[0,n/2].
ov '|_k®0' 1-k-of sinz(er/z)S €[0.n/2]

Notice that this gives rise to an additional singularityhie ingled around 0. Actually, the

situation is even worse in the following sense. Recall ¢hatno longer a legitimate polar
angle. In this case, the best choice of the polk’is= (V' —Vv)/|V' —V| for which polar angle

v defined by cog = k” - o satisfies (cf.[[6, Fig. 1])

T—0 T

y=—, do=sinydydg, yely 3]
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This measure does not cancel any of the singularitfodsd), unlike the case in the usual
polar coordinates. Nevertheless, this singular changawles yields

Miz=C f f f f b(cost) 14 (@)l In'? dvdudodx
<cC f f f D1(v, V)I(g)l INPdvavdx

whenl - 2> 3 + 2sbecause

/2
Dy(v.V) = f 23 2p(cost)dor < C [ (% —y)222E2gy < C.
s2 /4 2

Therefore,
Mz < Cliglis gz gy Iz
Now the proof of [5.1]1) is completed by using the imbeddistineate forl > 2,
9@ < Cllgllzs)-

And this completes the proof of the lemma. O

We are now ready to conclude the proof of the uniquenesseheor

Proof of Theorem[L.2 : SetF = f; — f,. Then we have

(5.1.6) { EL:OV; Z.XF = Q(f1, F) + Q(F, f),

LetS(r) € C3(R) satisfy 0< S < 1 and
S(M=1L <1; S()=0, [{=2
SetSn(Dy) = S(272N|Dy?) and multiply W,,;Sn(Dx)?W,., F to (B.1.§). Integrating and
lettingN — oo, we have
1d ,
Ea”W‘Pv'F(t)”LZ(RS) = (W¢,| Q(f1, F) + W, Q(F, f2) ’W%IF)
- (v VX(‘P_:L)VVI F, W¢,IF)|_2(R6),

becauseV(- VxSn(Dx)W,,iF, Sn(Dx)W,,1F)2zs) = 0. The second term on the right hand
side is estimated me‘pJF”EZ(R(S). Sincef; > 0, from the coercivity of-(Q(f1,0), ) it
follows that

(Q(f1, W, F), W,iF)
By Lemma[5.p, we have
|(Wer QUf1, F) = Q(f1, Wy F)), W, F)

< Clifallis e ey We FllEa ge)s

L2(RS)

ey < SO ety W F O -

L2(R®)

and
(Wer QF, 1) = Q(F, Wi £2)), W, F)

< Cllfalls es:2ee) Wt F Il gs)

L2(RS)
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Finally, forl > 7/2 + 2s, we have

(QF, Wi £2), Wit F) . [ < CIIQUF, Wt fa)lagesy IV F (D)l

L2(RS)

F(t, x, - 2 vz
< CIMLIF Ol [ 3||%u A

< CIWI F (122 gl 2Ol e

becaus&x)? < W2 and(x)?/¢ is a bounded operator d#?s uniformly with respect to
X. Thus, we have forany@t<T

&)

1+2s

”th IF (t)”LZ(R6)

< C(Ifullmgompees; Licegy + N Felligo e Hes, ) Wt F 12 g

Therefore]|W,, F(O)llL2zsy = O which implies||W,,F ()|l 2zsy = O for allt € [0, T[. And
this givesf; = f,, and thus completes the proof of Theo 1.2.

Remark 5.3. For the function space considered in Theo@ 1.1, the umigse of solu-
tions is a direct consequence of Theo@ 1.2 if there existnanegative solution. It is
because ge H¥ and ge L~(10, T[xHX) with k £ > 3imply f = u + o € L¥(RS; HZ)
and f=pu+ g € L*(]0, T[XR; HZ) for any m, respectively, andk 3/2 + 2s.

5.2. Non-negativity. In this subsection, we will prove the non-negativity of thodusion
obtained in Theorern J.1.

Theorem 5.4. Let N > 3,¢ > 3. There exists; > O such that if g € H)(R®) with
p + pM'?go = 0 and|igollyys) < €1, and ge L=([0, T]; HY(R®)) is a solution of Cauchy
problem [L.B), then we haye+ n*/?g > 0on [0, T] x RE.

Proof. By applying the Remark 5.3 on the uniqueness to the Caucﬁyepm), it is

enough to prove the non-negativity of the approximate gmigtgiven by PropositioE.S,
that is,

(5.2.1) " = p+u?g" >0, neN.

Again, this will be proved by induction. It is clearly truerfo = 0 by takingg® = go, and
SO we now assume that it is true for somand will prove that[(5.2]1) is true far+ 1.
From {4.3]1)f™! = 1 + u1/2g™1 is the solution of the following Cauchy problem :

{ O frlyy. Vy fr+el — Q(fn fn+1)

622 7lo = fo =+ 42g0 > O

Take the convex functiof(s) = 3(s7)? = 1s(s”) with s~ = min{s, 0}. Settingg(x,v) =
(1 + X + [v/%)~2 and noticing that

BT )p(x,v) = (d )(f”*%(x, V) = min( £, 0jg(x ) € L=([0. T]; LA®S; L2(E3)),
we have by[(5.2]2),
g n+1 _ n n+1 n+1
ai j};eﬁ(f )pdxdv= \[1;6 Q(f", ™) Bs(f™ )¢ dxdv

- f V- e (B )g)dxdv— f @1V - Vyd) B )pdxdy
RS R6
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where the first term on the right hand side is well defined byofém[2.]l, becausé”

belongs td_*([0, T] x R3; L}, N HZ3(R3)). Since the second term vanishes andV, ¢| <
C¢, we obtain

d f B(F*)gdxdv< f QU™ F™1)By(F*Y)pdxdv+ C f B(F™1)gdxdv
dt R6 RS6 R®

For the first term on the right hand side, we have

|, Q. i yadxay

R6

— f f b(cose)(f*n’ fn+1’ _ f*nfn+l)ﬁs(fn+l)¢
Ry VR, %57

— f f b(COS@) f*n’(fnJrl’ _ fn+l)ﬁs(fn+l)¢
RRy JRY %57

+ f Bs(f™h Mg f b(coss)( ' - )
Rgv R\%«XS(Zr

=1+11.
From (4.3.p), we have, for anye N,

I i o L1z < 1+ IVE Qi o.mpes L2
< 1+ ClIglso.mpxes; 2y < 1+ Ceo,

so that the cancellation lemma froﬂ [6] implies that
f b(COSG)(f*n’ - f*n) = Cf fn(t, X,V)dVS C“fn“L‘x’([O,T]XRi;Ll(Rg)) < C )
R, xSZ R}
while Bs(s)s = 28(s) implies that

I < cf B(E™ 1) pdxdv.
R6
On the other hand, by the convexity@fthat is,

Bs(@)(b—-a) < p(b) - 5(a),
and the assumption th&¥’ > 0, we get

I :f f b(coso) f*n’(fn+1’ _ fn+1)ﬁ5(fn+l)¢
Rgv R\%*XS(Zr
< [ [, boosn (e - i)
RGy JRY, xS%
< [ [, boosa(tpr™) - f2p(r™ s
RSy JRE, x52
- [ [, bteospptemh(r - 1)
Ry JRY, %52
< f f b(coss) fIB(F™)(¢' — ¢) + C f B(F™ ) gpdxdv
Rgv R\%*XS(Zr R6

= |1+|2.
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Applying Taylor's formula to the first term gives

1
_ n n+1 _ A _
ly = fo dr fR § fR ixsgfb(cos@)f*ﬁ(f )V =V) - Vug(v+ (v - V).
Since

(5.2.3) IV =V = V- v,|sin (g) < (V) (v.)sin (g)

by settingv, =v+7(V -Vv),0< 7t <1,0< 0 <n/2, we have

0 V2
VI < Vel + 1V =V < el 80 (S )M+ Val) < Vel + =2V + IVl

Then

(L+ %%+ V) < CL+ X2 + VD)L + IV,
which implies
(Vi)®

vy

Vup (%, Vo)l < (1+ X7 + el?) ™2 < C(x, V)
So we obtain
1] < ClF Lo qo, Tyxes; L) j};ﬁﬁ(f”*l)(ﬁdxdv
Again from ), we have, for anye N,
1M qomes: sy < Il + 20 I o mwes: gy < C(L+ &)
Finally, we have obtained, for@t < T,

d f (™ )pdxdv< C f A Dgdxdy Ao = O,
dt RG RG

Therefore, for < t < T, and by continuity,

f B (1)¢ dxdv= 0
RS

which implies that,f™(t, x,v) > 0 for (t,x,v) € [0,T] x RS,. Therefore, the proof of
Theoren|{5}4 is completed. o

Remark 5.5. Note that the above analysis can be extended to the strogglatity case.
Indeed, by writing

i = f f b(cosd) fB(F™1) (V' - V) - Vug(V)
RSy JRE xS2

} ! n n+1 2 v2 _
+3 fo dr fR . fR - b(coss) fB(F™) (V' = v)? Vig(v+ (v - v)))

=11+ l1o,

since we have
A

IVZp(%, Vo)l < (1+ X% + v [?) ™ < Co(x. V) 7

it follows from(5.2.3)that

112 < C||fn|||_oo([o,T]xR§; LL(R3) Lsﬁ(fnﬂ)(pd)(dv
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On the other hand, setting= ~—= and writing

[V=V,|
vV —v= :—2L|v—v*|(o-— (o k)k) + %((a’- k) - 1)(v—\.),

we have

= % f f b(cos) FB(F™1) (cosh — 1)V — V) - Vus(V),
Rgy JRE xs2

where we have used the symmetry tj;@b(o-- k)(o-— (o- k)k)do- = 0. Therefore, we have

[T e R —— LL®D) fﬁﬂ(fn+1)¢dxd\4
R

and the same estimation holds also in the strong singulagse.

6. FULL REGULARITY

We now prove the smoothnesext of the Cauchy problem for the non-cfitBoltz-
mann equation. More precisely, the main result of this eads given by

Theorem 6.1. Assume thad < s < 1/2. There existg; > 0 such that if g € H3(R®)
with  + p*%go > 0, lIgollngzs) < €1, and ge L=([0, T]; H3(R®)) is the solution of Cauchy

problem [1.B), then we haveggC*(]0, T[xRS).

Let us recall thatH¥(R{, ), HX(RS ,) andHX(R3) denote some weighted Sobolev spaces
with the weight defined in the variable Since the regularity result to be proved is local
in space and time, for convenience, we define the correspgiaital version of weighted
Sobolev spaces. For9T; < T, < +c0, and any given open domaid c R3, define

HP( Ty, TIxQxRY) = {f € D'(To. TAxQxR);
eOW(X)T € H'R"), ¥ e Cy(ITo, Ta). ¥ € CF(Q) ).
The proof of Theorerh 6.1 will be divided into several steps.

6.1. Formulation of the problem. First of all, we recall the main result irﬂ|12] given
below.

Theorem 6.2. Assume thaD < s < 1, 0 < Ty < Ty < +00, Q C R§ is an open
domain. Let f be a non-negative solution of the Boltzmanratou ) satisfying
fe %f(]Tl, To[xQ x R3) for all £ € N. Moreover, assume that f satisfies the non-vacuum
condition

(6.1.1) I1F(t, %, YlLies) > O.
for all (t, X) €]T1, To[xQ. Then we have

f e H (T, TAXQx R3) c C(ITy, To[xQ x R),
forany? e N.

To apply this result, let us firstly note that, by Theoren) 418 @heoren] 5|4, under the
assumption of Theorefn §.1, the unique solution of the Capeblylem [1B) satisfies

9o, 73 H(eey < €0+ VEG2O.



THE BOLTZMANN EQUATION WITHOUT ANGULAR CUTOFF 37

Thereforef = i+ jzg > 0 is a solution of Boltzmann equatidn (fL.1). On the other hand
we can choosey > 0 small enough such that

Il Vit Gll o, myxzz: L gy < ClldllLs(o, ); Herey) < Ceo < 1

whereC is the Sobolev constant of the imbeddid§(R3) c L*(R3). Thus, for any{, x) €
10, T[xRS,

(6.1.2) f3 fit,x,v)dv=1+ f3 Vi gt X v)dv> 1 = [ Vi gl goixrs; Ligzy > 0,
R3 Ry

so thatf = u + +ju g satisfies the conditiof (6.1.1).
By using equation[(1}1) and Remdrk]4.4, we have also, forany, 0< Ty < To < T
and bounded open domaihc RZ,

f=p+ Vuge HX(T1, To[xQx R3).

Note that we can not apply directly Theor@ 6.2 because weambywknow thatf has
regularity just irer’(]Tl, To[xQxR3). To overcome this, we prove the following theorem.

Theorem 6.3. Under the assumptions of Theor@ 6.1, we have, foanyl; < To < T
and bounded open domatihc RS,

f=u+ VEge H>(QT1, To[xQxRI),
holds for all£ € N.

The proof of this theorem is similar but easier than that oédiem[6]2 which was

provedin ]. In fact, since we have
9" - g

by mollifying the initial data and using the uniqueness déison, we do not need at all to
mollify the solution as in 2]. It follows that to obtain tlabove regularization result, we
only need to prove the a priori estimate on smooth solutidrich can deduced frorﬂllZ].

To make the paper self-contained, we give a proof here. Letcall that here we
consider the Maxwellian molecule type cross-sections thighmild singularity.

Here and belowp denotes a cutbfunction satisfyings € C3” and 0< ¢ < 1. Notation
¢1 CC ¢, stands for two cutlh functions such thap, = 1 on the support af;.

Take the smooth cufbfunctionsy, ¢z, ¢z € CF(1T1, T2[) andy, v, y3 € C5'(Q) such
thaty cc ¢o cC @3 andy cc ¢, cc y3. Setf; = e (X)f, f = @a(y2(X)f and
fa = p3(Dya(X) f. Fora € N8, |a| < 3, define

9= d5 (e () € L*(T1, Tol; LE(R)).
Then the Leibniz formula yields the following equation :

(6.1.3) G+V-0xg=Q(f2, 9 +G, (LxV)eR’,
where
6.14) G = Z CuQ(a™ o 6°211)

a1+az=a, 1<|a;|

(e (O +V - u(¥e® ) +[07, V- (W)
A+B+C

Then we can tak@/% g as a test function for equatioh (6]1.3). It follows by intetipn by
parts onR’ = R x R3 x R3 that

0= (W[ Q(fZ’ g)’ WZ g)LZ(R7) + (G’ WZ[ g)LZ(R7)’

+
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which is suficient for obtaining the required initial regularity.

6.2. Gain of regularity in velocity variable. The next step is to show the gain of regu-
larity in the velocity variable by using the coercivity oftleollision operator.

Proposition 6.4. Under the assumption of Theor6.1, fordny T; < T, < T and
bounded open domaid c R2, one has,

Ajh € LA(Rg; HE(R?)),
forany¢ € N, whereA, = (1 - AV)%, fi = o(My(X) f withp € C3(]T1, T2[), ¥ € C*(Q).
Proof. Firstly, the local positive lower bounfl (6.1.2) impliestha

inf [ f2(t, X, )| =Co> 0.
(tX)eSUPPexSUPQI1 2 Mo

Thus, the coercivity estimatp (2.]L.1) gives

(A WO W= [ [ (@ W Wt

> [ ] (CoIWF 0 X My~ Ot X Moo IWE 08 X,

> Coll AYW' glIF g7y = CTlfallLs s Loy W GllEe o 1 L2y
Since
Ifalle e sy < Cllfallis oy n3zes)):
and

W gllf < ClIfal}

[0.T]; L2(R®)) L=([0.T]; H3(®®))

forl > 3/2, we have
(6.2.1) AW GIEey < Clfalifegory P (G, W2 g) e
+HW Q(f2,9) - Q(fz. W' @), W' ) z¢er

By applying Lemm4 3]2, the third term on the right hand sidésdZ.]) can be estimated
as follows:

(W Q(tz, - QU2 Wiah), W), .,

< CTlfall e o.1 122+ ey 19l o,y L2rey 19l L2ery

2 2
< CTN 2l o,ry; ez eopll Ll o1y masy-

For the second term iff (6.2.1), we shall prove the followitagro:
ForO0< s< 1/2,0ne has

(6.2.2) '(G, W g)

2 EYV4
el S C(||f3||Loo([o,T]; waceey) + 12l o ry, H?(Re)))”AvW A2y, ,)-

In fact, recalling the expressiof (6.]1.4), itis easy to get

2 2 2
||B||L?(R7) + ”C”L?(R7) < CT||f3|| m([O’T]; Ht3+1(RS))‘

For the termA, firstly recall thate; + a2 = a, |a| < 3 and|a;| < 2. In the following, we
will apply Theorel withm = —s. We separate the discussion Aimto two cases.
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Case 1.If |ay| = 1, we have

102 s 2
fR‘ R§||Q(6 Ha, 07 )6 X ey dXCIE
103 2 o 2
C jl; t fR : [|0% fa(t, X, .)||L%+ZS(R3)||5 2fy(t, X, ')”HZZS(Rs)dth

a1 2 @2 )2
C“a f2|| ©RE,; L}+ZS(R\3/)) \L;t Lg”a fl(t, X, )||H(s+25(R\3/)dth

< CTIfI?

IA

IA

A

2
=013 1 FUlis o1y 2 e
Case 2.If |ay| > 2, then|as| < 1, it follows that

1 . 2 2 . 2
L1 jl;ﬁ ”a f2(t’ X, )||L%+25(R§)”a fl(t’ X, )||H|S+ZS(R§)dth

@2 2 @1 )12
C||(3 fl” oo(Réx; H|S+ZS(R3)) jR;t j]Rli ”a f2(t,x’ )||L|Z+3/2+45+25(R3)dth

2 2
CT” fl”L“‘([O,T]; H}:;éZ+E(R6))|| f2||L°°([0,T]; H?+3(R6))'

IA

IA

By combining these two cases, we have

(6. wg)

2 2 S
L2(R7) < CT(l|f2||L°°([O,T]; He, (o) T ”fZHL‘”([O,T]; H?+3(R6))”AVW[ g”LZ(RZw))'

Therefore, we obtain

4
AW g2y < C(1+ I fallio.1y sy
The proof of the proposition is then completed. O

6.3. Gain of regularity in space variable. With the gain of regularity in the variable
given in the above subsection, we now want to prove the gaiagflarity in the variable
X. Here, the hypo-elliptic nature of the equation will be used

For this purpose, we introduce a more general frameworkt Bfrall, let us consider a
transport equation in the form of

(6.3.1) fi+v-Vif =ge D'R),

where ¢, x,V) € R”.
In [E], by using a generalized uncertainty principle, we vaw the following hypo-
elliptic estimate.

Lemma 6.5. Assume that g HS(R’), for some0 < s’ < 1. Let f € L(R’) be a weak
solution of the transport equatiofi (6.B.1), such thgtf € L2(R”) for some0 < s < 1.
Then it follows that

A)S<(1’S’)/(S+l)f e L% gl(R7), AtS(l—S')/(S+1)f e LEA(R7),

Ss+_ s+l
whereA, = (1 - A,)Y2.
Of courseg is typically linked with the Boltzmann collision operatoithrough the

above uncertainty principle, we have the following resulttbe gain of regularity in the
variablex

Proposition 6.6. Under the hypothesis of Theor6.1, one has
(6.3.2) A fy € L3(Ry; H3(RY)),

foranyf e Nand0 < s = S((;;ls)).
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Proof. For any¢ € N, it follows from Propositior] 6J4 thaaSW‘g e L2(R”), while using
the upper bound estimation given by Theo@ 2.1 with —s, we get

WQ(f2, g) € LA (Rt HTS(RY).
On the other hand[(6.2.2) gives
WG € LA(R{,; H3(R3)).
By using equation[(6.1.3), it follows that
F(WG) +V - dx(Wg) = WQ(fz, g) + WG € H™(R”).

Finally, by using Lemm 6|5 wits’ = s, we can concludd (6.3.2) and this completes the
proof of the proposition. O

Therefore, under the hypothesis L*([0, T]; Hf(R6)) for all ¢ € N, it follows that for
any{ € N we have
(6.33)  ANe®v(x)f) € LRy HIR®),  AP(e()w(0)f) € L2Ry; HI(R®).

We now improve this partial regularity in the variabte Since fractional derivatives
will be involved, it is not surprising that a Leibniz type foula for fractional derivatives in

the variablex is needed. We shall use the following one, taken fr@ [121.0.e 2 < 1.
Then there exists a positive const@nt 0 such that

(6.3.4) IDL'Q(f, g) = QD«'f, @)+ Q(f, IDxI'g)

+Ca [ QU g,
R
with
fa(t,x, V) = f(t,x,v) - f(t.x+h,v), heR3.
With this preparation, we need a preliminary step, given by

Proposition 6.7. Let0 < 2 < 1and f e L([0, T]; H3(R®)) be a solution of[(1]1). Assume
that, for all £ € N, we have

ASTL e H3RT), Alfe HAR).
Then, one has for anf/e N,
IATAS filliz asy < Clifalleqomy; 12 ey

+3
x (I1AS fullyp

+2s

@) + A falle n).-

+2s

Proof. Setg = 83, f1 anda € N°,ja| < 3. We choos&V’ |Dy|' y5(X) IDx* W’ g as a test
function for equation|(6.1}.3). Then

(v - B2()ID* W' g, y2(¥) D' W g) ,,
=(v209 IDA W' Q2. @). w2(X) IDA' W) , .
+ (W20 DA WG, v2(x) D' W g) , o

One has

((v - B200)IDA" W' g. w29 1D W )., .
and the same estimation for the linear tern&ah (6.1.4)
|(#2091D4 W (B+ C), 21Dt W' g)

< Cll AR fillz ey

A qa
LZ(R7) < C||AX(3 f1||L§+1(]R7) .
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For the nonlinear terms & in (.1.4), we shall use the Leibniz formulfa (6]3.4). Firkt o
all, the coercivity estimatg (2.1.1) gives, aslin (§.2.1),

~(QUf2, 21D W @), w2(¥IDA'W g},
> Coll A2 (1D W glIEs g7y = CTIfallLe s, Ly 12 0IDK W GIlE e 0 17 L2(e) -
On the other hand, the upper bound estimate of Them Znwit —s gives,

(QUDA 2. w2 (W' @), w2(JID'W ) , .
CllIDK fallis s, L1 ray 12 AW G2 ey Il 2(X) D1 AW’ g2z
= C||f2|||_oo([()y'|']; Hgg:;:é(Rs»Hlﬂz(x)A\?VV[ g||L§S(R7)”¢2(X)|DX|AA\?W[ g||L2(R7)

Slly2 (DK AW GllEzer) + CllFallf

A A

IA

SA12
w1y ieesy AVl o)

For the cross term coming from the decompositfon (p.3.4)using again Theoreth 2.1
with m= —s, we get

[ Qe W@, vIDa W g)
< ICAI2(XIDL* ASWE gl 2ery

st |h|7371||(f2)h|||_m(fo, L%S(R\%))”AS(W[ Onllz zndh
B ,
< Sl ()DL AW g

L2(]R7)CI h‘

2
+ Cyll 2l

2 SHII12
L2(7) sty meesy AVl )

Hence, we have

(D' Q2. w209W 6) — QUK 2, Wa(IW' @), w2(X)IDL'W g)
< Slp2(Q)IDAASW gIIZ, 7y + Coll Fall?

L2(R)
2 SH[12

LZ(R7) oo([oy'r]; HS(R(S))”AVQHL?QS(RU'
In conclusion, we get

ll2(X)|I D' ASW gl|Z

L2(R7)

2 A2 2
< CUE oy ey (I D0 oy + 1AV o)
+ |04 (W Qfz, 9) - Qf2, W' Q). W3(IDA'W ),
+ ‘(lDXMW[ A’ 'ﬁ%(x)le|/1W[g)Lz(R7)

I+ 11+,

For the term 11, again, formuld (6.3.4) yields,
(IDA'(W' Q2. @) = Q2. W g)). u3(¥IDI'W Q) , ..,
= (W' QUDAI'f2, 0) - QUDAI 2, W' g)), ¥3(X)ID'W' g)
+((W Q(f2, IDixi'g) - Q(f2, W IDx'g)), w3(X)IDL'W' g)

L2(R7)
L2®R7)

+C, j; |h|_3—/1((W€ Q((fz)h, gh) - Q((fz)h, W¢ gh))’ ¢§(X)|DX|AW€ g) dh

L2R7)
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Since 0< s< 1/2, Lemmd 3] implies

(W QUDA 2, @) - QUDA o, WE @), 3()IDAW g)

< CllID« fallw rs, . LieaplGliizes, , 2yl DXl

L2(R7)

< Cllfallys o 1y, werzepre ey 19l 2y ID« gl e
and
(W Q(F2, IDAI'9) — Q(fa, W IDH'G), w3(XIDAW )

< Clifalle s, . ey DK Dlles, . L2geayll 1Dl DllLze)

L2(R7)

< Clifall o oy, H};;/;:(Rs»|||Dx|*g||ﬁ§(R3) .
For the cross term,

[, (0 QT 90 = QAT W ). 4309ID W' g)

< Cllfallie o,y z3zre ey 19ll2ces) | D9l 2er)-

dh]

L2(R7)

Thus, we have
A2
I < Clifalli~ o1y, H3, (2ol Dxl g||L§(R3)-

We now consider the last terthl . Recall thatA stands for the nonlinear terms frd&n

A= > CnQ(amf, 9mh)

aj+az=a a1#0
We have
‘(lell(Q(a"l fo, 9°211)). WE 21D W' g)
< CllASY1(X)IDYW gl 2r)x
X {”(D(lDt,xl/laa:l f27 0" fl)”Lz(Rf_x;H;S(Rs)) + ”Q(aﬂl fz, |DX|/16QZ fl)”Lz(fo;H;S(Rs))

+”fh_3_/lQ(6nl(f2)h’ 6n2(fl)h)dh”|_2(Rgx;Hm Z(Rs))}

I+hy1/

L2(R7)

We divide the discussion into two cases.
Case 1.a| = 1 (thenja| < 2). Applying (2.1.2) withm = —s. We have

|Q(IDA0 o, 972 11)

L2(R{GHS(R3))
A qa S

< ClIAY™ fall 2y (Lo, @ I AVO™ Fallo e 12, o)
A

< CllATalhypzzee NG Tallyzaeeery,

|Q(0" 2, 1Du"92 1)

< CllO* fallisea 1, @yl ASALO™ fillz @)

L2(R{H7S(RS))

s
< C” f2|||_oo([o,'|']; H?I?/ZZIQZS(RS))”AV f1||Ht3+25(R7)’
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and

”f h_s_ﬁQ ‘Wl(fZ)h’ 3“2(f1)h)dh

L2@{GH 5 ®Y)

tx (+25

< C [N 10 (et 1, eapll AT (bl e
S C” 5“1 f2||Loo(R4 Ll T 2s (Rﬁ))” A (3 VX fl”LZ 2 s (R7)
< C” f2|||_oo([o,'|']; H;:;/ZZIQZS(RG))”AV fl||H[+25(R7) .

Case 2.|aj| > 2. By the same argument as above, one has

(DA 5 B2, 07212) + Q0 2. Dx'5 1)

L2REGH(RY) L2(REGH, &)

< ClIfall« o1y H;;;/Zz;;ZS(RG»(||A3f1||H;+25(R7) + 1A% fallye er)) -

When|a1| = 2, we have

”f h_s_ﬁQ ‘Wl(fZ)h’ 3“2(f1)h)dh

L2, H 3 (®RD)

@l AV (FOhllL2(e; (Lo e 2, 2y AN

Z+Zs 4 +25

<c f I3 0% (E2 )l s e

< CllVx0™ fallL oy 2 L2, | AV Full 2gey: (Lo L2,,s(R)

+2s

< Clifalicsqory e, .., epl AVTallue @),

(+3/2+€+2s

while when|a4| = |a| = 3, we have

”f h_s_ﬁQ 6n(f2)h, (fl)h)dh

L2, H 5 (®D)

e AVl a2, e d

<C f IS0 (o)l e,
SCH@ f2||LZ(R4 Ll (RS))”A fol”Lm(Rtx (+25(R ))

X =425
< Cllfelifegory s ..o

Thus, by the Cauchy-Schwarz inequality, we obtain
A 2 2 2 A 2

I < 5”A$wl(x)|DX| W[ g”LZ(R?) + C6” f2” <([0,T; H?+3(RS))(||A3fl||H[3+ZS(R7) + ”Ax fl||H?+ZS(R7)).
Finally, we get

IAS Y1 0IDL W Gl gy < Cill allZ o1y s oy (IASFulEsory + IAGFIES or)).
and the proof of the proposition is completed. O

We are now ready to show that the gain of at least order 1 retyuiia the variablex.
Proposition 6.8. Under the hypothesis of Theor6.1, one has
(6.3.5) A (@9 F) € HYR),
for any¢ € N and some > 0.
Proof. By fixing s = {57, then [6:33) and Propositi¢n .7 with= s, imply

AEAPg€ HIE).

It follows that,
(APQ) +V - x(AYY) = APQ(f2, 9) + ARG € H %(RT).
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By applying Lemm@S witls' = s, we can deduce that

A= (p(Op()f) € HFR),
forany¢ € N. If 25 < 1, by using again Propositidn p.7 with= 2s, and Lemmd 65
with s’ = s, we have

ALe@PT), ALE(eW(T) € HART) = AF(p(p(9T) € HAR).
Choosékg € N such that
koso < 1, ko+1)sp=1+e> 1

Finally, (6.3.5) follows from Propositioh §.7 with = koS by induction. And this com-
pletes the proof of the proposition. O

6.4. Higher order regularity. The proof of Theorerﬁs will now be concluded with the
above preparation.
From Propositiof) 6|4, Propositifn 5.8 and equat|or] (1t #/lows that for anyt € N,

A (e (If). Ix(e®v(x)f) € HIR).

This fact will be used to show higher order regularity in tregiablev by using the
following

Proposition 6.9. Let0 < A < 1. Assume that, for any cyfdunctionsp € C3(]T1, T2[), ¥ €
Cy(@) andallf e N,

AG eOUI), Vx(e®u()f) € HAR).
Then, for any cut@function and any € N,
A (w0 f) € HAR).

For the proof, we choos#/’ A24 W g as a test function fof (6.3.3), and then proceed as
in the proof of Propositio@.?. The onlyftBrence is in the estimation on the commutator
with the convection:

(1AL, V1 - W g, ALW )

very] < CIAY lizen IV x dllzery,

since
[/\3, V] - Ox = /IA\/}_zav - Oy,

andA{ 2 g, are bounded operators irf. This is the reason why we need in the first step
the gain of the regularity of order 1 in the varialle

To complete the proof of the full regularization result, tysexactly as Proposition
B.3.5, we can get

AT (w9 F) € HIR),

forany( € N and some: > 0.

Therefore, we obtain that there exigts> 0 such that for any € N, and any cutff
functionsp(t) andy(x),

eOY()f € HH(R).

Notice that the estimate in Propositipn]6.7 can be modifietbisws. In fact, we can
obtain

IATAR FallLoqe: egeey < Clif2llyo ey

x (IAS falls ) + IAK Fillge ) -
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By using this, the proof of
f e HI (T, TAXQXRY), VeeN = fe HX (T, TAxQxR3), Ve eN,
is direct and this completes the proof of Theor@‘n 6.3 by thediapping argument.

7. GLOBAL EXISTENCE

We shall establish a global energy estimate for the Caucbllem ). For ease
of exposition, and unless necessary, generic constartbevidropped out from the esti-
mates in this section. Finally, all in all, we shall followchadapt the method initiated by
Guo ] on the estimation on the macroscopic componentsodace the macro-micro
decomposition near the absolute Maxwellian

g=Pg+(-P)g=g1+0, Pg=gi=(a+b-v+cviu
In this section, the following result on the energy estimaitebe proved.

1/2

Theorem 7.1. For N,¢ > 3, let T > 0 and suppose that g is a classical solution to the
Cauchy problenﬁ@)on [0, T]. There exist constantsgyM; > 0 such that if
c@tesl%( &(t) < Mo,

then g enjoys the estimate

t
&) + f D(r)dr < M1E(0),

0

foranyte [0, T], where
— 2 2 2
&= ”g”H;\I(R(S) ~ (& b, C)IIHN(R@ + |I92IIHZN(R6),
is the instant energy functional, and
D = [IVx(@ b, )l sgeg) + 1G2150e

the total dissipation rate.

The proof of this theorem is divided into two parts, thatle eéstimation on the macro-
scopic component and the microscopic component respBctive

7.1. Macroscopic Energy Estimate. By the macro-micro decomposition, the equation in
([.3) is reduced to

6t{a+b v C|V|2},ul/2 +V- Vx{a +b-v+ |v|20},ul/2

= —(0t + V- Vx)02 + Lg2 + T(9, 9).

Using
V- be- V= ZViVjaibj = Zvizaibi + ZViVj(aibj + (3jbi),
i i i>]
we deduce
0] Vi|v2ut/? ViC = —0Oifc+ e + he,
(II) Vizyl/2 : 6tC + 6ibi = —(3tl'i + Ii + hi,
(7.1.1) (III) ViVj;l]'/2 : 6ibj + ajbi = —atri,- + |ij + hij, i £ j,

(iv) viut/? b + dia
V) ut?: ora

—0iri + lpi + hy;,
_atra + |a + ha,
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where

r=(926w ==V + L€z,  h=((90)€)x
stand forrg, - - - , hg, While

e € sparivivu’?, V'’

Vi v,
Lemma 7.2. Letd? = 9%, @ € N3, |a| < m,m > 3. Then,
16 (a, b, C)2|||_2(1R§) < IVx(a, b, ©)llym1(ra) (& b, O)llym1z3)-
Proof. Letk = |a|. Then, one has fdt = 0 that
li(& b, C)2|||_2(R§) < lI(& b, Q)llsez)ll(a b, Q)ll ez < [IVx(@ b, O)ll2zz)ll(a b, O)llzzs).

since

bl zes) < allusges IPllisces) < 1Vx@lzges 1D s D120 < V@2 IPllzges)-
Also fork = 1, we have
llo(a, b, C)2|||_2(R§) < ll(a, b, 0)d(a, b, O)llzrz) < 1I(a, b, C)llLe(rz)IVx(, b, C)ll oz
< [I(a b, O)llym1z3)IVx(@ b, )l 2(r3)
and for2< k<m,

16°(a, b, ©)2llzqegy < D 116K (@, b, 3k (8, b, O)lages

k<&
< > 195 @0, Ol epld™ (2, b, )l < 118 b, O)llm gy IVx(@ b, O)lhm-sgey-
And this completes the proof of the lemma.

Lemma 7.3. (Estimate ofr, I, h).
Letd® = 0%, 0i = dx, lal < N—1,N > 3. Then, one has

(7.1.2) ll6i0“r Loz + 0"z < 92llin s, 123y = Ads
(7.1.3) 10 hllageg) < 1@ b, Dllpv-agep @ b, ll-s(s)

+I(a b, C)”HNfl(]Rﬁ)||gz||HNfl(]R§, L2r3) ||92||aN71(R§, L2(R3)) = A

Proof. (7.1.2) follows from
10i0°T Nl 2z3) < (310" 2, €) L 2(r3)llL2(r3) < ”6i6092“L2(R§V)7
and

0%z < (V0" D2, VE) 2(r3) + (07D2, L7€) 1 2m3)llL2®) < 10%P2llhi(rs, L2=3))-

We prove [7.1]3) as follows.
h= f f f b(cost)u'2(q' g’ — g.g)edvdvdo

= f f b(cost)gg.((u"/?).€ - ui'*e)dvdv.do
= [[[ bteosna a2, (o) - a)avaua

2 2
= 0(g.9)= ) (g.g) =y, o,

ij=1 ij=1
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whereq = g(v) is some polynomial o¥. Firstly, we have
oY) = Z nime®@(¥j, Y),
nj.mke(a,b,c}
whereyj(v) € N. Clearly, |0, y)| < o, so that by virtue of Lemmp 7.2,
16 @ gy < 116°(a, b, ) llLerg) < IVx(@ b, Olln-2g)ll(@, b, ©)llin-1ges).
On the other hand,
19(@. Do < Il *Gllzezamap ™ ez < 10l s,
which yields forja| < N - 1,
160l 23y < 1107 (8, b, O)llLzgegy 107 Gallzes,y < 1@ B, Ollnaeg Glln-1es Loy
||aaq)(21)|||_2(R§) < Ilﬁ”gzIILz(Rgv)lla"(a, b, C)|||_2(]R§) < ||92||HN—1(R§,L2(R§))||(a, b, C)||HN—1(R§),
16° D 2y < 107 GalFoges ) < 1G2lFin s 12y

Now the proof of [7.1]3) is completed. O

Lemma 7.4. (Macro-energy estimate)et|a| < N — 1.
d
(7.14) V" @b, Ol sy < ~{(0"1Vi0" (@ b )iy + (07D, Vod" @)z |

+ 192l s 2ezy + D161
where
_ 2 2
Dl - ||VX(a7 b’ C)”HN’]'(Ri) + ||92||HN(R§,L2(R3))
is a dissipation rate and
81 = ||(a, b, C)”ﬁN—l(Rg) + ”gznﬁ’\"l(Rﬁ,Lz(Ré)) = ”g”a’\"l(]Rﬁ,Lz(Ré))
is an instant energy functional.

Proof. (a) Estimate oV,d“a. Let Ay, A; be as in Lemm§ 7.3. Frorh (7.]1.1) (iv),
”anaa” = (anaa, anaa)LZ(Ri)
= (@(=0b— Br +1+ 1), V,0"a) 2y
< Ry + C, (A2 + Ad) + 7||Vdal|

2
L2(B)

2
LR
Ry = —(0"0tb + 0", Vx0" @) 23
d
- _d_t(aa(b +1), Vx3*@) 2zg) + (Vx0* (D +T), 0:078)  2(z3)

d
< =i (0" 0+ 1), V20" &) 2z + CyllIV0"blifz ) + AD) + 000" allZz ),
(b) Estimate oWV,3*b. From (7.1.11) (iii) and (ii),
A0k + 6?6”bi = Zajaa(ajbi + aibj) + 9,0%(20ib; - Z 6ibj)
j#i j#i
= 0;0%(—0¢ + 1+ h),

IVx0°bII2, .o + [18;07D]| —(AxO"b; + 82071, 0°D) 23 = Ro + Re + Ry,

2 —
L2(RS) L2(RS)
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where
d
R2 = (6t8al’, 8i6"b)Lz(R§) = d—t(ﬁ"l’, 8i6"b)Lz(R§) + (656"I’, (9t(90‘b)|_2(R§)

d
< (0T 090) zsg) + CoAL + 1" Bl sy,

Rs = ~(0°1,0i0°B) 2e3) < CyAT + 1ll0i0”bllF s
Ry = —(0"h, 8i0°0) 23 < CAS + n||aia“b||ﬁ2(R§).

(c) Estimate oV,d”c. From (7.1.11) (i),
||Vx(9aC||EZ(R§) = (Vx0"C, Vxd"C)2ry) = (07(=0ir + | + D), Vxd"C) 2(p3)
< Rs + Cy(AT + A9) +11lIVx0"Clif, 5,

where
d
R5 = —(6”5& anaC)Lz(]Rﬁ) = —a(aa/r, anaC)Lz(Rg) + (anwr, 516“C)L2(R§)
d (04 (03 (04
< =01 V0" OLaeg) + CoAL + 00" Atz
(d) Estimate 0b;0%(a, b, ¢).
(7.1.5) 10:0% (&, b, ©)ll 23y = 1107 0:PAll 2(zs,
= 110°P( = v- Vsg - £g+ (9. 9))llizes,)
= ||6QP(V : ng)”LZ(R‘,iV) < ||ana(aa b, C)|||_2(R§) + ||anw92|||_2(R§_v)-

Combining all the above estimates and taking 0 suficiently small, we deduce

d
”ana(a’ b7 C)”EZ(R@ S _a{(aan ana(aﬂ _b’ C))LZ(RQ) + (6ab’ anaa)Lz(Rz)}

2 2 2
+ AL+ A+ 1V Gall o g -

Finally, choosinde| < N — 1, and using Lemmd (7.3), we obtain

AL+ AS+ IV ol sy < D18 + 11l By ey

which completes the proof of Lemnha 7]1.4. o

7.2. Microscopic Energy Estimate. In this subsection, We shall use Lem@ 2.6 and
Propositior] 3} to estimate the microscopic component.
Step 1.Leta € N8, || < N, and apphyp® = 42 to (L.3) to have,

0i(0"9) + V- Vi(8"9) + L(6"9) = 9°T(g. 9).
and take the-?(RS, ) inner product with9*g. By Lemma[2.B, we have

1d

(7.2.1) > gl Oleg,) + D1 <

whereD; is a dissipation rate

— @ 2 _ @ 2
Dy = fR "GP = 110" G2l g e
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andJ is given by

2
3= (T(9 0), Qo) = (9T (Gir G)): 9" G)1ogesy

i=1
2
= ) a0,

i.j=1
First, consided®d. We have, withy; € N,
(7.2.2) |3 < 10°T(91, Go)ll2(esll0” Gallizges)
< (16" T(G. G0)llizeg) e 10 GellLzgesy.
10°T (91, 9ol 23y < Z 10“(imlIC (Y, i) llLzeg)»

nj.nxe{ab.cy

I vz e) = f ( f f b(cose)uifz{(wj);w'k—(w;)*wk}dv*da)zdv

= [ [ [ bleosaui(p):pi - (py)-padv.der) dv< o
wherep; € {1,v, [v[2}. Consequently, by virtue of Lemn@?.z,
134 < 116% (8, b, )l 2 10° GallL2(es)
< [IVx(@, b, O)llyn-2z3)ll(@, b, ©)llyn-1(r3) 192l v R L 2(r2)
< 112 b, Ollnosey (1Vx( b, M agesy + G2 ey )
On the other hand, using Proposit@ 3.5 gives
1392 < llgullng o llg2lllgyee) Igallgys)
< lI(@ b, Ol N2l es):
134 < lIgallpg oy llgalllgycee) Igallgyes)
< ||92||H3‘(R6)||(a, b, O)llHngrs) 12lllgge)»
132 < lIgallyg oy lIG2lll gy ey NGl g ey
< 11921luyes) N1G2I1G o)
Taking the summation 0.1) for| < N, N > 3, we have
Lemma 7.5. Let N> 3. Then,

d 2 @ 2 1/2
(723) a”g”HN(RiLZ(Rg)) + ”la gszg(RS) < 9282 P
where

D2 = V(@ b. Ol 1gag) + N1G2llZy e

E2 = I s Loy ~ 100D OEes) + 19205 s L 2gey-

49
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Step 2.Letd” = 32,1 < o] < N,N > 3, and applyW‘s” to ([L.3). We have
(7.2.4) (WD Q) + V- Vo (WEH9g) + L(W'Eg) = S1 + Sy,

where
S1=W9T(g, 9), Sz =[L W](6g).
Take theL?(RS,) inner product withVV"ﬁ“g to deduce

2 T |W"a”g||LZ(R5) +D2 <G,

whereDs, is a dissipation rate

D; = f 11 - P)War gl dx

|||a“g|||BO(R6) (IVx(@.b, O)lliwages) + 192l s oesy):
Here we have used for4 |o| < N,

f IPW'a°glliPdx < 1°0llF, s

< V<@ B, ey + 1920 s, 2y
On the other hand; is defined by
G=G1+Gy, Gi=(Si,Wdg)L2s), i=12
The estimation o05; andG; will be given in the following lemmas.
Lemma7.6. Let N> 3,¢ > 3. Then, for€ and D defined in Theore@.l, we have
Gi < V2D,

Proof. First, write

= >, Wa'T(g. ). WoQy = ), GY.

i,j=1,2 i,j=1,2

Proceeding as iff (7.3.2),
(7.2.5) IG™] < W8T (g1, Gu)llLoqes)llo” dllzges)
< (W0 T (g1, 9)llizqes) iz 107 Dlleqes).
~ 11674(8, b, &)Lz IWXT (W, i)l ey 10l es),

IWZT W o) = f G f f b(CosA) (7). — () rldveder) dv
= [w( [ [ btcosaui(pi).pi - (py)-pudvdr) v < oo

Since 1< |a| < N,
IGHY) < 1IVx(@, b, ©)lls-sell(@, b, O)lln-reg)
x (IVx(a, b, C)||HN71(]R§) + ||gz||HN(R§,L2(R§)))-
On the other hand, we have

9y = f W8, I < 1@, b, Ol

|BI=N
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This fact and Propositioh 3.5 yield
1G] <lanllesy NIgalllgsceey NIW O Glllgoeey
< 112, b, ©)lles) Nlalllgpee) 10" Gl gogesy
IGEY) <Igallyrsy Ngalllgscesy NIW O Glllgoeey
< ||92||H[N(R6)||(a, b, O)llHnrs) |I|8”glllgg(Rs),
IGE?) <Igallyrsy Nlgalllgceey IIW O Glllgoeey
< ||92||H[N(RG)|||gz|||3?'(R6)|||6ag|||39(R6)-

Noticing that for 1< |a| < N,
1051y < [ WG )l [ WGt )l
< V(@ b, O)lF 1) + Il ses),
we now conclude the proof of the lemma. O
We shall evaluat&,. In view of Propositi08,
IG2l < |([£1,VV[]5(’9,VV[3”9)L2(R6)
+|(W £o(079), Warg)

< 16" Gl 10" Gl
< (IVx(@. b Olli-sge) + 10° Gl 2o 10Dl sogesy
< V(@ B, sy + Colld" Geligesy + 167Gl Zogeys (> O)

+|(LaW 0°g), Wiorg)

L2(RS) L2(R®)

Thus, we have established

Lemma7.7.Letl <|a| < N,N > 3. Then,

d ., (,
(7.2.6) G0 Ol ey + 110 G0 es)
<EY2D + 110Gz gey + IV x(8 D, OlFsz-

Step 3 .We need also to estimaW’g,. Apply Wi(l — P) to the equation in.3) to have

O(Wgp) + V- Vi (W'g2) + LW gy)
= WT(g, 9) + W[v- Vy, Plg+[L, W]g,.

And then take the inner product with‘’g, to get

d

d—tuW‘gzuﬁZ(Ra) +D3 < H,
where

Ds = fR 11 - PYW gzl P

1 2
> S0 0gee) — Clgzllres)
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while
H =H; + Hy + Hg,
Hi = (W'T(9, 9), Wg2)L2z6).
Hz = (W[V- Vy, Plg, W'e2) 2zs),
Hs = ([£, WGz, W G2) 2(zs).-
Hy = Z(Wr(gi, 9i)s W'g2) L2(es) = Z H{D,
i.j=2 i.j=2
Proceeding as irf (7.3.5),
IHAD] < IWHT(01, G1)llizee|I92llizs)
< (IWPT (@1, 0)llizes ey G2lles)
~ lIa b, )2l IWT (¥, Y llzesy lGallLoges).

IWZT (5, 02 ) = f (W f f b(cose)#i/Z{(wj);Wk_(lpj)*wk}dv*da)zdv

= [w( [ [ bicosa.i(p):pi - (p).padv.der) dv< o
Then we have, by using Lemr@?.z,
IHAD] < [V (@ b, ©)ll 2(e3) (@, b. ©)llgez)lIGllLzqs).-
On the other hand, we have
g, = [ Mg P < 12D O,
This fact and Propositioh 3.5 yield
IHE2) <llgnlles) NGalllgys) W Galllgoes)
< 12 b, O)llgegy M1G2llG sy
IH) <llgalles) NGnlllgys) W Galllgoes)
< 1G2llunes 1@, B, Q)llns) MlG2lllgogs).
IHE) <lga ey Ng2lllgysy IWGalllggges)
< 1G21lhp o) 192l -
And H, is evaluated as follows
IHal < [(WY[V- Vi, P10, G2)L2@s)l < IVxliLz(es)Galliees)
< [IVx(@ b, O)lIFzqes) + 192llF e, 2y
Finally, in view of Propositi08 ,
IHal < ’([£1,W€]gz, W g2),2zs)
+ '(VV[ L(%), Wgy)

< lell 2 ey 192l gogesy

+ '(Lz(ngz)’ W'g)

L2(RS) L2(RS)
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Since it holds by interpolation inequality that

(7.2.7) ll92ll 2zey < 7lIQ2ll,2
13

+s

@) + CyllG2ll 2@e) < 77|||92|||3g(R6) + CyligallLz(es),
for any small enough > 0, we have established

Lemma 7.8.

d
(7.2.8) Gi1921C2 ey + M1G2lG0qce)
<EY2D + [1GllZ2 ge) + V(8. Ol 55y
Step 4 .Let
F=0,=00, 0= =8, B=lal+y<Ny#0, N3

and apphyW'@(1 — P) to (7.2.4) to have
(W'D g2) + V- V(W P gp) + LIW P g)
=WPT(g, g) +[v- Vi, W]g,
- WP, v-V]g
+[L£, Wdlgo + WP B + V- Vy)au
And then take th& (RS, ) inner product with\V/ g, to get
1d
2dt
HereD, is a dissipation rate given by

16 gl +D4s <K

2
L?(RS)
D= [ 10 - PIW P gaax
R
> }|||6’fgz|||2 — Cl16°GallZ g
=2 BY(®S) L2(R9)

where we used, withh € N andy = (-1)97 (W),

IPW P Gall? = 110 (. WS G2) oy lIF = 1, 92z 2 gy [IUI11P < 1107 Gl -

On the other hand is given by
K =(W'0°T(g, 9), W' D) 2es)
+([V- Vo W& 1g2, W Q) L2o(rs) — (WP, v- V]g, W G2) 2(es)
+ (£, W P02, WP Qo) 2ze)
+ (WP (0 + V- V)01, WP ga) L 2(re)
=K1+K2+K3+K4+K5.
Lemma 7.9. Let N> 3. Then|Kq| < 8Y2D.

Proof. First, write

Ki= Y (WT(g, g). Wdg)ies = » K.

i,j=2 ivj=2

53
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In view of Lemmd7]2,

K| = [(WPT(gr, 01), WoP ) 2o
< Bal|0”(a, b, )l 2z W P gall 2(es)
< [IVx(@ b, ©)lly-slI(a, b, ) ly-IW P Gall 2(gsy.

where

B ~IW T (W, Yl ey

f(\/\/"ffb(cos&)(@ w)?

X ()00 w) — (0% ) dv.dor) dv
= [ ( [ [ bicosaua(@)ic; - (@)-addvdor) dv< oo

Here,q, q;, gk are polynomials o¥.
On the other hand, we have

g2y = f W@ ga(x, lIPdx < lI(@. b, O)liFnes,:

BI<N
This point and Proposition 3.5 yield
K <llgullngeey 1192lllgnes) IIW O Galll sy
< lI@. b, Ol NGl es):
IKEY) =ligallinzsy 19 lllgnes IIW O Galllgyes)
< ||92||H}\'(R5)”(a» b, O)llnees) 1Q2lll g zs)»
IKE?) =ligallinczsy 1192lllgnes IIW O Galllges)

< G2l o) 1923 e

Now the proof of the lemma is completed.

K, K4, Ks are estimated as follows. We have, fgir= |a| + |y| < N,y # 0,
IK2| =|([V+ Vi, WP g2, WP Q) L2qes |
< IWCOE 28, goll 2oy IW P Gall L2 ey
< CIW 30y Gl sy + MW P ol -
Note that
K3l =[(W'&[P, v- V1g, W'dPgp) 2(e), W ) 2|
< (@ (WX [P, v- V]g}. 9°2)Loges)|
< (V0" (@ b, O)ll 2wy + V30" Gallizqes,) 0" Gl s,
< ”VX(aa b C)”HN 1(R3) + ”gZ||HN(R3 LZ(R3))
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In view of Propositior} 3]8,
IKal =|([£, W12, WP G2) 22|
< |([£1, W 5102, W’ P g2) 2es)
+ |(W FenLa(G), W' gp) + |(£2(W Pr), Wgp)

< (11G2llypigesy + NGl gs2zey ) WP Gl gy

L2(RS) L2(RS)

Hence

IKal < Cy(l1gall2yn ey + MGE01s ) + 7N PGl

HA®S) B (RS)
Finally, recalling [7.1]5),

Ks| =|(W'&P (0 + V- V)91, WP Qo) 2(rs)|
< I((W{W%ﬁﬁ (Ot + V- Vx)gl}ﬁ”gz)LZ(RfS)l
< NI@%(0t + V(@ b, Ol oy 10” GallLzgsy,  (lal < N =11yl > 1)
< (lleaa(a, b, O)ll ey + ||Vx5“92||L2(RgV))llaagzllLZ(Rgv)

< 1Vx(@ b, O)lFs + 192l s L2esy

Now using [7.2]7) we conclude the

Lemma 7.10. Let|B| = la+y| < N,Ja| < N-1,}y| = 1,N > 3. Then,

+ [16Pglll?

d
(7.2.9) d—tllaﬁgzll B(z5)

2
LZ(R®)
<81/2 + 2

G2y + 1958 B Oy + 192l 2y

7.3. A Priori Estimate. We take the linear combination

> @i, + ) cP@ad) + > cOE28)

lej<N-1 la]<N 1<al<N

cogzd Y cOEZ.

|Bl=la+yI<N,Je|<N-1,]y|>1

With a suitable choice of the ctiientsC(”, C?, C{®),c®, cl), we get

(7.3.1) —E+D<H,
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where
E=- 3 CO[@°r.v:0"(@ -b. )iz + (07D, Vid"8) 2(sg)|

|a|<N-1
+ ) COWRGI ey + D, CONDIRz e,
l|<N 1<|a|<N
+ CONGallZs o) + COIW D GallFo s

|Bl=la+yI<N,Je|<N-1,]y|>1

D= ) COIVI@ b Iy + D CURGG e
l@]<N-1 la|<N

+ 3 CRIGZ e + CONIG s,

1<le|<N

3 2
+ Z Cz(y,gz”laﬁ,ngl“B?(]Re),
[Bl=la+yI<N,|e|<N-1,ly|>1

H =D1E1 + DE, + DE.
Clearly, it holds that

E~E D~D,
and
H < DE.
Now (7.3.1) gives
t
&) +[1- C sup&()| f D(r)dr < CE(0),
O<r<t 0

which leads to the closure of a priori estimate and then detag the proof of Theorem

Now, the proof of Theorerﬂ.l can be completed by the usudlragation argument
based on Theorefn 4.3 and Theofen} 7.1.
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