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Abstract

We study the isochronicity of centers at O € R? for systems

t=—-y+ Ax,y), y =z + B(x,y), where A, B € R[z,y|, which can be reduced

to the Liénard type equation. Using the so-called C-algorithm

we have found 27 new multiparameter isochronous centers.

i

*LMRS, UMR 6085, Universite de Rouen, Avenue de I'université, BP.12, 76801 Saint

Etienne du Rouvray, France, islam.boussaada@etu.univ-rouen.fr
fLaboratoire Analyse Géometrie et Aplications, URA CNRS 742, Institut

Gallilée, Université Paris 13, 99 Avenue J.-B. Clément, 93430 Villetaneuse, France,

chouikha@math.univ-paris13.fr
LMRS, UMR 6085, Universite de Rouen, Avenue de 'université, BP.12, 76801 Saint

Etienne du Rouvray and Laboratoire Analyse Géometrie et Aplications, URA CNRS 742,
Institut Gallilée, Université Paris 13, 99 Avenue J.-B. Clément, 93430 Villetaneuse, France,

Jean-Marie.Strelcyn@univ-rouen.fr, strelcyn@math.univ-paris13.fr
'Key Words and phrases: polynomial systems, center, isochronicity, Liénard type

equation, Urabe function, first integral, linearizability.
2000 Mathematics Subject Classification 34C15, 34C25, 34C37



1 Introduction

1.1 Generalities

Let us consider the system of real differential equations of the form

dx

. d y

dt
where (z,y) belongs to an open connected subset U C R?, A, B € C1(U,R),

where A and B as well as their first derivatives vanish at (0,0). An isolated
singular point p € U of system ([l) is a center if there exists a punctured
neighborhood V' C U of p such that every orbit of ([) lying in V' is a closed
orbit surrounding p. A center p is isochronous if the period is constant for
all closed orbits in some neighborhood of p.

The simplest example is the linear isochronous center at the origin O =

(0,0) given by the system
T=—-y, y=ux. (2)

The problem of caracterization of couples (A, B) such that O is an isochronous
center (even a center) for the system ([]) is largely open.

An overview [[] present the basic results concerning the problem of the
isochronicity, see also [, §, B, [7].

The hunting of isochronous centers is now a flourishing activity. By this

paper we would like to contribute to it.

The well known Poincaré Theorem asserts that when A and B are real
analytic, a center of () is isochronous if and only if in some real analytic
coordinate system it take the form of the linear center (B]) (see for example
M, Th.13.1, and [[7], Th.4.2.1). Let us formulate now another theorem of

the same vein.



Theorem A ([[5], Th.3.3) Let us suppose that the origin O is an isochronous
center of system ([]) with real analytic functions A and B. Let F(x,y) = 2*+
y2+o(|(z,y)|?) be an real analytic first integral defined in some neighborhood
of O. Then there exists a real analytic change of coordinates u(x,y) = x +
o(|(z,v)]), v(z,y) = x + o(|(x,y)|) bringing the system ([l) to the linear
system 1 = —v, 0 = u and such that F(xz,y) = u*(z,y) + v*(z,y).

We now pass to the heart of the matter. To make this paper more ac-
cessible, we report all strictly technical remarks concerning C-algorithm and
Grobner basis to Appendix, Sec.7.

In some circumstances system ([l) can be reduced to the Liénard type
equation

i+ f(x)i® +g(z) =0 (3)

with f, g € C'(J,R), where J is some neighborhood of 0 € R and ¢(0) = 0.
If it is so, the system ([l]) is called reducible. To the equation (JJ) one associates

equivalent, two dimentional (planar), Liénard type system

(4)

For reducible systems considered in this paper, the nature of singular
point O for both system ([l) and ([]) is the same; in particular this concerns
the centers and isochronous centers. More precisely, for the purpose of this

paper we shall consider two cases where such a reduction is possible.

e Case 1 ([18], Sec.3): When —y + A(z,y) = —yA(z) and z + B(z,y) =
B(z) + C(z)y? system ([l) can be written

T = —yfl(x)

. N 5
i1 = B(z) + Cla)y’ ?

By the change of coordinates (u,v) := (z, —yA(z)) we get

3



b= —A(u)B(u) + W@z

In this way we obtain the reduction to the system (fJ) with

e Case 2: When A(x,y) = 0 and B(z,y) = 2P (y) where P(0) = 0. In

this case system ([[) can be written

T =-y
y=xz(1+P(y))

By the change of coordinates (u,v) := (y,z(1 + P(y))) we get

)= —u U vzipl(u)
0= —u(l+ P(u)) + T+ P()
We obtain the system (§) with
) = = prs and afe) = a1+ Plo)) )

In both cases the determinant of the Jacobian matrix of coordinate change
does not vanish at (0,0). Thus the nature of singular point O is the same
for system () and ([).

Let us return now to the Liénard type equation (f). Let us define the

following functions

Pa)= [ fes, ofw) = [ e as ®)



The first integral of the system (f]) is given by the formula ([18], Th.1)

Iz, d) =2 /0 " ()62 O ds 4 (P2 (9)

When zg(z) > 0 for x # 0, define the function X by

%X(@? _ /0 " g(5)eF O ds (10)

and zX (x) > 0 for x # 0.

Let us formulate now the following theorems which are the starting point
of this paper.
Theorem B ([[§], Th.2) Let f, g € C*(J,R). If zg(z) > 0 for x # 0, then
the system (f) has a center at the origin O. When f, g are real analytic ,

this condition 1s also necessary.

Theorem C ([I0], Th.2.1) Let f, g be real analytic functions defined in a
neighborhood J of 0 € R, and let xg(x) > 0 for x # 0. Then system (f) has
an isochronous center at O if and only if there exists an real analytic odd

function h which satisfies the following conditions

m = g(w)e ( )a (11)
the function ¢(x) satisfies
X(z)
o(x) = X(x) +/0 h(t)dt, (12)

and X (z)p(x) > 0 for x # 0.
In particular, when f and g are odd, O is an isochronous center if and

only if g(x) = e F@ (), or equivalently h = 0.

Taking in account ([[J), it is easy to see that ([[1]) and ([[J) are equivalent.

The function h will be called Urabe function. The above Theorem implies



Corollary A ([I0], Corollary 2.4) Let f, g be real analytic functions
defined in a neighborhood of 0 € R, and xg(x) > 0 for x # 0. The origin O

is isochronous center of system (@) with Urabe function h =0 if and only if

g (@) +g(x)f(z) =1 (13)

for sufficiently small x.

In the sequel we shall call the Urabe function of the isochronous center of
reducible system ([l)) the Urabe function of the corresponding Lienard type
equation.

In [[0] the second author described how to use Theorem C to build an
algorithm (C-algorithm, see Sec.7.1 Appendix for more details) to look for
isochronous centers at the origin for reducible system (), and apply to the
case where A and B are polynomials of degree 3. This work was continued
in [[].

The main results obtained in [[[(] and [[[T]] are the necessary and sufficient
conditions for isochronicity of the center at O in term of parameters for the

cubic system

&= —y+ ary + br’y
Y=+ a2® + asy® + a2’ + agry?

The aim of this paper is to extend these investigations for systems with
higher order perturbations of the linear center £ = —y, y = x.

Like in [[T, [[I], our main tool to investigate the isochronous centers for
multiparameters systems reducible to Liénard type equation is C-algorithm.
Nevertheless, when searching only the isochronous centers with zero Urabe
function the Corollary A gives a much simpler method which is widely used
in this paper. It consists in identifying the parameters values for which
identity ([[3) is satisfied.



In all cases considered in [[0, [[T] as well as in the present paper the
Urabe function is of the form h(X ) = % where s is an odd natural
number, ki, ko, k3 € R and ky > 0. Like in [[0, 1], we ask if the Urabe
function of corresponding Lienard type equation (called in the sequel also
the Urabe function of the isochronous center under consideration) is always
of the above form.

One of our contributions is the explicit description of simple multiparam-
eter families of system ([l) with isochronous centers at the origin and with a
very complicated coefficients.

Their complexity clearly indicates that we approach the end of purely enu-
merative study in this field.

Let us stress that using the change of variables given by a polynomial
automorphism of R? it is easy to transform a simple system of polynomial
differential equation with isochronous center at the origin into a very com-
plicated one. But systems thus obtained do not belong to the class of simple
and natural systems studied in the present paper. Our contribution is the
explicit description of such complicated systems in simple and natural mul-
tiparameter families of planar polynomial differential systems.

In our investigations we have used Maple in its version 10. To compute
the Grobner basis with Degree Reverse Lexicographical Ordering (DRL) of
the obtained systems of polynomial equations, we have used Salsa Software

more precisely the implementation FGb [[J].

1.2 Beyond the degree 3

We now present the list of reducible systems for which we study the isochronous

centers at the origin.

1. In Section 2 we study the most general homogeneous perturbation of

arbitrary degree n > 3 of the linear center which belongs to the Case



1 from the Sec.1.1 :

T o= —y+ax"ly } (14)

y =+ bx" 2y? + ca”

Here we found 3 isochronous centers for even n > 4 and 2 isochronous

centers for odd n > 3 which are new.

. In Sections 3 and 4 we study the most general polynomial perturbation
of degree four of the linear center which belongs to the Case 1 from the
Sec.1.1 :
= —y+anzy+ anr’y +ana’y (15)
U = o+ byx? + b3ox® + booy? + b1owy? + boox?y® + byoz?
First using Corollary A we identify all isochronous centers with zero
Urabe function. Here we found 6 isochronous centers which are new.
The study of this system by C-algorithm can not be performed by our
actual computer facilities. Thus, we select for investigation two sub-
families; the first one when a;; = b3y = 0 and the second one when

a;1 = as; = 0. Here we found 10 isochronous centers which are new.

. In Section 5 we study the most general polynomial perturbation of
degree five of the linear center which belongs to the Case 1 from the
Sec.1.1 :

&= —y+ anxy + anx’y + an 2’y + ana’y

= @ 4 byox® + box® + boay” + browy® + baea®y® + b3’y 4 byox” + bspx”
(16)

Using Corollary A we identify all isochronous centers with zero Urabe

function where b5y = 0. Here we found 8 isochronous centers which are

new.



4. In Section 6 we study the following Abel system of arbitrary degree
n > 2 which belongs to the Case 2 (see Sec.1.1) :

T=—y
g=>_ ary”,
k=0

where a5, € R, for £ = 0,...,n. Here we verify that up to n = 9 there

(17)

are no other isochronous center than the one found in [19].

To sum up, we have found 24 multiparameter isochronous centers as well
as three infinite families of them that correspond to the perturbations of
arbitrary high degree, the whole of which are new.

Concerning the reduction to the Lienard type equations the systems ([[4)-
(I8) come under case 1, while system ([[7]) come under case 2 (see Sec. 1.1).
In particular, for the systems ([4)-([q) the functions f and g from equation
(3) are those given by formulas (f), while for the system ([[7]) they are those
given by formulas ([]).

Let us stress that by Theorem B, in all the above cases the origin O is
always a center (indeed, the condition zg(x) > 0 for x # 0 is satisfied for
sufficiently small |z|.

When describing in Sec.3-6 the identified isochronous centers, all parame-
ters intervening in the formulas are arbitrary, except that one always supposes
that the denominators are non zero. To avoid misprints all formulas are writ-
ten exactly in the form produced by Maple. All fractions which appear in
the formulas are irreducible. In all cases when we were able to write down
first integrals and linearizing changes of variables, the explicite formulas are

reported.



2 Homogeneous perturbations of arbitrary de-

gree

Taking into account the condition ¢'(x) + f(z)g(x) = 1 from Corollary A,

one easily obtains the following Theorem

Theorem 2.1. Forn > 2 the system ([4) has an isochronous center at the

origin O with zero Urabe function only in one of the following two cases

i = —y+az"ly

y =z + ax" %y 18)
T =y-+ %x"‘ly (19)
y = x +bx"%y? — —(ngzl)bx"

Moreover, for odd n > 3 there are no other isochronous centers.

Proof. System ([[4) is reducible to system (f) with

flx) = x"‘i(ﬁ—;;il— %) and g(z) = (1 —az""") (x4 ca™)

The condition ¢'(z) + f(x)g(z) = 1 allows directly to the following two

cases :

1. {a = b,c =0} which gives the system ([L§).

2. {C = —b(n_l), a = %} which gives the system ([[J).

n2
Applying formula (J) using Maple, one see that for n = 4, 6, 8 the first integral
of system ([[§) takes the form
(2 +y?)
(—=1+4+a x“—l)%

Hig) =

10



Then Theorem A suggest that the linearizing change of coordinates is

u= * v= Y (20)

"v1—az" 1 "V1—azn?

Now one directly verifies that H [g) is always a first integral of system (L§) and

using Maple one easily checks that (R0) is a linearizing change of coordinates.
Exactly the same arguments work for the system ([[9). Its first integral is

22 (14 ca™1)? + 2
(n—1)%(n— 1+ nezn1)

Hd) =

2n
n—1

and its linearizing change of coordinates is

z(1+cx™ 1) Yy

° (n—1) ((n -1+ ncx"‘l)%) 0T (n—1) ((n -1+ nm"—l)ﬁ)

O

When n > 4 is even the preliminary investigation of system ([[4) per-
formed by C-algorithm strongly suggests that for such n there exists exactly
one additional isochronous center with non zero Urabe function. Its existence
is proved in Theorem P.2. Unfortunately, its uniqueness is not yet proved
for arbitrary even n > 4. For n = 4, 6, 8 the uniqueness was proved using
Maple and Grobner Basis method.

Let us point out that our final proofs are done by hand computations,

without using computer algebra.

Theorem 2.2. The system ([4) with arbitrary even n > 2 and a = 2b, ¢ =
—b, b # 0, has an isochronous center at the origin with non zero Urabe

function

bXn—l

"X = e

11



Proof. When a = 2b and ¢ = —b the system ([[4) becomes
;= —y + 202"t
T Y+ 202"y . (21)
Yy =+ bx"%y? — ba"

The change of variables (z,y) — (x/b,y/b)reduces the system (R1)) to the

form

n—2,2

To=—y+ 22"y
y =x+a" Yyt —a"

which is reducible to the Liénard type equation (§) with

(=1 +2n)z"
1—2gn1

0= [ 10

which gives the right hand side of the equahty (L)

fz) =

and g(z) = (1-22""") (z —2")

Then

ln (1 2 x"_l)

(1 — 2" 1)

g(z)e™™ = .
(1—2zn 1)z
On the other hand, €2 (1 -2 x"—l)lnfln
. From the equation ([[(J) we compute
s)e2F)ds = < .
(1 =2z 1)
and ) 1
X n— n—
WX (2)) = —2 &) -~
14 X(z)*? -

Then we compute the left hand side of the equality ([)) :

T

X(ZL’) _ (1—2an- 1)ﬁ - .le(l —.C(,’n_l)
L+h(X(2) 1455 (1-2gn )=

12



Which proves that the equality ([[1]) is satisfied. Let us stress that the above
computations remain valid for every n > 2. Nevertheless, for n odd h is
not an odd function and thus it is not an Urabe function which is odd by
definition. O

Theorem 2.3. For arbitrary n > 2, the system (B1)) has the following first

integral
)n— 1

(22 + 92
Hp) = — .
(E) ben—l _ 1
Proof. Using formula (f), one easily computes by Maple the first integral for
n = 4,6,8. The obtained results strongly suggest the veracity of the formula

for Hgj). Now one easily can check by hand that Hj) is a first integral. [

Let us return to system ([[4). It is well known that for n = 2, this system
has an isochronous center in exactly four cases, so called Loud isochronous

centers (see [[4, [0]). They correspond to (@ = b, ¢ = 0), (a = %, ¢ =
), (a = 2b,c = —b) and (b = %, ¢ = 0). The first two are those from
Theorem P.]] , the third is the one from Theorem P.3.

Let us note the Taylor expansion of the Urabe function h(X) = ¢; X +
c3X?+. ... As noted at the begining of the Section, for n = 4 one has exactly
3 cases of isochronous centers. Why such a difference? The difference is in
the algebraic structure of the equations generated by C-algorithm. For n = 2,
the second of such equations is —3¢; +a —2¢ — b = 0 and ¢; can be non
zero, while for n > 3, the second such equation is always ¢; = 0. Thus the
freedom for existence of non zero Urabe function is greater for n = 2 than

for n > 3.

13



3 Non-homogeneous perturbations of degree

four with zero Urabe function

Taking into account the condition ¢'(x) + f(z)g(x) = 1 from Corollary A,

using Maple one easily obtains the following Theorem.

Theorem 3.1. The system ([H) has an isochronous center at the origin O
with zero Urabe function only in one of the following siz cases, where one

supposes that all denominators are non zero polynomials.

r = ) + bogl’y + a21x2y + a31$3y
U =+ bpy® + anzy® + aznz’y’

T = —y+ bory — % bsox?y + bozbsox’y
J =+ boay® + bsox® — § bsoxy® + 3 boabsor®y?

e -y + (bog +2 bgo) Ty + &211’2?/ + (bgo&gl - b02b202 —4 6203) a?3y

Y =+ box® 4 boy® + (CL21 + bogbao + 4 b202) ry?
+ (2 b2oaz1 — 2bozbag” — 8bag”) 2?y?

14



—9bgobao?—bop2as1+2 boot+4 bspaz +6 b302) "

T
ro=yr bzo(—b202+4b30)

bso(—2 bsob20® —b2o?az1+4 bzoaz1 +6 6302) 23
bzo(—b202+4 bso)

+a21x2y +

—17b30b20° —b20%az1+4 bao* +4 bzoaz1+6 6302) 2
bzo(—b202+4 bso) y

g) :l’+b20$2+(

—bao?a21+4bzoaz1 +b3obzo*—3 b302) .

59
+b?’0$ +2 —bao2+4 bsg

b30 (—2 b3,0b20° —b20”az1+4 bzoaz1+6 b302) 2202
b2o (—5202-1—4 bso) y

+3

15




(—32 ba0b30b20%+42 bao2bao+8 bagbao +baobz02—2 b3o b3 +7 b303b20) " )
—b302b202+4 a2,4,0b20° — 18 bagb30b20+27 bao 2 +4 b3o® Yy

T =y —

(6 b30* =2 b20%b30° —27 baob20b30> +8 b30baob20+39 b3obao > —4 b4o2b202) 22
—b302b20% +4 baobao® — 18 baobsobao+27 bao? +4 bzo® Yy

bao (—5302b202—14 b10b30b20+18 bao®+4 baob20”+3 6303) 3

-2
—b302b20%+4 baob2ao> — 18 bagbaobao+27 bag> +4 bo>

. 9 (—68 b40b30b20°+96 ba0?b20+16 baob2o* +baobso® —4 b3o *b2o® +15 b303b20) 9
Yy =+ byr” — I 2 : Y
—b302b202+4 baob20> —18 bagbsobao+27 bag % +4 bzo®
9b30%—3 b2 2b30% —40 baobaobso > +12 b3obaob20>+60 b3obao? —8 bao2bag?
+630{L’3 -2 ( )ZL' 2

—b302b20%+4 baob2o> — 18 bagbzobao+27 bag 2 +4 bso>

8 b4o(—b302b202—14b4ob3ob20+18 bao®+4 baob20’+3 b303)$2 2 4 pogt
—b302b202+4 bagb2o> —18 baobsob2o+27 bag?+4 bzo® Yy 40

& = —y+ (2bao + boo) 2y — 22 (567 Z2bag + 24 Zbos — 804 Zbyg + 113 by — 8 bgy) 2y

bao (13032 Z2bgo—4488 Zba+68719 Z2bag—22970 Zbag+384 ba+1943 bgo) 9
24(387 Z2 144 Z 1 13) x

C 2 2 Zbxn*(27Z-17) 3
Yy —Zlf‘“bg()[lf ‘l‘bogy —W

—%2—20 (—108 Zzbog + 1053 Zzbgo + 152 Zb()g — 1964 Zbgo — 76 b()g + 155 bgo) ZL”y2
— 0202 (567 Z2byg + 24 Zbyy — 804 Zbag + 113 bag — 8 bys) 2%y + 1/4 Zboy >z

where Z is the only real root of the equation 27 s> — 475> +13s —1 = 0,

which is equal to

1156 1 L
81 /39428 + 32403 81

1 s
7 = — /39428 + 324193
1 \/ + -

16




4 Non-homogeneous perturbations of degree

four

Let us consider system ([F). We would like to identify all its isochronous
centers by C-algorithm, without taking into account the nature of its Urabe
function. In full generality, this problem cannot be attained by our actual
computer possiblities. Indeed, we do not succeed to compute a Groébner
basis for the nine C-algorithm generated polynomials on 9 unknown {a;;}
and {b} of all even degrees between 2 and 18.

Inspecting the system under consideration one sees that the annulation
of some parameters {a;;} and {b,s} will substantially simplify the system.

This is the reason of our choice of two families presented below.

4.1 First family
Let us assume aj; = by = 0, in this case system ([[J) reduces to the system

(22)

T = —y+anr’y + ardy
g) =x+ 6201’2 + b02y2 + 6121’y2 + 6221’2y2 + b401’4

Theorem 4.1. The system () has an isochronous center at O if and only

if its parameters satisfy one of the folowing 6 conditions :

_ 3ba2

i o=y+ 2223y }
— 2,2 4
Y =+ by T2

r = —Y + 2b22933y
U =+ bopr®y? — bogat |

17



r = —Y + &211’2?/ + &311’3?/ }

y =x+ a21Iy2 + a31x2y2

I

=—y+3 bao %y — %5203553?/
J =+ bya? — 2byoy? + & boo’wy? — & boo 2%y

-

=—y+3 bao %y — %6203x3y
§ =+ bya? — 2byy® + 3 bao’ Yy — 25203552?/2

& = —y+ by (2 + If;%) 2%y + az Yy
U =2+ bogx? — 2bapy® + bag” (4 + %) zy? + 2 az 2’y

where bgo §£ 0.

Proof. C-algorithm gives the six candidates to be isochronous centers. We
had to derive 19 times to get the necessary conditions of isochronicity.

To apply succesfully the C-algorithm, we use the two tricks explained in
Appendix, Sec.7.2 : homogenization and reduction of the dimension of the
parameters space by one. This leads to the proof that the cases I-VI of The-
orem [L.1] satisfy the necessary conditions of isochronicity. We check that the
necessary conditions are also sufficient by direct application of Corollary A
to the cases I, I1I-VI. Indeed, in all those four cases ¢'(z)+ f(z)g(z) = 1. For
sufficiently small x the case II is a particular case of the system (R1]) when
n = 4, studied in Theorem P.3. O

18



Let us note that among the above six cases only the cases I, II and III
with ag; = 0 represent the homogeneous perturbations. All other cases are
non-homogeneous.

Note also that the above three homogeneous cases were already identified
by Theorems P.7 and P.I But contrary to the quoted Theorems, here we

have the exhaustive list of isochronous centers for n = 4.

4.2 Second family

Consider system ([[3), with a;; = az; = 0. We obtain the seven parameter

real system of degree 4.

r=-y—+ a31x3y (23>
= @ + boox? + boay? + bsox® + biowy? + bogr’y?® + by
Theorem 4.2. The system (B3) has an isochronous center at O if and only
if its parameters satisfy one of the folowing seven cases :
The three cases I, 1T and III with az; = 0 come from Theorem [{.1 and cor-
respond to homogeneous perturbations. The following four cases correspond

to the non-homogeneous perturbations.

& o= —y+ bty
y =x— % boa? + boay* + % bo2 y? + %bozgxzy2

r =-—y+ ﬁbogs (—21+5\/§) 3y
y =x — %b02$2 + b02y2 + 4_18 b022 (9 — \/ﬁ) x3
—l—l% 5022 (—1 + \/%) xy® + 6i4 5023 (—21 +5 \/ﬁ) x%y?
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i = —y— 1 b’ (21 +5/33) 23y
y =x — %boglz + b02y2 + 4_18 b022 (9 + \/ﬁ) 3
_1_16 b022 (1 + \/ﬁ) $y2 - 6_14 b023 (21 +5 \/ﬁ) $2y2

. 2 bzos(—43t2/3—7670 V3297412112 V1452 1 3297—336886) 3
r =-—y-+ 3549 12/3 x

. 9 1 b2 (—3822 ba,0t%/3 —6242964 b, 0 — 127764 ba,0v/3297+159432 ba ¢ {%?) 9
=x—2b — xy
Y 2,0Y" — Toear 7273

1 b2o (1032 ba,02t2/3 4184080 bz 0%1/3297—290688 b2,02 ¥/1—1248 ba 021/3297 ¥/1+8085264 b2,()2) 9 9
-y

T 10647 1273
9 1 b2,0(—53144by o VE+2080988 b, 0+42588 by 0V/3297—5824 by 0t2/3) 4
+b2,07” — 1557 273 z

1 ba2o (—2150 bo,02t2/3 11926 bo o2 /14234 bo 21/3297 ¥/1+1085248 bo 02 +18720 b2,02\/3297) 4
— x
10647 +2/3

where t = 22868 + 468 /3297

Proof. Thanks to C-algorithm we obtain the necessary conditions for the
isochronicity of the center at the origin for system (B3) and we establish the
seven cases given in the theorem.

We check that the obtained necessary conditions are also sufficient by
direct application of Corollary A to the cases IV-VII. Indeed, in all those
four cases ¢'(x) + f(x)g(x) = 1 for sufficiently small x.

O

The centers I — I11 of Theorem 2 have been already identified in [[].
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5 Non-homogeneous perturbations of degree

five with zero Urabe function

By Corollary A the problem is reduced to solving the equation ¢'(z) +
f(z)g(z) = 1, with f and ¢ defined in Sec.1.1 with respect to the sys-
tem ([lg). In this case the equation ¢'(z) + f(z)g(x) = 1 is equivalent to
some system of 8 polynomials depending on 12 unknown {a;;} and {bs } of
degree 2,2,2,1,2,2,2,2. Applying the Grobner basis method one obtains a
basis of 90 polynomials whose degrees varies between 1 and 8. This system
is too hard to handle. By inspecting the system one sees that when bsg = 0

it is very much simplified. This is the reason of our choice b5y = 0.

Theorem 5.1. The system ([[6) where bsy = 0 has an isochronous center at
the origin O with zero Urabe function only in one of the following 8 cases,

where one supposes that all denominators are non zero polynomials.

T = ) + apjxy + b121’2y + CL31.§L’3y + b32$4y
U =+ any® + bry® + anz’y® + bspr’y?
& = —y+anry + aznr’y — % anrag zty
y =x+ a11y2 + 4@31$2y2 - %CL31.§LA -3 a11a31x3y2
T = -y + %xy + (3 bgo + 612) x2y + a31z3y + (g bgo2 + 612630) a?4y
y =+ %yz + bgoSL’s + b12$y2 +3 a31x2y2 + (% b302 +3 blgbgo) LL’3y2

21



i = —y+anzy+ (bo — 2by” — ar1by) 2%y + agi 2’y +
(—5125202 + 4 bog* + 2a11ba’ + &31520) zty

U =x+ byx?® 4+ (—2by + a11) y* + brazy? + (b12b20 — 4byy® — 2 a11byy” + a31) z?y?
+ (—2 b12b202 +8 5204 +4 a11b203 +2 aglbgo) :)33y2

T = —Y + anry + &311’3?/

(13 b302b20—11 b3ob2o> —5 baoa11b2024+2 bao®+a11b20? +asz1b20? —4 az1 bzo+4 0«116302) 72
b20(4 bso—b202) Y

b3o (—63001152024-7 b302b20—2 b3ob2o® —4 ag1bzo+4 a11b30% +as: b202) 2
b2o (4 b3o—b202) Y

Y =+ byr® + (—2by + an) y* + b3pz?

(25 b302b20—22 b3ob20> —9 bzpa11 b202+4 b2o°+2 a11b20? +a31b20% —4 az1bzo+4 a11 b302)
b20(4 bso—b202)

(7 b302b20—2 b3ob2o® —bsoa11b20%—2 az1ba0?+8 as1bzo+4 a1 b302) 9 9
2 Xz
4b30—b20

3 b3o (—b3oa11 b202+7 b3o?b20—2 b3ob20® —4 az1b30+4 a11b3o > +as1 b202) 2302
bao (4 bao—bzoz)
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(108 b402 —42 baobao®+81 asi bao+b20®—3 b203031)
b202(—b203+27 b40)

=y Ty

(—3 baobao® —b2o3az1+27 az1ba0+36 b402)

+3 bz()(—bz()3+27 b40)

22y + az 23y

bao (—b203a31 +36 bao°+27 az1 b40) 4
b2o? (—b203+27 b4o)

+3

b20°—32 baob2o®+36 bao%+27 az1bao —beo>asz1 ) 2

_ 2l
=T + bQOx _'_ 3 b202(—6203+27b40)

(—4 baobao®—bao>az1+27 az1bao+36 b402) -
b2o (—b2o3+27 b40) y

—|—% b202$3 + 6

bao3a31—27 az1bao+12 b402) 2202
—bao3+27bao Y

o

bao (—b203a31 +36 bao?+27 az1 b40) (L’?’y2

4
—l—b40:L‘ +12 b202(—b203+27b40)
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b30(13b402+2b303) 2 )
27 bao2+4 b3o° Yy

T =—-y+apnry—3

(5 b30°ba0+36 bao® —27 a11b30bao® —4 a11 b304) 3
27ba0” +4b30” vy

4 bao (b4ob302+27 a11bao®+4 a11b303) 4
27 bao2+4 b3o° Yy

. bso (3 b30®+20bao?
y :l’+&11y2+bgol’3—6 ( ) 2

27 byo” +4 b3o®
3 (—27a11b30b402—4a11b304+7b303b40+48b403) 2 9
27 bao? +4b30° Y
bao (baobso®+27 a11bao®+4 a11b3o®)
4 40( 40030 11b40 11b30 3 9
+haor” +4 2Tbao? +4b30° vy
VIII
s 2 3 4
r=—-Y + a;xry + as1x Yy + as1x Yy +aqux Yy

g) =x+ bgol’2 + bgol’g + bogy2 + blgl’y2 + 6221’2y2 + 632x3y2 + b40[L’4 + b50£L’5

where

Py a _b20P21a Ps Py _ Poo Py
7 (o1 = — 5,031 =
Q Q

app =
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and
Piy = —41 bagbso®bao + 2 bagbizbag” — 9 bagbsobiabag + 9 bso® — 8 bagbag”
—50 bao>bao” + &L biabag” + 60 bag>bso — 10 b3obag” + 2 byo bag’
—% b30 b2 b12 + 44 bygbsobag” + 2 brabso®

Py = —13bygbzo’bag + 2 bagbiabag”® — 9 baobsobrabag + 3 bso” — 4 bsgbag’
+20b1abao” + 21 bag®bso — bso’bao” — 3 b3o boo b1 + 4 bagbsobao® + 2 biabso”

Py = 9b30° + 2b30 b1y — 3b30" bag® — 46 bagbagbz® — : b3 brabao”
+14 b3obagbag — 9 bsobagbizbag + 60 bso>bag” + 2 bsobagbiabag®
+20 byobrabao” + 20 b3gbao bao” — 36 bag’bag — 8 bag bag”

Pyt = Z bisbsg” 4 60 byo’bsg + 2 baghrabso” + 12 bag’bsobao® — 8 bag bz
— 2 bagbs0bao bia — 9 bag”baobiabag + 9 bagbso® + 2 bag brabay” — 3 baghso’bao”
—40 bagb30°bao

Poy = =16 bygbag” + 80 bagbzobag” — 104 bao’bag” + 4 bag bap™ — 18 bag®bag”
—41 byobso’bag + 2 bagbiabag® — 9 bagbsobiabag + 9 bzo” + Z biabag”
+60 bao bso — 3 b3o boo b1 + 2 b1abso”

Py =180 b30°bag” — 144 bagbag — 32 b bag” + 6 bsgbagbiaban”® + 27 bao” + 6 b b
—9 b3 bag” + & bygbiabag® — 144 bygbaobso” + 44 byo baobag
+88 b3gbao bao” — 27 b3 baobiabao — £ bso’biaban”
Psy = 54 b1absg” + 240 bag®bzo + 8 baobrabao® + 48 bag baoban® — 32 bag®bao”
—2 bagbs oo brz — 36 bag bobiabag + 36 bagbso” + 8 bag brabag”
—12 bagbzobao” — 160 bag bso bag

Q = 4bygbag” — 18 bygbzobap” + 27 bag®bao — bso bao® + 4 bygbsg”
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6 Abel polynomial system

By planar Abel system of order n we mean the system

T =y

< (24)
y = Plx)y"
k=0
where {Py(x) }o<k<n are smooth functions.
This section is concerned by the following Abel system

T =—y

(25)

y=a(l+ P(y)),

with P(y) = a1y + asy® + azy® + ... + ay", ar, € R, for k = 0,...,n. This is
a particular Abel system (B4) where Py (z) := ayz, 0 < k < n.

6.1 Characterization of isochronous centers

System (PJ) is reducible (see Sec.1.1, Case 2) to the Liénard type equation
(B) with f(x) and g(x) defined by ([]). Definitions (§), ([{)) and Theorems B
and C from Sec.1.1 remain valid. Applied to the Abel system (B5) they give

Theorem 6.1. The origin O is a center for the system (B9).
The center at O, is isochronous if and only if there exists an odd func-
tion h defined in some neighborhood of 0 € R which satisfies the following

conditions
X
T+h(x) "



and X (z)p(x) > 0 for x # 0.

In particular, when P is an even polynomial then the origin O is an

isochronous center if and only if P = 0.

Proof. xg(z) = 2*(1 + P(z)) > 0 for  # 0 and |z| small enougth. Then
Theorem B implies that the origin O is a center of the system (B3).

Now

F(zx) = /01‘ f(s)ds = —1In(1 + P(x)),

ota) = [ eras= [T (26)

g(@)e" = (14 P(x))e” M) = 5

thus

Then we obtain

Following Theorem C, one obtains
X(z)
1+ h(X(2))

=T

as well as the identity (I32).

For the particular case where P is even, it is easy to see that f and g are
odd. Theorem C thus implies h = 0 and consequently X (z) = z. From ([[2)
one deduces that ¢(x) = X (x). Then (Rg) implies that P = 0. O

The following paragraph is devoted to illustrate the last theorem by ex-

ample.

6.2 An application

Let us consider the Abel system (BH) with n =9 :

& (27)



with ap € R, 1 < k < 9. As follows from Theorem [.J], the origin O is always
a center for (R7).

Theorem 6.2. The system (R7) has an isochronous center at the origin 0

only in the case

T =y

j +ax +a2 2+a3 3 )
=T —X — T

Y y+ eyt ooy

where a € R

Proof. We apply C-algorithm for

P'(z)

f(l"):—m

and g(z) = z(1 + P(z)),

where P(x) = Z?:l a;x'. We obtain the unique one-parameter family (R§),

and computations give the Urabe function

h(X>:_a1X: le

3 Vko? + k3 X2

with ]{31 = —a1/3, ]{32 = 1, ]{?3 = 0.

O

By the evident rescalling %z +— = and %y — y system (B§) takes the form
which is a particular case of system (RJ):
T =y
. 5 (29)
y=x(1+y)"
The isochronous center at the origin O for system (R9) was already depicted in
[[9] by showing that system (P9) commutes with some transversal polynomial
system, but neither its first integral nor the linearizing change of coordinates

were provided. We shall now compute both of them.
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e First integral In the variables u = y and v = (1 + y)? the system
(R9) is reducible to the Liénard type equation i + f(u)u + g(u) = 0

where

and g(u) = u(1 4+ u)®.

By formula () from Theorem B one easily obtains that I(u,v) =

ﬁ + ﬁ is a first integral of the corresponding planar system

Returning to the variables (z,y) one recovers the first integral of the

system (29) : ,
Y

(1+y)*

e Linearization For this purpose we use the method of [[[3] based on

](E)(I, y) = SL’2 -+

the exitence of vector field Y transversal to the vector field defined by
the system (P9) and commuting with it. Maple computations give such
a field Y:

T =+ Y
(30)
g =—22y> +y? — 325 +y — 32y — 22

Following the method described in [[J], we first establish an inverse
integrating factor V' (z,y) of the system (29):

Viz,y) =—(y+1) (2 +22%y + 2*y* + )
which leads to the first integrals H (already known) and I of the sys-

tems (B9) and (BQ) respectively:

y2

H(l’,y):$2+m

I(z,y) = —x + arctan (

M)

Y
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Let us define f(z) = z and §(2) = tan(z).
By the Theorem 4 of [[J] we obtain the linearizing change of coordinates

)

f(H (2,9))g(I(x,y))
V1+ 32 (I(2,y))

)
VEEEUCTII

Maple produces the following more explicit formulas that we, as usual,

reproduce without any change to avoid the misprints:

2 212,21 02 1
—\/x 2y Y T pan (1’ — arctan (%))

(y+1)?
u(z,y) = . -
\/1 + <tan (:c — arctan (@)))
2 4 2yx? + y2a? 4 y? 1
v(z,y) =

(y—|—1)2 \/1+<tan<$—afcmn(%>))g')

The fact that this change of variables actually is a linearizing one can

easily be verified by Maple which gives © = —v, © = u as expected.

Under the light of Theorem [.2, it is natural to ask if the system (2§)
is the unique system with isochronous center at the origin 0 in family (P5).
Even for n = 10, our actual computer possibilies are not sufficient to give an

answer.
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7 Appendix

7.1 C-Algorithm

Theorem C (see Sec.1.1) leads to an algorithm, first introduced in [[[d] (see
also[[L1]]), hereafter called C-algorithm, which gives necessary conditions for
isochronicity of the center at the origin O for equation (J).

Below we recall basic steps of the algorithm.

Let h be the Urabe function defined in the Theorem C, and u = ¢(x).
The function ¢ is invertible around 0 .

X

ST (31)

g(u) :

where now X is considered as a function of u. Our further assumption is
that functions f(z) and g(x) depend polynomially on certain parameters
a:=(o,...,q,) € RP,

By Theorem C, if the system () has isochronous center at the origin O,

then the Urabe function A must be odd, so we have

h(X) — Z CQk+1X2k+1
k=0

and moreover,
Gu) = g(x)ef @, where z=¢ 1(u). (32)

Hence, the right hand sides of (B) and (B) must be equal. We expand both

right hand sides into the Taylor series around 0 and equate the corresponding

coefficients. To this end we need to calculate k-th derivatives of (BI]) and (BZ).
For (B])), by straightforward differentiation, we have

dgu)  d (M) dx

duF dX \ duk? du

31



Using induction, one can show that for (B3) one obtains

d*g(u _
dgu(k> _ 6(1 k)F(x)Sk(l'),

where Si(z) is a function of f(x), g(x) and their derivatives.
Therefore to compute the first m conditions for isochronicity of system (f)

we proceed as follows.

1. We fix m and write

h(X) = Z Cop1 X1 O(X™), c:=(c1,¢3, ..., Comet).
k=1

2. Next, we compute

d*g
Vi -— %(O), Wi = Sk(())
for k=1,...,2m+ 1. Note that those quantities are polynomials in «

and c.

3. By Theorem C we obtain the equations v, = wy for k =1,...,2m+ 1.
Let us note that always v; = w; = 1 and thus the first equation is

meaningless.

It appears that we always can eliminate parameters ¢ from these equa-
tions. For every k > 0, cor11 occours for the first time, and in a linear
way, in the equation wvoy 19 = wopio. This leads to the formula coyy =
Yor+1(a) for some multivariate polynomial ¢ory1. This brings us in a
natural way to the consecutive elimination of ¢y, c3, ..., ca,—1. Finally,
we obtain at most m polynomial equations s; = s =s3=... =5 =0
with p unknowns ;. These equations denoted Sys(m) give M neces-

sary conditions for isochronicity of system (f); Sys(m) C Sys(m + 1).
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For more details see [I0, L]
The progammation of the C-algorithm can be done in different ways.
Some of them appear more successful than others. For the purposes of the

present paper we used the programm from [J].

7.2 Homogeneization and reduction

The Grobner bases method for solving the systems of polynomial equa-
tions is particularly efficient when all these polynomials are homogeneous
or weighted-homogeneous (see [J], Sec.10.2).

A long experience with C-algorithm indicates that the following facts are
always verified although they are not proved.

Let us consider the system (f) written explicitly as

& =—y4apry+...+a,_112""
Y 11TY 1,1 Yy } (33)

y =+ b20$2 + bO2y2 + ...+ bn_Q’an_2y2 + bmol’n

which as explained in Introduction, is reducible to the equation ([J)
When considering the particular cases of system (BJ) corresponding to ho-
mogeneous (resp. non-homogeneous) perturbations of system (f), the poly-

nomials from Sys(m) are homogeneous (resp. non-homogeneous).

We note that for n = 3, C-algorithm succeeds in establishing isochronicity
criteria, however for n = 4 the obtained polynomials from the algorithm are
much more involved. For instance, system (B3) with n = 4 reduces to the

system ([[3). Now, the first two non-zero polynomials from Sys(9) are

P2 =3 ao1 — 3 b12 -+ a112 — bgoCLH -9 b30 -+ 4 b022 -5 a11b02 -+ 10 b202 + 10 bgobog,
(34)
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Py = 72 a1? + 396 bygay1bia + 90 ay1bgabia + 36 aq1bay + 324 asiboy
— 36 ag1b1y — 468 bygaryag + 612 bygagibyy — 4116 ay1bagbos
+ 108 bogagy — 540 bagagy — 324 bygary + 1566 bggaq1 by — 288 bagbas
— 459 bygai1? — 1296 byobos — 306 azya11bgs + 1428 bygai,2boa
+ 153 210112 — 117 a112b1a — 191 baygarr® + 180 bagbgabia + 43 aqq*
— 2319 bygar1bo2® — 289 a11°bgy — 360 bogbas — 36 bro® — 171 ag1bys?
+ 513 bobga” + 537 a112bo2” + 351 boa2bra — 271 ay1bgs® + 542 byobgs®
+ 756 baobsoboz + 2268 bagbsoary — 20 bga* + 1120 bag” + 798 a112bs0>
— 2240 ay1ba0” — 1512 bagbag + 1008 byg2ag; — 252 byg>bys
+ 1806 bao>boa® + 2240 by’ byy

To solve the systems of polynomials equations we use Grobner bases. Solv-
ing system of 9 (non-zero) equations of Sys(9) requires higher performance
computers and ours are not up to it.

A careful analysis of polynomials from Sys(m) shows that for any m
they always are weighted-homogeneous. For example, the polynomial P,
given by (B4)) is weighted-homogeneous if we give weight 2 for as;, bjo and
bso, and weight 1 for the remaining variables.

We observe that all polynomials from Sys(m) are weighted-homogeneous

if we choose the following weights

1. i+ j — 1 for parameters a;; and b;;

2. 20+ 1 for coi11.
We introduce new parameters A;;, B;;, and Cy;1; putting
i i .
A;;r] = Qij BZ;'FJ = by, 022;——:-_11 = C2i41 (35)

After this reparametrization system (BJ) reads

bt=—y+Anzy+.. . F A "y
11 1,1 (36)

y =x+ 3201’2 + BO2y2 +...+ BZ:%,an_zyz + Bzﬁlxn
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As in the case of isochronous center the Urabe function is odd, we search it

under the form

WX) = CHIX* =X + CIXP + CEX° + CIXT +
k=0
By a simply use of (BJ), from the isochronicity conditions for system (B@),
expressed in terms of its parameters {4;;} and {B,}, it is easy to recover
the parameters values {a;;} and {b,s} when system (BJ) admits isochronous
centers at the origin O.

The described reparametrization gives rise to homogeneous equations and
reduces the number of parameters appearing in (B@) by one. First we assume
By = 0, and we solve the isochronicity problem for system (Bf) under this
assumption. Next, for By # 0, we apply to system (Bg) the following change

of coordinates
(=

f, — RIS
(@9~ (B Brg

Where

. Brn-1,1 n-l n—1
T :—y+< ):Ey+ +<Bzo) "y

n—1 n—1
Y =x+x2+(§g§)y + .. +<Bng)2) " 2y2+<B7;00> "
Hence, without loss of generality we can put Byy = 1, and find the parame-

ters values for which the center is isochronous.

Note that the resolution of the polynomial system issued from the 19
derivations and associated eliminations for system ([J) (with 9 parameters),

exceed our computer facilities.

7.3 On efficiency of C-algorithm

Usually for the search of isochronous centers one uses the method of normal

form (see for exemple [[7, [f)). Thus it is interesting to compare C-algorithm
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with it, when there are applied to systems reducible to Liénard type equa-
tions.

As an example for such investigations we choose the Abel systems (B7)
with 2 < n < 9. The normal form (NF) algorithm used is the one described
in [R0] which is universal and efficient. As explained in point (3) of Sec.7.1 for
the system (£9) with n parameters one computes coefficients ¢y, cs, . . ., Com—1
of the Urabe function when C-algorithm is used. When the normal form
method is used one computes its first 2n + 1 terms.

The results are presented in the table where the time unit is one second.
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Table 1: CPU time on Pentium 1,46 GHz

n | C-algorithm | NF algorithm
2 ~ 0 0,060

3 0,001 0,160

4 0,004 0,784

d 0,008 4,728

6 0,016 31,430

7 0,052 263,033

8 0,116 2335,962

9 0,284

The superiority of C-algorithm is obvious.
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