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GLOBAL EXISTENCE AND FULL REGULARITY
OF THE BOLTZMANN EQUATION WITHOUT ANGULAR CUTOFF

R. ALEXANDRE, Y. MORIMOTO, S. UKAI, C.-J. XU, AND T. YANG

Asstract. We prove the global existence and uniqueness of classitglans around an
equilibrium to the Boltzmann equation without angular ¢iilo some Sobolev spaces. In
addition, the solutions thus obtained are shown to be ngative andC™ in all variables
for any positive time. In this paper, we study the Maxwelli@olecule type collision
operator with mild singularity. One of the key observatiamshe introduction of a new
important norm related to the singular behavior of the ceession in the collision opera-
tor. This norm captures the essential properties of theutanigy and yields precisely the
dissipation of the linearized collision operator throubh telebrated H-theorem.
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1. INTRODUCTION
We consider the Cauchy problem for the inhomogeneous Baliznequation
(1.1) fo+v-Vif = Q(f, f), flieo = fo,
wheref = f(t, x,v) is the density distribution function of particles, havipgsitionx € R3

and velocityv € R® at timet. Here, the right hand side df (1.1) is given by the Boltzmann
bilinear collision operator, which is given in the class$iecarepresentation by

Qe N= [ [ BU-v.o)@r ~g.fldodv.,
R3 JS§?

wheref! = f(t,x, V), ' = f(t, x, V), f. = f(t,x,v.), f = f(t,x,v), and foro € S?,
V+V, V-V,

2 T2 2 2 ”
which gives the relation between the post and pre collidieglacities. Recall that we have
conservation of momentum and kinetic energy, thavis,v. = V' + V. and|v|?> + |v,|? =
IV'|? + |V.|2. The kerneB is the cross-section which can be computed ifedént physical
settings.

In particular, the non-negative cross secti®(z o) depends only ofg] and the scalar
product(é,a-). In most cases, the kernBlcannot be expressed explicitly, but to capture
its main properties, one may assume that it takes the form
V-V, bis
V—V.| 2
An important example is the inverse power law potentidl with r > 1, p being the
distance between two particles, in which the cross sectigratkinetic factor given by

v - V4V, V=V

o, V, =

B(lv — V.|, cosf) = ®(Jv — v.|)b(cosd), cosh = < 0'>, 0<6<

4
<I)(|v—v*|)z|V—v*|7, 7=1—F,

and a factor related to the collision angle containing aidisgty,
b(cost) ~ KO 2725 when § — 0+,

for some constant€ > 0 and O< s = % <1

The cases with kX r < 4,r = 4 andr > 4 correspond to so-called soft, Maxwellian
molecule and hard potentials respectively. In the follayitiscussion, this type of cross
sections, with the parametersands given above, will be kept in mind.

As a fundamental equation in kinetic theory and a key storsatistical physics, the
Boltzmann equation has attracted, and is still attractingpt of research investigations
since its derivation in 1872.

A large number of mathematical works have been performeeéuiie Grad’s cutt
assumption, avoiding the non-integrable angular singulaf the cross-sections, see for
example[2R[ 49, 34, B9, 1D.146]95] 48 B9, 70] to cite onlya ferther references being
given in the review|[13].

However, except for the hard sphere model, for most of theratiolecule interaction
potentials such as the inverse power laws recalled abosertdss sectioB(v — V., o) is
a non-integral function in angular variable and the callisbperatoQ(f, f) is a nonlinear
singular integral operator in velocity variable.

By no means to be complete, let us now review some previoukswetated to the
Boltzmann equation in the context of such singular (or notoff) cross-sections. For
other references and comments, readers are referrfd @][5, 7
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The mathematical study for the Boltzmann equation, witremsuming Grad’s cutb
assumption, can be traced back at least to the work by PaoTﬂs]@l] which is about
the spectrum of the linearized operator. In 1980s, the exigt of weak solutions to the
spatially homogeneous case was proved by Arkeryﬂ\ [1hemild singular case, that
is, when 0< s < % and by using an abstract Cauchy-Kovalevskaya theoremi ibka
[@] proved the local existence of solutions to the inhonmageis equation, in the space of
functions which are analytic ir and Gevrey inv.

For a long time, the mathematical study of singular crossises was limited to these
results and a few others, most of them related to the spaiiaihogeneous case concerning
only the existence. An important step was initiated by theka@f Desvillettes and his
collaborators in 1990s, showing partial regularizatiosuits for some simplified kinetic
models, cf. [26[ 37, 29, 29, BB.|3L] 72].

After the well known result of DiPerna and Li034] for thetaff case, Lions was able
to show the gain of regularity of solutions in the Landau c@q; which is a model arising
as a grazing limit of the Boltzmann equation. It was then etgxthat this kind of singular
cross sections should lead to smoothirfpet on solutions, that is, the solutions have
higher regularity than the initial data. For example, itglddbe similar to the case when
one replaces the collision operator in the Boltzmann eqodty a fractional Laplacian in
velocity variable, that is, a fractional Kolmogorov-typuation @L].

Certainly, the results of LionsL—[Bl] and Desvillettes ham#iuenced the research in
this direction. It is therefore not surprising that a systémapproach, using the entropy
dissipation anfbr the smoothing property of the gain part of the collisioreigtor, was
initiated and has been developed to an almost optimal stagadgh the &orts of many
researchers, such as Alexandre, Bouchut, Desvillettdse@dons, Villani and Wennberg.
The underlying tools have proven to be very useful for thelwtan the mathematical
theory regarding the regularizingfect for the spatially homogeneous problems for which
the theory can now be considered as quite satisfactorygdif, [L6]2k[ 29 3d, 32, kf.]59.
BQ.[73], and the references therein, see also for a much retadeti discussior)][5].

Compared to the spatially homogeneous problems, the afigimatially inhomoge-
neous Boltzmann equation is of course physically more @starg and mathematically
more challenging. For existence of weak solutions, we mantivo results regarding
the Cauchy problem. One is about the local existence bettveemoving Maxwellians
proved in [3] by constructing the upper and lower soluti@ther is the global existence
of renormalized solutions with defect measures show@\\{&ﬁ‘ere the solutions become
weak solutions if the defect measures vanish. On the othad,hthe local existence of
classical solutions was proved i12] in some weighted Snbspaces.

However, in view of the above available results, the mathimalgheory for non-cutfy
cross-sections is so far not satisfactory. This is in shanprast to the cutcase, for which
the theories have been well developed, §ek[[19, 3d, 21, BB43d6b [5B[ 67] 44, 70] and
the references therein.

For the study of the regularizingtect, one of the main dliculties comes from the
coupling of the transport operator with the collision opgeravhich is similar to the Landau
equation studied idES]. To overcome thigtiulty, a generalized uncertainty principle a
la Fetferman [3B] (see als [bB,|5[7,]58]) was introduced]if][8, 9iferstudy of smoothing
effects of the linearized and spatially inhomogeneous Boltamgguation with non-cufb
cross sections.

In order to complete the full regularization process, rdgem [@], by using suitable
pseudo-dierential operators and harmonic analysis, we have develsipgrp coercivity
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and upper bounds of the collision operators in Sobolev spagether with the estimation
on the commutators with these pseudéfetential operators. More precisely, [n][10] 11,
E], for classical solutions, we established the hypgtdiity of the Boltzmann operator,
using the generalized version of the uncertainty principle

The present work is a continuation of our collaborative paogsince 2006[]9, 19, JL1,
[3]. Comparing to the cufbcase, we aim to settle a mathematical framework similar to
the studies first proved by Ukai, se@[ 68], and fitted ime@mergy method by Liu and
collaborators[[§2] §3] and Gup J46] which has led to a cleaoti for the Cauchy problem
in the cutdt case, for solutions close to a global equilibrium.

In this paper, we will establish the global existence of megative solutions in some
Sobolev space for the Boltzmann equation near a globalibguih and prove the full
regularity in all variables for any positive time.

As mentioned in the abstract, one of the main ingredientsdptoof is the introduction
of a new non-isotropic norm which captures the main featdirthe singularity in the
cross-section. This new norm is in fact the counterpart efdbercive norm which was
introduced by Guo|E5] as an essential step for Landau emuati

Itis notknown if there is any equivalence of this norm to s@obolev norm, in contrast
to the case of the Landau equation. However, since it is deditp be equivalent to, and to
have much simpler expression than, the Dirichlet form oflithearized collision operator,
this norm not only works extremely well for the descriptidrtioe dissipative fect of the
linearized collision operator through the H-theorem, bsib avell fits for the upper bound
estimation on the nonlinear collision operator. Here, weilddike to mention the work
by Mouhot and Strain[[§4, $3] about the gain of moment in adiieed context due to the
singularity in the cross-section. Such a gain of moment isavell described by the new
non-isotropic norm is in fact crucial for the proof of gloleadistence.

We now come back to the problem considered in this paper. Teertiee presentation
as simple as possible, and to concentrate on the singutdribye grazing &ect, we shall
study the Maxwellian molecule type cross-sections withdreihgularity, that is, the case
when

V-V, bis
B(lV — V.|, cosf) = b(cosf), cosf = <|v— vk o), 0<6< >

and

(1.2) b(cost) ~ K&2725, 9 — 0,

with 0 < s < 3. The general case will be left to our future work.

In order to prove the global existence, we need to use the letengissipative £ect
of the collision operator. Similar to angular ctitease, such dissipativefect can be
fully represented by the dissipation of the linearizedisiwh operator on the microscopic
component of the solution through the H-theorem.

Thus, as usual, we consider the Boltzmann equation aroudnaatized Maxwellian
distribution

M2

p(v) = (2r) Fe 7.
Sincey is the global equilibrium state satisfyir@(u, 1) = 0, by settingf = u + g, we
have
Qe + Vg, p+ Vi) = Qlu, Vug) + Q(Vug, 1) + QAVug, Vu9).

Denote

I(g, h) = 2Q(Vr g, Vih).
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Then the linearized Boltzmann operator takes the form

Lg=L19+ L2g=-T(Vu, 9)-T(@ Vi)
And the original problem[(1]1) is now reduced to the Caucloptem for the perturbation
g

(13) gt+vag+£g=F(g,g), t>01
' =0 = Jo-
This problem will be considered in the following weightedo®tev spaces. Fdq, ¢ €
R, set
HERS,) = {f € S'(RS,); W'f e HYRS,) |

whereRS, = R} x RI andW/(v) = (v) = (1 + [M?)"/? is the weight with respect to the
velocity variablev € R,
The main theorem can be stated as follows.

Theorem 1.1. Assume that the cross-section satis@ (1.2) iths < 1/2. Letg €
HX(R®) for some k> 3,¢ > 3 and

fo(x. V) =+ Vi go(x,v) > 0.
Then there existsy > 0, such that iﬂ|go||Hl[§(Re) < &o, the Cauchy problerr@B) admits a
unigue global solution
g€ L=(0, +oo[; Hf(R®)).
Moreover, ft,x,v) = u+ i 9(t, x,v) > 0 and
g € C*(]0, +oo[ xRO).

Actually, for the uniqueness, we can prove the followin@ster result, which might
be of independent interest. Note that here we do not needstoresthatf is a small
perturbation ofu.

Theorem 1.2.Under the same condition on the cross-sectionQferT < +co and|> 2s+
7/2,let o > 0, fo € L*(RE; HZ,(RY)). Suppose thatif f, € L¥(]0, T[xR}; HZ,(R3)) are
two solutions to the Cauchy probleml.l). If one solutiondr-negative, then, f= f,.

Throughout this paper, we assume that the cross-secti@fiemthe condition (1.6)
with 0 < s < 1/2 except otherwise stated.

The rest of the paper will be organized as follows. In the rs&dtion, we will in-
troduce a new non-isotropic norm and prove some essengatiody and upper bound
estimates on the collision operators with respect to thig merm. In order to study the
gain of regularity of the solution, we need to apply some pgsedifferential operators on
the Boltzmann equation. For this purpose, in Section 3, waysthe commutators of the
collision operators with the pseudofidirential operators. In Section 4, we will apply the
energy method for the Boltzmann equation and obtain the &dstence theorem. In Sec-
tion 5, we will study the uniqueness and the non-negativitthe solutions. This new
method for proving non-negativity can be applied to the egifieangular cuté. For more
detail discussion on the non-negativity problem, refer@].[ In Section 6, the full reg-
ularity is proved along the approach [12]. Finally, thelzdl existence of the solution
will be given in the last section. For this, the macro-micezdmposition introduced by
Guo [[45] will be used for the estimation on the macroscopiogonent.
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Note: After finishing this paper, we were informed by R. Strain of hécent paper in
collaboration with P. GressmanE[41], showing also theterie of global solutions to
the Cauchy problem by usingftBrent approach. Notice that their solution is iffelient
function space which does not lead to full regularity beeaafshe weak regularity in the
velocity variable.

Note added in September, 2010Several new results have been announced along the
same line of development since the submission of the cupegrer. For the reader’s refer-
ences we mentior] [}2, B.144,) 13] {4} 15]. The maifedénce of the results is the range
of admissible values of: y > —1 — 2sin the first 3 papers ang> max(-3,-3/2- 2s) in
the latter 4 paper.

2. NON-ISOTROPIC NORMS

In this section, we study the bilinear collision operataegi by

Q. f) = fR 3 fg b(cost) g ' - g.f) dord.,

through harmonic analysis. Since the collision operatts anly with respect to the ve-
locity variablev € R3, (t, X) is regarded as a parameter in this section.

2.1. Coercivity and upper bound estimates.Letg > 0, g #£0, g € Ll N LlogL(R3). It
was shown in |]]6] that there exists a consteyt 0 depending only on the values |¢g1|L1

and||gllLiogL such that for any smooth functidne HS(RZ), we have

(211) Cg||f||Hs(R3) = ( Q(g» f) f)LZ(]R3) + C“gHLl(]R )||f||i2(R\:}!)

Besides this, we still need some functional estimates orBtiizmann collision op-
erators. The first one, given below, is about the boundedifeb® collision operator in

weighted Sobolev spaces, sBe[[1[]4] 4. b[1p, 47].

Theorem 2.1. Assume that the cross-section satisf@ (1.2) viths < 1. Then for any
m e R and anya € R, there exists G 0 such that

(2.1.2) IQF, Illymes) < C||f|||_‘1 (R3)||g||H"HZS)+(R)
forall f e L}, ,(R?) and ge HTZ . (RY) .

We now turn to the linearized operator. First of all, by uding conservation of energy
VL2 + VP = NP + V2,
we haveu(v.) = u(v) u(v2) u(v). Thus,

T(f, g)(v) = w2 [[ b(cost)( Vil . Vi'd’ - ix f. v g)dv.dor
(2.1.3) = [[ b(cost) yizx (f/g’ - f.g)dv.do
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It is well-known that£ (acting with respect to the velocity variable) is an unbcaohd
symmetric operator oh?(R3). Moreover, its Dirichlet form satisfies

(£9. 9) sy = ~(T(VE. Q) +T(@. Vi1). 9)
= [[] oteosn(tet7 - )7 + 9,607 - 62 g
= [[[ oreosn(ty g - () 2g + 62 - 0.6 2)ut) 2 fdvdrdy
@14) = [[[ oleoss)((2g. - ()7, + gy - ' 4)*2)()* g.v v
= [[] breosn () g - 0. + o) - )2y v drdy
1 2
=3 [ teosa) (621% - Gy %g) + (0%, - ()7 vy
The third line in the above equation is obtained by using thenge of variables/(v,) —
(V,V.). The fourth line follows from the change of variablesy.) — (v., V) and then the
fifth line follows from the fourth one by using the change ofighles ¢, v.) — (V,V)).

And the second last line is just the summation of the previous lines. Note that the
Jacobians of the above coordinate transformations ard eglia

Moreover, it follows from the above formula thagg, g) = 0ifand onlyifPg = g
where

L2(R3)
Pg = (a+ b-v+ c|v|2) Vi,
with a, c € R, b € R%. Here,P is theL?-orthogonal projection onto the null space

N = Span{\/ﬁs Vl\/ﬁv VZ\/ﬁs V3‘/ﬁ9 |V|2\//‘7 }
The following result on the gain of moment of ordein the linearized framework is
essential in the sequent analysis.

Theorem 2.2. (Theorem 1.1 dff3])
Assume that the cross-section satisfieg (1.2) iths < 1. Then there exists a constant
C > Osuch that

(Lg’ g)Lz(Rs) Z C ”(I P)g||L2(]R3)

For the bilinear operatar(-, -), we need the following two formulas. For suitable
functionsf, g, the first formula coming fron{(2.7.3) is

@18)  T(f.00) = Vit 9+ [[ beos(vir - Vi )tgdvdo.
On the other hand, applying the change of variablgs. — (v, Vv.) in (.1.3) gives
(1(£. 9. b)) = [[[ breosa) vim (g - t.9m

- f f f b(cost) vz, (f.g - /g .

By adding these two lines, the second formula is

(2.1.6) (r(f. g). h) LW) ff b(coss)(f/g' - f.0)( Vi h— Vi ).
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The following lemma shows thaf; controls..

Lemma 2.3. Under the condition (1.2) on the cross-section viitk s < 1, we have

(2.1.7) (£10.9),,. . > 5(£9. 9)

L&) — 2
Proof. From (2.1.B) and similar changes of variables, we have

(ng» g)L2(]R§) = _(r( \//‘7’ g)’ g)L2(]R§)
1 ’ ’ 2

=3 f f b(coss)((1)"?g’ ~ (u)"?g) dv.dodv
1 ’ ’ 2

=3 f f b(coss)((«)*g. - (1)*?g.) dv.dodv

1 ’ ’ 2 , , 2
= 3 [[[ breosan {6y g - Ge3¥0) + (661%g. - 029, v,
Therefore,[(2.1]7) follows fromA + B)? < 2(A2 + B?) and (2.1}4). O

2.2. Definition and properties of the non-isotropic norm. The non-isotropic nhorm as-
sociated with the cross-sectibfcosd) is defined by

221)  fldP= f f b(cosdye. (' — )% + f f b(cost)G( Vi — VA )

where the integration is ové@3 x R3 x S2. Thus, it is a norm with respect to the velocity
variablev € R® only. As we will see later, the reason that this norm is cafied-isotropic
is because it combines both derivative and weight of osdiere to the singularity of cross-
sectionb(coss).

The following lemma gives an upper bound of this non-isattaprm by some weighted
Sobolev norm.

L2(R3)

Lemma 2.4. Assume that the cross-section satisfieg (1.2) Withs < 1. Then there exists
C > Osuch that

(2.2.2) llgll < Cligli?,s
for any ge H(R3).

Proof. Applying (£.1.2) witha = —sandm = —sgives
(22.3) (% 9.9)
On the other hand,

(QU 9 9), iy = [ [ le0sa)(t25 - 2g)g

= f f b(coss)fZ (¢ - g)g + f G f f b(coss)(fZ - 12).

For the first term in the last equation, usio@ — b) = 1(a? - b?) — 1(a- b)? yields
1 o
2 _ = 2(2 2
(U2 ). 9) o = 5 ff b(cosd) 2 (g% - ?)

_ %ff b(coss) 2 (gf —g)2+ fgz ffb(cose)(ff' - £2).

cey| < CI Pl glgligling < CHFIZ gl
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By the change of variables/( V') — (v, V), the first term above is alsp [[[ bg?(f2 - £2).
Thus, it follows that

(@129 9) = [[[ b @-07+5 [ & ff b(12 -
and then ff b12(g ~ 97 < (A2 ). g +|fffbgz (12 -

By using [2.28) and the cancellation lemma frdin [6], we get
(2.2.4) ff biX(g -9 < CIIfIILgllglng + ClalllIflI7, < C“f”ﬁg”g”ag-

Thus, choosing = /i gives

gl < CUI VR Igls + 1911l VEIIFe) < Cliglif.
This completes the proof of the lemma. O

In the context of usual weighted Sobolev spaces, this lasitres likely to be optimal.
Next we will show that this non-isotropic norm is controllbyl the linearized operator.
First of all, we shall need the following preliminary comation.

Lemma 2.5. For any¢ € Ct, we have
| bleosaotw.) - s < v - . < CEu
where G depends offiglic: = ligll~ + 1| V Sl
Proof. It follows from Taylor’s formula that
0
(6(4) = 6/)] < Colv. =V < Cysin(5 ) V= V.|
and|g(v.) — ¢(V.)| < C,. Then for any € (0,7/2),

/2
| breossyotw.) - sty < 4 {|v— vl f s [ 91}23d9}

< Cy{v-vlo®t 457

If [v—v,|™* < Z, by choosing = |v - v,|™%, we get

<,
| bleosaio.) - i < v - v < Cou

If v—v.| < 2, we have

| bteostiotw. - svyider < Cutv - vl < €% < .y

And this completes the proof of the lemma. O

Up to the kernel of£, the following lemma gives the equivalence between the non-
isotropic norm and the Dirichlet form of.

Lemma 2.6. For g € N+, we have
2
(2.2.5) (£9. 9) 2 5 ~ Il

Here A~ B means that there exists two generic constani£g> Osuch that GA< B <
CoA.
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Proof. We first deal with the lower bound estimate starting with thenis linked toL».
Since

_(£297 Q)LZ(R‘%) = (r(g7 \//_1)’ g)LZ(R3)’

we get from [2.1]5) that

2:26) ~(£28. 9, = (UG, V. 0) s+ [[[ Bloos (Vi - Vi )i Vi g

Using (2.1.p) withe = 0,m = 0, the first term on the right hand side §f (2]2.6) can be
estimated by

< [1Q(VHg, vAllizllgllez
< Cll vrgliz | VEllzsliglle < Cligli?,-

Qg VR 9),.

For the second term on the right hand side[of (3.2.6), we have

f f b(cost)( Vi — Vit ) g, v’ g dvdvdo
_ ff b(cos@)(\/,u_* 3 \//1_;)91(#/)1/4 (('u/)l/4 _ (,11)1/4)9
v f f b(coss)( Vit — Vi ) 9.6 () g

Thus,
||| breosa(vi - i )a. viro|
- (ff beost) (it — i )2|g|2<y')1/4)1/2
<[ [ teos (6 - g’ |g;|2(u')1/4)1/2

' (fff b(cose)|\/#—*_ Vi Iglz(.l/)1/4(,11)1/4)1/2

x(fffb(cos@)’\/u_*—\/u_;

12 _1/2 , (12 1/2
Sll ><I2 +I3 ><I4.

12
|g;|2(u’)1/4<u)1/4)

Using Lemmd 2]5 withp = 1/1/* gives

f b(cose)|(,u;)1/4 —(w)Ydo < Clv-v.[B < C <v>B<y, >25 .
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Since(u, )" ()2 = ()4 )4 )4 = ()M A4 )4, we get
110 = C [ [ bleosa)iu)2 - )2 ) Zdvatuelr
<[] brosmfe - Gy ef(6e i + g2
<[] breosmfiy - Gy fuay 4

e ([ stcost

< Cff (<V*)25(;4*)1/4(v)25|g|2 i <V*)25(/4*)1/4<V>25#1/4|g|2)dvd\4

< C(IglIFz zs) + 10I2esy)-
Forl,, by using the change of variables¥{.) — (v., V) and then¥,V.) — (v,V.), one has

[ oteose (6 - 6" 1Py
= [[[ oteos (6 - a4 1o

< C [ (w4 oigR v < CIE,
Forl4, using the change of variableg ¢.) — (v, V.) implies that

] oteos)| i = iz | g4

= [[[ btcos)| v - Vi
<C f f (W)Y v g, )dvdv. < Cllgii, o
In summary, we obtain
(2.2.7) (£L29. 9)l < CligII7,.
For the term involvingly, using [2.1]6) yields
(£19. 9) s = ~(T(VE- 9. 9)
=5 [ beoss) (6y g - 2o
1
=5 [ beoss) (wyg - 9+ 00y - )

2 %ff b(cosO)u, (g - g)* - % ff b(coSg)QZ((ﬂ;)l/Z B (ﬂ*)l/z)z’

where we used the inequalitst ¢ b)? > 2a2 — b2 Then

(£10.0) = [ otcostuc (@ - 07+ [ orcosnei(y - a7y

=2 [ breosaigi (- a2’

7 e (TA R (TA R (MO R

192) )M
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We now apply 4) and the change of variables,) — (v., V) to get

f f b(cos)g?( ()" - (;4*)1/2)2 < ClIgIZ Il I < CligIIZ, -
Therefore,
(£19.9), 2 —|||g|||2 Cligli?,.
Thus, we have fron[(2.2.7)
(Lg, g)L2 = (ng, Q)Lz + (£297 g),_z
> %1|||g|||2 ~ Clglif,.
By Theore, we have from the assumpfipa N+ that
llgll® < 4(£g. g),, +CligliF; < €(£g. g) , »

which gives the lower bound estimation.
For the upper bound estimate, we have

(£:0.9)gy = 5 [[[ Bloos) (620" - 220"
=5 [[] bteoss) (@yg - 0+ 06a? - A
< [[[ brcoste - a2+ [[[ broosng?(uy? - ety

<Illgll>.

By (.1.7), we have

(£9.9) , .. <2ligll?.

The proof of Lemm4 2]6 is then completed. o

L2(&3)

The next result shows that the non-isotropic horm contfués3obolev norm of both
derivative and weight of ordes:

Lemma 2.7. There exists G 0 such that
(2:2.8) gl = CAlglfs + lIgIZ,)-

Proof. Write

lalll? = fRG fSZ b(cos@),u* g(v) - g(\/)) dodv.dv

g

b(cost)g?(u/2(v) - ,11/2(\/)) dodv.dv= A+ B.

=
~
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According to the calculation of Propositions 1land 2|]n [6& nave
=@ [ [ B - o) + aoee)?
- 2Rey(§ )3(EH)8() jdords

2 0 7))do } d
> 2(2@3 [ Jaten { I (& - )0 - e ) a} ¢
>C, f EPIOPE > Ci2% [ (L+ 1P)la) ok

[é>1 [€>1
> 1272 ) — Calgls
where we have used Lemma 3 fh [6] that

(2.2.9) f (|§| o)(@0) ~ A€ ))do = Cilels, Vigl > 1.
Similarly,

B= () [ [ b - o) @O + PO
- 2Regz(§‘)ﬂ1/2(§ ) 2(9)|derde

o2 1/2 12
2(2n)3 J Lo |§| T)GPOE) e

o L ] M - )@ - R e e
= Bl + BQ

For By, one has
- 3 2 12 12
Bu= [ [ b - o)) - (e o
= CllgiZ, f 7(28) b5 - o)) - 4 dore

> Cyllglf?

L2(R3)’
where

C=Cy f 7(29) [ b - o)) - 1fdoc > o

For the second term on the right hand side, by using

JA2(E) JA(E) > CRI(28),

for some positive constaﬁt, we have

5 _fRs f > g 92(0) Reg(¢” )) 2(8) it2(¢)dordé
fR3 sz 1é 0')((35(0)— Re‘j\z(f_))ﬁ(zf)dodf.
_ e
= CfR3 fsz b( ] ) Rﬁg (V)(l cos¢ V))dV,u(zf)d dé.

13
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We now use Bobylev’s techniquﬂlS] to have

¢ v )
[ - ot v = [ b e vy

so that

B,>C f (v)( f fs 2 (le ~a)(l—cos@-v‘)ﬁ(%)dadg)dv
~c [[ @ [[ bl - o)) -g)ar|av

>C [ GVIMPdv = C2 gl e — ClIOIE g

v>1

where we have used (2.2.9) and the change of variabledinexchanging/|£| andv/|Vv|.
Finally, by choosing a suitably small constantQl < 1,

llgli® = A+ By + B > AA + By + 1B,
> C(I0lsgeg) + 101E2es)-

and this concludes the proof of the lemma. O

2.3. Upper bound estimates.To apply the energy method, we need some upper bound
estimate on the collision operator in terms of the non-gg@itr norm which will be given
in the following proposition. For this, we first prove

Lemma 2.8. There exists G 0 such that

(2.3.1) f f b(cosd) F2(g' ~ 9) < CIIFIIZ, ligll*.

Proof. Different from Lemm.4, we apply Bobylev formu@[18] to have
f f b(cosd)u. (g’ — g)?dv,dodv
-5 ] b(l—frl - a) (RO + 18 IP) — 2Re (e )a(EB(E)decr

~ s || B - o)(a000tE) - o€V + 2Re((0) - e ) )ate Ve
and
f f b(cost) f2(g’ — g)°dv.dodv
- o [ ol ) (P0n000 - e )7 + 2Re(20) - et oo e
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Since(0) = 1, f2(0) = If1IZ,, we obtain
f f b(cost) f3(g’ — g)°dv.dodv
= IfI% f f b(cost)u.(g — g)?dv.dodv

_(2i)3”f”tz f f (rﬂ 0‘) Re(/(0) - i(¢))8(")8(€) )déder
BPE f f (@ ‘T)Re (72(0) - 72(6))a(¢")3())dedlor

For the last term, we note that

Jv (lg_l (,)”2(0)_]«2(5 o< [ (|§| )(f -

Now consider
f L‘l(é . 0') '1 —e Ve
g2 \I€]

If [vVil¢] > 2, we choose = ‘fl—lM < 7r/2 to havell — e V4| < |v||¢| sind for any 0< 6 < 6.

Andif Z > 6 > 5, we havel - e™¢ | < 2. Hence,
/2 1
f (|§| )]1 eV ldo < C|v||§|f — sm9d9+C'f6 g0

< CVIIg6™2 1 + €672 < CvPPSI¢%S.
On the other hand, i#|£] < 3 , we have directly

f(lfl )‘1 e

Thus, we have

f f (|§| )IfAZ(0> - 12(6) |16 @ dédor < CIITIR gl
By using the regular change of variables> £*, and by noticing that

£ =g ) =¢-Lho, = igtang,  cosi= & o

[ ) ™
cos} I£*1

dv) do-.

do-.

do < Cf 91+23|v| |£] singde

CIviIg] < CVZigP.

)| _ 1
‘W = 4C0529/2,

we have

f f b(l—; -a) |72(0) - F2(¢7)[19%(¢ ) dedor

=ff co§19/2 ( (|§_+ o)’ - )|fA2(0)—Fz(¢(§+,a))||©|2(§+)d§+da
< CIIFIIZ gl

Hence,

] (- o) relP0r- o Berasaor < it
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Similarly, we have

| f f S Reu(O) AE)8E)BEdédor| < Cll IR, g

Therefore, we have prove (23.1) by usipg (3.2.8). O

In view of future application of the energy method, the scal@duct of the collision
operator with a test function is given by

Proposition 2.9. There exists C- 0 such that
(TCF. 9. 1) | = C 1z i+ gz 1) B
Proof. Note that
(T(f. g). h)

( 1/2Q(#l/2f Iul/Zg) )LZ(R3)

= [[[ tcosaut(1:q - t.9)
1 f f f b(cost)(/g’ - f*g)(#i/zh—#i/zh')
<z (ff b(cos«9) - f. g) )1/2

’ (ff b(cos6)((e:)!?n - (u;)l/zh’)z)l/z
1

= A1/2 Bl/2

L2 (R3)

N

For B, we have

B<2 f f b(cosO)u. (' — h)? + 2 f f b(cosa)h?((u')*? - /11/2)2 = 2|[IhiIi3

where we have used the change of variableg.f — (v, V,) for the first term andy, v.) —
(v, v) for the second term. Similarly,

A< fofb(cose)f*z(g' -g)%+ fof b(cost)g.?(f’ — f)2.

Then [2.3]1) implies that
A < C(IFIZ, INgll® + gl 117
which completes the proof of the proposition. O

3. COMMUTATOR ESTIMATES

3.1. Non-isotropic norm in RS,. We now define the norm associated with the collision
operator on the space of,{/). Forme N, ¢ € R, set

BY(RS,) = {g € SR3): N0llGrs) = D f IIWE 8%, 9(x, -lIPdx < +oo},

[el<m

where]|| - ||| is the non-isotropic norm defined ip (2p.1).
First of all, one has
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Lemma 3.1. For any/ > 0,y,8 € N3,

BL1) WG Plllayes) + IPW L Dllsses < CrpllddlEs):
2 2 2

(3.1.2) Colllgl g es) — Cllolfzqes) < (£9: 9) iz ) < CalllAlFey

and

(3.1.3) 1G> oy + 19z aety S ClIANGoey < ClHAI a1 sy

Proof. By definition of the projection operat®Y, we have
3
Pg = ag(t, )’ + 3" by (6 ¥) vipr’? + cglt, P,
=1
with
gt = [ ot x v oot = [ gl x v A
RS v
and
by j(t, X) = f g(t, %, v) vip3(v)dv, j=123
v

Thus [3.1]1) can be obtained by integration by parts. Tofgit¥), we use[(2.4.2) and
[B.2.%) to obtain

g ey = C(£9: 9) s, = Colll(h = P)gllZg e

L2(RS,
Co, 2 2
> 262y ~ CollPGllZg,

Coyii2 2
2 7|I|9I|I33(Re) — Coll9ll 2 gs-
Finally, (8.1.3) follows directly from[(2.2]2) anfl (2.}.8) o
3.2. Weighted estimates on commutators\We will use the following notation, foy €
N3,
(3.2.1) 7(F, G, ity) = Q(u, F, G) + f f b(cost)((uy). - (), )F/G dvidor,
wherew, = p,(v) Vu(v) = 8”(yu) is a Maxwellian type function of variable
In this notation, [(2.1]5) is equivalent to

I(f.9)=7(f.9, V).

And the Leibniz formula gives

(322)  HAN(.g= Y CRm, T@NM. 0earg. ).
@ t+az=a, B1+f2+B3=p

First of all, let us recall the following lemma frorp |12].
Lemma 3.2. Let¢ > 0,0 < s< 1/2. There exists G 0 such that

(W Qf, 9)-Q(f, W' g)), h)

Using this result, we shall show that

eyl = CllfllLz @z llgllz s hllz(zs).-

Proposition 3.3. For any( > 0,

(3:2.3) (W'T(F, G, y) = T(F, WG, 1), ), < ClIFllzlIGlizllhllz.

L2(&)
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Proof. From (3.2.]1), it follows that
(W'T(F. G, py) = T(F. WG, ). h)
= (W' QG F. G) - Qu,F.WG). h) , .
v [[[ breoste,. - e W - W
= Bl + Bz.
Lemma[3.p implies that
B1 < Cliuy FlllIGllzlhllz < ClIFI2IGll 2l Rl e

For By, since we have assumed that & < 1/2, we get

,2|W[ /€|2 1/2 . N2, 1/2
B, < b(cosd)|F’ 2G| p— b(coss) sind(uy. — u).) I?) .

([£.2.%) implies that
’ 2 2
b(cosH)(py. — 1,.) T < Cllsy Ii3lInI.

L2(B)

while, using
W’ = W2 < sin? o (WE)? + (W)2) < sinf 6 (WHR(W)?,
we get
4 )2
fffb(coseﬂF G’ |2|W Sm\g/ | ff b(cosh) sind (W’ F)’2(W' G)"2

< ClIFII? ZIIGIILZ,
which leads to completion of the proof of the proposition.
Similarly, we have also

Proposition 3.4. There exists a constant £ 0 such that

(3.2.4) ’(‘T(F, G. 11,). h)

Proof. By the Cauchy-Schwarz inequality, we have
(T(F. G. 1), h)Lz(Rg) = f f b(coss)(uy.)V4(F.G’' - F.G) h
1 ’ 7 7 /
=5 f f b(cos)(F.G’ — F.G)((uy:) "% = (u},)"/H)

< %( f f (cost)(F.G' - F*G)Z)l/z

" (ff b(cost)((uy.) "/ - (;4;*)1/zh’)2)1/2

< }Al/zx B2,
-2

| < C(IFI2 IIGHT -+ Gz 1) bl

By using the estimation of the terin the proof of Propositiof 2.9, it follows that
A < C(IIFIIZ, IIGIIZ + IGIZ, IIFIIP)



THE BOLTZMANN EQUATION WITHOUT ANGULAR CUTOFF 19

and
< C(lly 1%, 1AM + 110IIZ, lley 17) < IR,

We are now ready to prove the following estimate witffatientiation and weight.

Proposition 3.5. For any¢ > 3, and N> 3, we have, for alg € N |8 < N,

(W arct. o). 1)

| S Cllfllapes) NGilsyesy 1Nz

Remark 3.6. In fact, this proposition holds even whén> 2 + 2s, and N> 2 + 2s.
Here, we consider the case whérx 3, N > 3 with 0 < s < 1/2 for the simplicity of the
notations.

Proof. Using the Leibniz formulg[ (3.2 2) gives
(WoRI(f, 9). hLZ(RG —Zcﬁl (70" 1. W'dP2g, 1, ). )
+ LR (WIT (0, 079, g, ) - T (P, W6, g, ), h)
Then from [3.2]3), we get

’(W"T(@ﬂl £, 079, ug,) - T (0. W'0”g, i, ). h)

1/2
< C( f 0P £ 510200y ) Nl 2es,
c [|6P* FllLe s Lg(Rs))”aBzg“Lg(Rgv) Nl 2(ge,)» if |81l <1;
||3Blf|||_§(Rgv)||5ﬁ29||Lm(R§;L§(R§)) ||h|||_§(Rgv)» if |81l > 2.

SincelB1| < 1 implies|B1] + 3/2 < 3 < N and|B1| > 2 implies|B;| + 3/2 < |3, it follows
that

L2(®3)

L2(RG,)

L2(R3)

(3.2.5) ‘(Wffr(aﬁl f, 0%20, ug,) — T (3" f, W oP2g, g, ), h)Lz(Rgv)

< Cll 10l o Pl
On the other hand, iB1] < 1 so thatB| + £ + s < 3 < N, we get from[3.2]4)

(7@t worg, o). )

L2(R%,y)

< C( f 167 £1173 sy (VP2 + W21, ) X

1/2
f ||W‘6‘*Zg||L2(R3)(|||a‘*1f|||2+||a‘*1f||Hs(R3))dx) IRl gggee

< O e caay + 107 FIE. s sy MG g ey

< Cllflly-aresn e N0l g oy 1N sy

Hence, forBi| < 1, we have

’(‘T(&Blf, W' #2g, g, ). h)

ety S Cll Iz 10l gy ey
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We now consider the case whifh| > 2. First of all, assume Z |81] < |8| — 1 so that
B2l = 18] = |81 = |83l < |l - 2. Then, we get

’(‘T(&Blf, W' #2g, ug,). h)

L2(R%)

< C(IFllyor g W P2l . ey

+ W gl Laeap 10 Fll oo, ey Iz
< Cllfllasgusy WA 2 AT e Nl sges)
< Cllfll -1 10l g5 g 1Pl

< Cllf Iy 191 gy 1Pl e

We turn next to the case wh@a = 3, for which we have

(7@ Wo. va). ) = (T@1. Wa). h)

L2(RS,)

Since we want to avoid using the non-isotropic nornf afn the right hand side, we can
not use the estimatg (2.p.3) to complete the proof. So wespwn a diferent way, use
firstly (.1.5) to get
A —
(M@t W), h), 0 = (QVEFT W), h),
+ f f f b(cost)( Vi — Vi )@ F).(W’ g)hdv.dodvdx.

On one hand[(2.1.2) witm = 0, a = —s, implies that

L2(RGy

(vaet. wig), n)

Lsy| S CllPllizes)l VEP Tl s e W OllL g3 Hzss))

< I sy IV gl o225 oyl ey

On the other hand, we can write

f f f b(cost)( vt — Vil )@ F).(W' g)'hdv.dordvdx
= f f f b(coss)( vz — Vil )@ ), (W' g)'(h - )dv.dodvdx

+ f f f b(coss)( v — Vil )@ 1).(W' g)'hdv,dordvdx
= Dl + D2 .

By the Cauchy-Schwarz inequality, one has
5 1/2
ou < ([ ] breostn@ y:eway (G - 66y dvdodve

1/2
x( f f f b(cos@)(pi/4+(y;)l/“)z(h—h’)zdv*do-dvdx) .
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Lemma[2F yields
| [[] breosan@ ooy () - gy av.doavax
<C fR . fR . (0 £). (W @) P(vy?(v. y2*d v, ddvdx

2 2 2
<C [ 11 VG < I I

C ~[[12
L3E) Wl

2| = @5 LAES)
< ClIf IR sy W A= G ey < CHTIIE 0 191525,
while from Lemmd 2]8, we get
2
f f f b(cos)(ut'* + (u)"*)"(h - W)?dv.do-dvdx

<4 f f f b(cost)u?(h — h)?dv,dodvdx< quhu@oaRS).
0

Therefore, we obtain
ID1] < ClI Il gy 1192z l1Nl gy
For the termD,, we have

f f f b(cost)( Vi — Vi )(6‘*f);(\/\/fg)’h'dv*dadvd>{
B U ff b(cosd)( Vi — s )@ ). (W' g)hdv*dadvd%

< ch§ fR @ 1).

<C f 10l iy W il eyl ey 8
Ry

W g| Ihiw)?Xv.)*dv.ddvex

< C||6Bf”L2(]R§;L§/2+ZS+E(R§))”W[ All 2 123y Nl 2gs)s
so that
Dy < C”f”Hf/IZQM(Re)|||g|||B(2(R6)|”h|”38(]1§8)-

Therefore, it follows that

(3.2.6) ’(r(aﬁf, W'g), h)

| < ST, o llalszges)inllsges)

Finally, for the caséB;| > 2, since 32+ 2s < 3 < N, we have also

'(fr(aﬁl f, WoP2g, g, ). h)

L2@sy| S Cllfllan e 19l e Dl g sy -

The proof of the proposition is then completed. O

By using the argument in the proof of the above propositiba following proposition
follows from the Sobolev imbedding theorems.

Proposition 3.7. For any¢ > 3, we have, for alg € N®, || < 2,

@27) (W 0). ), | < Cllflogs lgllazes Mllsgeey

Finally, the linear operators can be also estimated asWsllo
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Proposition 3.8. For £ > 3, we have for any € N°,

(3.2.8) '(W‘ FvLo(f), h)LZ(RB) < Cpell Fllyp ey MNMllgyws)-
If |8l > 1, we have
(3.2.9) (LaW ) - W' 5 L2(@). ), o
< Cipe(llgllypeey + 10l gerses) ) INllgggee),
and for|g| =
(3.2.10) '(Ll(wf g) - W’ £1(g). h)Lz(Re) < Cliglizesy Nl ggqee)-

Remark 3.9. On the right hand side of (3.3.7), the tefiglllzs) comes from the Sobolev
imbedding

Loo(R3 HZS(RS)) > H3/2+2$+5(R6) > 8B (RG)
wheree is any small positive number. Thus the order gfadentiation is equal t®. Note

that this is due to the nonlinearity in the operatbf,-). For the linear operators, the
estimates given irf (3.2.9) and (3.2.10) do not involve st

Proof. For the proof of[(3.2]8), by using the Leibniz formufa (3)2:&e have
= (W La(f). h) e ) = (WOORI(E. Vi), h)
Zcﬁl T(aglf Wlagz‘/_ #,33) h)LZ(RB
+ D Ch L (WOT (@ F, P N, p1g,) — TP, WP N pag, ), )
= E]_ + Ez.
Then [3.2]5) implies
Eal = |3 Gl (WT @1 T ) = T £ WP ). )

L2(RS,)

L2(R3%y)

L2(RS,)
< eyl VE e ey < Cl g ey
and {3.2}4) implies also,
Exl = [ G (T @1 W . ). )
< Cllfl e Pl

where for the case whehi = 8, we have used (3.2.6).

For (3.2.9), since-£1(g) = Ty, @), by using again the Leibniz formulf (3.p.2), we
have

— (W 9 £2(@) — LW ). )
— (W AT (V. O = TR W o 0. ),

- Iﬁ%; lcgiﬁ (T(agl\/f_" W', g, ), h)Lz(Riv)
+ L (WIT (0% Vi, 672, g, ) = T (07 Vi, WG, pig,), h)
= Fl + Fz.

L2(R%)

L2(R%)
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Then [3.2]5) implies
3l (WT (@ V. 2. )~ T V. WP, y5,). h)
< \/ﬁ||Hf‘(R3)||g||Hf'(Rﬁ)”|h”|88(Riv) < C”g”Hlfl(Rs)|||h|||Bg(R§7v) ,

which also gives[(3.2.10) .
On the other hand, fdf, ) implies that, whe|s,| < || -

(7@ v, Wrg, ). )

IFol =

L2(R3y)

L2(R%)

<C( f 10 R o (W P2 + W 2 5, )X

1/2
f IV PGl o (10 VRN + 110 2 ||HS(R3))dx) IAllg3ces)
SRV YN o[ [N [ [ [P
< Cllglll -z 1NMls3ce)-

Then the proof of the proposition is completed. O
4. LOCAL EXISTENCE

4.1. Energy estimates for a linear equation.We now consider the following Cauchy
problem for a linear Boltzmann equation with a given functfo

(4.1.1) og+Vv - Vig+ £19 =T(f, g) - Lof, dli=o = o,
which is equivalent to the problem:
G +v - VG = Q(F, G), Gli=o = Go,

With F =+ jufandG=pu+ o
We shall now study the energy estimates pn (#.1.1) in thetiomspaceH). For
N > 3,¢> 3 ands e N8, |8 < N, taking

@(t, %) = (~1)7(A5 W ) (t X V),

as a test function oR2 x R3, we get

> dtnaﬁ OliZ2qeey + (W[5 v] - Vg, W'SK,0)
= (Wfaf(,vr(fv g)v Wé)&‘;(vg)

where we have used the fact that

(V Vx( aivg) ﬁ,vg)Lz(Re) =0.
Applying now Proposition@.S arjd B.8, we get for any B < N and|g] < k,
2 dt”aﬁ g||L2(R6) (‘Ll(Wla‘;(,vg)7 Wla‘;(,vg)

< C{I il es) 91134z + 191 asy + 1 Fllies) MGl es)

LZ(]RG) + (Weaf(,v'ﬁl(g% Wfa‘;(,vg)
- (W La(f), W)

L2 (RB)

L2(RE) L2(RS)’

L2(R®)

+ (Iglleceey + gl gt 1cee) IGNgies |-
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By taking summation ovejs| < k, Lemma[2. together witH (3.].2) and the Cauchy-
Schwarz inequality imply that

(4.1.2) wmm G112y < Cral ey N0

+cw@mmwywmm%%+mwgpw), 3<k<N.
Fork = 1,2, Propositior] 3]7 is used to get

d C
(4.1.3) G100y + 5 000y < el Fllzeey 101 e

+ Cie (“g”Hk(Re) + ||f||H3(Re) + |||g|||5k_1(Re))
while fork =0

C
(4.1.4) 10, g+ MGy < Coal ey 100

+ o 101y + 1F1gesy )

whereCy is the constant in[(3.3.2), which is independenkofandN.
TakeN > 3, whenk > 2, by taking a linear combination df (4.1.2) afjd (4.1.3), weé
C2
d_ (”g”Hk 1(R6) “g”Hk(Rs)) 22C ”lg'”Bk(RB)

C 2 2
s;@mmwmwmwwwwwmw)

—mﬁwm+—ww;m%

|\>|O

< 2 (1l N5y + 11 + 11y

+ et (e MO0 ey + 102 ey + 11y + 16112 ) -
By induction and by usind (4.1.4), we have the following mstie
(4.15) [Zcham}cmmwm

O<k<N
< CNf (IIfIIH N(R6) IIIQIIIBN(RG) + IIQIIHN(RS) + ”f”HN(RB))
for some positive constan® < Co, Ck.r andCN[ Notice that

(4.1.6) 19 esy ~ D Ceillglee-
O<k<N

We are now ready to prove the following theorem.
Theorem 4.1. Let N > 3,¢ > 3. Assume thatge H)(R®) and f e L*([0, T]; H}(R®)).
If g € L~([0, T]; HN(®R®)) N L2([0, T]; BN(R®)) is a solution of Cauchy problenh (4.]L.1),
then there existg > 0 such that if

IFlle qoTy; vy < €0,

we have

(417) ”g”zm([o T] HN(]RG)) + ||g|||_2([0 T] BN RG)) S CeC (”gOHHN(RG) + EST)’
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for a constant C> 0 depending only on N .

Proof. Choosinge = Zg" )
N,¢

[Z G ||g||Hk(RS)] S [

O<k<N

< 20197 ey + €0) < CC D, Ot 10y + 0):
0<k<N

and

df Co -
Tt [e > G ||g||ﬁk(Re)) + = € lIglliZn s < Cege™.
O<k<N ! !

Thus we get[(4.1]7) for some const&ht- 0 and this completes the proof of the theorem.
]

4.2. Existence for the linear equation. With the energy estimate given in the above sub-
section, we can now prove the following local existence theoby using the Hahn-Banach
theorem.

Theorem 4.2. Let¢ > 3,N > 3and g € H)(R®). There existg > 0 such that if
11l 0.7 Wy ey < €05
then the Cauchy proble.l) admits a unique solution
g€ L*([0, T]; HY'(®%) N L*([0, T]; B'(R?)).
Proof. We consider the following Cauchy problem :
(4.2.1) Pg=adg+V - Vig+ L1g-T(f, g) = H, g(0) = go.
Forh e C*([0, T]; S(Rﬁ,v)) with h(T) = 0, we define

(g’ Pﬂlﬂ\l,f )LZ([O TIHN(RS)) (7) 9 )LZ([O,T];H}V(RG)) ’

so thatP;, , is the adjoint of the linear operat#¥in the Hilbert spac& ([0, T]; H}(R%)).
Set

W = {w =P}, h; heC([0.T]; SR&E,)) with h(T) = 0},
which is a dense subspaceld{[0, T]; H)(R®)). And we also have
() = =0+ (v - V)'h+ L3 h+T°(F, h).
Then

(% P Wy = =5 MOy + (v T )
+(£La(h). ), o = (T(f. h). h)

Same as Theorefn #.1, fof|l L« (o 1}, sy < €0, We have

HN (RO)

HN(RS) HN(®RS)’

.
ft &|(h, Py, )

2 C(s-t
e |92 IOy e f CELIIN(n(es,dS-
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Thus, forallO<t < T,

2 2
”h(t)”H}\l(Re) + C||h|||_2([t"|']; BL\‘(RB)) < C

(" P h)LZ([t, Th HEe))
< CIPN, e(Mllizqe, 1m0 oy IDllze, 10N @y -

Hence, we get

(4.2.2) INllzqo, 3; Hivgeey) + MllLsqo, 71; Hv ey < CTIPR (MllLzqo, 7); HivGee)) -
Since
IRl imp sy < Cllbllzqery; 5 @)
we also have
(4.2.3) ||h|||_2([0,T]; BY(R)) < C”P;k\],f(h)”Lz([O,T]; HN(RS)) -

Next, we define a functiong@ on'W as follows
GW) = (H, ")izo, 73; wiesy + (Go: h(0))rns).-
Then, ifH € L%([0, T]; HY (R®)), B.1.3) gives
IGW)I < IHlLzqo,73; wy ey INllzqo. 73; 1y ey + 19l sy IN(OYn e
< ClHllzqo, 13, 1y ey lNllzqo.y; sy @sy + 1190l es) MOy es)
< ClIPN, e(Mllzqo, 1 Hiveey < ClWlliz(o, T, ¥ ge)) -

where we have usel (4.p.2) afjd (4.2.3).

Thus,G is a continuous linear functional c(iW; I Nleego.my H[N(Re))). Now, there exists
g € L([0, T]; HN(R®)) such that for any € W,

Gw) = (g, W)LZ([o, TI; HN(RS))»

by Hahn-Banach Theorem. For anyg C*([0, T]; S(RE,V)) with h(T) = 0, we have

(97 T\I,f h)LZ([O, T];H(N(RB)) = (H’ h)Lz([O,T];H}V(Re)) + (gO, h(o))HP‘(]RG)’

and by the definition of the operat#y ,, we have also

(PO )20 rpazgeey = (Ho Pz miizey + (@0 ROz,

where
h= ANWZANh e C*([0, T]; S(R®)) with h(T) =0,
whereA = (1 - Ayy)Z. SinceANWZ AN is an isomorphism ofh : h € C*([0, T]; S(RS))
with h(T) = 0}, we have shown that i € L?([0, T];H} (R%)), theng € L%([0, T];H}(R®))
is a solution of the Cauchy problern (4]2.1).
It remains to take

H = -L(f) = I'(f, V),
to get

(H, D)izqo, 13 ey | < Cllfllizqo, 1y; mv ey 1Nl Lzqo.7y; 8@y

Theng is also continuous ofi7. And this completes the proof of Theorg¢m|4.2. O
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4.3. Convergence of approximate solutionsIn this subsection, we prove the local exis-
tence theorem.

Theorem 4.3. Let N> 3, > 3. There exist;, T > 0 such that if g € H)(R®) and
lI9ollHy(ge) < €1,
then the Cauchy proble@) admits a solution
g€ L¥([0, T]; H'(R®) N L*([0, T]; B}'(R%)).
Remark 4.4. By the equation ir(B) we have, fo < s < 1/2, By using the equation
[@.3), we have, fob < s< 1/2,
&G, V- Vxg € LX([0, T]; HYHH(R)).

Moreover, if we go back to the equation (1.1), we have that

f=pu+u?ge HN(O, T x Q x RY)),

for any¢ € N and any bounded domaid c R2, and thus the Sobolev embedding implies
that f is a classical solution of equation (1.1) if N7/2 + 1. We will use this properties
for the smoothinggect of Theorem 1.1.

For the proof of Theore@.& we consider the sequence obappate solutions de-
fined by the following Cauchy problem,e N,

6tfn+l +V -V, ML= Q" fn+l)’ fn+1|t:0 =,
wheref" = 4 + u*/?g" and f° = fo. Note that it is also equivalent to
(4.3.1)  ag"t+v . Vg™t Lig™ - T(Q, ™) = —Lag", 0" -0 = Qo.
Proposition 4.5. Let N> 3,£ > 3. There exist;, T > 0such that if g € H)(R®) and
||go||H[,N(R6) <€,

the Cauchy proble.l) admits a sequence of solutions

(g".ne N} < L2(0. T]: HY(R) N LA([0. T]; B'(R%).
Moreover, for all ne N,
(4.3.2) 19" qo.13; vy + 192,77, 8 eey) < €05
whereg is the constant in Theore@.l.
Proof. () will be proven by induction on. Firstly, consider the equation

ag' +V - Vxg' + L1" - T(do,0") = —L2G0. Y=o = Go.
Whene, < ), the existence af is given by Theorer@.z satisfying
g" € L([0, T]; Hy'(R®) N L*([0, TT; B7(R%)).

From Theorenrfi 4]1, we can deduce

”gl“L‘”([O,T]; HN®S) + ”gl“LZ([O,T]; BNRS) = CeCT“gO“H},\‘(]RGy

Thus [4.3.R) holds wher is chosen to be small comparedko
Forn > 1, under the assumption that

191w o7 vy ey + 1972 0.7y, B ey < €0,
Theoren[ 4] yields the existence of
g™t e LY([0.T]; HY(R%) N L([0. T]; B7'(R%)).
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From Theorenf 4]1, we can deduce
9™ o7y kv * 19" 2o 1, ey < CE T (10l ey + €0T)-
and this gives
6™l o.ry ey + 1™ Heqormy sy < €o.

whenT > 0 is suficiently small,

Thus we prove[(4.3]2) for ail € N, and this completes the proof of the propositiom

It remains to prove the convergence. 88t= g™! — g" and deduce fron{(4.3.1) that

W' +V - VW' + LW - T(g" W) = TW', ") — Low™t, W0 = 0.

Similar to the computation fof (4.].4), we obtain

d 2 CO 2 n 2
W) + 5 W oy < Corllglzesy W 3o

+ CO,[”VVn71||Lf(]RG)(ngnl”B?(R% + 1)|I|W”|I|39(Re)-
If & is suficiently small, this yields,

d
d—tnmﬂn2 + Callw|

L2(R9) < CZH\Nn_]-”Lf(R% s

2

BI(RS)

which, in turn, gives, ifT is suficiently small,
||W||Lm([o,T];L§(R6)) < /1||Wn71||L°0([O,T];Lf(RB)),

for somea € (0,1). Thus we conclude that the sequerig® is a Cauchy sequence in
L=([0, T]; LAR®)). Letg be the limit function.

By interpolation with the uniform estimat3.2), we Hest the sequence is strongly
convergentin

L=([0, T]; Hp™°(R®) n L*([0, TT; BY°(R%))

for anys > 0. Furthermore, by using equatidn (4]3.1) and Proposlii§n we see that
{0:g"} is uniformly bounded ir.* ([0, T]; H;‘_*ll), so that it is a compact set in the function
space

C°(0. T.[; HY " ®(QxRY)

for any bounded domai2 ¢ R2. Now we can take the limit in equatio.l) and tilgus
is a solution of Cauchy problerm.S).

Finally, by a standard weak compactness argument, we caaces subsequence of
approximate solutions such that

g" — ge L([0, T, H}(R®) weakly*,
g"— ge L3([0,T]; BN(R®) weakly,
which shows that
g e L=([0,T]; HN(®R®) n L%([0, T]; BN(RY)).
Now the proof of Theorerh 4.3 is complete.

5. QUALITATIVE STUDY ON THE SOLUTIONS

In this section, we will prove two main qualitative propesgiof the solutions to the
problem considered in this paper, that is, the uniquenassan-negativity.
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5.1. Unigueness. The uniqueness of solutions can be proved in a larger fumspace as
stated in Theorerh 3.2. To obtain this theorem, we now first@tao preliminary results
in the following lemmas.

Setp(v, X) = (v, X)? = 1+ V% + |x? and

W @+ vA)?
Cp(vx) LV X2

@l

Lemmab5.1. For | > 4, we have

, O\ (W HWLWE, ey
|W¢,I _th,l| < C5|n(§)(w +S|r'|| 3(5) o)
RYV4 |— ’
(5.1.1) < C(OWW, 5, +67°W,,.).
"
here W, = ~—, and also for I> 1,
where W, | ) and also for
5.1.2 W, W C o) W+ W, W
. . _ 4 < H _ B B .
(.12) Wi =Wl < Sm(z) o(v.,X) T (V. x)
Proof. Fork > 0,a> 0, set
/lk
Fr(1) = .
KA A+a

Then fora € [1, oof, we haved Fy(2) > 0if k > 1 and L, Fi(1) > 0if k > 2. Sinced Fi(1)

is positive and increasing on,[&[ if k > 2, it follows from the mean value theorem that
fora, A >1
7’ d 7’ ’
IFi() = F) < P+ 12 = DI = ).
Settingd = (V)2 2’ = (V)?, we have

d
IF(W)?) = W) < R0 + v = VE) @M + v = V]IV - V|
< 2KFic122((V)2 + IV = VD)V = V],
becausgl — | < 2v— VM + v - V[* < M? + 2v— v and VAL F(2) < kFi1/2(4).
Therefore, we obtain, choosirag= |x[?
W v-vi =Vl
W2+V=-VvR2+a W +V-V[P+a
v—v|
W2+ v-v]Z+a

W, — W, | < C

(5.1.3) <G Iv=VIW' Fi((w?) +C
=1+1l.
Note that(v)? < 2(v,)? + 2|v — v,|2. SinceF is increasing, we have

(V)2 + V= V2
(Vo) + [V = Vi + |2
9) W+ Wi_3Ws..

<G sm(é )

| <C V= V(w3
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On the other hand
v — v, sin (¢
=<c 3)
L+ (1= sir? (§))VI2 + 3 sin? (§) IVal? + |x2
. 0\ W + W,
-2 e T Pl
<G sin (2) R
Sincev andVv are symmetric, we get the first conclusion. The second onediseat
consequence of the first inequality 1.3). O
Lemmab.2. Letl e N. If 0< s< 1/2, there exists C 0 such that
(5.1.4) (Wer Q. 9= QU Wer @), ),

< Cliflls @z ey Wea dllizgs) INL2gs)-
Moreover, if I> 5 then

(5.1.5) ((Wer QF. 9= QU W @), ),
< ClIWe fllzee) 19l zg:2@ap INIzs).-

Proof. It follows from (5.1.P) that

(Wer Q(F. @) = Q. We @), ),

‘ f f f b f/g/(W, —W¢,|)hdvd\4do-d><‘
c f f f f bl I(WA T).] 1(Wy10)'| Ihl dvvdordx
- ¢ f f f f bIAI(WA ). (W, 6)I ] dvdv derdlx

of [[[[ b o 111wy @1Paviudoax)*”

, 1/2
x(fff bi6] I(Wi ).]N? dvdv.dedx)

= CJ]_ X Jz.

IA

IA

Clearly, one has

I < CllFlls @i eey W Ol 2ge) f b(cos) 161 do < ClIf I ez i W Ol ey
S

Next, by the regular change of variables» v/, cf. [E, ], we have

%= [[[ Dov.v ity inav.avx

B o(V.,V,0) /4 —1-25 o
Do(v,V) = ngz co§(9(v*,v’,a)/Z)b(Cose(V*’\/’o—))do— < Cfo V4 siny dy,

and

where

V -V,
V' — V.|

cosy = o, Y=0/2, do = singdyde.

Thus,
33 < Clifllie ez eanlINizqes):
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and this together with the estimate dngive (5.1.4).
We now prove[(5.1]5) by usin§ (5.1L.1) instead[of (§.1.2). the purpose, wheh> 5,

we write
(W Q. 9 - QE Wt @), ),

C{ f f f blel I(W,.af).] [(Wig)'| Ihl dvdydodx
+ fff bl6'"=2 (W, f).] Ig'| Ihl dvdvkd(rdx}

Ml + Mz.

The estimation onM; can be obtained following the proof df (5]1.4) except for the
variable. Indeed,

musc [ ([[] berions 0.1 (W g)Pdvavde
12 1/2
x(ff blel (W3 f).| ' dvdvde) “dx

< C||g||Lm(R§;L|2(R§))f||W¢,3 fllLzga)lhll 2gs) dX

1/2 1/2
< Clgllis @123 (fHW%s f||iz(R3)dX) (f||h||L2(R§)dX)

< ClWe 5 fllzee) 191l @322y INI2(re)-

IA

)1/2

M, can be estimated as follows. Firstly, we have

2
M5 =C? (fff b16'2|(W,,, f).llgl [h]| dvd\lkd(fdx)
<C2? f f f b16]'"22|gl|(W,.; ). 2dvdv.dodx
x f f f bl6]'~2*2|g|Ih[2dvdv.dodx

=M2y1 Xszz.
Then, ifl -2- 3 —2s— 1> -1, thatis| > 2s+ 2 + 2, we have

Mo < ClIglls @30y We FIIE2ze)-
On the other hand, foM,, we need to apply the singular change of variabes» Vv'.
The Jacobian of this transform is
v 8 8
ov '| - k@g' I1-k-ol  sirf(6/2)

<1602 6€e0,7/2].

Notice that this gives rise to an additional singularityhe ingled around 0. Actually, the
situation is even worse in the following sense. Recall ¢hHatno longer a legitimate polar
angle. In this case, the best choice of the pol’is= (V' —V)/|v' —V| for which polar angle
v defined by cog = k” - o satisfies (cf. [[6, Fig. 1])

n—6 T

y=—, do=sinydydg, yely 3]
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This measure does not cancel any of the singularitfodsd), unlike the case in the usual
polar coordinates. Nevertheless, this singular changaridibies yields

Miz2=C f f f b(cosd) |62 |(g)] |2 dvdv.dodx

<c f f f D1(v,V)I(g)l In2dvavdx

whenl - 2 > 2 + 2sbecause

Dy(v. V) = sz ¢-2+2-2p(cosh)do < C f:zz(% gy 2s2d2gy < ¢
Therefore,
Mz < Cliglis gz ey Il s
Now the proof of 1) is completed by using the imbeddistineate forl > g
9l2es) < Cligllzgg)-
And this completes the proof of the lemma. O

We are now ready to conclude the proof of the uniquenesséheor

Proof of Theorem[L.2 : SetF = f; — f,. Then we have

Fr+Vv-ViF = Q(f1, F) + Q(F, f2),
Flio = 0.

LetS(r) € CJ'(R) satisfy 0< S < 1 and
S()=1, |1/<1; S(r)=0, 1] =2

SetSn(Dyx) = S(272N|Dy?) and multiply W,,;Sn(Dx)?W,., F to (5.1.§). Integrating and
letting N — oo, we have

(5.1.6)

1d
> GV FOlEzes) = (Wer QU F) + W Q(F, ), W F)
— (V- Vil HYWIF, W, F) 2(zs),

because\- VyxSn(Dx)W,,iF, Sn(Dx)W,.1F)2®s) = 0. The second term on the right hand
side is estimated mewJFHEZ(RG). Sincef; > 0, from the coercivity of-(Q(f1,0), g) it
follows that

(QUF1, W,iF) . W, F)
By Lemma[5.R, we have
|(Wer Q(f1, F) = Q(f1, Wy F)), W, F)

< Clifallis g ey We FllE2 ceys

L2 (RB)

2
ey < CITLOe, ey W FOI e -

L2 (RB)

and
(W1 QF, ) - QUF, W, £2)), W,iF)

< Clifalls a2 W F it gze, -

L2(R®)
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Finally, forl > 7/2 + 2s, we have
(QUF. Wi ) W), | < CIQUF. Wi f2)llages Wi F (Ol

1/2
Ft x- %
< ClIW F(Oll2ee) ( fR i (<X>2 )uﬁ%s(Rg)n—fz(t, % Mies oz)dX

X
[
< ClIWG FOIE2 ol 2Ol 3 1z, 3y

1+2s

becauséx)™ < W2 and(x)2/<p is a bounded operator d#?s uniformly with respect to
X. Thus, we have, forany@t < T

d 2
W FOIF e

< C(IIfalluogompees: Licedy + 1 Fellisgo s v, ) Wt F I 2 g

I+2s

Therefore]|W,, F(O)ll2zsy = O which implies||W,,F (t)ll 2zsy = O for allt € [0, T[. And
this givesf; = f,, and thus completes the proof of Theo 1.2.

Remark 5.3. For the function space considered in Theoren} 1.1, the umieseof solu-
tions is a direct consequence of Theolenj 1.2 if there existnanegative solution. It is
because ge H¥ and ge L~(10, T[xH¥) with k £ > 3imply f = u + ylugo € L*(R3; HZY)
and f=pu+ g € L*(]0, T[XR; HZ) for any m, respectively, andk 3/2 + 2s.

5.2. Non-negativity. In this subsection, we will prove the non-negativity of thodusion
obtained in Theoref 1.1.

Theorem 5.4. Let N > 3,¢ > 3. There exists; > O such that if g € H)(R®) with
w1+ u*?go > 0 andligollyns) < e, and ge L*([0, T]; H}'(R®)) is a solution of Cauchy
problem [L.B), then we haye+ n*/?g > 0on [0, T] x RE.

Proof. By applying the Remark 5.3 on the uniqueness to the Cauchylgro(LB), it is
enough to prove the non-negativity of the approximate gmtgtgiven by Propositioﬂ.S,
that is,

(5.2.1) "= p+u?g" >0, neN.

Again, this will be proved by induction. It is clearly truerfo = 0 by takingg® = go, and
S0 we now assume that it is true for somand will prove that 1) is true for+ 1.
From {4.3]1)f™! = 4 + u¥/2g™1 is the solution of the following Cauchy problem :

(5.2.2) { af™L 4 v . VL = QN £11),

f™ o = fo = p + ut/2go > 0.
Take the convex function
1, ., 1
B9 = 5(s) = 35(5)

with s~ = min{s, 0}, and notice that

d
Bs(s) = % =S.

Settingg(x, V) = (1 + |x|? + [v?)~2 and noticing that
Bs(F™H)e(x. v) = min{ ™%, 0}p(x, V) € L™ ([0, T]; LYRS; LA(RY)),



34 R. ALEXANDRE, Y. MORIMOTO, S. UKAI, C.-J. XU, AND T. YANG

we have by[(5.2]2),
d f B pdxdv= f QU 171 By( ™) dxdv
dt ]RG R6
- f V-V (B g)dxdv— f @V - V) BT Y)gdxdy
]RG RB

where the first term on the right hand side is well defined byorée[2.]L, becausé”
belongs td_*([0, T] x RJ; L3, N HZ3(R3)). Since the second term vanishes andV, ¢| <
Co¢, we obtain

d f B(F™)gdxdv< f QU™ FM 1By Y)pdxdv+ C f B(F™Y)gdxdv
dt R6 R® R®

For the first term on the right hand side, we have

f Q(fn, fn+l),83(fn+l)¢dXdV
R6

— f f b(cose)(f*n’ fn+1’ _ f*nfn+1)183(fn+l)¢
RSy JRI xSZ

— f f b(COS@) f*n’(fnJrl’ _ fn+l)ﬂs(fn+l)¢
RS, JRE xs2

+ f Bs(FH ™ 1g f b(cos@)(f*“’—f*”)
R R, xS%

=1+11.
From (4.3.p), we have, for anye N,

Il ompxes; ey < 1+ ITVE QI qo.11xes; Li(e2))
<1l+ C”gn”L‘”([O,T]XRi; L2(R3)) <1+Cg,

so that the cancellation lemma froﬂ [6] implies that

f b(cos@)(f*”' - f*n) =C | Ut xv)dv < ClIf Loz L1sy) < C,
RY, xS%

R}

while Bs(S)s = 28(s) implies that

< cf B(F"Hpdxdv.
R6
On the other hand, by the convexity@fthat is,

Bs(a)(b—a) < (b) - B(a).,
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and the assumption th&f’ > 0, we get

| = f f b(COS@) f*n’(fnJrl’ _ fn+l)ﬁs(fn+l)¢
RSy JRE, xS2
< [ [, beosn (e - (i)
RSy JRE, xS2
< [ [, beosa(tp™) - f2p(r™ s
RSy JRE, x52

- [ [, bteospptemh(r - tr)s
RE, JRE, xs2

< f f b(coss) fB(F™)(¢' — ¢) + C f B gdxdv
Riv Rs*XS(Z,. RE

=1+ 1.

Applying Taylor's formula to the first term gives

1
_ n n+1 _ 3 _
Iy = fo dr fR . fR 3*ngb(cose)f*/3(f )V =V) - Vug(v+ (v —V))).
Since

(5.2.3) IV = V| = |v—V,|sin (g) < (V) (v,)sin (g)

by settingv, =v+7(V' -Vv),0<7<1,0< 60 <n/2, we have

0 V2
V< Vel 1V =V < el 80 (S )M+ Val) < Vel =2+ .

Then

(L+1X2 + VP) < C(L+ X2 + IV P) (L + I,
which implies
(V.)°

IVyp(X, Vo)l < (1+ X2 + [Ve|2) ™2 < Co(x, V) W

So we obtain
1l < Cl Lo o, T1ee; Li2) Leﬂ(fnﬂ)(l’dXdV’
Again from (4.3.p), we have, for anye N,
170 qo,pees; ey < ||ﬂl/2||Lg(R3) + 112G o e ey < C(L+ ).
Finally, we have obtained, for@t < T,

d f B dxdvs C f A pdxdy Bl = 0.
dt ]RG ]RG

Therefore, for < t < T, and by continuity,

f B(F™4(1)¢ dxdv=0
RG

which implies that,f™(t, x,v) > 0 for (t, x,v) € [0, T] x RE,\,. Therefore, the proof of
Theoren]5}4 is completed. o
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Remark 5.5. Note that the above analysis can be extended to the strogglaiity case.
Indeed, by writing

Iy = f f b(cos) fIB(F™1) (V' — V) - Vug(V)
REy JRI, xS2

1
+1 f dr f f b(coss) fA(F™) (V' = v)? VZg(v+7(v - v)))
2Jo  Jre, Jrxs2
=l + 112,

since we have
A

IVIp(%, Vol < (14137 + V%)™ < Co(x. V) w7

it follows from(5.2.3)that

112l < ClF L o, Tixe3; L1E) fﬁﬂ(f"”)qﬁdxdv
R

On the other hand, settirig= ﬁ and writing
vV —v= }lv—v (o = (o - K)k) + }(( k)= 1)V-V)
= > <O g 2 a %)
we have
1
l11=3 f f b(coss) f'B(f™1) (cost — 1)(v - V) - Vu(V),
2 Jrg, Jrixsz

where we have used the symmetry tjggb((r- k)(o-— (o k)k)do- = 0. Therefore, we have

[l11] < C||fn|||_oo([o,T]><R§; Lé(R\?)) fﬁﬂ(f”*l)q&dxdu
R

and the same estimation holds also in the strong singula&se.

6. FULL REGULARITY

We now prove the smoothnesffext of the Cauchy problem for the non-cfitBoltz-
mann equation. More precisely, the main result of this eaeds given by

Theorem 6.1. Assume thad < s < 1/2. There existg; > 0 such that if g € H3(R®)
with g+ 1'/2go > 0, [Igollg(es) < €1, and ge L¥([0, T]; H3(R®)) is the solution of Cauchy

problem [1.B), then we haveggC*(]0, T[xRE).

Let us recall thatH(R{, ), HX(RS ,) andH¥(R3) denote some weighted Sobolev spaces
with the weight defined in the variable Since the regularity result to be proved is local
in space and time, for convenience, we define the correspgiaital version of weighted
Sobolev spaces. For9T; < T, < +o0, and any given open domaid c RS, define

HO( Ty, TxQxR)) = {f € D'(Ty. T xQxR);
ey f € H'R'), Yo e C3(T1, Ta), ¥ € CF(Q) ).

The proof of Theorerp 6] 1 will be divided into several steps.
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6.1. Formulation of the problem. First of all, we recall the main result iff [[12] given
below.

Theorem 6.2. Assume thaD < s < 1, 0 < T; < T, < +o0, Q c R3is an open
domain. Let f be a non-negative solution of the Boltzmanratoj ) satisfying

f € H>(JT1, To[xQx R3) for all £ € N. Moreover, assume that f satisfies the non-vacuum
condition

(6.1.1) I1F(t X s > 0.
for all (t, x) €]T1, To[xQ. Then we have

f e H (T, T2AXxQxR3) c C*(] Ty, To[xQ x R),
forany¢ e N.

To apply this result, let us firstly note that, by Theorenj 418 &heorenj 5]4, under the
assumption of Theoren §.1, the unique solution of the Capeblylem [1B) satisfies
9l o, 71; H3(Re)) < €05 K+ Vug=0.
Thereforef = u+ ug > Ois a solution of Boltzmann equati.l). On the other hand
we can choosey > 0 small enough such that
Il Vi Oll e o yxre: ey < ClIdllLs(o, T1; H2(eey) < Ceo < 1

whereC is the Sobolev constant of the imbeddiHg(R3) c L=(R3). Thus, for any{(, x) €
10, T[xRS,

(6.1.2) j}; f(t,x,v)dv=1+ j}; Vi gt X v)dv> 1= (| Vi llesgoixes; ey > 0,

so thatf = u + +ju g satisfies the conditiof (6.1.1).
By using equation[(1}1) and Remdrk]4.4, we have also, foranyl, 0< Ty < To < T
and bounded open domaihc R3,

f=u+ VEge HX(T1, To[xQx R).

Note that we can not apply directly Theor@ 6.2 because weambywknow thatf has
regularity justinH3(]T1, T2[xQxR3). To overcome this, we prove the following theorem.

Theorem 6.3. Under the assumptions of Theorn] 6.1, we have, foQany; < To < T
and bounded open domathc R3,

f=p+ Vuge HP(T1, TxQxR3),
holds for all£ € N.

The proof of this theorem is similar but easier than that oéd’rbm which was

proved in [1P]. In fact, since we have
g" -0

by mollifying the initial data and using the uniqueness déison, we do not need at all to
mollify the solution as in @2]. It follows that to obtain tleove regularization result, we
only need to prove the a priori estimate on smooth solutidnch can deduced fronﬁllZ].

To make the paper self-contained, we give a proof here. Letcall that here we
consider the Maxwellian molecule type cross-sections thighmild singularity.

Here and belowp denotes a cutbfunction satisfyings € C3* and 0< ¢ < 1. Notation
¢1 CC ¢, stands for two cutlh functions such thap, = 1 on the support af;.
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Take the smooth cufbfunctionsy, ¢z, ¢z € C3(1T1, T2[) andy, v, y3 € C3'(Q) such
that(p CC @2 CC @3 andz,b CC Yo CC 3. Set fi = gD(t)lﬂ(X)f, f, = gDz('[)l,Dz(X)f and
f3 = @3(t)y3(X) f. Fora e N8, |o| < 3, define

g = de®u(x)f) € L(1T1, Tol; LER®)).
Then the Leibniz formula yields the following equation :

(6.1.3) g +V-0g=0(fr g)+G, (t,xV)eR’,
where
(614) G = Z Cg:zl Q(aal f2» 5% fl)

a+az=a, 1<|aq|

(e ()T +V - u(e®F) +[07, V- (W)
A+B+C.

Then we can tak@&/? g as a test function for equatiop (6]1.3). It follows by inttipn by
parts onR’ = R} x R3 x R3 that

0= (Wt 9) W'o)

which is suficient for obtaining the required initial regularity.

+

o * (G. W¥g)

6.2. Gain of regularity in velocity variable. The next step is to show the gain of regu-
larity in the velocity variable by using the coercivity oftleollision operator.

Proposition 6.4. Under the assumption of Theor6.1, for @ny T1 < T, < T and
bounded open domaid c R3, one has,

ASti € LARy; H2(R)),
forany¢ € N, whereA, = (1 - AV)%, fi = oy () f withp € C(]T1, T2[), ¥ € C*(Q).
Proof. Firstly, the local positive lower bounfi (6.1.2) impliestha

inf fo(t, X, - — > 0.
(neSuppusSupp, | 2 M = %

Thus, the coercivity estimatp (2.]L.1) gives
_ - _ ¢
(Qf2. Wg). Wg),,,.., ft Supp. f p— (Q(f2. W'g). W'g), ., dxdt

> (GO ot x ey ~ Ot X I B % ot

> Col AJW' 0lifz(gry = CTIalli e, Lieen W' Gl o 17 22y
Since
||f2|||_m(R;{X; L@ < Cllfall oo 1y, H3/2% (R9))"
and

W gll?.. ClIfall?.

(T} 2&9) = ([0.T]; H3 (%))

for| > 3/2, we have
(621) “AS\N[ g”fz(R7) < C“fzuﬁw([o’-r]; H?(RB)) + |(G7 sz g)Lz(R7)‘

+ (VV[ Q(f2,9) — Q(f2, wW! 9. W g)|_2(]R7)
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By applying Lemm4 3]2, the third term on the right hand sidésd.]) can be estimated
as follows:

(W Q(F2, ) - Q(F2, W' g)), W g)

< CTlfallL o o1y neze<goy 9l o7y, L2rey 192 (e

L2 (]R7)

2 2
<CT ” f2|||_oo([0y-|-]; Hfﬁ“(RB))” fl”Loo([O,T]; H(3(R6))'
For the second term iff (6.2.1), we shall prove the followitagro:
ForO< s< 1/2,0ne has
20
(6.2.2) ‘(G, W),
In fact, recalling the expressiop (6]1.4), it is easy to get

2 2 2
||B||L(2(R7) + “C“L?(]R7) < CT”f3” <([0,T]; Hf+1(R6))'

For the termA, firstly recall thate; + a2 = a, |a] < 3 and|a;| < 2. In the following, we
will apply Theorel withm = —s. We separate the discussion Aimto two cases.
Case 1.If |ay| = 1, we have

1 o ) 2
fR‘ ngﬂQ(ﬁ fo, 072 f1)(t, %, )”H[?(Rg)dth

1 A 2 @y . 2
C N j};lla fa(t, %, )IIL%+ZS(R3)II6 fa(t, X, )”HZZS(Re)dth

X

a1 § )12 @2 D12
S O sy [ IO, e

< C(llfallieqory ey + 12l o 1y, ooy IASW' Gllizgeg, -

IA

A

+2s

IA

2 2
CTITAL go.ry 13 opll T2l oy 13 e

Case 2.If |a1| > 2, then|ay| < 1, it follows that

1 . 2 a2 . 2
th ng ”(9 f2(t7 X7 )”L%QS(R\:'})HG fl(t7 X7 )||HIS+25(R‘:‘/;)dth

2 2 1 )12
= C||6 fl” M(Rﬁx;Hs (Rﬁ)) j};r Lg”a fz(t, Xy )||L|2 (Rg)dxdt

1+2s +3/2+6+2s
CTIIfl? || 212 :
L2([0.T]; Hy22ere)) ! <L ([0,T]; H, 5(RS))

A

IA

By combining these two cases, we have

()

2 2 S
ol  CTU oy ey *+ 1201y iy 1AW Dhageg )
Therefore, we obtain
4
AW g2y < C(L+ 13l oy veesy)
The proof of the proposition is then completed. O

6.3. Gain of regularity in space variable. With the gain of regularity in the variable
given in the above subsection, we now want to prove the gaiagflarity in the variable
X. Here, the hypo-elliptic nature of the equation will be used

For this purpose, we introduce a more general frameworkt Bfrall, let us consider a
transport equation in the form of

(6.3.1) fo+v-Vyf =ge D[R,

where ¢, x,v) € R.
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In [E], by using a generalized uncertainty principle, we e the following hypo-
elliptic estimate.

Lemma 6.5. Assume that ¢ H™S(R), for some0 < s’ < 1. Let f € L(R’) be a weak
solution of the transport equatiof (6.B.1), such tagtf € L2(R”) for some0 < s < 1.
Then it follows that

A)s((l—s’)/(s+l)f c L2 » (R7), Ats(l—s)/(sﬂ)f c LEL(R7),
) s+l

whereA, = (1 - A,)Y2.

Of courseg is typically linked with the Boltzmann collision operatoithrough the
above uncertainty principle, we have the following resulttbe gain of regularity in the
variablex

Proposition 6.6. Under the hypothesis of Theor6.1, one has
(6.3.2) AP f1 € L2(Ry; H2(R®)),

foranyf e Nand0 < s = S((sl;f)).

Proof. For any¢ € N, it follows from Propositior] 6J4 thaa$W'g € L2(R”), while using
the upper bound estimation given by Theo@ 2.1 with —s, we get

WQ(f2, g) € LA(RE, HT(RY).
On the other hand[ (6.2.2) gives
WG € LX(R{,; H3(R3)).
By using equati0.3), it follows that
0(WQ) +V - 3x(Wig) = WQ(F2, @) + WG € H™S(R).

Finally, by using Lemm{ 6]5 wits' = s, we can concludd (6.3.2) and this completes the
proof of the proposition. O

Therefore, under the hypothesis L*([0, T]; Hf(R6)) for all ¢ € N, it follows that for
any{ € N we have

(6.3.3)  AJe®y(x)f) € LR HIR®),  AR(®u(x)f) € L*(Re; HI(R®)).

We now improve this partial regularity in the variabte Since fractional derivatives
will be involved, it is not surprising that a Leibniz type foula for fractional derivatives in
the variablex is needed. We shall use the following one, taken frprh [12}1.0Le A < 1.
Then there exists a positive constént 0 such that

(6.3.4) ID'Q(f, 9) = QUDJ'f, g)+ Q(f, ID'g)
C h=31Q(f,, dh,
+ /lfR3| " Q(fh, gh)

with
fa(t,x,v) = f(t,x, V) - f(t,x+h,v), heR3.

With this preparation, we need a preliminary step, given by
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Proposition 6.7. Let0 < 2 < 1and f e L([0, T]; H3(R®)) be a solution of[(1]1). Assume
that, for all £ € N, we have

ASfL e H3RT), Alfe HAR).
Then, one has for an§e N,
IASAS fallz(e,; megeey < Clifallie oy H2 @)
X (||A3fl||H[3'+ZS(R7) + ”A;l( f1||H(3+25(R7)) :

Proof. Setg = 83, f1 anda € N°, Ja| < 3. We choos&V’ |D,|' ¢5(X) IDx* W’ g as a test
function for equation|(6.1}.3). Then

((v - D2()ID W' g, v2(¥) ID W g) ,,
=(62(9) D' W Q(f2. 9). w2(X) IDA' W g) ,
+ (4200 D' WG, Y29 D' W g)

One has

((v - Ox200)IDA" W', 929 1D W),
and the same estimation for the linear ternGaih (6.1.4)
|(#209IDA W (B+C), wa(x) D' W 0) e | < CIAL" allz ey

For the nonlinear terms & in (f.1.4), we shall use the Leibniz formufa (6]3.4). Firt o
all, the coercivity estimatd (2.1.1) gives, as|in (§.2.1),

~(QUf2, w2(IDHW @), YDA W Q) ,
CollAS Dl*'W' glI, 7 — CTIIf Dy'W' gI|?
> 0” vlpZ(X)l X| g|||_2(R7) ” 2||L°°(Rﬁx; Ll(Rs))”';DZ(XN X| g” =([0,T]; L2(RS)) *
On the other hand, the upper bound estimate of Them 2wt —s gives,
(QUDA 2. w2 (W' ). w2 (ID'W' g),, .
CUIDA* fall s, 12,y 12O ASWY Dz Ir2(X) D ASW gl 2(ey
Cll f2|||_oo([0"|']; H3/§+§+f (Rs))Hlﬂz(X)A\S/VV[ g||L§S(R7)”';D2(X)| DX|AASW[ g||L2(R7)

3/2+2ste

320D AW GllEzqery + Coll 2l o1y, wizgusy IAVEIE: (ay:

For the cross term coming from the decomposition (p.3.4)using again Theoreth 3.1
with m= —s, we get

|1 (@utn, W @i, v309Du' W g)
R
< ICallly2(IDA ASW gl ey
X f A Dhlo s, L, @ap 1AW Qnlliz ey dh
5 ,

< Sl (DK AW il g7y + Coll Tl

< C||Afo” fullz g7y »

IN A

IA

L2(]R7)C| h‘

S[12
~([0.T}; Hi(Re))”AvgntinRU‘
Hence, we have

|(|Dx|AQ( fa, w2(YW' g) — QD" f2, Y2a(YW' @), Y2(XIDx'W' g)
< Ollg2(X)IDX AW ity + Coll

L2 (R7)

SA12
(o1 HeEep AVl (er)-
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In conclusion, we get

l[2(X)| D ASWE g2

L2(R7)

< ClIf2lR oy, mageoy (I IDX'GIE: oy +IASEIR: (o)
+ [P (W Qe @) - Q(f, W' g)), A(IDA W 9). 2o,
+ [(IDd'W A w0 W ) ,

[+ +10.

For the term Il, again, formuld (6.3.4) yields,
(IO (W' Q(f2. @)~ Q(f2, W' @), w3(9IDA'W ) ,
= (W' QD' f2. @) — QUDAI' f2. W’ @), ¥3(X)IDxI'W' g)
+((WE Q(f2, IDixi'g) — Q2. W IDy'g)). w3(X)IDL'W' g)

L2(7)
L2(7)
+C/1 \[1;3 |h|_3—’1((W€ Q((fZ)h7 gh) - Q((fz)h, W gh)), ¢§(X)|DX|AW€ g) dh.

L2(R7)

Since 0< s < 1/2, Lemmd 3 implies

(W QUDAI 2. @)~ QUDA o, W @), w3(9IDLW- g)

< CllDK fallLoag, . LieaplI9llaes, . L2yl 1D Dl

L2 (R7)

<CJ f2||L"°([O,T]; Hfgfé'::(RB))||g||L(2(R3)” |Dx|/lg||L(2(R7)»
and

(W Q(F2. IDxI'g) - Q(F2. W ID,I'g)). w3(9IDLI'W! g)

< Clifalle s, . ey DK Dllzs, . L2zl IDxIGllLzer)

L2(R7)

A2
<CJ f2||L°°([O,T]; H}:33//22::(]R5))|”DX| g”Lf(R3) .

For the cross term,

| fR IO QU Fne Gn) = QT W gn)), wB00IDA'W g) ,

LZ(R7)
< Cllfallys o 1y, wevzre oy 19zl D« 9l 2er)-
Thus, we have
42

Il < Cllfalli = go.1y; 13, 11D Gl ) -

We now consider the last terthl . Recall thatA stands for the nonlinear terms frdgn

A= Z CuQ(o™ T, 9721y).

a1+az=a a1#0
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We have
(DA (QO™ 2, 9°210)), W' 2(9IDA" W g)
< ClIATY1()IDL W gl 2z x
X {||Q(|DLX|”6”1 f2, 9% fl)”LZ(R;{X;H;S(Rs)) + ”Q(aw1 fa, Dy fl)”LZ(R;fX;H;S(Rs))

+”fh—3—/lQ(aa1(f2)h’ 6(l2(f1)h)dh||L2(Rﬁx;Hm (Rs))}.

I+hv1/2

L2(R7)

We divide the discussion into two cases.
Case 1.|ay| = 1 (thenja| < 2). Applying (2.1.p) withm = —s. We have

|Q(IDA 0 1o, 92 11)

L2 (R HED)
< ClI A" falli (e s ol AV Pl ey 2, (29

(+2s t+2s

a1 S
< CllAfallygzre ey I Falz ey
(e £, 1D 1)

< ClIO™ fallio g o1z, @apll AVAXI™ fulliz g7y

L2(REGHS(RY))

s
< C” f2|||_oo([0’-|-]; H(1++33//22++:+25(R6))||Av fl||H(3+ZS(R7)»

and

” ng h=31Q(8" (f2)n, 8°2(f1)n)dh

L2(RfaH5(R9)
@l AV (f)nlliz zrydh

el AV Vxhillz =)

1
L[+25

<C fIhI’HII6“1(f2)h||L°°(R€x;
S C” 601 f2||L°°(R€x;L}+ZS

S
<Cj f2|||_oo([o,'|']; H}I;//ZZ:-;ZS(RG))”AV fl|IH(3+2s(R7) .

Case 2.|la;| > 2. By the same argument as above, one has

|Q(IDA 0% o, 572 11)

+ Qe fo, DA 1)

L2(RéH*(R3) L2(REH, *(R3)

S C” f2”L"° ([O,T]; H1+3/2+e (RG))(”AS fl||H/,3'+Zs(R7) + ”A;l( f]_||H3 (R7)) .

(+3/2+€e+2s (+2s

When|a1| = 2, we have

” ng h=31Q(8" (f2)n, 8°2(f1)n)dh

L2(®, H 3 ®D)

(+2s t+2s

Scf A1 0 (I g ez eam | AV (Fhlle,s s 2, 3y A
< Cll V0™ fallio g 23 L2 @I AV Filliage o3 2, 20

< C”fZ“LN([O,T]; H3 (Re))”[\\?leHs (R7)>

(+3/2+€e+2S (+2s

43



44 R. ALEXANDRE, Y. MORIMOTO, S. UKAI, C.-J. XU, AND T. YANG
while when|a,| = |a| = 3, we have

“ jl;s h737/lQ(aa(f2)h, (fl)h)dh

L2(REGH5(RY)

<C f =316 (FnllLzs, .

(+2s

(ﬂ§3))(j k]

@l AY( fl)h|||_oo(R€X; L2, (%3
<C|lo* f2||L2(R{fX; L}QS(R\?))”ASVX fl”LW(]RA 2 @)

X1 =428
< C||fal2 i
< Cllfallte oy ey ., ps@o)

Thus, by the Cauchy-Schwarz inequality, we obtain

1< GIASW1OYIDA W G2y + Coll ol o 1y ooy (IASFul oy + 1A FuI or)):

Finally, we get

IASUA(IIDA W ey < CllallZ o 1y e guy (IASFLZe ory + IAK PR o)
and the proof of the proposition is completed. O

We are now ready to show that the gain of at least order 1 ragyuiia the variablex.
Proposition 6.8. Under the hypothesis of Theor6.1, one has
(6.3.5) A (e (x)f) € HER),
forany¢ € N and some > 0.
Proof. By fixing s = % then ) and Propositi@.? with= 9 imply
ASADg e HAR).
It follows that,
(ARG +V - 9x(ARG) = ARQ(F2, 9) + AFG € H%(R).

By applying Lemm@lS witls' = s, we can deduce that

A (e () ) € HER),
forany¢ € N. If 25 < 1, by using again Propositi.? with= 25, and LemmelES
with §' = s, we have

Ay F), A2 (F) € HFRT) = ARy () € HAR).
Choosékg € N such that
koso < 1, (ko+1)sp=1+e> 1

Finally, (6.3.) follows from Propositioh §.7 with = ks, by induction. And this com-
pletes the proof of the proposition. O

6.4. Higher order regularity. The proof of Theorerh 6.3 will now be concluded with the
above preparation.
From Propositiofi 6]4, Propositign B.8 and equatfor] (1t #/lows that for any’ € N,

A (eMu(f), Ix(@®v(x)f) € HERY).

This fact will be used to show higher order regularity in tregiablev by using the
following
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Proposition 6.9. Let0 < A < 1. Assume that, for any cyfdunctionsp € C3(1T1, T2[), ¥ €
Cy(@) andallf e N,

A (e®OP(IT),  Vx (e (x)f) € HR).
Then, for any cutgfunction and any € N,
AT (w9 ) € HER).

For the proof, we choos#&/’ A2 W' g as a test function fof (6.3.3), and then proceed as
in the proof of Propositio@.?. The onlyftBrence is in the estimation on the commutator
with the convection:

(1AL V] - 3W g, AW g)

Pl
L2(e7) < ClIAY 9||L§(R7)||Vx g||L§(R7),

since
[Ad, V] - 05 = AAL2 0y - Oy,

andAl2 9, are bounded operators irf. This is the reason why we need in the first step
the gain of the regularity of order 1 in the varialsle

To complete the proof of the full regularization result, tirsexactly as Proposition
B-3.5, we can get

AT (e () € HART),

forany{ € N and some: > 0.

Therefore, we obtain that there exigts> 0 such that for any € N, and any cutff
functionsp(t) andy(x),

e(Ow () € HFR).

Notice that the estimate in Propositipn]6.7 can be modifietbisws. In fact, we can
obtain

IATAS fillLe,; ey < Clifallsssry
X (1A fallme .oy + 1A% Filln o)) -
By using this, the proof of
fe HI (T TAXQXRY), Ve N = fe H (T, T xQxR3), VeN,
is direct and this completes the proof of Theo@ 6.3 by tlediapping argument.

7. GLOBAL EXISTENCE

We shall establish a global energy estimate for the Cauchlyl@m ). For ease of
exposition, and unless necessary, generic constantsendtdpped out from the estimates
in this section. Finally, all in all, we shall follow and adape method initiated by Guo
[@] on the estimation on the macroscopic components. Herpaint out that his method
works also for the non-cufbcase but only when the estimations of the nonlinear and
related terms are carried out in terms of the non-isotorpions (2.2.1). We also note that
his method has been generalized to various directions. Artiem, a few are the external
force case@ﬁ?], the Vlassov-Maxwell-Boltzmann ecpm@], the soft potential case
(B8, 741 and the Landau equation [45] 74]. Independentlyifethod which is based
on the macro-micro decomposition near a global Maxwellia@ energy method based on
the macro-micro decomposition around a local Maxwelliag &lao been developed with
application to the classical fluid dynamical equati @,]. Further references are
found in these paper.
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Introduce the macro-micro decomposition near the abstatevellian:
g=Pg+(1-P)g=01+0, Pg=0g1=(a+b-v+cvu'?
In this section, the following result on the energy estinvaitebe proved.

Theorem 7.1. For N,¢ > 3, let T > 0 and suppose that g is a classical solution to the
Cauchy problenﬁ@)on [0, T]. There exist constantsgyM; > 0 such that if

max&(t) < Mo,
o<t<T

then g enjoys the estimate
t
E(t) + f D(r)dr < M1E(0),

0

foranyte [0, T], where
— 1glI2 2 2
8 - ”g“H}\I(RB) ~ ||(a7 b’ C)||HN(R§) + “gz“H;\l(RB)v
is the instant energy functional, and
D = [IVx(@ b, )l 1geg) + 1G2150¢e

the total dissipation rate.

The proof of this theorem is divided into two parts, thatle éstimation on the macro-
scopic component and the microscopic component respBctive

7.1. Macroscopic Energy Estimate. By the macro-micro decomposition, the equation in
{3) is reduced to

6t{a+b SV C|V|2},ul/2 +V- Vx{a +b-v+ |v|20},ul/2

= -0+ V- V)02 + LG + (9. ).

Using

v-Vyb-v= ZViVjaibj = Zvizaibi + ZViVj(aibj + 6jbi),

i i i>]

we deduce

0} Vi|V|2#l/2 . VyC = —=0rc+lc+he,

(II) Vizpl/z . o0iC + oib = -0y + li + hj,
(7.1.1) (iii) ViVjpl/2 . (9ibj + 6jbi e —6trij + |ij + hij, i £ j,

(iv) vipt/? o +dia = =i + loi + hpi,

(v) ut?: 0 = —0ia+la+hy,
where

r= (92’ e)Le’ | = _(V : ngZ + ng? e)L§7 h= (F(g’ g)? e)LZ(R§)7

stand forrg, - - - , hg, while

e € spanVi Vi, Ve, vivipt ', vipt?, 2y,
Lemma 7.2. Letd? = 9%, @ € N3, |a| < m,m > 3. Then,

10%(a, b, ©)ll 2z < 1IVx(@, b, O)llm2z)lI(@ b, ©)llym1(zz).-
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Proof. Letk = |a|. Then, one has fdt = 0 that
li(a, b, C)2|||_2(R§) < [I(@ b, Ollsea)lI(@ b, O)llLsrz < [IVx(@ b, O)llz@z)lI(@ b, ©)llzrs).

since

llabll 2 < lall s bl < 1Vx@llzEalIBlS o IBIEL o < 11Vl 2z bllees)-

Lo@®)"L2RY) T

Also fork = 1, we have
0(a, b, €2l 2z < i@ b, )d(a, b, O)ll 2wz < 1I(a, b, OllL«@z)IVx(@. b, Ol 2z
< i@ b, O)llym1z3)IVx(@ b, )l 2r3).
and for 2< k < m,
16°(, b, ©)2llzqegy < 116 (@, b, )3k (8, b, O)lages

k
1<K
k<2

< > 195 @0, Ol g Ak (@b, O)lliz < 1108 b, O)llmaqszyIVx(@ b, O)lh-sgey-

And this completes the proof of the lemma.

Lemma 7.3. (Estimate off, [, h).
Letd® = 0%, 0i = dx, lal < N—1,N > 3. Then, one has

(7.1.2) 10 ey + 161l < 1G2llnceg, L2y = Aas
(7.1.3) 16 hll 23y < V(@5 b, ©)lln-2ge3ylI(@ b, Ol 1)

+11@ b, Ol 9ol Lz + 1901 ses L2gagy = Ao

Proof. (f.1.2) follows from
10i0°T llL2rg) < 1(0i07 G2, ©) 2(r3) 2Ry < 110i0" Dol ogs,)s
and
10"z < I(Vx0“ 92, Ve)LZ(Ré) + (0702, L*e)Lz(Rg)HLZ(Rg) < ||3igz||H1(R§,L2(R§))‘

We prove [7.1]3) as follows.
h= f f f b(cost)u?(g.g’ — g.g)edvdvdo

= f f b(cos)gg.((u*?).€ - ui'?e)dvdv.de
= [[[ bteosna a2, (atv) - a)avaua

2 2
=0(g.9)= ) (g.9) = o7,

i,j=1 i.j=1
whereq = g(v) is some polynomial o¥. Firstly, we have
oY) = Z mime®@(¥j, Y),
nj.1kElab,ch
wherey(v) € N. Clearly,|®(¢}, yi)| < oo, S0 that by virtue of Lemm@.Z,

10" @M 23y < 1107 b, ©)2llL2@z) < IVx(@, b, O)llgn-2z)lI(@, b, O)lln-1z2).

47
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On the other hand,
I19(g. Dllczeg) < ezl flleesses < 191ees) flliees,)
which yields forja| < N - 1,
16O 2g3) < 1107 (8, b, O)llzey) 107 Gl zes,y < 1@ B, Ollnaeg) Gl as Loy
16 D@ gy < 1167 Galliz(es,) 107 (@ b, O)llzqes) < IGllnn-sqes.zqeapliE@ b ©)llps-sqess
16" D 2y < 107 GalFoges ) < 1Bl es 1oy
Now the proof of [7.1]3) is completed.

Lemma 7.4. (Macro-energy estimate) et|a| < N — 1.
d
(7.1.4) IV (@D.0)Iy g < — {01940 (@ ~D. 0oy + (07D, Vi Brey |

+ 192l s 2 ey + D161
where
_ 2 2
Z)l - |IVX(a7 b’ C)“HN’l(]Ri) + ||92||HN(R§’L2(R§))
is a dissipation rate and
— 2 2 _ 2
81 - ||(a, b, C)||HN‘1(]R§) + ||92”HN-1(R§’|_2(R3)) - “g||HN‘1(R§,L2(]R§))

is an instant energy functional.

Proof. (a) Estimate oW,d%a. Let Ay, A; be as in Lemm§ 7.3. From (7.]L.1) (iv),
V30" a7, ) = (Vx07@, V") 2es)
= (6“(—61b - 6tr +1+ h), Vx6wa)|_z(R§)

< Ry + Cy(AL + A)) + 17l Vxdallf -
R = —(6“61[2) + 6“61[‘, an"a)LZ(Rg)
d
= _a(()"(b +1), Vx07@) 2(rz) + (Vx07 (D + 1), 010"@) 23

d (03 (07 107 (03
< =500+ 1), V0" @)z + Cy(IV0"Bllfzez) + AD + 100"l
(b) Estimate oV,d*b. From (7.1]1) (iii) and (ii),
Axﬁabi + 3i2(3abi = Zﬁjﬁa(ajbi + 3ibj) + 3i3a(23ibi - Z 3ibj)

j# j#
= 0;0"(—0¢ + 1+ h),
Vs DI, g3y + 1910°DIE, a) = ~(Axd*bi + 377Dy, 37D) 2(e) = Re + Re + R,

where

d
R, = (6t3“r, 3i6“b)|_z(R§) = d—t(ﬁ"r, (9i6“b)|_z(R§) + (6i6ar, (9t(9"‘b)|_z(R§)

d
< 0T 090) ze + CoAL + 1" Bl
Rs = —(9"1,3i0"D) 2(s3) < CyAT + 110" bl s,

Ry = ~(0"N, 3i0"b) o(zg) < CuAZ + 1llBid" DI, -
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(c) Estimate oV,d*c. From (7.1]1) (i),
||Vx6"‘c||i2(R§) = (Vx0"C, Vxd“C) o (gz) = (0" (=01 + | + 1), Vxd“C) 23
< Rs + C, (AL + A3) + 1lIVx0" €Il s,

where

d
Rs = —(3“6tr, an(tC)Lz(Rg) = —a([)“r, an(tC)Lz(Ri) + (an"‘r, 6t6aC)|_2(R§)

d
<o (01, Vx0"0) 23y + Cy AL + n||ata”c||fz(R§),
(d) Estimate ob;0“(a, b, ¢).
(7.1.5) 16:0 (a, b, C)ll 2wz) = 10°0tPAll 2(ge,)

= 110°P( = v- Vi@ - £g+ (9, 9))llizes,)
= [10°P(v- Vi)llos ) < [IVx0%(a, b, O)lla@z) + 1IVx0“ Pl 2(ge, -
Combining all the above estimates and taking O suficiently small, we deduce
IVx9“(a, b, C)IIfZ(Rg) < —dgt{(@”f, Vxd“(a, =b, €)) 2@z + (9°D, anaa)LZ(Rﬁ)}
+ AL+ A+ IV Gl -
Finally, choosinde| < N — 1, and using Lemmd (7.3), we obtain
AL+ AS + IV Gl s ) < DrEn+ G2 oy
which completes the proof of Lem1.4. O

7.2. Microscopic Energy Estimate. In this subsection, We shall use Lem@ 2.6 and
Propositior] 3} to estimate the microscopic component.
Step 1.Leta € N%, || < N, and apphyp® = 4% to (L.3) to have,

0(0°g) + v+ Vx(0"0) + L(9"9) = 9°T(g. 9),
and take th&2(RS, ) inner product with)*g. By Lemma[2.B, we have

1d, ., .2

(7.2.1) 510" Uiz, + D1 < 3
whereD; is a dissipation rate

_ @ 2 _ a 2
D; = fR 10" GalIPdx = 1" Gal 2y

andJ is given by

2
3= (9T(9 9), "oy = (9T (Gir G)), 9" G)1ogey

ij=1
2
=) a0,

ij=1
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First, consided®?. We have, withy; € N,
(7.2.2) 9] < 110°T(G1, 9u)llL2(es)ll0” Gall 2qesy
< ||(||3“F(91, 91)||L2(R3))||L2(R§)||5a92||L2(R6),
10°T(@ Ollegyy < . 10 GrmdlITW s, widlleqes,

nj.nke(a,b,c}

T Yoy = f ( f f b(Cos (Y ).t — () nldv.do) dv

= [u( [ [ bleosaui(p):pi - (py)-padv.der) dv< o
wherep; € {1,v, |v/}. Consequently, by virtue of Lemn@?.z,
130D < [10° (@, b, )l 2 10” allz(zsy
< IVx(@ b, O)llyn-2ra) i@, b, ©)llun-1rg)lIGallun 3 L2z3)
< 1@ b, Ol (1Vx(8 b, ey + 11201 )-
On the other hand, using Proposit@ 3.5 gives
1399 < 1igallpes) 192l yes) 192l gy s)
< lI(@.b. Ol g2l es)-
13V < 1Igallypes) 19 lllyes) G2l gy s)
< l192llyees)ll (@, B, Ol M92lllzys),
192 < l192llH gy 1192l gy sy 1921l g3 e
< 11921luyes) G215 o)
Taking the summation 0.1) far| < N,N > 3, we have
Lemma 7.5. Let N> 3. Then,

d 1/2
(7.2.3) GO e oy * G2 ey < D25,
where
D2 = V(@ b. Ol sgag) + M1G2llZ ey

E2 = 9w es 2wy ~ 100D O es) + 19205 s L 2gey-

Step 2.Letd? = 39,1 < || < N,N > 3, and applyw’s to @). We have
(7.2.4) H(WEAg) + v - Vi (Wa7g) + L(WHg) = S1 + So,
where

S1=W9T(g,9),  Sz=[L W](6g).
Take theL?(RS,) inner product with\/47g to deduce

1d
> GV 0" llEzes) + D2 < G,
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whereDs, is a dissipation rate

D, = f (1 - PYW o gl 2dx
RCS

1
2 0" GllF0es) = (1980, OYlln-s(s) + 1GellFnceg oz
Here we have used for4 o] < N,

fR PWoglIPdx < 110Gz

< IVx(@ D, O)lFcsqezy + 192l ez, 2ges)-

On the other hand; is defined by

G=G1+G,, Gj= (Si,W"a"g)LZ(RS), i=12
The estimation 0i5; andG, will be given in the following lemmas.
Lemma7.6. Let N> 3,¢ > 3. Then, for€ and D defined in Theore@.l, we have

Gi < V2D,

Proof. First, write

Gi= ) (WOI(g, 95), W Qo = », GI.

i,j=12 i,j=12

Proceeding as irf (7.3.2),
(7.2.5) |G| < IWZ9°T(91, 01)ll2es)l0” Ol 2qzs)
< (W 0T (g1, Gn)llzesy lczqesy 197 Gl 2ges
~ 116" {(a, b, ©)*}lL2@z) W T (W, vl 10° Lz s,

VT3 gy = f (w f f b(CoSAHL (). ~ (). nddv.dor) A
= [ ( [ [ btcosau.i(py).pi - (py) pcvcr) v < oo

Since 1< |a| < N,
IGM] < [[Vx(@, b, Ollys-1zg)I(@. b, ©)lln-s¢s3)
X (IVx(@ b, O)lln-rg) + l1G2llingez Lzmsy) -
On the other hand, we have
gLy = D f WS ga(x. lIPdx < 1I(@. b. O)lF s

BIsN R
This fact and Propositioh 3.5 yield

IGE2 <lgullsces) Gelllzyes) IO Gl ey

< 1I(@ b, ©)llnes) l1galllges 10 dlllgoges).
G <ligliyes) I1Gallsyces) 1IW 0" lllagges)

< ligzllneeyliC@. b Ollingesy 110 Glllgogee)-
IGE2N <lgallpqes) ellsyesy WD Gl

< 1Gelly ey Gl 110 Gl e
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Noticing that for 1< |a| < N,
N6°GM50me < | NIWA ga(x. IIFdx+ | [IW8*ga(x -)llIPdx
AN 3
< 1Vx(@ b, ©)lfucsqez) + 1921z e
we now conclude the proof of the lemma. O
We shall evaluat&,. In view of Propositiorj 38,
IGo| < ’([Ll,Wg]aag, W% Q) L2(ge)
+|(W Lo@79), Wog)

< 116°Gll 2(e 107Gl o)
< (IVx(a, b, O)llyn-1gz) + ||(9a92||L§(R6))|||5a9|||33(R6)
< V4@ b, Ol sz + Coll GaliZuey + 110Gl gy (0> O).

+[(Lw 5°g), Wiog)

L2(R®) L2(RS)

Thus, we have established

Lemma7.7.Letl <|a| < N,N > 3. Then,

d (o2 (o2
(7.2.6) 9" AlEz ey + 119" Gll5a0es)
<EY2D + 110 GallFogze) + IVx(@ b, Ol sz

Step 3 .We need also to estimat&‘g,. Apply W!(l — P) to the equation in.3) to have
O(W'gp) + V- Vi(W'gp) + LW gy)
= WT(g, g) + W[v- Vx, Plg + [£, W]g2.
And then take the inner product with‘g, to get
d
GtV GallCzqee) + Ds < H,

where

Ds = fR 10 - PYW gzl P

> %|||gz|||;?(Re) = Clgzllz(z2).
while
H =H; + Hy + Hs,
H1 = (WT(g, 9), W'G2) 2(rs).
Hz = (W[v- Vy, Plg, W€92)L2(R6),
Ha = ([£, Wd2, Wg2)2(z5).

H = Z(\N‘r(gi, i), Wigo) 2gs) = Z HOD,

i,j=2 i,j=2
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Proceeding as iff (7.3.5),
IHAD < IWZT(g1, 91)llizges) 102l 2es)
< I(IWPT (g1, )il 2 lczqesy 192l 2qee)
~ [I(a, b, ©)llL2(e3) IWPT (¥, ¥ llL2 3y 1G22 sy

IWZT( . vl o) = f G f f b(cosa2((y)., — (). iddvider) dv

= [w( [ [ bieosa.i(p):pi - (p)-padv.der) dv< o
Then we have, by using Lemr@?.z,
IHAD] < [V (@ b, ©)ll 2ge3) (@, b, ©)llge)lIG2llLzqs) -
On the other hand, we have
l92l10qee) = fR § W ga(x, )lIPdx < Ii(a, b, )1, -
This fact and Propositioh 3.5 yield
IHE?) <llgnlls) NGalllgysy W Galllges)
< 112 b, O)llugeg) G2l sy
IHED) <Gl ey lanlllaysy W Galllsgges)
< lIgallnp@s)li(@ b, Ol Ngallgoes).
IHE?) <llgallynesy NlGalllgysy W Galllgoes)
< 1G21lhp o) 19205 -
And Hs is evaluated as follows
IHal < [((WX[V- Vy, P10, 02)12zs)| < [IVxlIL2zs)lI02lIL2zs)
< [IVx(@ b, O)lIFzqgs) + 192llFn e 2y
Finally, in view of Propositiofi 3|8 ,
[Ha| < |([£1,W€]gz, Wi Go) 2s)
+ '(W L2(92), Wgz)

+ '(.Ez(ngzl Wgz)

L2(R9) L2(R9)

< ||gz|||_§(R6)|||92|||s([?(R6) .
Since it holds by interpolation inequality that
(7.2.7) I92llizeey < MllGalliz ey + Callgallies) < mligalllgoes) + Collgalizes),
for any small enough > 0, we have established
Lemma 7.8.
(7.2.8) d%ngzuﬁ;(Re) + 11IG2llZ0(5

<EY2D + 1G22 gs) + 9x(@ B, OlF 5y
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Step 4 .Let
fid =6§,\,=a‘*67, v =0% 0" =0, Bl =lal+y| <N,y #0, N> 3,

and applyW‘d*(1 — P) to ([7.2-4) to have
(W'D g2) + V- V(W P gp) + LW P gp)
=W'PT(g, g) +[v- Vi W]g,
- WP, v-V]g
+[L, W Pgo + WP (0, + V- Vy)a.
And then take th&2(RS,) inner product with\W#°gs to get

1d

Ed—tuaﬁgznz +Dg < K.

L2(RS)

HereD, is a dissipation rate given by
D= [ Il - PW P gaax
R
> L10P Gl . — CllO"GR
=92 92 BIRS) 92 L2(R6)"
where we used, witly € N andy = (—1)76” (W y),
IPW gzl = 1116° (4. W o) 2y UIIIP = 115 9 G2) 2l g IIIP < 1107 Gl .

On the other han is given by

K =(W'0°T(g, 9), W' 02) 2(rs)
+([V- Vx, Wé]gp, Wg5892)L2(R6) - (W'[P, v- V]g, Wf&BgZ)LZ(RG)
+ ([ L. W o1go, WP o) L2ro)
+ (WP (0 + V- Vi)gr, W o) 2(ze)
=K1 + Ko + K3z + K4 + Ks.
Lemma 7.9. Let N> 3. Then|K,| < 8Y2D.

Proof. First, write
Ky = Z(Wfaﬁr(gi, ), WP Qo) 2ms) = Z Kfj)'
i,j=2 i,j=2
In view of Lemmg7]2,
K| = [(WOPT(ga, 91), WP o) 2es)|
< Bolld” (2, b, )l 2 IW O GallL2(e)
< [IVx(a, b, Q)llyp-1li(a, b, C)”H)’}‘-l”Wl&BgZ”LZ(RB)»
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where

NHW[ayr(w] ’ lpk) ||L2(R3)

- [ [ [ oreosniert?

< (@) G0 ~ @)@ udldvdody
= [ ([ [ btcostmi)ci - @).addvdo) dv < o

Here,q, q;. gk are polynomials o¥.
On the other hand, we have

gL ey = D f W #ga(x, IIPdx < lI(@ b, O)liFnes:

IBI=N
This point and Prop03|t|.5 yield
IKE) <llgallngeey 1192lllgnes) IIW O Galllgyes)
< 1@ b, Ol Mgl es):
IKEY) =ligallingzey 19 lllgnesy IIW O Galllgoes)
< g2l s lI(@ b ©) e G2lllzys).
IKE?) =ligallinczey 1192lllgnes) IIW O Galllgoes)
< G2l o) 1925 ey

Now the proof of the lemma is completed.

K, K4, Ks are estimated as follows. We have, fgir= |a| + |y| < N,y # 0,
Kzl =|([v+ Vi, W P10, W ) L2ges)|
< W00, Gl 2oy IW P gl ey
< CylIW 350 Gl gy + W Gl ey
Note that
IKal =[(W' [P, v V1g, WP Qp) 2y, W P O2) 2|
< (@ {W* PP, v- V1g}, 0 Ga)Loges)
< (V20" (@ b, O)ll 2w + V30" Gl 2qes,) JI10” Gl s,y
< [IVx(a. b, Q)3 @) + ||92||HN(R3 L2(R3))"
In view of Propositior} 3]8,
[Ky =|([£, Wfaﬁ]gz,Wfaﬁgz)LZ(Rﬁ)l
< |([£1, wW! x,v]gz,\/\/gaggz)LZ(Re)
+ (WA La(g0), WPgn)

+[(LoW ), W)

< (I1g2ll ey + 1Gelll -1y ) IIW S Gl sy

L2 (RB) L2 (RB)
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Hence
IKal < Cy(lIG2l e + N2l ) + MW P Gl
Finally, recalling [7.1]5),
Ks| =|(W'éP (0 + V- V)01, WP Go) 2(rs)|
<@ W&, + V- V201, 9 G2 2es)
< NI0%(0t + Vi)(a, b, O)llo@y) 107 GallLzgey, (Il < N =11yl > 1)
< (IlVX()“(a, b, O)ll2@z) + ||Vx5“92||L2(R§V))I|5“92||L2(R§V)
< [IVx(@ b, O)lFns + 192 e 2z
Now using [7.2]7) we conclude the
Lemma 7.10. Let|B| = la+y| < N,Ja| < N-1,|y| = 1, N > 3. Then,

d
(7.2.9) Gl GlEage) + 117 GllGo e

<sY2qy 4 2
<7D + 1621

G120y + 1758 B O sgagy + 1020 e ey
4

7.3. A Priori Estimate. We take the linear combination

S cOETh + Y COTZH + > COTZH)

la]<N-1 la|<N 1<|al<N
cogzmd Y .
|Bl=la+yI<N,|a|<N-1,ly|>1
With a suitable choice of the cficientsC, c?, c®, c®,c®  we get

o o @ ay
d~ -
(7.3.1) d—t8+1) <H,
where

E=— Z CO[(@"T, V40" (a, b, ) zgeg) + (0D, V0" @) 2(s)
|| <N-1
+ ) CONRGIEey + D, CONDIR e,
la]<N 1<lal<N )
+ CONGAR, o) + >, CE)IW o oll
) |Bl=la+yI<N,|a|<N-1,]y|>1

D= COIVIa b Ol + | CON5 el g e
la]<N-1 la|<N

(3) 2 @) 2
+ ) CONGG oo + COMGAIZ e

1<la|<N

3
+ D CONfenel|
|Bl=la+yI<N,|a|<N-1,|y[>1

H =Z)181 + 2)282 + DE.
Clearly, it holds that

2
BRS)’
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and
H < DE.

Now (7.3.]) gives
&(t) +[1- C sup&(r)| f t D(r)dr < CE0),
O<r<t 0

which leads to the closure of & priori estimate and then detag the proof of Theorem

Now, the proof of Theorer@.l can be completed by the usudlragation argument
based on Theorefn #.3 and Theoren} 7.1.
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