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Toric varieties and spherical embeddings over an arbitrary

field

Mathieu Huruguen

Abstract

We are interested in two classes of varieties with group action, namely toric varieties and
spherical embeddings. They are classified by combinatorial objects, called fans in the toric
setting, and colored fans in the spherical setting. We characterize those combinatorial objects
corresponding to varieties defined over an arbitrary field k. Then we provide some situations
where toric varieties over k are classified by Galois-stable fans, and spherical embeddings over
k by Galois-stable colored fans. Moreover, we construct an example of a smooth toric variety
under a 3-dimensional nonsplit torus over k whose fan is Galois-stable but which admits no
k-form. In the spherical setting, we offer an example of a spherical homogeneous space Xo
over R of rank 2 under the action of SU(2,1) and a smooth embedding of X, whose fan is
Galois-stable but which admits no R-form.

Introduction

In the early 70’s, Demazure ([Dem7d]) gave a full classification of smooth toric varieties under
a split torus in terms of combinatorial objects which he named fans. This classification was
then extended to all toric varieties under a split torus during the next decade (see for example
Dantd)).

In the first part of this paper, we address the classification problem for a nonsplit torus T" over
a field k. Let K be a Galois extension of k which splits 7. Then the Galois group Gal(K|k) acts
on fans corresponding to toric varieties under T = T X, K, and one can speak of Galois-stable
fans. The classification Theorem says, roughly speaking, that toric varieties under a nonsplit
torus T are classified by Galois-stable fans satisfying an additional condition, named (i¢). For a
quasi-projective fan (see Proposition [I.g) condition (i7) holds. If the torus 7" is of dimension 2 then
every fan is quasi-projective, and then condition (i) holds. If T is split by a quadratic extension,
condition (#4) is also automatically satisfied, by a result of Wlodarczyk ([W1o93]) which asserts
that any two points in a toric variety (under a split torus) lie on a common affine open subset. In
these situations, toric varieties under 7" are thus classified by Galois-stable fans (Theorem [[.25).
Condition (i7) is nonetheless necessary, as we construct an example of a three dimensional torus T
over a field k, split by an extension K of k of degree 3, and a smooth toric variety under the split
torus Tk with Galois-stable fan but which is not defined over k (Theorem [[.31). This provides
an example of a toric variety (under a split torus) containing three points which do not lie on a
common affine open subset.

Recently, Elizondo, Lima-Filho, Sottile and Teitler also studied toric varieties under nonsplit
tori ([ELST1d]). They also obtain the statement of Theorem [L.23, but do not address the problem
of descent in general. Using Galois cohomology, they are able to classify toric k-forms of P} if
the extension K of k is cyclic and, toric smooth surfaces in general.

In the second part of this paper, we address the classification problem for embeddings of
spherical homogeneous spaces. A homogeneous space (Xg, zg) under a connected reductive group
G over k is called spherical if there is a Borel subgroup B of Gy, with Bzy open in Xo(k). An
embedding of Xy is a normal G-variety over k£ containing Xy as an open orbit. The main difference
with the toric case is the base point, introduced in order to kill automorphisms.

The classification of spherical embeddings was obtained by Luna and Vust ([LV8J]) when &
is algebraically closed of characteristic 0, and extended by Knop ([[Kno91]) to all characteristics.
The classifying objects, called colored fans, are also of combinatorial nature.



In Section P.2, we show that the Galois group Gal(k|k) acts on those colored fans, so that we
can speak of Galois-stable colored fans. The main classification theorem is Theorem ; like
Theorem it asserts that the embeddings of X are classified by Galois-stable fans satisfying
an additional assumption, named (i7). We provide some situations where this condition (i7) is
automatically satisfied (including the split case, which is not a part of the Luna-Vust theory), and
an example of a homogeneous space X, over R, under the action of SU(2,1), and an embedding
X of Xy c with Galois-stable colored fan but which is not defined over R. This gives an example
of a smooth spherical variety containing two points which do not lie on a common affine subset.

A motivation for studying embeddings of spherical homogeneous spaces is to construct equiv-
ariant smooth compactifications of them. In the toric case, this construction is due to Colliot-
Thélene, Harari and Skorobogatov ([[CTHS04]).

I’d like to thank M.Brion for his precious advice about that work and his careful reading. I'd
also like to thank E.J.Elizondo, P.Lima-Filho, F.Sottile and Z.Teitler for communicating their
work to me.

1 Classification of toric varieties over an arbitrary field

Let k be a field and k a fixed algebraic closure. We denote by T' a torus defined over k. By a
variety over k we mean a separated geometrically integral scheme of finite type over k. We define
toric varieties under the action of 7" in the following way :

Definition 1.1. A toric variety over k under the action of T is a normal T-variety X such that
the group T'(k) has an open orbit in X (k) in which it acts with trivial isotropy subgroup scheme.
A morphism between toric varieties under the action of T is a T-equivariant morphism defined

over k.

It follows from the definition that a toric variety X under the action of T' contains a principal
homogeneous space under 71" as a T-stable open subset. We will denote it by Xj.

Definition 1.2. We will say that X is split if Xo is isomorphic to T, that is to say, if Xy has a
k-point.

Remark 1.3. If X is a split toric variety, then the automorphism group of X is the group T'(k).

In the rest of this section, we classify the toric varieties under the action of T' (up to isomor-
phism). Assuming first that the torus 7' is split, we recall how the classification works in terms
of combinatorial data named fans (Section E) In Section E, we derive the general case from
the split case. We show (Theorem ) that toric varieties under the action of T' are, roughly
speaking, classified by Galois-stable fans satisfying an additional assumption. In Section E, we
provide some situations where this additional assumption is always satisfied, and an example
where it is not.

1.1 The split case

In this section, we assume that the torus 7' is split, and give the classification of toric varieties
under the action of T'. This classification was obtained by Demazure in the case of smooth toric
varieties, and by many other people in the general case. See [] for more details and proofs.

Proposition 1.4. Every toric variety under the action of T is split.
Proof. By Hilbert’s 90 theorem, every principal homogeneous space under 7" has a k-point. [
In order to state the main theorem of this section, we need more notations and definitions.

NOTATION 1.5. We denote by M the character lattice of T', and by N the lattice of one parameter
subgroups, which is dual to M. We call V' the Q-vector space N ®z Q, and V* = M ®7z Q its
dual.

By a cone in V, we mean the Qt-linear span of finitely many elements of V. We say that a
cone is strictly convex if it contains no line.



NoOTATION 1.6. IfC is a cone in V', we denote by C¥Y C V* its dual cone, and by Int(C) its relative
interior.

Recall the classical :

Definition 1.7. A fan in V is a finite collection € of strictly convexr cones in 'V satisfying :
o Fwvery face of C € &€ belongs to £.
o The intersection of two cones in & is a face of each.

Let us now recall how a fan can be associated to a toric variety under the action of T'. Fix a

toric variety X under T. If z € X (k), the orbit of x under T'(k) is actually defined over k. For
simplicity, we will denote by T'x this orbit. If w is a T-orbit, the open subset

X, ={reX(k), wCTx}
is affine and defined over k. Fix © € Xy(k). One can show that the subset
{A €N, limyoA(t)z exists in X and belongs toX,,}

of N is a finitely generated monoid whose Q%-linear span C, is a strictly convex cone in V.
Observe that the cone C,, does not depend on the point = € X (k).

Theorem 1.8. By mapping a toric variety X to the collection
{Cw, wC X isaT-orbit},

one gets a bijection between (isomorphism classes of ) toric varieties under T and fans in V.. We
will denote by Ex the fan associated to the toric variety X, and by X¢ the toric variety associated
to the fan £.

To construct a toric variety under 7" out of a fan £ in V', one proceeds as follows. If £ contains
only one maximal cone C, then the variety Xg is

Xg = Spec(k[CY N M]).

Observe that X¢ is affine. In the general case, one glues the toric varieties (X¢)ces along their
intersections : Xe¢ N Xer = Xener.

The following proposition enables us to detect the quasi-projectivity of a toric variety by
looking at its fan :

Proposition 1.9. Let £ be a fan in V. The variety X¢ is quasi-projective if and only if there
exists a family of linear forms (Ic)ces on V satisfying the following conditions :

oV C,C'e&, lec=Ile overCNC.
oV C,Ce&, Vrelnt(C), le(z)>le(x).
In this situation, we say that the fan &€ is quasi-projective.

Remark 1.10. Every two-dimensional fan is quasi-projective.

Remark 1.11. If the fan £ has one maximal cone, then it is quasi-projective because X¢ is affine.
If £ has two maximal cones, then it is also quasi-projective. Indeed, let [ € V* be positive on the
first maximal cone C;, and negative on the second Co. Putting lc, = [ and lc, = 0 one gets the
result.



1.2 Forms of a split toric variety

In this section, we go back to the general setting (7" is not necessarily split). We fix a finite Galois
extension K of k with Galois group I' such that the torus Tk is split. The notations M, N, ... will
refer to the corresponding objects associated to Tk in Section . These objects are equipped
with an action of the group I

Fix a toric variety X under Tx. We address the following problem :

Question 1.12. Does X admit a k-form?

By a k-form of X, we mean a toric variety Y under the action of T, such that Yx ~ X as
Tx-varieties. Let F'x be the set of isomorphism classes of k-forms of X. We denote by €2 the open
orbit of Tk in X, and define Fq similarly. By definition, Fp is the set of principal homogeneous
spaces under 7' which become trivial under Tx. By mapping a k-form of X to the principal
homogeneous space that it contains, one obtains a natural map

(SX : FX — FQ
Question 1.13. What can be said about the map dx ¢

Theorem will give an answer to Questions and . We will obtain a criterion
involving the fan £x for the set Fx to be nonempty, and show that if this criterion is satisfied,
the map dx is a bijection. As usual in Galois descent issues, semi-linear actions on X respecting
the ambient structure turn out to be very helpful.

Definition 1.14. An action of I on X is called toric semi-linear if for every o € I' the diagrams
X 7 X Tex X —— X
L e
Spec(K) —Z— Spec(K) TxxX —— X

are commutative. The group Auty (X) = T(K) acts by conjugacy on the whole set of toric semi-
linear actions of ' on X. We denote by Ex the set of conjugacy classes of toric semi-linear
actions of I' on X.

If Y is a k-form of X and if one fixes a Tx-equivariant isomorphism X — Y, then one can
let the group I' act on X. Replacing the isomorphism X — Yx by another one, one obtains a
T (K)-conjugated toric semi-linear action. This proves that there is a natural map

ax FX — EX
The following proposition is part of the folklore and can be found for example in [ELST10].

Proposition 1.15. The map ax is injective. A toric semi-linear action on X is in the image
of ax if and only if the quotient X/T' exists, or, in other words, if and only if one can cover X
by I'-stable quasi-projective subsets.

Remark 1.16. If the variety X itself is quasi-projective, the map ax is thus bijective.

Proposition 1.17. The map aq is bijective. Otherwise stated, a principal homogeneous space
under T" which becomes trivial under Tk is characterized by the toric semi-linear action it induces

on €.
Proof. Use Proposition and observe that € is affine. [l

Remark 1.18. The set Fy is naturally the Galois cohomology set H(T', T(K)).

The following proposition (also obtained in [[ELST1(]) enables us to see very easily whether
the set E'x is empty or not, by looking at the fan £x.



Proposition 1.19. The set Ex is nonempty if and only if the fan Ex is I'-stable in the sense
that, for every cone C € Ex, and for every o € T, the cone o(C) still belongs to Ex. In this case,
the restriction map Ex — FEq is a bijection.

Remark 1.20. The open orbit € is easily seen to be I'-stable for any toric semi-linear action of
I" on X. By mapping such an action to its restriction to €2 one gets what we call the restriction
map EFx — Eq.

Proof. Assume first that the set F'x is non empty. The variety X is thus endowed with a toric
semi-linear action of I'. Let w be an orbit of Tx on X, and ¢ be an element of I'. Let x be a
K-point in Q (it exists because Tk is split). One has

o(Co)NN ={o(N), AeN, lims,gA(t)x exists in X and belongs to X, }.
Thus,
o(Co) NN ={Xe N, limy 0 A(t)o(x) exists in X and belongs to X, )}

But the K-point o(z) belongs to €2, showing that ¢(Cs,) = Cy (). This proves that £x is stable
under the action of T'.

Assume now that Ex is I'-stable. Let C be a cone in £ and o an element of I". The linear map
o on M gives a morphism of monoids

acC)"NM —=C'NM
and then a semi-linear morphism of K-algebras
K[o(C)Y N M] — K[CY N M],
inducing a morphism of varieties
Ue = Us(c)

which respects the toric structures on both sides. These morphisms patch together, and enable
us to construct the desired toric semi-linear action on X. This completes the proof of the first
point.

Suppose from now on that the set Ex is non empty, and fix a toric semi-linear action of I' on
X. Denote by * a toric semi-linear action of I on €. Then, for all ¢ € I, the morphism

Q-0

z o ' (o(2))

is a toric automorphism of €, that is, the multiplication by an element of T(K). But such a
multiplication extends to X, proving that the semi-linear action * of I' extends to X. In other
words, the restriction map is surjective. But it is also injective because () is open in X. This
completes the proof of the proposition. [l

Remark 1.21. By the previous arguments, one sees that if £ is I'-stable, if w is an orbit of Tk
in X, and o an element of I'; the notation o(w) makes sense, and does not depend of the chosen
toric semi-linear action of I on X. Moreover, one sees that for every toric semi-linear action of I'
on X, and for every cone C € &£, 0(Xc) = X, (c).

We are now able to answer Questions and :
Theorem 1.22. The set Fx is non empty if and only if the two following conditions are satisfied

(i) The fan Ex is I-stable.

(i) For every cone C € Ex, the fan consisting of the cones (o(C))yer and their faces is quasi-
projective.

In that case, the map §x is bijective. Otherwise stated, for every principal homogeneous space X
under T, there is a unique k-form of X containing Xq, up to isomorphism.



Proof. Assume first that conditions (i) and (i) are fulfilled. By Proposition [L.1d, the set Ex is
nonempty. Fix a toric semi-linear action of I" on X. By condition (i¢) and Proposition @, for
every cone C € &, the open subset |J, p Xo(c)y is quasi-projective. But these open subsets are
I-stable (by Remark [L.21]) and cover X. By Proposition the quotient X /T exists. Performing
this argument for every toric semi-linear action of I' on X, one proves that the map dx is bijective.
In particular, the set F'x is nonempty.

Assume now that the set Fx is nonempty. We want to prove that conditions (¢) and (i7)
are fulfilled. By Proposition the set Ex is nonempty, so that condition (i) holds. Fix a
T-orbit w on X. By Remark [L.21], the open subset U = UU€F Xo(w) is I'-stable. Moreover,
closed T-orbits in U form a unique orbit under I'. There exists therefore an affine open subset
V in U intersecting every closed T-orbit. By Proposition below, one concludes that U is
quasi-projective, or, using Proposition E, that the fan consisting of the cones (0(Cy))ser and
their faces is quasi-projective. This being true for every T-orbit w, we are done.

Let G be a linear algebraic group over k. Sumihiro proved in [Sum74] that a normal G-variety
containing only one closed orbit is quasi-projective. By the same arguments one gets the next
proposition, whose proof we give for the convenience of the reader.

Proposition 1.23. Let X be a normal G-variety over k. Assume that there is an affine subset
of X which meets every closed orbit of G on X. Then X is quasi-projective.

Proof. Quasi-projectivity is of geometric nature, so one can assume that & is algebraically closed
in what follows. We will use the following quasi-projectivity criterion given in [] (Lemma
7))

Lemma 1.24. If there exists a line bundle L on X and global sections s1, ..., s, generating L at
every point and such that Xs,, ..., Xs, are affine, then X is quasi-projective.

Let U be an affine subset of X meeting every closed orbit of G and D = X \ U. Then D is
a Weil divisor. Denote by £ the coherent sheaf Ox (D), and by i : X° — X the inclusion of the
regular locus of X in X. The natural morphism ¢ : £ — i.(L|x0) is an isomorphism, because X
is normal. Moreover, the sheaf £|xo is invertible on the smooth G-variety X Y. so that one can
let a finite covering G’ of G act on L|xo, and thus on £, using the isomorphism . This enables
us to see that the set

A=X\{z e X, CLisinvertible in a neighborhood of x}

is a G-stable closed subset of X. Moreover, £ is trivial, so that A is contained in D, proving
that A is empty, or, otherwise stated, the sheaf £ is invertible : the divisor D is Cartier. Let
now s be the canonical global section of the sheaf £. The common zero locus of the translates
(¢'-8)g7ec is also a G-closed subset of D, and is therefore empty. We can thus find a finite number
of elements ¢!, ..., g), of G’ such that the global sections ¢}.s, ..., g.,.s generate L at every point.
Moreover, the open subsets X s are G-translates of U and are therefore affine. This completes
the proof.

O

1.3 Applications

In this section we give first some conditions on T for every toric variety under Tk to have a
k-form. Then we construct an example of a 3-dimensional torus T split by a degree 3 extension
K of k and a toric variety X under T" with Fx empty.

Theorem 1.25. Assume that dimg(T') = 2, or that the torus T is split by a quadratic extension.
Then, for every toric variety X under the action of Tk whose associated fan is I'-stable, the map
dx 1s bijective.

Proof. If dimy(T) = 2, then dimg Tk = 2, and Remark shows that the variety X is quasi-
projective. By Remark , the map Jx is bijective in that case. Assume now that the torus T’
is split by a quadratic extension K of k. Then the Galois group I' has two elements, and thus



for every cone C € ¥, the fan consisting of the cones (0(C))ser and their faces has only one or
two maximal cones. By Remark , this fan is automatically quasi-projective, so that Theorem

applies. [l
Remark 1.26. The tori T split by a fixed quadratic extension K of k are exactly the products of
the following three tori : G, R |i(Gim), R}(\k(Gm)- Here R ;(Gy,) is the Weil restriction of
the torus G, and Ry (Gr,) is the kernel of the norm map

Ngik : R je(Gm) = G,

We now provide an example of a split toric variety over K which admits no k-form. We
assume that the Galois extension K over k is cyclic of degree 3. Let o be a generator of I'. Fix
a basis (u,v,w) of the lattice N = Z3, and let o acts on N by the following matrix in the basis
(u,v,w)

0 -1 0
1 -1 0
0 0 1

One defines in this way an action of I' on N. Let T be the torus over k corresponding to this
action. This is a three-dimensional torus split by K.

Lemma 1.27. Let C = Cone(5u 4+ v — bw, —5u — 5v + 14w, 4u — v). Then CNo(C) = {0}.

Proof. One has 0(C) = Cone(—u + 4v — 5w, 5u + 14w, u + 5v). Let z € C N o(C). There exist
a,b,c,d,e, f > 0 such that

x = (5a — 5b+ 4c)u + (a — 5b — ¢)v + (—5a + 14b)w
=(=d+5e+ flu+ (4dd +5f)v + (—5d + 14e)w.

Consequently
5a4 —5b+4c = —d+5e+f
a—5—c = 4d+5f
—ba+14b = —bd+ 14e,

and then 14(second line)+5(third line) gives
—11la — 14¢ = 31d + 7T0e + 70 f.

The left hand-side is nonpositive, and the right hand-side is nonnegative, so that d = e = f = 0,
and then x = 0.

O
Definition 1.28. Let £ be the fan consisting of C,o(C),0?(C) and their faces.
Lemma 1.29. The fan £ is smooth.
Proof. Tt is enough to check that C is a smooth cone, and this holds :
5 =5 4
1 -5 —-1]|=1.
-5 14 0
O

Proposition 1.30. The fan £ is not quasi-projective.

Proof. Observe first that —w € C — ¢(C). Indeed, 45u — 25w = 5((5u + v — bw) + (du —v)) € C
and 45u+ 126w = 9(5u + 14w) € o(C), so that —151w = (45u — 25w) — (45u + 126w) € C —o(C),
and finally, —w € C — o(C). Applying o and o, one obtains

—we (C—a(C)N(a(C) — o2(C)) N (6%(C) — C).



Now suppose that the fan £ is quasi-projective, and use the notations of Definition . The
linear form l¢ — ¢y is strictly positive on (C —o(C)) \ {0}, and then : (I¢c —lyc))(—w) > 0. But
similarly, l,(c) — lo2(c) is strictly positive on ((C) — 02(C)) \ {0} (resp. (¢*(C) —C)\ {0}) and
thus (Ioc) — lo2(c))(—w) > 0 (resp. (lo2(¢) — lc)(—w) > 0). This gives a contradiction, proving
that the fan £ is not quasi-projective. O

In view of Theorem , one has the following :
Theorem 1.31. The toric variety Xe under Tk is smooth and does not admit any k-form.

In this example, T is of minimal dimension and I" of minimal order, in view of Theorem .

Remark 1.32. The variety X¢ gives an example of a toric variety containing three points which
do not lie on an open affine subset. In [W1093], it is shown that any two points in a toric variety
lie on a common affine subset.

Remark 1.33. Using techniques from , one can ”’compactify” the fan £ in a I'-equivariant
way, and thus produce an example of a smooth complete toric variety under the action of Tk
which has no k-form. We first produce a complete simplicial fan I'-stable fan & containing &.
For simplicity, we note

ry=—=-5u—5v+ 14w, sy =4u—wv, t;=>5u+v—>uw,

ro =0(r1), s2=o0(s1), to=o0(t1), r3= 02(T1), 53 = 02(51), t3 = 02(t1).

The fan & has maximal cones
Cone(rl,tg,sl), COIle(tg,Sl,tl), C: Cone(rl,sl,tl)

Cone(ry,72,t1), Cone(r1,re,r3), Cone(ty,ta,ts)

and their images under I'. Because the fan & is complete, it gives a triangulation of the unit
sphere in R3. By projecting this triangulation from the South Pole to the tangent plane of the
North Pole, one gets Figure . The maximal cone Cone(t1,t2,t3) of & is missing in this
picture because it is sent to infinity by the projection. In order to smoothen the fan & in a
I'-equivariant way, we use the method described in [] We first subdivide &y using the
vectors 71 = —bv + 28w, w, t = u — 4v — 10w and —w. We thus obtain a complete, simplicial
D-stable fan &} satisfying Property (x) defined in Proposition 2. of [CTHSO0F]. This fan & has

maximal cones

Cone(ry,r,t1), Cone(r,re,t1), Cone(ri,r,w), Cone(r,ro,w), C = Cone(ry,si,t1)

Cone(ry, s1,t3) Cone(ts, s1,t) Cone(t,t1,s1) Cone(ts,t,—w) Cone(t,t1,—w)

and their images under I We now can apply to &) the algorithm explained in the proof of
Proposition 3. of [[CTHS0H] because it satisfies Property (x). We thus get a complete, smooth
I'-stable fan containing &.

2 Spherical embeddings over an arbitrary field

Let k be a field, and k a fixed algebraic closure. Throughout this section, we denote by I' the
absolute Galois group of k. Let G be a connected reductive algebraic group over k. We note
jS =G Xk ];

Definition 2.1. A spherical homogeneous space under G over k is a pointed G-variety (X, o)
over k such that :

e The group G(k) acts transitively on Xo(k).
® Ip €< Xo(/{?)
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Figure 1: The fans £ (grey) and &.

o There exists a Borel subgroup B of G such that the orbit of xo under B(k) is open in

Xo (k).
We say that X is split over k if there exists a split Borel subgroup B of G such that Bxg is open
in X - In this case, the group G itself is split.

Remark 2.2. For simplicity, we will often denote by Xy a spherical homogeneous space, omitting
the base point.

Definition 2.3. Let X, be a spherical homogeneous space under G. An embedding of Xg is a
pointed normal G-variety (X, x) together with a G-equivariant immersion i : Xo — X preserving
base points. A morphism between two embeddings is defined to be a G-equivariant morphism
defined over k preserving base points.

Remark 2.4. For simplicity again, when speaking about an embedding of X, we will often omit
the base point and the immersion.

Remark 2.5. If there exists a morphism between two embeddings, then it is unique.

In this section, we classify the embeddings of a fixed spherical homogeneous space Xy under G
up to isomorphism. We first recall in Section the Luna-Vust classification theory of spherical
embeddings, assuming that the field k is algebraically closed. Fundamental objects named colored
fans are the cornerstone of that theory. In Section E we let the Galois group I' act on these
colored fans, and prove in Section @ that the embeddings of X are classified by I'-stable colored
fans satisfying an additional condition. In Section @ we provide several situations where this
condition is fulfilled (including the split case), and an example where it is not.

2.1 Recollections on spherical embeddings

We assume that k is algebraically closed. Fix a spherical homogeneous space Xy under G, and a
Borel subgroup B such that Bxg is open in Xy. We now list some facts about Xy and give the
full classification of its embeddings (see for proofs and more details). We will introduce
along the way notations that will be systematically used later on.

NOTATION 2.6. We will denote by :
e I = k(Xy) the function field of Xy. The group G acts on K.



V the set of k-valuations on K with values in Q. The group G acts on V. We will denote
by V& the set of G-invariant valuations, and by VB the set of B-invariant valuations.

Q) the orbit of xg under the action of B. This is an affine variety:.
e D the set of prime divisors in X \ 2. These are finitely many B-stable divisors.

e X the set of weights of B-eigenfunctions in KC. This is a sublattice of the character lattice
of B. The rank of X is called the rank of Xy and denoted by rk(Xj).

e V =Homy(X,Q). This is a Q-vector space of dimension rk(Xy).

pthemapV =V, v (x— v(fy)), fx € K being a B-eigenfunction of weight x (such
an f, Is uniquely determined up to a scalar). The restriction of p to V& is injective, and
the image p(V®) is a finitely generated cone in V whose interior is nonempty.

The Luna-Vust theory of spherical embeddings gives a full classification of embeddings of Xg
in terms of combinatorial data living in the ones we have just defined.

Definition 2.7. A colored cone inside V' with colors in D is a couple (C,F) with F C D, and
satisfying :

e C is a cone generated by p(F) and finitely many elements in p(VY).

e The relative interior of C in V meets p(VE).

e The cone C is strictly conver and 0 ¢ p(F).

A colored cone (C',F') is called a face of (C,F) if C' is a face of C and F' = Fnp=1(C"). A
colored fan is a finite set £ of colored cones satisfying :

e (0,0)e€.
e FEvery face of (C,F) € £ belongs to £.

e There exists at most one colored cone (C, F) € € containing a given v € p(V) in its relative
wnterior.

Let us now recall how a colored fan can be associated to an embedding X of Xy. The open
subset  being affine, its complement X \ € is pure of codimension one, and thus a union of
B-stable prime divisors. Let w be a G-orbit on X. We denote by D, the set of prime divisors
D C X\ Q with w C D, and by F,, the subset of D € D with w C D. The elements of F,, are
called the colors associated to the orbit w. Let C,, be the cone in V generated by the elements

plvp), D €D,

where vp is the normalized valuation of K associated to the divisor D. We are now able to state
the main theorem of this section :

Theorem 2.8. By mapping X to
{(Cu, Fu)y w C X is a G-orbit}

one gets a bijection between embeddings of Xo and colored fans in V', with colors in the set D. We
will denote by Ex the colored fan associated to the embedding X of Xo, and by X¢ the embedding
of Xo associated to the colored fan E.

Remark 2.9. We will say that the embedding X has no colors if, for every orbit w of G on X, the
set JF,, is empty.

We are not going to explain how an embedding of Xy can be construct out of a colored fan.
The curious reader can find the recipe in [Kno97).

In the rest of the section, we list some properties of spherical embeddings that will be used

later. Firstly, as in the toric case, one is able to say whether an embedding of X is quasi-projective
by using the associated colored fan (see [Bri8d)).
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Proposition 2.10. Let £ be a colored fan. The embedding X¢ is quasi-projective if and only if
there exists a collection (lc,7)(c,F)ee of linear forms on 'V satisfying :

o V(C,F)e&, VY, F)e& ler=le F overCnC'.
e V(C,F)c&, VaxecInt(C)np(VY9), V(C,F)e&\{CF)}, ler(x)>le 7 ().
In this situation, we say that the fan & is quasi-projective.

We now give some results of local nature on spherical embeddings. Knowing the local structure
of toric varieties (as explained in Section m) was a crucial point in order to prove Theorem .
A toric variety X under T is covered by open affine T-stable subset. This fact is not true on a
spherical embedding X of X, but we still have a nice atlas of affine charts at our disposal. If w
is a G-orbit on X, we denote by

Xoa={yeX, wcC Gy}.

This is a G-stable open subset of X containing w as its unique closed orbit. It is quasi-projective
by a result of Sumihiro [Fum74]. We define

Xon=Xuc\ U D.
DeD\F,,

This is a B-stable affine open subset of X. Moreover, the G-translates of X, p cover X,, g. One
has
k[Xo5] ={f €klQ], YDeD, wp(f)=0}.

Let
P:= (] Stab(D).

DeD\F,,

This is a parabolic subgroup of G containing B, and the open subset X, p is P-stable. The
following theorem describes the action of P in X,, 5. See [BLV8{)] for a proof.

Theorem 2.11. There exists a Levi subgroup L of P and a closed L-stable subvariety S of X, B
containing xo, such that the natural map

R,(P)xS— X, B, (g,2)— gz
is a P-equivariant isomorphism.
Finally, let us introduce the class of horospherical homogeneous spaces :

Definition 2.12. A homogeneous space Xq is said to be horospherical if the isotropy group of xg
contains a maximal unipotent subgroup of G.

Any horospherical homogeneous space is spherical. Moreover, thanks to the following propo-
sition, we are able to recognize horospherical homogeneous spaces among spherical ones in a very

simple way (see [Kno9T]).

Proposition 2.13. A spherical homogeneous space X is horospherical if and only if p(V&) = V.

2.2 Galois actions

We return to an arbitrary field k with algebraic closure k. Recall that I' is the absolute Galois
group of k, and G is a connected reductive algebraic group over k. Fix a spherical homogeneous
space X under the action of G, and a Borel subgroup B of G} such that Bz is open in Xo(k).
In the previous section, we introduced some data attached to X; ;. In this section, we let the

group I' act on these data.
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2.2.1 Action on K

The group I' acts on K by the following formula

VoeT, VfeK, VreXok), olf)(z)=oc(flc™(x))).
Proposition 2.14. One has
Vo e, VYgeG(k), Vfek, oalgf)=oa(g)a(f).

Proof. Straightforward computation. O

2.2.2 Action on VB

If o € T, then the group o(B) is a Borel subgroup of G, so that (see ] Chap.IV, Theorem
11.1) there exists g, € G(k) satisfying

o(B) = gUngl.

Moreover, g, is unique up to right multiplication by an element of B. We let the group I' act on
V by
Voel, WweV, Vfek, oW)(f)=v(o""(91)).

Proposition 2.15. We define in this way an action of T' on VB which does not depend on the
particular choice of the (gy)oer-

Proof. Fix v € VB, s €T'and f € K. Let b € B, and b’ € B such that : g,b~! = o(b')g,. Then
one has

(b (W)(f) = v(e™ gob™' 1)) = v(t'o™ (g0 f)) = o (v)(f)

because v € VB. Thus we have proved that for all 0 € ' and v € VB, o(v) € VB. Now let us
check that one defines an action of I" on V. For this we will need the following lemma :

Lemma 2.16.
V(o,7) € I, Jbo,r € B with 0(gr)9o = Gorbo r-

Proof. Express o(7(B)) in two different ways. O
Fix (o,7) €%, v € VB and f € K. Then

(em))(f) = v(r7 (07 (g0 1)) = v(77 (0™ (0(9r)90b5 7)) = v(T7 (907 (gob5 7))
This shows that
(07)(¥) = bo,7(0(7(¥))) = (7(¥))
because o (7(r)) € VB. The fact that this action does not depend on the choice of the g, readily
follows from the fact that we are working with B-invariant valuations.
O
2.2.3 Action on X

Let us denote by X'(B) the character lattice of the group B. For o € T and x € X (B) we define

o(X): B= G, b o(x(g;lio7 (b)go—)).

As in the proof of Proposition , one checks that this defines an action of T' on X (B) which
does not depend on the choice of the (gs),er. The following proposition shows that this action
restricts to an action on & :

Proposition 2.17. Let x € X and f, € K a B-eigenfunction of weight x. Fix o € I'. Then
o(gs—1f) is a B-eigenfunction of weight o(x).

Proof. Straightforward computation. O
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2.2.4 ActiononV

Being dual to X, the vector space V' = Homy (X, Q) inherits a linear action of " defined by

VoeV, Voel, VxeX, o(p)(x)=el "' (x)-

Proposition 2.18. The map
p: VB v

is I'-equivariant.

Proof. Let v € VP, o0 € T and xy € X. Denote by f, € K a B-eigenfunction of weight y. By
Proposition .17, 0~ 1(g, f) is a B-eigenfunction of weight o=(x). Then

p(e@))(x) = o(W)(fx) = V(e (g0.f) = p(V)(e ™ (X)),

completing the proof.

2.2.5 Action on D
Let o € I'. Observe that g, 'o(€2) is an open B-orbit in X ;. Thus g;'o(Q) = Q, and the map

D—D, Dwo-D=g;'o(D)

is a bijection. The elements of D being B-invariant divisors, this map does not depend on the
choice of g,. As in the proof of Proposition , one checks that this defines an action of I' on
D. Moreover, one has the following :

Proposition 2.19. The natural map
D—-VE Deup
s T'-equivariant.

Proof. Indeed, if a valuation v on K has a center ¥ on X, ; and if ¢ is an automorphism of X, z,
then the valuation

p): K—=Q, [ (f)
is centered on p(Y). O

2.3 k-forms of embeddings

We assume in this section that k is a perfect field. We keep the notations from Section @ If
X is an embedding of X, ;, we call a k-form of X an embedding of X isomorphic to X after
extending scalars to k. We obtain in this section a criterion for an embedding X of Xo 5 to admit
a k-form, in terms of its associated colored fan.

Proposition 2.20. If a k-form of X exists, then it is unique up to isomorphism.
Proof. Take Y and Z two k-forms of X. There exists an isomorphism of embeddings
f : YE — ch

because they are both isomorphic to X. But a morphism between two embeddings, if exists, is
unique. This shows that f is unchanged under twisting by I'. In other words, f is defined over
k. O

The following proposition gives a characterization of embeddings of X,  admitting a k-form :
Proposition 2.21. The embedding X admits a k-form if and only if it satisfies the following two

conditions :
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(i) The semi-linear action of I' on X,y extends to X.
(i) X is covered by I'-stable affine open sets.

Remark 2.22. Condition (i¢) is automatically satisfied if X is quasi-projective or covered by I'-
stable quasi-projective subsets. By a result of Sumihiro ([]), this is the case if there is only
one closed orbit of G on X, or, in other words, if the embedding is simple.

Proof. These two conditions are satisfied exactly when X admits a k-form as a variety. Because
the semi-linear action of I on X, j is G -semi-linear in the sense that

Voel, VgeG(k), VzeXok), olgz)=oa(g)o(x),
the k-form is naturally an embedding of Xj. |

Condition () in this proposition can be made very explicit in terms of the colored fan associ-
ated to X.

Theorem 2.23. The Gy -semi-linear action of I' on X, i, extends to X if and only if the colored
fan of X is I'-stable. In that case, for every Gg-orbit w on X and every o € I' one has

0(Cy) = Cowy and o(Fu) = Fo(w)-

Remark 2.24. We say that a colored fan £ is I'-stable if for every colored cone (C, F) € &, the
colored cone (o(C), o(F)) still belongs to &.

Proof. Assume (¢) and let w be a Gz-orbit on X. Fix o € I'. Observe that o(w) is also a Gg-orbit
on X. By mapping a divisor D to o - D, one gets bijections

D, — Da(w) and F, — ]:a(w)-

Thus,
(O’(Cw),O'(.Fw)) = (Co(w)vfo(w))

because the map p is I'-equivariant (Proposition )
Assume now that the colored fan of X is I'-stable. Let w be a G-orbit on X. Fix o € I', and
denote by w’ the Gj-orbit on X satisfying

(0(Cw)s 0(Fu)) = (Cury Fur)-

Lemma 2.25. The automorphism o of VP sends the set {vp,D € D,} onto the set {vp,D €
D}

Proof. Let D € D,,. If D is not Gg-stable, then D € F,. In this case o - D € F,, and thus
Proposition shows that
O'(VD) S {VD/, D e Dw/}.

Assume now that D is Gg-stable. We know from Lemma 2.4 [Kno91] that Q* p(vp) is an extremal
ray of C, which contains no element of p(F,). The map p being equivariant, this proves that
Q*p(a(vp)) is an extremal ray of C,s which contains no element of p(F,). Using Lemma 2.4
[Kno91] again and the injectivity of p on V¥, we get that o(vp) = vp, for some Gj-stable divisor
D’ in D,. So far we have proved that o sends the set {vp, D € D, } into the set {vp, D € D, }.
Using this result for o=! and w’ instead of w, one obtains the lemma. |

Using the description of k[X,, 5] and k[X, p] given in Section P.1] and the previous lemma,
we get that the morphism
Q—=Q, xw g lo(x)

extends to a morphism
Xw,B — Xw’,B~

Let U be the largest open subset of X on which this morphism extends. The action of I" on X, 1
being G';-semi-linear, U is Gg-stable. But X is covered by the G-translates of X, g, w being a
Gi-orbit on X. We conclude that U = X, completing the proof of the theorem. O
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Assuming that the condition (¢) of Proposition holds, we now make (i%) explicit.

Theorem 2.26. Let X be an embedding of X, j, with I'-stable colored fan Ex. Then X admits a
k-form if and only if for every colored cone (C,F) € Ex, the colored fan consisting of the cones
(0(C),0(F))ser and their faces is quasi-projective.

Proof. The condition given in the proposition is equivalent to the following : for every Gg-orbit
w on X, the open subset
U Yot

ocel

is quasi-projective. This set being I'-stable, if this condition is fulfilled then X admits a k-form
(see Remark ) To prove the converse statement, one can clearly replace X by

U Xo'(w),G,;a

el

and thus suppose that maximal cones in £x form a single orbit under the action of I'. But
maximal cones correspond to closed orbits, so using Theorem , one deduces that closed orbits
are permuted by I'. Because X admits a k-form, there exists an affine open subset U of X meeting
every closed Gg-orbit on X. We conclude by Proposition . O

2.4 Applications
2.4.1 Some situations where (i) = (i7)

We keep notations from Section E, and denote by X an embedding of X, . In Proposition
we introduced two conditions called (i) and (i) on X which were reformulated in terms of the
colored fan £x in Theorems and P.24. In this section, we prove that (i) = (ii) under some
additional assumptions on G, Xy or X..

Proposition 2.27. In each of the following situations, one has (i) = (i) :
1. Xo is split.
2. Xo is of rank 1.
3. Xo is horospherical and of rank 2.
4. X is horospherical, and G is split by a quadratic extension K of k.
5. X has no colors, and Xq is of rank 2.
6. X has no colors, and G is split by a quadratic extension K of k.

Proof. We suppose that condition (%) is satified, and prove that (éi) holds. Let us first consider
situation 1. We fix a split Borel subgroup B of G' with Bz open in X ;. One can choose g, =1
for every o € I'. Looking at the very definition of the action of I' on X and using the fact that B
is split, one deduces that I' acts trivially on X. Let w be a Gg-orbit on X. For every ¢ € I" one
has

(U(Cw)’a(fw)) = (Cwa]:w)-

But the colored fan consisting of (C,,F,,) and its faces is quasi-projective, so condition (i) is
satisfied.

We now turn to situation 2. One can check using Proposition and the fact that V is of
dimension 1 that X is automatically quasi-projective. Condition (i¢) is thus fulfilled.

In the remaining situations, observe that for every closed orbit w of G on X the cone C,
is contained in p(V%) (this is obvious if X has no colors; if Xy is horospherical use Proposition
)7 so that the collection of cones

{Cyw, w is an orbit of Gj on X}
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is a fan. Moreover, this fan is quasi-projective if and only if the colored fan Ex is.
Every 2-dimensional fan is quasi-projective, so condition (i7) is satisfied in situations 3 and 5.
If G is split by a quadratic extension K of k, then the Galois group I' acts through a quotient
of order 2 on V, and thus for every orbit w of G on X, the fan consisting of the cones (¢(Cy))oer
and their faces has only one or two maximal cones. By Remark , this fan is automatically
quasi-projective. We thus see that condition (i¢) is also satisfied in situations 4 and 6.
O

Remark 2.28. Situations 1,2,3 and 4 don’t depend on X. This means that in these situations,
the embeddings of X are classified by I'-stable colored fans. In the split case, the colored fan £x
is I'-stable if and only if for every Gz-orbit w on X, the set of colors F,, is I'-stable.

2.4.2 A spherical embedding with no k-form

In this section k = R. Thus k = C and I' = Z/2Z. We let ¢ be the non trivial element of T'. We
construct here a connected reductive group G over R, a spherical homogeneous space X of rank
2 under the action of G and an embedding X of X ¢ whose colored fan is I'-stable, but which
admits no R-form.

2.4.3 The group G

We denote by E a 3-dimensional C-vector space with an R-structure Eg. Let € be a bilinear form
on FE defined over R and of signature (1,2). We denote by ¢ its associated quadratic form. If g
is an element of GL(E), we denote by ¢g* the inverse of its adjoint. We consider the semi-linear
action of " on SL(E) given by

Vg € SL(E), o(9)=7"

Here the conjugation is relative to the R-form SL(Egr) of SL(E). One checks that T' acts by
automorphisms of the group SL(FE), so that this action corresponds to a R-form G of SL(E),
which is isomorphic to SU(2,1). Fix an isotropic line [ in F defined over R, and denote by B the
stabilizer of the complete flag

lcit

in E. Then B is a I'-stable Borel subgroup of SL(E). Thus G is quasi-split, and we can choose
go = 1 in what follows. The character lattice of B is given by

X(B) = (Zx1 ® Zx2 ® Zx3)/Z(x1 + x2 + X3):

where the group B acts through the character x; on [, x2 on I+ /l and x3 on E/I+.
We denote by V' the dual Homg (X' (B), Q). We thus have

V = {rips +rope +raps,  (r1,72,73) € Q% and i 471y 73 =0}
where Zuy & Zus & Zus is the dual lattice of Zyx1 @ Zxo B Zxs.
2.4.4 The homogeneous space X,
Consider the following affine variety over C :
Y ={(p,P), peE, P CEFE ofdimension2, p¢P}

The group SL(E) acts naturally and transitively on Y. Fix a point po € Er \ {I} with q(po) = 1.
We note Py = pé‘ and g = (p07770)-

Remark 2.29. The stabilizer of zo in SL(E) is

{9 € G(C), g(po) = po and g(Po) = Po},

and is therefore isomorphic to SLs. The homogeneous space Y is thus isomorphic to SLs/SLo.
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We let the group I' act semi-linearly on Y by
a(p,P) = (0, 7")

—1
where p’ € P satisfies (p,p’) = 1. We call X the R-form of this variety corresponding to this
semi-linear action. There is no problem to perform the quotient because Y is an affine variety.
Observe that zo € Xo(R).

Proposition 2.30. The homogeneous space X is spherical. More precisely, Bxg is open in
Xo(C).

Proof. As one can check, the subset
Q:={(p,P) € Xo(C), p¢ltandl g P}

of Xo(C) is an orbit of B, and is open in X(C). Moreover zg € Q. O

2.4.5 Data attached to X,
We define
Dy :={(p,P) € Xo(C), pel'}and Dy :={(p,P) € Xo(C), <P}
These are two B-stable divisors on X,(C) and :
Proposition 2.31. The set D equals {D1, D2}, and o exchanges Dy and Ds.

Proof. This is a direct consequence of the description of €2 given in the proof of Proposition
and of the definition of the action of I' on D. O

Before we continue, we need to specify a particular basis of ERg.

NOTATION 2.32. We denote by ey the unique vector in [ satisfying £(e1,po) = 1, by e the unique
vector in I+ NPy with q(e2) = 1 and by e3 the vector py — e1. The vectors ey, ez, e3 give a basis
of E defined on R and we denote by e], €5, e5 the dual basis.

With these notations, we have
zo = (e1 + e3, (e2,e3)) and I+ = (eq, e5).
We define the following two functions on Xo(C)

op(e1)

fi:(p,P) — e5(p) and fo: (p, P) — )

where pp is an equation of the 2-plane P. They are respectively the equations of D; and Do,
and B-eigenfunctions of weight —y3 and y;. We are now able to prove :

Proposition 2.33. The lattice X is X(B) itself. We have
p(vp,) = p2 — piz,  p(Vp,) = p1 — po.
The automorphism o of V is the reflection exchanging us — ps and py — pe.
Proof. The first point follows from the fact that —y3 and x3 generate X'(B). Moreover,
p(vp,)(=x3) = vp, (f1) =1 and p(vp,)(x1) = vp,(f2) =0,

proving that p(vp,) = pa — u3. We compute p(vp,) in the same way. For the remaining point,
recall that the automorphism o of D exchanges D; and Ds, and the map p is equivariant. O
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Proposition 2.34. We have
p(VG) = {rl,ul + rope +1r3us €V, rg > 7"1}-

Proof. Denote by 7 the permutation (1,2,3) and also by 7 € SL(F) the automorphism sending
e; to e;(;). Then one checks that

T(f1)f2 + T2 (f1)72 (f2) + frr(f2) = 1
in the field K. This proves that if v € V is G-invariant, then
<P(V>aX1 - X3> < 0.

So far we have proved ” C 7. For the reverse inclusion, we use the following fact (see [Kno91]) :
the dimension of the linear part of the cone p(V%) is equal to the codimension of Stab(z) in its
normalizer. Using Remark one sees that this normalizer is given by

{9 € G(C), g(po) € (po) and g(Po) = Po}-

Thus the linear part of p(V¥) is of dimension 1, completing the proof of the proposition. O

p(VDz) p(VDl)

Figure 2: The combinatorial data attached to X

2.4.6 The embedding X

We denote by C the cone in V spanned by us — p3 and pup — 22 + ps. Let € be the colored fan in
V with colors in D whose maximal cones are (C,{D1}) and (¢(C),{D2}). The fan £ is I'-stable.
It is depicted in Figure 3.

p(vp,)

p(VY)

Figure 3: The colored fan £.
Theorem 2.35. The embedding X = X¢ of Xoc admits no R-form. Moreover, X is smooth.
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Proof. The colored fan £ has two maximal cones that are permuted by I'. Moreover, these
maximal cones meet, so the colored fan £ cannot be quasi-projective. By Theorem this
proves the first point. Let us denote by w the closed orbit of G(C) on X corresponding to the
colored cone (C,{D;}). Translating the open subset X, g by elements of I' and G(C) one covers
X, so in order to prove the second point, one only has to see that X, g is smooth. Denote by P
the stabilizer of D5, or, in other words, the stabilizer of [ in £. By Theorem , there exists
a Levi subgroup L of P and a closed L-stable subvariety S of X,, p containing ¢ and such that

the natural map
R,(P)xS— X, 5B

is a P-equivariant isomorphism. By the following lemma, S is isomorphic to C3, and thus smooth.
Let f3 be the following function on Xo(C) :

f3:(p,P) = e5(p).

Lemma 2.36. The functions fa, f1f2 and fs3fa are algebraically independent in C[S], and

CIS] = Clf2, fifa, f3f2]
Proof. Observe that :
C[S] = C[X,, 5]

so that the algebra C[S] is the sub-L-module of C[Lx] generated by the B N L-eigenfunctions in
C(Lxg) of weight x satisfying

(2 — p3,x) 20, (p1 —2pu2 + ps3, x) = 0.

In other words, x belongs to the monoid generated by x1 and y; — x3. The functions fo and f; fo
are B N L-eigenfunctions of respective weights x1 and x1 — x3. Moreover, the L-module C[Lz]
is multiplicity-free, because the homogeneous space Lz is spherical. One deduces that

ClSl= € (L

(m,n)eN?
Using the fact that fo is a L-eigenfunction, the following lemma enables us to conclude.

Lemma 2.37. Let n € N. A basis of the linear span of L-translates of f}* in C[Lxg] is given by

—1 —1
f{lv {l f37"'7f1f3n afgl

Proof. We first prove the case n = 1. Observe that I~ C V* is generated by e} and e3. Then one
easily checks that e}, e} is a basis of (Lej). Moreover, if there exist A1, A3 € C? such that

Mfi+Asf3 =0

in C[S], then the same is true in C[X,, g]. The linear forms e} and e} are thus linearly dependent
in V*, which is a contradiction. Thus f; and f3 are linearly independent in C[S], completing the
proof in the case n = 1. The same argument proves that f7*, fi' ' fs, ..., flfz?*l, f3 are linearly
independent in C[S]. By the case n = 1, they also generate (L f{"). O

Remark 2.38. The embedding X gives an example of a spherical variety containing two points
which do not lie on a common affine open subset. Indeed, there are two closed orbits of G on X.
If the point y belongs to the first orbit and z to the second, then y and z cannot lie on a common
affine open subset, because of Proposition . Moreover, in view of Theorem , this example
has minimal rank.

Remark 2.39. With a little more work, one can compactify the previous example, and thus obtains
a complete smooth embedding X of Xy with I'-stable fan, and with no R-form.
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