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Abstract

The interface problem describing the scattering of time-harmonic electromagnetic
waves by a dielectric body is often formulated as a pair of coupled boundary integral
equations for the electric and magnetic current densities on the interface I'. In this
paper, following an idea developed by Kleinman and Martin for acoustic scatter-
ing problems, we consider methods for solving the dielectric scattering problem using
a single integral equation over I' for a single unknown density. One knows that such
boundary integral formulations of the Maxwell equations are not uniquely solvable
when the exterior wave number is an eigenvalue of an associated interior Maxwell
boundary value problem. We obtain four different families of integral equations for
which we can show that by choosing some parameters in an appropriate way, they
become uniquely solvable for all real frequencies. We analyze the well-posedness
of the integral equations in the space of finite energy on smooth and non-smooth
boundaries.

Keywords : scattering problems, Maxwell equations, boundary integral equations,
Helmholtz decomposition.

1 Introduction

We consider the scattering of time-harmonic electromagnetic waves in R? by a bounded
Lipschitz obstacle. We assume that the dielectric permittivity and the magnetic perme-
ability take constant, in general different, values in the interior and in the exterior of the
domain. This problem is described by the system of Maxwell’s equations, valid in the
sense of distributions in R3, which implies two transmission conditions expressing the
continuity of the tangential components of the fields across the interface. The transmis-
sion problem is completed by the Silver-Miiller radiation condition at infinity (see [24]
and [Rg)).

It is well known that this problem can be reduced in several different ways to systems
of two boundary integral equations for two unknown tangential vector fields on the inter-
face. Such formulations are analyzed in Harrington’s book [[[d] and in Martin and Ola’s
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comprehensive paper 23]. Some pairs of boundary integral equations, such as Miiller’s
[B7], are uniquely solvable for all real values of the exterior wave number and others, such
as the so-called electric-field formulations [2J] are not, although the underlying Maxwell
interface problem is always uniquely solvable under standard assumptions on the material
coefficients.

More recent research works in the scientific and engineering community show that
there are computational advantages to solve dielectric scattering problems via a single
integral equation for a single unknown, rather than a system of two equations of two
unknowns. For two-dimensional dielectric scattering problems, one can find various for-
mulations and numerical results in [P9, B0, B]. In 3] Marx develops single source integral
formulations for three-dimensional homogeneous dielectric objects using an ansatz on the
exterior electric field and in [B4] Yeung presents electric-field (EFIE) and magnetic-field
(MFIE) integral equations for a single unknown based on an ansatz on the interior scat-
tered field. Computational results in [B4] show higher convergence speed for the MFIE
and the EFIE than for the pairs of boundary integral equations. However, both of these
single integral formulations suffer from spurious non-unique solvability due to interior
resonances.

In this paper, we study methods for solving the transmission problem using a single
boundary integral equation for a single unknown tangential vector field on the interface
by eliminating irregular frequencies. We follow ideas of [1g] where Kleinman and Martin
considered the analogous question for the acoustic interface scattering problem. The
method consists of representing the solution in one domain by some combination of
a single layer potential and a double layer potential, and inserting this representation
into the transmission conditions and the Calderdén relations of the other domain. Several
different integral equations of the first kind or of the second kind, containing two arbitrary
parameters, can be obtained in this way, and in the scalar case, the parameters can be
chosen in such a way that no spurious real frequencies are introduced. Following the
same procedure in the electromagnetic case, one encounters two main difficulties:

The first problem is that some boundary integral operators that are compact in
the scalar case are no longer compact, and therefore arguments based on the theory
of Fredholm integral equations of the second kind have to be refined in order to show
well-posedness of the corresponding integral equations.

The second problem comes from a lack of ellipticity. The spurious frequencies are
associated with the spectrum of a certain interior boundary value problem of the third
kind, and whereas in the scalar case this is an elliptic boundary value problem whose
spectrum can be moved off the real line by the right choice of parameters, in the Maxwell
case this boundary value problem is not elliptic, in general. Thus an additional idea is
needed to avoid real irregular frequencies. Mautz presents in [24] an alternative that leads
to an associated interior problem with an impedance boundary condition, which ensures
the uniqueness of the solution. However Mautz’s equation is not adapted to our point
of view of variational methods and energy spaces. Since the Kleinman-Martin method
has similarities to the combined field integral equation method, we use a regularizer
introduced by Steinbach and Windisch in [BI]] in the context of combined field integral
equations for the time-harmonic Maxwell equations. This regularizer is a positive definite



boundary integral operator with a similar structure as the operator of the electrical field
integral equation, but it is not a compact operator like those used in [[[0] and [{] for
regularizing the exterior electromagnetic scattering problem. Its introduction changes
the boundary condition in the associated interior boundary value problem from a non-
elliptic local impedance-like condition to a non-local, but elliptic, boundary condition.

This work contains results from the thesis [RI] where this integral formulation of
the transmission problem is used to study the shape derivatives of the solution of the
dielectric scattering problem, in the context of a problem of optimizing the shape of a
dielectric lens in order to obtain a prescribed radiation pattern.

In Section f we recall some results about traces and potentials for Maxwell’s equations
in Sobolev spaces. We use the notation of [[f] and [] and quote some important properties
of the boundary integral operators that constitute the Calderén projector for Maxwell’s
equations.

Sections [ and ] contain the details of the method for solving the transmission problem
using single-source boundary integral equations. In Section [, we start from a layer
representation for the exterior field whereas in Section [, we use a layer representation for
the interior field. In either case, we derive two boundary integral equations of the second
kind and we show uniqueness of their solutions under suitable conditions on an associated
interior boundary value problem. Moreover, we show that the integral operators in
each integral equation are Fredholm of index zero. We also construct the solution of
the transmission problem using the solution of any of the four integral equations. We
finally show how to choose the free parameters so that the associated interior boundary
value problem is uniquely solvable, and as a consequence, we can construct an integral
representation of the solution which yields uniquely solvable boundary integral equations
for all real frequencies.

For smooth domains, we base the analysis of the integral operators on the technique
of Helmholtz decomposition, which represents a tangential vector field by two scalar field
and each integral operator acting on tangential fields by a two-by-two matrix of scalar
operators. Since these operators then act between standard Sobolev spaces instead of
the complicated mixed-order energy space, it is easy to check for compactness or ellip-
ticity. Using this technique, we find rather general sufficient conditions on the physical
parameters to ensure unique solvability of the integral equations. If the boundary is only
Lipschitz, we show that under more restrictive conditions one still has strong ellipticity
of the integral operators. This conditions include the physically relevant case of positive
permeabilities, permittivities, and frequencies.

2 The dielectric scattering problem

Let Q denote a bounded domain in R? and let Q¢ denote the exterior domain R*\Q. In
this paper, we will assume that the boundary I' of € is a Lipschitz continuous and simply
connected closed surface. Let n denote the outer unit normal vector on the boundary T

In Q (resp. Q°) the electric permittivity ¢; (resp. €.) and the magnetic permeability
Wi (resp. pe) are positive constants. The frequency w is the same in © and in Q¢. The



interior wave number k; and the exterior wave number k. are complex constants of non
negative imaginary part.
Notation: For a domain G C R? we denote by H*(G) the usual L?-based Sobolev

space of order s € R, and by H{ (G) the space of functions whose restrictions to any
bounded subdomain B of G belong to H*(B), with the convention H® = L?. Spaces of
vector functions will be denoted by boldface letters, thus

H*(G) = (H*(G))*.
If D is a differential operator, we write:

H(D,Q) = {uel?Q):Ducl?Q)}
Hioe(D, ) = {u € L§,.(29) : Du € Lo (Q9)}

The space H(D, Q2) is endowed with the natural graph norm. This defines in particular
the Hilbert spaces H(curl, Q) and H(curl curl, Q).

The time-harmonic dielectric scattering problem is formulated as follows.

The dielectric scattering problem :
Given an incident field E™¢ e Hioc(curl, R3) that satisfies curl curl Einc— K2 E" =01ina
neighborhood of Q, we seck two fields E? € H(curl, Q) and E® € Ho.(curl, Q) satisfying
the time-harmonic Maxwell equations

curlcurl E' — k?E' =0 in Q, (2.1)

curlcurl E¥ — *E* =0 in Q°,
the two transmission conditions,

nx E =nx (E° + Einc) onT (2.3)
/‘i_l(“ x curl E') = p-'n x curl(E® 4 E™) on T

and the Silver-Miiller radiation condition:

lim |z||curl E*(z) x S ikcE*(2)| = 0. (2.5)

|z|—=+o00 |$|

It is well known that this problem has at most one solution under some mild restric-
tions on the dielectric constants. We give sufficient conditions in the next theorem, and
for completeness we give its simple proof.

Theorem 2.1 Assume that the constants i, K;, pe and k. satisfy:

(i) ke is real and positive or Im(ke) > 0,

(i) Im </<;_e%> <0 and Im <I€_6%KZ$> > 0.

7 7



Then the dielectric scattering problem has at most one solution.

PROOF. We use similar arguments as in the acoustic case [[9]. Assume that E™¢ = 0.
Let (Ei7 E®) be a solution of the homogeneous scattering problem. Let Bg be a ball of
radius R large enough such that €2 C Bgr and let ng the unit outer normal vector to Bg.
Integration by parts using the Maxwell equations (R.1) and (R.J) and the transmission

conditions (R-J) and (P:4) gives :
/ (curl E® x ng) - E¥ = / {|curl E*|> — k2|E®|?} + He / {|curl E'|* — xZ|E'|*}
OBr BIAQ Hi Jo
R

We multiply this by k¢ and take the imaginary part:

Im (?6/ (curl E® x ng) F) = Im(Re) / {| curl E®|? + |k.E*|*}
dBr Br\Q

—|—Im< >/\curlE2]2 Im </£e’ue 2)/!?]2

Under the hypotheses (i) and (ii), all terms on the right hand side are non-positive.
Thanks to the Silver-Miiller condition, we have

lim |curl E® x np — ik E*|> =
R—+o00 9Bgr

Developing this expression, we get

lim |curl E® x ng|? + |k.E*|> — 2Re (curl E° X ng- meES> =0.
R—+o00 8Bg

As we have seen, we have

/ Re (curlES an-imeE) =1Im (m_ecurlES an-E) <0.
0Bgr OBr
It follows that
lim |E*|2 =0
R—+o00 8Bg
Thus, by Rellich’s lemma 0], E* = 0 in Q. Using the transmission conditions, we
obtain 7pE" =y, E' = 0. It follows that E' = 0 in (2. |

3 Traces and electromagnetic potentials

We use some well known results about traces of vector fields and integral representations
of time-harmonic electromagnetic fields on a bounded domain 2. Details can be found in
[H, i, B, @, [, . Recall that the boundary I' is only assumed to be Lipschitz continuous,
unless stated otherwise.



Definition 3.1 For a vector function u € (4°°(Q))® and a scalar function v € € ()
we define the traces :

YU = V|,
ypu = (n x u). (Dirichlet)

.U = k" (n x curl u)|. (Neumann,).

We use standard Sobolev spaces H'(T'), t € [—1,1], endowed with standard norms
|| 1]zt (ry and with the convention H(I') = L*(I'). Spaces of vector densities are denoted
by boldface letters, thus HY(I") = (Ht(F))g. We define spaces of tangential vector fields
as HY, (T') = nx HY(I"). Note that on non-smooth boundaries, the latter space different, in
general, from the other space of tangential vector fields Hﬁ (I') = n x H! (T"). On smooth
boundaries, the two spaces coincide. For s = 0 we set H% (') = L (I).

The trace maps

v H*T3(Q) — H¥(T),
v+ HT3(Q) = HE(T)

are continuous for all s > 0, if the domain is smooth. On a polyhedron, the trace maps
are continuous for s € (0,2), whereas for a general bounded Lipschitz domain in general,
the validity is only given for s € (0,1). For s = 1, the trace operator +y fails, in general,
to map Hg(Q) to HY(T'), although H(T") is well defined on the boundary T, see [[L§.

The dual spaces of H(T") and H% (I") with respect to the L? (or L?) scalar product is
denoted by H~(I") and H*(T"), respectively.

We use the surface differential operators: The tangential gradient denoted by Vr, the
surface divergence denoted by divp, the tangential vector curl denoted by curlr and the
surface scalar curl denoted by curlp. For their definitions we refer to [f], [L1] and [R§].

Definition 3.2 We define the Hilbert space

1 _1
H 2 (divp,T) = {j e H, (), divrj € Hé(l“)}

endowed with the norm

. - divr - )
gy = 1 d gy 19590 L
The skew-symmetric bilinear form
_1 _1
B: H_ *(divp,T) x H, ?(divp,T') — C
(j.m) = B(im) = [ §mxn) do
r

_1
defines a non-degenerate duality product on H, ?(divp,T").



Lemma 3.3 The operators yp and vy are linear and continuous from (€°°(Q))3 to
L2(I') and they can be extended to continuous linear operators from H(curl,Q) and

_1
H(curl, Q) N H(curlcurl, ?), respectively, to H, ?(divp,I'). Moreover, for all u, v €
H(curl,Q), we have:

/Q [(curlu-v) — (u- curlv)|dz = B(ypv,ypu). (3.1)

For u € Hyyc(curl,Q¢) and v € Hjoc(curl curl, Q°)) we define v$u and v§v in the
same way and the same mapping properties hold true.

Let k be a complex number such that Im(x) > 0 and let
etrlz—yl
G(k, |z —y]) = m
be the fundamental solution of the Helmholtz equation
Au+ k*u = 0.

The single layer potential v, is given by :
(be)(@) = [ Glile ~shul)oly) € BT,
and its trace by
Velo) = [ Gl o = yhul)inly)  z .
For a proof of the following well-known result, see [[[7, B§].

Lemma 3.4 The operators

N

Y H 2(T) = H (R?)
V. :H2(T)— Hz(T)
are continuous.

1

We define the electric potential ¥, generated by j € H, 2 (divp,T') by
Vg, Ji= K] +"€71va divrj
This can be written as ¥g,_j := x~! curl curl ), j because of the Helmholtz equation and

the identity curlcurl = —A + Vdiv (cf. [[]).

1

We define the magnetic potential ¥y, generated by m € H, ?(divp,T') by
W m = curly,m.
These potentials satisfy
-1

kleurl Uy, =Wy,  and w lcurl¥y, = Vg .

We denote the identity operator by I.



1
Lemma 3.5 The potential operators Vg, and Vs are continuous from H, 2 (divp,T")

_1
to Hige(curl,R3). Forj € H, 2 (divr,T) we have
(curlcurl —x*T)¥g, j = 0 and (curl curl —x*1) Ty, m = 0 in R3\T
and Vg,_j and Wy m satisfy the Silver-Miiller condition.

It follows that the traces vp, Yn,, 7D and 74, can be applied to ¥, and Wy, , resulting
1

in continuous mappings from H, 2 (divr,T') to itself satisfying

IYNN \I]En = IYD\IIMK a‘nd r}/NK,\I]MN = IYD\IIEK, °

Defining
(ol = -2,  {wr = —%(7D+7f)),
. = w. =% vt = —%(wmwfvn)-
we have the following jump relations (see [i]):
(ol¥e. = 0, [hw¥e = -1
(ol Uy, = -L [wvVa, = 0.

Now assume that E € L?_(R?) belongs to H(curl, ) in the interior domain and to
Hioc(curl, ¢) in the exterior domain and satisfies the equation

(curlcurl —x*1)E = 0 (3.2)

in R3\ T and the Silver-Miiller condition. Then if we set j = [yn, ]E, m = [yp]E, we have
on R3\ I the Stratton-Chu integral representation

E-= —\I’E,ij —\I’Mﬂm. (3.3)

Special cases of (B.3J) are: If (E?, E®) solves the dielectric scattering problem, then

—E° ze€QF°
- Ve N, B = Var, DB = { 0 recO (3.4)
; , E? e Q¢
Vo, (B4 E") o B+ B2 ={ Bl 1500 6
; ; 0 ze€Q°
_ 1 T _ )
Vg, N, E' — Y, 7DE { E rc0Q (3.6)

We can now define the main boundary integral operators:

Co ={}V¥E, = {7V ¥ M.,



My ={w}¥um, = {7}V,
These are bounded operators in H;% (divp, T).
As tools, we will need variants of these operators:
Definition 3.6 Define the operators My, Cy o and C§ for j € H;%(divF,I’) by :
Mo j= —{vp} curl ¥,

Croj=—-rnxW j—l—f<a_1 curly Vg divr j,
Cij=nxVyj+curlp Vodivrj.

Note that Cj differs from C ¢ by the relative sign of the two terms.

We collect now some properties of these boundary integral operators that are known
for Lipschitz domains.

First we note the following useful relations:

curlp Vi = 0 and divpcurlp =0 (3.7)

divp(n x j) = —curlpj and curlp(n x j) = divpj (3.8)

The following lemma is proved in [, .

1

Lemma 3.7 (i) The operators C,, — Cy. o and M, — My are compact in H, 2 (divr,T).
(ii) Both Cy, and M, are antisymmetric with respect to the bilinear form B.

The Calderén projectors for the time-harmonic Maxwell system (B.9) are P = %I + A,

and P°¢ = %I — A, where
M, Cy
A= ( C. M, >

We have P o P°¢ = (0 and therefore
CZ=11—M? and C.M, = —M,C,. (3.9)

It is a classical result that when the boundary I' is smooth, the operator M, is compact

1

from H, 2 (divp,T) to itself (see [2§]). From identity (B.9) one can then immediately
deduce that the “electric” operator Cy is Fredholm of index zero. The latter result is
also true for a Lipschitz boundary T' (see [fi] for more details). Later on, we need the
corresponding result for the “magnetic” operator %I + M. This has been proved for
Lipschitz domains in [2§, Thm. 4.8] and in [B1, Thm. 3.2]:

Lemma 3.8 The operator 11+ M, : H
zero.

(NI

1 _
?(divp,I') — H, 2 (divp,T) is Fredholm of index



In fact, for Imx > 0 this operator is an isomorphism. Later on, we use the result for
k = 0, where we don’t know whether it is an isomorphism. But we only need that is an
isomorphism up to a compact perturbation, that is, Fredholm of index zero, so we will
not pursue this further.

The following theorem was proved in [BI], Thm. 2.6].

Lemma 3.9 The operator Cj is self-adjoint and elliptic for the bilinear form B and
_1
invertible on H, 2 (divr,I'). Ellipticity means here that there ezists a positive constant o
1

such that for all j € H, 2 (divp, T)

B(C3i.0) = allill® s .
H X 2 (diVl",F)

1
Indeed, for j € H, ? (divp,I') we have
B.C51) = [ %o+ dived Vodive ) (3.10)
r

and the result follows from the H 7%(F)—ellipticity of the scalar single layer potential
operator Vj.

4 Integral equations 1

In this section, we present the first method for solving the dielectric problem, following
the procedure of R. E. Kleinman and P. A. Martin [[J]: We use a layer ansatz on the
exterior field to construct two alternative boundary integral equations.

In the scalar case, one represents the exterior field as a linear combination of a single
layer potential and a double layer potential, both generated by the same density. It turns
out that this simple idea does not suffice in the electromagnetic case if one wants to avoid
irregular frequencies. Our approach is related to the idea of “modified combined field
integral equations”: We compose one of the electromagnetic potential operators with an
elliptic and invertible boundary integral operator, namely C;j. More precisely, we assume
that E® admits the following integral representation :

E’(z) = —a(¥Yg,, j)(z) — bV, Cpj)(z) for x € Q°. (4.1)
_1
Here j € H, ?(divr,T") is the unknown density and a and b are arbitrary complex con-

stants.

We set p = Helti

HiKe

. The transmission conditions can be rewritten :

YpE' = 75 E® 4+ ypE™¢ and YNy, E=p! <’y]cvﬁe E° + 7w, Emc> .
Using this in the integral representation formula (B.6) in Q, we get:

‘ 1 , :
B = e (50, B+, E™) = Vg, (1HE* +9pE™) m Q. (42)

10



We take traces in (1)) and obtain the Calderén relations

VHE* = {aC, —b(31—M,,)C;}j =LejonT, (4.3)
5. E° = {—a (31— M) +bCs,Ci}j =NejonT.

On the other hand, taking traces in ([.9) gives:

p <—%I + M,ﬁ) (YHE® + vpE™) + C, (VJCVRE E® + 7w, Emc) =0onT, (4.5)
(—%I + M,ﬂ.> (VJCVHE E° + 7w, Emc> + pCy, (VDE® + vpE™) =0 on I". (4.6)
We can now substitute ([LJ) and (f.4) into (L) and get our first integral equation:
Sj=p (—%I + M) Lej+CuNei=/ (4.7)
where f = —p (—%I + M,Qi) ypE"¢ — Cr; YN, E™e, (4.8)

If we substitute (f.3) and (f4) into ([.§), we get our second integral equation:
Ti=pCLej+ (—%1 + M) Nj=g (4.9)
where g = —pC,,,ypE" — <—%I + M,ﬂ.> YNe, E™e. (4.10)

Thus we obtain two boundary integral equations for the unknown j. Having solved

either one, we construct E* using ([1]) and E’ using (£3), (£3), (E4):

) 1 . i
B~ (xI/E {7, E™ + Nej}) - (\I/M {7pE™ + Lej}) : (4.11)

1

Theorem 4.1 If j € H, 2 (divp,T) solves (1) or (), then E* and E° given by (f.1))
and (E11)) solve the transmission problem.

PrROOF. We know that E* and E® satisfy the Maxwell equations and the Silver-Miiller
condition. It remains to verify that E® and E’ satisfy the transmission conditions (2.3)
and (4). Using the integral representation (f£I)) and ([J) of E* and E’, a simple
computation gives: ' '

p(VHE® + ypE"C —vpE') =Sj—f (4.12)

and ‘ ‘
. B+ . B —pyn B =Tj—g (4.13)

We deduce that
- if j solves ([L.7), then relation (fl.13) proves that the condition (R.3) is satisfied,
- if j solves (.9), then relation (.13) proves that the condition (R.4) is satisfied.

Now we show that (J.7) and (f.9) are in fact equivalent. Define :

11



u(z) = Vg, {yn, E" + Nej (@) — p@n, {7pE" + Lej}(z)  for z € Q°.

This field u is in Hjc(curl, Q¢) and satisfies the Maxwell system

curl curlu — x7u = 0 (4.14)

in Q¢ On the boundary I' we have:
Yypu=Sj—f and ﬁvﬁiu =Tj—g.
Since u solves ({.14]) in Q¢ and satisfies the Silver-Miiller condition, it follows:
j satisfies (£7]) = 1u=0=>u=0in Q" = 'y]cvﬁiu =0 = j satisfies ({.9).
j satisfies (.9) = 'y]cvﬁiu =0=u=0in Q° = yHu=0 = j satisfies ([{.7).

As a consequence, if j solves one of the two integral equations, it solves both, and then
both transmission conditions (2-J) and (P.4) are satisfied. [ |

The next theorem is concerned with the uniqueness of the solutions of the boundary
integral equations ([.7) and ([.9), i.e., with the existence of nontrivial solutions of the
following homogeneous forms of (f7) and ([£9):

p(=31+ M,,) Le jo +Cr, Nejo = 0, (4.15)
. 1 .
As in the scalar case [[[J], we associate with the dielectric scattering problem a new

interior boundary value problem, the eigenvalues of which determine uniqueness for the
integral equations.

Associated interior problem: For a,b € C, consider the boundary value problem
curlcurlu — s?u=0 in Q, aypu — bCiyv,u=0 onT. (4.17)
Lemma 4.2 . Let a,b € C\ {0} and let k. € C. Assume that
(i) Tm (%) £0 if ke €R,

a

(ii) Im(x?) - Im </€eg> >0 if ke € C\R,

then k2 is not an eigenvalue of the the associated interior problem (E17).

e

PROOF. Let k2 be an eigenvalue of the interior problem and let u # 0 be an eigenfunc-
tion. Using Green’s theorem we have:

[ eurtu? = 2 [ i = k. Bpu i, ) = 7 Bpu, 7 0)
Q Q

(v

b
a

) Blypu, (C3) 175w if b # 0

SallS)

Fe—B(Cyyn,., u, 7N, u) if a# 0

12



Since Cj is elliptic for the bilinear form B, taking the imaginary part, we obtain

~1m(2) [ ol = ~Tm (5.5 ) BCE) M pu. 750

b §
= —|/§e|21m (K a> B(’YNNEU,CS’)/NHEU).

Under the hypotheses of the lemma the left-hand side and the right-hand side have
opposite sign, and it follows

B((C3) " (ypu),750) = 0 and B(yy,, u, Ci7w,.u) = 0.

As Cj is elliptic for the bilinear form B, the traces ypu and 7y, u then vanish. Thanks
to the Stratton-Chu representation formula (B.J) in Q, we deduce that u = 0, which
contradicts the initial assumption. |

Remark 4.3 Note that this associated interior problem is not an impedance problem (or
Robin problem) as in the scalar case [19]. If we replace in (.17) the operator Cy by the
identity, we obtain a “pseudo-impedance” type problem. This is a non-elliptic problem,
about whose spectrum we have no information. That the problem is non-elliptic can be
seen as follows: If it were elliptic, its principal part would be elliptic, too. This would
be the vector Laplace operator with the “Neumann” condition vy, u = 0. Any gradient
of a harmonic function in H'(Q) will satisfy the homogeneous problem, which therefore
has an infinite-dimensional nullspace, contradicting ellipticity. Note that the issue here is
not the apparent non-elliptic nature of the interior Mazwell curl curl operator, which can
easily be remedied by the usual reqularization that adds —V div, but the manifestly non-
elliptic nature of the Mazwell “Neumann” boundary operator. For a “true” impedance
problem, the operator Cj would have to be replaced not by the identity, but by the rotation
operator j — n x j which is used in Mautz’s formulation [B4]. This operator leads out of
1

the space H, 2 (divy,T'), however, which rules it out for our purposes.

For our integral equations, the problem (f.17) plays the same role as the Robin
problem for the scalar case in [[[g].

Theorem 4.4 Assume that the hypotheses of Theorem 2.1 are satisfied. Then for (a,b) #
(0,0), the homogeneous integral equations ([.15) and ([f.16) admit nontrivial solutions if
and only if k2 is an eigenvalue of the associated interior problem.

PROOF. Assume that j, # 0 solves (f.15) or ({.16)).
We construct up and u; as follows:

uz(z) = —a¥g, jo(r) — bWy, Cqlig(x) for x € Q°
1 . .
uy(z) = —;‘I’Ew(NeJo)(x) = W, (Lejo) (@) for z € ©

By Theorem [L.1], u; and uy together solve the transmission problem with E™¢ = 0.
Since this problem admits at most one solution, we have us = 0 in 2¢ and u; =0 in .
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Now we set u(z) = —aVg, jo(r) — bW, Cqlo(x) for z € Q.
We have on I :
Ypu2 — ypu = bCj jo, (4.18)

YN, U2 — VN, U = ajy. (4.19)
Since YHuz = vg uz = 0 on I', we find
aypu — bCyyn, u=0onT.

Thus u is an eigenfunction associated with the eigenvalue x2 of the interior problem or

u = 0. But this latter possibility can be eliminated since it implies that ypu = vy, _u = 0,

whence j, = 0 by ([.1§) and (f19), which is contrary to the assumption.

Conversely, assume that 2 is an eigenvalue of the associated interior problem. Let vg # 0

be a corresponding eigenfunction. The Calderén relations in 2 imply that :
—Cr YN V0 + (31— M,.,) vpuo = 0,

(31— M,,) ., vo — Cr.ypvo = 0.

Using the equality aypvg — b Ciyn,, vo = 0, we obtain

Le(Cy) Yypuo =0, Ne(C3) 'ypvo =0, Leyn,,vo =0, Ny, vo=0.

If b # 0, then ypvg # 0, and j, = (CF) " typuo is a nontrivial solution of ({EIF) and (|
If b= 0, then vy, vo # 0, and j, = yn,, vo is a nontrivial solution of ({£.15) and ([
|

=]
—
[@))
SN—r

=
—
(@)
S~—

Whereas until now we only assumed that the boundary I' is Lipschitz, we now present
two theorems on the operators S and T that are, in this generality, only valid for smooth
boundaries. By smooth we mean, for simplicity, €°° regularity, although a careful check
of the proof would show that some finite regularity, such as €2, would be sufficient.

Theorem 4.5 Assume that
(i) the boundary I' is smooth and simply connected,

(ii) the constants a, b, pie, pi, ke and k; satisfy:

2
(b +2a) £0, <1+ Z—) £0, (b—2ak,) #0 and (1+ “e:;) L0,

%

=

Then S is a Fredholm operator of index zero on H

(divp, T).
PROOF. We can rewrite S as follows:
S= 1bpCf — 5bp(My, + My, )CG + bpMye, My C§ — 3ap(Cr, — Cr.0)
~30(Cr; = Cr0) = 3a(pCre 0 + Cri0) + apMy, Cr, + aCr, My,
+b(Cx, — Cy, 0)Cr C5 + bCy, 0(Cr, — Cr, 0)Cf + bCy, 0Ck. 0C5 -

14



Thus S is a compact perturbation of the operator

" 1
S1=0b (%pl + CHmOCHE,O) CO - 5‘1 (Pcne,o + Cni,O) .

We have to show that the operator S; is Fredholm of index zero. For this we use the
1

Helmholtz decomposition of H, % (divr,T) :

_1
H_ 2 (divp,T) = Vr H2 (T') @ curlp H2(T). (4.20)

For a detailed proof of (f.20) see [[[§]. Note that we are assuming that the boundary I is
smooth and simply connected. For a proof of the following result, we refer to [{, [L1, Rg].

Lemma 4.6 Let I' be smooth and simply connected and t € R. The Laplace-Beltrami
operator
Ap == din VF = — Cuﬂp curlp (4.21)

is linear and continuous from H 2(T') to H'(T).
It is an isomorphism from H'T2(T')/R to the space H!(T') defined by

uwe H(T) <+ uEHt(F)and/u:O.
T

1

The terms in the decomposition j = Vrp + curlr q for j € H, 2 (divy,T') are obtained by
solving the Laplace-Beltrami equation:

p:AfldivFj, q:—Aflcurlpj .

1
ot

H, ?(divp,I) — H2(T)/Rx Hz(T)/R
4.
i=Vrp+curlpg — <p> 22

3
2

q

is an isomorphism. 3Using this iﬁomorphism, we can rewrite the operator S; as an operator
S defined from Hz(I')/R x Hz(T")/R into itself. Then to show that S; it is Fredholm of
index zero it suffices to show that &; has this property. Let us begin by rewriting Cj and

Cy,0 as operators C; and C o defined on H%(F)/R X H%(I’)/R We have to determine
Py € H%(F)/R and Qo € H%(F)/R such that Cj(Vrp + curlrq) = VrPy + curlr Qo,

and this defines Cj by:
(P Py
C = .
’ ( g > ( Qo >

Py = At dive C3(Vrp + curly q)

We have

and
Qo = —Afl curlp C5(Vrp + curlr g).
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Using the integral representation of C§ and the equalities (B.7) and (B.§) we obtain:

o — < Cnn Ci2 )
0 Coiq1+Cap Coo )7

where
Cii = —Aptewlr VyVr, Ci2 = —Ap!curlr Vpeurlp,
Con = _Al:l divp WV, Co = —Al:l divp Vy curlyp,
021,2 = VQAF

Some of these operators are of lower order than what a simple counting of orders (with
-1 for the order of Vj) would give:

Lemma 4.7 Let ' be smooth. Then the operators curlr VoVr and divr Vycurly are
linear and continuous from H'(T') into itself.

PROOF.  These results are due to the equalities (B.7]). One can write (see 2§, page
240)):

curlp VoVru(z) = / n(z) - curl® {G(0, |x — y|)Vru(y)} do(y)

r
= /. {(n(z) —n(y)) x V*G(0, |z = y|)} - Vru(y)do(y)

—Vi curlp Vru.
The second term on the right hand side vanishes, and the kernel
(n(z) —n(y)) x V*G(0, |z — yl)

has the same weak singularity as the fundamental solution G(0, |z — y|). We deduce the
lemma using similar arguments for the other operator. |

As a consequence, the operators Ci1; and Cog are of order -2, the operators Ci5 and
Ca1,1 are of order -1 and the operator Cy; 2 is of order 1. Therefore, Cj is a compact

perturbation of
(en )
Ca2 O

By definition of Cj ¢, the operator C, o can be written as:

C o < —HZCH —l€612>
w0 —KCo11 + K 1Co12 —kKCo2

N -k 0 * ,1 0 0
- (O KZl)CO (k4 x )<Czl,1 622>'

The second term on the right hand side is compact on H%(I’)/R x H3 (I')/R.
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Since Cy  is a compact perturbation of

—k 0 "
(0 /171 )CO7

the sum C,, o + pCp, o is a compact perturbation of

—(Ki + pke) 0 o
0 (k' prgt) )0

The operator C,, 0Cy, 0 is a compact perturbation of

—1
—KikK, 0 2
< 0 —n;lne )CO '

Remark 4.8 Notice that lemma [[.7] is not true in the Lipschitz case. Nevertheless, one
can use the Helmh%ltz decomposition also for a Lipschitz boundary. One only has to
replace the space H2(I") by the more general space

H(T) = {u € HY(T), Arue H ()},

see [@, m] Then a large part of the previous arguments is still valid. For example, the
operators Ci1 and Cag, being of order —1, are still compact from H(T') and H%(I’),
respectively, to themselves. By the compactness of the embedding H(I') — H%(F) we

deduce that the operator Co1 1 is still compact from H(I") to H%(F) The complete proof
of the theorem does not go through, however, because it uses the compactness of M.

Lemma 4.9 For smooth T, the operator C§? is a compact perturbation of —%I.
PROOF. It suffices to consider the principal part of (B.9). n

Collecting all the results, we find that Sy is a compact perturbation of

( 1b(p + rin ') — salki + pre) 0 )
0 1b(p + k; Yke) + Sals; !t + prY)

Helg

Hike

Cr. (4.23)

We recall that p = . The matrix written above is invertible if:

1 1 1 i
Zb(p + Kikg b) — 5&(/@ +pke) #0 & Z(b — 2ake) (1 + Z—) # 0

and

1 -1 Lo -1 1 pitie
—b(p+ K, kKe)+ za(k;, +pr, ) #0 & —(bke+2a) |1+ 5 | #0.
4 2 4 HekKs

Since the operator C is invertible, we conclude that under the conditions of the theorem
the operator S; is Fredholm of index zero and therefore S too. The theorem is proved.
|
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Using similar arguments we obtain the following theorem.
Theorem 4.10 Assume that
(i) the boundary T is smooth and simply connected,

(ii) the constants a, b, pie, i, ke and K; satisfy:

2
(bke — 2a) #0, <1+%> £0, (b+ 2ake) # 0 and <1+“e:;> £ 0.

i

_1
Then T is a Fredholm operator of index zero in H, ? (divp,T).

PRrROOF. The operator T is a compact perturbation of

b *
o Cne,O + pCm-,O) C()-

1
Tl = Q <ZI + pC’{/i7OC’€€7O> — B (

_1
We use again the Helmholtz decomposition of H, ? (divr, I') and rewrite the operators Cj, o

as operators defined on H %(I’) /R x H 2 (T")/R. Collecting the results from the previews
proof we found that the term (Cne,o + pC,.%O)Ca‘ is a compact perturbation of

1 ( (Ke+ pri) 0
R R A

Finally the operator T is a compact perturbation of

1 ( a(1+ prikgt) — b (ke + pr;) 0 >
4 0 a(1+p/£e/<i_1) —{—%b (I{e_l —|—,0/£i_1) )

Note that under standard hypotheses on the materials and for real frequencies, the ma-

2
Hek;
pik?

terial factors such as (1 + &) and (1 + ) are always non-zero.
Hi

Remark 4.11 Thanks to the explicit representations (1.23) and ([£:24) one can deduce
1

Girding inequalities (positivity modulo compact perturbations) in H., ? (divy,T') for S (via
the bilinear form B) and for T (via the L?-duality pairing) in the case of a domain
diffeomorphic to a ball.

When I' is a only a Lipschitz continuous surface, one can still prove that the operators
S and T are Fredholm operators of index zero, if one imposes more restrictive hypotheses
on the physical parameters. We have the following Garding inequalities.

Theorem 4.12 Assume that

18



(i) e, i, ke and k; are positive real numbers.
(ii) a=1 and b= —in withn € R, n > 0,
Then the operators S and T satisfy the following Garding inequalities

. P >
m (B(Sj,j) +¢s(.0) = Csllj ||H_%(d )

Re (B(TC; ™ >C
(B( §hJ) +er(hd) THJHH‘?(dWF,)

where cg and cp are compact bilinear forms and Cg and Cr are positive real constants.

PROOF.  According to the definitions (JL3)—([£7) and Lemma B.7, the operator S is a
compact perturbation of

. 2 *
S1= —in (p( = 31+ Mo)*+Cr,0Cr00) €5 = § (pCro0 + Cri0) + PCrpi0Mo + MoCiry .

Letje H, (lep, ). The term B((pCy, 0 + Ck;0)J,]j) is real. We also have
B(Cy,0Mo}j,J) = =B(Moj, Ci, 0i) = B(i, MoCh, 0j) = —B(MoCi, i J)
The term MyCl, o is a compact perturbation of M, Cy, and M, C., = —Cy M, , thus
B(C,@e,oMoj,j) = B(CKe’OMOj,j) -+ compact = Re B(C,@e,oMoj,j) + compact
In the same way we have
B(MyCl, 0j,j) = Re B(MyCly, 0j,j) + compact.

Using now the Calderén relations (B.9) and the fact that Cj = iC, o for k = i, we see
that MyCj is a compact perturbation of —CjMjy. It follows that ( - %I + MO)ZCBk is a
compact perturbation of ( — %I + MO)CS( — % — MO) and we have

B((= 31+ Mo) G5 (= 31— Mo) jij) = B(C5( = 51— Mo) . (= 31— Mo)i)

Since Cj is elliptic for the bilinear form B we have with Lemma

—B <( —5l+ MO)205‘j,j> +c1(,J) = =B (C5 (314 Mo) j, (51+ My)j)

> on|| (314 Mo) j ||H,§(dwr7 .

ZQQHJHQ_l . _02(J7J)7

2
H, ivp,

where ¢;(+, ) and ¢3(+, -) are compact bilinear forms and o and ag are positive constants.
Now for brevity write S5 = n x Vo and T = curlp Vo divp. Taking into account

that (Tg)? = 0 and that (Sg)? : H, (lep, ) — H, (lep, I') is compact (it maps
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_1
continuously into H (divp,T') which is compactly imbedded in H. 2 (divy,T')), we get
from the definitions
Crei 005, 005 = —rik, ST S — ki ke Ty S§TE + compact.

The terms S375 Sy and T5S5T give positive contributions, namely we have
SB(SETESHL) = [ fenrln Vi) - V(eurly Vo) > 0
r

—B(T5 S5 15 §.4) = / (curlp Vo divr j) - Vo(curly Vo divp j) > 0
N

Therefore there exists a compact bilinear form c3 such that
~B(Cr;,0Cr.0C3 3,3) + 3, §) > 0.
Collecting all the results, we can write
Im B(Sj,j) =1 (=B (Cs (51+ Mo) j, (314 Mo)j) — B(Cx, 0Cr,.0C5 :3)) — ¢s(i, §)
where —cg(j.J) = n(c1(.J) + e2(,3) + ¢3(3.,3)) +Im B((pCl.,0Mo + MoCi,0) ) + B((S —
S1)j,j) is a compact bilinear form and

tm (B(S5J) + esd) = Csllill -y

X

with Cg = nag. Similar arguments can be used for the operator TCj -1 |

5 Integral equations 2

The second method is based on a layer ansatz for the interior field: We assume that
the interior electric field E* can be represented either by ¥ B, J or by Wy, j where the

_1
density j € H, 2 (divp,I') is the unknown function we have to determine. We begin with

the Stratton-Chu representation formula (B.5) in Q¢
E'(x) = Vo, (E°+E™) (2) + Uar 2 (B +E) () 2@ (5.1)
We then apply the exterior traces ¢, and vaﬁe and use on both sides of (f.1]) the
transmission conditions. The result is a relation between the traces of E' on I
DE' —1pE™ = —pCp N, E' + (=31 + My, ) vpE’, (5.2)
PN, E =, E™ = —CepE' +p (=314 My,) 7, E'. (5.3)

In the scalar case, to construct the integral equations one would simply take a linear
combination of (5.9) and (f.d). Here we multiply (5.2) by a and (5.3) by bC; and
subtract to obtain:

PL/eWN,% E'— NypE' =h sur I’ (5.4)

1

where the operators L’ and N! are defined for all j € H, % (divr,T) by :
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L.j={aCx, —bC; (314 My,) } i,
Nlj={-a 31+ M,,) +bCiCy. } ],
and .
h = aypE™ — bCyn,, E™ € H, 2 (divp, ). (5.5)

1

If E' is represented by the potential ¥ E,, applied to a density j € H, 2 (divp,T)

E'(z) = —(¥E,, ) (=), x € Q, (5.6)
we obtain
vpE' = C., and W, E = (31+ M,,) ] onT (5.7)
Substituting (5.7) in (5.4), we obtain a first integral equation:
S'i={pL. (31+ M,,) — N.Cyi,}i=h onT (5.8)

_1
This is an integral equation for the unknown j € H, ?(divr,I'). Having solved this
equation, we construct E' and E® by the representations (f.g4) in Q and

E°=p Vg, (31+M,)J)(2)+ (Y, Cr) (z) 2€QC (5.9)

1

If E' is represented by the potential Wy, applied to a density m € H, 2 (divr,T)
El(z) = — (¥, m) (), x € Q, (5.10)
we obtain:
ypE' = (%I + M,,%.) m and VN, E = Cy,m on I (5.11)
Substituting (b.11) in (5.4), we obtain a second integral equation:
Tm={pL.C,, — N, (31+M,,)}m=h  onT. (5.12)
This is an integral equation for the unknown m € H;% (divp,T'). Having solved this
equation, we construct E' and E® by the representations (5.10) in Q and:
E°(z) = p(Vg,, Crm) (z) + (Var,, (31 + My, )m) (z), =z €Q° (5.13)

Contrary to the preceding method from the previous section, the two integral equa-
tions are not equivalent, in general. The following theorem corresponds to Theorem [.1].
The proof is similar to the scalar case.

Theorem 5.1 We assume that k2 is not an eigenvalue of the associated interior problem
@,

If j € H*(divp,T) solves (5.3), then E' and E®, given by (5.0) and (B.9) respectively,
solve the dielectric scattering problem.

_1 :
Ifm € H, 2 (divr,T) solves (5.19), then E' and E®, given by (5.10) and (5.13) respectively,

solve the dielectric scattering problem.
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PROOF. In each case the integral representations of E and E* satisfy the Maxwell
equations and the Silver-Miiller condition. It remains to prove that the transmission
conditions are satisfied. We prove it for the equation (p.19), the arguments being similar

for (5.§).

Assume that m solves (b.14) which we rewrite as :

a{pCy,Crm+ (51+ My,) (51+ My,) m —ypE™°} (5.14)
—bC {p (%I + MKS) Ce,m+Cy, (%I + M,.ii) m— N, Einc} =0. .

Then, using the integral representation (§.13) of E®, we obtain :
(VHE® + vHE™ — ypE’) = —pC,, Cym — (314 M,.,.) (314 M,.,) m + ypE™,
(V.. E° 495, E™~ pyw, EY) = —p (314 M,.,) Cym — Cir, (31+M,,) m+ 5, E™.

We have to show that the right hand sides of these equalities vanish.
We introduce the function v defined on ) by

v(z) = —p¥p, Com— Uy (31+ M,,) m — E™

By equation (5.14) we have aypv — bCyyN,. v = 0. Since E™° satisfies the Maxwell

system curlcurlv — x?v = 0 in €, v satisfies it, too. By hypothesis, x? is not an

eigenvalue of the associated interior problem, which implies v = 0 in . In particular,
ypv and yn,, v vanish, which shows that the above right hand sides are indeed zero and
that the transmission conditions are satisfied. |

Theorem 5.2 Assume that the hypotheses of Theorem [2.1 are satisfied and that k? is
not an eigenvalue of the associated interior problem ({.17). Then the operators S’ and
T are injective.

PROOF. We prove the result for the operator T’, similar arguments being valid for S’.
1
Assume that mg € H, ?(divp, T') solves the homogeneous equation :
T'mg = pL.Ci;mg — N. (31+ M,,) mg = 0. (5.15)

We want to show that my = 0.
We construct v and vy as follows:

VQ(.%') = p(\Iwa Cﬁzmo)(.%') + (\IJM,% {%I + M,.;i} mo) (.%'), x € Q°,
and
Vl(.%') = —(\IJMMmO)(x), x € Q.

By Theorem p.1], these functions solve the homogeneous scattering problem (i.e. when
E"¢ = 0), and therefore vi =0 in Q and vy = 0 in Q°. Now we define

v(z) = —(Var, mo)(z) x € Q°
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We have 7§, v = Ck,mg = yn, v1 = 0. Since v satisfies the Silver-Miiller condition, we
have v =0 in Q¢. Thus v =0 is R? and [yp]v = mg = 0. [ |

Remark 5.3 The operators S’ and T’ are the dual operators of S and T, respectively, for
the bilinear form B. Therefore they are Fredholm of index zero under the same hypotheses

as those given in Theorems [[.4, and [£.13.

In order that each of the four integral equations admit a unique solution for all positive
real values of k., we will now give an example of how to choose the constants a and b
such that the associated interior problem does not admit any real eigenvalue.

We summarize all the previous results in the final theorem.

Theorem 5.4 Assume that the boundary I' is smooth and simply connected and

(i) ke is a positive real number or Im(ke) > 0 and Re(x?) # 0,

N [ n with n € R\{0} if 2 € R
(1) a=1 and b= { —inke - sign(Im(k?))  with n € R, n > 0 otherwise,
2
R Hehy
1) — # —1, —1.
S pir? 7

1

Then the operators S, T, S’ and T’ are invertible in H, ?(divr,T'). Moreover, given
the electric incident field E™ € Hyy(curl, R3), the four integral equations (E7), (£9),
(b3), (F-12)) each have a unique solution, and the integral representations {([{.1)), (E.11)},
{E.9), (5.9)} and {(E.10), (.13)} of E' and E® give the solution of the dielectric scattering
problem.

If T is only Lipschitz, then the conclusions remain valid if the conditions (i) to (iii) are
replaced by the more restrictive assumptions

(1) e, Wi, Ke and Kk; are positive real numbers.

(v) a=1 and b= —in withn € R, n > 0,

6 Discussion

In this paper we have described and analyzed modified boundary integral equations to
solve a radiation problem for the Maxwell system that are stable for all wave numbers.
Generalizing the approach of Kleinman and Martin to the Maxwell system by employing
a suitable regularizing operator introduced by Steinbach and Windisch, in Section [| we
have derived two boundary integral equations using an ansatz for the exterior field and
in Section | we have derived two integral equations using an ansatz for the interior field.
Note that if it is only the exterior field that is of interest, one can choose an integral
equation which gives a simple representation for E* e.g. (.7) or ([.9). This choice was
used in the PhD thesis [@] for an application to a shape optimization problem involving
the far field pattern [1J). For numerical results using this method, we refer to [R1].
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In [RZ) P. A. Martin and P. Ola established the existence and the uniqueness of the
solution to an integral equation analogous to ([.7) for all real values of the exterior wave
number by adapting a regularization method that was introduced by Kress [ in the
framework of spaces of continuous functions, namely by using the operator j — n X V02j
in the place of our Cjj. This technique would not yield four families of Fredholm boundary

1

integral operators of index zero in H, 2 (divr, ') since the invertibility of the regularizing
operator is needed in our arguments (see the proof of Theorem [.H). A more interesting
advantage of the operator Cj is the possibility to use our regularization method on
Lipschitz boundaries since this operator still is elliptic.

Numerical analysis using similar CFIE-based methods for the scattering of homo-
geneous penetrable objects are presented in [B3]. The proposed integral equation also
contains double and triple operator products. Stable discretization of these operator
products can be obtained by multiplying matrices arising from the discretization of the
various operators using specific basis and testing functions [fl]. As is shown there, pre-
conditioners from the same class of operators are also easily constructed. The conclusion
is that appropriately preconditioned CFIE-based single-source formulations are more ef-
ficient than the coupled integral equations.
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