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GLOBAL EXISTENCE AND FULL REGULARITY
OF THE BOLTZMANN EQUATION WITHOUT ANGULAR CUTOFF
PART | : MAXWELLIAN CASE AND SMALL SINGULARITY

R. ALEXANDRE, Y. MORIMOTO, S. UKAI, C.-J. XU, AND T. YANG

AsstracT. The global existence and uniqueness of classical sotitiorthe Boltzmann
equation without angular cutffas proved under the condition that the initial data is in some
Sobolev space. In addition, the solutions thus obtainedlaog/n to be positive an@*

in all variables. One of the key observations is the intréidacof a new important norm
related to the singularity in the cross section of the doltisoperator. This norm captures
the essential property of the singularity and yields pedgithe dissipation description of
the linearized collision operator through the celebratethébrem.
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1. INTRODUCTION

Consider the Cauchy problem for the Boltzmann equation
(1.1) fi+v-Vif =Q(f, f), flo = fo,

wheref = f(t, x,v) is the density distribution function of particles with jitiEn x € R3
and velocityv € R® at timet. The right hand side o@.l) is given by the Boltzmann
bilinear collision operator

Q(g,f>=ffB(v—v*,fr){g;f'—g*f}d(rdv*,
R3 JS?

wheref! = f(t,x, V), ' = f(t,x, V), f. = f(t,x,v.), f = f(t, x,v), and foro € S?,

V+V., [V—V,| V+V. |[V—V
+ = - o,
2 2 2 2

which give the relations between the post and pre collidieelacities.

As a fundamental equation in kinetic theories and a key sitosgtistical physics, the
Boltzmann equation has attracted, and is still attractingpt of research investigations
since its derivation in 1872.

A huge number of mathematical works have been performedruhdeGrad’s cutf
assumption, avoiding the non-integrable angular singuylar the cross-sections.

However, except for the hard sphere model, for most of theratiolecule interaction
potentials such as the inverse power laws, the cross s&(etv,, o) has a non-integrable
angular singularity when the Grad’s angular céitasssumption is not imposed. This im-
plies that the collision operator is a singular integralrapar on the microscopic velocity
variablev.

Thus, it is believed that this kind of singularity shouldde smoothing ffect on
solutions, that is, the solutions have higher regularigntithe initial data; it should be
similar to the case when one replaces the collision openatitie Boltzmann equation by
the Laplacian to some fractional power.

The mathematical study on this kind of regularization peot for the Boltzmann equa-
tion can be traced back at least to the work by Pao in 1@3({H5]Jgh that work was
concerned with other aspects of Boltzmann equation) andrtteay others afterwards, see
for example the references quoted in the revieﬂvﬂll, 50].

However, most of the available results so far are limitedhéospace homogeneous prob-
lems. In fact, even though there are some works on the sphoeniogeneous problems,
a full mathematical theory is still at an incomplete stagbe Wificulties come from the
coupling of the convection operator and the collision ofmerand the commutators of the
differential (pseudo-tlierential) operators with the collision operator. In thigedtion, in
[E], we prove theC*™ regularity of solutions in all variables for the space intoganeous
problem when some regularity on the solutions is imposethrd with, together with some
local existence result§][D,J1p,]11].

Notice that the non-negative cross secti(z, o) depends only otz and the scalar

product< é’” >. In most cases, thB cannot be expressed explicitly, but to capture its

VvV =

o, V,
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main properties, we can assume that it takes the form

v/
2
Recall that for the potential of the inverse power I}j:}w > 1, p being the distance between

two particles, the cross section in the above form has aikifeattor related to the relative
velocity given by

1.2) B(Jv — V.|, cosd) = O(|v — v.])b(cosd), cosd = (

,o), 0<0<

V-V,
|V_V*|

4
(1.3) OV —V.l) = V-V, y=1- T

and a factor related to the collision angle containing aidisgty,
(1.4) Ob(cosd) ~ K&=2~ when 6 — 0+,

for some constants > 0and O< v = % < 2. Thecases ¥r < 4,r =4 andr > 4 corre-
spond to so-called soft, Maxwellian molecule and hard patsrespectively. Notice that
the Boltzmann collision operator is not well-defined for tases = 1 which corresponds
to the Coulomb potential. Itis then obvious that the crostiee is not integrable over the
sphere so that the cancellations between the gain and iwss te the collision operator
must be taken into account. In the following discussion, vleomnsider this type of cross
sections with the parameteysandy given above.

Let us now review some related works about the singularitthefnon-cuté cross-
sections in the Boltzmann equation. For much more refeseand comments, the reader
is referred to[l §0]. Since the work of Paofin|[45] in 1970, éxistence of weak solutions
to the spatially homogeneous case was proved by Arkery@hf{nl the mild singularity
case, that is, when @ s < % By using an abstract Cauchy-Kovalevskaya theorem, Ukai
in [@] proved the local existence of solutions in the fuantspace that is analytic mand
Gevrey invin 1980s. The study on the gain of regularity in all varialdame much later
until Desvillettes obtained some regularization reswtssbme simplified kinetic models
in [R1].

,?round the same period, a systematic approach by using thepgrdissipation anor
the smoothing property of the gain part in the collision @perwas initiated and has been
developed to an almost optimal stage through tfieres by many researchers, such as
Alexandre, Bouchut, Desvillettes, Golse, P.-L. LionsJahi, Wennberg.

And the underlying tools have proven to be very useful fostisely on the mathematical
theory regarding the regularizingfect for the spatially homogeneous problems for which
now the theory has become quite satisfactory,[¢f[ Tp[J.P26R2.[25[3¢[ 49, 48], and the
references therein, see alﬂa [1].

Compared to the spatially homogeneous problems, the atigimatially inhomoge-
neous Boltzmann equation is of course physically more é@starg and mathematically
more challenging. However, for the spatially inhomogersgmoblems, the mathematical
theory is so far not satisfactory. One of the main reasorsaisthe singular integral col-
lision operator is on the velocity variable only and the gafinhe regularity in the space
variable comes from the coupling of the transport operait the collision operator. If
the collision operator was aftirential operator, such as the Laplacian to some fractional
power, many theories and analytic tools have been develspedor instancemZO]. How-
ever, for the Boltzmann equation, the collision operatatafnitively similar to a singular
integral, so that the analysis is more involved. It requseche harmonic tools which were
introduced initially in [B], and then developed {n |3}, 1].

As for the Cauchy problem, the local existence of soluticetsiken two moving Maxwel-
lians was proven ir[[4] by constructing upper and lower sohg. The global existence of
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renormalized solutions with defect measures was showndhtfiese solutions becoming
weak solutions if the defect measures vanish.

Some results related to linear kinetic equations were algengn [E] and ]. In
particular, a generalized uncertainty principle in thewoint of Feferman ] (see also
[B9, £9,[41]) was introduced if][8] for the study of smoothefiigcts of the linearized and
spatially inhomogeneous Boltzmann equation with non{€wimss sections, and partial
smoothing &ects for nonlinear Boltzmann equation were also proverether

Recently, by using some suitable pseudfiedential operators and some harmonic an-
alytic tools, we have developed iE[ll] the analysis of thercivity and upper bounds of
the collision operators, together with the estimation ef tommutators of these (pseudo-
) differential operators with the collision operator. Througis @#nalysis, we began to
consider the space inhomogeneous problem. More preciae{g, E], for solutions as
perturbation of vacuum states, by sharpening the coeyawitl upper bound estimates for
the collision operator and by analyzing the commutators/éen the collision operator
and some weighted pseuddfdrential operators, we established the hypo-elliptiditjhe
Boltzmann operator, using a generalized version of the rmiog¢y principle. Based on
these tools, the local existence and the regularizitegein all (time, space and velocity)
variables on solutions in some weighted Sobolev space visgeoven.

The present work is a continuation of our collaborative paogsince the 2006’s and in
particular of our series of work§][§,]10,]11].

In this paper, we will obtain the global existence of claabpositive solutions for the
full space Boltzmann equation, near global equilibrium analve the full regularityC*®
regularization for positive in all variables for the solutions in some weighted Sobolev
space. As mentioned in the abstract, one of the main ingredie the proof is the in-
troduction of a new non-isotropic norm which captures thénnfieature of the singularity
in the cross-section. This norm not only works extremelyl figel the description of the
dissipative &ect of the linearized collision operator through the H-tle®o, but is also
well fitted for the upper bound estimations of the nonlineadlision operator. Here, we
would like to mention the work by C. Mouhﬂ44] about the gafmoment in a linearized
context due to the singularity in the cross-section. Suchia gf moment is in fact really
important for the proof of global existence and full regitiaof the solution. In addition,
such a property is also well described by the new non-isatmogrm.

Finally in this review of some of these previous works, we iddike to mention two
aspects of solution’s behavior which are well studied ferspatially homogeneous prob-
lems, but not so well understood for the spatially inhomagers problems. The first one
is about the gain of the full regularity which is guarantegdlie natural bounds, that is,
the bounds on mass, energy and entropy for the space honmgerese, cf|[34]; and the
second one is about the gain of Gevrey regularity which has lpeoved in [4P] also for
the spatially homogeneous case.

We now come back to the problem considered in this paper. Tcerdrate on the
analysis on the singularity of the grazinffext whend is close to zero, in this paper,
we study the Maxwellian molecule type cross-sections, ithatve assume that the cross-
section behaves like

(1.5) B(lv— V.|, cosd) = b(cosd), cosh = (

V=V, s
~,0), 0<6< >,
|V_V*| 2

and

(1.6) b(cosd) ~ K& 272, | 6§ — 0F,
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with0 < s< 1.

In order to prove the global existence, we need to fully usedissipative fect of
the collision operator. As in similar studies but for angudatoff case, such dissipative
effect can be fully represented by the dissipation of the ligedrcollision operator on the
microscopic component of the solution through the cel&r&t-theorem. Thus, as usual,
we linearize the Boltzmann equation around a hormalizedvxglian distribution

uw) = 20 te ¥
Sincey is the global equilibrium state satisfyir@(u, 1) = 0, by settingf = u + g, we
have

Qe+ Vg u+ Vug) = Qu, Vig) + Q(vVug 1) + Q(Vrg, Vi 9).

Denote

1.7) I(g, h) = u2Q(vzg, vzh).
Then the linearized Boltzmann operator takes the form
(1.8) Lg= L9+ L2g=-T(Vu. 9 -T(9 V).

And the original probleml) is now reduced to the study lom perturbatiory in the
following Cauchy problem

(1.9) g +V-Vig+Lg=T(g, 9), t>0;
Oli=o = o.
Throughoutthis paper, we shall consider this Cauchy prolitesome weighted Sobolev
space. Fok, ¢ € R, set

HERS,) = {f € S'(RS,); W'f e HYRS)},

whereR$S, = R3 x RS andW/(v) = (v) = (1 +|v[%)"/? is the weight in the velocity variable
veRS.
The main theorem of this paper can be stated as follows.

Theorem 1.1. Assume that the cross-section satis@ (1.6) iths < 1/2. Letgp €
HX(R®) for some k> 3,¢ > 3 and

fo(x, V) =+ vV do(x. V) > 0.
Then there existso > 0, such that ifligolliss) < o, the Cauchy problen{ (.9) admits a
unique global solution g L= ([0, +oo[ ; H';(RG)) with f(t, x,v) = u+ /u 9(t,x,v) > 0Oand

g € C*(]0, +oo[ xR5).

In fact, for the uniqueness of solution, we shall also prénsfollowing stronger result,
which is also of independent interest, where we do not neegsame that is a small
perturbation ofu.

Theorem 1.2. Assume thad < s<1/2,0< T < +cand|> 2s+3/2+ 2. Let { >
0, fo € L=(RS; HZ,(R3)). Suppose that the Cauchy problen}(1.1) admits two solutions

fi, f2 € L*(J0, T[XR3; HZ,(RY)). If one solution is non-negative thep £ f,.

The rest of the paper will be organized as follows. In the sextion, we will introduce
our new isotropic norm and prove some essential coercinidyugper bound estimates on
the collision operators with respect to this new norm. Ineorid study the gain of regu-
larity of the solution, we shall need to clarify the applioatof some pseudo-fierential
operators on the Boltzmann equation. For this purpose, wd ttestudy the commutators
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of the collision operators with those pseuddeliential operators. These estimates on the
commutators will be given in the third section. In Sectionwg will apply the energy
method for the Boltzmann equation and obtain the local enigt theorem. In Section
5, we will study the uniqueness and the non-negativity ofgbl@tions. Finally, the full
regularity and the global existence of the solution will beeg in the last two sections
respectively.

2. NoN ISOTROPIC NORMS

In this section we perform the harmonic analysis of the bdincollision operator,
Q(g, f) = f f b(cost) {g.f’ — g.f}dodv..
R3 Js?

Since the collision operator acts only w.r.t. the velocigyiablev € R3, in this section
(t, X) are considered as parameters and therefore do not appeaniécessary.

2.1. Coercivity and upper bound estimates. Letg > 0, g £0, g € L} N LlogL(RJ). It
was shown in |]}5] that there exists a constejt 0 depending only on the values |¢g‘1|L%

and ||gllLiogL such that for any smooth functidne HS(R3), we have

(2.1.1) Coll Flfes) < (—Q(@. ), Pioeg) + Cllgllure) 1 FIiE2es)-

We shall need some functional estimates on the Boltzmariisiool operators in the
proof. The first one, given below, is about the boundedneskeotollision operator in
some weighted Sobolev spaces, §¢¢ lL, 34] .

Theorem 2.1. Assume that the cross-section satisf@ (1.6) viths < 1. Then for any
m e R and anya € R, there exists G 0 such that

(2.1.2) IQ(F, Dllnpes) < ClIfller, | @lGllmes (=3)
forall f e L}, ,(R3) and ge HT22 . (RY) .

It is well-known that£ (acting w.r.t. velocity variable) is an unbounded symneetri
operator orL?(RZ), such that its Dirichlet form satisfies

(£9.9) 1) 2 0.

and thal(Lg, g) = 0if and only ifPg = g where

L2(®3)
Pg = (a+ b-v+ c|v|2)\/ﬁ
with a, ¢ € R, b € R3, P being thelL?-orthogonal projection onto the null space

(2.1.3) Ker(£) = Span{ Vi, Vi Vi, V2 V. Va v . M2V |

We shall also need the following coercive type result in limearized framework

Theorem 2.2. (Theorem 1.1 dff#4])
Assume that the cross-section satisfieg (1.6) iths < 1. Then there exists a constant
C > Osuch that

(2.1.4) (£9. ) 20 = @~ P e, -

L2(RY)
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We give now two formula for the bilinear operatb¢-, -). First of all, by using the
conservation of the momentum,

Vo2 + IV = vl + P,
we haveu(v,) = u~1(v) u(V.) u(v'). Then suitable functiong, g, it holds that
(1, 900 =2 [[ bleost)(VRZ . Vi - VA1, v 0)dv.dr

(2.1.5) =f b(cos@)\/u_*(f,jg'— f*g)dv*da-
=Q(+uf.g) +ffb(cos€)(\/,u_* — Vi, )tgdv.do.

Therefore, by using the classical change of variablgg) — (v, V.),, we have

(1€t 9. b)) = [[[ breosa) vim (g - 1.9
_ f f b(cosd) iz, (f.g— F/g) .

Thus
(2.1.6) (FCF, 0. 1), = % f f b(coss)(f/g’ - f.g)( Vi h— Vi ).

The following result shows that the linear parts are somebomirolled by one part
only

Lemma 2.3.

2.1.7 -

( oL ) (-Elg, g)LZ(Rg) 2 5(—59, g)LZ(Ré) .
Proof.

(—Elg’ g)LZ(Ré) = _(F( VK. 9), g)LZ(Ré)
1 o ,
=5 f f b(cost)((u)"?g’ — (u.)"/?g) dv.dordv
-3 f f b(cost)((«')"%g! - ()", dv.dordlv
=3 [ preosar{(@r g - ey + (7% - 2. avdra.
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And changing variables as if (2]1.6) implies
(£8. 9) 2z = ~(N(VE. Q) +T(@. VR). 9) .

= [[] breosa(@2g - ()2t + 9.2 - 62 gevdrdy
= [ breosa(@y g - 12 + 6162 - g.42)) g oy
= [[[ breosax(@*g. - (y¥7g. + ga2 - o)) g dvdrdy
= [[[ breosa(ey2g. - 2. + g 6)2 - ) g el

1 ’ ’ , , 2
=3 f f b(cost) (((u-)"?g - (1) *g) + (W)"?9. - (1) "?g.))” dv.dodv.
Therefore[(2.1]7) is proven, by using ¢ B)? < 2(A? + B?). o

2.2. Thenorm associated with collision operators. Our non-isotropic norm associated
with the cross-sectiob(coss) will be defined as follows

(2.2.1) liglli? = f f b(cosA). (g’ —g)* + f f b(cos)g (i’ — i )

where the integratioff][ is overR3xR3 xS2. Thus, itis a norm w.r.t. the velocity variable
v € R3, and we still considert(x) as parameter for the moment.

This norm is termed non-isotropic since it mixes both thévd¢ive of orders and also
a weight of orders coming from the singularity of cross-sectib(cosd), as it should be
clear from our previous works.

Lemma 2.4. Assume that the collision kerngldmsd) satisfies 6) witl) < s< 1. Then
there exists C- 0 such that

(2.2.2) llgll? < Cligli2,s

for any ge HS(R3).

Proof. Applying (2.1.2) witha = —sandm = —s, we have
2

(22.3) (2 9 9),.

On the other hand

(@ 8 9),., = [ [ Bleosa)(12 - Ze)o

- fff b(cost) ff’(g’ - g)g + fgz ff b(COSH)(f*z/ - f*z)

For the first term, if we set = g’ andB = g then using3(a — f) = 3(a? — %) — 3(a - B),

we find
(A% 9. 9),. iy = 5 ||| Bleosn)Z (¢ - ?)

—%ff b(cos) fZ (¢’ - ) +fgf b(coss)(f? - f2),

2 2 2
< Cllf 9l dlkgligling < ClIFIIT gl
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By the changing of variabler{, v') — (v., V), the firsttermis alsg [[[ bg?(f2- fZ). Thus
it follows that

@24  (A%9.9),., =3 [[[vF@-07+5 [¢ [[ (-
And thus
f f bfA(g - 9 < 2(Q(f% ). g)l +1 f f f bg?(fZ — f2)

Using {2.2.B) and the Cancellation lemmalgf [5] for the sectemm, we get that

(2.2.5) f f bf2(g’ - 9)* < CIIFIllgFs + ClIGZIIFIIZ, < CIIFII%llglifs.

Thus
gl < CUIVRIIE gl + 911l VEIIFe) < Cliglife.

O

Lemma 2.5. Assume that the cross-section satisf@ (1.6) viths < 1/2. Then for any
¢ € C, we have

(2.2.6) f b(cosh)|g(v.) — (V.)ldor < Cylv = V[ < CUHPXV,)Z,
where G depends offiglic: = ligll~ + | V Sl
Proof. By using Taylor’s formula, it follows

. (0
(2.2.7) [#(v) — 64| < Cylv. = V.| < Cysin(5 ) v = v
and|g(v.) — ¢(V,)| < C,. Then for anys € (0, 7/2),

0/2 2]
f b(cosA)g(v.) - ¢(V)|dc<c¢{|v— v f O D+ f mde}

<Cs {|v — V|6 45 25} .

If [v—v,|™ < Z, by choosing = |v - v,|"* we get

<3,
f b(cost)[p(V.) — p(V.)|do < Cylv — V.25 < CUWYZ(V,)2S, .
If v—v.| < 2, we have
| bteosaiotw.) - svyider < Cutv vl < €2 < .y
0

Lemma 2.6. Assume that the cross-section satisf@ (1.6) Giiths < 1/2. Then there
exists @, C; > 0 such that

(2.2.8) Colllg - Pglli* < (£g. 9) , .., < Cullgll’”
Proof. We study firstly the terms linked witlf,. By using [2.1]5), we have
- (ng, )LZ(Rg) (F(g, Vi), g)LZ(R3)

- (VG V. 0) s+ [ [ blcost)(VE - Vi gt Vi
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Using {2.1.) withe = 0,m = 0 we have

(Q(vFg. V). 9], < 1A VG, VAl

< Cll VEgllLy Il VAllzsligliiz < CligIIE.

For the second term, we have
f f b(cost)( VI — Vit )&, i g dvdydor
= [[[ oreos( VA - i) g (63 - (e
+ [[[ breosa (Vi - VBT )6y 0

Thus
[ reosn( v i) g Vi
- (ff bieost) (Vi ~ i )2|g|2<u’)1/4)1/2
[ [ teos (6 - g’ |g;|2(u'>1/4)1/2

' (fff b(COSG)"/“_*‘ Vi Igl2(,11/)1/4(;1)1/4)1/2

x(fffb(cos@)|\//7*—\//,z_;

1/2 1/2 1/2 1/2
sll ><I2 +I3 ><I4.

1/2
|g;|2w)1/“w)1/4)

Using Lemmd 2]5 withp = x/4, we obtain

j; b(coss)

and(y;)lm(,u’)l/z — (/1;)1/4(/1/)1/4(/1/)1/4 — 01*)1/4ﬂ1/4(ﬂ/)1/4, we get

1/4 1/4 2 2 2
W)Y~ () 'do-sC|v—v*| S<C<vsBcy, >3

110 C [ bleosa)iu)? - ) ) 2dveuclr
< [ teosfny - Gy | (6a) 6ol
< [ brosmfy - gy efouy 4

+C [[[ ooy - Gyt ey g

< © [ () 40 + (0% 45 g )avey

< CIglFyzs) + 102 ges)-
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For the terml,, using the change of variables— v, andv’ — vimplies that
2
[[[ oteosa (6 - 6 1Py
= [ oreosy (¥ - a4 i
< [[ () o igR)dva < Clif,

For the termly, using the change of variable’s — vimplies that

fff b(cost) | iz - Vi | 10 ) 4

= [[[ btcos| v - Vi
< ¢ [[ (w259 vy < CIgE,
Thus we have proved that
(2.2.9) I(£29.9)! < Cligll?,-
Now from (2.1.¢), we have
(-Clg’ g)Lz(Ré) = _(F( \/ﬁ’ g)’ g)LZ(Ré)

1 ’ ’ 2
=5 [[] eteosn (67 - uy2g)
1 ’ ’
=5 [ beoss) (6yg - 9+ 0022 - ()’
e % ff b(cosd)u. (g - 9)2 - % ff b(coS,g)gZ(('u;)l/Z _ (ﬂ*)l/z)z,

where we used the inequalith ¢ B)? > 1A% — B2 Then

1 ’ 7 ’ 2
(2266 > 5[] pcosuita - 07+ [[] bteosna?(6y? - e
-7 [[] oreosg?(y 2 - uy 2y’
We apply now [2.2]5) wit ~ g, g ~ %2 and the changing of variables— v., to get

2
f f b(cos)g*((10)"? = (1.)"?)" < ClIgIZ Il Vi I < ClgIFZ, -

192 ) ()t

Therefore

1
(2.2.10) (£19. 9),, = ZldlI? - CligIiZ-

2~ 4
Using the fact thaPLg = 0 and£LPg = 0, we have
(£9. 9), = (L0 -P)g.(1 -P)g)
= (£10 - P)g. (1 - P)g) , + (£L201 - P)g. (1 - P)g) ,

1
> 2l = Pll” - CIl(t - Pyl

11
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so that using Theorefn 2.2, we can deduce

(1 - P)gII” < 4(£g, g) , + Cl(l - P)glZ, < E(£g, g) ,

We have therefore proved the lower bound estimation.
For the upper bound estimation, we compute

(ng, Lz(Rg) = f f b(cosg) ()2 — (u,)Y? )
= %ff b(cost) (()V4(g' - 9) + 9((u) " - (;1*)1/2)

< f f b(cost)u(g' — 9)° + f f bcos)g?(()M2 — (u)2)”

< lllglli?,
thus

(2.2.11) (£19. 9)
and

(£20.9),1py = 5 [ [ [ Dloos (@00 - 0.60%2) ()29 - 1))
<3 [[[ bteosa) (g6 - 0.0 + 5 [[[ broosa) (62 - a1 g
<3 [[[ bteossr (et (672 - 00*2) + (g - g.))

+ 3 [[] oo (@ (e - o) + Gy - 1))

<|llgll?
so that all in all

2
< lialll*,

L2(RJ)

(2.2.12) (£29. 9) . sy < g,
The proof of Lemm4 2]6 is now complete.
Lemma2.7.

(2.2.13) Cullglif + Callgli? < Ilgll

Proof. By using the Bobylev formula and some of the computation]nc[ne has

_ f f b(k - ). (90V) - g(v)) dorcviv

=@ [ [ B - oaoser + oy
- 2R6u(§ )3(ET)8(E) jdorde

—2(2,03 f Ig(f)lz{ f (Ifl o) (@(0) - |,u(§-‘)|)do-}d§
>0 [ ergarde > o2 [ ariatnerd
l€1>1

l§121

> C12_25|lg||Hs(R3) C1||g||LZ(R3) ’
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where we used the fact that

f (|§| )@(0) - 4 dodé > Colél®,  Vie > L

On the other hand,
= f f bk - )g?(?(v) - ,ul/z(\/))zdo-dv*dv
= (2n)” fR 3 f b+ PO + PO
~ 2Re@(¢ (") p2(8)|dordlg
_ é: R NG
k2 [, [.of c} o) PO - ) o

“ s J L )@ - R0 e ocs
=By + By.

For the first term on the right hand side,

B; —f fz (é' )92(0)|ﬂ1/2(§ ) — ﬂ1/2(§_-)| dode

~ 1012, f u@ [ B - o) e) - 1o

Z CZ”g”LZ(Rg),

where

C - f w@ [ B(% - )b e) - 1o >

For the second term on the right hand side, by using

J2() P(E) 2 ().

we have

Bz:fR3 fg b(f o)(P(0) - ReqP(¢ ) )i72(e) i 2(¢ ) dorce

= Jes fs b(é - 7)(6(0) - Reg?(¢") Ju(@)dord
= Jus fs b(é o f g?(V)(1- cosg™ - v))dwu(&)dods

z(v (L3 LZ v 1 cosg - v~ )),u(g-‘)do-df) dv
70 [ Bl - )0

> Cs g*(VIVI*dv > Cs2 (g7, ) — Callg 5y

V=1

(Q

where we have used the exchar?@eo- o E o and Proposition 2 0ﬂ5] witlf replaced
by v.
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Finally, for 0< 21,12 < 1,

llglli* = A+ By + Bz > 1A+ By + 2B,
> MC12 G s ps) — A1CallGI 2 s,
+ Callgllf s + 12C32" DIz ) — 42CallGlFoges)

> MC12 2 Gl ezs) + (C2 — 41C1 ~ 22CI)GI, ) + 42C32 DI -

choosingly, 4> such that
1
Co— 211C1 — 1,C3 > ECZ,

we can conclude the proof of the Lemma. O

2.3. Upper bound estimates.

Lemma2.8.

(2.3.1) f f b(cos) f2(g’ - g)* < CIIFIIE, lglli®.

Proof. Since we want to estimate the right hand side.3.1) bytigple norm, we
cannot use[(2.3.4) as in the proof of Lemm3 2.4. So we neeflexatit argument which
will be based on Bobylev formula, which gives

f f b(cosA)u. (g’ - g)?dv.dodv
(zﬂ)s f f (I_é-‘l U) (A0)B(E)? + 18(6)I” — 2Re (€ )a(ET)A(€) )dédor
= W f f b |—§| <) (A(0)18(8) - 8(")I” + 2Re(fi(0) - (¢ ))a(E ")) dédor,

and
f f b(cost) f2(g’ — g)°dv.do-dv
L (|§| )fz(O)Ig(é-‘) 877 + 2Re(T2(0) - T2(6))0(e")3(6))dedr

Sincer(0) = 1, 2(0) = [If 2., we obtain

f f b(cost) f2(g’ — g)°dv.dodv

= 112, f [ btcostye. (@' - grav.doray

(Zﬂ)gnfn .k (|§| )Re#(o) AE))a(E 5O )dedr
o [ b(@ -a) Re(72(0) - 2(6°))0(e"3(6))dedr
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Let us study the last term

ff (|g| ) e F2(0) - 12(67))a(¢")8(®))dédor
Clr(m Mmm‘ﬁfmwﬂﬁw@ﬂ%w

<c [[b[ £ o [Fo0) - e ierpeeae

where we used the change of varialdés— & which is regular. Next

L T

So we need to study the following quantity

f b(i . 0') '1 - eﬁiv"f7|d0'.
sz \I€l

If |vl¢] > 2, we choosé = ﬁv‘ (< 7/2), then|1 — eV4 | < |v||¢| sind for any 0< 6 < 6,

andif% > 9 > 6, weusdl—e V< | <2 Then

/2 1
_ 4‘: 7
f (|§| )’1 e iv- 'do-<C|v||§|f 1253|n9d9+cf6 mde

< CMI¢l6~25 + C'67% < CMZe,

If [VII£] < 2, we have directly

/2
f (Ié—‘l )'1 e |da<cf0 e 23|v||§|s|n9d9

< Cvil¢l < Civéfs.

Thus, we have proved

[[o(& - el Frer)ore ibe)asae| < cani .
and similarly
[[o(& <) relao)- ot wo@)esae| < i v it
Thus, we have provedl (2.3.1) by usifig (2.3.13). 0

Proposition 2.9.

(2.3.2) (r(F, 9. )., N

C(IIflicz Illt + ligllez 1) Nkl
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Proof.
_ -1/2 1/2 1/2
(T(F. 9. h) ey = (072QUYPE 1M 2g). ),

= f f b(coso)ul'*(f/g’ - f.g) h

= %ff b(COS@)(f*/g' - f*g)(lui-/Zh_lui_/z/h,)

([t 10
<[ [[[ bleoss)((u.) 2 = ()2
IS /)

< %(A)lf2 x (B)Y2.

1/2

One has
® = [[[ breos(y 2w -1y + by - 1))
< 2ff b(cosd) {,u;(h’ - h)?+ hz((#;)l/Z _ ('u*)l/z)z}

<2 [[[ brcosayu.(r - 17 + 2 [ [ brcosayi()2 - )" = 21

where we used the change of variables Vv for the first term and — v, for the second
term. And similarly

® = [[[ beos(t2( - 9+ attz - 1))
<2 [[[ breosn) (g - 91+ (1. - 1.7

<2 f f b(cosd) .2(g — ) + 2 f f b(cost)g.>(f’ — f)2.

Using now [2.3]1), we have
(A) < C(IIFIIZ, gli® + IgliE, NI ).

3. COMMUTATORS ESTIMATES
3.1. Non isotropic norms in full space. We now define the norm associated with the

collision operator on the full space of variables\) and considet as a parameter in this
section. Fome N, £ € R, we define

BPR) = {ges'(Ri,v: Gl = f WA aRg(x, - liiFdx < +oo}
lal<m ¥ Bx

where]|| - [l is norm w.r.t. the velocity variable e R3 defined in [2.2]1).
We have firstly
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Lemma3.1. Forany( > 0,a,p € N3,

BLL) W5 Polllgges) + IIPOW G O)llgaes) < CealldgliZsze,
(3.1.2) Collgllo e = ColllfEzesy < (£0: 9) s ) < Callgllgges
and

(3.1.3) 1012y + N9z sy < CHIANGoGeey < ClHOI (3 ey

Proof. By definition of the projection operat®, we have

3
Pg = ag(t, )t + Z By j(t, X) Vip'? + cq(t, X)Iv2u*?

=1
with
au(t ) = [ ot et oot = [ gl x v A
RS v
and
bgj(t, X) = f g(t, X, V) viuA(v)dv, j=123
v
Thus [3.1]L) can obtained by integration by parts. For 43, we use[2.2]2) anfl (2.3.8)
2 2
Gl ey > C(£G: 9) . 5 ) = Colllg — Pl
Coni2 2
> I3, ~ CollPallZge,
C
2 S lIglgee) ~ CallglFzqes)
Finally, 8.1.3) is obtained by integration ¢f (22.2) aR2(13). O

We introduce the following notation, fore N2,
@14 T(F.G.u) = QU F.0)+ [[ bloost((s). - o). JFiG v

wherew, = p, (V) Vu(v) = 9”(\u) is a Maxwellian type function of variable Then
@-1.5) implies

7(f.9, V) =T(f,9).
We have also the Leibniz formula

(3.1.5) KAL)= D o TERH. 62000, s,
ay+a2=a, B1+P2+fB3=p

3.2. Estimates of commutators with weighted. First of all, let us recall the following
Lemma of [§],

Lemma3.2. Let{ > 0,0 < s< 1/2, then there exists G 0 such that
(321)  |(w i, 9 -, W g), h)
Proposition 3.3. For ¢ > 0,

(3.2.2) (WT(F, G, ) = T(F. WG, ), h)

L2(g3) < C”f|||_}(]R§))”g“L§(R3)||h||L2(R3)'

sy < CIFILIGH Il
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Proof. We have by [(3.1]4),
(W'T(F. G, uy) = T(F. WG, 1)), h)
= (W' Qluy F, ©) - Q(u, F,W'G), ), )
+ [[[ breosite,. - Fie e - win
= (B1) + (Ba).

Using Lemm4 3]2, we have

(B) < CII/JyFIIL}IIGIILgllhllL2 < CIIFIILZIIGIILgIIhIILZ-
For (B,), using O< s< 1/2, we have

W - W\ , 2 o\
(Bz)<( ff bcoslF /e L ') ( [[[ otcosty sine(uy. - ) |h|2) .
Using (2.2.5), we get
2
f f b(c0S6) (1 1. T < Clp IZlihi.

L2(RY)

Using
W= WP < sinf o (WE)? + (W)?) < sinf 6 (WE)P(W)2,
we get
4 )2
f f b(cost)|F’|2|G'|? W Sm\g/ | f f b(cost) sing (W’ F)2(W’ G)"2

< C|IF|II? z||G|||_z,
thus ending the proof of Propositipn3.3.
Proposition 3.4.

(3.2.3) '(T(F, G. ). h)

C(IIFllz NG + IGlz I 1) b

LZ(R3)

Proof.

(T(F. G ty). D)oo f f b(cost)(uy.)*(F.G' - F.G) h
=5 f f b(cost)(F/G" - F.G)((uy-)""?h = (u£,)"/2H)

< %( f f (cost)(FIG' - F*G)Z)U2

: (ff b(cost)( ()" - (/l;*)l/Zh’)Z)l/z

< %(A)l/2 x (B)Y/2.
By using the estimate of ternd\[ in the proof of Propositio@.Q.
(A < C(IFI NIGI + IGIIZ; IIFII?)

and
(B) < C(lly 17, NN + 1HhIZ, s, 17) < CHHIBIZ.
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Proposition 3.5. For any¢ > 3, and N> 3, we have, for alg € N® |8 < N,

(3.2.4) ’(W[ FI(f, 9), h) < Clifllunege) 119l [MNllges)-

L2(R)

Remark 3.6. In fact, for this proposition, we need to assume the condifio- % + 25,

and N > g + 2s. But in order to simplify the notations, we choose integeleke<, N,

forO< s< 1/2,suchthat > 3,N > 3.
Proof. Using Leibniz formula[(3.1]5),
(3.2.5) (WL I(F. 9). h) LZ(Rs = Zcﬁ; 5T, WoPg, i), )

+ L Ch (WIT (0, 0729, g, ) — T (P, W6, g, ), h)

L2(R%y)
L2(RS)
Then [3:2) implies

'(W‘T(aﬁlf, 579, g ~ T, W g, pg,), h)

L2(RSy)
1/2
sC(&ﬂfﬁumﬁy@@w)) il 2es,
c ||5Blf|||_w(R§;L§(1@3))||5529||L§(R§V) 1Nl 2ge,) if Bl <1;
||aﬁ1f||Lg(]Rgv)||3ﬁzg||Lw(R§;L§(R§)) ||h|||_§(]Rgv) if 81> 2.

Since|By| < 1 implies|81] + 3/2 < 3 < N and|81] > 2 implies|8,| + 3/2 < |, thus, we
have

(3.2.6) ‘(wa(aﬁl £, 0°29, pg,) - T(F*F. W'6Pg, 15,). h)

L2(RSy)
< Cllllyolglly ey Nl ggees, -

On the other hand[(3.2.3) implies that|f| < 1, thenjgy| + 3 + s<3 <N,

’(T(aﬁlf, WG, 15, )

L2(R%)

< UWWﬂMmmWW@WwWWwQM)

1/2
|MW%MMMWWVHWm&mmﬁ 1Pl gggee

%

< O(1F flluw s amay + 107 FIZ g, ey NG ey s

<C| f||HL5131|+3/2+S+6(R6)|||g|||8lfz\(Re)|||h|||Bg(R6),

so that, forls1| < 1,

(3.2.7) ‘(T(aﬁlf, Weg, ), )

ct| S CllfllizsIall g ey ey -
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Now for [8;] > 2, there are two cases:2[81| < |8| — 1 then|Bz| = 8] — [B1] - |83 < |l - 2,

’(‘T(&”lf, W'6%g, pg, ). h)

L2(RS,)
< C(11Fll 11 ey W 2Dl e ey

+ IW gl e, 2o 107 Fllzes; magesy N agges)
< Cllfllyaesgusy WA 2 AT e Dl ses)
< ClIFll-s05 oy Gl 2152150 N gges)

< Cllf Iy 1011 ey 1Pl ey

We study now the cas@; = 5. Then we have

(7(@f, W'g, Vi), h) (@1, w'g). h)

L2(RS,) L2(RS)

Since we don’t admits the trip norm dfin the left hand side, we can’t use the estimate

(B-3-2) to close the proof.
We use[(2.1]5),

(r@*f, W), h)LZ(REN) = (Q(vE T, W'g), h)LZ(R%)
+ f f f f b(cost)( vz — Vil )@ ). (W' g)'hdv.dordvdx.
Then [2.1P) witm = 0,a = —s,

'@u&th©Jmmwscmgwmﬁﬁmmm%mwwwmmﬂmm

< ClI [l gz IW Gl 7225 gy 1Dl e -
On the other hand,
f f f b(cost)( Vi — Vi )@ £).(W’ g)hdv.dodvdx
= f f f b(cost)( Vi — Vi )@ £).(W’ g)'(h - I)dv.dordvdx

+ f f f b(coss)( v — Vil )@ ). (W' g)'hdv,dordvdx
= (B1) +(Bp).

12
(1< [ []] oteosane 1 eway (G - Gy dwdrava

X b(cost)(u + ()4Y (h - W)2dv.dodvdy] .
[ 1) otcosntoes -+ i) -
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Lemma[2.p gives
| [[] breosan@ ny:eweoy () - gy av.doavax
<C fR . fR @ ). PI(W ) [2(v)?(v. ) dv.ddvdx

2 2 2 2
<C fR3 160 1y IV OG5y < CHOP FlEg )W BIE e 56
< ClIF Iy W AT Z G sy < ClT I o 1O )
and Lemmd 2]8 gives
2
f f f b(cost)(ut* + (u)*) (h - h)?dv.dodvdx

<4 f f f b(cost)u?(h — h)?dv,dodvdx< quhu@ome),
0

so that
I(B2)l < Cllf Il gy G2z 1D -
For the term B,), we have

U ff b(coss)( Vi — Vi )(6Bf);(vvfg)’h'dv*dadvd>{
) U ff b(cosO)( Vi = e )@ ). (W' g)hd\/*dtrdvd%

< ch§ fR @ 1).

<C f 16l 6y W il Il ey O
®3

W g| Ihi¢v)?v,)*dv.ddvelx

< ClIP flles 2 . @)W Gl ez Lz INles)-
We get also
I(B2)| < C”f||H§2+ZS+E(RG)|||g|||8§(]R6)|”h”|8g(]R6)'

So that
(3.2.8) ’(r(aﬁf, W'g), h)

< Cliflye oy llgllzeelinllzges)

L2 (Rg.v) 3/2+2s+

Finally, for|B1] > 2, by using 32 + 2s < 3 < N, we have also

(3.2.9) '(T(aﬁlf, Weg, ug,), )

L2(25,) < C||f||Hp(R6)|||g|||B[N(R6)|||h|||3g(R6) .

The proof of Propositio.5 is now ended. O

By using the same arguments as in the proof of Propom&@et also,
Corollary 3.7. Forany¢ > 3, we have, for al € N®, || < 2,

(3.2.10) '(vv‘a’ivr(f, 9). h)

sy| S Ol fllzes) Ml oy 1Nsges)

For the linear linear term, we have the following result
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Proposition 3.8. For ¢ > 3, we have for any € N°,

(3.2.11) (W La(D). ), | < ConellFllysesy Ny
If 1 <|Bl, we have
(3.2.12) (LaW 0) - W' 5 £2(@). ),

< Cipe( Il esy + 1Dl ger 1z ) MMM goes)-
and for|g| =
(3.2.13) (£2W @) - W' L£a(9), h) o ey| < Cllglzges) Mhllggges)-

Remark 3.9. In the right hand side o{ (3.2.1L0), there is a main telfgillz3zs)- It is due to
the Sobolev embedding

Loo(R HZS(RS)) c H3/2+25+5(R6) c B (RG)

This is aIso a important property of the non linear operat¢r;, .). For the linear operators

in (8.2.1p) and ES) this problem does not appear.
Proof. For (3.2.1]1), sincel>(f) = I'(f, ), using Leibniz formula[(3.1]5), we have

(W FRuLa(), D) e s = (W OI(E, Vi), h)
= > Cht (T @, WP Vi, pag,), h)LZ(Rs
+ D Ch L (WOT (@, P2 N, pagy) = TP, WP N, ag, ), )
= (C1) + (C2).
Then [3.2]6) implies
|(C2)|—'ZC’81 (WiT (67 f, 0P i, pg,) = T F, WoP i, ug,). )

L2(RS,)

L2(R%)

L2(RSy)
< Cllf iy geyll VE s gsylIDllsgeey < Cll g Dl s0(es)

and (3.2.3) implies also,

I(Co)l = 'Zcﬁl (7@ . W& it s, ). )
< C||f||H¥3\(R5)|||h|||Bg(R5)’

L2(R%)

where for the term of ordgd; = 3, we needed to usg (3.0.8).
For (3.2.1p), sincels1(g) = I'( iz, 9), using again Leibniz formuld(3.3.5), we have

(W Sy L2(@) = LoW 0 @), ),
= (WOl (Vi, »0) — T(V, W' &y 9). h)

= D CiplT@ VR W py.). )
|B21<[81-1

+ > Ch L (WIT (0 Vi, 729, g, ) = T (0 i, WG, pig,), h)
= (D1) + (D2).

L2(RS)

L2(R%)

L2(R%)
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Then (3.2]6) implies
I(Dz)l—‘zcﬁl (W70 Vi, 09, pg,) = T(0" Vi, WG, p,), h)
< Cll Vet Pl e,y < Clil Pl

giving also [3.2.93) .

On the other hand[(3.2.3) implies that, s < |8 -
'(T(é“l\/ﬁ, W'6%g, g, ). h)

L2(R%)

L2(R)

<C( f 16% VE I (WOl + W P2 )

1/2
f W62 gan(Ra)(nwﬁlﬂnz+||aﬁlx/‘||H5(R3))dx) bl g9y

< CII VAl gl oy e
< C|||9|||Bf\—1(Rs)|||h|||gag(R6),
thus ending the proof of Propositipn|3.8. O

4. LOCAL EXISTENCE

4.1. Energy estimates for the linearized Boltzmann equation. We now consider the
following linearized Boltzmann equation,

(4.1.1) g+V - Vyg+ L1g =I(f, g) — Lof, Olt=0 = Jo -
Note that it is equivalent to the following Cauchy problem :
(4.1.2) G +Vv - VG = Q(F, G), Fli=o = Fo

with F =pu+ ufandg=pu+ g
We now study the energy estimations of equat.l.l-),'\‘rfor the smooth solution

g.
ForN >3,/ >3 ands € N® |8 < N, we take

@(t, X V) = (- 1)k WX Fg)(t . V)

as a test function oR2 x R3, and we have

2210 Oy + (W[ v] - Tog W)+ (WL1(@), Wikt
= (WFLI(f. 6). W), o) = (WSEWLa(F), W) -
where we used the fact that
(V VX( 6€(Vg) Wfﬁé“’g)LZ(Rs) -

Applying now Propositi0|.5 and Propositipn|3.8, we getsoy 3< k < N and|s| < k,
2 dt”aﬁ g”LZ(R6) (Ll(wfa‘f(,vg), W[a‘f(,vg)

< 1l ey Gy + 100 ey + 1 ey Gl sie

L2(RS)

+ (gllisy + Gz 1) llzses))-
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Taking summation ovet,Bl <k, then Lemm3.2) and Cauchy inequality imply that
(4.1.3) IIQIIHk(Ra) IIIQIIIBk(RS) < Crell Fllkesy |||9|||Bk(R6)
+ cke(ngnHk(Re) 1y + B y) . 3<k<N.

Fork = 1,2, we use Corollar.? to get
(4.1.4) ”g”Hk(Re) |||g|||Bk(R5) < Ciellfllzes) |||g|||B3(Rs)

+ Cke(IIQIIHk(Re) + ||f||H3(Re) + Illglllgtfl(Rs)) ,
while fork =0
(4.1.5) IIQII,_z(RS) IIIQIIIBO(RG) < Cocllfllkzes) |||g|||BO(R5)

2
+ o (101 ey + 1F1gesy ) -
whereCy is the constant in[(3.1].2) which is independenkpfiandN.
Take the summation of (4.1.3)( 1.4)) wittandk — 1 for N > 3, we have

(ugnH“(Rs) ||g||Hk(Re)) 0190
Co
<=2 (||f||H~<R6) G ey + ||g||HN(R5) 11
T [ |||g|||8k &8
So f f
< 2 (1lhapeey MOy + 100y + 1)

+Ci u(uquN(Rs) NGy + 19 ey + 11T ey + MZ Z(RS))

By induction, and using (4.1.5) for the last term, we haveefwre obtained the following
estimate

(4.1.6) [ > ||g||Hk(RS)] +Co gl gee

0<k<N
< Coue (I Flhypeey M0y + N0l + 11y )

where 0< Cy < Cy andc,, > 0 are the constants dependinglod, such that there exists
Co, €1 > 0 such that

(4.1.7) ColIgilF ey < > CtllglF ey < Co G esy -
0O<k<N
Thus we have proved the following theorem :
Theorem 4.1. Let N> 3,¢ > 3. Assume thatge H)(R®) and f e L*([0, T]; HN(R®)).

If g € L=([0, T]; HM(R®)) N L3([0, T]; B)(R®)) is a solution of Cauchy problenj (4.]L.1),
then there existg > 0 such that if

(4.1.8) il o1y sy < €0, @Nd [Ifllis o1y wyvesy < 1Gllqo.1y; HvGesy»
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we have

2 2 CoT iy 112
(419) ”g” <([0,T]; H?‘(]Rs)) + ”g”LZ([O,T]; B[N(]Rs)) < C1e 2 HgO”H;\I(Re)
for constants g, C, depending only on N .

Proof. Choosinge = Co , we have, from[(4.1]6),

ZCN'[
d 2 66 2
d—t[ > o ||g||H(k(R6)} + 22 Tl e
0<k<N
— 2 = 2
< 20l ey < 265"Ciue O;N Gt 191 ey
and
QeSS 6 gl e |+ 22 €2 0 glI2, 0 < 0
dt 0<k<N Y H &) 2 BEe) =7
Thus

Co S
Collglff o 1y ey * =5 MOz 0.7y ey < C1€° @ NGl ey
Therefore, we ge{ (4.3.9) with

— -1
. C —
Ci=c (mln{co, 70}) , Co=2¢5'Cny-

4.2. Linearized Boltzmann equation.
Theorem 4.2. Let¢ > 3,N > 3and g € H)(R®). There existg > 0 such that if
Iflls(o.1y; HNgey) < €O,
then the Cauchy problerp (4.]1.1) admits a unique solution
ge L0, T]; HY®R®) () L2(10, T]; B)'(RS)).
Proof. We consider the following Cauchy problem :
(4.2.2) Pg=0g+V- Vig+ L2g-T(f, g = F, g(0) = go.
Forh e C*([0, T]; S(Rﬁyv)) with h(T) = 0, we define

@ K”h)“([o,Tl:Hf”(R‘S)) =(Po h)LZ([o,Tl;HP(RG)) ’
so thatPy , is the adjoint of the linear operatrin the Hilbert spac&?([0, T]; HN(R®)).
Setting
W = {w =P}, h; heC([0,T]; SRE,)) with h(T) = 0},
W is a dense subspacelof([0, T]; H}'(R®)), and we have also
P () = —=0th+ (v - V)'h+ Lih+T(f, h).

Then
h, #% ,h - 2 e Vxh, h
( 5 N, ¢ )H;‘(]RS) = _Ed_t“ ()“H}\'(RS) +(V - Vi, )H(N(]RS)
+(La(h), h)H(N(RS) — (I(f, h), h)Hy .
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Using the same same arguments as in the proof of Thmlllf,llf_w([o,n; HN@S) < €0,
we have

T
C(s-t) *

ft & 1(h, SDNY[h)H[N(Rs)
Thus, forallO<t< T,

1 2 T C(s-t 2
> SO+ [ o MG s

2 2 i
INORyes) + ColllEagery, sngesy < S0 Piue ) 1y ey

< CIIPN, e (Mllzqe, T gy 1Nz, T;mN eey) -

We get finally
(4.2.2) INllLzqo, 73; Hivgeey) + NllLsqo, 71; pv ey < CTIIPR (MllLzo, T, HivGeey) »
and
Nz, Tmn ey < CliNLzqe Ty 88Rs)
giving also
(423) ||h|||_2([0,T]; BY(R)) < C”P}k\l’[(h)HLZ([O,T]; HNRS)) -

Next, we define a functiong@ on'W as follows
GW) = (F, h)izqo, 1y, 1ivgesy) + (9o, N(0)kes)-
Then, ifF € L([0, T]; HY (R®)), @.2.3) gives
IGW)I < 1IFllLzqo, 1; 1y oy INlILzqo, 71; HY o)) + lI9ollkapices) N0l ces)

< ClIFll2 o, Ty, Hp{s(Rfi))“h“LZ([o,T]; B8NS t ||90||H[N(R6)||h(0)||HtN(R6)

< ClPN, e(Mllzgo, 1 Hiveey) < ClWllizqo, T3 ¥ eey) -
where we used.2) to get the estimation of the tﬁmﬁH;\l(Rs)”h(O)”H;l(Re). Thus
G is a continuous linear functional ((I’W; Il o, Hp(Rs»). Now, there existg €
L2([0, T]; H}(R®)) such that for anyv € W,

GW) = (9 W20, 7 i zsy)

by Hahn-Banach Theorem. For ahyg C*([0, T]; S(REYV)) with h(T) = 0, we have

(9 P Mo sy = F Wi mimpee + @ hODrys),

and by the definition of the operat#y, ,, we have also

(Po ﬁ)LZ([O,T];LZ(R6)) = (B Mo ey + (@ MOy
where 3 3
R = ANWZANK € C2([0, T]; S(R®)) with R(T) = 0.
SinceANW? AN is an isomorphism ofh € C*([0, T]; S(R®)) with h(T) = 0}, we have
proved that, ifF € L2([0, T]; H) (R%), theng € L?([0, T]; HN(R)) is a solution of
Cauchy problem[(4.2.1).
To finish the proof of Theorein 4.2, we take
F=-Ly(f) =T (f, V),
to get

[(F. Wizgo sy < Cllfleqo.my wpspliNlagory, siceey-
Theng is also continuous ofi/, ending the proof of Theorem 4.2. o
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4.3. Convergence of an approximate sequence. We prove next the local existence re-
sults.

Theorem 4.3. Let N > 3, > 3. There exists; > 0and0 < T < +oco such that if
o € H}'(R®) and

lI9ollHN(gey < €1,
then the Cauchy proble@) admits a solution

g€ L7(0, TI; HY'(R) N LA([0, TT; By ().
Remark 4.4. From equatior@) we have, foD < 2s< 1,
g € L7([0, T]; HY (R?)),
and thus
g € HY4([0. T x R%).

We consider the following approximation sequence definealigh the following Cauchy
problemn e N

atfnJrl +V - fon+l — Q(fn, fn+1) , fn+l|t:0 — an
wheref" =y + u*/?g" and f° = f,. This is also equivalent to
(431) atgnJrl +V - ngn+l + ngn+l _ F(gn, gn+l) — _ngn , gn+l|t:0 — gO-

Proposition 4.5. Let N > 3,¢ > 3. There existg, > 0and T> Osuch thatif g € H(R)
and

(4.3.2) lI9ollHy(ge) < €1,
the Cauchy problen{ (4.3.1) admits a sequence of solutions
(g".ne N} c LY([0, T]; HY'(R%) N L*([0, T]; BY'(R%)).
Moreover, there exists B 0 such that for all ne N,
(4.3.3) 19"l o.73; sy + 197l 2o7; 8y < E-
Proof. We prove 3) by induction om We have firstly
ag' +V - Vxg' + L1g" - T(0o,0") = —L2G0. Y=o = Go.
Then Theorerfi 4]2 asserts the existence of
g* € L (0, T]; HY(R) () LA([0,T]; BY(R®)),
and Theorerf 4]1 deduces
gl o,y ey + 19YlL2o1y; shceeyy < C1€%2 Tligollgp sy

forany O< T < +o0. Thus [4.3]3) is proven far = 1 with E = C1€%TlIgollyn sy -
Now we fixT > 0 and choose; > 0 small enough such that

(4.3.4) E= C1eCZT||go||Hp'(R6) <Cie%Tq = g

wheree is the constant in Theorejn #.1 and Theoferh 4.2.
Assuming now that

19"l o.73; Hveeyy + 19" Loqo 7 sh(esy) < E < €0,
then Theorenf 42 asserts the existence of
g™ e L°([0, T]; HY®R®) (1| L2(0, TL; B)'(R®),
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and from Theorerfi 4.1, we deduce
Ilg”*llle([o,T]; HY(RS) T ||gn+l||L2([0,T];B;“(R6)) B CleCZT“go“H[N(R‘?) <E.
Thus we have prove.3) for alle N, and ended the proof of Propositi4.5. O
Let us note the following Remark.

Remark 4.6. From ), we observe that the smallness of the initithéadepends on
the life time of solution T. That means that if we fix the sneslninitial data such that
€ = ;—gl we have to take B 0 small enough so thate’ < 2. Thus, it is impossible to
get global solution from here.

To conclude, by a standard weak compactness procedure, yextnact a subsequence
such that

g" — g e L¥([0, T]; H}'(R®)) weakly*,
g" - ge L([0,T]; BN(R®)) weakly,

hold for a limit functiong. Furthermore, by using equatidn (4]3.1) and Proposftignwe
see thatog"} is uniformly bounded i ([0, T]; H}“_‘ll), so that it is a compact set in

C'°(0. T.[; HYI"(QxRY).
Now we can take the limit in equatioh (4]3.1) and tltis a solution of Cauchy problem

(1)}

5. PosITivity AND UNIQUENESS OF THE SOLUTIONS

5.1. Non-negativity.

Theorem 5.1. Let N > 3,¢ > 3. There existsr > O such that if g € H)(R®) with
u+ ut?gy > 0, Igollnesy < e and g € L¥([0,T]; H)(R®)) is a solution of Cauchy
problem [L.p), then we haye+ 1*/?g > 0on [0, T] x RE.

Proof. By using the uniqueness of the solution for the above Cauoblylem, it is enough
to to prove the non-negativity of approximated solutionggiby Propositio.5 :

(5.1.1) f" = p+u'?g" > 0, neN,

which will be proved by induction. It is true far = 0, and we assume that it is true for
somen and prove now thaf{(5.1.1) will be true for+ 1.
From {4.3]1)f™! = 4 + u1/2g™1 is the solution of the following Cauchy problem :

(5.1.2) { Gt v . v, fml = Q(fn, £+

f™o = fo = u+u?go > 0
. Takg the ;:)orzwezfungti_o,ﬂ(S); 1(s7)? = 1s(s7) with s~ = min(s, 0}. Settingg(x, v) =
+ |X|* + |v|)~< and noticing that
d .
Bs(f"He(x.v) = (d—s ﬁ) (f™Hp(x,v) = min{f™, 0}¢(x, v) € L=([0, T]; LY(RS; L2(RJ)),
we have by [(5.1]2),
dgt fR 6 B(F™Hpdxdv= fR i Q(f", ™1y Bs(f™1)¢ dxdv

- f V- e (B )g)dxdv— f @1V - Vyd) B )pdxdy
RS R6
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where the first term on the right hand side is well defined byoféma[2.]l becausé”

belongs td_*([0, T] x R3; L}, N HZ3(R3)). Since the second term vanishes andV, ¢| <
C¢, we obtain

Efﬁ(f”’fl)(ﬁdxdvsf Q(f”,f“*l),BS(f“+1)¢dxdv+Cf,B(f”+1)¢dxdv
dt R6 RS6 R6
For the first term on the right hand side, we have

| Q. i yadxay

R6

— f f b(cose)(f*n’ fn+1’ _ f*nfn+l)ﬁs(fn+l)¢
Ry VR, %57

— f f b(COS@) f*n’(fnJrl’ _ fn+l)ﬁs(fn+l)¢
RSy JRY %57

+ f Bs(f™h Mg f b(coss)( " - )
Rgv R\%«XS(Zr

=1+11.
From (4.3B), we have, for anye N,

Il qomixeg; ety < 1+ 1T VH Qi o e ey
<1+ ”gn”Lw([O,T]XRi; L2(R3)) <1+E s

so that the cancellation lemma froﬂ [5] implies that
f b(cos@)(f*”' - f*n) = Cf f(t, x, V)AV < ClIF L o113 L1rgy) < Cs
R, xsZ R
while Bs(S)s = 28(s) implies that

i < cf B(E™Hpdxdv.
R6
On the other hand, by the convexity@&f

Bs(@)(b—-a) < p(b) - (@),
and sincef” > 0 by assumption, we get

I :f f b(cosb) f*n’(fn+1’ _ fn+l)ﬁ5(fn+l)¢
Rgv R\%*XS(Zr
< [ [, beosn (e - i)
Ry JRY, %87
< [ [, beosa(tp™) - f2p(r™ s
RSy JRE, x52
- [ [, bteospptemh(r - tr)s
Ry JRY, xS%
< f f b(coss) fB(F™)(¢' — ¢) + C f B(F™ ) pdxdv
Rgv R\%*XS(Zr R6

= |1+|2.
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Using Taylor’s formula for the first term

1
_ n n+1 _ . _
Iy = fo dr fR . fR s*xsgb(cose)f*ﬁ(f YV = V) - V(v +T(V = V).
Using

(5.1.3) vV -Vl = |v—v*|sin(g) <(V) (w)sin(%),

and withv, =v+1(V -Vv),0<7t<1,0<6<n/2,

) V2
V< Vel 1V =V < el 80 (5 )M+ V) < el + =M+ vl

then

(L+1X%+ V) < CL+ X2 + V)L + V),
which implies
(Vi)®

IVup(X, Vo)l < (1+ X2 + [Ve|?) ™% < C(x, V) -

we obtain
11l < CllF Moo, e iy fR A gdxdy
Again from ), we have, for anye N,
7l qo.yxes; i) < ||#l/2|||_g(R3) + ||#l/29n||Lw([o,T]xR§;Lé(Re)) <C(1+E).
Finally, we have obtained, for@t < T,

d f B pdxdv< C f A Dgdxdy B o = 0.
dt RS RS

Therefore, for < t < T, and by continuity,
f B(F™(t))p dxdv= 0
RS

which implies that,f™(t,x,v) > 0 for (t,x,v) € [0, T] x RS,, thus ending the proof of

Theoren{ 5]1. o

Remark 5.2. This theorem can be also extended in the strong singulaaite c
Indeed, writing

o= [, Beos) A (v -v) - Ty
RS, JRS xS2

} ! n n+1 2 v2 _
+3 fo dr fR fR - b(cosd) f1B(F™) (V' = v)? Vig(v+ (v - v)))

=l11+ l1o,

since we have
(V)8

V2p(X, Vol < (1+ X2 + Vo) < Cg(x.V) 7

it follows from(E.1.3)that

112 < C||fn|||_oo([o,T]xR§; LL(R3) Lsﬁ(fnﬁ)(pd)(dv
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On the other hand, setting= ~—= and writing

[v—v.]|
V—v= %w— Vil(o = (- K)k) + %((0’- k) — 1)(v—V.)

we have

l11 = :_ZL f f b(cost) f"B(f™1) (cost — 1)(v — v.) - Vy(V)
Ry JRI x85

because it follows by symmetry thﬁg; b(o - k)(o- = (o k)k)do- = 0. Therefore we have

11l < ClF s o, Tixr3; L) fﬁﬂ(fn+1)¢dxd\4
R
and the same conclusion as Theo@h 5.1 holds also in thegssiagularity case.

5.2. Uniqueness of solutions. We now prove Theore@.z To this end, we need a pre-
liminary preparation by the next two lemmas .
Sety(V, X) = (v, )2 = 1+ [vi2 + [x2 and
_w @M
S (v, X) L4 V2 + X2

.

Lemmab.3. LetN > 1| > 4. Then

. (0 Vvl, + \NI,—3Wé* : 0
W, — W sCsm(—) _ = o S|n"3(—)W’
| <p,| (p’|| 2 ( QD(V;, X) + 2 <p,|,*
(5.2.1) <C(OWW, 5. + 672w, ),
here W Wi and also simpl
where W, = m,an also simply
5.2.2 W W < Csin( @) MW WW,
2 —W. |<Csin[= - .
(5.2.2) Wi =Wl < (2) e(v,x) eV, %)
Proof. Fork > 0,a> 0, set
/lk
Fe() = ——.
k() A+a

Then fora € [1, o), we haveF/(4) > 0 if k > 1 andF, (1) > 0if k > 2. SinceF/(1) is
positive and increasing in [&) if k > 2, it follows from the mean value theorem that for
1,47 =1
[Fi(2) = Fi()l < Fr(a+ 12 = A'la - L.
Settingd = (V)2 2’ = (V)?, we have
IFk((W?) = F)?)| < Fi2(W? + IV = VIP)(2M + IV = VIV = V|
< 2kFi172(2(V)° + IV = V)V - V|
becaused — | < 2v— V|V + v — V|2 < V2 + 2)v — V|2 and VAF[(1) < KFi1/2(A).
Therefore, we obtain choosirg= |

-1y, _ V4 -V |
# W +Iv=Vv]2+a (W +[lv-Vv[2+a
i
(5.2.3) <G V= VIV (WD) + GV

W +V-VvPR+a
=1+1I.
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Note that(v)? < 2(v,)? + 2|v — v,|2. SinceF is increasing, we have

(V)2 + [V =V, |2

| <C v=V[(W)3
v (V)2 + V= Vo2 + |2
O\ W+ Wi_sWs,
< G sin[4) WL Weal.
<(sin > (,D(V*,X)
On the other hand
c V- V.| sin (%)
I <C
L+ (1= sir? (§))VI2 + 3 sin? (§) V.2 + |x2
o (VW + W
<Cisit?(5) ===
< sl 5 QD(V*, X)
Sincev andVv’ are symmetric, we get the first conclusion. The second is ay eanse-
quence of the first inequality of (5.2.3). 0
Lemmab.4. Letle N. If 0< s< 1/2, there exists C 0 such that
(5.2.4) (W QF. @) = QF. Wy @) 1),

< Cllfllis @ @y Wt 9llz@s) N2 s)-

Moreover, if I> 5 then

(5.2.5) (Wer Q. )= QU Wer @), ),
< CIIW, f|||_2(R6)||g||Lm(R§;L|2(R§))||h|||_2(R6)-
Proof. It follows from (6.2.2) that

(e @t 9=ttt 9. 1),

1 f f f f b g/ (W, — W) hdvd\édo-dx{
c f f f f b1l (W 1), [(Wig)'| 1Kl dvddordx
e f f f f bIAIOW f).1 (W,0)! | dvdvdordx

of [[[[ b 1o 111 ey @1Paveiucoax)*”

, 1/2
x(fff blel I(W f).| I'[? dvdv.dodx)

= CJ]_ X Jz.

IA

IA

Clearly, one has

F < CllFlls @iy We 9l g, f b(cost) 101 dor < ClIfllie gy IWe OlEz ey
S

Next, by the regular change of variables> v/, cf. [g, [L3], we have

3= [[[ Dotwviwity. i avavx
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where
) 0(V., V', )
Do(v, V) = st; co(6(V., V', 0)/2)
nd

/4
b(cosd(v,, V', o))do < C f 2 sing dy,
0

a
V -V,

A

cosy = o, Y=0/2, do = singdyde.

Thus,
35 < Cllf Il sy I oz
and this together with the estimate dngives [5.2.4).
We now provel(5.2]5) by usinf (5.3.1) instead|of (§.2.2). thiw purpose, we have

’((th,l Q(f’ g) - Q(f’ th,l g))’ h)LZ(RG)

c{ ([ o1 0oy (g1 i cvetucio
+ fff b6 |(W,, )] Ig'] [h] dvdmdadx}

= Ml + Mo.

The estimation oM can be obtained by the similar method used to prpve (5.2 Bpx
for thex variable. Indeed,

mo<c [( [[[ periona . iw giavduds
x( f f bl (W, T). V2 dvdude) “dx

SC||9||L°°(R§;LIZ(R§))f”wtp,?:f||L1(]R§)”h“LZ(]R§)dX

12 12
< ClgllL= g2 ( f IW,.5 f”iZ(Rg)dX) ( f ||h||L2(R§)dX)

< ClWes fllz(es) 191l 323y 1N L2ze)-

IA

)1/2

M5 can be estimated as follows. Firstly, we have

2
M3 =C? (fff b6l ~2|(W, F).llgl W] dvdmdadx)
<C? f f f bl6'-2 2 |glI(W,,, ). [2dvdv.dodx
X f f f bl6]'-2*3|g|Ih[2dvdv.dodx

=M2,1 X szz.
Then, ifl -2—- 3 —2s— 1> -1, thatis| > 2s+ £ + 2, we have
Mo < Cliglii e eey We FIiZ2 e

On the other hand, foM,, we need to apply the singular change of variabes» V.
The Jacobian of this transform is

526 M-8 _ 8 _ 4
- v ‘|_k®g| 1-k-ol  sinf(6/2)

< 16972, 9€0,7/2].
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Notice that this gives rise to an additional singularityhe ingled around 0. Actually, the
situation is even worse in the following sense. Recall ¢hatno longer a legitimate polar
angle. In this case, the best choice of the polk’is= (V' —V)/|v' —V| for which polar angle
v defined by cog = k” - o satisfies (cf. [[B, Fig. 1])

n—6

. T
W= — do = sinydydg, Ve [4_1’ E]'

This measure does not cancel any of the singularityfodsd), unlike the case in the usual
polar coordinates. Nevertheless, this singular changaridibies yields

My = cffffb|9|'+%|(g)| IN'? dvdv.dodx
<cC f f f Di(v, V)I(@)l I Pvavdx

whenl - 2> 3 + 2sbecause

T/ 2
Ve
(_

Di(v,V) = f ¢-2*32p(cosf)do < C — ) Te2i2gy < C
SZ

/a2
Therefore,
Moz < Cligls e @eylIEogze.
Now the proof of 1) is completed by using the embeddsigreate forl > g

9@z < Cligllzs)-

Proof of Theorem Q: SetF = f; — f,. Then we have

(5.2.7) { Etl:ov:- XXF = Q(f1, F) + Q(F. ).

LetS(r) € CJ(R) satisfy 0< S < 1 and
S(r)=1, |r|<1l; S(r)=0, 1| =2
SetSn(Dy) = S(272N|Dy/?) and multiply W,,;Sn(Dx)?W,, F by (5.2.]). Integrating and
letting N — oo, we have
(528 3 SIWFOIe = (Wer QU F) + Wy QFF: ), W)
— (V- V(g YWIF, W F)Lo(re).

because\- VyxSn(Dx)W,,iF, Sn(Dx)W,,1F)2®s) = 0. The second term on the right hand
sidehis estimated bW, F||ﬁ2(R6). Sincef; > 0, it follows from the coercivity of-(Q(f1, 9), 9),
we have

L2(RS)

(Q(f1, W, F), W, iF)
By Lemmal[5J4, we have
(Wer Q(f1, F) = Q(f1, Wy F)), W F)

< Cllfuli s ey e F e,

2
L2(r5) < C” fl(t)||L°"(R§; Ll(R\:}’))”th,l F(t)”LZ(JRSiV)'

L2(RS)
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and
(W1 QF, £2) - QF, Wi T2)), W)
<C| f2||L°°(R§;LIZ(R§))”th,IF”ﬁz(Rs) .
Finally, forl > 3/2 + 2s+ 2, we have
(QUF. Wy ), WiF)

L2(RS)

< ClIQ(F, Wo,1 f2)llL2@mey Wit F ()l L2(gs)

L2(R®)
Ftx,- %
< ClIW FOll2ges) ( fR . ||%uﬁw)n— fat X s (a9

¢
< CIWF @)1 | 2Ol e; H2s, 3

14+2s\7V

1/2

becauséx)? < W2 and(x)?/¢ is a bounded operator d#?s uniformly with respect to
X. Thus, we have, forany@t < T

d
GtV FOIEz sy

< C(Ifullomgompees; iy + M fellisgo pces; vz ) W F ()

1+2s
Therefore|[W,,iF(0)ll 2wsy = O implies||W,, F ()|l 2zs) = O for allt € [0, T[.
The uniqueness af in Theoren{ 1]1 is a direct consequence of Thedrefn 1.2 because

go € H¥ andg € L*(J0, T[xHY) with k, £ > 3 imply fo = u + yugo € L*(R; HZ) and
f = pu+ g € L¥(]0, T[XR3; H2) for anym, respectively, because> 3/2 + 2s.

6. FULL REGULARITY OF SOLUTIONS

6.1. Initialization. We now prove the smoothnesext of Cauchy problem for the non-
cut of Boltzmann equation.

Theorem 6.1. Assume thad < s < 1/2. There exists; > 0 such that if g € H3(R®)
with  + ?go > 0, ligollg(esy < € @nd ge L=([0, T]; H3(R®)) is a solution of Cauchy
problem [L.p), then we haveggC*(]0, T[xR5).

We recall thatHX(R/, ), H5(RSE ) and HX(RZ) denote the Sobolev space with weight
w.r.t. variablev. The regularity result is local in space and time, and thusdmvenience,
we define the following local version of weighted Sobolevcgd=or 0< T; < T < +o0,
and any given open domaéd c R, define

HO( Ty, TAxQxRY) = {f € D'(Ty. T xQxR);
ey € H'R'), Yo e CF(T1, Ta), ¥ € CF(Q) ).
The main result of|]9] is following :

Theorem 6.2. Assume thaD < s < 1, 0 < Ty < Ty < +00, Q C R is an open
domain. Let f be a non-negative solution of the Boltzmanratou ) satisfying

f e HX(T1, To[xQ x RY) for all £ € N. Furthermore, if f satisfies the non-vacuum
condition

(6.1.1) 1% sy > O,
for all (t, X) €]T1, T2[xQ, then we have
f e H°(T1, To[xQx R3) c C*™(| Ty, To[xQ x RE),
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forany¢ e N.

Using Theorenf 4]3 and Theordm|5.1, under the assumptionesfr&h{ 6.]1, the unique
solution of the Cauchy problerfi (1..9) satisfies

9o, 73 ey < €0, K+ VG2 0.

Thenf = u+ g > 0is a solution of Boltzmann equation (L.1). On the other hared
chooses > 0 small enough such that

Il Vi Ol o yxrs: L2rgy) < ClIdllLs (o, T1; H2(eesy) < Ceo < 1

whereC is the Sobolev constant of the embeddit§(R3) c L*(R3). Then for any{, x) €
10, T[xRZ,

©12) [ fexvdv=1+ [ VEGExVV> 1= NGl -mpeiien > O
R3 RY

so thatf = u + iz g satisfies the conditiof (6.3.1).
By using equation[(1].1) and Remdrk]4.4, we have also, forfaay, any 0< T; <

T, < T, and any bounded open dom&inc R?,
f=u+ Vuge HX(T1, To[xQx R).

At this point, note that we cannot apply directly Theo@, BifAce in our case, the
initially assumed regularity of is only H3(] T, T2[xQ x R3).

Thus we prove here the following improved version of Theo@) and therefore fin-
ished the proof of Theorefn §.1.

Theorem 6.3. Under the assumption of Theor¢m] 6.1, we have, forGaryT; < T, < T
and any bounded open domanc R2,

f=u+ VEge H>(T1, To[xQ x R).
forall € e N.

The proof of this Theorem is similar and in fact easier thaat tf Theoren] 6]2 in[f9].

In fact, since we have

g"—> g
by mollifying the initial data and using the uniqueness diison, we do not need at all
to mollify the solution as in[||9]. We just need to prove theréop estimates for smooth
solution.

To make the paper self-contained, we give a proof here buaigusie notations and
results of [p]. We recall that we are in Maxwellian case anttmeingularity of kernel
O<s<1/2.

Here and belowp denotes a cutbfunction satisfyings € C3" and 0< ¢ < 1. Notation
¢1 CC ¢, stands for two cutlh functions such thap, = 1 on the support af;.

Take the smooth cufbfunctionsy, ¢z, ¢z € CP(1T1, T2[) andy, v, y3 € C5'(Q) such
that(p CC @2 CC o3 andzp CC Yo CC Y3. Set fl = (p(t)lﬁ(X)f, fz = (pz(t)lﬁz(X)f and
f3 = pa(t)ya(X) f. Fora € N8, |o| < 3, define

9= 5 (eOv()f) € L*(To, T2l; LER®).
Then the Leibniz formula yields the following equation :
(6.1.3) G +V-0g=Qf2, 9 +G, (t,xV)eR’,
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where
(6.1.4) G

CorQ(a™ fa, 0°211)
ar+az=a, 1<|a;|
(e (O +V - Y(e® ) +[07, V- (W)
(A) +(B) + (C).
Then we can tak#v? g as a test function for equation ¢f (6]1.3). It follows by itation
by parts orR” = R} x RS x R3 that

(6.1.5) 0= (W Q(f2.9). W' g)

+

e * (G.Ww¥g)

which is enough to get the required initial regularity.

L2(R7)’

6.2. Gain of regularity in v.

Proposition 6.4. Under the assumption of Theor@ 6.1, for@ny T, < T, < T and any
bounded open domaid c R2, one has,

(6.2.1) ASti € LA Ry; H2(R)),
foranyl € N, where { = o(t)y(x)f with ¢ € C3(]T1, T2[), ¥ € C*(Q).
Proof. Firstly, the local positive lower bounfl (6.]..2) impliestha

inf fa(t, X, - =co > 0.
(t,x)eSuppWSupppl” 20t % lLaes)

Thus, the coercivity estimatp (2.]L.1) gives
_ __ ¢
(Qf2. W'g). Wg),,,.., ft Supp fx Supp, (Q(f2. W'g). W'g),,, ., dxdt

> [ (Colw ot My = Ol X oW 0 X i e

> Col AJW' 0lE2(gy = CTlallio e, Lieapl W' Gl o.1y: 2gesy:
since
If2lle e sy < Cllfallisgory n3zesy):

and

W glif..
Hence, we get, for> 3/2,
(622) ”A\?W[ g||EZ(R7) S C”fZ”Em([O,T]; H?(Re)) + |(G7 W2€ g)LZ(R7)|

+HW Q(f2,9) - Qfz. W' @), W' g)z¢e1
By applying Lemm2, we have
(W Q2. ) - QUf. Wa)). W), .

< CTlall o 1 me2 @ep 1l o.1y; 2oy 192 ey

ClIfylf?

(0.7 L2(R8)) = L=(0.T]; H3(25))"

2 2
< CTN 2l o,ry; ez eopll Ll o1y maey-

For the second term iff (6.2.2), we shall prove the followikegne: for 0 < s < 1/2, one
has

(6.2.3) '(G, W g)

ey < CllITsllmqoy; ke + 12l oy e IATW! Bllieey, -
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In fact, for the term in[(6.1]4), it is easy to get

B zqery + IOME 2y < CTU I o1y 12 ey

For the term ), recall thata; + a2 = a, |a| < 3 and|ay| < 2. In the following, we will

apply Theorel witln = —s. We separate the discussion into two cases.
Casel. If |ay| = 1, we have

@ o 2
fR‘ R§||Q(6 Ha, 0 )6 X Iy dXCIE
103 2 o 2
C L 1 fR : [|09 fa(t, X, ')||L%+ZS(R3)”6 2fy(t, X, ')”HZZS(Rs)dth

a1 2 @2 )12
C“a f2|| m(Réx; L}+25(R\3/)) jl; \[l;i ”6 fl(t, X’ )||H[S+ZS(R\3/)dth

2 2
< CTIRIG go.1y; mp sy 1Tl oy ey

Case 2. If |ay| > 2, then|asy| < 1, it follows that

(0%} . 2 2 . 2
jl;t Lz ”a f2(t7 X, )||L%+ZS(R§)”6 fl(ta X, )||H|S+ZS(R§)dth

2 v 2
C”a“z fl” w(Rﬁx;Hs (Rg)) \L;t \L;i ”aal fz(t, X, -)”LZ (Rg)dxdt

1+2s’ 1+3/2+6+2s
2 2
CT||fl”L°°([O,T]; H1+3/2+E(R6))||f2||Lo<7([0yT]; H?+3(]R6))'

+2s

By combining these two cases, we have proved
(. wq)

IA

IA

A

IA

IA

2 2 S
L2(R7) < CT(”fZ”L”([O,T]; HZ, (R) * ”f2”|-”°([0,T]: Hf+3(R6))”AV\N[ g”'-z(Rva))'

Therefore, we have proved
4
AW g2y < C(1+ I Fallimo.1y sy
The proof of Propositiofi 64 is completed. O

6.3. Gain of regularity in x. First of all, let us consider a transport equation in the form
of

(6.3.1) fo+v-Vyf = ge D' R™M™Y),

where ¢, x,v) € R#*™1 = R2+1 | [}], by using a generalized uncertainty principle, we
proved the following hypo-elliptic estimate.

Lemma 6.5. Assume that g H~S(R>™1), for some0 < s < 1. Let f € L2(R*™?) be
a weak solution of the transport equatidn (6]3.1), such thaf € LZ(R?™1) for some
0 < s< 1. Then it follows that

A§1—g)/(s+1)f c L%g(R2n+1)’ Ats(l—s')/(s+1)f € L2 . (RZ™Y),

St1 s+l

whereA, = (1 +|D.]?)Y2.

We recall a Leibniz type formula for fractional derivativeith respect to variable
(see [19] ). Let O< A < 1. Then there exists a positive const@nt# 0 such that

(6.3.2) IDJ'Q(f, g) = QUDLI'f, g)+ Q(f, IDuI'g)
C h=31Q(f dh
+ Ajﬂ;l [""Q(fh, gn)dh,
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with
_ 3
fa(t, x,v) = f(t, x,v) — f(t, X+ h,v), heR;.

We have the following proposition on the gain of regularitythe variablex through the
above uncertainty principle.

Proposition 6.6. Under the hypothesis of Theor¢m|6.1, one has
(6.3.3) A f1 € L3Ry, H2(R®)),

foranyf e Nand0 < s = S((;:ls)).

Proof. In fact, for any € N, it follows from Propositiotf 6]4 that
ASW'g e LAR).
Then the upper bound estimation given by Thoferh 2.1 with —simplies that
WQ(f2, g) € L*(R{y; HT3(RY)).
On the other hand[ (6.2.3) gives
WG € LA (R{,; H3(R3)).
By using equation[(6.1.3), it follows that

(6.3.4) H(WG) +V - 9x(Wig) = WQ(f2. @) + WG € H™(R).
Finally, by using Lemm§ 6]5 witl¥' = s, we can concludd (6.3.3) and this completes the
proof of the proposition. O

Therefore, under the hypothesis L*([0, T]; H3(R®)) for all £ € N, it follows that for
any{ € N we have

(6.35)  ANe®v(x)f) € LRy HIR®),  AP(e(w(0)f) € L2 Ry HF(R®).
We now try to improve this partial regularity kvariable.

Proposition 6.7. Let0 < A < 1and f e L*([0, T]; H3(R®)) be a solution of the equation
@). Suppose that, for afle N and for any cutgf functionsy, ¥, we have

(6.3.6) Adey(F) e HIR'),  Afe®u(x)f) € HIR).
Then, one has
(6.3.7) IAAL (e (X) )l 2, rees)) < Cllfllsqory; v2 ey

X (1AW Dz + IAK O Dllgz_ er)
for any¢ € N and any cutgf functionsy, .

Remark 6.8. We can replace, in the left hand side ®£3.7) the factorl Il «o.1; 13 (=)
by||(<p(t)w(x)f)||H(3+a-(R7) for somes > 0. We have to use this point when we shall prove the

regularization from H*(R’) to H>(R').

Proof. Setg = 8%, (p(t)y(X)f) anda € NE, ja| < 3. We choos&V’ |Dy|* y2(x) [Dx* W' g
as a test function for equatiop (6J1.3). Then

(6.3.8) ((v - Bx2(0)IDL W g, w29 D' W) ,
:(WZ(X) |DX|/l W[ Q( f2’ g)’ lﬁz(x) |DX|/l WZ g)LZ(R7)
+ (w200 IDA' W' G, 92(X) DX W' g)

L2(R7)’
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We have that

(v - Bra()IDH W g, y2(x) DI W g)

< CII A (0w () llz @y »

and the same estimation for the linear ternGah (6.1.4)

L2(R7)

(201D W (B) + (). ¥2() 1Dt W' )

L] < CIA" (OUOI Dz e -

For the nonlinear terms & in (f.1.4), we shall use the Leibniz formufa (6]3.2). Firkt o
all, the coercivity estimatg (2.3.1) gives, as[in (§.2.2),

~(Q(f2, w2(IDIHW @), YDA W Q) , ..

> Coll AW 200 DX W GlIE2 57y = CTIallLe s, L syl 02(X) DX W GllEw o 1. Loasy -

On the other hand, the upper estimate of Thedrefn 2.1with-s gives,

(QUDA 2. w2 (W' ). wa(QID'W' g),, .
CllIDK fallises, L1 ray 12 AW G2 ey Il 2(X) DX AW g2y
Cll f2|||_oo([()y'|']; Hgg:;;;(RS))HlI/Z(X)ASW[ g||L§S(R7)”';02(X)| DX|AA\?W[ g||L2(R7)

Slly2(IDK AW gl sy + Coll allf

IN A

IA

SH|12
(o1, Hieep VAl ey

For the cross term coming from the decompositfon (p.3.2)using again Theoref 3.1
with m= —s, we get

[ W@, wIDa W g)

< Callly2(QIDL ASW gl 2z
[l e,y AT il
< Sl (X)IDL AW g

LZ(R7)d h‘

+ Cyll f2lI?

2 SH[12
LZ(R7) m([O!T]; HS(Re))||A"g”L?+ZS(R7)'

Hence, we have

(1D Q2. w209W' 6) — QUK o, Wa(IW' @), w2(X)ID,'W g)
< Slp2(Q)IDIASW gIIZ, 7y + Coll Fall?

L2(R7)
2 SH[12

L2(e) =qory; sy IOz ey
In conclusion, we get

2 (X)IDX AW gllE 7y

2 2 2

< ClIf2lR oy, mageoy (I IDXGIE:_ory +IASEIR: (o)

+ | (W Q(f2r 9) - Q2. W' Q). ¥3(IDA'W ),
A 2 a1

+ ‘(le| W[ (A)’ 'ﬁz(x)|Dx| W[g)LZ(R7)

() + (1) + (1) .
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For the term (1), again, formulg (6.3.2) yields,
(IDA (W Q(f2. @) - Q(f2. Wg)). w3(9IDI'W g) ,
= (W Q(Dxl*f2. ) — QUDL fo. W' ). w3(X)ID'W' g)
+H(WQ(fz, IDu'g) ~ Q2. W IDAI'G)). w3(9IDU'W ),

+Cy fR (W QUfahe gh) = QU(F)n. W grn)). w5(¥IDA'W @) , . dh

L2[R7)

L2(R7)

Since 0< s< 1/2, Lemmd 3 implies

(W QUK 2, @) ~ QDL f2, WE @), w3(¥IDAW )

< Cll DK fallLo ey, . Lieapllgllieges, . L2yl 1D gl

L2(R7)

<CJ f2|||_m([0!'|']; Hfﬁ;é‘:f(R‘s))”ng—?(Rs)” |DX|AgHL§(R7),
and

(W Q(fo, 1D'g) - Q(fa, W ID,H'g)), w3(9IDAW g)

< Clifallioes,, Li@ep DX Dllzs, . eyl 1D gl

L2(R)

< Cllf2ll e oy meszzee oy 1D 'Oz sy

For the cross term,

[, QU 90~ QT WE ). U309IDAWFg) , aH

< Cllf2lle oy meszzveceoy 19llze) | 1D Gl ze)-

L2(R7)

Thus, we have
(1) < Clifallis o1y 1, op DXl Al s -

We now consider the last term (l11). Recall th&{) (stands for the nonlinear terms from
G

A= > cuQmf 6f).

ar1+az=a a;#0
We have
(D4 (QU™ f2, 67 12)), W' y2()IDA* W' )
< ClIASY1(XIDX W' glliz(rryX
X {”Q(lDt,Xl/]aal fZ’ aaz fl)”LZ(]Rﬁx;H;S(R\%)) + ”Q(aa1 f2, |DX|/18(12 fl)”LZ(Rf_X;HES(R\%))

+ f h=3-1Q(6"* (f2)ns 502(f1)h)dh”L2(R;‘x-Hm (R&))}'

X0 ly/2

L2(R7)

We divide the discussion into two cases.
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Casel. |a| = 1 (thenjay| < 2). Applying (2.1.R) withm = —s. We have
|Q(IDA 0 12, 572 11)

L2(REH, &)

< Cll A" follizey (L aie,, @l AVO™ fills @ L2 o))

+2s

< C||A f2||H1+3/2+5 (R7)“AVlethjzléz*‘(RU’

(+3/2+e+2s

|Q( 2, 1D 1)

L2(R{H;S(RS))
< ClIO™ fall o e 1, oyl ASARO™ Falliz (e

(+25

< . S
< CllPllee goumy wize eep IV full ),

and

| [t =(ran)an

<C f =0 0 ()l s Lt eyl AV (FOllLz, ey dh
< Cll0™ fall o (ga 12 Z(Rg))”/\Sa *Vxfalliz, ey

L2(REGH, &)

< C”f”Lm([o,T]; H1+3/2+e (Rfs))”A f1||H

(+3/2+€+2s

Case 2. || > 2. By the same argument as above, one has

|Q(IDx" 5 F2, 07212) + Q0 2. IDx'5 1)

72 ®7) ¢

L2(RE,H, &) L2(REGH(RS)

A
< ClIfllegormy ezzre oy (183 Fallug ) + 1AL Fallg ) -

When|a1] = 2, we have

”f hisﬁlQ aal(fZ)h’ aaz(fl)h)dh

L2(RE H &)

@l AV (FOnllL2(e; (Lo e L2, meyy AN

Z+Zs (+25

<c f I3 0% (E2 )l s e
< C” anal fz”Loo(Rt (L2(R3; L
< Cliflle o,y 1

while when|a4| = |a| = 3, we have

“f h737/1Q aa(fZ)h, (fl)h)dh

<C f IS0 (ool e,

<Cllo* f2|||_2(R4 Lt (RS))”A V><f1|||_oo(]1§‘X L2, (R9)
< CIfIE

@Il AVO™ Fullo(ey; (s L2, @)

(+25

(+3/2+<+25(R6))|| A f]-”Ht ZS(R7)’

L2(REGH, (&)

LI AVl a2, e d

m([o T] H[+3/2+5+25(R ))
Thus, by Cauchy Schwarz inequality, we obtain

(1) < SlIAZ YA (DX W glIEs 57y + Call I NG oy + IAKFLIE

=(0,T]; H?+3(R6))( HP,55(®7)

Finally, we get

1AW (QIDK W gz 57 < CollFIIE (IASFalZ: gy + IIAK a1

< ([0.T]; HF, 5(R9) H7 2 ®7) HE, (R7))

Therefore, we have completed the proof of Propos.1 6.7.

H2. (R7))'
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We are now ready to prove the following regularity result be solution with respect
to thex variable.
Proposition 6.9. Under the hypothesis of Theor¢m|6.1, one has
(6.3.9) A (pOu(x)f) € HER),
forany¢ € N and some > 0.
Proof. By fixing s = S((Slgls)), then [6.3) and Propositipn p.7 with= s imply
A ARG € HYR).

It follows that,
(ARG +V - 0x(ARG) = ARQ(F2, 9) + ARG € H;%(R).

By applying Lemm@S witls' = s, we can deduce that

AZT=(p(Op()f) € HFR),
for any¢ € N. If 25 < 1, using again Propositidn §.7 with= 2s, and Lemm4 6]5 with
s = s, we have

AU () ), A2 () € HIRT) = AR (pOw(x)f) € HFR).
Choosekg € N such that
koso<1, (k+Dsp=1+e>1

Finally, (6.3.p) follows from Propositioh §.7 with = ko by induction. And this com-
pletes the proof of the propositipn p.9. 0

6.4. High order regularity. In this subsection, we give the proof of Theor@ 6.3 using
the above preparations. From Proposifioh 6.4, Propogt@and equatiorf (1.1), it follows
that for any/ € N,
(6.4.1) A3 (w0, Vx (@t ()f) € HAR).

These facts will be used to get the high order regularity wegpect to the variabhke

Proposition 6.10. LetO < A < 1. Suppose that, for any cyféunctionsp € C3’(]T1, T2[), ¥ €
Cy(@)andallf e N,

(6.4.2) AG (eOPOI), V(@) € HAR).
Then, for any cutgfunction and any € N,
(6.4.3) A (ey () f) € HAR).

We chooséV! A21 W/ g as a test function for equatiop (6]1.3). The proof is sirritar
that of Proposition 6/ 7. The onlyfiierence is in the estimation of the linear commutators
terms

(1A% V] - 8 W' g, AJW )

P
L2(R7) < ClIAY g”Lf(R7)”VX g”l_;(]ly),

since
[AL, V] - 0x = AALT20, - 0y,
andA{24, are bounded operators irf. This is the reason why we prove in the first step
the regularity of order 1 with respect 1o
Exactly as Propositioh 6.3.9, we can get

(6.4.4) AV () ) € HYR),
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forany{ € N and some > 0.
In conclusion, we have proved that there exists O such that for any € N, and any
cutoff functionsep(t) andy(X),

e € HFR).
Using Remarl@s, the proof of
fe HI (T TAXQXRY), Ve N = fe H (T, T[xQx R3), V£ eN.
is easier and therefore omitted, ending the proof of The@n

7. GLOBAL EXISTENCE

We shall establish a global energy estimate for the Caucbplem ). Below,
generic constants will be dropped out from the estimatekgssressential, in order for
the inequality to have a simpler appearance.

7.1. Macroscopic Energy Estimate. As in [B1,[32], we introduce the macro-micro de-
composition near an absolute Maxwelljan

(7.1.1) g=Pg+ (1 -P)g=01+02 Pg=g1=(a+b-v+cv)u?
which reduces|(1].9) to

6t{a+b VA4 C|V|2},ul/2 V- Vx{a +b-v+ |v|20};11/2

= —(0t + V- Vx)02 + Lg2 + (9, 9).

Using

V- be- V= ZViVjaibj = Zvizaibi + ZViVj(aibj + ajbi)

i i i>]

we deduce

0] Vi|v2ut/? ViC = —0Oifc+ e+ he,

(II) Vizyl/2 . OiC + 6ibi = =0 + Ii + hi,
(7.1.2) (iii) ViVj/vtl/2 . aibj + (3jbi = —6trij + |ij + hij, i # j,

(iV) Vi/vt]'/2 . 6tbi +dja = —0pi + |bi + hbi,

(v) w2 da = —0ifa+la+ha,
where

r= (92, e)Lé’ | = _(V - VxG2 + Lo, e)L\Z/’ h= (F(g’ g)’ e)LZ(]Ré)’

stand forrg, - - - , hg, while

e € spanvi V22, Vet ? vivipt? vipt?, i),
Lemma7.l. Letd” = 6%, @ € N3 o] < mm> 3. Then,
(7.1.3) 10" (a, b, C)2|||_2(]R§) < |IVx(a,b, C)||Hw1(R§)||(& b, C)||Hrw1(R§)-
Proof. Letk = |a].

(k=0) II(a b, )l < ll(@ b, O)llsezll(@ b, O)lls@z < IVx(@, b, O)llz@zll(@. b, O)llkes)-
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because

bl 23y < alluogesIDllisges) < V@l 1P s D120 < V@l IPllzes)-

(k=1)  [I6(a b, 0)l2e < ll(a b, c)d(a, b, O)ll zez < 1A, b, O)ll =) IVx(@ b, Ol 23
< lI(& b, O)llym1z3) IVx(@, b, O)ll 2(r3)-

k22) 162 b0Vl < . 19 (a b, 3™ (a b, Ol

k<X
< 185 (8 b, Ol I8 (8 b, O)leqegy < CIIA, b, O)lhm- sz V(@ b, O)llo-se)-
]

Lemma7.2. (Estimateofr,I,h).
Leto” = 05, 0i = dx, lal < N—-1,N > 3.

(7.1.4) ||aiaa|'|||_2(R§) + ||aw||||_§ < ||92||HN(R§,|_2(R§)) = A
(7.1.5) 10Nl 23y < V(@ b, C)lln-2gz)ll(@, b, ©)llyn-1r3)

+11(a b, O)llyn-1eg)G2llin-1(rz, L2ry) + ||92||aN71(R§! L2y = Ao

Proof. (7.1.3) follows from
16i0°T 23y < 11(0i0" G2, €)2(r)llLoz3) < 110107 Qall 2(ze, s
and
0%z < I(Vx0" G2, VE) 2(r3) + (002, L7€)12(r3)llL2(r3) < 10%02ll1ze, 2(r2))-

We prove [7.1]5) as follows
n= f f f b(cost)u’*(g.g’ - g.g)edvdvde

=fffb(cose)gg*((pl/z);e’—pi/ze)dvdvkdo-
= [ [ [ oteostyut gy 2q. (atv) - aa)aveiue

2

2
= 0(g,0)= ) ©(gi.gj) = y, oV,

ij=1 i.j=1
whereq = q(v) is some polynomial o¥. Firstly, we have
o) ~ (a,b, )’ (¥, i),

where
(7.1.6) wi(v) = 12pj(v), p;j(v) € sparl,v,v? (collision invariants)
Clearly,|® (4, ¥«)| < oo, so that by virtue of Lemm@.l,

16"Vl zg3) < 11078, b, €)lLzges) < 19x(@ B, Ollyn-zzlI(@ B, Ollpin-ieg).
On the other hand,

I0(9, Fllzesy < el ezl Fllzesiesy < I9ame ) il
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which yields forja| < N -1,
16"l 2g3) < 1107 (8, b, ©)llLzgesy10° Gallzqes,y < 1@ B, Ol IGlln-es L2y
16 ©P | org) < 1107 Galliz(es, )10 (@ b, O)llzgeg) < IG2llin-sqes.zqeali(@ B ©)llkn sz
16 DN oqesy < 107Gl oges ) < 1920En s e 2y

Now the proof of 5) is completed.

Lemma 7.3. (Macro-energy estimate) Let|a| < N — 1.

d
(7L7) IV @b Ol < ~ {0 1V40"(@. b Oz + (07D, Vad"@)zey)|

L2RS) =
+ Cllgelnes L2ezy) + D161
where
(7.1.8) D1 = [1Vx(@ b, O)lF sgagy + 192lFines 12z

is a dissipation rate and

(7.1.9) &1 = 1@, b. O)lifn sy + 1920w 13 1 2gesy = 19w 163 2

is a temporal energy functional.

Proof. (a) Estimate oV,d?a. Let Ay, A; be as in Lemm@ 7.2. Frorh (7.]1.2) (iv),
”anaa” = (anaa, anaa)LZ(Ri)
= (0°(~0tb — At + 1+ h), V40" @) 2z
< Ry + C, (A + A2) + 1|V al|

2
L2(B)

2
L2(RS)

Rl = —(8a6tb + (9‘16tr, anaa)Lz(Rg)

d
=~ (0"(0+ 1), Vad"B)iageg) + (V" (04 1) " Bz

d
< =5 (0" 0+ 1), V9" @) 2z + CyIV30" Dl eg) + AD + 100"l )
(b) Estimate oWV,d*b. From (7.1.p) (iii) and (ii),
Axa”bi + (3i2(3“bi = Zaja”(ajbi + aibj) + aia"(zaibi — Z 6ibj)

j# j#i
= 8;0%(—0 +1 +h),
V3B, g3y + 110°DIE g3y = ~(Axd"bi + 07Dy, 37D) 2(p) = Re + Re + R,

where

d
Re = ("1, 90" D)ages) = (071, 90" D)uagesy + (B19°T. 6Dz

d
< 5071 0i9D) 2z + CoAL + 1o Bllfy sy

Rs = ~(9°1,3i0D) 2(e3) < CyAL + 110" Il s,

Ry = —(9"h, 3i0"0) ozg) < CAG +ll0i0"DIE, s
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(c) Estimate ov,a®c. From (7.2P) (i),
9,06, 2y = (Vad"C. Vs O)pzgesy = (0 (=011 + 1 + ). Vo) ze
< Rs + Cy(AZ + A) +11llVx0"Clif )

d
Rs = —(6"6tr, anaC)Lz(]Rﬁ) = —d—t((?”r, anaC)Lz(]Rﬁ) + (an"r, 6taaC)|_2(R§)

d
< =501 Va0 O zag) + CoAL + Il g
(d) Estimate 0b;0%(a, b, ¢).
(7.1.10)  [10:0"(& b, Ollzzg) = 19" 0P AlLerg,)

= 0"P( - V- Vg - Lg+T(9.9))llzes,)

= 10“P(V- VxQ)ll2(zs,) < IVx0*(@ b, Q)ll2(rz) + [IVx0* G2l 2zs, -
Combining all the above estimates and taking 0 suficiently small, we deduce

d
(7-1-11) ||ana(aa b, C)”EZ(Ri) < _d_t{(aar’ ana(a’ b, C))LZ(]Rﬁ) + (‘Wb’ anaa)LZ(Rﬁ)}
+ A+ A+ IV Gl
Now we choosér| < N — 1. Using Lemma2),
AL+ A+ IV Gl s ) < D181 + G2l 2oy

which completes the proof of Lemnja 7]1.7. o

7.2. Microscopic Energy Estimate. We shall use Lemmia 4.6 and Propositjor] 3.5.
Step 1. Leta € N3, o] < N, and apphp® = 42 to (1.9),

(7.2.1) 0i(0°9) + V- Vx(0"9) + L(9"9) = 9°T(9, 9),
and take th&.2(RS ) inner product withy®g. By Lemma[2.p

1d ., .2
(7.2.2) S il Gl g, + D1 < 3

whereD; is a dissipation rate

— @ 2 _ @ 2
D; = fR 16" GalIPdx = 110Gl ey

andJ is given by

2
3= (T(9 0), "oy = (9T (Gir G)): 9" G)1oesy

=1
2
= ) a0,

ij=1
with
g=Pg+(I-P)g=01+0.
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First, consided®. We have, withy in (7.1.§),
(7.2.3) O] <110°T (g1, 90)llzes) 10 GallLzgeo)
< 116" T(G1. G0l e 10 GallLzgesy
16°T (g1, G)llizgy ~ 0% (8, b, C)2IT (W, vl 2(e),

ORI f ( f f (OS2, ~ ()unddv.do) dv

= [l [ [ tcosau.i(pi).pi - (py)-pucvdr) v < oo
Consequently, by virtue of Lemn@?.l,
134 < 116% (8, b, ©) Iz 10° GallL2(ee)
< [IVx(@, b, O)llun-23)ll(@, b, ©)llin-1(r3) 182l v re L2(r2)
< 112 b, Ollnosey (1Vx(8 b, ey + Gy )
On the other hand, using Proposit@ 3.5,
1392 < llgallny oy llglllgyeey I gallgyes)
< Cli(a, b, O)llynges) M2l ee)s
138 < lIgallyy oy llglllgyee) lIgallgyes)
< C||92||H3'(R6)||(a, b, C)||HN(R§) |||92|||3Q(R6),
13%2) < lIgalliyy oy lIGalll gy ey 1ol g sy
< Cligally(esy 11921150 e
Taking the summation 0.2) for] < N, N > 3, we may conclude to get
Lemma7.4. Let N> 3. Then,

d 2 2 1/2
(724) a”g”HN(Ri,LZ(Ré)) + |||6a92|||88(R6) < DZSZ s
where

Do = [IVx(8 b, Ol sgag) + 1925 ey

&2 = 9 nes 2wy = 1@ D O ges) + 19205 s 2gesy-

Step 2. Let

=97, 1<ldl<N, N>3
and applyW‘9° to (L.9). We have, witly = Pg + (I - P)g = g1 + G2,
(7.2.5) H(WEAg) + v - Vi (Wa%g) + L(WHg) = S1 + So,

where

S1 = W'é°T(g, g)
S, = [£, W(8°9).
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Take theL?(RS, ) inner product withV/6°g to deduce

1d
(7.2.6) > gV 0" lEzes) + D2 < G,

whereDs, is a dissipation rate
D, = f 1 - PW gl
R

1 2 2
> 110" Gl — CUIVx(E b Ollresy + 1020 ges 2y

Here we used, withy as in {7.1)6) and for ¥ |a| < N,

fR IPW " glIPdx = [IOW g, 0 Q) s a1 < 1107z
< 11Vx(@ b, )l sqgs) + 192l s 2e3)
On the other han is defined by
G=G1+Gy Gi=(Si,Wd"g) 2@, i=12
Lemma7.5. Let N> 3. Then,
G1 < (lI(a b, O)llngeg) + IGelles))

X (I1V(@. b. )l seg) + 1GellFze))-

< &Y°Ds4
Proof. First, write

Gl - Z (Wgaar(g“ g]), W[aag)LZ(Re) — Gg])

i,j=1,2 i,j=1,2
Proceeding as irf (7.3.3),
(7.2.7) IGMY) < [W*0°T(g1, 90)lIL2eo)l0” dllzqes)

< II(IWZ 8T (@1 G)llizgegy loges 107 Gl

~ 110*{(a. b, )}l 2azy W T (W} il ey 10° Dl L2z

NPT W, Yo o) = f (w* f f b(coSO)uM{(w )., ~ (). vnddv.dor) dv
= [w( [ [ btcosau.i(py).pi - (py) pucvcr) v < oo

Since 1< |a| < N,
(7.2.8) IG™Y) < [IVu(@, b, O)lln-1ez)lI(@, b, Ollgn-1(e)

x (IVx(a, b, C)||HN71(R§) + ||gz||HN(R§,|_2(R§)))-
On the other hand, we have

9Ly = D, fR WS ga(x. lIPdx < 1I(@. b. )l es.

|BI=N
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This fact and Propositioh 3.5 yield
1G] <llgallysy NIalllgpceey W O Glllgoeey
< I(a b, O)llynz ll192lll g ee) 10 Al gogze)
IGEV] <ligallysy NIGalllgpcesy IW O Glllgoeey
< llgalliy sy 12, b, ©)llges) 11070l goges),
IGEZ] <ligallysy NIgalllgcesy W O Glllgaeey
< ||gz||H[N(R6)|||92|||3[N(R6)|||awg|||z;g(R6)-
Noticing that for 1< |a| < N,
1679l 30zs) < f W@ ga(x, -)lliPdx+ f W9 gz(, - )llIPdx
f R R
< 119x(@ b O)lfucsqez) + 1921z e
we can now conclude Lemnja}.5.
We shall evaluat&,. In view of Propositior] 38,
Go < |(I£2, W'10°9, W' 6" g)yz¢es
(W’ £L2(6"9), W'ag)
< 3||aag|||_§(R6)|||6ag|||r3?(]R6)

< (IVx(a, b, O)llyn-1r3) + ||aagz|||_§(R6))|||aag|||3?(R6)
< 198 b Ol jw-sgag) + 10 G2lEzgusy + 1Ml DlliGogesy (7> O).

+

+ (LW 57g). Wiog)

L2(R®) L2(R®)

Thus, we have established

Lemma7.6. Letl <|a| < N,N > 3. Then,

d @ ~(12 @ |12
(7.2.9) G197 Oz ey + 110" G0 es)
<E3D3 + 110" Qa2 zey + V(8 b, Ol nsgus-

Step 3. We need also to estimat’g,. Apply W/(I — P) to ([L.9)

(7.2.10) O(W'gp) + V- Vi (Wgp) + LW gy)
= W[F(g’ g) + W[[V : VX, P]g + [L’ W[]gb

and take the inner product withv‘gy:

d

d—tuW‘gzuﬁZ(Ra) +D3 < H,
where

Ds = fR 11 - PYW gzl P

1 2
> SIIG210gee) — Cllgzlleres)
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while
H =H; + Hy + Ha,
Hi = (WT(g, 9), W'g2) 2(zs),
Hz = (W[V- Vy, P1g, W'e2) 2(zs),
Hs = ([£. W] g2, W G2) 2(zs).-
Hy = Z:Z(W[r(gi, i), W)L 2(gs) = Z:ZHS])-
i.j= i.j=
Proceeding as i (7.3.7),
(7.2.11) [H™Y) < [WPT(g1, G1)llezelIQallLzee)
< I(IWPT (g1, 9)llzs ey G2l es).
~ lI(a b, ©)llizeg) IW2T (W, ¥z G2l Lees),

NPT, Y2 ) = f (w* f f b(coSA)uM (w4, ~ (). vnddv.dor) dv

= [sw( [ [ btcosau.i(pi).pi - (py)-pudvdor) d < oo
Then we have, by using Lemr@?.l,
(7.2.12) IHM| < [[Vy(a, b, Ollzey)ll(@ b, Oz l192llL2(zs).-
On the other hand, we have
g, = [ I P < 12D O,
This fact and Propositioh 3.5 yield
HE? <lgallyp sy NGlllgnes) W Gallges)
< 11(2 b, ©)llyngez) NGl ey
HE <ligally sy NGlllgnes) W Galllgges)
< ”92”H}\‘(R5)“(a, b, O)llHngs) l192lllgo(zs)»
HE? <Iigally ey 11G2lllgngs) IIW Galllgoges,
< 11921l 1921 e
andH, is evaluated as follows
IHal < [(W[V- Vi, P10, @)Lzl < IVxliLe(es)Gallieces)
< 11Vx(@ b, O)lIFzqee) + 192015 sy 2qesy
Finally, in view of Propositi08 ,
Ha < ’([Ll, W12, W) 2z
+ ’(W€ L5(9), W'gy)
< 3lIgallLz o)l galllgoges) -

+ ’(Lz(VV[gz), Wig)

L2(R®) L2(R®)
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Since it holds by interpolation inequality that

+s

(7.213)  1Gllzs < Alld2liz s + CollG2lle) < lliGelllgsges) + Cyllgellizqes).

for any small enough > 0, we have established

Lemma7.7.
d 2 2
(7214) d—t||92|||_§(Re) + |”92”|B?(R5)
<83 °D3 + 1G22 gy + 1IVx(@ B, Ol -
Step 4. Let

F=0,=00, "=, =8, B=lal+<Ny#0, N3,
applyW @ (l - P) to ([7.2.%),
(7.2.15) HWEP ) + V- V(W Pg) + LIW P gy)
=WFL(g. g) + [v- Vi WF]gp
- WP, v-V]g
+[L, WPlgo + WP(0, + V- V)L,
and take thé-2(RS,) inner product withw’8°g,.

1d

(7.2.16) Ed—tna‘*gzn2 + D3 < K.

L2(RS)

HereDs, is a dissipation rate
Ds = f I - PYW P
R

1 2 a 2
> Sl Galligoqees) — ClIO"Gallfzee)-

where we used, witly as in [7-1) ands = (-1)"67 (W'y),
IPW & alll? = 116° (v, W' Qo) zqeay I = 1106 0 923 oy W17 < 1107 Gl s -
On the other han is given by
K :(W[aﬁr(g’ g)’W[aBQZ)LZ(RS)
+([V- Vxo WPPIg2, W Go) L2y — (WEOP[P, V- V]G, WP Go) 2z
+ ([L’ Wt’aﬁ'] 927W6592)L2(R6)

+ (WP (0 + V- V)01, WP Ga) L 2(re)
=K1 + Ky + Kz + K4 + Ks.

Lemma7.8. Let N> 3. Then,
K1 < (II(. b, Ollnceg) + 1Gellpes))
% (I1Vx(@. b. )l 1eg) + Gl ey )-

<&Y*Ds.
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Proof. First, write
Ki = Z(Wgﬁﬁr(gi, 9)), W' g2) 2(es) = Z K.
i,j=2 i.j=2
In view of Lemmg7]1,
Kill) = (W'OPT(g1, 01), W D) 2s)

< Boll0" (&, b, €l zrg) W # Gall 2 r)

< [IVx(a. b, O)llyy-lI(a, b, O)lly-1IW P gl 2 ey
where, withy as in [7.1)6),

B3 ~||W‘a’r(w, Ul 2qes)

f(Wffb(cos&)(a w2

X (@)L 00 w) — (0% ) dv.dor) dv

= [ ( [ [ btcosauaul(a)c, - (@)-aulcvdor) d < oo,

g, q;, gk being polynomials o¥.
On the other hand, we have

g2l = f IIW Pga(x, )lIPdx < [I(a, b, Ol es)-

BI<N
This point and Propositi.5 yield

K2 <llgnllsy 1192015ee) 1IW O Galllgges)
< lI(@. b, )l NG2NlG es):

KEY =Iigallpces) MGulllgcesy W &gl gggeey
< lIgallesli(@ b, ©) ez MGzlllgns),

KE? =lGallpceey 192l ceey W P gl ey
< 12l ey 192l G ey

Now the proof of the lemma is completed.

Ky, K4, Ks are estimated as follows. We have, fgir= |a| + |y| < N,y # 0,

K2 =([V- Vx, W °]g2, W' 0a) 2o
< (W 9520 Gl 2(rey W P a2
< CylIW 50 Gl sy + TIW P Gl
Note that
IKs| =|(W'OP[P, v- V]G, W' 0a) 2ze), W 8P G2) 2rs)|

< (@ {W*&[P, v- V]g}, 0" o) 2(es)

< (IVx0% (@ b, O)ll 2wy + V30" Gallizqes,) IO Gl s,y

< UIV(@ b, O sy + 1920 2y

53
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In view of Propositior} 3]8,
Ka =([L, W ]Gz, W P 0a)  2n)
< ’([Ll, W' 35,192, W’ P g2) 2xs)
+ ’(VV[ FenLa(2), W' gp) + '(-CZ(W[ ), Wgp)
< (I1G2llypiesy + NGl g1y ) MW Gl ey

L2(R®) L2(RS)

Hence

Ka < Cy(lgallyn e, + (1 = PYAIZ,s o)) + 1WA = PG s,

HA®S) BI(rS)
Finally, recalling [7.1.70),

Ks =(W'0P (0t + V- V)01, W P 0a) L 2es)
< I((W{Wyﬁﬁ (Ot +v- Vx)gl}ﬁ“gz)LZ(RfS)l
< NI0%(0t + V)(a, b, O)llLowa) 10" GallLzgsy,  (lel < N =1,y > 1)
< (lleaa(a, b, O)ll (g + ||Vx5“92||L2(RgV))llaagzllLZ(Rgv)

< 19x(@ b, O)lf-s + 1920l s 1 2¢e)-

Now using [7.2.13) we conclude the

Lemma7.9. Let|fl=|a+vy| <N, Jof < N-11]y|>1 N> 3. Then,

+ [16Pglll?

d
(7.2.17) Gl gl B(ES)

2
L2(R®)
2
H/ (®S)

GGy * 1958 B Oy + 192l 2y

<E3D3 + ||l

7.3. A Priori Estimate. We take the linear combination

> COELY) + ) cP@ad + > cOE2)

lej<N-1 la]<N 1<al<N

wcoEzmy Y cOEz,

|Bl=la+yI<N,|e|<N-1,|y|>1

With a suitable choice of the ctigientsC(”, C?, ), c®, cl), we get

(7.3.1) dﬂtéu)s?{,
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where
E=- ) CO"r. Vid"(@ b, Q) Lz + (0D, Vid" )y |

|@|<N-1
2)1192 (12 3) 1192 ~I12
+ ) COWRGIEey + D, CONDIR e,
la]<N 1<la|<N
+ CONGAR, o) + > COIW ol e
|Bl=la+yI<N,|e|<N-1]y|>1
D= ) COIV@b. O + D CONG w0,
|@|<N-1 |a|<N
(OMELrAIG @) 2
" ZN COMNG G om0, + C NG oges,
<la|<

3 2
+ Z C((Y,;”lag,vgsz?(Rq’
|BI=la+y|<N,Jal<N-1,]y|>1

H =D18E1 + DrE7 + D3Es.
Define the temporal energy functional
(7.3.2) &= ) 105907 ee + >, 102l ey
||<N |Bl=la+yI<N,|le|<N-1,y|>1
Clearly 5
a8<E<E
holds for some constants, ¢, > 0, and

H < DE.
Now (7-3.]) gives
(7.3.3) E() + co[1- sup &) fo t D(r)dr < E(0),
which leads to the following a priori_e_stimate on the solatip
Proposition 7.10. Let N ¢ > 3. Let T > 0 and suppose that g is a classical solution to the

Cauchy problenﬁ@)on [0, T]. There exist constant yiM; > 0 such that if

max&(t) < Mo,
o<t<T

then g enjoys the estimate

t
&) + f D(r)dr < M18(0),
0
foranyte [0, T].

Now, the proof of Theorem 1.1 is completed by the usual coatilon argument based
on Theorenj 4]3 and Propositipn 7.10.

Last remark: While finishing the redaction of this paper to be posted toikd Hal, P.

T. Gressman and R. M. Strain communicate to us their recerit [@], where they show
the global existence of solution on the torus. But the camakt, results and methods are
different from ours. In particular, they managed to develop th&n functional tools for
the study of the collision operators, thus avoiding the "s®io own ones, developed and
published from the 2006’s.
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