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GLOBAL EXISTENCE AND FULL REGULARITY
OF THE BOLTZMANN EQUATION WITHOUT ANGULAR CUTOFF

PART I : MAXWELLIAN CASE AND SMALL SINGULARITY

R. ALEXANDRE, Y. MORIMOTO, S. UKAI, C.-J. XU, AND T. YANG

Abstract. The global existence and uniqueness of classical solutions to the Boltzmann
equation without angular cut-off is proved under the condition that the initial data is in some
Sobolev space. In addition, the solutions thus obtained areshown to be positive andC∞

in all variables. One of the key observations is the introduction of a new important norm
related to the singularity in the cross section of the collision operator. This norm captures
the essential property of the singularity and yields precisely the dissipation description of
the linearized collision operator through the celebrated H-theorem.
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1. Introduction

Consider the Cauchy problem for the Boltzmann equation

(1.1) ft + v · ∇x f = Q( f , f ) , f |t=0 = f0,

where f = f (t, x, v) is the density distribution function of particles with position x ∈ R3

and velocityv ∈ R3 at time t. The right hand side of (1.1) is given by the Boltzmann
bilinear collision operator

Q(g, f ) =
∫

R3

∫

S2
B (v− v∗, σ)

{
g′∗ f

′ − g∗ f
}
dσdv∗ ,

where f ′∗ = f (t, x, v′∗), f ′ = f (t, x, v′), f∗ = f (t, x, v∗), f = f (t, x, v), and forσ ∈ S2,

v′ =
v+ v∗

2
+
|v− v∗|

2
σ, v′∗ =

v+ v∗
2
− |v− v∗|

2
σ,

which give the relations between the post and pre collisional velocities.
As a fundamental equation in kinetic theories and a key stonein statistical physics, the

Boltzmann equation has attracted, and is still attracting,a lot of research investigations
since its derivation in 1872.

A huge number of mathematical works have been performed under the Grad’s cutoff
assumption, avoiding the non-integrable angular singularity in the cross-sections.

However, except for the hard sphere model, for most of the other molecule interaction
potentials such as the inverse power laws, the cross sectionB(v−v∗, σ) has a non-integrable
angular singularity when the Grad’s angular cut-off assumption is not imposed. This im-
plies that the collision operator is a singular integral operator on the microscopic velocity
variablev.

Thus, it is believed that this kind of singularity should lead to smoothing effect on
solutions, that is, the solutions have higher regularity than the initial data; it should be
similar to the case when one replaces the collision operatorin the Boltzmann equation by
the Laplacian to some fractional power.

The mathematical study on this kind of regularization problems for the Boltzmann equa-
tion can be traced back at least to the work by Pao in 1970s [45](though that work was
concerned with other aspects of Boltzmann equation) and then many others afterwards, see
for example the references quoted in the reviews [1, 50].

However, most of the available results so far are limited to the space homogeneous prob-
lems. In fact, even though there are some works on the space inhomogeneous problems,
a full mathematical theory is still at an incomplete stage. The difficulties come from the
coupling of the convection operator and the collision operator, and the commutators of the
differential (pseudo-differential) operators with the collision operator. In this direction, in
[9], we prove theC∞ regularity of solutions in all variables for the space inhomogeneous
problem when some regularity on the solutions is imposed to start with, together with some
local existence results [9, 10, 11].

Notice that the non-negative cross sectionB(z, σ) depends only on|z| and the scalar
product< z

|z| , σ >. In most cases, theB cannot be expressed explicitly, but to capture its
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main properties, we can assume that it takes the form

(1.2) B(|v− v∗|, cosθ) = Φ(|v− v∗|)b(cosθ), cosθ =
〈 v− v∗
|v− v∗|

, σ
〉
, 0 ≤ θ ≤ π

2
.

Recall that for the potential of the inverse power law1
ρr , r > 1,ρ being the distance between

two particles, the cross section in the above form has a kinetic factor related to the relative
velocity given by

(1.3) Φ(|v− v∗|) ≈ |v− v∗|γ, γ = 1− 4
r
,

and a factor related to the collision angle containing a singularity,

(1.4) θb(cosθ) ≈ Kθ−2−ν when θ→ 0+,

for some constantsK > 0 and 0< ν = 2
r < 2. The cases 1< r < 4, r = 4 andr > 4 corre-

spond to so-called soft, Maxwellian molecule and hard potentials respectively. Notice that
the Boltzmann collision operator is not well-defined for thecases= 1 which corresponds
to the Coulomb potential. It is then obvious that the cross section is not integrable over the
sphere so that the cancellations between the gain and loss terms in the collision operator
must be taken into account. In the following discussion, we will consider this type of cross
sections with the parametersγ andν given above.

Let us now review some related works about the singularity ofthe non-cutoff cross-
sections in the Boltzmann equation. For much more references and comments, the reader
is referred to [1, 50]. Since the work of Pao in [45] in 1970s, the existence of weak solutions
to the spatially homogeneous case was proved by Arkeryd in [13] for the mild singularity
case, that is, when 0< s < 1

2. By using an abstract Cauchy-Kovalevskaya theorem, Ukai
in [46] proved the local existence of solutions in the function space that is analytic inx and
Gevrey inv in 1980s. The study on the gain of regularity in all variablescame much later
until Desvillettes obtained some regularization results for some simplified kinetic models
in [21].

Around the same period, a systematic approach by using the entropy dissipation and/or
the smoothing property of the gain part in the collision operator was initiated and has been
developed to an almost optimal stage through the efforts by many researchers, such as
Alexandre, Bouchut, Desvillettes, Golse, P.-L. Lions, Villani, Wennberg.

And the underlying tools have proven to be very useful for thestudy on the mathematical
theory regarding the regularizing effect for the spatially homogeneous problems for which
now the theory has become quite satisfactory, cf. [5, 12, 6, 22, 23, 25, 34, 43, 48], and the
references therein, see also [1].

Compared to the spatially homogeneous problems, the original spatially inhomoge-
neous Boltzmann equation is of course physically more interesting and mathematically
more challenging. However, for the spatially inhomogeneous problems, the mathematical
theory is so far not satisfactory. One of the main reasons is that the singular integral col-
lision operator is on the velocity variable only and the gainof the regularity in the space
variable comes from the coupling of the transport operator with the collision operator. If
the collision operator was a differential operator, such as the Laplacian to some fractional
power, many theories and analytic tools have been developed, see for instance [20]. How-
ever, for the Boltzmann equation, the collision operator isdefinitively similar to a singular
integral, so that the analysis is more involved. It requiredsome harmonic tools which were
introduced initially in [3], and then developed in [34, 1].

As for the Cauchy problem, the local existence of solutions between two moving Maxwel-
lians was proven in [4] by constructing upper and lower solutions. The global existence of
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renormalized solutions with defect measures was shown in [12] these solutions becoming
weak solutions if the defect measures vanish.

Some results related to linear kinetic equations were also given in [8] and [16]. In
particular, a generalized uncertainty principle in the view point of Fefferman [28] (see also
[39, 40, 41]) was introduced in [8] for the study of smoothingeffects of the linearized and
spatially inhomogeneous Boltzmann equation with non-cutoff cross sections, and partial
smoothing effects for nonlinear Boltzmann equation were also proven there.

Recently, by using some suitable pseudo-differential operators and some harmonic an-
alytic tools, we have developed in [11] the analysis of the coercivity and upper bounds of
the collision operators, together with the estimation of the commutators of these (pseudo-
) differential operators with the collision operator. Through this analysis, we began to
consider the space inhomogeneous problem. More precisely,in [9, 11], for solutions as
perturbation of vacuum states, by sharpening the coercivity and upper bound estimates for
the collision operator and by analyzing the commutators between the collision operator
and some weighted pseudo-differential operators, we established the hypo-ellipticity of the
Boltzmann operator, using a generalized version of the uncertainty principle. Based on
these tools, the local existence and the regularizing effect in all (time, space and velocity)
variables on solutions in some weighted Sobolev space were also proven.

The present work is a continuation of our collaborative program since the 2006’s and in
particular of our series of works [9, 10, 11].

In this paper, we will obtain the global existence of classical positive solutions for the
full space Boltzmann equation, near global equilibrium andprove the full regularityC∞

regularization for positivet in all variables for the solutions in some weighted Sobolev
space. As mentioned in the abstract, one of the main ingredients in the proof is the in-
troduction of a new non-isotropic norm which captures the main feature of the singularity
in the cross-section. This norm not only works extremely well for the description of the
dissipative effect of the linearized collision operator through the H-theorem, but is also
well fitted for the upper bound estimations of the nonlinear collision operator. Here, we
would like to mention the work by C. Mouhot [44] about the gainof moment in a linearized
context due to the singularity in the cross-section. Such a gain of moment is in fact really
important for the proof of global existence and full regularity of the solution. In addition,
such a property is also well described by the new non-isotropic norm.

Finally in this review of some of these previous works, we would like to mention two
aspects of solution’s behavior which are well studied for the spatially homogeneous prob-
lems, but not so well understood for the spatially inhomogeneous problems. The first one
is about the gain of the full regularity which is guaranteed by the natural bounds, that is,
the bounds on mass, energy and entropy for the space homogeneous case, cf. [34]; and the
second one is about the gain of Gevrey regularity which has been proved in [42] also for
the spatially homogeneous case.

We now come back to the problem considered in this paper. To concentrate on the
analysis on the singularity of the grazing effect whenθ is close to zero, in this paper,
we study the Maxwellian molecule type cross-sections, thatis, we assume that the cross-
section behaves like

(1.5) B(|v− v∗|, cosθ) = b(cosθ), cosθ =
〈 v− v∗
|v− v∗|

, σ
〉
, 0 ≤ θ ≤ π

2
,

and

(1.6) b(cosθ) ≈ Kθ−2−2s, , θ → 0+,
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with 0 < s< 1.
In order to prove the global existence, we need to fully use the dissipative effect of

the collision operator. As in similar studies but for angular cutoff case, such dissipative
effect can be fully represented by the dissipation of the linearized collision operator on the
microscopic component of the solution through the celebrated H-theorem. Thus, as usual,
we linearize the Boltzmann equation around a normalized Maxwellian distribution

µ(v) = (2π)−
3
2 e−

|v|2
2 .

Sinceµ is the global equilibrium state satisfyingQ(µ, µ) = 0, by settingf = µ +
√
µg, we

have
Q(µ +

√
µg, µ +

√
µg) = Q(µ,

√
µg) + Q(

√
µg, µ) + Q(

√
µg,
√
µg).

Denote

(1.7) Γ(g, h) = µ−1/2Q(
√
µg,
√
µh).

Then the linearized Boltzmann operator takes the form

(1.8) Lg = L1 g+L2 g = −Γ(√µ , g) − Γ(g, √µ ).

And the original problem (1.1) is now reduced to the study on the perturbationg in the
following Cauchy problem

(1.9)

{
gt + v · ∇xg+ Lg = Γ(g, g), t > 0 ;
g|t=0 = g0.

Throughout this paper, we shall consider this Cauchy problem in some weighted Sobolev
space. Fork, ℓ ∈ R, set

Hk
ℓ (R

6
x,v) =

{
f ∈ S′(R6

x,v) ; Wℓ f ∈ Hk(R6
x,v)

}
,

whereR6
x,v = R

3
x ×R3

v andWℓ(v) = 〈v〉ℓ = (1+ |v|2)ℓ/2 is the weight in the velocity variable
v ∈ R3

v.
The main theorem of this paper can be stated as follows.

Theorem 1.1. Assume that the cross-section satisfies (1.6) with0 < s < 1/2. Let g0 ∈
Hk
ℓ
(R6) for some k≥ 3, ℓ ≥ 3 and

f0(x, v) = µ +
√
µg0(x, v) ≥ 0.

Then there existsε0 > 0, such that if‖g0‖Hk
ℓ
(R6) ≤ ε0, the Cauchy problem (1.9) admits a

unique global solution g∈ L∞([0,+∞[ ; Hk
ℓ
(R6)) with f(t, x, v) = µ+

√
µ g(t, x, v) ≥ 0 and

g ∈ C∞(]0,+∞[ ×R6).

In fact, for the uniqueness of solution, we shall also prove the following stronger result,
which is also of independent interest, where we do not need toassume thatf is a small
perturbation ofµ.

Theorem 1.2. Assume that0 < s < 1/2, 0 < T ≤ +∞ and l > 2s+ 3/2 + 2. Let f0 ≥
0, f0 ∈ L∞(R3

x; H2s
l+2(R3

v)). Suppose that the Cauchy problem (1.1) admits two solutions
f1, f2 ∈ L∞(]0,T[×R3

x; H2s
l+2(R3

v)). If one solution is non-negative then f1 ≡ f2.

The rest of the paper will be organized as follows. In the nextsection, we will introduce
our new isotropic norm and prove some essential coercivity and upper bound estimates on
the collision operators with respect to this new norm. In order to study the gain of regu-
larity of the solution, we shall need to clarify the application of some pseudo-differential
operators on the Boltzmann equation. For this purpose, we need to study the commutators
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of the collision operators with those pseudo-differential operators. These estimates on the
commutators will be given in the third section. In Section 4,we will apply the energy
method for the Boltzmann equation and obtain the local existence theorem. In Section
5, we will study the uniqueness and the non-negativity of thesolutions. Finally, the full
regularity and the global existence of the solution will be given in the last two sections
respectively.

2. Non isotropic norms

In this section we perform the harmonic analysis of the bilinear collision operator,

Q(g, f ) =
∫

R3

∫

S2
b(cosθ)

{
g′∗ f

′ − g∗ f
}
dσdv∗ .

Since the collision operator acts only w.r.t. the velocity variablev ∈ R3, in this section
(t, x) are considered as parameters and therefore do not appear ifnot necessary.

2.1. Coercivity and upper bound estimates. Let g ≥ 0, g ≡/ 0, g ∈ L1
2

⋂
L logL(R3

v). It
was shown in [5] that there exists a constantcg > 0 depending only on the values of‖g‖L1

2

and ‖g‖L logL such that for any smooth functionf ∈ Hs(R3
v), we have

(2.1.1) cg‖ f ‖2Hs(R3
v)
≤ (−Q(g, f ), f )L2(R3

v) +C‖g‖L1(R3
v)‖ f ‖2L2(R3

v)
.

We shall need some functional estimates on the Boltzmann collision operators in the
proof. The first one, given below, is about the boundedness ofthe collision operator in
some weighted Sobolev spaces, see [1, 34] .

Theorem 2.1. Assume that the cross-section satisfies (1.6) with0 < s < 1 . Then for any
m ∈ R and anyα ∈ R, there exists C> 0 such that

(2.1.2) ‖Q( f , g)‖Hm
α (R3

v) ≤ C‖ f ‖L1
α++2s

(R3
v)‖g‖Hm+2s

(α+2s)+
(R3

v)

for all f ∈ L1
α++2s(R

3
v) and g∈ Hm+2s

(α+2s)+(R
3
v) .

It is well-known thatL (acting w.r.t. velocity variable) is an unbounded symmetric
operator onL2(R3

v), such that its Dirichlet form satisfies
(
Lg, g

)
L2(R3

v)
≥ 0,

and that
(
Lg, g

)
L2(R3

v)
= 0 if and only if Pg = g where

Pg =
(
a+ b · v+ c|v|2

)√
µ

with a, c ∈ R, b ∈ R3, P being theL2-orthogonal projection onto the null space

(2.1.3) Ker
(L)
= Span

{√
µ , v1

√
µ , v2

√
µ , v3

√
µ , |v|2√µ

}
.

We shall also need the following coercive type result in thislinearized framework

Theorem 2.2. (Theorem 1.1 of[44])
Assume that the cross-section satisfies (1.6) with0 < s< 1. Then there exists a constant

C > 0 such that

(2.1.4)
(
Lg, g

)
L2(R3

v)
≥ C ‖(g− Pg)‖2

L2
s(R3

v)
.
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We give now two formula for the bilinear operatorΓ( ·, · ). First of all, by using the
conservation of the momentum,

|v′∗|2 + |v′|2 = |v∗|2 + |v|2,

we haveµ(v∗) = µ−1(v) µ(v′∗) µ(v′). Then suitable functionsf , g, it holds that

Γ( f , g)(v) = µ−1/2
"

b(cosθ)
(√

µ′∗ f ′∗
√
µ′g′ − √µ∗ f∗

√
µ g

)
dv∗dσ

=

"
b(cosθ)

√
µ∗

(
f ′∗g
′ − f∗g

)
dv∗dσ(2.1.5)

= Q(
√
µ f , g) +

"
b(cosθ)

(√
µ∗ −

√
µ′∗

)
f ′∗g
′dv∗dσ .

Therefore, by using the classical change of variables (v, v∗)→ (v′, v′∗),, we have

(
Γ( f , g), h

)
L2(R3

v)
=

$
b(cosθ)

√
µ∗

(
f ′∗g
′ − f∗g

)
h

=

$
b(cosθ)

√
µ′∗

(
f∗g− f ′∗g

′)h′ .

Thus

(2.1.6)
(
Γ( f , g), h

)
L2(R3

v)
=

1
2

$
b(cosθ)

(
f ′∗g
′ − f∗g

)(√
µ∗ h−

√
µ′∗ h′

)
.

The following result shows that the linear parts are somehowcontrolled by one part
only

Lemma 2.3.

(2.1.7)
(
L1g, g

)
L2(R3

v)
≥ 1

2

(
Lg, g

)
L2(R3

v)
.

Proof.

(
L1g, g

)
L2(R3

v)
= −

(
Γ(
√
µ , g), g

)
L2(R3

v)

=
1
2

$
b(cosθ)

(
(µ′∗)

1/2g′ − (µ∗)1/2g
)2

dv∗dσdv

=
1
2

$
b(cosθ)

(
(µ′)1/2g′∗ − (µ)1/2g∗

)2
dv∗dσdv

=
1
4

$
b(cosθ)

{(
(µ′∗)

1/2g′ − (µ∗)1/2g
)2
+

(
(µ′)1/2g′∗ − (µ)1/2g∗

)2
}

dv∗dσdv.
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And changing variables as in (2.1.6) implies
(
Lg, g

)
L2(R3

v)
= −

(
Γ(
√
µ , g) + Γ(g,

√
µ ), g

)
L2(R3

v)

=

$
b(cosθ)

(
(µ∗)1/2g− (µ′∗)

1/2g′ + g∗(µ)1/2 − g′∗(µ
′)1/2

)
(µ∗)1/2 gdv∗dσdv

=

$
b(cosθ)

(
(µ′∗)

1/2g′ − (µ∗)1/2g+ g′∗(µ
′)1/2 − g∗(µ)1/2

)
(µ′∗)

1/2 g′dv∗dσdv

=

$
b(cosθ)

(
(µ)1/2g∗ − (µ′)1/2g′∗ + g(µ∗)1/2 − g′(µ′∗)

1/2
)
(µ)1/2 g∗dv∗dσdv

=

$
b(cosθ)

(
(µ′)1/2g′∗ − (µ)1/2g∗ + g′(µ′∗)

1/2 − g(µ∗)
1/2

)
(µ′)1/2 g′∗dv∗dσdv

=
1
4

$
b(cosθ)

((
(µ∗)1/2g− (µ′∗)

1/2g′
)
+

(
(µ)1/2g∗ − (µ′)1/2g′∗

))2
dv∗dσdv.

Therefore (2.1.7) is proven, by using (A+ B)2 ≤ 2(A2 + B2). �

2.2. The norm associated with collision operators. Our non-isotropic norm associated
with the cross-sectionb(cosθ) will be defined as follows

|||g|||2 =
$

b(cosθ)µ∗
(
g′ − g

)2
+

$
b(cosθ)g2

∗
( √

µ′ − √µ )2(2.2.1)

where the integration
#

is overR3
v×R3

v∗×S
2
σ. Thus, it is a norm w.r.t. the velocity variable

v ∈ R3, and we still consider (t, x) as parameter for the moment.
This norm is termed non-isotropic since it mixes both the derivative of orders and also

a weight of orders coming from the singularity of cross-sectionb(cosθ), as it should be
clear from our previous works.

Lemma 2.4. Assume that the collision kernel b(cosθ) satisfies (1.6) with0 < s< 1. Then
there exists C> 0 such that

(2.2.2) |||g|||2 ≤ C||g||2Hs
s

for any g∈ Hs
s(R

3
v).

Proof. Applying (2.1.2) withα = −sandm= −s, we have

(2.2.3)
∣∣∣∣∣
(
Q( f 2, g), g

)
L2(R3

v)

∣∣∣∣∣ ≤ C|| f 2||L1
2s
||g||Hs

s
||g||Hs

s
≤ C|| f ||2

L2
s
||g||2Hs

s
.

On the other hand
(
Q( f 2, g), g

)
L2(R3

v)
=

$
b(cosθ)

(
f 2′
∗ g′ − f 2

∗ g
)
g

=

$
b(cosθ) f 2′

∗
(
g′ − g

)
g+

∫
g2
"

b(cosθ)
(
f 2′
∗ − f 2

∗
)

For the first term, if we setα = g′ andβ = g then usingβ(α − β) = 1
2(α2 − β2) − 1

2(α − β)2,
we find

(
Q( f 2, g), g

)
L2(R3

v)
=

1
2

$
b(cosθ) f 2′

∗
(
g2′ − g2

)

− 1
2

$
b(cosθ) f 2′

∗
(
g′ − g

)2
+

∫
g2
"

b(cosθ)
(
f 2′
∗ − f 2

∗
)
,
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By the changing of variable (v′∗, v
′)→ (v∗, v), the first term is also12

#
bg2( f 2

∗ − f 2′
∗ ). Thus

it follows that

(2.2.4)
(
Q( f 2, g), g

)
L2(R3

v)
= −1

2

$
b f2′
∗

(
g′ − g

)2
+

1
2

∫
g2
"

b
(
f 2′
∗ − f 2

∗
)
.

And thus $
b f2
∗
(
g′ − g

)2 ≤ 2|
(
Q( f 2, g), g

)
| + |
$

bg2
(
f 2′
∗ − f 2

∗
)
|

Using (2.2.3) and the Cancellation lemma of [5] for the second term, we get that

(2.2.5)
$

b f2
∗
(
g′ − g

)2 ≤ C|| f ||2
L2

s
||g||2Hs

s
+C||g||2L2|| f ||2L2 ≤ C|| f ||2

L2
s
||g||2Hs

s
.

Thus
|||g|||2 ≤ C(‖ √µ ‖2

L2
s
||g||2Hs

s
+ ||g||2

L2
s
‖ √µ ‖2Hs

s
) ≤ C||g||2Hs

s
.

�

Lemma 2.5. Assume that the cross-section satisfies (1.6) with0 < s < 1/2. Then for any
φ ∈ C1

b, we have

(2.2.6)
∫

σ

b(cosθ)|φ(v∗) − φ(v′∗)|dσ ≤ Cφ|v− v∗|2s ≤ C〈v〉2s〈v∗〉2s,

where Cφ depends on‖φ‖C1
b
= ‖φ‖L∞ + ‖ ▽ φ‖L∞ .

Proof. By using Taylor’s formula, it follows

(2.2.7) |φ(v∗) − φ(v′∗)| ≤ Cφ|v∗ − v′∗| ≤ Cφ sin
(
θ

2

)
|v− v∗|

and|φ(v∗) − φ(v′∗)| ≤ Cφ. Then for anyδ ∈ (0, π/2),
∫

σ

b(cosθ)|φ(v∗) − φ(v′∗)|dσ ≤ Cφ

{
|v− v∗|

∫ δ

0

sin(θ/2)
θ1+2s

dθ +
∫ π/2

δ

1
θ1+2s

dθ

}

≤ Cφ

{
|v− v∗|δ−2s+1 + δ−2s

}
.

If |v− v∗|−1 ≤ π
2, by choosingδ = |v− v∗|−1 we get
∫

σ

b(cosθ)|φ(v∗) − φ(v′∗)|dσ ≤ Cφ|v− v∗|2s ≤ C〈v〉2s〈v∗〉2s, .

If |v− v∗| ≤ 2
π
, we have
∫

σ

b(cosθ)|φ(v∗) − φ(v′∗)|dσ ≤ Cφ |v− v∗| ≤ Cφ

2
π
≤ C〈v〉2s〈v∗〉2s.

�

Lemma 2.6. Assume that the cross-section satisfies (1.6) with0 < s < 1/2. Then there
exists C0,C1 > 0 such that

(2.2.8) C0|||g− Pg|||2 ≤
(
Lg, g

)
L2(R3

v)
≤ C1|||g|||2.

Proof. We study firstly the terms linked withL2. By using (2.1.5), we have

−
(
L2g, g

)
L2(R3

v)
=

(
Γ(g,

√
µ ), g

)
L2(R3)

= (Q(
√
µg,
√
µ), g

)
L2(R3

v)
+

$
b(cosθ)

(√
µ∗ −

√
µ′∗

)
g′∗

√
µ′ g.
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Using (2.1.2) withα = 0,m= 0 we have
∣∣∣∣∣(Q(
√
µg,
√
µ), g

)
L2(R”

v)

∣∣∣∣∣ ≤ ||Q(
√
µg,
√
µ)||L2‖g‖L2

≤ C|| √µg||L1
2s
|| √µ||H2s

2s
‖g‖L2 ≤ C||g||2L2.

For the second term, we have
$

b(cosθ)
(√
µ∗ −

√
µ′∗

)
g′∗

√
µ′ g dvdv∗dσ

=

$
b(cosθ)

(√
µ∗ −

√
µ′∗

)
g′∗(µ

′)1/4
(
(µ′)1/4 − (µ)1/4

)
g

+

$
b(cosθ)

(√
µ∗ −

√
µ′∗

)
g′∗(µ

′)1/4 (µ)1/4g.

Thus
∣∣∣∣∣
$

b(cosθ)
(√
µ∗ −

√
µ′∗

)
g′∗

√
µ′ g

∣∣∣∣∣

≤
($

b(cosθ)
(√
µ∗ −

√
µ′∗

)2
|g|2(µ′)1/4

)1/2

×
($

b(cosθ)
(
(µ′)1/4 − (µ)1/4

)2 |g′∗|2(µ′)1/4

)1/2

+

($
b(cosθ)

∣∣∣∣
√
µ∗ −

√
µ′∗

∣∣∣∣ |g|2(µ′)1/4(µ)1/4

)1/2

×
($

b(cosθ)
∣∣∣∣
√
µ∗ −

√
µ′∗

∣∣∣∣ |g′∗|2(µ′)1/4(µ)1/4

)1/2

≤ I1/2
1 × I1/2

2 + I1/2
3 × I1/2

4 .

Using Lemma 2.5 withφ = µ1/4, we obtain
∫

σ

b(cosθ)
∣∣∣∣
(
µ′∗

)1/4 − (
µ∗

)1/4∣∣∣∣dσ ≤ C|v− v∗|2s ≤ C < v >2s< v∗ >
2s

and
(
µ′∗

)1/4(µ′)1/2 = (µ′∗)
1/4(µ′)1/4(µ′)1/4 = (µ∗)1/4µ1/4(µ′)1/4, we get

I1 + I3 ≤ C
$

b(cosθ)|(µ∗)1/2 − (µ′∗)
1/2| |g|2(µ′)1/2dvdv∗dσ

≤ C
$

b(cosθ)
∣∣∣∣(µ∗)1/4 − (µ′∗)

1/4
∣∣∣∣
(
(µ∗)1/4 + (µ′∗)

1/4
)
|g|2(µ′)1/2

≤ C
$

b(cosθ)
∣∣∣∣(µ∗)1/4 − (µ′∗)

1/4
∣∣∣∣(µ∗)1/4|g|2

+C
$

b(cosθ)
∣∣∣∣(µ∗)1/4 − (µ′∗)

1/4
∣∣∣∣(µ′∗)1/4(µ′)1/2|g|2

≤ C
" (

〈v∗〉2s(µ∗)
1/4〈v〉2s|g|2 + 〈v∗〉2s(µ∗)

1/4〈v〉2sµ1/4|g|2
)
dvdv∗

≤ C(‖g‖2
L2

s(R3)
+ ‖g‖2L2(R3)).
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For the termI2, using the change of variablesv → v∗ andv′ → v implies that$
b(cosθ)

(
(µ′)1/4 − (µ)1/4

)2
|g′∗|2(µ′)1/4

=

$
b(cosθ)

(
(µ′∗)

1/4 − (µ∗)1/4
)2 |g|2(µ∗)1/4

≤ C
" (

〈v∗〉2s(µ∗)1/4〈v〉2s|g|2
)
dvdv∗ ≤ C‖g‖2

L2
s(R3)

.

For the termI4, using the change of variablesv′ → v implies that$
b(cosθ)

∣∣∣∣
√
µ∗ −

√
µ′∗

∣∣∣∣ |g′∗|2(µ′)1/4(µ)1/4

=

$
b(cosθ)

∣∣∣∣
√
µ∗ −

√
µ′∗

∣∣∣∣ |g∗|2(µ′)1/4(µ)1/4

≤ C
" (

〈v〉2s(µ)1/4〈v∗〉2s|g∗|2
)
dvdv∗ ≤ C‖g‖2

L2
s(R3)

.

Thus we have proved that

(2.2.9) |(L2g, g)| ≤ C‖g‖2
L2

s
.

Now from (2.1.6), we have
(
L1g, g

)
L2(R3

v)
= −

(
Γ(
√
µ, g), g

)
L2(R3

v)

=
1
2

$
b(cosθ)

(
(µ′∗)

1/2g′ − (µ∗)1/2 g
)2

=
1
2

$
b(cosθ)

(
(µ′∗)

1/2(g′ − g) + g((µ∗)
1/2 − (µ∗)

1/2
)2

≥ 1
4

$
b(cosθ)µ′∗(g

′ − g)2 − 1
2

$
b(cosθ)g2

(
(µ′∗)

1/2 − (µ∗)1/2
)2
,

where we used the inequality (A+ B)2 ≥ 1
2A2 − B2. Then

(
L1g, g

)
L2(R3

v)
≥ 1

4

($
b(cosθ)µ′∗(g

′ − g)2 +

$
b(cosθ)g2

(
(µ′∗)

1/2 − (µ∗)1/2
)2
)

− 3
4

$
b(cosθ)g2

(
(µ′∗)

1/2 − (µ∗)
1/2

)2
.

We apply now (2.2.5) withf ∼ g, g ∼ µ1/2 and the changing of variablesv→ v∗, to get$
b(cosθ)g2

(
(µ′∗)

1/2 − (µ∗)1/2
)2
≤ C||g||2

L2
s
|| √µ ||2Hs

s
≤ C||g||2

L2
s
.

Therefore

(2.2.10)
(
L1g, g

)
L2
≥ 1

4
|||g|||2 −C‖g‖2

L2
s
.

Using the fact thatPLg = 0 andLPg = 0, we have
(
Lg, g

)
L2
=

(
L(I − P)g, (I − P)g

)
L2

=
(
L1(I − P)g, (I − P)g

)
L2
+

(
L2(I − P)g, (I − P)g

)
L2

≥ 1
4
|||(I − P)g|||2 −C||(I − P)g||2

L2
s
,
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so that using Theorem 2.2, we can deduce

|||(I − P)g|||2 ≤ 4
(
Lg, g

)
L2
+C||(I − P)g||2

L2
s
≤ C̃

(
Lg, g

)
L2
.

We have therefore proved the lower bound estimation.
For the upper bound estimation, we compute

(
L1g, g

)
L2(R3

v)
=

1
2

$
b(cosθ)

(
(µ′∗)

1/2g′ − (µ∗)1/2 g
)2

=
1
2

$
b(cosθ)

(
(µ′∗)

1/2(g′ − g) + g((µ∗)1/2 − (µ∗)1/2
)2

≤
$

b(cosθ)µ′∗(g
′ − g)2 +

$
b(cosθ)g2

(
(µ′∗)

1/2 − (µ∗)1/2
)2

≤ |||g|||2 ,
thus

(2.2.11)
(
L1g, g

)
L2(R3

v)
≤ |||g|||2 ,

and
(
L2g, g

)
L2(R3

v)
=

1
2

$
b(cosθ)

(
g′∗(µ

′)1/2 − g∗(µ)1/2
) (

(µ′∗)
1/2g′ − (µ∗)1/2 g

)

≤ 1
4

$
b(cosθ)

(
g′∗(µ

′)1/2 − g∗(µ)1/2
)2
+

1
4

$
b(cosθ)

(
(µ′∗)

1/2g′ − (µ∗)
1/2 g

)2

≤ 1
4

$
b(cosθ)

(
g′∗

(
(µ′)1/2 − (µ)1/2

)
+ (µ)1/2

(
g′∗ − g∗

))2

+
1
4

$
b(cosθ)

(
(µ′∗)

1/2
(
g′ − g

)
+ g

(
(µ′∗)

1/2 − (µ∗)
1/2

) )2

≤ |||g|||2

so that all in all

(2.2.12)
(
L2g, g

)
L2(R3

v)
≤ |||g|||2 ,

The proof of Lemma 2.6 is now complete. �

Lemma 2.7.

(2.2.13) C1||g||2Hs +C2||g||2L2
s
≤ |||g|||2.

Proof. By using the Bobylev formula and some of the computations in [5], one has

A =
∫

R6

∫

S2
b(k · σ)µ∗

(
g(v) − g(v′)

)2
dσdv∗dv

= (2π)−3
∫

R3

∫

S2
b
( ξ
|ξ| · σ

){
µ̂(0)|ĝ(ξ)|2 + µ̂(0)|ĝ(ξ+)|2

− 2Reµ̂(ξ−)ĝ(ξ+) ¯̂g(ξ)
}
dσdξ

≥ 1
2(2π)3

∫

R3
|ĝ(ξ)|2

{∫

S2
b
( ξ
|ξ| · σ

)
(µ̂(0)− |µ̂(ξ−)|)dσ

}
dξ

≥ C1

∫

|ξ|≥1
|ξ|2s|ĝ(ξ)|2dξ ≥ C12−2s

∫

|ξ|≥1
(1+ |ξ|2)s|ĝ(ξ)|2dξ

≥ C12−2s‖g‖2
Hs(R3

v)
−C1‖g‖2L2(R3

v)
,
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where we used the fact that∫

S2
b
( ξ
|ξ| · σ

)
(µ̂(0)− |µ̂(ξ−)|)dσdξ ≥ C1|ξ|2s, ∀|ξ| ≥ 1.

On the other hand,

B =
∫

R6

∫

S2
b(k · σ)g2

∗
(
µ1/2(v) − µ1/2(v′)

)2
dσdv∗dv

= (2π)−3
∫

R3

∫

S2
b
( ξ
|ξ| · σ

){
ĝ2(0)|µ̂1/2(ξ)|2 + ĝ2(0)|µ̂1/2(ξ+)|2

− 2Reĝ2(ξ−)µ̂1/2(ξ+) µ̂1/2(ξ)
}
dσdξ

=
1

2(2π)3

∫

R3

∫

S2
b
( ξ
|ξ| · σ

)
ĝ2(0)

∣∣∣µ̂1/2(ξ+) − µ̂1/2(ξ)
∣∣∣2dσdξ

+
1

(2π)3

∫

R3

∫

S2
b
( ξ
|ξ| · σ

)(
ĝ2(0)− Reĝ2(ξ−)

)
µ̂1/2(ξ) µ̂1/2(ξ+)dσdξ

= B1 + B2 .

For the first term on the right hand side,

B1 =

∫

R3

∫

S2
b
( ξ
|ξ| · σ

)
ĝ2(0)

∣∣∣µ̂1/2(ξ+) − µ̂1/2(ξ)
∣∣∣2dσdξ

= ‖g‖2
L2(R3

v)

∫

R
3
ξ

µ(ξ)
∫

S2
b
( ξ
|ξ| · σ

)∣∣∣µ̂1/2(ξ−) − 1
∣∣∣2dσdξ

≥ C2‖g‖2L2(R3
v)
,

where

C2 =

∫

R
3
ξ

µ(ξ)
∫

S2
b
( ξ
|ξ| · σ

)∣∣∣µ̂1/2(ξ−) − 1
∣∣∣2dσdξ > 0.

For the second term on the right hand side, by using

µ̂1/2(ξ) µ̂1/2(ξ+) ≥ µ(ξ),

we have

B2 =

∫

R3

∫

S2
b
( ξ
|ξ| · σ

)(
ĝ2(0)− Reĝ2(ξ−)

)
µ̂1/2(ξ) µ̂1/2(ξ+)dσdξ

≥
∫

R3

∫

S2
b
( ξ
|ξ| · σ

)(
ĝ2(0)− Reĝ2(ξ−)

)
µ(ξ)dσdξ

=

∫

R3

∫

S2
b
( ξ
|ξ| · σ

) ∫

R
3
v

g2(v)
(
1− cos(ξ− · v)

)
dvµ(ξ)dσdξ

=

∫

R
3
v

g2(v)

(∫

R3

∫

S2
b
( v
|v| · σ

)(
1− cos(ξ · v−)

)
µ(ξ)dσdξ

)
dv

=

∫

R
3
v

g2(v)

(∫

S2
b
( v
|v| · σ

)(
µ̂(0)− µ̂(v−)

)
dσ

)
dv

≥ C3

∫

|v|≥1
g2(v)|v|2sdv≥ C32−2s‖g‖2

L2
s(R3

v)
−C3‖g‖2L2(R3

v)
,

where we have used the exchangev
|v| · σ↔

ξ

|ξ| · σ and Proposition 2 of [5] withξ replaced
by v.



14 R. ALEXANDRE, Y. MORIMOTO, S. UKAI, C.-J. XU, AND T. YANG

Finally, for 0< λ1, λ2 < 1,

|||g|||2 = A+ B1 + B2 ≥ λ1A+ B1 + λ2B2

≥ λ1C12−2s‖g‖2
Hs(R3

v)
− λ1C1‖g‖2L2(R3

v)

+C2‖g‖2L2(R3
v)
+ λ2C32−2s‖g‖2

L2
s(R3

v)
− λ2C3‖g‖2L2(R3

v)

≥ λ1C12−2s‖g‖2
Hs(R3

v)
+ (C2 − λ1C1 − λ2C3)‖g‖2

L2(R3
v)
+ λ2C32−2s‖g‖2

L2
s(R3

v)
,

choosingλ1, λ2 such that

C2 − λ1C1 − λ2C3 ≥
1
2

C2,

we can conclude the proof of the Lemma. �

2.3. Upper bound estimates.

Lemma 2.8.

(2.3.1)
$

b(cosθ) f 2
∗ (g′ − g)2 ≤ C || f ||2

L2
s
|||g|||2 .

Proof. Since we want to estimate the right hand side of (2.3.1) by ourtriple norm, we
cannot use (2.2.4) as in the proof of Lemma 2.4. So we need a different argument which
will be based on Bobylev formula, which gives

$
b(cosθ)µ∗(g′ − g)2dv∗dσdv

=
1

(2π)3

"
b

(
ξ

|ξ| · σ
) (
µ̂(0)|ĝ(ξ)|2 + |ĝ(ξ+)|2 − 2Re µ̂(ξ−)ĝ(ξ+)ĝ(ξ)

)
dξdσ

=
1

(2π)3

"
b
( ξ
|ξ| · σ

)(
µ̂(0)|ĝ(ξ) − ĝ(ξ+)|2 + 2Re

(
µ̂(0)− µ̂(ξ−)

)
ĝ(ξ+)ĝ(ξ)

)
dξdσ,

and$
b(cosθ) f 2

∗ (g′ − g)2dv∗dσdv

=
1

(2π)3

"
b

(
ξ

|ξ| · σ
) (

f̂ 2(0)|ĝ(ξ) − ĝ(ξ+)|2 + 2Re
(
f̂ 2(0)− f̂ 2(ξ−)

)
ĝ(ξ+)ĝ(ξ)

)
dξdσ .

Sinceµ̂(0) = 1, f̂ 2(0) = ‖ f ‖2
L2 , we obtain

$
b(cosθ) f 2

∗ (g′ − g)2dv∗dσdv

= ‖ f ‖2L2

$
b(cosθ)µ∗(g′ − g)2dv∗dσdv

− 2
(2π)3

‖ f ‖2L2

"
b

(
ξ

|ξ| · σ
)

Re
(
µ̂(0)− µ̂(ξ−)

)
ĝ(ξ+)ĝ(ξ)

)
dξdσ

+
2

(2π)3

"
b

(
ξ

|ξ| · σ
)
Re

(
f̂ 2(0)− f̂ 2(ξ−)

)
ĝ(ξ+)ĝ(ξ)

)
dξdσ .
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Let us study the last term

"
b

(
ξ

|ξ| · σ
)
Re

(
f̂ 2(0)− f̂ 2(ξ−)

)
ĝ(ξ+)ĝ(ξ)

)
dξdσ

≤ C
"

b

(
ξ

|ξ| · σ
) ∣∣∣∣ f̂ 2(0)− f̂ 2(ξ−)

∣∣∣∣
(
|ĝ(ξ+)|2 + |ĝ(ξ)|2

)
dξdσ

≤ C
"

b

(
ξ

|ξ| · σ
) ∣∣∣∣ f̂ 2(0)− f̂ 2(ξ−)

∣∣∣∣ |ĝ(ξ)|2dξdσ,

where we used the change of variablesξ+ → ξ which is regular. Next

∫
b

(
ξ

|ξ| · σ
)
| f̂ 2(0)− f̂ 2(ξ−)|dσ ≤

∫
b

(
ξ

|ξ| · σ
) (∫

v
f 2(v)

∣∣∣∣1− e−iv·ξ−
∣∣∣∣dv

)
dσ.

So we need to study the following quantity

∫

S2
b

(
ξ

|ξ| · σ
) ∣∣∣∣1− e−iv·ξ−

∣∣∣∣dσ.

If |v||ξ| ≥ 2
π
, we chooseδ = 1

|ξ||v| (≤ π/2), then|1− e−iv.ξ− | ≤ |v||ξ| sinθ for any 0≤ θ ≤ δ,,
and if π2 ≥ θ ≥ δ, we use|1− e−iv.ξ− | ≤ 2. Then

∫

S2
b

(
ξ

|ξ| · σ
) ∣∣∣∣1− e−iv·ξ−

∣∣∣∣dσ ≤ C|v||ξ|
∫ δ

0

1
θ1+2s

sinθ dθ +C′
∫ π/2

δ

1
θ1+2s

dθ

≤ C|v||ξ|δ−2s+1 +C′δ−2s ≤ C̃|v|2s|ξ|2s,

If |v||ξ| ≤ 2
π
, we have directly

∫

S2
b

(
ξ

|ξ| · σ
) ∣∣∣∣1− e−iv·ξ−

∣∣∣∣dσ ≤ C
∫ π/2

0

1
θ1+2s

|v| |ξ| sinθdθ

≤ C̃|v||ξ| ≤ C̃|v|2s|ξ|2s.

Thus, we have proved

∣∣∣∣∣∣

"
b

(
ξ

|ξ| · σ
)
Re

(
f̂ 2(0)− f̂ 2(ξ−)

)
ĝ(ξ+)ĝ(ξ)

)
dξdσ

∣∣∣∣∣∣ ≤ C‖ f ‖2
L2

s
‖g‖2Hs,

and similarly

∣∣∣∣∣∣

"
b

(
ξ

|ξ| · σ
)

Re
(
µ̂(0)− µ̂(ξ−)

)
ĝ(ξ+)ĝ(ξ)

)
dξdσ

∣∣∣∣∣∣ ≤ C‖ √µ ‖2
L2

s
‖g‖2Hs.

Thus, we have proved (2.3.1) by using (2.2.13). �

Proposition 2.9.

(2.3.2)
∣∣∣∣
(
Γ( f , g), h

)
L2(R3)

∣∣∣∣ ≤ C
(
|| f ||L2

s
|||g||| + ||g||L2

s
||| f |||

)
|||h||| .
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Proof.
(
Γ( f , g), h

)
L2(R3)

=
(
µ−1/2Q(µ1/2 f , µ1/2g), h

)
L2(R3)

=

$
b(cosθ)µ1/2

∗
(
f ′∗g
′ − f∗g

)
h

=
1
2

$
b(cosθ)

(
f ′∗g
′ − f∗g

)(
µ1/2
∗ h− µ1/2′

∗ h′
)

≤ 1
2

($
(cosθ)

(
f ′∗g
′ − f∗g

)2
)1/2

×
($

b(cosθ)
(
(µ∗)1/2h− (µ′∗)

1/2h′
)2
)1/2

≤ 1
2

(A)1/2 × (B)1/2.

One has

(B) =
$

b(cosθ)
(
(µ′∗)

1/2(h′ − h) + h
(
(µ′∗)

1/2 − (µ∗)
1/2))2

≤ 2
$

b(cosθ)
{
µ′∗(h

′ − h)2 + h2
(
(µ′∗)

1/2 − (µ∗)1/2
)2
}

≤ 2
$

b(cosθ)µ∗(h
′ − h)2 + 2

$
b(cosθ)h2

∗
(
(µ′)1/2 − µ1/2

)2
= 2|||h|||2,

where we used the change of variablesv→ v′ for the first term andv→ v∗ for the second
term. And similarly

(A) =
$

b(cosθ)
(
f ′∗ (g

′ − g) + g( f ′∗ − f∗)
)2

≤ 2
$

b(cosθ)
{
f ′∗

2(g′ − g)2 + g2( f ′∗ − f∗)2
}

≤ 2
$

b(cosθ) f∗
2(g′ − g)2 + 2

$
b(cosθ)g∗

2( f ′ − f )2.

Using now (2.3.1), we have

(A) ≤ C
(
|| f ||2

L2
s
|||g|||2+ ||g||2

L2
s
||| f |||2

)
.

�

3. Commutators estimates

3.1. Non isotropic norms in full space. We now define the norm associated with the
collision operator on the full space of variables (x, v) and considert as a parameter in this
section. Form ∈ N, ℓ ∈ R, we define

Bm
ℓ (R6

x,v) =


g ∈ S′(R6

x,v; |||g|||2Bm
ℓ
(R6) =

∑

|α|≤m

∫

R
3
x

|||Wℓ ∂αx,vg(x, · )|||2dx< +∞



where||| · ||| is norm w.r.t. the velocity variablev ∈ R3
v defined in (2.2.1).

We have firstly
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Lemma 3.1. For anyℓ ≥ 0, α, β ∈ N3,

(3.1.1) |||Wℓ∂αx∂
β
v Pg|||B0

0(R
6) + |||P(Wℓ∂αx∂

β
v g)|||B0

0(R
6) ≤ Cℓ,β||∂αxg||2L2(R6),

(3.1.2) C0|||g|||2B0
0(R

6)
−C2||g||2L2(R6) ≤

(
Lg, g

)
L2(R6

x,v)
≤ C3|||g|||2B0

0(R
6)

and

(3.1.3) ||g||2
L2

s(R6)
+ ||g||2

L2(R3
x;Hs(R3

v))
≤ C|||g|||2B0

0(R
6)
≤ C||g||2

L2(R3
x;Hs

s(R3
v))
.

Proof. By definition of the projection operatorP, we have

Pg = ag(t, x)µ1/2 +

3∑

j=1

bg, j(t, x) v jµ
1/2 + cg(t, x)|v|2µ1/2

with

ag(t, x) =
∫

R
3
v

g(t, x, v)µ1/2(v)dv, cg(t, x) =
∫

v
g(t, x, v)|v|2µ1/2(v)dv,

and

bg, j(t, x) =
∫

v
g(t, x, v) v jµ

1/2(v)dv, j = 1, 2, 3.

Thus (3.1.1) can obtained by integration by parts. For (3.1.2), we use (2.2.2) and (2.2.8)

|||g|||2B0
0(R

6)
≥ C

(
Lg, g

)
L2(R6

x,v)
≥ C0|||g− Pg|||2B0

0(R
6)

≥ C0

2
|||g|||2B0

0(R
6)
−C0|||Pg|||2B0

0(R
6)

≥ C0

2
|||g|||2B0

0(R
6)
−C2||g||2L2(R6).

Finally, (3.1.3) is obtained by integration of (2.2.2) and (2.2.13). �

We introduce the following notation, forγ ∈ N3,

(3.1.4) T (F, G, µγ ) = Q(µγ F, G) +
"

b(cosθ)
(
(µγ)∗ − (µγ)′∗

)
F′∗G

′dv∗dσ

whereµγ = pγ(v)
√
µ(v) = ∂γ(

√
µ ) is a Maxwellian type function of variablev. Then

(2.1.5) implies
T ( f , g,

√
µ ) = Γ( f , g).

We have also the Leibniz formula

(3.1.5) ∂αx∂
β
vΓ( f , g) =

∑

α1+α2=α, β1+β2+β3=β

Cα1,α2
β1,β2,β3

T (∂α1
x ∂

β1
v f , ∂α2

x ∂
β2
v g, µβ3 ) .

3.2. Estimates of commutators with weighted. First of all, let us recall the following
Lemma of [9],

Lemma 3.2. Let ℓ ≥ 0, 0 < s< 1/2, then there exists C> 0 such that

(3.2.1)
∣∣∣∣
((

Wℓ Q( f , g) − Q( f , Wℓ g)
)
, h

)
L2(R3)

∣∣∣∣ ≤ C‖ f ‖L1
ℓ
(R3

v))‖g‖L2
ℓ
(R3)‖h‖L2(R3).

Proposition 3.3. For ℓ ≥ 0,

(3.2.2)
(
WℓT (F, G, µγ ) − T (F, Wℓ G, µγ ), h

)
L2(R3

v)
≤ C||F ||L2

ℓ
||G||L2

ℓ
||h||L2

s
.
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Proof. We have by (3.1.4),
(
WℓT (F, G, µγ ) − T (F, Wℓ G, µγ ), h

)
L2(R3

v)

=
(
Wℓ Q(µγ F, G) − Q(µγF,W

ℓG), h
)
L2(R3

v)

+

$
b(cosθ)(µγ∗ − µ′γ∗)F′∗G′

(
Wℓ −Wℓ)h

= (B1) + (B2).

Using Lemma 3.2, we have

(B1) ≤ C||µγF ||L1
ℓ
||G||L2

ℓ
||h||L2 ≤ C||F ||L2||G||L2

ℓ
||h||L2.

For (B2), using 0< s< 1/2, we have

(B2) ≤
($

b(cosθ)|F′∗|2|G′|2
|Wℓ −W′ℓ|2

sinθ

)1/2 ($
b(cosθ) sinθ

(
µγ∗ − µ′γ∗

)2
|h|2

)1/2

.

Using (2.2.5), we get$
b(cosθ)

(
µγ∗ − µ′γ∗

)2
|h|2 ≤ C||µγ||2Hs

s
||h||2

L2
s
.

Using
|Wℓ −W′ℓ |2 ≤ sin2 θ

(
(Wℓ
∗ )

2 + (W′ℓ)2
)
≤ sin2 θ (Wℓ

∗)
2(W′ℓ)2,

we get$
b(cosθ)|F′∗|2|G′|2

|Wℓ −W′ℓ|2
sinθ

≤
$

b(cosθ) sinθ (Wℓ F)′2∗ (Wℓ G)′2

≤ C||F ||2
L2
ℓ

||G||2
L2
ℓ

,

thus ending the proof of Proposition 3.3. �

Proposition 3.4.∣∣∣∣∣
(
T (F, G, µγ ), h

)
L2(R3

v)

∣∣∣∣∣ ≤ C
(
||F ||L2

s
|||G||| + ||G||L2

s
|||F |||

)
|||h|||(3.2.3)

Proof.
(
T (F, G, µγ ), h

)
L2(R3

v)
=

$
b(cosθ)(µγ∗)1/2

(
F′∗G

′ − F∗G
)

h

=
1
2

$
b(cosθ)

(
F′∗G

′ − F∗G
)(

(µγ∗)
1/2h− (µ′γ∗)

1/2h′
)

≤ 1
2

($
(cosθ)

(
F′∗G

′ − F∗G
)2
)1/2

×
($

b(cosθ)
(
(µγ∗)

1/2h− (µ′γ∗)
1/2h′

)2
)1/2

≤ 1
2

(Ã)1/2 × (B̃)1/2.

By using the estimate of term (A) in the proof of Proposition 2.9.

(Ã) ≤ C
(
||F ||2

L2
s
|||G|||2 + ||G||2

L2
s
|||F |||2

)

and
(B̃) ≤ C

(
||µγ||2L2

s
|||h|||2 + ||h||2

L2
s
|||µγ|||2

)
≤ C|||h|||2.
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�

Proposition 3.5. For anyℓ ≥ 3, and N≥ 3, we have, for allβ ∈ N6, |β| ≤ N,

(3.2.4)
∣∣∣∣∣
(
Wℓ ∂

β
x,vΓ( f , g ), h

)
L2(R6

x,v)

∣∣∣∣∣ ≤ C|| f ||HN
ℓ

(R6) |||g|||BN
ℓ
(R6) |||h|||B0

0(R
6).

Remark 3.6. In fact, for this proposition, we need to assume the condition ℓ > 3
2 + 2s,

and N > 3
2 + 2s. But in order to simplify the notations, we choose integer indexesℓ,N,

for 0 < s< 1/2, such thatℓ ≥ 3,N ≥ 3.

Proof. Using Leibniz formula (3.1.5),

(
Wℓ∂

β
x,vΓ( f , g), h

)
L2(R6

x,v)
=

∑
Cβ1

β2,β3

(
T (∂β1 f , Wℓ∂β2g, µβ3 ), h

)
L2(R6

x,v)
(3.2.5)

+
∑

Cβ1

β2,β3

(
WℓT (∂β1 f , ∂β2g, µβ3 ) − T (∂β1 f , Wℓ∂β2g, µβ3 ), h

)
L2(R6

x,v)

Then (3.2.2) implies
∣∣∣∣∣
(
WℓT (∂β1 f , ∂β2g, µβ3 ) − T (∂β1 f , Wℓ∂β2g, µβ3 ), h

)
L2(R6

x,v)

∣∣∣∣∣

≤ C

(∫

R
3
x

‖∂β1 f ‖2
L2
ℓ
(R3

v)
‖∂β2g‖2

L2
ℓ
(R3

v)
dx

)1/2

‖h‖L2
s(R6

x,v)

≤ C

{ ‖∂β1 f ‖L∞ (R3
x; L2

ℓ
(R3

v))‖∂β2g‖L2
ℓ
(R6

x,v) ‖h‖L2
s(R6

x,v) if |β1| ≤ 1 ;
‖∂β1 f ‖L2

ℓ
(R6

x,v)‖∂β2g‖L∞(R3
x;L2

ℓ
(R3

v)) ‖h‖L2
s(R6

x,v) if |β1| ≥ 2 .

Since|β1| ≤ 1 implies |β1| + 3/2 < 3 ≤ N and|β1| ≥ 2 implies |β2| + 3/2 < |β|, thus, we
have

∣∣∣∣∣
(
WℓT (∂β1 f , ∂β2g, µβ3 ) − T (∂β1 f , Wℓ∂β2g, µβ3 ), h

)
L2(R6

x,v)

∣∣∣∣∣(3.2.6)

≤ C‖ f ‖HN
ℓ

(R6)‖g‖H |β |
ℓ

(R6)|||h|||B0
0(R

6
x,v) .

On the other hand, (3.2.3) implies that, if|β1| ≤ 1, then|β1| + 3
2 + s< 3 ≤ N,

∣∣∣∣∣
(
T (∂β1 f , Wℓ∂β2g, µβ3 ), h

)
L2(R6

x,v)

∣∣∣∣∣

≤ C

(∫

R
3
x

‖∂β1 f ‖2
L2

s(R3
v)

(
|||Wℓ∂β2g|||2 + ||Wℓ∂β2g||2

Hs(R3
v)

)

+

∫

R
3
x

‖Wℓ∂β2g‖2
L2

s(R3
v)

(
|||∂β1 f |||2 + ||∂β1 f ||2

Hs(R3
v)

)
dx

)1/2

|||h|||B0
0(R

6)

≤ C
(
‖∂β1 f ‖L∞ (R3

x; L2
s(R3

v)) + ||∂β1 f ||2
L∞(R3

x; Hs
s(R3

v))

)
|||g|||B|β2|

ℓ
(R6)
|||h|||B0

0(R
6)

≤ C‖ f ‖
H
|β1 |+3/2+s+ǫ
s (R6)|||g|||B|β2|

ℓ
(R6)|||h|||B0

0(R
6),

so that, for|β1| ≤ 1,

(3.2.7)
∣∣∣∣∣
(
T (∂β1 f , Wℓ∂β2g, µβ3 ), h

)
L2(R6

x,v)

∣∣∣∣∣ ≤ C‖ f ‖H3
s (R6)|||g|||B|β2|

ℓ
(R6)
|||h|||B0

0(R
6) .
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Now for |β1| ≥ 2, there are two cases: 2≤ |β1| ≤ |β| − 1 then|β2| = |β| − |β1| − |β3| ≤ |β| − 2,

∣∣∣∣∣
(
T (∂β1 f , Wℓ∂β2g, µβ3 ), h

)
L2(R6

x,v)

∣∣∣∣∣
≤ C

(
‖ f ‖

H
|β1 |
s (R6)

||Wℓ∂β2g||L∞(R3
x; Hs

s(R3
v))

+ ‖Wℓ∂β2g‖L∞(R3
x; L2

s(R3
v))||∂β1 f ||L2(R3

x; Hs
s(R3

v))

)
|||h|||B0

0(R
6)

≤ C‖ f ‖
H
|β1 |+s
s (R6)

||WℓΛ3/2+ǫ
x Λs

v∂
β2g||2

L2
s(R6)
|||h|||B0

0(R
6)

≤ C‖ f ‖H |β|−1+s
s (R6)|||g|||B|β|−2+3/2+s+ǫ

ℓ
(R6)|||h|||B0

0(R
6)

≤ C‖ f ‖H |β|s (R6)|||g|||B|β|
ℓ

(R6)|||h|||B0
0(R

6).

We study now the case:β1 = β. Then we have

(
T (∂β f , Wℓg,

√
µ ), h

)
L2(R6

x,v)
=

(
Γ(∂β f , Wℓg ), h

)
L2(R6

x,v)

Since we don’t admits the trip norm off in the left hand side, we can’t use the estimate
(2.3.2) to close the proof.

We use (2.1.5),

(
Γ(∂β f , Wℓg), h

)
L2(R6

x,v)
=

(
Q(
√
µ ∂β f , Wℓg), h

)
L2(R6

x,v)

+

∫ $
b(cosθ)

(√
µ∗ −

√
µ′∗

)
(∂β f )′∗(W

ℓ g)′hdv∗dσdvdx.

Then (2.1.2) withm= 0, α = −s,

∣∣∣∣∣
(
Q(
√
µ ∂β f , Wℓg), h

)
L2(R6

x,v)

∣∣∣∣∣ ≤ C‖h‖L2
s(R6)‖

√
µ ∂β f ‖L2(R3

x; L1
2s(R

3
v))‖Wℓg‖L∞(R3

x; H2s
s (R3

v))

≤ C‖ f ‖H |β|(R6)||Wℓg|||H3/2+2s+ǫ
s (R6)|||h|||B0

0(R
6).

On the other hand,

∫ $
b(cosθ)

(√
µ∗ −

√
µ′∗

)
(∂β f )′∗(W

ℓ g)′hdv∗dσdvdx

=

∫ $
b(cosθ)

(√
µ∗ −

√
µ′∗

)
(∂β f )′∗(W

ℓ g)′
(
h− h′

)
dv∗dσdvdx

+

∫ $
b(cosθ)

(√
µ∗ −

√
µ′∗

)
(∂β f )′∗(W

ℓ g)′h′dv∗dσdvdx

= (B1) + (B2) .

|(B1)| ≤
(∫ $

b(cosθ)|(∂β f )′∗|2|(Wℓg)′|2
(
(µ∗)

1/4 − (µ′∗)
1/4

)2
dv∗dσdvdx

)1/2

×
(∫ $

b(cosθ)
(
µ1/4
∗ + (µ′∗)

1/4
)2

(h− h′)2dv∗dσdvdx

)1/2

.
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Lemma 2.5 gives
∫ $

b(cosθ)|(∂β f )′∗|2|(Wℓg)′|2
(
(µ∗)1/4 − (µ′∗)

1/4
)2

dv∗dσdvdx

≤ C
∫

R
3
x

∫

R
6
v,v∗

|(∂β f )∗|2|(Wℓg)|2〈v〉2s〈v∗〉2sdv∗ddvdx

≤ C
∫

R
3
x

||∂β f ||2
L2

s(R3
v)
||Wℓg||2

L2
s(R3

v)
dx≤ C||∂β f ||2

L2
s(R6)
||Wℓg||2

L∞(R3
x; L2

s(R3
v))

≤ C|| f ||2
HN

s (R6)
||WℓΛ3/2+ǫ

x g||2
L2

s(R6)
≤ C|| f ||2

H |β|s (R6)
|||g|||2B2

ℓ
(R6)

,

and Lemma 2.8 gives
∫ $

b(cosθ)
(
µ1/4
∗ + (µ′∗)

1/4
)2

(h− h′)2dv∗dσdvdx

≤ 4
∫ $

b(cosθ)µ1/2
∗ (h− h′)2dv∗dσdvdx≤ C|||h|||2B0

0(R
6)
,

so that

|(B1)| ≤ C|| f ||H |β|s (R6)|||g|||B2
ℓ
(R6)|||h|||B0

0(R
6).

For the term (B2), we have
∣∣∣∣∣
∫ $

b(cosθ)
(√
µ∗ −

√
µ′∗

)
(∂β f )′∗(W

ℓ g)′h′dv∗dσdvdx
∣∣∣∣∣

=

∣∣∣∣∣
∫ $

b(cosθ)
( √

µ′∗ −
√
µ∗

)
(∂β f )∗(Wℓ g)hdv∗dσdvdx

∣∣∣∣∣

≤ C
∫

R
3
x

∫

R
6
v,v∗

∣∣∣∣(∂β f )∗
∣∣∣∣
∣∣∣∣Wℓ g

∣∣∣∣ |h|〈v〉2s〈v∗〉2sdv∗ddvdx

≤ C
∫

R
3
x

‖∂β f ‖L1
2s(R

3
v)‖Wℓ g‖L2

s(R3
v)‖h‖L2

s(R3
v)dx

≤ C‖∂β f ‖L2(R3
x; L2

3/2+2s+ǫ (R
3
v))‖Wℓ g‖L∞(R3

x; L2
s(R3

v))‖h‖L2
s(R6).

We get also

|(B2)| ≤ C|| f ||H |β|3/2+2s+ǫ (R
6)|||g|||B2

ℓ
(R6)|||h|||B0

0(R
6).

So that ∣∣∣∣∣
(
Γ(∂β f , Wℓg), h

)
L2(R6

x,v)

∣∣∣∣∣ ≤ C|| f ||H |β|3/2+2s+ǫ (R
6)|||g|||B2

ℓ
(R6)|||h|||B0

0(R
6).(3.2.8)

Finally, for |β1| ≥ 2, by using 3/2+ 2s< 3 ≤ N, we have also
∣∣∣∣∣
(
T (∂β1 f , Wℓ∂β2g, µβ3 ), h

)
L2(R6

x,v)

∣∣∣∣∣ ≤ C‖ f ‖HN
ℓ

(R6)|||g|||BN
ℓ
(R6)|||h|||B0

0(R
6) .(3.2.9)

The proof of Proposition 3.5 is now ended. �

By using the same arguments as in the proof of Proposition 3.5, we get also,

Corollary 3.7. For anyℓ ≥ 3, we have, for allβ ∈ N6, |β| ≤ 2,

(3.2.10)
∣∣∣∣∣
(
Wℓ ∂

β
x,vΓ( f , g ), h

)
L2(R6

x,v)

∣∣∣∣∣ ≤ C|| f ||H3
ℓ
(R6) |||g|||B3

ℓ(R6) |||h|||B0
0(R

6).

For the linear linear term, we have the following result



22 R. ALEXANDRE, Y. MORIMOTO, S. UKAI, C.-J. XU, AND T. YANG

Proposition 3.8. For ℓ ≥ 3, we have for anyβ ∈ N6,

(3.2.11)
∣∣∣∣
(
Wℓ ∂

β
x,vL2( f ), h

)
L2(R6)

∣∣∣∣ ≤ C|β|,ℓ|| f ||H |β|
ℓ

(R6) |||h|||B0
0(R

6).

If 1 ≤ |β|, we have
∣∣∣∣
(
L1(Wℓ ∂

β
x,vg) −Wℓ ∂

β
x,vL1(g), h

)
L2(R6)

∣∣∣∣(3.2.12)

≤ C|β|,ℓ
(
||g||H |β|

ℓ
(R6) + |||g|||B|β |−1

ℓ
(R6)

)
|||h|||B0

0(R
6),

and for |β| = 0,

(3.2.13)
∣∣∣∣
(
L1(Wℓ g) −Wℓ L1(g), h

)
L2(R6)

∣∣∣∣ ≤ C||g||L2
ℓ
(R6) |||h|||B0

0(R
6).

Remark 3.9. In the right hand side of (3.2.10), there is a main term|||g|||B3
ℓ
(R6). It is due to

the Sobolev embedding

L∞(R3
x; H2s

s (R3
v)) ⊂ H3/2+2s+ǫ

s (R6) ⊂ B3
0(R6).

This is also a important property of the non linear operatorΓ(., .). For the linear operators
in (3.2.12) and (3.2.13), this problem does not appear.

Proof. For (3.2.11), sinceL2( f ) = Γ( f ,
√
µ ), using Leibniz formula (3.1.5), we have

(
Wℓ ∂

β
x,vL2( f ), h

)
L2(R6

x,v)
=

(
Wℓ ∂

β
x,vΓ( f ,

√
µ ), h

)
L2(R6

x,v)

=
∑

Cβ1

β2,β3

(
T (∂β1 f , Wℓ∂β2

√
µ , µβ3 ), h

)
L2(R6

x,v)

+
∑

Cβ1

β2,β3

(
WℓT (∂β1 f , ∂β2

√
µ , µβ3 ) − T (∂β1 f , Wℓ∂β2

√
µ , µβ3 ), h

)
L2(R6

x,v)

= (C1) + (C2).

Then (3.2.6) implies

|(C2)| =
∣∣∣∣∣
∑

Cβ1

β2,β3

(
WℓT (∂β1 f , ∂β2

√
µ , µβ3 ) − T (∂β1 f , Wℓ∂β2

√
µ , µβ3 ), h

)
L2(R6

x,v)

∣∣∣∣∣
≤ C‖ f ‖H |β|

ℓ
(R6)‖
√
µ ‖H |β|

ℓ
(R3)|||h|||B0

0(R
6) ≤ C‖ f ‖H |β|

ℓ
(R6)|||h|||B0

0(R
6),

and (3.2.3) implies also,

|(C1)| =
∣∣∣∣∣
∑

Cβ1

β2,β3

(
T (∂β1 f , Wℓ∂β2

√
µ , µβ3 ), h

)
L2(R6

x,v)

∣∣∣∣∣
≤ C‖ f ‖H |β|

ℓ
(R6)|||h|||B0

0(R
6),

where for the term of orderβ1 = β, we needed to use (3.2.8).
For (3.2.12), sinceL1(g) = Γ(

√
µ, g), using again Leibniz formula (3.1.5), we have

(
Wℓ ∂

β
x,vL1(g) − L1(Wℓ ∂

β
x,v g), h

)
L2(R6)

=
(
Wℓ ∂

β
x,vΓ(
√
µ , , g) − Γ(√µ , Wℓ ∂

β
x,v, g), h

)
L2(R6)

=
∑

|β2|≤|β|−1

Cβ1

β2,β3

(
T (∂β1

√
µ , Wℓ∂β2g, µβ3 ), h

)
L2(R6

x,v)

+
∑

Cβ1

β2,β3

(
WℓT (∂β1

√
µ , ∂β2g, µβ3 ) − T (∂β1

√
µ , Wℓ∂β2g, µβ3 ), h

)
L2(R6

x,v)

= (D1) + (D2).
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Then (3.2.6) implies

|(D2)| =
∣∣∣∣∣
∑

Cβ1

β2,β3

(
WℓT (∂β1

√
µ , ∂β2g, µβ3 ) − T (∂β1

√
µ , Wℓ∂β2g, µβ3 ), h

)
L2(R6

x,v)

∣∣∣∣∣
≤ C‖ √µ ‖H |β|

ℓ
(R3)‖g‖H |β |

ℓ
(R6)|||h|||B0

0(R
6
x,v) ≤ C‖g‖H |β |

ℓ
(R6)|||h|||B0

0(R
6
x,v) ,

giving also (3.2.13) .
On the other hand, (3.2.3) implies that, for|β2| ≤ |β| − 1,

∣∣∣∣∣
(
T (∂β1

√
µ , Wℓ∂β2g, µβ3 ), h

)
L2(R6

x,v)

∣∣∣∣∣

≤ C

(∫

R
3
x

‖∂β1
√
µ ‖2

L2
s(R3

v)

(
|||Wℓ∂β2g|||2 + ||Wℓ∂β2g||2

Hs(R3
v)

)

+

∫

R
3
x

‖Wℓ∂β2g‖2
L2

s(R3
v)

(
|||∂β1
√
µ |||2 + ||∂β1

√
µ ||2

Hs(R3
v)

)
dx

)1/2

|||h|||B0
0(R

6)

≤ C‖ √µ ‖
H
|β1|+s
s (R3

v)
|||g|||B|β2|

ℓ
(R6)
|||h|||B0

0(R
6)

≤ C|||g|||B|β|−1
ℓ

(R6)|||h|||B0
0(R

6),

thus ending the proof of Proposition 3.8. �

4. Local existence

4.1. Energy estimates for the linearized Boltzmann equation. We now consider the
following linearized Boltzmann equation,

(4.1.1) ∂tg+ v · ∇xg+L1g = Γ( f , g) − L2 f , g|t=0 = g0 .

Note that it is equivalent to the following Cauchy problem :

(4.1.2) ∂tG+ v · ∇xG = Q(F, G), F |t=0 = F0

with F = µ +
√
µ f andg = µ +

√
µg.

We now study the energy estimations of equation (4.1.1) inHN
ℓ

for the smooth solution
g.

For N ≥ 3, ℓ ≥ 3 andβ ∈ N6, |β| ≤ N, we take

ϕ(t, x, v) = (−1)|β|
(
∂
β
x,vW

2ℓ∂
β
x,vg

)
(t, x, v)

as a test function onR3
x × R3

v, and we have

1
2

d
dt
‖∂β g‖2L2(R6) +

(
Wℓ

[
∂
β
x,v, v

]
· ∇xg, Wℓ∂

β
x,vg

)
L2(R6)

+
(
Wℓ∂

β
x,vL1(g), Wℓ∂

β
x,vg

)
L2(R6)

=
(
Wℓ∂

β
x,vΓ( f , g), Wℓ∂

β
x,vg

)
L2(R6)

−
(
Wℓ∂

β
x,vL2( f ), Wℓ∂

β
x,vg

)
L2(R6)

,

where we used the fact that
(
v · ∇x

(
Wℓ∂

β
x,v g

)
, Wℓ∂

β
x,vg

)
L2(R6)

= 0 .

Applying now Proposition 3.5 and Proposition 3.8, we get forany 3≤ k ≤ N and|β| ≤ k,

1
2

d
dt
‖∂β g‖2

L2
ℓ
(R6) +

(
L1

(
Wℓ∂

β
x,vg

)
, Wℓ∂

β
x,vg

)
L2(R6)

≤ C
{
‖ f ‖Hk

ℓ
(R6) |||g|||2Bk

ℓ
(R6)
+ ‖g‖2

Hk
ℓ
(R6)
+ ‖ f ‖Hk

ℓ
(R6) |||g|||Bk

ℓ
(R6)

+
(
‖g‖Hk

ℓ
(R6) + |||g|||Bk−1

ℓ
(R6)

)
|||g|||Bk

ℓ
(R6)

}
.
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Taking summation over|β| ≤ k, then Lemma 2.3, (3.1.2) and Cauchy inequality imply that

d
dt
‖g‖2

Hk
ℓ
(R6)
+

C0

2
|||g|||2Bk

ℓ
(R6)
≤ Ck,ℓ‖ f ‖Hk

ℓ
(R6) |||g|||2Bk

ℓ
(R6)

(4.1.3)

+Ck,ℓ

(
‖g‖2

Hk
ℓ
(R6)
+ ‖ f ‖2

Hk
ℓ
(R6)
+ |||g|||2Bk−1

ℓ
(R6)

)
, 3 ≤ k ≤ N .

Fork = 1, 2, we use Corollary 3.7 to get

d
dt
‖g‖2

Hk
ℓ
(R6)
+

C0

2
|||g|||2Bk

ℓ
(R6)
≤ Ck,ℓ‖ f ‖H3

ℓ
(R6) |||g|||2B3

ℓ
(R6)

(4.1.4)

+Ck,ℓ

(
‖g‖2

Hk
ℓ
(R6)
+ ‖ f ‖2

H3
ℓ
(R6)
+ |||g|||2Bk−1

ℓ
(R6)

)
,

while for k = 0

d
dt
‖g‖2

L2
ℓ
(R6)
+

C0

2
|||g|||2B0

ℓ
(R6)
≤ C0,ℓ‖ f ‖H3

ℓ
(R6) |||g|||2B0

ℓ
(R6)

(4.1.5)

+C0,ℓ

(
‖g‖2

L2
ℓ
(R6) + ‖ f ‖

2
H3
ℓ
(R6)

)
,

whereC0 is the constant in (3.1.2) which is independent onk, ℓ andN.
Take the summation of (4.1.3)( or (4.1.4)) withk andk− 1 for N ≥ 3, we have

d
dt

(
‖g‖2

Hk−1
ℓ

(R6)
+

C0

2Ck,ℓ
‖g‖2

Hk
ℓ
(R6)

)
+

C2
0

22Ck,ℓ
|||g|||2Bk

ℓ
(R6)

≤ C0

2

(
‖ f ‖HN

ℓ
(R6) |||g|||2BN

ℓ
(R6) + ‖g‖

2
HN
ℓ

(R6) + ‖ f ‖
2
HN
ℓ

(R6)

)

+
∂

∂t
‖g‖2

Hk−1
ℓ

(R6)
+

C0

2
|||g|||2Bk−1

ℓ
(R6)

≤ C0

2

(
‖ f ‖HN

ℓ
(R6) |||g|||2BN

ℓ
(R6) + ‖g‖

2
HN
ℓ

(R6) + ‖ f ‖
2
HN
ℓ

(R6)

)

+Ck−1,ℓ

(
‖ f ‖HN

ℓ
(R6) |||g|||2BN

ℓ
(R6) + ‖g‖

2
HN
ℓ

(R6) + ‖ f ‖
2
HN
ℓ

(R6) + |||g|||
2
Bk−2
ℓ

(R6)

)
.

By induction, and using (4.1.5) for the last term, we have therefore obtained the following
estimate

d
dt


∑

0≤k≤N

ck,l ‖g‖2Hk
ℓ
(R6)

 + C̃0 |||g|||2BN
ℓ
(R6)(4.1.6)

≤ C̃N,ℓ

(
‖ f ‖HN

ℓ
(R6) |||g|||2BN

ℓ
(R6) + ‖g‖

2
HN
ℓ

(R6) + ‖ f ‖
2
HN
ℓ

(R6)

)

where 0< C̃0 < C0 andck,ℓ > 0 are the constants depending onk, ℓ, such that there exists
c0, c1 > 0 such that

(4.1.7) c0 ‖g‖2HN
ℓ

(R6) ≤
∑

0≤k≤N

ck,l‖g‖2Hk
ℓ
(R6)
≤ c1 ‖g‖2HN

ℓ
(R6) .

Thus we have proved the following theorem :

Theorem 4.1. Let N ≥ 3, ℓ ≥ 3. Assume that g0 ∈ HN
ℓ

(R6) and f ∈ L∞([0,T]; HN
ℓ

(R6)).
If g ∈ L∞([0,T]; HN

ℓ
(R6))

⋂
L2([0,T]; BN

ℓ
(R6)) is a solution of Cauchy problem (4.1.1),

then there existsǫ0 > 0 such that if

(4.1.8) ‖ f ‖L∞ ([0,T]; HN
ℓ

(R6)) ≤ ǫ0, and ‖ f ‖L∞ ([0,T]; HN
ℓ

(R6)) ≤ ‖g‖L∞([0,T]; HN
ℓ

(R6)),
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we have

(4.1.9) ‖g‖2
L∞([0,T]; HN

ℓ
(R6)) + ||g||

2
L2([0,T]; BN

ℓ
(R6)) ≤ C1eC2 T‖g0‖2HN

ℓ
(R6)

for constants C1,C2 depending only on N, ℓ .

Proof. Choosingǫ0 =
C̃0

2C̃N,ℓ
, we have, from (4.1.6),

d
dt


∑

0≤k≤N

ck,l ‖g‖2Hk
ℓ
(R6)

 +
C̃0

2
|||g|||2BN

ℓ
(R6)

≤ 2C̃N,ℓ‖g‖2HN
ℓ

(R6)
≤ 2c−1

0 C̃N,ℓ

∑

0≤k≤N

ck,l ‖g‖2Hk
ℓ
(R6)

,

and

d
dt

e
−2t c−1

0 C̃N,ℓ

∑

0≤k≤N

ck,l ‖g‖2Hk
ℓ
(R6)

 +
C̃0

2
e−2t c−1

0 C̃N,ℓ |||g|||2BN
ℓ
(R6)
≤ 0 .

Thus

c0‖g‖2L∞([0,T]; HN
ℓ

(R6))
+

C̃0

2
|||g|||2

L2([0,T]; BN
ℓ

(R6))
≤ c1e2T c−1

0 C̃N,ℓ‖g0‖2HN
ℓ

(R6)
.

Therefore, we get (4.1.9) with

C1 = c1

min
{
c0,

C̃0

2

}
−1

, C2 = 2c−1
0 C̃N,ℓ .

�

4.2. Linearized Boltzmann equation.

Theorem 4.2. Let ℓ ≥ 3,N ≥ 3 and g0 ∈ HN
ℓ

(R6). There existsǫ0 > 0 such that if

‖ f ‖L∞([0,T]; HN
ℓ

(R6)) ≤ ǫ0,
then the Cauchy problem (4.1.1) admits a unique solution

g ∈ L∞([0,T]; HN
ℓ (R6))

⋂
L2([0,T]; BN

ℓ (R6)).

Proof. We consider the following Cauchy problem :

(4.2.1) Pg ≡ ∂tg+ v · ∇xg+ L1g− Γ( f , g) = F, g(0) = g0.

Forh ∈ C∞([0,T]; S(R6
x,v)) with h(T) = 0, we define

(
g, P∗N, ℓ h

)
L2([0,T];HN

ℓ
(R6))
=

(
P g, h

)
L2([0,T];HN

ℓ
(R6))

,

so thatP∗N, ℓ is the adjoint of the linear operatorP in the Hilbert spaceL2([0, T]; HN
ℓ

(R6)).
Setting

W =
{
w = P∗N, ℓ h; h ∈ C∞([0,T]; S(R6

x,v)) with h(T) = 0
}
,

W is a dense subspace ofL2([0, T]; HN
ℓ

(R6)), and we have also

P∗N, ℓ(h) = −∂th+ (v · ∇x)
∗h+L∗1 h+ Γ∗( f , h) .

Then
(
h, P∗N, ℓ h

)
HN
ℓ

(R6)
= −1

2
d
dt
||h(t)||2

HN
ℓ

(R6)
+

(
v · ∇x h, h

)
HN
ℓ

(R6)

+
(
L1(h), h

)
HN
ℓ

(R6)
−

(
Γ( f , h), h

)
HN
ℓ

(R6)
,
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Using the same same arguments as in the proof of Theorem 4.1, for || f ||L∞([0,T]; HN
ℓ

(R6)) ≤ ǫ0,
we have∫ T

t
e2C(s−t)

∣∣∣∣
(
h, P∗N, ℓ h

)
HN
ℓ

(R6)

∣∣∣∣dt ≥ 1
2
||h(t)||2

HN
ℓ

(R6)
+

∫ T

t
C1e2C(s−t)|||h(s)|||2BN

ℓ
(R6)

ds.

Thus, for all 0< t < T,

||h(t)||2
HN
ℓ

(R6)
+C1||h||2L2([t,T]; BN

ℓ
(R6))
≤ C

(
h, P∗N, ℓ h

)
L2([t,T]; HN

ℓ
(R6))

≤ C||P∗N, ℓ(h)||L2([t,T];HN
ℓ

(R6))||h||L2([t,T];HN
ℓ

(R6)) .

We get finally

(4.2.2) ||h||L2([0,T]; HN
ℓ

(R6)) + ||h||L∞([0,T]; HN
ℓ

(R6)) ≤ CT||P∗N, ℓ(h)||L2([0,T]; HN
ℓ

(R6)) ,

and
||h||L2([t,T];HN

ℓ
(R6)) ≤ C||h||L2([t,T]; BN

ℓ
(R6))

giving also

(4.2.3) ||h||L2([0,T]; BN
ℓ

(R6)) ≤ C||P∗N, ℓ(h)||L2([0,T]; HN
ℓ

(R6)) .

Next, we define a functionalG onW as follows

G(w) = (F, h)L2([0,T]; HN
ℓ

(R6)) + (g0, h(0))HN
ℓ

(R6).

Then, ifF ∈ L2([0, T]; HN
ℓ−s(R

6)), (4.2.3) gives

|G(w)| ≤ ‖F‖L2([0,T]; HN
ℓ−s(R

6))‖h‖L2([0,T]; HN
ℓ+s(R

6)) + ‖g0‖HN
ℓ

(R6)‖h(0)‖HN
ℓ

(R6)

≤ C‖F‖L2([0,T]; HN
ℓ−s(R

6))||h||L2([0,T]; BN
ℓ

(R6)) + ‖g0‖HN
ℓ

(R6)‖h(0)‖HN
ℓ

(R6)

≤ C||P∗N, ℓ(h)||L2([0,T]; HN
ℓ

(R6)) ≤ C||w||L2([0,T]; HN
ℓ

(R6)) ,

where we used (4.2.2) to get the estimation of the term‖g0‖HN
ℓ

(R6)‖h(0)‖HN
ℓ

(R6). Thus

G is a continuous linear functional on
(
W; ‖ · ‖L2([0,T]; HN

ℓ
(R6))

)
. Now, there existsg ∈

L2([0, T]; HN
ℓ

(R6)) such that for anyw ∈W,

G(w) =
(
g, w

)
L2([0,T]; HN

ℓ
(R6))

by Hahn-Banach Theorem. For anyh ∈ C∞([0,T]; S(R6
x,v)) with h(T) = 0, we have

(
g, P∗N, ℓ h

)
L2([0,T];HN

ℓ
(R6))
=

(
F, h

)
L2([0,T];HN

ℓ
(R6)) +

(
g0, h(0)

)
HN
ℓ

(R6),

and by the definition of the operatorP∗N, ℓ, we have also
(
P g, h̃

)
L2([0,T];L2(R6))

=
(
F, h̃

)
L2([0,T];L2(R6)) +

(
g0, h̃(0)

)
L2(R6),

where
h̃ = ΛNW2ℓΛNh ∈ C∞([0,T]; S(R6)) with h̃(T) = 0.

SinceΛNW2ℓΛN is an isomorphism on
{
h ∈ C∞([0,T]; S(R6)) with h(T) = 0

}
, we have

proved that, ifF ∈ L2([0, T]; HN
ℓ−s(R

6)), theng ∈ L2([0, T]; HN
ℓ

(R6)) is a solution of
Cauchy problem (4.2.1).

To finish the proof of Theorem 4.2, we take

F = −L2( f ) = Γ( f ,
√
µ),

to get ∣∣∣∣(F, h)L2([0,T]; HN
ℓ

(R6))

∣∣∣∣ ≤ C‖ f ‖L2([0,T]; HN
ℓ

(R6))||h||L2([0,T]; BN
ℓ

(R6)).

ThenG is also continuous onW, ending the proof of Theorem 4.2. �
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4.3. Convergence of an approximate sequence. We prove next the local existence re-
sults.

Theorem 4.3. Let N ≥ 3, ℓ ≥ 3. There existsǫ1 > 0 and 0 < T < +∞ such that if
g0 ∈ HN

ℓ
(R6) and

‖g0‖HN
ℓ

(R6) ≤ ǫ1 ,
then the Cauchy problem(1.9)admits a solution

g ∈ L∞([0,T]; HN
ℓ (R6)) ∩ L2([0,T]; BN

ℓ (R6)).

Remark 4.4. From equation(1.9), we have, for0 < 2s< 1,

∂tg ∈ L∞([0,T]; HN−1
ℓ−1 (R6)),

and thus
g ∈ HN

ℓ−1([0,T] × R6)).

We consider the following approximation sequence defined through the following Cauchy
problemn ∈ N

∂t f n+1 + v · ∇x f n+1 = Q( f n, f n+1) , f n+1|t=0 = f0,

where f n = µ + µ1/2gn and f 0 = f0. This is also equivalent to

(4.3.1) ∂tg
n+1 + v · ∇xg

n+1 +L1gn+1 − Γ(gn, gn+1) = −L2gn , gn+1|t=0 = g0.

Proposition 4.5. Let N≥ 3, ℓ ≥ 3. There existsǫ1 > 0 and T> 0 such that if g0 ∈ HN
ℓ

(R6)
and

(4.3.2) ‖g0‖HN
ℓ

(R6) ≤ ǫ1 ,
the Cauchy problem (4.3.1) admits a sequence of solutions

{gn, n ∈ N} ⊂ L∞([0,T]; HN
ℓ (R6)) ∩ L2([0,T]; BN

ℓ (R6)).

Moreover, there exists E> 0 such that for all n∈ N,

(4.3.3) ‖gn‖L∞([0,T]; HN
ℓ

(R6)) + ‖gn‖L2([0,T]; BN
ℓ

(R6)) ≤ E.

Proof. We prove (4.3.3) by induction onn. We have firstly

∂tg
1 + v · ∇xg

1 +L1g1 − Γ(g0, g
1) = −L2g0 , g1|t=0 = g0.

Then Theorem 4.2 asserts the existence of

g1 ∈ L∞([0,T]; HN
ℓ (R6))

⋂
L2([0,T]; BN

ℓ (R6)),

and Theorem 4.1 deduces

‖g1‖L∞([0,T]; HN
ℓ

(R6)) + ‖g1‖L2([0,T]; BN
ℓ

(R6)) ≤ C1eC2 T‖g0‖HN
ℓ

(R6),

for any 0< T < +∞. Thus (4.3.3) is proven forn = 1 with E = C1eC2 T‖g0‖HN
ℓ

(R6).
Now we fixT > 0 and chooseǫ1 > 0 small enough such that

(4.3.4) E = C1eC2 T‖g0‖HN
ℓ

(R6) ≤ C1eC2 Tǫ1 = ǫ0

whereǫ0 is the constant in Theorem 4.1 and Theorem 4.2.
Assuming now that

‖gn‖L∞([0,T]; HN
ℓ

(R6)) + ‖gn‖L2([0,T]; BN
ℓ

(R6)) ≤ E ≤ ǫ0,
then Theorem 4.2 asserts the existence of

gn+1 ∈ L∞([0,T]; HN
ℓ (R6))

⋂
L2([0,T]; BN

ℓ (R6)),
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and from Theorem 4.1, we deduce

‖gn+1‖L∞([0,T]; HN
ℓ

(R6)) + ‖gn+1‖L2([0,T]; BN
ℓ

(R6)) ≤ C1eC2 T‖g0‖HN
ℓ

(R6) ≤ E.

Thus we have proved (4.3.3) for alln ∈ N, and ended the proof of Proposition 4.5. �

Let us note the following Remark.

Remark 4.6. From (4.3.4), we observe that the smallness of the initial data ǫ1 depends on
the life time of solution T. That means that if we fix the smallness initial data such that
ǫ1 =

ǫ0
2C1

, we have to take T> 0 small enough so that eC2T ≤ 2. Thus, it is impossible to
get global solution from here.

To conclude, by a standard weak compactness procedure, we may extract a subsequence
such that

gn→ g ∈ L∞([0,T]; HN
ℓ (R6)) weakly*,

gn→ g ∈ L2([0,T]; BN
ℓ (R6)) weakly,

hold for a limit functiong. Furthermore, by using equation (4.3.1) and Proposition 4.5, we
see that{∂tgn} is uniformly bounded inL∞([0,T]; HN−1

ℓ−1 ), so that it is a compact set in

C1−δ(]0,T∗[ ; HN−1−δ
l−1 (Ω × R3

v)).

Now we can take the limit in equation (4.3.1) and thusg is a solution of Cauchy problem
(1.9).

5. Positivity and uniqueness of the solutions

5.1. Non-negativity.

Theorem 5.1. Let N ≥ 3, ℓ ≥ 3. There existsǫ1 > 0 such that if g0 ∈ HN
ℓ

(R6) with
µ + µ1/2g0 ≥ 0, ‖g0‖HN

ℓ
(R6) ≤ ǫ1 and g ∈ L∞([0,T]; HN

ℓ
(R6)) is a solution of Cauchy

problem (1.9), then we haveµ + µ1/2g ≥ 0 on [0,T] × R6.

Proof. By using the uniqueness of the solution for the above Cauchy problem, it is enough
to to prove the non-negativity of approximated solutions given by Proposition 4.5 :

(5.1.1) f n = µ + µ1/2gn ≥ 0 , n ∈ N,
which will be proved by induction. It is true forn = 0, and we assume that it is true for

somen and prove now that (5.1.1) will be true forn+ 1.
From (4.3.1),f n+1 = µ + µ1/2gn+1 is the solution of the following Cauchy problem :

(5.1.2)

{
∂t f n+1 + v · ∇x f n+1 = Q( f n, f n+1)
f n+1|t=0 = f0 = µ + µ1/2g0 ≥ 0

Take the convex functionβ(s) = 1
2(s−)2 = 1

2 s(s−) with s− = min{s, 0}. Settingφ(x, v) =
(1+ |x|2 + |v|2)−2 and noticing that

βs( f n+1)φ(x, v) =

(
d
ds

β

)
( f n+1)φ(x, v) = min{ f n+1, 0}φ(x, v) ∈ L∞([0,T]; L1(R3

x; L2(R3
v)),

we have by (5.1.2),

d
dt

∫

R6
β( f n+1)φdxdv=

∫

R6
Q( f n, f n+1) βs( f n+1)φ dxdv

−
∫

R6
v · ∇x (β( f n+1)φ)dxdv−

∫

R6
(φ−1 v · ∇x φ) β( f n+1)φdxdv,
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where the first term on the right hand side is well defined by Theorem 2.1 becausef n

belongs toL∞([0,T] ×R3
x; L1

2s∩H2s
2s(R

3
v)). Since the second term vanishes and|v · ∇x φ| ≤

Cφ, we obtain

d
dt

∫

R6
β( f n+1)φdxdv≤

∫

R6
Q( f n, f n+1)βs( f n+1)φdxdv+C

∫

R6
β( f n+1)φdxdv.

For the first term on the right hand side, we have
∫

R6
Q( f n, f n+1) βs( f n+1)φdxdv

=

∫

R
6
x,v

∫

R
3
v∗×S2

σ

b(cosθ)
(
f n′
∗ f n+1′ − f n

∗ f n+1
)
βs( f n+1)φ

=

∫

R
6
x,v

∫

R
3
v∗×S2

σ

b(cosθ) f n′
∗

(
f n+1′ − f n+1

)
βs( f n+1)φ

+

∫

R
6
x,v

βs( f n+1) f n+1φ

∫

R
3
v∗×S2

σ

b(cosθ)
(
f n′
∗ − f n

∗
)

= I + II .

From (4.3.3), we have, for anyn ∈ N,

‖ f n‖L∞([0,T]×R3
x; L1(R3

v)) ≤ 1+ ‖ √µ gn‖L∞([0,T]×R3
x; L1(R3

v))

≤ 1+ ‖gn‖L∞([0,T]×R3
x; L2(R3

v)) ≤ 1+ E ,

so that the cancellation lemma from [5] implies that
∫

R
3
v∗×S2

σ

b(cosθ)
(
f n′
∗ − f n

∗
)
= C

∫

R
3
v

f n(t, x, v)dv≤ C|| f n||L∞([0,T]×R3
x; L1(R3

v)) ≤ C ,

while βs(s)s= 2β(s) implies that

|II | ≤ C
∫

R6
β( f n+1)φdxdv.

On the other hand, by the convexity ofβ,

βs(a)(b− a) ≤ β(b) − β(a) ,

and sincef n
∗
′ ≥ 0 by assumption, we get

I =
∫

R
6
x,v

∫

R
3
v∗×S2

σ

b(cosθ) f n′
∗

(
f n+1′ − f n+1

)
βs( f n+1)φ

≤
∫

R
6
x,v

∫

R
3
v∗×S2

σ

b(cosθ) f n′
∗

(
β( f n+1′ ) − β( f n+1)

)
φ

≤
∫

R
6
x,v

∫

R
3
v∗×S2

σ

b(cosθ)
(
f n′
∗ β( f n+1′ ) − f n

∗ β( f n+1)
)
φ

−
∫

R
6
x,v

∫

R
3
v∗×S2

σ

b(cosθ)β( f n+1)
(
f n′
∗ − f n

∗
)
φ

≤
∫

R
6
x,v

∫

R
3
v∗×S2

σ

b(cosθ) f n
∗ β( f n+1)

(
φ′ − φ

)
+C

∫

R6
β( f n+1)φdxdv

= I1 + I2 .



30 R. ALEXANDRE, Y. MORIMOTO, S. UKAI, C.-J. XU, AND T. YANG

Using Taylor’s formula for the first term

I1 =

∫ 1

0
dτ

∫

R
6
x,v

∫

R
3
v∗×S2

σ

b(cosθ) f n
∗ β( f n+1)

(
v′ − v

) · ∇vφ
(
v+ τ(v′ − v))

)
.

Using

(5.1.3) |v′ − v| = |v− v∗| sin
( θ
2

)
≤ 〈v〉 〈v∗〉 sin

( θ
2

)
,

and withvτ = v+ τ(v′ − v), 0< τ < 1, 0≤ θ ≤ π/2,

|v| ≤ |vτ| + |v′ − v| ≤ |vτ| + sin
( θ
2

)(
|v| + |v∗|

)
≤ |vτ| +

√
2

2
|v| + |v∗|,

then
(1+ |x|2 + |v|2) ≤ C(1+ |x|2 + |vτ|2)(1+ |v∗|2),

which implies

|∇vφ(x, vτ)| ≤ (1+ |x|2 + |vτ|2)−5/2 ≤ Cφ(x, v)
〈v∗〉5
〈v〉 ,

we obtain

|I1| ≤ C|| f n||L∞([0,T]×R3
x; L1

6(R3
v))

∫

R6
β( f n+1)φdxdv.

Again from (4.3.3), we have, for anyn ∈ N,

‖ f n‖L∞([0,T]×R3
x; L1

6(R3
v)) ≤ ‖µ1/2‖L1

6(R3) + ‖µ1/2gn‖L∞([0,T]×R3
x; L1

6(R3
v)) ≤ C(1+ E).

Finally, we have obtained, for 0< t < T,

d
dt

∫

R6
β( f n+1)φ dx dv≤ C

∫

R6
β( f n+1)φ dx dv, β( f n+1)|t=0 = 0.

Therefore, for 0< t < T, and by continuity,
∫

R6
β( f n+1(t))φ dx dv= 0

which implies that,f n+1(t, x, v) ≥ 0 for (t, x, v) ∈ [0,T] × R6
x,v, thus ending the proof of

Theorem 5.1. �

Remark 5.2. This theorem can be also extended in the strong singularity case.
Indeed, writing

I1 =

∫

R
6
x,v

∫

R
3
v∗×S2

σ

b(cosθ) f n
∗ β( f n+1)

(
v′ − v

) · ∇vφ(v)

+
1
2

∫ 1

0
dτ

∫

R
6
x,v

∫

R
3
v∗×S2

σ

b(cosθ) f n
∗ β( f n+1)

(
v′ − v

)2 ∇2
vφ

(
v+ τ(v′ − v))

)

= I11+ I12,

since we have

|∇2
vφ(x, vτ)| ≤ (1+ |x|2 + |vτ|2)−3 ≤ Cφ(x, v)

〈v∗〉6
〈v〉2 ,

it follows from(5.1.3)that

|I12| ≤ C|| f n||L∞([0,T]×R3
x; L1

8(R3
v))

∫

R6
β( f n+1)φdxdv.
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On the other hand, settingk = v−v∗
|v−v∗| and writing

v′ − v =
1
2
|v− v∗|

(
σ − (σ · k)k

)
+

1
2

((σ · k) − 1)(v− v∗)

we have

I11 =
1
2

∫

R
6
x,v

∫

R
3
v∗×S2

σ

b(cosθ) f n
∗ β( f n+1)

(
cosθ − 1

)
(v− v∗) · ∇vφ(v)

because it follows by symmetry that
∫
S2 b(σ · k)

(
σ − (σ · k)k

)
dσ = 0. Therefore we have

|I11| ≤ C|| f n||L∞([0,T]×R3
x; L1

6(R3
v))

∫

R6
β( f n+1)φdxdv,

and the same conclusion as Theorem 5.1 holds also in the strong singularity case.

5.2. Uniqueness of solutions. We now prove Theorem 1.2. To this end, we need a pre-
liminary preparation by the next two lemmas .

Setϕ(v, x) = 〈v, x〉2 = 1+ |v|2 + |x|2 and

Wϕ,l =
〈v〉l
ϕ(v, x)

=
(1+ |v|2)l/2

1+ |v|2 + |x|2

Lemma 5.3. LetN ∋ l ≥ 4. Then

|Wϕ,l −W′ϕ,l | ≤ C sin
(
θ

2

) (W′l +W′l−3W′3,∗
ϕ(v′∗, x)

+ sinl−3
(
θ

2

)
W′ϕ,l,∗

)

≤ C
(
θW′l W

′
ϕ,3,∗ + θ

l−2W′ϕ,l,∗
)
,(5.2.1)

where W′
ϕ,l,∗ =

W′l,∗
ϕ(v′∗, x)

, and also simply

(5.2.2) |Wϕ,l −W′ϕ,l | ≤ C sin
(
θ

2

) W′l +W′l,∗
ϕ(v′, x)

≤ Cθ
W′l W

′
l,∗

ϕ(v′, x)
.

Proof. Fork ≥ 0, a ≥ 0, set

Fk(λ) =
λk

λ + a
.

Then forλ ∈ [1,∞), we haveF′k(λ) ≥ 0 if k ≥ 1 andF
′′

k (λ) ≥ 0 if k ≥ 2. SinceF′k(λ) is
positive and increasing in [1,∞) if k ≥ 2, it follows from the mean value theorem that for
λ, λ′ ≥ 1

|Fk(λ) − Fk(λ
′)| ≤ F′k(λ + |λ − λ′|)|λ − λ′|.

Settingλ = 〈v〉2, λ′ = 〈v′〉2, we have

|Fk(〈v〉2) − Fk(〈v′〉2)| ≤ F′k(2(〈v〉2 + |v− v′|2))
(
2|v| + |v− v′|)|v− v′|

≤ 2kFk−1/2(2(〈v〉2 + |v− v′|2))|v− v′|

because|λ − λ′| ≤ 2|v − v′||v| + |v − v′|2 ≤ |v|2 + 2|v − v′|2 and
√
λF′k(λ) ≤ kFk−1/2(λ).

Therefore, we obtain choosinga = |x|2

|Wϕ,l −W′ϕ,l | ≤ Cl

(
〈v〉l−1|v− v′|

〈v〉2 + |v− v′|2 + a
+

|v− v′|l

〈v〉2 + |v− v′|2 + a

)

≤ Cl |v− v′|〈v〉l−3F1(〈v〉2) +Cl
|v− v′|l

〈v〉2 + |v− v′|2 + a
(5.2.3)

= I + II .
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Note that〈v〉2 ≤ 2〈v∗〉2 + 2|v− v∗|2. SinceF1 is increasing, we have

I ≤ Cl |v− v′|〈v〉l−3 〈v∗〉2 + |v− v∗|2

〈v∗〉2 + |v− v∗|2 + |x|2

≤ Cl sin
(
θ

2

) Wl +Wl−3W3,∗
ϕ(v∗, x)

.

On the other hand

II ≤ Cl

|v− v∗|l sinl
(
θ
2

)

1+
(
1− sin2

(
θ
2

) )|v|2 + 1
2 sin2

(
θ
2

)
|v∗|2 + |x|2

≤ Cl sinl−2
(
θ

2

) Wl +Wl,∗
ϕ(v∗, x)

.

Sincev andv′ are symmetric, we get the first conclusion. The second is an easy conse-
quence of the first inequality of (5.2.3). �

Lemma 5.4. Let l ∈ N. If 0 < s< 1/2, there exists C> 0 such that
∣∣∣∣
((

Wϕ,l Q( f , g) − Q( f , Wϕ,l g)
)
, h

)
L2(R6)

∣∣∣∣(5.2.4)

≤ C‖ f ‖L∞ (R3
x;L1

l (R3
v))‖Wϕ,lg‖L2(R6)‖h‖L2(R6).

Moreover, if l≥ 5 then
∣∣∣∣
((

Wϕ,l Q( f , g) − Q( f , Wϕ,l g)
)
, h

)
L2(R6)

∣∣∣∣(5.2.5)

≤ C‖Wϕ,l f ‖L2(R6)‖g‖L∞(R3
x;L2

l (R3
v))‖h‖L2(R6).

Proof. It follows from (5.2.2) that
∣∣∣∣
((

Wϕ,l Q( f , g) − Q( f , Wϕ,l g)
)
, h

)
L2(R6)

∣∣∣∣

=

∣∣∣∣
&

b f ′∗g
′(W′ϕ,l −Wϕ,l) h dvdv∗dσdx

∣∣∣∣

≤ C
&

b |θ| |(Wl f )′∗| |(Wϕ,lg)′| |h| dvdv∗dσdx

= C
&

b |θ||(Wl f )∗| |(Wϕ,lg)| |h′| dvdv∗dσdx

≤ C
(&

b |θ| |(Wl f )∗| |(Wϕ,l g)|2dvdv∗dσdx
)1/2

×
(&

b |θ| |(Wl f )∗| |h′|2 dvdv∗dσdx
)1/2

= CJ1 × J2.

Clearly, one has

J2
1 ≤ C‖ f ‖L∞ (R3

x;L1
l (R3

v))‖Wϕ,lg‖2L2(R6)

∫

S2
b(cosθ) |θ| dσ ≤ C‖ f ‖L∞ (R3

x;L1
l (R3

v))‖Wϕ,lg‖2L2(R6).

Next, by the regular change of variablesv→ v′, cf. [5, 12], we have

J2
2 =

$
D0(v∗, v′)|(Wl f )∗||h′|2dv∗dv′dx,
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where

D0(v, v′) = 2
∫

S2

θ(v∗, v′, σ)
cos2(θ(v∗, v′, σ)/2)

b(cosθ(v∗, v′, σ))dσ ≤ C
∫ π/4

0
ψ−1−2s sinψ dψ,

and

cosψ =
v′ − v∗
|v′ − v∗|

· σ, ψ = θ/2, dσ = sinψdψdφ.

Thus,
J2

2 ≤ C‖ f ‖L∞ (R3
x;L1

l (R3
v))‖h‖2L2(R6),

and this together with the estimate onJ1 gives (5.2.4).

We now prove (5.2.5) by using (5.2.1) instead of (5.2.2). Forthis purpose, we have
∣∣∣∣
((

Wϕ,l Q( f , g) − Q( f , Wϕ,l g)
)
, h

)
L2(R6)

∣∣∣∣

≤ C

{&
b |θ| |(Wϕ,3 f )′∗| |(Wlg)′| |h| dvdv∗dσdx

+

&
b |θ|l−2 |(Wϕ,l f )′∗| |g′| |h| dvdv∗dσdx

}

= M1 +M2.

The estimation onM1 can be obtained by the similar method used to prove (5.2.4) except
for thex variable. Indeed,

M1 ≤ C
∫ ($

b |θ| |(Wϕ,3 f )∗| |(Wl g)|2dvdv∗dσ
)1/2

×
($

b |θ| |(Wϕ,3 f )∗| |h′|2 dvdv∗dσ
)1/2

dx

≤ C‖g‖L∞(R3
x;L2

l (R3
v))

∫
‖Wϕ,3 f ‖L1(R3

v)‖h‖L2(R3
v) dx

≤ C‖g‖L∞(R3
x;L2

l (R3
v))

(∫
‖Wϕ,5 f ‖2

L2(R3
v)

dx

)1/2 (∫
‖h‖L2(R3

v)dx

)1/2

≤ C‖Wϕ,5 f ‖L2(R6)‖g‖L∞(R3
x;L2

l (R3
v))‖h‖L2(R6).

M2 can be estimated as follows. Firstly, we have

M2
2 =C2

(&
b |θ|l−2|(Wϕ,l f )∗||g| |h′| dvdv∗dσdx

)2

≤C2
&

b |θ| l−2− 3
2 |g||(Wϕ,l f )∗|2dvdv∗dσdx

×
&

b |θ| l−2+ 3
2 |g||h′|2dvdv∗dσdx

=M2,1 ×M2,2.

Then, if l − 2− 3
2 − 2s− 1 > −1, that is,l > 2s+ 3

2 + 2, we have

M2,1 ≤ C‖g‖L∞(R3
x;L1(R3

v))‖Wϕ,l f ‖2L2(R6).

On the other hand, forM2,2 we need to apply the singular change of variablesv∗ → v′.
The Jacobian of this transform is

(5.2.6)
∣∣∣∣
∂v∗
∂v′

∣∣∣∣ =
8∣∣∣∣I − k ⊗ σ

∣∣∣∣
=

8
|1− k · σ| =

4

sin2(θ/2)
≤ 16θ−2, θ ∈ [0, π/2].
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Notice that this gives rise to an additional singularity in the angleθ around 0. Actually, the
situation is even worse in the following sense. Recall thatθ is no longer a legitimate polar
angle. In this case, the best choice of the pole isk′′ = (v′ − v)/|v′− v| for which polar angle
ψ defined by cosψ = k′′ · σ satisfies (cf. [5, Fig. 1])

ψ =
π − θ

2
, dσ = sinψdψdφ, ψ ∈ [

π

4
,
π

2
].

This measure does not cancel any of the singularity ofb(cosθ), unlike the case in the usual
polar coordinates. Nevertheless, this singular change of variables yields

M1,2 = C
&

b |θ|l+ 3
2 |(g)| |h′|2 dvdv∗dσdx

≤ C
$

D1(v, v′)|(g)| |h′|2dvdv′dx,

whenl − 2 > 3
2 + 2sbecause

D1(v, v′) =
∫

S2
θl−2+ 3

2−2b(cosθ)dσ ≤ C
∫ π/2

π/4
(
π

2
− ψ)−2−2s+l−2+ 3

2−2dψ ≤ C.

Therefore,

M2,2 ≤ C‖g‖L∞(R3
x;L1(R3

v))‖h‖2L2(R6).

Now the proof of (5.2.1) is completed by using the embedding estimate forl > 3
2,

‖g‖L1(R3
v) ≤ C‖g‖L2

l (R3
v).

�

Proof of Theorem 1.2 : SetF = f1 − f2. Then we have

(5.2.7)

{
Ft + v · ∇xF = Q( f1, F) + Q(F, f2) ,
F |t=0 = 0.

Let S(τ) ∈ C∞0 (R) satisfy 0≤ S ≤ 1 and

S(τ) = 1, |τ| ≤ 1 ; S(τ) = 0, |τ| ≥ 2.

SetSN(Dx) = S(2−2N|Dx|2) and multiplyWϕ,lSN(Dx)2Wϕ,lF by (5.2.7). Integrating and
letting N→ ∞, we have

1
2

d
dt
‖Wϕ,l F(t)‖2L2(R6) =

(
Wϕ,l Q( f1, F) +Wϕ,l Q(F, f2) ,Wϕ,lF

)
L2(R6)

(5.2.8)

− (v · ∇x(ϕ
−1)WlF,Wϕ,lF)L2(R6),

because (v · ∇xSN(Dx)Wϕ,lF,SN(Dx)Wϕ,lF)L2(R6) = 0. The second term on the right hand
side is estimated by‖Wϕ,lF‖2L2(R6)

. Sincef1 ≥ 0, it follows from the coercivity of−(Q( f1, g), g),
we have

(
Q( f1, Wϕ,lF) ,Wϕ,lF

)
L2(R6)

≤ C‖ f1(t)‖L∞(R3
x; L1(R3

v))‖Wϕ,l F(t)‖2
L2(R6

x, v)
.

By Lemma 5.4, we have
∣∣∣∣
((

Wϕ,l Q( f1, F) − Q( f1, Wϕ,l F)
)
, Wϕ,l F

)
L2(R6)

∣∣∣∣
≤ C‖ f1‖L∞(R3

x;L1
l (R3

v))‖Wϕ,lF‖2L2(R6)
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and ∣∣∣∣
((

Wϕ,l Q(F, f2) − Q(F, Wϕ,l f2)
)
, Wϕ,lF

)
L2(R6)

∣∣∣∣
≤ C‖ f2‖L∞(R3

x;L2
l (R3

v))‖Wϕ,lF‖2L2(R6) .

Finally, for l > 3/2+ 2s+ 2, we have
∣∣∣∣
(
Q(F, Wϕ,l f2) ,Wϕ,lF

)
L2(R6)

∣∣∣∣ ≤ C‖Q(F, Wϕ,l f2)‖L2(R6)‖Wϕ,l F(t)‖L2(R6)

≤ C‖Wϕ,lF(t)‖L2(R6)

(∫

R
3
x

‖F(t, x, · )
〈x〉2

‖2
L1

2s(R
3
v)
‖ 〈x〉

2

ϕ
f2(t, x, · )‖2

H2s
l+2s(R

3
v)

dx

)1/2

≤ C‖Wϕ,lF(t)‖2L2(R6)‖ f2(t)‖L∞(R3
x; H2s

l+2s(R
3
v)),

because〈x〉−2 ≤ Wϕ,2 and〈x〉2/ϕ is a bounded operator onH2s uniformly with respect to
x. Thus, we have, for any 0< t < T

d
dt
‖Wϕ,l F(t)‖2

L2
l (R6)

≤ C
(
‖ f1‖L∞(]0,T[×R3

x; L1
l (R3

v)) + ‖ f2‖L∞(]0,T[×R3
x; H2s

l+2s(R
6
v))

)
‖Wϕ,lF(t)‖2

L2
l (R6).

Therefore,‖Wϕ,l F(0)‖L2(R6) = 0 implies‖Wϕ,l F(t)‖L2(R6) = 0 for all t ∈ [0,T[.

The uniqueness ofg in Theorem 1.1 is a direct consequence of Theorem 1.2 because
g0 ∈ Hk

ℓ
andg ∈ L∞(]0,T[×Hk

ℓ
) with k, ℓ ≥ 3 imply f0 = µ +

√
µg0 ∈ L∞(R3

x; H2s
m ) and

f = µ +
√
µg ∈ L∞(]0,T[×R3

x; H2s
m ) for anym, respectively, becausek > 3/2+ 2s.

6. Full regularity of solutions

6.1. Initialization. We now prove the smoothness effect of Cauchy problem for the non-
cut off Boltzmann equation.

Theorem 6.1. Assume that0 < s < 1/2. There existsǫ1 > 0 such that if g0 ∈ H3
3(R6)

with µ + µ1/2g0 ≥ 0, ‖g0‖H3
3(R6) ≤ ǫ1 and g∈ L∞([0,T]; H3

3(R6)) is a solution of Cauchy

problem (1.9), then we have g∈ C∞(]0,T[×R6).

We recall thatHk
ℓ
(R7

t,x,), Hk
ℓ
(R6

x, v) and Hk
ℓ
(R3

v) denote the Sobolev space with weight
w.r.t. variablev. The regularity result is local in space and time, and thus for convenience,
we define the following local version of weighted Sobolev space. For 0≤ T1 < T2 < +∞,
and any given open domainΩ ⊂ R3

x, define

Hm
l (]T1, T2[×Ω × R3

v) =
{
f ∈ D ′

(]T1, T2[×Ω × R3
v);

ϕ(t)ψ(x) f ∈ Hm
l (R7) , ∀ ϕ ∈ C∞0 (]T1, T2[), ψ ∈ C∞0 (Ω)

}
.

The main result of [9] is following :

Theorem 6.2. Assume that0 < s < 1, 0 ≤ T1 < T2 < +∞, Ω ⊂ R3
x is an open

domain. Let f be a non-negative solution of the Boltzmann equation (1.1) satisfying
f ∈ H5

ℓ
(]T1, T2[×Ω × R3

v) for all ℓ ∈ N. Furthermore, if f satisfies the non-vacuum
condition

(6.1.1) ‖ f (t, x, ·)‖L1(R3
v) > 0,

for all (t, x) ∈]T1, T2[×Ω, then we have

f ∈ H+∞ℓ (]T1, T2[×Ω × R3
v) ⊂ C+∞(]T1, T2[×Ω × R3

v),



36 R. ALEXANDRE, Y. MORIMOTO, S. UKAI, C.-J. XU, AND T. YANG

for anyℓ ∈ N.

Using Theorem 4.3 and Theorem 5.1, under the assumption of Theorem 6.1, the unique
solution of the Cauchy problem (1.9) satisfies

‖g‖L∞([0,T]; H3
3(R6)) ≤ ǫ0, µ +

√
µ g ≥ 0.

Then f = µ +
√
µg ≥ 0 is a solution of Boltzmann equation (1.1). On the other hand, we

chooseǫ0 > 0 small enough such that

|| √µg||L∞([0,T]×R3
x; L1(R3

v)) ≤ C‖g‖L∞([0,T]; H2(R6)) ≤ Cǫ0 < 1

whereC is the Sobolev constant of the embeddingH2(R3
x) ⊂ L∞(R3

x). Then for any (t, x) ∈
]0,T[×R3

x,

(6.1.2)
∫

R
3
v

f (t, x, v)dv= 1+
∫

R
3
v

√
µ g(t, x, v)dv≥ 1− || √µg||L∞([0,T]×R3

x; L1(R3
v)) > 0 ,

so thatf = µ +
√
µ g satisfies the condition (6.1.1).

By using equation (1.1) and Remark 4.4, we have also, for anyℓ ∈ N, any 0< T1 <

T2 < T, and any bounded open domainΩ ⊂ R3
x,

f = µ +
√
µ g ∈ H3

ℓ (]T1, T2[×Ω × R3
v).

At this point, note that we cannot apply directly Theorem 6.2, since in our case, the
initially assumed regularity off is onlyH3

ℓ
(]T1, T2[×Ω × R3

v).
Thus we prove here the following improved version of Theorem6.2, and therefore fin-

ished the proof of Theorem 6.1.

Theorem 6.3. Under the assumption of Theorem 6.1, we have, for any0 < T1 < T2 < T
and any bounded open domainΩ ⊂ R3

x,

f = µ +
√
µ g ∈ H5

l (]T1, T2[×Ω × R3
v).

for all ℓ ∈ N.

The proof of this Theorem is similar and in fact easier than that of Theorem 6.2 in [9].
In fact, since we have

gn → g,

by mollifying the initial data and using the uniqueness of solution, we do not need at all
to mollify the solution as in [9]. We just need to prove the à priori estimates for smooth
solution.

To make the paper self-contained, we give a proof here but using the notations and
results of [9]. We recall that we are in Maxwellian case and mild singularity of kernel
0 < s< 1/2.

Here and below,φ denotes a cutoff function satisfyingφ ∈ C∞0 and 0≤ φ ≤ 1. Notation
φ1 ⊂⊂ φ2 stands for two cutoff functions such thatφ2 = 1 on the support ofφ1.

Take the smooth cutoff functionsϕ, ϕ2, ϕ3 ∈ C∞0 (]T1,T2[) andψ, ψ2, ψ3 ∈ C∞0 (Ω) such
thatϕ ⊂⊂ ϕ2 ⊂⊂ ϕ3 andψ ⊂⊂ ψ2 ⊂⊂ ψ3. Set f1 = ϕ(t)ψ(x) f , f2 = ϕ2(t)ψ2(x) f and
f3 = ϕ3(t)ψ3(x) f . Forα ∈ N6, |α| ≤ 3, define

g = ∂αx,v(ϕ(t)ψ(x) f ) ∈ L∞(]T1,T2[; L2
ℓ (R

6)).

Then the Leibniz formula yields the following equation :

(6.1.3) gt + v · ∂xg = Q( f2, g) +G, (t, x, v) ∈ R7,
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where

G =
∑

α1+α2=α, 1≤|α1|
Cα1
α2

Q
(
∂α1 f2, ∂

α2 f1
)

(6.1.4)

+ ∂α
(
ϕtψ(x) f + v · ψx(x)ϕ(t) f

)
+ [∂α, v · ∂x](ϕ(t)ψ(x) f )

≡ (A) + (B) + (C).

Then we can takeW2ℓ g as a test function for equation of (6.1.3). It follows by integration
by parts onR7 = R1

t × R3
x × R3

v that

(6.1.5) 0=
(
Wℓ Q( f2, g), Wℓ g

)
L2(R7)

+
(
G, W2ℓ g

)
L2(R7)

,

which is enough to get the required initial regularity.

6.2. Gain of regularity in v.

Proposition 6.4. Under the assumption of Theorem 6.1, for any0 < T1 < T2 < T and any
bounded open domainΩ ⊂ R3

x, one has,

(6.2.1) Λs
v f1 ∈ L2(Rt; H3

ℓ (R
6)),

for anyℓ ∈ N, where f1 = ϕ(t)ψ(x) f with ϕ ∈ C∞0 (]T1,T2[), ψ ∈ C∞(Ω).

Proof. Firstly, the local positive lower bound (6.1.2) implies that

inf
(t,x)∈Suppϕ×Suppψ1

‖ f2(t, x, ·)‖L1(R3
v) = c0 > 0.

Thus, the coercivity estimate (2.1.1) gives

−
(
Q( f2, Wℓ g), Wℓ g

)
L2(R7)

= −
∫

t∈Suppϕ

∫

x∈Suppψ1

(
Q( f2, Wℓ g), Wℓ g

)
L2(R3

v)
dxdt

≥
∫

Rt

∫

R
3
x

(
C0‖Wℓ g(t, x, ·)‖2

Hs(R3
v)
−C‖ f2(t, x, ·)‖L1(R3

v)‖Wℓ g(t, x, ·)‖2
L2(R3

v)

)
dxdt

≥ C0‖Λs
vW

ℓ g‖2L2(R7) −CT‖ f2‖L∞(R4
t,x; L1(R3

v))‖Wℓ g‖2L∞([0,T]; L2(R6)),

since
‖ f2‖L∞(R4

t,x; L1(R3
v)) ≤ C‖ f2‖L∞([0,T]; H3/2+ǫ

3/2+ǫ (R
6)),

and
‖Wℓ g‖2L∞([0,T]; L2(R6)) ≤ C‖ f1‖2L∞([0,T]; H3

ℓ
(R6))

.

Hence, we get, forl > 3/2,

‖Λs
vW

ℓ g‖2L2(R7) ≤ C‖ f2‖2L∞([0,T]; H3
ℓ
(R6))
+

∣∣∣(G, W2ℓ g
)
L2(R7)

∣∣∣(6.2.2)

+

∣∣∣∣
(
Wℓ Q( f2, g) − Q( f2, Wℓ g), Wℓ g

)
L2(R7)

∣∣∣∣ .
By applying Lemma 3.2, we have∣∣∣∣

((
Wℓ Q( f2, g) − Q( f2, Wℓ g)

)
, Wℓ g

)
L2(R7)

∣∣∣∣
≤ CT‖ f2‖L∞([0,T]; H3/2+ǫ

ℓ+3 (R6))‖g‖L∞([0,T]; L2
ℓ
(R6))‖g‖L2

ℓ
(R7)

≤ CT2‖ f2‖L∞([0,T]; H3/2+ǫ
ℓ+3 (R6))‖ f1‖

2
L∞([0,T]; H3

ℓ
(R6))

.

For the second term in (6.2.2), we shall prove the following claim: for 0 < s < 1/2, one
has

(6.2.3)
∣∣∣∣
(
G, W2ℓ g

)
L2(R7)

∣∣∣∣ ≤ C
(
‖ f3‖L∞([0,T]; H3

ℓ
(R6)) + ‖ f2‖2L∞([0,T]; H3

ℓ
(R6))

)
‖Λs

vW
ℓ g‖L2(R7

t,x,v).
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In fact, for the term in (6.1.4), it is easy to get

‖(B)‖2
L2
ℓ
(R7) + ‖(C)‖2

L2
ℓ
(R7) ≤ CT‖ f3‖2L∞([0,T]; H3

ℓ+1(R6))
.

For the term (A), recall thatα1 + α2 = α, |α| ≤ 3 and|α2| ≤ 2. In the following, we will
apply Theorem 2.1 withm= −s. We separate the discussion into two cases.
Case 1. If |α1| = 1, we have∫

Rt

∫

R
3
x

‖Q(∂α1 f2, ∂
α2 f1)(t, x, ·)‖2

Hs
ℓ
(R3

v)
dxdt

≤ C
∫

Rt

∫

R
3
x

‖∂α1 f2(t, x, ·)‖2
L1
ℓ+2s(R

3
v)
‖∂α2 f1(t, x, ·)‖2

Hs
ℓ+2s(R

3
v)

dxdt

≤ C‖∂α1 f2‖2L∞(R4
t,x; L1

ℓ+2s(R
3
v))

∫

Rt

∫

R
3
x

‖∂α2 f1(t, x, ·)‖2
Hs
ℓ+2s(R

3
v)

dxdt

≤ CT‖ f2‖2L∞([0,T]; H3
ℓ+3(R6))

‖ f1‖2L∞([0,T]; H3
ℓ+2s(R

6))
.

Case 2. If |α1| ≥ 2, then|α2| ≤ 1, it follows that∫

Rt

∫

R
3
x

‖∂α1 f2(t, x, ·)‖2
L1
ℓ+2s(R

3
v)
‖∂α2 f1(t, x, ·)‖2

Hs
l+2s(R

3
v)

dxdt

≤ C‖∂α2 f1‖2L∞(R4
t,x; Hs

l+2s(R
3
v))

∫

Rt

∫

R
3
x

‖∂α1 f2(t, x, ·)‖2
L2

l+3/2+δ+2s(R
3
v)

dxdt

≤ CT‖ f1‖2L∞([0,T]; H1+3/2+ǫ
ℓ+2s (R6))

‖ f2‖2L∞([0,T]; H3
ℓ+3(R6))

.

By combining these two cases, we have proved∣∣∣∣
(
G, W2ℓ g

)
L2(R7)

∣∣∣∣ ≤ CT
(
‖ f2‖2L∞([0,T]; H3

ℓ+1(R6))
+ ‖ f2‖2L∞([0,T]; H3

ℓ+3(R6))
‖Λs

vW
ℓ g‖L2(R7

t,x,v)

)
.

Therefore, we have proved

‖Λs
vW

ℓ g‖2L2(R7) ≤ C
(
1+ ‖ f3‖L∞([0,T]; H3

ℓ
(R6))

)4
.

The proof of Proposition 6.4 is completed. �

6.3. Gain of regularity in x. First of all, let us consider a transport equation in the form
of

(6.3.1) ft + v · ∇x f = g ∈ D′(R2n+1),

where (t, x, v) ∈ R1+n+n = R2n+1. In [7], by using a generalized uncertainty principle, we
proved the following hypo-elliptic estimate.

Lemma 6.5. Assume that g∈ H−s′(R2n+1), for some0 ≤ s′ < 1. Let f ∈ L2(R2n+1) be
a weak solution of the transport equation (6.3.1), such thatΛs

v f ∈ L2(R2n+1) for some
0 < s≤ 1. Then it follows that

Λs(1−s′)/(s+1)
x f ∈ L2

− ss′
s+1

(R2n+1), Λ
s(1−s′)/(s+1)
t f ∈ L2

− s
s+1

(R2n+1),

whereΛ• = (1+ |D•|2)1/2.

We recall a Leibniz type formula for fractional derivativeswith respect to variablex
(see [9] ). Let 0< λ < 1. Then there exists a positive constantCλ , 0 such that

|Dx|λQ
(
f , g

)
= Q

(|Dx|λ f , g
)
+ Q

(
f , |Dx|λg

)
(6.3.2)

+Cλ

∫

R3
|h|−3−λQ

(
fh, gh

)
dh,
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with
fh(t, x, v) = f (t, x, v) − f (t, x+ h, v), h ∈ R3

x .

We have the following proposition on the gain of regularity in the variablex through the
above uncertainty principle.

Proposition 6.6. Under the hypothesis of Theorem 6.1, one has

(6.3.3) Λs0
x f1 ∈ L2(Rt; H3

ℓ (R
6)),

for anyℓ ∈ N and0 < s0 =
s(1−s)
(s+1) .

Proof. In fact, for anyℓ ∈ N, it follows from Proposition 6.4 that

Λs
vW

ℓg ∈ L2(R7).

Then the upper bound estimation given by Thorem 2.1 withm= −s implies that

WℓQ( f2, g) ∈ L2(R4
t,x; H−s(R3

v)).

On the other hand, (6.2.3) gives

WℓG ∈ L2(R4
t,x; H−s(R3

v)).

By using equation (6.1.3), it follows that

(6.3.4) ∂t(Wlg) + v · ∂x(Wlg) =Wl Q( f2, g) +WlG ∈ H−s(R7).

Finally, by using Lemma 6.5 withs′ = s, we can conclude (6.3.3) and this completes the
proof of the proposition. �

Therefore, under the hypothesisf ∈ L∞([0,T]; H3
ℓ
(R6)) for all ℓ ∈ N, it follows that for

anyℓ ∈ N we have

(6.3.5) Λs
v(ϕ(t)ψ(x) f ) ∈ L2(Rt; H3

ℓ (R
6)), Λs0

x (ϕ(t)ψ(x) f ) ∈ L2(Rt; H3
ℓ (R

6)) .

We now try to improve this partial regularity inx variable.

Proposition 6.7. Let 0 < λ < 1 and f ∈ L∞([0,T]; H3
ℓ
(R6)) be a solution of the equation

(1.1). Suppose that, for allℓ ∈ N and for any cutoff functionsϕ, ψ, we have

(6.3.6) Λs
v(ϕ(t)ψ(x) f ) ∈ H3

ℓ (R
7), Λλx(ϕ(t)ψ(x) f ) ∈ H3

ℓ (R
7).

Then, one has

‖Λs
vΛ

λ
x(ϕ(t)ψ(x) f )‖L2(Rt ; H3

ℓ
(R6)) ≤ C‖ f ‖L∞ ([0,T]; H3

ℓ+3(R6))(6.3.7)

×
(
‖Λs

v(ϕ(t)ψ(x) f )‖H3
ℓ+2s(R

7) + ‖Λλx(ϕ(t)ψ(x) f )‖H3
ℓ+2s(R

7)

)
,

for anyℓ ∈ N and any cutoff functionsϕ, ψ.

Remark 6.8. We can replace, in the left hand side of(6.3.7), the factor‖ f ‖L∞([0,T]; H3
ℓ+3(R6))

by ‖(ϕ(t)ψ(x) f )‖H3+δ
ℓ

(R7) for someδ > 0. We have to use this point when we shall prove the

regularization from H4+δ
ℓ

(R7) to H5
ℓ
(R7).

Proof. Setg = ∂αx,v(ϕ(t)ψ(x) f ) andα ∈ N6, |α| ≤ 3. We chooseWℓ |Dx|λ ψ2
2(x) |Dx|λ Wℓ g

as a test function for equation (6.1.3). Then
((

v · ∂xψ2(x)
)|Dx|λ Wℓ g, ψ2(x) |Dx|λ Wℓ g

)
L2(R7)

(6.3.8)

=
(
ψ2(x) |Dx|λ Wℓ Q( f2, g), ψ2(x) |Dx|λ Wℓ g

)
L2(R7)

+
(
ψ2(x) |Dx|λ Wℓ G, ψ2(x) |Dx|λ Wℓ g

)
L2(R7)

.
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We have that
∣∣∣∣
((

v · ∂xψ2(x)
)|Dx|λ Wℓ g, ψ2(x) |Dx|λ Wℓ g

)
L2(R7)

∣∣∣∣ ≤ C‖Λλx∂α(ϕ(t)ψ(x) f )‖L2
ℓ+1(R7) ,

and the same estimation for the linear term ofG in (6.1.4)
∣∣∣∣
(
ψ2(x)|Dx|λ Wℓ ((B) + (C)

)
, ψ2(x) |Dx|λ Wℓ g

)
L2(R7)

∣∣∣∣ ≤ C‖Λλx∂α(ϕ(t)ψ(x) f )‖L2
ℓ+1(R7) .

For the nonlinear terms ofG in (6.1.4), we shall use the Leibniz formula (6.3.2). First of
all, the coercivity estimate (2.1.1) gives, as in (6.2.2),

−
(
Q( f2, ψ2(x)|Dx|λWℓ g), ψ2(x)|Dx|λWℓ g

)
L2(R7)

≥ C0‖Λs
vψ2(x)|Dx|λWℓ g‖2L2(R7) −CT‖ f2‖L∞(R4

t,x; L1(R3
v))‖ψ2(x)|Dx|λWℓ g‖2L∞([0,T]; L2(R6)) .

On the other hand, the upper estimate of Theorem 2.1 withm= −sgives,
∣∣∣∣
(
Q(|Dx|λ f2, ψ1(x)Wℓ g), ψ1(x)|Dx|λWℓ g

)
L2(R7)

∣∣∣∣
≤ C‖|Dx|λ f2‖L∞(R4

t,x, L
1
2s(R

3
v))‖ψ2(x)Λs

vW
ℓ g‖L2

2s(R
7)‖ψ2(x)|Dx|λΛs

vW
ℓ g‖L2(R7)

≤ C‖ f2‖L∞([0,T]; H3/2+λ+ǫ
3/2+2s+ǫ (R

6))‖ψ2(x)Λs
vW

ℓ g‖L2
2s(R

7)‖ψ2(x)|Dx|λΛs
vW

ℓ g‖L2(R7)

≤ δ‖ψ2(x)|Dx|λΛs
vW

ℓ g‖2L2(R7) +Cδ‖ f2‖2L∞([0,T]; H3
3(R6))
‖Λs

vg‖2L2
ℓ+2s(R

7).

For the cross term coming from the decomposition (6.3.2), byusing again Theorem 2.1
with m= −s, we get

∫

R3
|h|−3−λ

∣∣∣∣
(
Q(( f2)h, (Wℓ g)h), ψ2

2(x)|Dx|λWℓ g
)
L2(R7)

dh
∣∣∣∣

≤ |Cλ|‖ψ2(x)|Dx|λΛs
vW

ℓ g‖L2(R7)

×
∫

R3
|h|−3−λ‖( f2)h‖L∞(R4

t,x, L
1
2s(R

3
v))‖Λs

v(W
ℓ g)h‖L2

2s(R
7)dh

≤ δ‖ψ1(x)|Dx|λΛs
vW

ℓ g‖2L2(R7) +Cδ‖ f2‖2L∞([0,T]; H3
3(R6))
‖Λs

vg‖2L2
ℓ+2s(R

7)
.

Hence, we have
∣∣∣∣
(
|Dx|λQ( f2, ψ2(x)Wℓ g) − Q(|Dx|λ f2, ψ2(x)Wℓ g), ψ2(x)|Dx|λWℓ g

)
L2(R7)

∣∣∣∣
≤ δ‖ψ2(x)|Dx|λΛs

vW
ℓ g‖2L2(R7) +Cδ‖ f2‖2L∞([0,T]; H3

3(R6))
‖Λs

vg‖2L2
ℓ+2s(R

7).

In conclusion, we get

‖ψ2(x)|Dx|λΛs
vW

ℓ g‖2L2(R7)

≤ C‖ f2‖2L∞([0,T]; H3
3(R6))

(
‖ |Dx|λg‖2L2

ℓ+2s(R
7) + ‖Λ

s
vg‖2L2

ℓ+2s(R
7)

)

+

∣∣∣∣
(
|Dx|λ

(
Wℓ Q

(
f2, g

) − Q
(
f2, Wℓ g

))
, ψ2

2(x)|Dx|λWℓ g
)
L2(R7)

∣∣∣∣

+

∣∣∣∣
(
|Dx|λWℓ (A), ψ2

2(x)|Dx|λ Wℓ g
)
L2(R7)

∣∣∣∣
= (I) + (II) + (III) .



THE BOLTZMANN EQUATION WITHOUT ANGULAR CUTOFF 41

For the term (II), again, formula (6.3.2) yields,

(
|Dx|λ

(
Wℓ Q

(
f2, g

) − Q
(
f2, Wℓ g

))
, ψ2

2(x)|Dx|λWℓ g
)
L2(R7)

=
((

Wℓ Q
(|Dx|λ f2, g

) − Q
(|Dx|λ f2, Wℓ g

))
, ψ2

2(x)|Dx|λWℓ g
)
L2(R7)

+
((

Wℓ Q
(
f2, |Dt,x|λg

) − Q
(
f2, Wℓ |Dx|λg

))
, ψ2

2(x)|Dx|λWℓ g
)
L2(R7)

+Cλ

∫

R3
|h|−3−λ

((
Wℓ Q

(
( f2)h, gh

) − Q
(
( f2)h, Wℓ gh

))
, ψ2

2(x)|Dx|λWℓ g
)
L2(R7)

dh.

Since 0< s< 1/2 , Lemma 3.2 implies
∣∣∣∣
((

Wℓ Q
(|Dx|λ f2, g

) − Q
(|Dx|λ f2, Wℓ g

))
, ψ2

2(x)|Dx|λWℓ g
)
L2(R7)

∣∣∣∣
≤ C‖ |Dx|λ f2‖L∞(R4

t,x , L1
ℓ
(R3

v))‖g‖L2(R4
t,x , L2

ℓ
(R3

v))‖ |Dx|λg‖L2
ℓ
(R7)

≤ C‖ f2‖L∞([0,T]; H3/2+λ+ǫ
ℓ+3/2+ǫ (R6))‖g‖L2

ℓ
(R3)‖ |Dx|λg‖L2

ℓ
(R7),

and
∣∣∣∣
((

Wℓ Q
(
f2, |Dx|λg

) − Q
(
f2, Wℓ |Dx|λg

))
, ψ2

2(x)|Dx|λWℓ g
)
L2(R7)

∣∣∣∣
≤ C‖ f2‖L∞(R4

t,x , L1
ℓ
(R3

v))‖|Dx|λg‖L2(R4
t,x , L2

ℓ
(R3

v))‖ |Dx|λg‖L2
ℓ
(R7)

≤ C‖ f2‖L∞([0,T]; H1+3/2+ǫ
ℓ+3/2+ǫ (R6))‖|Dx|λg‖2L2

ℓ
(R3)

.

For the cross term,

∣∣∣∣
∫

R3
|h|−3−λ

((
Wℓ Q

(
( f2)h, gh

) − Q
(
( f2)h, Wℓ gh

))
, ψ2

2(x)|Dx|λWℓ g
)
L2(R7)

dh
∣∣∣∣

≤ C‖ f2‖L∞([0,T]; H1+3/2+ǫ
ℓ+3/2+ǫ (R6))‖g‖L2

ℓ
(R3)‖ |Dx|λg‖L2

ℓ
(R7).

Thus, we have

(II) ≤ C‖ f2‖L∞([0,T]; H3
ℓ+2(R6))‖|Dx|λg‖2L2

ℓ
(R3)

.

We now consider the last term (III). Recall that (A) stands for the nonlinear terms from
G

(A) =
∑

α1+α2=α α1,0

Cα1
α2

Q
(
∂α1 f2, ∂

α2 f1
)
.

We have
∣∣∣∣
(
|Dx|λ

(
Q
(
∂α1 f2, ∂

α2 f1
))
, Wℓ ψ2

2(x)|Dx|λ Wℓ g
)
L2(R7)

∣∣∣∣
≤ C‖Λs

vψ1(x)|Dx|λWℓ g‖L2(R7)×

×
{∥∥∥Q

(|Dt,x|λ∂α1 f2, ∂
α2 f1

)∥∥∥
L2(R4

t,x;H
−s
ℓ

(R3
v))
+

∥∥∥Q
(
∂α1 f2, |Dx|λ∂α2 f1

)∥∥∥
L2(R4

t,x;H
−s
ℓ

(R3
v))

+
∥∥∥
∫

h−3−λQ
(
∂α1( f2)h, ∂

α2( f1)h
)
dh

∥∥∥
L2(R4

t,x;H
m
l+|γ|/2(R3

v))

}
.

We divide the discussion into two cases.
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Case 1. |α1| = 1 (then|α2| ≤ 2). Applying (2.1.2) withm= −s. We have∥∥∥∥Q
(
|Dx|λ∂α1 f2, ∂

α2 f1
)∥∥∥∥

L2(R4
t,x;H

−s
ℓ

(R3
v))

≤ C‖Λλx∂α1 f2‖L2(Rt ; (L∞(R3
x;L1

ℓ+2s(R
3
v)))‖Λs

v∂
α2 f1‖L∞(Rt ; L2

ℓ+2s(R
6))

≤ C‖Λλx f2‖H1+3/2+ǫ
ℓ+3/2+ǫ+2s(R

7)‖Λ
s
v f1‖H2+1/2+ǫ

ℓ+2s (R7),∥∥∥∥Q
(
∂α1 f2, |Dx|λ∂α2 f1

)∥∥∥∥
L2(R4

t,x;H
−s
ℓ

(R3
v))

≤ C‖∂α1 f2‖L∞(R4
t,x;L

1
ℓ+2s(R

3
v))‖Λs

vΛ
λ
x∂

α2 f1‖L2
ℓ+2s(R

7)

≤ C‖ f ‖L∞ ([0,T]; H1+3/2+ǫ
ℓ+3/2+ǫ+2s(R

6))‖Λ
s
v f1‖H3

ℓ+2s(R
7),

and
∥∥∥∥
∫

R3
h−3−λQ

(
∂α1( f2)h, ∂

α2( f1)h

)
dh

∥∥∥∥
L2(R4

t,x;H
−s
ℓ

(R3
v))

≤ C
∫
|h|−3−λ‖ ∂α1( f2)h‖L∞(R4

t,x; L1
ℓ+2s(R

3
v))‖Λs

v∂
α2( f1)h‖L2

ℓ+2s(R
7)dh

≤ C‖ ∂α1 f2‖L∞(R4
t,x;L

1
ℓ+2s(R

3
v))‖Λs

v∂
α2∇x f1‖L2

ℓ+2s(R
7)

≤ C‖ f ‖L∞ ([0,T]; H1+3/2+ǫ
ℓ+3/2+ǫ+2s(R

6))‖Λ
s
v f1‖H3

ℓ+2s(R
7) .

Case 2. |α1| ≥ 2. By the same argument as above, one has∥∥∥∥Q
(
|Dx|λ∂α1 f2, ∂

α2 f1
)∥∥∥∥

L2(R4
t,x;H

−s
ℓ

(R3
v))
+

∥∥∥∥Q
(
∂α1 f2, |Dx|λ∂α2 f1

)∥∥∥∥
L2(R4

t,x;H
−s
ℓ

(R3
v))

≤ C‖ f ‖L∞ ([0,T]; H1+3/2+ǫ
ℓ+3/2+ǫ+2s(R

6))

(
‖Λs

v f1‖H3
ℓ+2s(R

7) + ‖Λλx f1‖H3
ℓ+2s(R

7)

)
.

When|α1| = 2, we have
∥∥∥∥
∫

R3
h−3−λQ

(
∂α1( f2)h, ∂

α2( f1)h

)
dh

∥∥∥∥
L2(R4

t,x; H−s
ℓ

(R3
v))

≤ C
∫
|h|−3−λ‖ ∂α1( f2)h‖L∞(Rt; (L2(R3

x; L1
ℓ+2s(R

3
v)))‖Λs

v∂
α2( f1)h‖L2(Rt ; (L∞(R3

x; L2
ℓ+2s(R

3
v)))dh

≤ C‖ ∇x∂
α1 f2‖L∞(Rt; (L2(R3

x; L1
ℓ+2s(R

3
v)))‖Λs

v∂
α2 f1‖L2(Rt; (L∞(R3

x; L2
ℓ+2s(R

3
v)))

≤ C‖ f ‖L∞ ([0,T]; H3
ℓ+3/2+ǫ+2s(R

6))‖Λs
v f1‖H3

ℓ+2s(R
7),

while when|α1| = |α| = 3, we have
∥∥∥∥
∫

R3
h−3−λQ

(
∂α( f2)h, ( f1)h

)
dh

∥∥∥∥
L2(R4

t,x;H
−s
ℓ

(R3
v))

≤ C
∫
|h|−3−λ‖ ∂α( f2)h‖L2(R4

t,x;L
1
ℓ+2s(R

3
v))‖Λs

v( f1)h‖L∞(R4
t,x; L2

ℓ+2s(R
3
v))dh

≤ C‖ ∂α f2‖L2(R4
t,x; L1

ℓ+2s(R
3
v))‖Λs

v∇x f1‖L∞(R4
t,x; L2

ℓ+2s(R
3
v))

≤ C‖ f ‖2
L∞([0,T]; H3

ℓ+3/2+ǫ+2s(R
6))
.

Thus, by Cauchy Schwarz inequality, we obtain

(III) ≤ δ‖Λs
vψ1(x)|Dx|λWℓ g‖2L2(R7) +Cδ‖ f ‖2L∞([0,T]; H3

ℓ+3(R6))

(
‖Λs

v f1‖2H3
ℓ+2s(R

7)
+ ‖Λλx f1‖2H3

ℓ+2s(R
7)

)
.

Finally, we get

‖Λs
vψ1(x)|Dx|λWℓ g‖2L2(R7) ≤ Cδ‖ f ‖2L∞ ([0,T]; H3

ℓ+3(R6))

(
‖Λs

v f1‖2H3
ℓ+2s(R

7)
+ ‖Λλx f1‖2H3

ℓ+2s(R
7)

)
.

Therefore, we have completed the proof of Proposition 6.7. �
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We are now ready to prove the following regularity result on the solution with respect
to thex variable.

Proposition 6.9. Under the hypothesis of Theorem 6.1, one has

(6.3.9) Λ1+ε
x (ϕ(t)ψ(x) f ) ∈ H3

ℓ (R
7),

for anyℓ ∈ N and someε > 0.

Proof. By fixing s0 =
s(1−s)
(s+1) , then (6.3.5) and Proposition 6.7 withλ = s0 imply

Λs
vΛ

s0
x g ∈ H3

ℓ (R
7).

It follows that,

(Λs0
x g)t + v · ∂x(Λ

s0
x g) = Λs0

x Q( f2, g) + Λs0
x G ∈ H−s

ℓ (R7).

By applying Lemma 6.5 withs′ = s, we can deduce that

Λs0+s0
x (ϕ(t)ψ(x) f ) ∈ H3

ℓ (R
7),

for anyℓ ∈ N. If 2s0 < 1, using again Proposition 6.7 withλ = 2s0 and Lemma 6.5 with
s′ = s, we have

Λs
v(ϕ(t)ψ(x) f ), Λ2s0

x (ϕ(t)ψ(x) f ) ∈ H3
ℓ (R

7) ⇒ Λ3s0
x (ϕ(t)ψ(x) f ) ∈ H3

ℓ (R
7).

Choosek0 ∈ N such that

k0s0 < 1, (k0 + 1)s0 = 1+ ε > 1.

Finally, (6.3.9) follows from Proposition 6.7 withλ = k0s0 by induction. And this com-
pletes the proof of the proposition 6.9. �

6.4. High order regularity. In this subsection, we give the proof of Theorem 6.3 using
the above preparations. From Proposition 6.4, Proposition6.9 and equation (1.1), it follows
that for anyℓ ∈ N,

(6.4.1) Λs
v (ϕ(t)ψ(x) f ), ∇x (ϕ(t)ψ(x) f ) ∈ H3

ℓ (R
7).

These facts will be used to get the high order regularity withrespect to the variablev.

Proposition 6.10. Let0 < λ < 1. Suppose that, for any cutoff functionsϕ ∈ C∞0 (]T1,T2[), ψ ∈
C∞0 (Ω) and all ℓ ∈ N,

(6.4.2) Λλv (ϕ(t)ψ(x) f ), ∇x (ϕ(t)ψ(x) f ) ∈ H3
ℓ (R

7).

Then, for any cutoff function and anyℓ ∈ N,

(6.4.3) Λλ+s
v (ϕ(t)ψ(x) f ) ∈ H3

ℓ (R
7).

We chooseWℓ Λ2λ
v Wℓ g as a test function for equation (6.1.3). The proof is similarto

that of Proposition 6.7. The only difference is in the estimation of the linear commutators
terms ∣∣∣∣

([
Λλv, v

] · ∂x Wℓ g, ΛλvWℓ g
)
L2(R7)

∣∣∣∣ ≤ C‖Λλv g‖L2
ℓ
(R7)‖∇x g‖L2

ℓ
(R7),

since [
Λλv, v

] · ∂x = λΛ
λ−2
v ∂v · ∂x,

andΛλ−2
v ∂v are bounded operators inL2. This is the reason why we prove in the first step

the regularity of order 1 with respect tox.
Exactly as Proposition 6.3.9, we can get

(6.4.4) Λ1+ε
v (ϕ(t)ψ(x) f ) ∈ H3

ℓ (R
7),
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for anyℓ ∈ N and someε > 0.
In conclusion, we have proved that there existsǫ > 0 such that for anyℓ ∈ N, and any

cutoff functionsϕ(t) andψ(x),

ϕ(t)ψ(x) f ∈ H4+ǫ
l (R7).

Using Remark 6.8, the proof of

f ∈ H4+ǫ
ℓ (]T1,T2[×Ω × R3

v), ∀ℓ ∈ N =⇒ f ∈ H5
ℓ (]T1,T2[×Ω × R3

v), ∀ℓ ∈ N.

is easier and therefore omitted, ending the proof of Theorem6.3 .

7. Global existence

We shall establish a global energy estimate for the Cauchy problem (1.9). Below,
generic constants will be dropped out from the estimates, unless essential, in order for
the inequality to have a simpler appearance.

7.1. Macroscopic Energy Estimate. As in [31, 32], we introduce the macro-micro de-
composition near an absolute Maxwellianµ:

g = Pg+ (I − P)g = g1 + g2, Pg = g1 =
(
a+ b · v+ c|v|2)µ1/2,(7.1.1)

which reduces (1.9) to

∂t

{
a+b · v+ c|v|2

}
µ1/2 + v · ∇x

{
a+ b · v+ |v|2c

}
µ1/2

= −(∂t + v · ∇x)g2 +Lg2 + Γ(g, g).

Using

v · ∇xb · v =
∑

i, j

viv j∂ib j =
∑

i

v2
i ∂ibi +

∑

i> j

viv j(∂ib j + ∂ jbi)

we deduce

(7.1.2)



(i) vi |v|2µ1/2 : ∇xc = −∂trc + lc + hc,

(ii) v2
i µ

1/2 : ∂tc+ ∂ibi = −∂tr i + l i + hi,

(iii) viv jµ
1/2 : ∂ib j + ∂ jbi = −∂tr i j + l i j + hi j , i , j,

(iv) viµ
1/2 : ∂tbi + ∂ia = −∂trbi + lbi + hbi,

(v) µ1/2 : ∂ta = −∂tra + la + ha,

where

r = (g2, e)L2
v
, l = −(v · ∇xg2 +Lg2, e)L2

v
, h = (Γ(g, g), e)L2(R3

v),

stand forrc, · · · , ha, while

e ∈ span{vi |v|2µ1/2, v2
i µ

1/2, viv jµ
1/2, viµ

1/2, µ1/2}.

Lemma 7.1. Let∂α = ∂αx, α ∈ N3, |α| ≤ m,m≥ 3. Then,

(7.1.3) ‖∂α(a, b, c)2‖L2(R3
x) ≤ ‖∇x(a, b, c)‖Hm−1(R3

x)‖(a, b, c)‖Hm−1(R3
x).

Proof. Let k = |α|.

(k = 0) ‖(a, b, c)2‖L2(R3
x) ≤ ‖(a, b, c)‖L6(R3

x)‖(a, b, c)‖L3(R3
x) ≤ ‖∇x(a, b, c)‖L2(R3

x)‖(a, b, c)‖H2(R3
x),
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because

‖ab‖L2(R3
x) ≤ ‖a‖L6(R3

x)‖b‖L3(R3
x) ≤ ‖∇xa‖L2(R3

x)‖b‖
1/3
L∞(R3

x)
‖b‖2/3

L2(R3
x)
≤ ‖∇xa‖L2(R3

x)‖b‖H2(R3
x).

(k = 1) ‖∂(a, b, c)2‖L2(R3
x) ≤ ‖(a, b, c)∂(a, b, c)‖L2(R3

x) ≤ ‖(a, b, c)‖L∞(R3
x)‖∇x(a, b, c)‖L2(R3

x)

≤ ‖(a, b, c)‖Hm−1(R3
x)‖∇x(a, b, c)‖L2(R3

x).

(k ≥ 2) ‖∂α(a, b, c)2‖L2(R3
x) ≤

∑

k′≤ k
2

‖∂k′
x (a, b, c)∂k−k′

x (a, b, c)‖L2(R3
x)

≤
∑
‖∂k′

x (a, b, c)‖L∞(R3
x)‖∂

k−k′
x (a, b, c)‖L2(R3

x) ≤ C‖(a, b, c)‖Hm−1(R3
x)‖∇x(a, b, c)‖Hm−1(R3

x).

�

Lemma 7.2. (Estimate of r, l, h).
Let∂α = ∂αx, ∂i = ∂xi , |α| ≤ N − 1,N ≥ 3.

‖∂i∂
αr‖L2(R3

x) + ‖∂
αl‖L2

x
≤ ‖g2‖HN(R3

x, L2(R3
v)) ≡ A1.(7.1.4)

‖∂αh‖L2(R3
x) ≤ ‖∇x(a, b, c)‖HN−2(R3

x)‖(a, b, c)‖HN−1(R3
x)(7.1.5)

+ ‖(a, b, c)‖HN−1(R3
x)‖g2‖HN−1(R3

x, L2(R3
v)) + ‖g2‖2HN−1(R3

x, L2(R3
v))
≡ A2.

Proof. (7.1.4) follows from

‖∂i∂
αr‖L2(R3

x) ≤ ‖(∂i∂
αg2, e)L2(R3

v)‖L2(R3
x) ≤ ‖∂i∂

αg2‖L2(R6
x,v),

and

‖∂αl‖L2
x
≤ ‖(∇x∂

αg2, ve)L2(R3
v) + (∂αg2,L∗e)L2(R3

v)‖L2(R3
x) ≤ ‖∂

α
xg2‖H1(R3

x, L2(R3
v)).

We prove (7.1.5) as follows

h =
∫ ∫ ∫

b(cosθ)µ1/2
∗ (g′∗g

′ − g∗g)edvdv∗dσ

=

∫ ∫ ∫
b(cosθ)gg∗

(
(µ1/2)′∗e

′ − µ1/2
∗ e

)
dvdv∗dσ

=

∫ ∫ ∫
b(cosθ)(µ1/2g)(µ1/2g)∗

(
q(v′) − q(v)

)
dvdv∗dσ

≡ Φ(g, g) =
2∑

i, j=1

Φ(gi, g j) =
2∑

i, j=1

Φ(i j ).

whereq = q(v) is some polynomial ofv. Firstly, we have

Φ(11) ∼ (a, b, c)2Φ(ψ j , ψk),

where

(7.1.6) ψ j(v) = µ1/2p j(v), p j(v) ∈ span{1, v, |v|2} (collision invariants).

Clearly,|Φ(ψ j, ψk)| < ∞, so that by virtue of Lemma 7.1,

‖∂αΦ(11)‖L2(R3
x) ≤ ‖∂

α(a, b, c)2‖L2(R3
x) ≤ ‖∇x(a, b, c)‖HN−2(R3

x)‖(a, b, c)‖HN−1(R3
x).

On the other hand,

‖Φ(g, f )‖L2(R3
x) ≤ ‖µ

1/2g‖L2(R3
x;L1

3(R3
v))‖µ1/2 f ‖|L2(R3

x;L1
3(R3

v)) ≤ ‖g‖L2(R6
x,v)‖ f ‖L2(R6

x,v)
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which yields for|α| ≤ N − 1,

‖∂αΦ(12)‖L2(R3
x) ≤ ‖∂

α(a, b, c)‖L2(R3
x)‖∂

αg2‖L2(R6
x,v) ≤ ‖(a, b, c)‖HN−1(R3

x)‖g2‖HN−1(R3
x,L2(R3

v)),

‖∂αΦ(21)‖L2(R3
x) ≤ ‖∂

αg2‖L2(R6
x,v)‖∂α(a, b, c)‖L2(R3

x) ≤ ‖g2‖HN−1(R3
x,L2(R3

v))‖(a, b, c)‖HN−1(R3
x),

‖∂αΦ(22)‖L2(R3
x) ≤ ‖∂

αg2‖2L2(R6
x,v)
≤ ‖g2‖2HN−1(R3

x,L2(R3
v))
.

Now the proof of (7.1.5) is completed. �

Lemma 7.3. (Macro-energy estimate) Let |α| ≤ N − 1.

‖∇x∂
α(a, b, c)‖2

L2(R3
x)
≤ − d

dt

{
(∂αr,∇x∂

α(a, b, c))L2(R3
x) + (∂αb,∇x∂

αa)L2(R3
x)

}
(7.1.7)

+C‖g2‖2HN(R3
x,L2(R3

v))
+D1E1 ,

where

D1 = ‖∇x(a, b, c)‖2
HN−1(R3

x)
+ ‖g2‖2HN(R3

x,L2(R3
v))

(7.1.8)

is a dissipation rate and

E1 = ‖(a, b, c)‖2
HN−1(R3

x)
+ ‖g2‖2HN−1(R3

x,L2(R3
v))
= ‖g‖2

HN−1(R3
x,L2(R3

v))
(7.1.9)

is a temporal energy functional.

Proof. (a) Estimate of∇x∂
αa. Let A1,A2 be as in Lemma 7.2. From (7.1.2) (iv),

‖∇x∂
αa‖2

L2(R3
x)
= (∇x∂

αa,∇x∂
αa)L2(R3

x)

= (∂α(−∂tb− ∂tr + l + h),∇x∂
αa)L2(R3

x)

≤ R1 +Cη(A2
1 + A2

2) + η‖∇x∂
αa‖2

L2(R3
x)
.

R1 = −(∂α∂tb+ ∂
α∂tr,∇x∂

αa)L2(R3
x)

= − d
dt

(∂α(b+ r),∇x∂
αa)L2(R3

x) + (∇x∂
α(b+ r), ∂t∂

αa)L2(R3
x)

≤ − d
dt

(∂α(b+ r),∇x∂
αa)L2(R3

x) +Cη(‖∇x∂
αb‖2

L2(R3
x)
+ A2

1) + η‖∂t∂
αa‖2

L2(R3
x)
,

(b) Estimate of∇x∂
αb. From (7.1.2) (iii) and (ii),

∆x∂
αbi + ∂

2
i ∂

αbi =
∑

j,i

∂ j∂
α(∂ jbi + ∂ib j) + ∂i∂

α(2∂ibi −
∑

j,i

∂ib j)

= ∂i∂
α(−∂tr + l + h),

‖∇x∂
αb‖2

L2(R3
x)
+ ‖∂i∂

αb‖2
L2(R3

x)
= −(∆x∂

αbi + ∂
2
i ∂

αbi , ∂
αb)L2(R3

x) = R2 + R3 + R4,

where

R2 = (∂t∂
αr, ∂i∂

αb)L2(R3
x) =

d
dt

(∂αr, ∂i∂
αb)L2(R3

x) + (∂i∂
αr, ∂t∂

αb)L2(R3
x)

≤ d
dt

(∂αr, ∂i∂
αb)L2(R3

x) +CηA
2
1 + η‖∂t∂

αb‖2
L2(R3

x)
,

R3 = −(∂αl, ∂i∂
αb)L2(R3

x) ≤ CηA
2
1 + η‖∂i∂

αb‖2
L2(R3

x)
,

R4 = −(∂αh, ∂i∂
αb)L2(R3

x) ≤ CηA
2
2 + η‖∂i∂

αb‖2
L2(R3

x)
.
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(c) Estimate of∇x∂
αc. From (7.1.2) (i),

‖∇x∂
αc‖2

L2(R3
x)
= (∇x∂

αc,∇x∂
αc)L2(R3

x) = (∂α(−∂tr + l + h),∇x∂
αc)L2(R3

x)

≤ R5 +Cη(A2
2 + A2

3) + η‖∇x∂
αc‖2

L2(R3
x)

R5 = −(∂α∂tr,∇x∂
αc)L2(R3

x) = −
d
dt

(∂αr,∇x∂
αc)L2(R3

x) + (∇x∂
αr, ∂t∂

αc)L2(R3
x)

≤ − d
dt

(∂αr,∇x∂
αc)L2(R3

x) +CηA
2
1 + η‖∂t∂

αc‖2
L2(R3

x)
,

(d) Estimate of∂t∂
α(a, b, c).

‖∂t∂
α(a, b, c)‖L2(R3

x) = ‖∂
α∂tPg‖L2(R6

x,v)(7.1.10)

= ‖∂αP
(
− v · ∇xg− Lg+ Γ(g, g)

)
‖L2(R6

x,v)

= ‖∂αP(v · ∇xg)‖L2(R6
x,v) ≤ ‖∇x∂

α(a, b, c)‖L2(R3
x) + ‖∇x∂

αg2‖L2(R6
x,v).

Combining all the above estimates and takingη > 0 sufficiently small, we deduce

‖∇x∂
α(a, b, c)‖2

L2(R3
x)
≤ − d

dt

{
(∂αr,∇x∂

α(a, b, c))L2(R3
x) + (∂αb,∇x∂

αa)L2(R3
x)

}
(7.1.11)

+ A2
1 + A2

2 + η‖∇x∂
αg2‖2L2(R6

x,v)
.

Now we choose|α| ≤ N − 1. Using Lemma (7.2),

A2
1 + A2

2 + η‖∇x∂
αg2‖2L2(R6

x,v)
≤ D1E1 + η‖g2‖2HN

x (L2(R3
v))
,

which completes the proof of Lemma 7.1.7. �

7.2. Microscopic Energy Estimate. We shall use Lemma 2.6 and Proposition 3.5.
Step 1. Let α ∈ N3, |α| ≤ N, and apply∂α = ∂αx to (1.9),

(7.2.1) ∂t(∂
αg) + v · ∇x(∂

αg) +L(∂αg) = ∂αΓ(g, g),

and take theL2(R6
x,v) inner product with∂αg. By Lemma 2.6

(7.2.2)
1
2

d
dt
‖∂αg‖2

L2(R6
x,v)
+ D1 ≤ J,

whereD1 is a dissipation rate

D1 =

∫

R3
|||∂αg2|||2dx= |||∂αg2|||2B0

0(R
6)
,

andJ is given by

J = (∂αΓ(g, g), ∂αg)L2(R6) =

2∑

i, j=1

(∂αΓ(gi, g j), ∂αg2)L2(R6)

=

2∑

i, j=1

J(i j ),

with

g = Pg+ (I − P)g = g1 + g2.
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First, considerJ(11). We have, withψ in (7.1.6),

|J(11)| ≤ ‖∂αΓ(g1, g1)‖L2(R6)‖∂αg2‖L2(R6)(7.2.3)

≤ ‖
(
‖∂αΓ(g1, g1)‖L2(R3

v)

)
‖L2(R3

x)‖∂
αg2‖L2(R6),

‖∂αΓ(g1, g1)‖L2(R3
v) ∼ ∂α(a, b, c)2‖Γ(ψ j , ψk)‖L2(R3

v),

‖Γ(ψ j , ψk)‖2L2(R3
v)
=

∫ ( ∫ ∫
b(cosθ)µ1/2

∗ {(ψ j)′∗ψ
′
k − (ψ j)∗ψk}dv∗dσ

)2
dv

=

∫
µ
( ∫ ∫

b(cosθ)µ∗{(p j)
′
∗p
′
k − (p j)∗pk}dv∗dσ

)2
dv< ∞.

Consequently, by virtue of Lemma 7.1,

|J(11)| ≤ ‖∂α(a, b, c)2‖L2(R3
x)‖∂

αg2‖L2(R6)

≤ ‖∇x(a, b, c)‖HN−2(R3
x)‖(a, b, c)‖HN−1(R3

x)‖g2‖HN(R3
x,L2(R3

v))

≤ ‖(a, b, c)‖HN−1(R3
x)

(
‖∇x(a, b, c)‖2

HN−2(R3
x)
+ |||g2|||2BN

0 (R6)

)
.

On the other hand, using Proposition 3.5,

|J(12)| ≤ ‖g1‖HN
0 (R6)|||g2|||BN

0 (R6)|||g2|||BN
0 (R6)

≤ C||(a, b, c)||HN(R3
x) |||g2|||2BN

0 (R6)
,

|J(21)| ≤ ‖g2‖HN
0 (R6)|||g1|||BN

0 (R6)|||g2|||BN
0 (R6)

≤ C||g2||HN
0 (R6)||(a, b, c)||HN(R3

x) |||g2|||BN
0 (R6),

|J(22)| ≤ ‖g2‖HN
0 (R6)|||g2|||BN

0 (R6)|||g2|||BN
0 (R6)

≤ C||g2||HN
0 (R6) |||g2|||2BN

0 (R6)
.

Taking the summation of (7.2.2) for|α| ≤ N,N ≥ 3, we may conclude to get

Lemma 7.4. Let N≥ 3. Then,

(7.2.4)
d
dt
‖g‖2

HN(R3
x,L2(R3

v))
+ |||∂αg2|||2B0

0(R6)
≤ D2E1/2

2 ,

where

D2 = ‖∇x(a, b, c)‖2
HN−1(R3

x)
+ |||g2|||2BN

0 (R6)
,

E2 = ‖g‖2HN(R3
x,L2(R3

v))
= ‖(a, b, c)‖2

HN(R3
x)
+ ‖g2‖2HN(R3

x,L2(R3
v))
.

Step 2. Let
∂α = ∂αx, 1 ≤ |α| ≤ N, N ≥ 3

and applyWℓ∂α to (1.9). We have, withg = Pg+ (I − P)g = g1 + g2,

∂t(Wℓ∂αg) + v · ∇x(Wℓ∂αg) +L(Wℓ∂αg) = S1 + S2,(7.2.5)

where

S1 =Wℓ∂αΓ(g, g)

S2 = [L, Wℓ](∂αg).
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Take theL2(R6
x,v) inner product withWℓ∂αg to deduce

(7.2.6)
1
2

d
dt
‖Wℓ∂αg‖2L2(R6) + D2 ≤ G,

whereD2 is a dissipation rate

D2 =

∫

R3
|||(I − P)Wℓ∂αg|||2dx

≥ 1
2
|||∂αg|||2B0

ℓ
(R6)
−C(‖∇x(a, b, c)‖HN−1(R3

x) + ||g2||2HN(R3
x,L2(R3

v))
).

Here we used, withψ as in (7.1.6) and for 1≤ |α| ≤ N,
∫

R3
|||PWℓ∂αg|||2dx= ‖(Wℓψ, ∂αg)L2

v
‖2

L2(R3
x)
|||ψ|||2 ≤ ||∂αg||2

L2(R6
x,v)

≤ ‖∇x(a, b, c)‖2
HN−1(R3

x)
+ ||g2||2HN(R3

x,L2(R3
v))

On the other handG is defined by

G = G1 +G2, Gi = (Si ,W
ℓ∂αg)L2(R6), i = 1, 2.

Lemma 7.5. Let N≥ 3. Then,

G1 ≤
(
‖(a, b, c)‖HN(R3

x) + ‖g2‖HN
ℓ

(R6)

)

×
(
‖∇x(a, b, c)‖2

HN−1(R3
x)
+ |||g2|||2BN

ℓ
(R6)

)
.

≤ E1/2
3 D3

Proof. First, write

G1 =
∑

i, j=1,2

(Wℓ∂αΓ(gi, g j),Wℓ∂αg)L2(R6) =
∑

i, j=1,2

G(i j )
1 .

Proceeding as in (7.2.3),

|G(11)| ≤ ‖W2ℓ∂αΓ(g1, g1)‖L2(R6)‖∂αg‖L2(R6)(7.2.7)

≤ ‖
(
‖W2ℓ∂αΓ(g1, g1)‖L2(R3

v)

)
‖L2(R3

x)‖∂
αg‖L2(R6),

∼ ‖∂α{(a, b, c)2}‖L2(R3
x)‖W

2ℓΓ(ψ j , ψk)‖L2(R3
v)‖∂αg‖L2(R6),

‖W2ℓΓ(ψ j , ψk)‖2L2(R3
v)
=

∫ (
W2ℓ

∫ ∫
b(cosθ)µ1/2

∗ {(ψ j)′∗ψ
′
k − (ψ j)∗ψk}dv∗dσ

)2
dv

=

∫
µW4ℓ

( ∫ ∫
b(cosθ)µ∗{(p j)

′
∗p
′
k − (p j)∗pk}dv∗dσ

)2
dv< ∞.

Since 1≤ |α| ≤ N,

|G(11)| ≤ ‖∇x(a, b, c)‖HN−1(R3
x)‖(a, b, c)‖HN−1(R3

x)(7.2.8)

× (‖∇x(a, b, c)‖HN−1(R3
x) + ||g2||HN(R3

x,L2(R3
v))) .

On the other hand, we have

|||g1|||2BN
ℓ

(R6)
=

∑

|β|≤N

∫

R
3
x

|||Wℓ∂
β
x,vg1(x, · )|||2dx≤ ‖(a, b, c)‖2

HN(R3
x)
.
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This fact and Proposition 3.5 yield

|G(12)
1 | ≤||g1||HN

ℓ
(R6) |||g2|||BN

ℓ
(R6) |||Wℓ∂αg|||B0

0(R
6)

≤ ||(a, b, c)||HN(R3
x) |||g2|||BN

ℓ
(R6)|||∂αg|||B0

ℓ
(R6)

|G(21)
1 | ≤||g2||HN

ℓ
(R6) |||g1|||BN

ℓ
(R6) |||Wℓ∂αg|||B0

0(R
6)

≤ ‖g2‖HN
ℓ

(R6)||(a, b, c)||HN(R3
x) |||∂

αg|||B0
ℓ
(R6),

|G(22)
1 | ≤||g2||HN

ℓ
(R6) |||g2|||BN

ℓ
(R6) |||Wℓ∂αg|||B0

0(R
6)

≤ ‖g2‖HN
ℓ

(R6)|||g2|||BN
ℓ

(R6)|||∂αg|||B0
ℓ
(R6).

Noticing that for 1≤ |α| ≤ N,

|||∂αg|||2B0
ℓ
(R6)
≤

∫

R
3
x

|||Wℓ∂αg1(x, · )|||2dx+
∫

R
3
x

|||Wℓ∂αg2(x, · )|||2dx

≤ ‖∇x(a, b, c)‖2
HN−1(R3

x)
+ |||g2|||BN

ℓ
(R6),

we can now conclude Lemma 7.5. �

We shall evaluateG2. In view of Proposition 3.8,

G2 ≤
∣∣∣∣
(
[L1,W

ℓ ]∂αg,Wℓ ∂αg)L2(R6)

∣∣∣∣

+

∣∣∣∣
(
Wℓ L2(∂αg), Wℓ∂αg

)
L2(R6)

∣∣∣∣ +
∣∣∣∣
(
L2(Wℓ ∂αg), Wℓ∂αg

)
L2(R6)

∣∣∣∣
≤ 3||∂αg||L2

ℓ
(R6)|||∂αg|||B0

ℓ
(R6)

≤ (‖∇x(a, b, c)‖HN−1(R3
x) + ‖∂

αg2‖L2
ℓ
(R6))|||∂αg|||B0

ℓ
(R6)

≤ ‖∇x(a, b, c)‖2
HN−1(R3

x)
+ ||∂αg2||2L2(R6) + η|||∂

αg|||2B0
ℓ
(R6)

(η > 0).

Thus, we have established

Lemma 7.6. Let 1 ≤ |α| ≤ N,N ≥ 3. Then,

d
dt
‖∂αg‖2

L2
ℓ
(R6)
+ |||∂αg|||2B0

ℓ
(R6)

(7.2.9)

≤E3D3 + ||∂αg2||2L2(R6) + ‖∇x(a, b, c)‖2
HN−1(R3

x)
.

Step 3 . We need also to estimateWℓg2. Apply Wℓ(I − P) to (1.9)

∂t(W
ℓg2) + v · ∇x(W

ℓg2) +L(Wℓg2)(7.2.10)

=WℓΓ(g, g) +Wℓ[v · ∇x, P]g+ [L, Wℓ]g2,

and take the inner product withWℓg2:

d
dt
‖Wℓg2‖2L2(R6) + D3 ≤ H,

where

D3 =

∫

R3
|||(I − P)Wℓg2|||2dx

≥ 1
2
|||g2|||2B0

ℓ
(R6)
−C‖g2‖L2(R3),
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while

H =H1 + H2 + H3,

H1 = (WℓΓ(g, g),Wℓg2)L2(R6),

H2 = (Wℓ[v · ∇x, P]g,Wℓg2)L2(R6),

H3 = ([L, Wℓ]g2,W
ℓg2)L2(R6).

H1 =
∑

i, j=2

(WℓΓ(gi , g j),W
ℓg2)L2(R6) =

∑

i, j=2

H(i j )
1 .

Proceeding as in (7.2.7),

|H(11)| ≤ ‖W2ℓΓ(g1, g1)‖L2(R6)‖g2‖L2(R6)(7.2.11)

≤ ‖
(
‖W2ℓΓ(g1, g1)‖L2(R3

v)

)
‖L2(R3

x)‖g2‖L2(R6),

∼ ‖(a, b, c)2‖L2(R3
x)‖W

2ℓΓ(ψ j , ψk)‖L2(R3
v)‖g2‖L2(R6),

‖W2ℓΓ(ψ j , ψk)‖2L2(R3
v)
=

∫ (
W2ℓ

∫ ∫
b(cosθ)µ1/2

∗ {(ψ j)′∗ψ
′
k − (ψ j)∗ψk}dv∗dσ

)2
dv

=

∫
µW4ℓ

( ∫ ∫
b(cosθ)µ∗{(p j)′∗p

′
k − (p j)∗pk}dv∗dσ

)2
dv< ∞.

Then we have, by using Lemma 7.1,

|H(11)| ≤ ‖∇x(a, b, c)‖L2(R3
x)‖(a, b, c)‖H1(R3

x)‖g2‖L2(R6).(7.2.12)

On the other hand, we have

|||g1|||2B0
ℓ
(R6)
=

∫

R
3
x

|||Wℓg1(x, · )|||2dx≤ ‖(a, b, c)‖2
L2(R3

x)
.

This fact and Proposition 3.5 yield

H(12)
1 ≤||g1||HN

ℓ
(R6) |||g2|||BN

ℓ
(R6) |||Wℓg2|||B0

0(R6)

≤ ||(a, b, c)||HN(R3
x) |||g2|||2BN

ℓ
(R6)

,

H(21)
1 ≤||g2||HN

ℓ
(R6) |||g1|||BN

ℓ
(R6) |||Wℓg2|||B0

0(R6)

≤ ‖g2‖HN
ℓ

(R6)||(a, b, c)||HN(R3
x) |||g2|||B0

ℓ
(R6),

H(22)
1 ≤||g2||HN

ℓ
(R6) |||g2|||BN

ℓ
(R6) |||Wℓg2|||B0

0(R6)

≤ ‖g2‖HN
ℓ

(R6)|||g2|||2BN
ℓ

(R6)

andH2 is evaluated as follows

|H2| ≤ |(W2ℓ[v · ∇x, P]g, g2)L2(R6)| ≤ ‖∇xg‖L2(R6)‖g2‖L2(R6)

≤ ‖∇x(a, b, c)‖2L2(R6) + ‖g2‖2H1(R3
x)(L2(R3

v))
.

Finally, in view of Proposition 3.8 ,

H3 ≤
∣∣∣∣
(
[L1,W

ℓ ]g2,W
ℓg2)L2(R6)

∣∣∣∣

+

∣∣∣∣
(
Wℓ L2(g2), Wℓg2

)
L2(R6)

∣∣∣∣ +
∣∣∣∣
(
L2(Wℓg2), Wℓg2

)
L2(R6)

∣∣∣∣
≤ 3‖g2‖L2

ℓ
(R6)|||g2|||B0

ℓ
(R6) .
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Since it holds by interpolation inequality that

(7.2.13) ‖g2‖L2
ℓ
(R6) ≤ η‖g2‖L2

ℓ+s(R
6) +Cη‖g2‖L2(R6) ≤ η|||g2|||B0

ℓ
(R6) +Cη‖g2‖L2(R6),

for any small enoughη > 0, we have established

Lemma 7.7.

d
dt
‖g2‖2L2

ℓ
(R6) + |||g2|||2B0

ℓ
(R6)

(7.2.14)

≤E1/2
3 D3 + ||g2||2L2(R6) + ‖∇x(a, b, c)‖2

L2(R3
x)
.

Step 4 . Let

∂β = ∂
β
x,v = ∂

α∂γ, ∂α = ∂αx, ∂γ = ∂
γ
v, |β| = |α| + |γ| ≤ N, γ , 0, N ≥ 3,

applyWℓ∂β(I − P) to (7.2.5),

∂t(Wℓ∂βg2) + v · ∇x(Wℓ∂βg2) +L(Wℓ∂βg2)(7.2.15)

=Wℓ∂βΓ(g, g) + [v · ∇x,W
ℓ∂β]g2

−Wℓ∂β[P, v · ∇]g

+ [L, Wℓ∂β]g2 +Wℓ∂β(∂t + v · ∇x)g1,

and take theL2(R6
x,v) inner product withWℓ∂βg2.

(7.2.16)
1
2

d
dt
‖∂βg2‖2L2

ℓ
(R6)
+ D3 ≤ K.

HereD2 is a dissipation rate

D3 =

∫

R3
|||(I − P)Wℓ∂βg2|||2dx

≥ 1
2
|||∂βg2|||2B0

ℓ
(R6)
−C||∂αg2||2L2(R6).

where we used, withψ as in (7.1.6) and̃ψ = (−1)|γ|∂γ(Wℓψ),

|||PWℓ∂βg2|||2 = |||∂α(ψ,Wℓ∂γg2)L2(R3
v)ψ|||2 = ‖(ψ̃, ∂αg2)L2

v
‖2

L2(R3
x)
|||ψ|||2 ≤ ||∂αg2||2L2(R6

x,v)
.

On the other hand,K is given by

K =(Wℓ∂βΓ(g, g),Wℓ∂βg2)L2(R6)

+ ([v · ∇x, Wℓ∂β]g2,W
ℓ∂βg2)L2(R6) − (Wℓ∂β[P, v · ∇]g,Wℓ∂βg2)L2(R6)

+ ([L, Wℓ∂β]g2,W
ℓ∂βg2)L2(R6)

+ (Wℓ∂β(∂t + v · ∇x)g1,W
ℓ∂βg2)L2(R6)

=K1 + K2 + K3 + K4 + K5.

Lemma 7.8. Let N≥ 3. Then,

K1 ≤
(
‖(a, b, c)‖HN(R3

x) + ‖g2‖HN
ℓ

(R6)

)

×
(
‖∇x(a, b, c)‖2

HN−1(R3
x)
+ |||g2|||2BN

ℓ
(R6)

)
.

≤ E1/2
3 D3 .
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Proof. First, write

K1 =
∑

i, j=2

(Wℓ∂βΓ(gi, g j),W
ℓ∂βg2)L2(R6) =

∑

i, j=2

K(i j )
1 .

In view of Lemma 7.1,

K(11)
1 = (Wℓ∂βΓ(g1, g1),Wℓ∂βg2)L2(R6)

≤ B2‖∂α(a, b, c)2‖L2(R3
x)‖W

ℓ∂βg2‖L2(R6)

≤ ‖∇x(a, b, c)‖HN−1
x
‖(a, b, c)‖HN−1

x
‖Wℓ∂βg2‖L2(R6),

where, withψ as in (7.1.6),

B2
2 ∼‖Wℓ∂

γ
vΓ(ψ j , ψk)‖2L2(R3

v)

=

∫ (
Wℓ

∫ ∫
b(cosθ)(∂γ1

v µ)1/2
∗

× {
(∂γ2

v ψ j)′∗(∂
γ3
v ψk)′ − (∂γ2

v ψ j)∗(∂
γ3
v ψk)

}
dv∗dσ

)2dv

=

∫
µW2ℓ

( ∫ ∫
b(cosθ)µ∗q∗

{
(q j)′∗q

′
k − (q j)∗qk

}
dv∗dσ

)2
dv< ∞,

q, q j, qk being polynomials ofv.
On the other hand, we have

|||g1|||2BN
ℓ

(R6) =
∑

|β|≤N

∫

R
3
x

|||Wℓ ∂βg1(x, · )|||2dx≤ ‖(a, b, c)‖2
HN(R3

x)
.

This point and Proposition 3.5 yield

K(12)
1 ≤||g1||HN

ℓ
(R6) |||g2|||BN

ℓ
(R6) |||Wℓ∂βg2|||B0

0(R6)

≤ ||(a, b, c)||HN(R3
x) |||g2|||2BN

ℓ
(R6),

K(21)
1 =||g2||HN

ℓ
(R6) |||g1|||BN

ℓ
(R6) |||Wℓ∂βg2|||B0

0(R6)

≤ ‖g2‖HN
ℓ

(R6)||(a, b, c)||HN(R3
x) |||g2|||BN

ℓ
(R6),

K(22)
1 =||g2||HN

ℓ
(R6) |||g2|||BN

ℓ
(R6) |||Wℓ∂βg2|||B0

0(R6)

≤ ‖g2‖HN
ℓ

(R6)|||g2|||2BN
ℓ

(R6).

Now the proof of the lemma is completed. �

K2,K4,K5 are estimated as follows. We have, for|β| = |α| + |γ| ≤ N, γ , 0,

K2 =([v · ∇x,W
ℓ∂β]g2,W

ℓ∂βg2)L2(R6)

≤ ‖Wℓ∂α+1
x ∂

γ−1
v g2‖L2(R6)‖Wℓ∂βg2‖L2(R6)

≤ Cη‖Wℓ∂α+1
x ∂

γ−1
v g2‖2L2(R6) + η‖W

ℓ∂βg2‖2L2(R6).

Note that

|K3| =|(Wℓ∂β[P, v · ∇]g, Wℓ∂βg2)L2(R6),W
ℓ∂βg2)L2(R6)|

≤ |(∂γ
{
W2ℓ∂β[P, v · ∇]g

}
, ∂αg2)L2(R6)|

≤
(
‖∇x∂

α(a, b, c)‖L2(R3
x) + ‖∇x∂

αg2‖L2(R6
x,v)

)
‖∂αg2‖L2(R6

x,v)

≤ ‖∇x(a, b, c)‖2
HN−1(R3

x)
+ ‖g2‖2HN(R3

x,L2(R3
v))
.
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In view of Proposition 3.8,

K4 =([L, Wℓ∂β]g2,W
ℓ∂βg2)L2(R6)

≤
∣∣∣∣
(
[L1, Wℓ ∂

β
x,v]g2,W

ℓ ∂βg2)L2(R6)

∣∣∣∣

+

∣∣∣∣
(
Wℓ ∂

β
x,vL2(g2), Wℓ∂βg2

)
L2(R6)

∣∣∣∣ +
∣∣∣∣
(
L2(Wℓ ∂

β
x,vg2), Wℓ∂βg2

)
L2(R6)

∣∣∣∣

≤
(
||g2||H |β|

ℓ
(R6) + |||g2|||B|β|−1

ℓ
(R6)

)
|||Wℓ∂βg2|||B0

0(R6)

Hence

K4 ≤ Cη

(
||g2||2H |β|

ℓ
(R6)
+ |||(I − P)g|||2

B|β|−1
ℓ

(R6)

)
+ η|||Wℓ∂β(I − P)g|||2B0

0(R
6)

Finally, recalling (7.1.10),

K5 =(Wℓ∂β(∂t + v · ∇x)g1,W
ℓ∂βg2)L2(R6)

≤ |(∂γ
{
W2ℓ∂β(∂t + v · ∇x)g1

}
, ∂αg2)L2(R6)|

≤ ‖(∂α(∂t + ∇x)(a, b, c)‖L2(R3
x)‖∂

αg2‖L2(R6), (|α| ≤ N − 1, |γ| ≥ 1)

≤
(
‖∇x∂

α(a, b, c)‖L2(R3
x) + ‖∇x∂

αg2‖L2(R6
x,v)

)
‖∂αg2‖L2(R6

x,v)

≤ ‖∇x(a, b, c)‖2
HN−1

x
+ ‖g2‖2HN(R3

x,L2(R3
v))
.

Now using (7.2.13) we conclude the

Lemma 7.9. Let |β| = |α + γ| ≤ N, |α| ≤ N − 1, |γ| ≥ 1,N ≥ 3. Then,

d
dt
‖∂βg2‖2L2

ℓ
(R6)
+ |||∂βg2|||2B0

ℓ
(R6)

(7.2.17)

≤E3D3 + ||g2||2H |β|
ℓ

(R6)

+ |||g2|||2B|α|+|γ|−1
ℓ

(R6)
+ ‖∇x(a, b, c)‖2

HN−1(R3
x)
+ ‖g2‖2HN(R3

x,L2(R3
v))
.

7.3. A Priori Estimate. We take the linear combination
∑

|α|≤N−1

C(1)
α (7.1.7)α +

∑

|α|≤N

C(2)
α (7.2.2)α +

∑

1≤|α|≤N

C(3)
α (7.2.9)α

+C(4)(7.2.14)+
∑

|β|=|α+γ|≤N,|α|≤N−1,|γ|≥1

C(3)
α,γ(7.2.17)α,γ

With a suitable choice of the coefficientsC(1)
α ,C(2)

α ,C(3)
α ,C(4),C(5)

α,γ, we get

d
dt
Ẽ +D ≤ H ,(7.3.1)
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where

Ẽ = −
∑

|α|≤N−1

C(1)
α

[
(∂αr,∇x∂

α(a,−b, c))L2(R3
x) + (∂αb,∇x∂

αa)L2(R3
x)

]

+
∑

|α|≤N

C(2)
α ‖∂αxg‖2L2(R6) +

∑

1≤|α|≤N

C(3)
α ‖∂αxg‖2

L2
ℓ
(R6)

+C(4)‖g2‖2L2
ℓ
(R6) +

∑

|β|=|α+γ|≤N,|α|≤N−1,|γ|≥1

C(5)
α,γ‖Wℓ∂

β
x,vg2‖2L2(R6),

D =
∑

|α|≤N−1

C(1)
α ‖∇x∂

α
x(a, b, c)‖2

L2(R3
x)
+

∑

|α|≤N

C(2)
α |||∂αxg2|||2B0

0(R
6)

+
∑

1≤|α|≤N

C(3)
α |||∂αxg2|||2B0

ℓ
(R6)
+C(4)|||g2|||2B0

ℓ
(R6)

+
∑

|β|=|α+γ|≤N,|α|≤N−1,|γ|≥1

C(3)
α,γ |||∂

β
x,vg2|||2B0

ℓ
(R6)

,

H =D1E1 +D2E2 +D3E3.

Define the temporal energy functional

(7.3.2) E =
∑

|α|≤N

‖∂αxg‖2
L2
ℓ
(R6)
+

∑

|β|=|α+γ|≤N,|α|≤N−1,|γ|≥1

‖∂βx,vg2‖2L2
ℓ
(R6)

,

Clearly
c1E ≤ Ẽ ≤ c2E

holds for some constantsc1, c2 > 0, and

H ≤ DE.
Now (7.3.1) gives

(7.3.3) E(t) + c2

[
1− sup

0≤τ≤t
E(τ)

] ∫ t

0
D(τ)dτ ≤ E(0),

which leads to the following a priori estimate on the solution g.

Proposition 7.10. Let N, ℓ ≥ 3. Let T > 0 and suppose that g is a classical solution to the
Cauchy problem(1.9)on [0,T]. There exist constant M0,M1 > 0 such that if

max
0≤t≤T

E(t) ≤ M0,

then g enjoys the estimate

E(t) +
∫ t

0
D(τ)dτ ≤ M1E(0),

for any t∈ [0,T].

Now, the proof of Theorem 1.1 is completed by the usual continuation argument based
on Theorem 4.3 and Proposition 7.10.

Last remark: While finishing the redaction of this paper to be posted to ArXiv and Hal, P.
T. Gressman and R. M. Strain communicate to us their recent work [33], where they show
the global existence of solution on the torus. But the conditions, results and methods are
different from ours. In particular, they managed to develop their own functional tools for
the study of the collision operators, thus avoiding the use of our own ones, developed and
published from the 2006’s.
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