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TORIC GEOMETRY AND THE SEMPLE-NASH MODIFICATION

PEDRO D. GONZÁLEZ PÉREZ AND BERNARD TEISSIER

To Heisuke Hironaka on the occasion of his 80th birthday

Abstract. This paper proposes some material towards a theory of general toric varieties
without the assumption of normality. Their combinatorial description involves a fan to which
is attached a set of semigroups subjected to gluing-up conditions. In particular it contains
a combinatorial construction of the blowing up of a sheaf of monomial ideals on a toric
variety. In the second part this is used to show that iterating the Semple-Nash modification
or its characteristic-free avatar provides a local uniformization of any monomial valuation of
maximal rank dominating a point of a toric variety.

Introduction

In the first part of this paper we study abstract toric varieties without the assumption of
normality. Since Sumihiro’s Theorem on the existence of a covering of a toric variety by invariant
affine varieties fails without the assumption of normality, we have to set the existence of such
a covering as part of the definition of a toric variety. Then an abstract toric variety has a
combinatorial description: it corresponds to certain semigroups in the convex duals of the cones
of a fan, which satisfy a natural gluing-up condition. This generalizes the definition of [12]
which concerns toric varieties equivariantly embedded in projective space. In spirit it is also a
continuation of our previous work [13] on embedded normalization and embedded toric resolution
of singularities of affine toric varieties. We can then define blowing-ups of sheaves of monomial
ideals as toric varieties, and describe the corresponding operations on semigroups. We also
provide the combinatorial description of torus-invariant Cartier divisors on a toric variety and
the general versions of the classical criteria for ampleness and very-ampleness.

In the second part of the paper we use the description of blowing-ups given in the first part
to show that one can obtain a local uniformization of a monomial valuation of maximal rank
dominating a toric variety, by a finite number of iterations of the blowing-up of the logarithmic
jacobian ideal introduced in [14]. If the field is of characteristic zero, this blowing-up is isomor-
phic to the Semple-Nash modification. Recall that this is a canonical modification of a reduced
equidimensional space which replaces each point by the set of limit positions of tangent spaces
at nearby non-singular points. See the second part for details.

Our result is related in the special case of toric varieties to an interesting question apparently
first asked by Semple in [27], that is, if the iteration of the Semple-Nash modification eventually
resolves the singularities of an algebraic variety defined over a field of characteristic zero. One can
present the relation of this conjectural resolution process with classical resolution of singularities
as follows: two types of proper birational correspondences naturally associate a singular variety
to a non-singular one: proper birational projections of an embedded non-singular algebraic
variety to a smaller dimensional ambient space, and the taking of the envelope of a family
of linear subspaces (of an affine or projective space) whose parameter space is a non singular
algebraic variety. For example, a family of lines in the real plane parametrized by a circle,
such as the Simson-Wallace lines of a triangle, parametrized by its circumscribed circle, have an
envelope with singularities, generically with an odd number of cusps (see [35]). In the Simson-
Wallace lines case, it is a quartic with three cusps (see [30]). The natural map from the circle
to the envelope is a homeomorphism and a local isomorphism outside of the cusps. Another
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example is given by the discriminant hypersurface of a versal deformation of an isolated complex
hypersurface singularity: it is the envelope of a family of complex hyperplanes parametrized by
the critical locus, which is non-singular and is the normalization of the discriminant (see [33])
and therefore a resolution of singularities.

Hironaka’s resolution shows that in characteristic zero all singularities may be created by the
first process, and Semple-Nash resolution in general would show that at least all singularities of
projective varieties in characteristic zero may be created by iterating a natural generalization of
the second process, if we allow singular spaces as parameter spaces. Moreover it would produce
a canonical process for local uniformization of valuations in characteristic zero, as our results
here do for maximal rank monomial valuations on toric varieties in a characteristic-free manner.

Acknowledgements. We are grateful to Monique Lejeune-Jalabert for introducing us to the
reference [27], to Ezra Miller for bringing to our attention the work of H.M. Thompson, to
Michael Thaddeus for detecting errors in previous versions of this work.
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2. In particular it contains a version of our Lemma 12.1. We thank the referee for his careful
work and helpful suggestions.
We also thank Patrice Philippon for his help, David Cox for his remarks and the Institut
Mathématique de Jussieu and the Dpto. Álgebra, Universidad Complutense de Madrid for their
hospitality.

Part I: Toric varieties

The purpose of this part is to develop the combinatorial theory of toric varieties without the

assumption of normality. We refer to [6], [11], [21], [25], and [26] for background on normal toric

varieties, and to the books of Oda-Miyake ([25]), Gel′fand, Kapranov, and Zelevinsky ([12]) and

Sturmfels ([31]) for certain classes of non necessarily normal toric varieties. We also point to

previous work by H.M. Thompson towards the development of a general theory of toric varieties,

see [36], [37] and, from the perspective of Log Schemes, [38]. This part is also connected with

the more general theory of monoid schemes recently developped by Cortiñas et al. in [4]. We

recommend [9] as a particularly accessible introduction to (normal) toric varieties, and also the

recent book [5] of D. Cox, J. Little and H. Schenk on the subject.

1. Semigroups and semigroup algebras

The theory of affine toric varieties over a field k is the geometric version of the theory
of semigroup algebras over k. For part of the theory, one can omit the assumption that
the semigroup is finitely generated, and replace the field k by a commutative ring.

Definition 1.1. A (commutative) semigroup Γ is a set equipped with an operation
+: Γ×Γ→ Γ such that ǫ1 + ǫ2 = ǫ2 + ǫ1, which satisfies the associativity property and
is cancellative (ǫ1+ǫ2 = ǫ1+ǫ3 implies ǫ2 = ǫ3). We shall assume that Γ contains a zero
element 0 such that ǫ+0 = ǫ. We denote by ZΓ the group generated by Γ (defined in a
similar way as the field of fractions of an integral domain). To say that Γ is cancellative
means that the natural map of semigroups Γ→ ZΓ is injective. We say that Γ is torsion
free if the abelian group ZΓ is, which means that the only solution in N of an equation
mγ = mγ′ with γ, γ′ ∈ Γ, γ 6= γ′, is m = 0. Since Γ is cancellative, it implies that the
only solution in Γ of an equation mγ = nγ with m,n ∈ N, m 6= n, is γ = 0.
A system of generators of a semigroup is a subset (γi) of Γ such that each element of
Γ is a (finite) linear combination of the γi with non negative integral coefficients. The
elements of ZΓ are finite linear combinations of the γi with integral coefficients. If the
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semigroup Γ is cancellative, torsion free and finitely generated, the group ZΓ is a lattice
so that Γ is isomorphic to a finitely generated subsemigroup of a lattice Zd.

Examples of semigroups:
• Given finitely many coprime integers the set of all combinations of these integers with
non negative integral coefficients is a subsemigroup Γ of the semigroup N of integers,
and N \ Γ is finite. In fact any semigroup of integers is finitely generated.
• Let (si)i≥1 be a sequence of integers such that si ≥ 2 for i ≥ 2. Define a sequence of
rational numbers γi inductively by:

γ1 =
1

s1
, γi+1 = siγi +

1

s1 . . . si+1
.

The set of integral linear combinations of the γi is a subsemigroup of Q≥0, which is not
finitely generated. In fact the γi form a minimal set of generators.
• Let d be an integer and let σ̌ (the reason for the dual notation will appear below) be
a convex cone of dimension d in Řd. Denote by M the integral lattice of Řd. Then the
intersection σ̌ ∩M is a subsemigroup of the group M , which generates M as a group.
By a Theorem of Gordan, if the convex cone σ̌ is rational in the sense that it is the inter-
section of finitely many half spaces determined by hyperplanes with integral coefficients,
then the semigroup σ̌ ∩M is finitely generated.

Definition 1.2. If ∆ is a subsemigroup of Λ the saturation of ∆ in Λ is the semigroup
Θ consisting of those elements of Λ which have a multiple in ∆. The semigroup ∆ is
saturated in Λ if ∆ = Θ.

Lemma 1.3. Let τ̌ be a rational convex cone in Řd for the lattice M . The semigroup
τ̌ ∩M is saturated in M and the saturation of a subsemigroup Γ of M is σ̌ ∩M where
σ̌ = R≥0Γ is the closed convex cone generated by Γ.

Proof. The first statement is clear. If R≥0Γ = σ̌, any element of σ̌ ∩M is a combi-
nation with rational coefficients of elements of Γ. Chasing denominators shows that an
integral multiple of this element is in Γ. The converse is clear. �

Definition 1.4. Let Γ be a finitely generated commutative semigroup and A a commu-
tative ring. The semigroup algebra A[tΓ] of Γ with coefficients in A is the ring consisting
of finite sums

∑

γ aγt
γ with aγ ∈ A, endowed with the multiplication law

(
∑

γ

aγt
γ)(

∑

δ

bδt
δ) =

∑

ζ

(
∑

γ+δ=ζ

aγbδ)t
ζ .

Proposition 1.5. If Γ is a finitely generated subsemigroup of the lattice M ⊂ Rd such
that ZΓ = M and σ̌ = R≥0Γ is the rational convex cone generated by Γ, the integral
closure of k[tΓ] in its field of fractions is k[tσ̌∩M ].

This follows directly from Lemma 1.3.

Remark 1.6. Quite generally, if k is a field the Krull dimension of k[tΓ] is equal to the
rational rank of the semigroup Γ, which is the integer dimQΓ⊗ZQ (see [34], Proposition
3.1).

Remark 1.7. If Γ is a semigroup the ideal of A[tΓ] generated by the (tγ)γ∈Γ\{0} is non
trivial if and only if the cone R≥0Γ is strictly convex. If k is a field, it is then a maximal
ideal. We shall mostly be interested in the local study of the spectrum of semigroup
algebras in the vicinity of the origin of coordinates, which corresponds precisely to that
ideal.
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The semigroup algebra has the following universal property: any semigroup map from
Γ to the multiplicative semigroup of an A-algebra B extends uniquely to an homomor-
phism A[tΓ]→ B of A-algebras.

An additive map of semigroups φ : Γ → Γ′ induces a graded map of A-algebras
A[φ] : A[tΓ] → A[tΓ

′

] which is injective (resp. surjective) if φ is. If the semigroup Γ

is torsion-free, the semigroup algebra A[tΓ] injects into A[tZ
d
] = A[t±1

1 , . . . , t±1
d ] and

therefore is an integral domain if A is.

Proposition 1.8. Let Γ,Γ′ be two semigroups. The map of A-algebras

A[tΓ×Γ′

]→ A[uΓ]⊗A A[v
Γ′

]; t(γ,γ
′) 7→ uγ ⊗A v

γ′

is an isomorphism.

Proof. This follows immediately from the universal property. �

2. Algebraic tori

Let k be a field. The multiplicative group k∗ of non-zero elements of k is equipped
with the structure of algebraic group over k, usually denoted by Gm := Speck[t±1]. A
d-dimensional algebraic torus over k is an algebraic group isomorphic to a (k∗)d.

If M is a rank d lattice then TM := Speck[tM ] is an algebraic torus over k. If we fix
a basis m1, . . . ,md of the lattice M we get a group isomorphism

Zd →M, a = (a1, . . . , ad) 7→
∑

i=1,...d

aimi

and isomorphism of k-algebras k[t±1
1 , . . . , t±1

d ] → k[tM ] which induces an isomorphism

TM (k)→ (k∗)d.

Remark 2.1. More generally one can consider the scheme SpecA[tM ], which is an alge-
braic torus over SpecA for any commutative ring A.

A character of the torus T (k) is a group homomorphism T (k) → k∗. The set of
characters Hom alg.groups(T

M , k∗) of TM (k) is a multiplicative group isomorphic to the
lattice M by the homomorphism given by m 7→ tm for m ∈ M . We identify the
monomials tm of the semigroup algebra k[tM ] with the characters of the torus.

By the universal property of the semigroup algebras applied to k[tM ] we have a
representation of k-rational points of TM as group homomorphisms:

TM(k) = Homgroups(M,k∗) = N ⊗Z k
∗,

where N := Hom (M,Z) is the dual lattice of M . We denote by 〈 , 〉 : N ×M → Z the
duality pairing between the lattices N and M .

A one parameter subgroup of TM(k) is group homomorphism k∗ → TM (k). Any
vector ν ∈ N gives rise to a one parameter subgroup λν which maps z ∈ k∗ to the
closed point of TM (k) given by the homomorphism of semigroupsM → k∗, m 7→ z〈ν,m〉.
The set of one parameter subgroups Hom alg.groups(k

∗, TM ) forms a multiplicative group,
which is isomorphic to N by the homomorphism given by ν 7→ λν .

3. Affine toric varieties

In this section we consider a finitely generated subsemigroup Γ of a free abelian group
M of rank d. We assume in addition that the group ZΓ generated by Γ is equal to M .
We denote by N the dual lattice of M . We introduce some useful notations.
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Notation 3.1. We denote by MR the d-dimensional real vector space M ⊗Z R. The
semigroup Γ, viewed in MR, spans the cone R≥0Γ ⊂ MR which we denote also by σ̌.
The dual cone of σ̌ is the cone σ := {ν ∈ NR | 〈ν, γ〉 ≥ 0, ∀γ ∈ σ̌}. We use the notation
τ ≤ σ to indicate that τ is a face of σ. Any face of σ̌ is of the form σ̌ ∩ τ⊥ for a unique
face τ of σ, where τ⊥ is the linear subspace {γ ∈MR | 〈ν, γ〉 = 0, ∀ν ∈ τ}.

Let γ1, . . . , γr be generators of Γ. Then the semigroup Γ is the image of Nr ⊂ Zr by
the surjective linear map b : Zr → M determined by b(ei) = γi where the ei, 1 ≤ i ≤ r
form the canonical basis of Nr. The kernel L of b is isomorphic to Zr−d.

Let us consider the map of semigroup algebras associated to the map b|Nr : Nr → Zd,
whose image is Γ. It is a map of A-algebras A[U1, . . . , Ur]→ A[t±1

1 , . . . , t±1
d ]. Its image

is the subalgebra A[tΓ] of A[t±1
1 , . . . , t±1

d ].
An element m ∈ Zr can be written uniquely m = m+ −m− where m+ and m− have

non negative entries and disjoint support.
By construction, the kernel of the surjection A[U1, . . . , Ur] → A[tΓ] is the ideal gen-

erated by the binomials (Um+ − Um−) where b(m+) = b(m−). It is the toric ideal
associated to the map b. Note that it is not in general generated by the binomials
associated to a basis of L. Since the algebra A[tΓ] is an integral domain if A is, the
toric ideal is a prime ideal in that case.

Conversely, assuming now that A is an algebraically closed field k, an ideal generated
by binomials in k[U1, . . . , Ur] is called a binomial ideal. Those ideals are studied in
[8], where it is shown that a prime binomial ideal I ⊂ k[U1, . . . , Ur] gives rise to a
semigroup algebra k[U1, . . . , Ur]/I ≃ k[tΓ], where Γ = Nr/∼, and ∼ is an equivalence
relation associated to the binomial relations. The affine toric variety TΓ := Spec k[tΓ]
is the subvariety of the affine space Ar(k) defined by the binomial equations generating
the toric ideal. By the universal property of the semigroup algebra, there is a bijection

{Closed points of Spec k[tΓ]} ↔ {semigroup homomorphisms Γ→ k},

where k is considered as a semigroup with respect to multiplication (in particular 0 ∈ Γ
goes to 1 ∈ k).

In particular, the torus TM (k) = Homgroups(M,k∗) is embedded in TΓ, as the prin-
cipal open set where tγ1 · · · tγr 6= 0.

From the description of closed points of TΓ in terms of homomorphisms of semigroups
we have an action of the torus TM(k) on TΓ(k). Another way to describe this action,
which shows that it is algebraic, is to say that thanks to the universal property of
semigroup algebras it corresponds to the composed map of k-algebras

k[tΓ]→ k[tΓ]⊗k k[t
Γ]→ k[tM ]⊗k k[t

Γ]

where the first map is determined by tγ 7→ tγ ⊗k t
γ and the second by the inclusion

Γ ⊂M . The corresponding map TM × TΓ → TΓ is the action.
Let us now seek the invariant subsets of TΓ under the torus action.

Definition 3.2. Given a semigroup Γ, a subsemigroup F ⊂ Γ is a face of Γ if whenever
x, y ∈ Γ satisfy x+ y ∈ F , then x and y are in F .

Let us remark that this condition is equivalent to the fact that the vector space of
finite sums

∑

δ∈Γ\F aδt
δ is in fact a prime ideal IF of k[tΓ]. It also implies that Γ \ F is

a subsemigroup of Γ (which in general is not finitely generated) and that the Minkowski
sum Γ + (Γ \ F ) is contained in Γ \ F .

Lemma 3.3. The faces of the semigroup Γ are of the form Γ ∩ τ⊥, for τ ≤ σ.

Proof. Let F be a face of the semigroup Γ. Then there is a face σ̌ ∩ τ⊥ of σ̌ which
contains F and is of minimal dimension. Then F is also a face of the semigroup Γ∩ τ⊥
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and there is an element γ0 ∈ F which belongs to the relative interior of the cone σ̌∩ τ⊥.
Under these conditions is enough to prove that if τ = 0 then F = Γ.

Notice that if γ ∈ Γ and if (γ + Γ) ∩ Z≥0γ0 6= ∅ then γ ∈ F since F is a face and
γ0 ∈ F . By Theorem 1.9 [20] there is δ0 ∈ Γ ∩ int(σ̌) such that δ0 + σ̌ ∩M ⊂ Γ. We
deduce that the intersection (γ+ δ0+ σ̌∩M)∩Z≥0γ0 is non-empty, for any γ ∈ Γ, since
γ0 ∈ int(σ̌) ∩ Γ. �

Notation 3.4. If τ ≤ σ the set Γ ∩ τ⊥ is a subsemigroup of finite type of Γ. If τ ≤ σ
the lattice M(τ,Γ) spanned by Γ∩ τ⊥ is a sublattice of finite index of M(τ) :=M ∩ τ⊥.

Remark 3.5. The torus of the affine toric variety TΓ∩τ⊥ is TM(τ,Γ). If A is a commutative
ring, the homomorphism of A-algebras A[Γ] → A[Γ ∩ τ⊥] ∼= A[Γ]/IΓ∩τ⊥ , is surjective
and defines a closed embedding

iτ : TΓ∩τ⊥ →֒ TΓ

over SpecA. If k = A the image by the embedding iτ of a closed point u ∈ TΓ∩τ⊥(k)

(or u ∈ TM(τ,Γ)(k)) is the semigroup homomorphism iτ (u) : Γ→ k given by

γ 7→

{

u(γ) ifγ ∈ τ⊥,
0 otherwise.

Proposition 3.6. The map

τ 7→ orb(τ,Γ) := iτ (T
M(τ,Γ)) ( resp. τ 7→ iτ (T

Γ∩τ⊥) )

defines a bijection (resp. inclusion-reversing bijection) between the faces of σ and the
orbits (resp. the closures of the orbits) of the torus action on TΓ.

Proof. Let u : Γ → k be a semigroup homomorphism. Then u−1(k∗) is a face of Γ,
hence of the form Γ ∩ τ⊥ for some face τ of σ. Any such u extends in a unique manner
to a group homomorphismM(τ,Γ)→ k∗ defining an element of the torus TM(τ,Γ) of the

affine toric variety TΓ∩τ⊥ . Conversely, given a group homomorphism u : M(τ,Γ) → k∗

we define a semigroup homomorphism iτ (u) : Γ→ k as indicated above.
It follows that the orbit of the point defined by u by the action of TM coincides with

the image by iτ of the orbit TM(τ,Γ) of the point u|Γ∩τ⊥ : Γ ∩ τ⊥ → k∗ on the toric

variety TΓ∩τ⊥ . The rest of the assertion follows from Remark 3.5. �

The partition induced by the orbits of the torus action on TΓ is of the form:

(1) TΓ =
⊔

τ≤σ

orb(τ,Γ).

Proposition 3.7. If X is an affine toric variety with torus TM then X is TM -equivariantly
isomorphic to TΓ, where Γ ⊂M a semigroup of finite type such that ZΓ =M .

Proof. This is well-known (see Proposition 2.4, Chapter 5 of [12]). �

We characterize the affine TM -invariant open subsets of TΓ.

Definition 3.8. For any face τ of σ the set

(2) Γτ := Γ +M(τ,Γ)

is a semigroup of finite type generating the lattice M .

Notice that the cone R≥0Γτ is equal to τ̌ and if τ ≤ σ the set int(σ̌ ∩ τ⊥) ∩ Γ is non
empty (int denotes relative interior).

Lemma 3.9.

i. The minimal face of the semigroup Γ is a sublattice of M equal to Γ ∩ σ⊥.
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ii. For any m ∈ Γ in the relative interior of (σ̌ ∩ τ⊥) we have that

Γτ = Γ + Z≥0(−m).

iii. If τ ≤ θ ≤ σ we have that M(τ,Γθ) =M(τ,Γτ ) and Γτ = Γθ +M(τ,Γθ).

Proof. i. By Lemma 3.3 the correspondence τ 7→ Γ ∩ τ⊥ is a bijection between the
faces of the cone σ and the faces of the semigroup Γ. By duality the minimal face of Γ
is equal to Γ ∩ σ⊥. It is enough to prove that if Γ is a semigroup such that ZΓ = M
and R≥0Γ =MR then Γ =M . Since M is the saturation of Γ the assertion reduces to
the case of rank one semigroups, for which it is elementary by Bezout identity.

ii. If m ∈ int(σ̌ ∩ τ⊥)∩ Γ then the semigroup Γ+Z≥0(−m) ⊂M spans the cone τ̌ =
σ̌+τ⊥ ⊂MR. By i. the minimal face of this semigroup is the lattice (Γ+Z≥0(−m))∩τ⊥

which coincides by definition with the lattice M(τ,Γ).
iii. The lattices M(τ,Γθ) and M(τ,Γ) are both generated by Γ∩ τ⊥ hence are equal.

We have that Γτ = Γθ +M(τ,Γθ) since θ
⊥ ⊂ τ⊥. �

Lemma 3.10. If τ ≤ σ the inclusion of semigroups Γ ⊂ Γτ determines a TM -equivariant
embedding TΓτ ⊂ TΓ as an affine open set. Conversely, if X ⊂ TΓ is a TM -equivariant
embedding of an affine open set then there is a unique τ ≤ σ such that X is TM -
equivariantly isomorphic to TΓτ .

Proof. By Lemma 3.9 we have that Γτ = Γ+Z≥0(−m). More generally if γ ∈ Γ and

f = tγ , the localization TΓ
f = Spec k[Γ]f is equal to TΓ+(−γ)Z≥0 and it is embedded in

TΓ as a principal open set.
Conversely, an affine TM -invariant open subset of TΓ is an affine toric variety for the

torus TM hence it is of the form TΛ, for Λ ⊂M a subsemigroup of finite type, such that
ZΛ = M (see Proposition 3.7). We denote the cone R≥0Λ by θ̌. Since the embedding
TΛ ⊂ TΓ is TM equivariant it is defined by the inclusion of algebras k[tΓ] → k[tΛ]
corresponding to the inclusion of semigroups Γ ⊂ Λ. We deduce that σ̌ ⊂ θ̌ and hence
that θ ⊂ σ by duality. We prove that if τ is the smallest face of σ which contains θ then
Λ = Γτ . It is enough to prove that if int(θ) ∩ int(σ) 6= ∅ then Λ = Γ.

Notice that the lattice F = σ⊥ ∩M is the minimal face of Γ and the prime ideal IF
of k[tΓ] defines the orbit orb(σ,Γ), which is embedded as a closed subset of TΓ. Let us
consider a vector ν such that ν ∈ int(θ)∩ int(σ). Then we get that σ⊥∩M = σ̌∩ν⊥∩M
is contained in θ̌∩ν⊥∩M = θ⊥∩M hence Γ\(σ⊥∩M) is contained in Λ\(θ⊥∩M) and
therefore 1 /∈ IF k[t

Λ]. Since TΛ ⊂ TΓ is an open immersion orb(σ,Γ) is contained in
TΛ. By (1) and Proposition 3.6 the closure of any orbit contained TΓ contains orb(σ,Γ)
thus TΓ ⊂ TΛ. �

Remark 3.11. The immersion of TM -invariant affine open subsets is compatible with
normalization. By Lemma 3.10 any TM -invariant affine open set of TΓ is of the form
TΓ
f for f = tγ , γ ∈ Γ. Then the following diagram commutes:

T σ̌∩M →֒ TΓ

↑ ↑
T σ̌∩Mf →֒ TΓ

f ,

since Γ + (−γ)Z≥0 is saturated in σ̌ ∩M + (−γ)Z≥0. The vertical arrows are embed-
dings as principal open sets while the horizontal arrows are normalization maps (see
Proposition 1.5).

4. Toric varieties

Given a finite dimensional lattice N , recall that a fan is a finite set Σ of strictly
convex polyhedral cones of the real vector space NR which are rational for the lattice
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N , such that if σ ∈ Σ any face τ of σ belongs to Σ and if σ, σ′ ∈ Σ the cone τ = σ ∩ σ′

is in Σ. If j ≥ 0 is an integer the subset of Σ(j) of j-dimensional cones of Σ is called
the j-skeleton of the fan. The support of the fan Σ is the set |Σ| = ∪σ∈Σσ ⊂ NR.

We give first a combinatorial definition of toric varieties.

Definition 4.1. A toric variety is given by the datum of a triple (N,Σ,Γ) consisting of
lattice N , a fan Σ in NR and a family of finitely generated subsemigroups Γ = {Γσ ⊂
σ̌ ∩M}σ∈Σ of a lattice M = Hom(N,Z) such that:

i. ZΓσ =M and R≥0Γσ = σ̌, for σ ∈ Σ.
ii. Γτ = Γσ +M(τ,Γσ), for a each σ ∈ Σ and any face τ of σ.

The corresponding toric variety TΓ
Σ is the union of the affine varieties TΓσ for σ ∈ Σ

where for any pair σ, σ′ in Σ we glue up TΓσ and TΓσ′ along their common open affine
variety TΓσ∩σ′ .

Remark 4.2. The lattice N in the triple (N,Σ,Γ) is determined by Γ. We recall it by
convenience. We omit the reference to the lattice N in the notation TΓ

Σ .

Remark 4.3. This definition is consistent with the case of affine toric varieties. Let
TΓ be an affine toric variety in the sense of Section 3. If σ′ := {τ | τ ≤ σ} and
Γ′ := {Γτ | τ ≤ σ}, where Γτ is the semigroup defined by (2) for τ ≤ σ then the
conditions i. and ii. are satisfied by Lemma 3.9. Then TΓ is TM -equivariantly isomorphic
to TΓ′

σ′ .

Remark 4.4. A triple (N,Σ,Γ) determines similarly a toric scheme over SpecA, for any
commutative ring A.

Lemma 4.5. Let (Σ,Γ) as in Definition 4.1 define a toric variety TΓ
Σ . Then we have:

i. If σ, θ ∈ Σ and if τ = σ ∩ θ then Γτ = Γσ + Γθ.
ii. The variety TΓ

Σ is separated.

Proof. The intersection τ = σ ∩ θ is a face of both σ and θ. By Lemma 3.9 we
have that M(τ,Γτ ) = M(τ,Γσ) = M(τ,Γθ). By axiom i. in the Definition 4.1 we get
Γθ,Γσ ⊂ Γτ and Γθ + Γσ ⊂ Γτ . Conversely, by the separation lemma for polyhedral
cones, for any u ∈ int(σ̌ ∩ (−θ̌)) we have that τ = σ ∩ u⊥ = θ ∩ u⊥. Notice that we
can assume that u ∈ Γσ ∩ (−Γθ) ∩ int(σ̌ ∩ (−θ̌)) 6= ∅. Then by Lemma 3.9 we obtain
Γτ = Γσ + Z≥0(−u). Hence Γτ is contained in Γσ + Γθ since −u ∈ Γθ.

The homomorphism k[tΓθ ]⊗kk[t
Γσ ]→ k[tΓτ ] which sends tγ⊗tγ

′
7→ tγ+γ

′
is surjective

since Γσ + Γθ = Γτ . In geometric terms this implies that the diagonal map TΓτ →
TΓθ × TΓσ is a closed embedding for any θ, σ ∈ Σ with τ = θ ∩ τ , hence the variety TΓ

Σ
is separated (see Chapter 2 of [18]). �

Remark 4.6. The morphisms corresponding to the inclusions k[tΓσ ] → k[tΓσ+Γσ′ ] are
open embeddings compatible with the normalization maps. The normalization of the
toric variety TΓ

Σ is the toric variety TΣ corresponding to the fan Σ and the normalization
map is obtained by gluing-up normalizations Tσ := T σ̌∩M of the charts TΓσ , for Γσ ∈ Γ
and σ ∈ Σ.

Lemma 4.7. Let λv be a one-parameter subgroup of the torus TM for some v ∈ N .
Then limz→0 λv(z) exists in the toric variety TΓ

Σ if and only if v belongs to |Σ| ∩N .

Proof. The statement is well-known in the normal case (see Proposition 1.6 [26]).
The normalization map n : TΣ → TΓ

Σ is an isomorphism over the torus TM . If λv : k
∗ →

TM ⊂ TΓ
Σ is a one-parameter subgroup defined by v ∈ N it lifts to the normalization,

i.e., there is a morphism λ̄v : k
∗ → TM ⊂ TΣ in such a way that n ◦ λ̄v = λv. Since the

normalization is a proper morphism we get by the valuative criterion of properness that
limz→0 λv(z) exists in the toric variety TΓ

Σ if and only if limz→0 λ̄v(z) exists in TΣ. �
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Lemma 4.8. Let TΓ
Σ be a toric variety. Then the map

τ 7→ orb(τ,Γτ ) := iτ (T
M(τ,Γτ ))

defines a bijection between the faces of Σ and the orbits of the torus action on TΓ
Σ .

Proof. This is consequence of the definitions and Lemma 3.6. �

In order to illustrate the combinatorial definition of a toric variety we describe the
orbit closures as toric varieties.

Notation 4.9. If τ ∈ Σ we denote by Nτ the sublattice of N spanned by τ ∩N and by
N(τ) the quotient N/Nτ . The lattice N(τ) is the dual lattice of M(τ) =M ∩ τ⊥. Since
M(τ,Γτ ) is a sublattice of finite index i(τ,Γτ ) of M(τ) then the dual lattice N(τ,Γτ )
of M(τ,Γτ ) contains N(τ) as a sublattice of finite index equal to i(τ,Γτ ).

If σ ∈ Σ and τ ≤ σ the image σ(τ) of σ in N(τ)R = NR/(Nτ )R is a polyhedral
cone, rational for the lattice N(τ,Γτ ). The set Σ(τ) := {σ(τ) | σ ∈ Σ, τ ≤ σ} is a
fan in N(τ)R. If σ(τ) ∈ Σ(τ) we set Γσ(τ) := Γσ ∩ τ

⊥. The set σ(τ) ⊂ N(τ)R is the

dual cone of the cone spanned by Γσ ∩ τ
⊥ in M(τ)R. Let us denote by Γ(τ) the set

{Γσ(τ) | σ(τ) ∈ Σ(τ)}.

Lemma 4.10. Let TΓ
Σ be a toric variety. If τ ∈ Σ the triple (N(τ,Γτ ),Σ(τ),Γ(τ))

defines a toric variety T
Γ(τ)
Σ(τ) . We have a closed embedding iτ : T

Γ(τ)
Σ(τ) → TΓ

Σ . The map

τ 7→ iτ (T
Γ(τ)
Σ(τ))

defines a bijection between the faces of Σ and orbit closures of the action of TM on TΓ
Σ .

Proof. If τ is not a face of σ, for σ ∈ Σ then orb(τ,Γτ ) is does not intersect the affine
invariant open set TΓσ ; if τ ≤ σ, for σ ∈ Σ the closure of the orbit orb(τ,Γτ ) in the

affine open set TΓσ is equal to TΓσ∩τ⊥ (see Lemma 3.6).
If τ ≤ θ ≤ σ then θ(τ) ≤ σ(τ) and θ⊥ ⊂ τ⊥ hence M(θ,Γσ) = M(θ(τ),Γσ ∩ τ

⊥) is
the sublattice spanned by Γσ ∩ θ

⊥.
If τ ≤ σ, σ′ and if θ = σ ∩ σ′ then we deduce from condition ii. in Definition 4.1 that:

Γθ ∩ τ
⊥ = Γσ ∩ τ

⊥ +M(θ(τ),Γσ(τ)) = Γσ′ ∩ τ
⊥ +M(θ(τ),Γσ′(τ)).

We obtain that the triple (N(τ,Γτ ),Σ(τ),Γ(τ)) satisfies the axioms in Definition 4.1

with respect to the torus TM(τ,Γτ ).

We have also described an embedding T
Γ(τ)
Σ(τ)

→֒ TΓ
Σ in such a way that the intersection

of this variety with any affine chart containing orb(τ,Γ) is the closure of the orbit
orb(τ,Γ) in the chart. The conclusion follows from Lemma 4.8. �

Remark 4.11. The non-singular locus of the toric variety TΓ
Σ is the union of the orbits

orb(τ,Γ) corresponding to regular cones τ ∈ Σ such their index i(τ,Γτ ) is equal to 1.

5. Blowing ups

The theory of normal toric varieties deals with normalized equivariant blowing ups,
i.e., blowing ups of equivariant ideals followed by normalization. In this section we build
blowing ups of equivariant ideals in toric varieties.

Let σ be a strictly convex rational cone in NR and Γ a subsemigroup of finite type
of the lattice M such that ZΓ = M and the saturation of Γ in M is equal to σ̌ ∩M .
For simplicity we assume that the cone σ is of dimension d hence σ̌ is strictly convex.

Let us consider a graded ideal I in A[tΓ], which is necessarily generated by monomials
tm1 , . . . , tmk . We build the corresponding Newton polyhedron Nσ(I), by definition the
convex hull inMR of the mi+ σ̌, which is also the convex hull of the set |I| of exponents
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of monomials belonging to the ideal I of A[tΓ]. It is quite convenient to denote with
the same letter I the set {m1, . . . mk}.

The set I determines the order function:

(3) ordI : σ → R, ν 7→ min
m∈I
〈ν,m〉.

The order function ordI coincides with the support function à la Minkowski of the poly-
hedronN = Nσ(I) defined as the functionH : NR → R given byH(ν) = minm∈N 〈ν,m〉.
It is a gauge (ordI(λu) = λordI(u) for λ > 0) which is piecewise linear. The maximal
cones of linearity of the function ordI form the d-skeleton of the fan Σ(I) subdividing
σ. Each such cone σi in the d-skeleton of Σ(I) is the convex dual of the convex rational
cone generated by the vectors (m −mi)m∈Nσ(I), where mi is a vertex of Nσ(I). The
correspondence mi 7→ σi is a bijection between the set of vertices {m1, . . . ,ms} ⊂ I of
the polyhedron Nσ(I) and the d-skeleton of Σ(I), such that

mi 7→ σi if and only if ordI(ν) = 〈ν,mi〉 for all ν ∈ σi.

Note that Γ ⊂ σ̌ ∩M ⊂ σ̌i ∩M . In each of the cones σ̌i we consider the semigroup

(4) Γi = Γ + 〈m1 −mi, . . . ,mi−1 −mi,mi+1 −mi, . . . ,mk −mi〉 ⊂ σ̌i ∩M.

By Lemma 1.3, the saturation in M of this semigroup is equal to σ̌i ∩M . We denote
by Γ(I) the set consisting of the semigroups Γi, together with Γi,τ (defined by equation
(2)) for τ ≤ σi, i = 1, . . . , s.

Proposition 5.1. The triple (N,Σ(I),Γ(I)) defines a toric scheme B over Spec A.
The inclusions Γ ⊂ Γi, i = 1, . . . , s, determine a map of schemes

π : B → Spec A[tΓ]

over Spec A, which is the blowing up of the ideal I.

Proof. We prove first that the triple (N,Σ(I),Γ(I)) satisfies the compatibility con-
ditions stated in Definition 4.1. By Lemma 3.9 it is enough to check them for the affine
open sets corresponding to two vertices, say m1 and m2, of Nσ(I). Then, if τ = σ1 ∩σ2
the condition we have to prove is that Γ1,τ = Γ2,τ .

Notice that the vector m := m2 − m1 ∈ Γ1 belongs to the interior of σ̌1 ∩ τ
⊥. By

Lemma 3.9 and the definitions we get Γ1,τ = Γ1 + Z≥0(−m) and similarly Γ2,τ =
Γ2 + Z≥0m. Then the assertion follows since Γ1,τ , which is equal to

Γ + Z(m2 −m1) +
∑

j=2,...,k

Z≥0(mj −m1) = Γ + Z(m1 −m2) +
∑

j=2,...,k

Z≥0(mj −m2),

is the same semigroup as Γ2,τ .
It follows that the scheme B is covered by the affine sets Spec A[tΓi ] for i = 1, . . . , s.

Since each Γi contains Γ, there is a natural map π : Spec A[tΓi ] → Spec A[tΓ]. The
sheaf of ideals on B determined by the compositions with π of the generators of I is
generated by tmi ◦ π in the chart SpecA[tΓi ].

It is not difficult to prove that any semigroup Γi defined by (4), for i > s, that is
when mi is not a vertex of Nσ(I), is of the form Γj,τ for some 1 ≤ j ≤ s and τ ≤ σj.
This means that the corresponding affine chart Spec A[tΓi ] of the blowing up of I is in
fact an affine open subset of Spec A[tΓj ], where mj is a vertex of Nσ(I). �

Remark 5.2. With the above notations let us consider the Rees algebra of I, defined
as R[I] =

⊕

l≥0 I
lsl. Since each power I l is a monomial ideal, the term I lsl is of

the form I lsl = ⊕γ∈|Il|t
γsl. Consider also the semigroup ΓI of M × Z generated by

(Γ×{0})∪ (|I|× {1}). By using the map of semigroups Γ→ ΓI , defined by γ 7→ (γ, 0),
the semigroup algebra A[tΓI ] has the structure of A[tΓ]-algebra. There is a unique
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isomorphism of semigroups algebras R[I]→ A[tΓI ] over A, such that tγsl 7→ t(γ,l). This

is also an isomorphism of A[tΓ]- graded algebras, when the grading of a monomial t(γ,l)

is defined to be equal to l. The canonical map Proj(R[I]) → SpecA[tΓ] is the blowing
up of the ideal I. We have given in Proposition 5.1 the combinatorial description of
this map as a toric morphism as defined in Section 6. See also Section 11.3 [5].

Corollary 5.3. The blowing-up of an equivariant sheaf of ideals on a toric variety TΓ
Σ

is a toric variety. Its description above each equivariant open affine chart of TΓ
Σ is given

by Proposition 5.1.

6. Toric morphisms

Recall that a morphism φ : TM
′

→ TM of algebraic tori gives rise to two group
homomorphisms

φ∗ :M →M ′ and φ∗ : N
′ → N

between the corresponding lattices of characters and between the corresponding lat-
tices of one-parameter subgroups. The homomorphisms φ∗ and φ∗ are mutually dual
and determine the morphism φ : TM

′
→ TM of algebraic tori. Note that φ is defined

algebraically by

k[tM ]→ k[tM
′

], tm 7→ tφ
∗(m), m ∈M.

Now suppose that we have two toric varieties TΓ
Σ and TΓ′

Σ′ with respective tori TM and

TM
′

defined by the combinatorial data given by the triples (N,Σ,Γ) and (N ′,Σ′,Γ′)
(see Definition 4.1).

Definition 6.1. The homomorphism φ∗ is a map of fans with attached semigroups
(N,Σ,Γ)→ (N ′,Σ′,Γ′) if for any σ′ ∈ Σ′ there exists σ ∈ Σ such that φ∗(Γσ) ⊂ Γ′

σ′ .

Note then that φ∗ is a map of fans, that is, for any σ′ ∈ Σ′ there is a cone σ ∈ Σ such
that image by σ′ by the R-linear extension of φ∗ is contained in σ. See Section 1.5 [26].

Proposition 6.2. Let φ : TM
′

→ TM be a morphism of algebraic tori. If φ∗ defines
a map of fans with attached semigroups (N,Σ,Γ) → (N ′,Σ′,Γ′) then it gives rise to a

morphism: φ̄ : TΓ′

Σ′ → TΓ
Σ which extends φ : TM

′

→ TM and is equivariant with respect

to φ. Conversely, if f : TΓ′

Σ′ → TΓ
Σ is an equivariant morphism with respect to φ then φ∗

defines a map of fans with attached semigroups (N ′,Σ′,Γ′)→ (N,Σ,Γ) and f = φ̄. In
addition we have a commutative diagram

TΣ′ −→ TΣ
↓ ↓

TΓ′

Σ′ −→ TΓ
Σ

where the vertical arrows are normalizations and the horizontal ones are the toric mor-
phisms which extend φ : TM

′
→ TM .

Proof. For any σ′ ∈ Σ′ there exists a cone σ ∈ Σ such that the restriction of φ∗

determines a semigroup homomorphism Γσ → Γ′
σ′ . The corresponding homomorphism

of k-algebras k[Γσ]→ k[Γ′
σ′ ] defines a morphism:

φ̄σ′,σ : T
Γ′
σ′ → TΓσ given on closed points by φ̄σ′,σ(x) = x ◦ φ∗|Γσ

,

where x ∈ TΓ′
σ′ ;x : Γ′

σ′ → k is a homomorphism of semigroups. The morphism φ̄σ′,σ is

equivariant through φ since for any y ∈ TM
′

, y : M ′ → k∗ group homomorphism and

any x ∈ TΓ′
σ′ we get:

φ̄σ′,σ(y · x) = (y · x) ◦ φ∗|Γσ
= (y ◦ φ∗) · (x ◦ φ∗|Γσ

) = φ(y) · φ̄σ′,σ(x).
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By gluing-up the affine pieces together we get a morphism φ̄ : TΓ′

Σ′ → TΓ
Σ which is

equivariant with respect to φ.
For the converse, since f is assumed to be equivariant through φ the image by f of

each orbit of the action of TM
′

on TΣ′

Γ′ is contained in one orbit of the action of TM

on TΓ
Σ . If τ ′ ≤ σ′ and σ′ ∈ Σ′ then the orbit orb(σ′,Γ′

σ′) is contained in the closure of
orb(τ ′,Γ′

τ ′) by Proposition 3.6. Then there exist σ, τ ∈ Σ such that

f(orb(σ′,Γ′
σ′)) ⊂ orb(σ,Γσ) and f(orb(τ

′,Γ′
τ ′)) ⊂ orb(τ,Γτ ).

Since f is continuous orb(σ,Γσ) must be contained in the closure of orb(τ,Γτ ), hence τ

is a face of σ by Proposition 3.6 and Lemma 3.5. By (1) it follows that f(TΓ′
σ′ ) ⊂ TΓσ .

The restriction f
|T

Γ′
σ′
: TΓ′

σ′ → TΓσ is equivariant with respect to φ : TM
′

→ TM .

Hence f
|T

Γ′
σ′
: TΓ′

σ′ → TΓσ is defined algebraically by the homomorphism of k-algebras

k[tΓσ ]→ k[tΓ
′
σ′ ], which is obtained by restriction from the homomorphism of k-algebras

k[tM ] → k[tM
′

] which maps tm 7→ tφ
∗(m) for m ∈ M . This implies that φ∗(Γσ) ⊂ Γ′

σ′

and also that f = φ̄.
Since φ∗ is a map of fans it defines a toric morphism between the normalizations of

TΓ′

Σ′ and TΓ
Σ . Finally, it is easy to check that the diagram above is commutative. �

It is sometimes useful to consider morphisms of toric varieties which send the torus
of the source into a non dense orbit of the target: Let (N,Σ,Γ) and (N ′,Σ′,Γ′) be two

triples defining toric varieties TΓ
Σ and TΓ′

Σ′ . Let τ be a cone of Σ. Suppose that we have

a morphism of algebraic tori φ : TM
′
→ TM(τ,Γτ ) such that φ∗ : N ′ → N(τ,Γτ ) defines

a map of fans with attached semigroups (N ′,Σ′,Γ′)→ (N(τ,Γτ ),Σ(τ),Γ(τ)). Then by
Proposition 6.2 and Lemma 3.5 we have a toric morphism

φ̄ : TΓ′

Σ′ → T
Γ(τ)
Σ(τ) .

Let us denote by n : TΣ → TΓ
Σ the normalization map and by īτ : TΣ(τ) → TΣ the closed

embedding of the closure of orb(τ) in TΣ. The following Proposition is consequence of
Proposition 6.2 and Lemma 3.5.

Proposition 6.3. The composite of φ̄ with the closed embedding iτ : T
Γ(τ)
Σ(τ) →֒ TΓ

Σ lifts

to the normalization of TΓ
Σ , i.e., there exists a toric morphism ψ : TΓ′

Σ′ → TΣ(τ) such

that iτ ◦ φ̄ = n ◦ īτ ◦ ψ if and only if there is a lattice homomorphism ϕ∗ :M(τ)→M ′

such that ϕ∗
|M(τ,Γτ )

= φ∗ and then ψ = ϕ̄.

Example 6.4. By Proposition 6.3 the map u 7→ (u, 0, 0), which parametrizes the sin-
gular locus of the Whitney umbrella {x21x2− x

2
3 = 0} does not lift to the normalization

while u 7→ (u2, 0, 0) does.

7. Abstract toric varieties

We recall the usual definition of toric variety.

Definition 7.1. A toric variety X is an irreducible (separated) algebraic variety equi-
pped with an action of an algebraic torus T embedded in X as a Zariski open set such
that the action of T on X is morphism which extends the action of T over itself by
multiplication.

As stated in Proposition 3.7 any affine toric variety is the spectrum of certain semi-
group algebra. Gel′fand, Kapranov, and Zelevinsky have defined and studied those pro-
jective toric varieties which are equivariantly embedded in the projective space, which
is viewed as a toric variety, see [12], Chapter 5.
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The following Theorem, which is consequence of a more general result of Sumihiro,
provides the key to establish a combinatorial description of normal toric varieties.

Theorem 7.2. (see [32]) Any normal toric variety X has a finite covering by T -
invariant affine normal toric varieties.

The statement of Theorem 7.2 does not hold if the normality assumption is dropped.

Example 7.3. Let C ⊂ P2
C be the projective nodal cubic with equation y2z−x2(x+z).

It is a rational curve with a node singularity at P = (0 : 0 : 1) and only one point
Q = (0 : 1 : 0) at the line of infinity z = 0. The curve C is rational and has a
parametrization π : P1

C → C such that π(0) = π(∞) = P and π(1) = Q. Then we
have that π|C∗ : C∗ → C \ {P} is an isomorphism. The multiplicative action of C∗ on

P1
C corresponds by π to the group law action on the cubic hence it is algebraic. It

follows that C is a toric variety with respect to Definition 7.1. Notice that C is the
only open set containing P which is invariant by the action of C∗. This example is
also a projective toric curve which does not admit any equivariant embedding in the
projective space (see [25] page 4 and [12] Chapter 5, Remark 1.6).

Definition 7.4. An action of a group on an algebraic variety X is good if X is covered
by a finite number of affine open subsets which are invariant by the action.

We modify the abstract definition of toric varieties as follows:

Definition 7.5. A toric variety X is an irreducible separated algebraic variety equipped
with a good action of an algebraic torus T embedded in X as a Zariski open set such
that the action of T on X extends the action of T on itself by multiplication.

Theorem 7.6. If X is a toric variety in the sense of Definition 7.5 with torus T , then
there exists a triple (N,Σ,Γ) as in Definition 4.1 and an isomorphism ϕ : T → TM such
that the pair (T,X) is equivariantly isomorphic to (TM , TΓ

Σ) with respect to ϕ.

Proof. We denote by M the lattice of characters of the torus T hence T = TM and
N is the dual lattice of M .

By Proposition 3.7 an affine TM -invariant open subset is of the form TΓσ where Γσ
is a subsemigroup of finite type of M such that ZΓσ =M , and σ ⊂ NR is the dual cone
of σ̌ = R≥0Γσ ⊂MR. By Lemma 3.10 the open affine TM -invariant subsets of TΓσ are
TΓτ , for τ ≤ σ, where Γτ = Γσ +M(τ,Γσ).

By definition X is covered by a finite number of TM -invariant affine open subsets of
the form {TΓσ}σ∈Σ. We can assume that if σ ∈ Σ and if τ ≤ σ then τ ∈ Σ. We are
going to show that Σ is a fan in NR, hence T

Γσ 6= TΓσ′ if σ 6= σ′.
We have that for any σ, σ′ ∈ Σ the intersection TΓσ ∩TΓσ′ is an affine open subset of

the separated variety X (see Chapter 2 of [18]). It is also a TM -invariant affine subset
of both TΓσ and TΓσ′ , hence it is of the form TΓτ . By Lemma 3.10 we obtain two
inclusion of semigroups Γσ → Γτ and Γσ′ → Γτ . Since X is separated the diagonal map
TΓτ → TΓσ × TΓσ′ is a closed embedding (see Chapter 2 of [18]). Algebraically, this
implies the surjectivity of the homomorphism

k[tΓσ ]⊗k k[t
Γσ′ ]→ k[tΓτ ] , determined by tγ ⊗ tγ

′

7→ tγ+γ
′

.

It follows that the homomorphism of semigroups Γσ × Γσ′ → Γτ , (γ, γ
′) 7→ γ + γ′ is

surjective. This proves that Γτ = Γσ + Γσ′ thus

R≥0Γτ = τ̌ = R≥0(Γσ + Γσ′) = σ̌ + σ̌′

By duality we deduce that τ = σ ∩ σ′. By Proposition 3.10 we obtain

Γτ = Γσ +M(τ,Γσ) = Γσ′ +M(τ,Γσ′).
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In conclusion, Σ is a fan in NR and if Γ := {Γσ | σ ∈ Σ} the triple (N,Σ,Γ) satisfies
the compatibility properties of Definition 4.1 and the variety TΓ

Σ is TM -equivariantly
isomorphic to X. �

The following corollary is consequence of Proposition 6.2 and Theorem 7.6.

Corollary 7.7. The category whose objects are the triples (N,Σ,Γ) of Definition 4.1
and whose morphisms are the maps of fans with attached semigroups of Definition 6.1
is equivalent to the category whose objects are the toric varieties of Definition 7.5 and
whose morphisms are those equivariant morphism which extend morphisms of the cor-
responding algebraic tori; see Proposition 6.2.

8. Invertible sheaves on toric varieties

In this section we describe how some of the classical results in the study of equivariant
invertible sheaves on a normal toric variety extend to the general case.

Let TΓ
Σ denote a toric variety defined by the triple (N,Σ,Γ). Recall that if σ ∈ Σ we

denote by Tσ = T σ̌∩M the normalization of the chart TΓσ and by TΣ the normalization
of TΓ

Σ .
A support function h : |Σ| → R is a continuous function such that for each σ ∈ Σ

the restriction h|σ : σ → R is linear. We say that h is integral with respect to N if
h(|Σ| ∩ N) ⊂ Z. We denote by SF(N,Σ) the set of support functions integral with
respect to N . If h is a support function integral with respect to N then for any σ ∈ Σ
there exists mσ ∈M such that

h(ν) = 〈ν,mσ〉, for all ν ∈ σ.

Notice that by continuity we have that

(5) mτ = mσ mod M(τ) =M ∩ τ⊥, for τ ≤ σ, σ ∈ Σ.

The set {mσ | σ ∈ Σ} determines h but may not be uniquely determined.

Definition 8.1. A support function for the triple (N,Σ,Γ) is a support function h :
|Σ| → R integral with respect to N which in addition has the compatibility property

(6) mτ = mσ mod M(τ,Γτ ), for τ ≤ σ, σ ∈ Σ.

We denote by SF(N,Σ,Γ) the additive group of support functions for the triple
(N,Σ,Γ). It is a subgroup of SF(N,Σ). A vector m ∈ M defines an element of
SF(N,Σ,Γ) hence we have a homomorphism M → SF(N,Σ,Γ), which is injective if
the support of Σ spans NR as a real vector space.

Any h ∈ SF(N,Σ) determines TM -invariant Cartier divisor Dh on TΣ by

(7) Dh|Tσ = div(t−mσ) for σ ∈ Σ,

where div(g) denotes the principal Cartier divisor of the rational function g on an
irreducible variety. Notice that Dh is independent of the possible choices of different
Cartier data {mσ | σ ∈ Σ} defining h. If σ, σ′ ∈ Σ, τ = σ ∩ σ′ then Tτ = Tσ ∩ Tσ′
and (5) guarantees that t−mσ+mσ′ and tmσ−mσ′ are both regular functions on Tτ . Any
TM -invariant Cartier divisor on TΣ is of the form Dh for h ∈ SF(N,Σ), i.e., it is defined
by Cartier data.

Lemma 8.2. If h ∈ SF(N,Σ) is defined by the Cartier data {mσ | σ ∈ Σ} then it
defines a TM -invariant Cartier divisor on TΓ

Σ if and only if (6) holds, that is, if and
only if h ∈ SF(N,Σ,Γ).
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Proof. The condition to determine a Cartier divisor is that for any σ, σ′ ∈ Σ, τ = σ∩σ′

the transition function t−mσ+mσ′ is an invertible regular function on TΓτ = TΓσ ∩TΓσ′ .
By Lemma 3.9 this is equivalent to (6). �

We have shown that the group CDivTM (TΓ
Σ) of TM -invariant Cartier divisors on

TΓ
Σ can be seen as a subset of CDivTM (TΣ). The set {div(tm)}m∈M is a subgroup of

CDivTM (TΓ
Σ) consisting of principal Cartier divisors.

The map

SF(N,Σ,Γ) −→ CDivTM (TΓ
Σ ), h 7→ Dh.

is a group isomorphism. The inverse map sends a Cartier divisor D on TΓ
Σ , given by

the Cartier data {mσ | σ ∈ Σ}, to the function

hD := |Σ| → R, hD(ν) = 〈ν,mσ〉 if ν ∈ σ.

A Cartier divisor on TΣ determines an invertible sheaf OTΣ(D). If U is an affine
open set in which D = div(gU ) for some rational function gU then the set of sections
H0(U,OTΣ(D)) consists of those rational functions f such that fgU is a regular function
on U .

We denote by OTΓ
Σ
the structure sheaf on the toric variety TΓ

Σ . The invertible sheaf

of a TM -invariant Cartier divisor D on TΓ
Σ is the sheaf of OTΓ

Σ
-modules OTΓ

Σ
(D). By

(7) the set of sections of this sheaf on TΓσ is

(8) H0(TΓσ ,OTΓ
Σ
(D)) = tmσk[tΓσ ].

We denote by PΓ
D the following subset of M :

(9) PΓ
D :=

⋂

σ∈Σ

mσ + Γσ.

The set of global sections of the sheaf OTΓ
Σ
(D) is equal to

(10) H0(TΓ
Σ ,OTΓ

Σ
(D)) =

⋂

σ∈Σ

tmσk[tΓσ ] =
⊕

m∈PΓ
D

ktm.

Remark 8.3. As in the normal case, a TM -invariant Cartier divisorD defines an equivari-
ant line bundle LD whose sections coincide with those of the invertible sheaf OTΓ

Σ
(D).

See [26], Chapter 2.

The Picard group Pic(X) of a variety X consists of the isomorphism classes of in-
vertible sheaves in X.

Lemma 8.4. Suppose that |Σ| = NR. For any Cartier divisor D on the toric variety TΓ
Σ

we have an OTΓ
Σ
-module isomorphism OTΓ

Σ
(D) ∼= OTΓ

Σ
(Dh) for some h ∈ SF(N,Σ,Γ).

The following are equivalent for h ∈ SF(N,Σ,Γ).

i. h ∈M
ii. Dh is a principal Cartier divisor.
iii. LDh

is a trivial line bundle.
iv. The sheaf OTΓ

Σ
(Dh) is isomorphic to OTΓ

Σ
as OTΓ

Σ
-module.

Proof. See Proposition 2.4 of [26]. �

Proposition 8.5. Suppose that |Σ| = NR. Then we have canonical isomorphisms

SF(N,Σ,Γ)/M → Pic(TΓ
Σ )→ CDivTM (TΓ

Σ)/{div(t
m)}m∈M ,

from which we deduce a canonical injection Pic(TΓ
Σ)→ Pic(TΣ).
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Proof. This follows by using the same arguments as in Corollary 2.5 [26]. �

If ρ belongs to the 1-skeleton Σ(1) of the fan Σ we denote by νρ the primitive integral
vector for the lattice N in the ray ρ, that is the generator of the semigroup ρ ∩N . We
associate to h ∈ SF(N,Σ) the polyhedron

(11) Ph := {m ∈MR | 〈νρ,m〉 ≥ h(νρ), ρ ∈ Σ(1)}.

Recall that

(12) Plh = lPh and Ph + Ph′ = Ph+h′

for any integer l ≥ 1 and h, h′ ∈ SF(N,Σ).

Proposition 8.6. Suppose that |Σ| = NR. The following are equivalent for h ∈
SF(N,Σ,Γ) defining a Cartier divisor D = Dh.

i. The OTΓ
Σ
-module OTΓ

Σ
(D) is generated by its global sections.

ii. h is upper convex, i.e., h(ν) + h(ν ′) ≤ h(ν + ν ′) for all ν, ν ′ ∈ NR.
iii. The polytope Ph has vertices {mσ | σ ∈ Σ}.

If these conditions hold the convex hull of the set PΓ
D is the polytope Ph and h is the

support function of the polytope Ph.

Proof. The proof follows as in the normal case (see Theorem 2.7 [26]). �

If |Σ| = NR the support function h ∈ SF(N,Σ,Γ), defined by the Cartier data
{mσ | σ ∈ Σ}, is strictly upper convex if it is upper convex and in addition

h(ν) = 〈ν,mσ〉 if and only if ν ∈ σ , for σ ∈ Σ.

Suppose that h ∈ SF(N,Σ,Γ) satisfies the equivalent conditions of Proposition 8.6.
Set D = Dh. If P

Γ
D = {u1, . . . , us} we have a morphism

(13) ΦD : TΓ
Σ −→ Ps−1

k , ΦD = (tu1 : · · · : tus)

(defined in homogeneous coordinates of Ps−1
k ). The morphism ΦD is equivariant with

respect the map of tori Φ|TM : TM → TM
′

, where TM
′

denotes the torus of Ps−1
k with

respect to the fixed coordinates.

Proposition 8.7. Suppose that |Σ| = NR. The following are equivalent for h ∈
SF(N,Σ,Γ) defining a Cartier divisor D = Dh.

i. D is very ample.
ii. h is strictly upper convex and for all σ ∈ Σ(d) the set {m − mσ | m ∈ PΓ

D}
generates the semigroup Γσ.

Proof. Suppose that h is not strictly upper convex. Then there exists d-dimensional
cones σ, σ′ ∈ Σ such that τ = σ ∩ σ′ is of dimension d− 1 and mσ = mσ′ . This implies
that the section defined by tmσ in the open set U = TΓσ ∪ TΓσ′ is nowhere vanishing.

By definition there exists 1 ≤ i ≤ s such that mσ = ui.
The restriction of ΦD to U factors through the affine open set Cs−1, where the i-th

homogeneous coordinate does not vanish. It is of the form:

Φ|U : U → Cs−1, with Φ|U = (tu1−mσ , . . . , tui−1−mσ , tui+1−mσ , . . . , tus−mσ).

By Lemma 3.5 the closure of the orbit orb(τ,Γ) is a complete one-dimensional toric
variety contained in U . The restriction Φ|orb(τ,Γ) must be constant hence Φ is not an

embedding. This implies that if Dh is very ample h is strictly upper convex.
Suppose that h is strictly upper convex. If σ ∈ Σ is a d-dimensional cone then mσ

belongs to {ui}
s
i=1, say mσ = us. The restriction of Φ to TΓσ factors though the affine
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open set of Ps−1
k where the last homogeneous coordinate does not vanish. It is described

algebraically by the homomorphism of k-algebras:

k[y1, . . . , ys−1]→ k[tΓ], yi 7→ tui−mσ , i = 1, . . . , s− 1.

This maps defines a closed immersion if and only if it is surjective. This happens if and
only if the set of vectors {ui −mσ}1≤i≤s−1 generate the semigroup Γσ. �

Proposition 8.8. Suppose that |Σ| = NR. The following are equivalent for h ∈
SF(N,Σ,Γ).

i. Dh is ample
ii. h is strictly upper convex.

Proof. If D is ample then lD is very ample for l≫ 0. Since lD = Dlh it follows that
h is strictly upper convex if lh is and the assertion holds by Proposition 8.7.

Conversely suppose that h is strictly upper convex. We prove that lDh is very ample
for l ≫ 0. By Proposition 8.7 it is sufficient to prove that there exists an integer
l ≫ 0 such that for each d-dimensional cone σ ∈ Σ the semigroup Γσ is generated by
{m− lmσ | m ∈ P

Γ
Dlh
}.

If σ′ ∈ Σ, dimσ′ = d, τ = σ′∩σ we have that Γτ = Γσ+Z≥0(−u) for any u ∈ Γσ in the
relative interior of the cone τ⊥∩ σ̌ (see Lemma 3.9). For instance we take u = mσ′−mσ.
We obtain similarly that Γτ = Γσ′ + Z≥0(u).

If γ ∈ Γσ then γ belongs to Γτ and there exists γ′ ∈ Γσ′ and an integer p ≥ 0 such
that γ = γ′ + pu. If l ≥ p we obtain:

(14) lmσ′ + γ′ + (l − p)(mσ −mσ′) = lmσ + γ.

If l is big enough, a formula of the form (14) holds for any γ in a finite set Gσ of
generators of Γσ (where p and γ′ vary with γ) and for any cone σ′ ∈ Σ(d). Since γ′ and
mσ−mσ′ belong to Γσ′ this implies tlmσ+γ defines a section in H0(TΓσ′ ,OTΓ

Σ
(Dlh)) (see

(8)) for any cone σ′ ∈ Σ(d). We deduce that for any γ ∈ Gσ the vector lmσ + γ belongs
to the set PΓ

Dlh
and tlmσ+γ defines a global section of OTΓ

Σ
(Dlh). �

Remark 8.9. Let A = {u1, . . . , ul} be a subset of a lattice M such that ZA =M , i.e., A
spans M as a lattice. Gel′fand, Kapranov, and Zelevinsky [12] define a projective toric
variety XA as the closure of the image of the map

ϕA = (tu1 : . . . : tul) : TM → Pl−1
k .

Let us explain how their definition fits with our notion of projective toric variety. Let
P be the convex hull of A in MR and Σ the dual fan of P . Each σ ∈ Σ of maximal
dimension determines a vertex mσ of P , which is necessarily an element of A. We
associate to σ the semigroup Γσ :=

∑

Z≥0(ui − mσ). If τ ≤ σ we define Γτ by (2).
The set Γ := {Γθ | θ ∈ Σ} is well-defined and the triple (N,Σ,Γ) defines a toric variety
TΓ
Σ (the argument is the same as the one used in the proof of Proposition 5.1). The

support function h of P belongs to SF(N,Σ,Γ) and is strictly upper convex. If D = Dh

we deduce from the definitions that A ⊂ PΓ
D. By Proposition 8.7 the Cartier divisor

D is very ample, and the morphism (13) is an equivariant embedding of TΓ
Σ in the

projective space. It follows that XA and TΓ
Σ are isomorphic toric varieties. Notice that

the embedding defined by (13) may be degenerate, that is, the image may lie in a proper
linear subspace.

Remark 8.10. If F =
∑s

i=1 cit
ui ∈ k[tM ] is a polynomial with c1 . . . cs 6= 0, then F

defines a global section of OTΓ
Σ
(D) such that the closure of {F = 0} ∩ TM in TΓ

Σ does

not meet any zero-dimensional orbit of TΓ
Σ .
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Figure 1. The cones of Σ subdividing the first orthant in Example 8.12

Proposition 8.11. Suppose that |Σ| = NR. Then the toric variety TΓ
Σ is projective if

and only if its normalization TΣ is projective.

Proof. Suppose that TΣ is projective. Then there exists a strictly upper convex
function h ∈ SF (N,Σ). By definition, there exists an integer k0 ≥ 1 such that k0h ∈
SF (N,Σ,Γ). It follows that TΓ

Σ is projective by Proposition 8.8.
If TΓ

Σ is projective there exists a strictly upper convex function h ∈ SF (N,Σ,Γ).
Since SF (N,Σ,Γ) ⊂ SF (N,Σ) it follows that TΣ is projective. �

Example 8.12. We give an example of complete non-normal toric variety TΓ
Σ , which

is non projective. We recall first the Example 6.1.17 of [5] of a complete smooth toric
variety TΣ, which is non-projective. The maximal faces of the fan Ξ associated to (P1)3

are the eight orthants of R3. We denote the canonical basis of Z3 by e, f, g and we
set N = Z3. In term of this basis we consider the vectors a = (2, 1, 1), b = (1, 2, 1),
c = (1, 1, 2) and d = (1, 1, 1). We define from Ξ a complete fan Σ, by subdividing the
first orthant R3

≥0 = R≥0e +R≥0f +R≥0g, adding the rays defined by a, b, c, d in the
way indicated in the Figure 1.

Let us denote by a∗, c∗, d∗ (resp. a′, c′, e′) the dual basis of a, c, d (resp. of a, c, e). In
term of these basis of M we introduce the following non-saturated semigroups:

Γacd := a∗Z≥0 + c∗Z≥0 + (a∗ + d∗)Z≥0 + (c∗ + d∗)Z≥0 + 2d∗Z≥0,
Γac := a∗Z≥0 + c∗Z≥0 + (a∗ + d∗)Z≥0 + (c∗ + d∗)Z≥0 + 2d∗Z,
Γace := a′Z≥0 + c′Z≥0 + (a′ + e′)Z≥0 + (c′ + e′)Z≥0 + 2e′Z≥0.

Let us denote by σacd the cone R≥0a + R≥0c + R≥0d. We use a similar notation to
define the cones σace and σac. Let us define a semigroup Γσ associated to each cone
σ ∈ Σ by:

Γσ :=















Γacd if σ = σacd
Γace if σ = σace
Γac if σ = σac
σ̌ ∩M otherwise.

Then the triple (N,Σ,Γ) satisfies the conditions in the definition 4.1: It is immediate
that ZΓσ = M and R≥0Γσ = σ̌, for any σ ∈ Σ. We check the compatibility conditions
among those semigroups defining different charts. First, if τ 6= σac is a proper face of
σacd then we get that Γacd +M(τ,Γacd) = τ̌ ∩M is a regular semigroup. The same
assertion holds replacing acd by ace. In these cases the compatibility conditions are
the same as in the normal case. It remains to check what happens when τ = σac
is the common face of σacd and σace. One gets that Γacd + M(τ,Γacd) = Γac while
Γace +M(τ,Γace) is the semigroup Γ′

ac generated by a′, c′, a′ + e′, c′ + e′,±2e′. Since
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c′ = c∗, a′ = a∗ + d∗ and e′ = −d∗ it follows that Γac = Γ′
ac, hence all the compatibility

conditions hold. By Proposition 8.11 we deduce that the complete toric variety TΓ
Σ is

non-normal and non-projective.

Part II: Local uniformization of maximal rank monomial valuations on

toric varieties by Semple-Nash modifications

In this Part we prove that a maximal rank monomial valuation dominating a point
of a toric variety admits a canonical local uniformization by a finite number of iterated
blowing ups of logarithmic jacobian ideals. Recall that, as shown below, if k is an
algebraically closed field of characteristic zero the blowing up of the logarithmic jacobian
ideal of an affine toric variety TΓ coincides with the Semple-Nash modification. This
fact, originally due to Gérard Gonzalez Sprinberg in the normal case ([14]), is our
starting point.

The sequence of logarithmic jacobian blowing-ups of a toric variety TΓ(1)

Σ(0) is a sequence

of toric varieties TΓ(i+1)

Σ(i) defined by a sequence Σ(i) of refinements (or subdivisions) of

Σ with attached families Γ(i+1) of semigroups. The center of a monomial valuation of

maximal rank d on the toric variety TΓ(i+1)

Σ(i) is a zero dimensional orbit corresponding

to a d-dimensional cone τ (i) of the fan Σ(i). The main result of this part shows that the

affine toric variety TΓ(i+1)

τ (i)
becomes smooth after finitely many iterations of logarithmic

jacobian blowing-ups (see Theorem 12.35).
In most proofs of resolution the strategy is to attach to points an invariant which

takes its minimal value only for regular points and then show that it can be made to
decrease by successive blowing-ups. Our strategy is different: we show that the very
nature of the blowing-up of the logarithmic jacobian ideals forces the cones distinguished
by the valuation in the successive refinements Σ(i) of Σ to stabilize for i large enough,
meaning that they are not subdivided in the Σ(j) for j ≥ i. If one can stabilize the cones
of maximal dimension the logarithmic jacobian blowing-ups are finite morphisms from
then on, and it is easy to show that they resolve in finitely many steps (see Proposition
12.20). This stabilization is not measured by the constancy of some local invariant.
The basic idea is to show stabilization by extending it from lower-dimensional cones to
higher-dimensional ones, so that if one really insists on having an invariant, it should
be the minimal codimension of stable faces of the cone τ (i) picked by the valuation; it
is at most d− 1 since edges are stable, and if it is zero, we are essentially done.

Here is a quick description of the structure of the proof: first we study the problem
with respect to the monomial valuation associated to a vector ν ∈ σ∩N , where σ ∈ Σ(d).

For each j such a vector determines a unique cone θ(j) ∈ Σ(j) containing ν in its relative
interior, and the first observation is that this sequence (θ(j))j≥0 stabilizes for j ≥ j1 say;

the limit θ(∞) = θ(j1) is by definition a stable cone of Σ(j1). This implies that the chart

TΓ(j)

θ(∞) is non-singular for j ≫ 0 (see Propositions 12.20 and 12.22).
One of the difficulties is that the logarithmic jacobian blowing-up of the variety does

not induce the logarithmic jacobian blowing-up of its lower-dimensional orbit closures.
A key point in the proof is that given a stable cone η, a nested sequence of cones
ζ(j) ∈ Σ(j) containing η as a codimension one face necessarily stabilizes (Proposition
12.25). This uses the fact that for every one dimensional orbit closure associated to
a stable cone of codimension one, the effect of the ambient blowing-up is very similar
that of its logarithmic jacobian blowing-up (see Claim 12.26). A monomial valuation
of maximal rank defines a nested sequence of d-dimensional cones τ (j) ∈ Σ(j). We show
first that this sequence contains a stable cone 0 6= η ≤ τ (j) for j ≫ 0. If η 6= τ (j)
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we analyze the the blowing up of the logarithmic jacobian ideal on the orbit closure
associated to η on the chart picked up by the valuation and we prove that after finitely
many iterations we obtain a stable cone η ≤ θ ≤ τ (j) of smaller codimension.

In Sections 13 and 14 we give an interpretation of the main result in terms of the
Zariski-Riemann space of a fan, introduced by Ewald and Ishida ([10]).

The recent paper [1] suggests that it would be interesting to develop an approach
from a computational viewpoint to the iteration of Semple-Nash modification.

9. The Semple-Nash modification: preliminaries

In [27], Semple introduced the Semple-Nash modification of an algebraic variety and
asked whether a finite number of iterations would resolve the singularities of the variety.
The same question was apparently rediscovered by Chevalley and Nash in the 1960’s,
and studied notably by Nobile (see [24]), Gonzalez-Sprinberg (see [16] and [14]), Hiron-
aka (see [19]), and Spivakovsky (see [29]). The best consequence so far of all this work
is the Theorem, due to Spivakovsky, stating that by iterating the operation consist-
ing of the Semple-Nash modification followed by normalization one eventually resolves
singularities of surfaces over an algebraically closed field of characteristic zero.

Let X be a reduced algebraic variety or analytic space, which we may assume of
pure dimension d for simplicity. Whenever we speak of the Semple-Nash modification,
we assume that we are working over an algebraically closed field k of characteristic
zero. Consider the Grassmanian g : GrassdΩ

1
X → X; it is a proper algebraic map, which

has the property that its fiber over a point of x is the Grassmanian of d-dimensional
subspaces of the Zariski tangent space EX,x. The map g is characterized by the fact that
g∗Ω1

X has a locally free quotient of rank d and g factorizes in a unique manner every
map to X with this property. Let Xo denote the non-singular part of X, which is d-
dimensional and dense in X by our assumptions. Since the restriction Ω1

X |X
o is locally

free the map g has an algebraic section over Xo and the Semple-Nash modification
is defined as the closure NX of the image of this section, endowed with the natural
projection nX : NX → X induced by g. The map nX is proper and is an isomorphism
over Xo; it is a modification. Like the Grassmanian of Ω1

X , it is defined up to a unique
X-isomorphism.

A local description can be given for a chart X|U of X embedded in affine space
AN (k) by taking the closure in (X|U) × G(N, d) of the graph of the Gauss map
γ : (X|U)o → G(N, d) sending each non-singular point to the class of its tangent space
in the Grassmanian of d-dimensional vector subspaces in AN (k). For any point x ∈ X
the fiber n−1

X (x) is the subset of G(N, d) consisting of limit positions at x ∈ X of tan-
gent spaces to X along sequences of non-singular points tending to x. In this guise, the
Semple-Nash modification appears in a complex-analytic framework in the paper [39]
of Hassler Whitney in connection with equisingularity problems.

Proposition 9.1. (Nobile), see [24] and [33]. Let X be a reduced equidimensional space;
if the map

nX : NX → X

is an isomorphism, the space X is non-singular.

For the convenience of the reader, we sketch the proof found in [33]:
If the map nX is an isomorphism, the sheaf Ω1

X has a locally free quotient of rank d.
The problem is local, so it is enough to prove that the existence of a surjective map
φ : Ω1

X,x → O
d
X,x implies, in characteristic zero, that OX,x is regular. Passing to the

completion and tensoring Ω1
X,x by ÔX,x we may assume that OX,x is complete. We

consider the linear map e : OdX,x → OX,x sending the first basis vector to 1 and the
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others to 0. The composition of e with the map φ gives a surjective map, so that there
has to be an element h ∈ OX,x such that the image of dh in OX,x by e ◦ φ is equal
to 1, and then the k-derivation D : OX,x → OX,x corresponding to e ◦ φ is such that
Dh = 1. In characteristic zero one can formally integrate this non vanishing vector
field using the formal expansion of exp(−hD) to get an isomorphism OX,x ≃ O1[[h]]
where O1 ≃ OX,x/(h). By construction O1 satisfies the same assumptions as OX,x in
one less dimension. By induction we are reduced to dimension zero, but a reduced zero
dimensional complete equicharacteristic local ring is k in our case. We refer to [33] for
details, and to [24] for the original proof.

Remark 9.2. We will see below in Section 11, Proposition 11.3, the characteristic-free
version of this statement, which is that if the blowing-up of the logarithmic jacobian ideal
is an isomorphism, the toric variety is smooth. Note that the Semple-Nash modification
is defined in any characteristic but its being an isomorphism does not imply regularity
in positive characteristic; it is the case for yp − xq = 0 with (p, q) = 1 in characteristic
p. See [24].

10. The Semple-Nash modification in the toric case

The following is an extension to the case of not necessarily normal toric varieties of
a result of Gonzalez-Sprinberg ([14]; a summary of this work appeared in [15]) which
was revisited by Lejeune-Jalabert and Reguera in the appendix to [23].
Let X be an affine toric variety over an algebraically closed field k. Using the notations
of Section 3 we write its ring

R = k[U1, . . . , Ur]/P,

where P is a prime binomial ideal (Um
ℓ
−Un

ℓ
)ℓ∈L of the polynomial ring k[U1, . . . , Ur].

Let d be the dimension of X and denote by L ⊂ Zr the lattice generated by the
differences (mℓ−nℓ)ℓ∈L; by [8], it is a direct factor of Zr since X is irreducible and k is
algebraically closed. Setting c = r− d, we may identify L with {1, . . . , L} with L = |L|
in such a way that the lattice generated by (m1 − n1, . . . ,mc − nc) has rank c. The
quotient Zr/L is isomorphic to Zd and we have an exact sequence

(15) 0→ L
ψ
→ Zr → Zd → 0.

Our affine toric variety X is Speck[tΓ], where Γ is the semigroup generated in Zd by
the images γ1, . . . , γr of the basis vectors of Zr. The logarithmic jacobian ideal of X
is the ideal of R = k[tΓ] generated by the images of the products Ui1 . . . Uid such that
Det(γi1 , . . . , γid) 6= 0.

Proposition 10.1. (Generalizing [14] [15] and [23]) Let X be an affine toric variety
over an algebraically closed field of characteristic zero. The Semple-Nash modification
of X is isomorphic to the blowing-up its logarithmic jacobian ideal.

Proof. Keeping the notations just introduced, a straightforward computation using log-
arithmic differentials shows that the jacobian determinant JK,L′ of rank c = r − d of

the generators (Um
ℓ
− Un

ℓ
)ℓ∈{1,...,L} of our prime binomial ideal P ⊂ k[U1, . . . , Ur], as-

sociated to a sequence K = (k1, . . . , kc) of distinct elements of {1, . . . , r} and a subset
L′ ⊆ {1, . . . , L} of cardinality c, satisfies the congruence

Uk1 . . . Ukc .JK,L′ ≡
(

∏

ℓ∈L′

Um
ℓ)

DetK,L′

(

(〈m− n〉)
)

mod.P,
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where
(

〈m− n〉
)

is the matrix of the vectors (mℓ − nℓ)ℓ∈{1,...,L}, and DetK,L′ indicates

the minor in question. By Lemma 6.3 of [34], the rank of the image in kr×L of the
matrix

(

〈m− n〉
)

is equal to c.
By ([24], proof of Th.1) the Nash modification of X is isomorphic to the blowing

up in X of the ideal generated as K = (k1, . . . , kc) runs through the sets of c distinct
elements of (1, . . . , r) by the elements JK,L0 satisfying the congruences

Uk1 . . . Ukc .JK,L0 ≡
(

∏

ℓ∈L0

Um
ℓ)

DetK,L0

(

(〈m− n〉)
)

mod.P,

where L0 = (1, . . . , c) is, after renumbering of {1, . . . , L}, a subset such that these
jacobian determinants are not all zero; such subsets exist since the JK,L′ are not all
zero. Remark the necessity that JK,L0 = 0 whenever the determinant on the right side
is zero.

Remark also that by [3], we may not suppose that the first c binomials define a
complete intersection.

Now for each K let us multiply both sides by Ui1 . . . Uid , where I = (i1, . . . , id) =
{1, . . . , r} \K. We obtain for each K the equality:

(16) U1 . . . Ur.JK,L0 ≡ Ui1 . . . Uid
(

∏

ℓ∈L0

Um
ℓ)

DetK,L0

(

(〈m− n〉)
)

mod.P.

Taking exterior powers for the map ψ in the sequence (15) gives an injection

0→
r−d
Λ L

r−d

Λ ψ
−→

r−d
Λ Zr

whose image is a primitive vector in
r−d
Λ Zr since it is a direct factor.

Let L0 ⊂ L be the lattice generated by the differences (m1 − n1, . . . ,mc − nc), that is,
corresponding to the first c binomial equations. The image of its (r − d)-th exterior

power is a non-zero multiple of the primitive vector
r−d
Λ L; all the c × c minors of the

matrix
(

〈m − n〉
)

involving vectors mℓ − nℓ with ℓ > c are rationally dependent upon
those which do not. Consider now the d-th exterior power of the map dual to the
surjection Zr → Zd → 0 of (15):

0→
d

Λ Žd →
d

Λ Žr.

The image of
d

Λ Žd is a primitive vector in
d

Λ Žr.

By the natural duality isomorphism between
d

Λ Žr and
r−d
Λ Zr (see [2] §11, No. 11,

Prop. 12) deduced from the pairings

d

Λ Žr⊗
d

Λ Zr → Z,
d

Λ Zr⊗
r−d
Λ Zr → Z,

this vector correspond to the image of
r−d
Λ L in such a way that the coordinate which

corresponds to the determinant of the vectors γi1 , . . . , γid in Zd is a rational multiple
of the determinant DetK,L0

(

(〈m − n〉)
)

, which is non-zero since our base field is of
characteristic zero.

Equation 16 now shows that the ideal of R generated by the JK,L0 differs from the
ideal generated by the images of the products Ui1 . . . Uid such that Det(γi1 , . . . , γid) 6= 0
only by the product by invertible ideals, so that these two ideals determine isomorphic
blowing ups, which proves the Proposition. �
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Remark 10.2. The proof found in [23] is valid in the non-normal case; the proof given
here makes explicit the connection of the logarithmic jacobian ideal with the usual one.

Remark 10.3. The isomorphism of Proposition 1.8 carries the logarithmic jacobian ideal
of k[tΓ×Γ′

] onto the tensor product of the logarithmic jacobian ideals of the factors.

Remark 10.4. In the one-dimensional case the logarithmic jacobian ideal is the maximal
ideal corresponding to the closed orbit. It is a classical fact that iterating the blowing-up
of the singular point resolves the singularities of any branch.

11. The sheaf of logarithmic jacobian ideals on a toric variety

Let the pair (Σ,Γ) define a toric variety TΓ
Σ as in Definition 4.1.

On the affine open set TΓσ , σ ∈ Σ we consider the ideal Jσ of k[tΓσ ] generated by
monomials of the form tα, where α belongs to the set

|Jσ| = {α1 + · · · + αd | α1, . . . , αd ∈ Γσ and α1 ∧ · · · ∧ αd 6= 0}.

As we saw in Proposition 10.1 the ideal Jσ is called the logarithmic jacobian ideal of
TΓσ .

Remark 11.1. If γ1, . . . , γr are generators of the semigroup Γσ then the monomials tα,
for α in

(17) {γi1 + · · ·+ γid | γi1 ∧ · · · ∧ γid 6= 0, 1 ≤ i1, . . . , id ≤ r},

generate the ideal Jσ. Abusing notation we denote the set (17) with the same letter
Jσ, whenever the set of generators of Γσ is clear from the context.

Proposition 11.2. The family {Jσ | σ ∈ Σ} defines a TM -invariant sheaf of ideals J
on TΓ

Σ , which is called the sheaf of logarithmic jacobian ideals of TΓ
Σ .

Proof. It is sufficient to check that if τ ≤ σ, σ ∈ Σ, then the ideal Jτ coincides with
the extension Jσk[t

Γτ ], induced by the inclusion k[tΓσ ] →֒ k[tΓτ ] defined by Γσ ⊂ Γτ .
By Lemma 3.9 if m ∈ Γσ belongs to the relative interior of the cone σ̌ ∩ τ⊥ then we

have that Γτ = Γσ + Z≥0(−m).
If γ1, . . . , γr are generators of Γσ then γ1, . . . , γr,−m are generators of Γτ . This

implies the inclusion Jσ ⊂ Jτ . By Remark 11.1 an exponent α in Jτ which does not
belong to the set Jσ is of the form: α = γi1+· · ·+γid−1

−m, with γi1∧· · ·∧γid−1
∧(−m) 6=

0. Then, the element β := γi1 + · · · + γid−1
+ m belongs to Jσ and we obtain that:

tα = t−2mtβ ∈ Jσk[t
Γτ ], and Jσk[t

Γτ ] = Jτ . �

Proposition 11.3. The toric variety TΓ
Σ is non-singular if and only if the blowing up

of the logarithmic jacobian ideal is an isomorphism.

Proof. We only have to prove that if the blowing up of the logarithmic jacobian ideal
of an affine toric variety is an isomorphism the variety is smooth. We deal first with
the case of a semigroup Γ such that the cone σ̌ generated by Γ is strictly convex, or
equivalently that the cone σ is of dimension d = rankM ≥ 1. In this situation the
semigroup Γ has a unique minimal system of generators γ1, . . . , γd, γd+1, . . . (see [9],
Chapter V, Lemma 3.5, page 155. The result is proved there for σ̌ ∩M but the same
argument applies to Γ). If there are more than d generators, we may assume that the
first d generators are linearly independent. Then γd+1 is linearly dependent on the
previous ones which gives us another element m = γ1+ · · ·+γi−1+γd+1+γi+1+ · · ·+γd
of our ideal. Our assumption ensures that m − m(1) = γd+1 − γi (or its opposite) is
in Γ, which contradicts the assumption of minimality since the appearance of γd+1 in
the right hand side of an expression γd+1 − γi =

∑

akγk, ak ∈ N, would contradict the
strict convexity of the cone σ̌ by implying either that some positive multiple of −γd+1
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is in Γ or that −γi is in Γ. The same argument works for γi − γd+1. Therefore Γ has d
independent generators which generate M and k[tΓ] is a polynomial ring.

If the dimension of σ is < d we deduce from the assumption and Proposition 12.22,
ii) below thatM(σ,Γ) =M(σ). Then we reduce to the case dimσ = d by Lemma 12.18
below. Neither of those two results uses this proposition. �

Lemma 11.4. There is a continuous piecewise linear function ordJ : |Σ| → R such
that for each τ ∈ Σ the function ordJτ is the restriction of ordJ to τ .

Proof. This follows from the definition of ordJσ (see (3)), by using that J is a sheaf
of monomial ideals.

Remark 11.5. Note that Lemma 11.4 holds more generally if we replace J by any sheaf
of monomial ideals I on TΓ

Σ .

The will need the following lemma in Section 12.

Lemma 11.6. Let θ⊥ ∩ Γ be a face of the finitely generated semigroup Γ ⊂ M . The
logarithmic jacobian ideal J̃ of the image Γ̃ of Γ in the lattice M/M(θ) is equal to the
image of the logarithmic jacobian ideal J of Γ.

Proof Let us denote by γ̃i the images in M/M(θ) of the generators γi of Γ and by
p the rank of the lattice M/M(θ). If γ̃i1 , . . . , γ̃ip are linearly independent in M/M(θ),

then γi1 , . . . , γip must be linearly independent from θ⊥. Remark that since θ⊥ ∩ Γ
is a face it must contain d − p generators of Γ which are linearly independent, since
θ⊥ ∩ Γ spans the rank d− p lattice M(θ,Γ). Choosing linearly independent generators
γip+1 , . . . , γid ∈ θ

⊥ ∩ Γ of Γ gives us a generator γi1 + · · · + γip + γip+1 + · · · + γid of J

whose image is γ̃i1 + · · · + γ̃ip , showing that J̃ is contained in the image of J . If we
now take d independent generators γi1 , . . . , γip , γip+1 , . . . , γid of Γ, since they generate
M , there must exist d− p independent elements in their images, say γ̃i1 , . . . , γ̃ip . Then

the image γ̃i1 + · · ·+ γ̃ip + γ̃ip+1 + · · ·+ γ̃id belongs to the logarithmic jacobian ideal J̃ ,

which shows that the image of J is equal to J̃ . �

12. Iterating the blowing-up of the logarithmic jacobian ideal

Let Γ ⊂M a finitely generated subsemigroup of a rank d latticeM such that ZΓ =M .
We assume in addition that the convex rational cone σ̌ := R≥0Γ, which is d-dimensional
since ZΓ = M , is strictly convex, which is equivalent to saying that the dual cone
σ ⊂ NR is strictly convex of dimension d. The semigroup Γ determines the affine toric
variety TΓ = Speck[tΓ]. We fix a finite set of generators γ1, . . . , γr of Γ. We consider
the set

J := {γi1 + · · ·+ γid | γi1 ∧ . . . ∧ γid 6= 0, 1 ≤ i1, . . . , id ≤ r}

defining the logarithmic jacobian ideal of TΓ.
The Newton polyhedron Nσ(J ) of the monomial ideal J (see Section 5), is contained

in the interior of σ̌, since the elements of J are sums of d-linearly independent elements
in the d-dimensional cone σ̌. The set J determines the order function defined by (3).
The maximal cones τ ⊂ σ of linearity of the function ordJ form the d-skeleton of a fan
Σ supported on σ. The map

(18) τ 7→ m if ordJ (ν) = 〈ν,m〉 for all ν ∈ τ.

is a bijection between the set Σ(d) of d-dimensional cones of Σ and the set of vertices
of the polyhedron Nσ(J ).
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We now consider the blowing up of the monomial ideal J . A cone τ (1) ∈ Σ(d)

determines a vertex m(1) of Nσ(J ) by (18) and also the finitely generated semigroup

Γ
(2)

τ (1)
:= Γ +

∑

m∈J

Z≥0(m−m
(1)) ⊂ τ̌ (1) ∩M.

In view of the description recalled above of Σ(d) in terms of Nσ(J ), the cone R≥0Γ
(2)

τ (1)

is τ̌ (1). The affine toric variety T
Γ
(2)

τ(1) is a chart of the blowing up of J and this toric

variety is covered by charts of this form (see Section 5). The semigroup Γ
(2)

τ (1)
is generated

by {γ1, . . . , γr} ∪ {m−m
(1)}m∈J .

Lemma 12.1. If we choose a representation m(1) = γi1 + · · ·+ γid as a sum of linearly

independent vectors in Γ then the semigroup Γ
(2)

τ (1)
is generated by

(19) {γi1 , . . . , γid} ∪ {γl − γis | 1 ≤ s ≤ d, 1 ≤ l ≤ r, l 6= is, γl ∧

j 6=is
∧

j=1,...,d

γij 6= 0}.

Proof. To simplify the notations we can assume that is = s for s = 1, . . . , d. First

notice that if γl, 1 ≤ l ≤ r, has the property that γl ∧
∧i 6=i0
i=1,...,d γi then the vector

m′ = γl +
∑i 6=i0

i=1,...,d γi belongs to J hence m′ −m(1) = γl − γi0 is a generator of Γ
(2)

τ (1)
.

Since γ1, . . . , γd ∈ Γ
(2)

τ (1)
by construction we get that γl ∈ Γ

(2)

τ (1)
is not in the minimal set

of generators of the semigroup Γ
(2)

τ (1)
.

Suppose now that γp1 , . . . , γpd are linearly independent vectors. We denote by s0
the integer such that γp1 , . . . , γps0 ∈ {1, . . . , d} and γps0+1 , . . . , γpd ∈ {d+ 1, . . . , r}. We
can permute the vectors γps0+1 , . . . , γpd in such a way that the i-th coefficient of the
expansion of γpi in terms of the basis γ1, . . . , γd of NQ, is non-zero for i = s0 + 1, . . . , d
(otherwise we would get that γp1 ∧ · · · ∧ γpd = 0 contrary to the assumption). Then the

vector m =
∑d

i=1 γpi belongs to J and we deduce that m −m(1) =
∑d

i=s0+1(γpi − γi)

hence the vectors (19) generate the semigroup Γ
(2)

τ (1)
. �

We denote also by J
(2)

τ (1)
the finite subset of Γ

(2)

τ (1)
corresponding to the monomials

generating the logarithmic jacobian ideal of T
Γ
(2)

τ(1) , by the same symbol this last ideal

of k[t
Γ
(2)

τ(1) ] , and by ord
J

(2)

τ(1)

: τ (1) → R the corresponding order function.

Remark 12.2. On the chart T
Γ
(2)

τ(1) the pull back of the ideal J by the blowing up of J

is the principal ideal tm
(1)
k[t

Γ
(2)

τ(1) ] = tJ k[t
Γ
(2)

τ(1) ]. The Newton polyhedron

Nτ (1)(J ) := J + τ̌ (1) = m(1) + τ̌ (1)

of tJ k[t
Γ
(2)

τ(1) ] is principal, i.e., it has only one vertex m(1).

Lemma 12.3. There is a continuous piecewise linear function ordJ (2) : σ → R such

that for each τ (1) ∈ Σ(d) the function ord
J

(2)

τ(1)

is the restriction of ordJ (2) to τ (1).

Proof. This follows from Lemma 11.4. �

As above, the maximal cones τ ⊂ σ of linearity of the function ordJ (2) form the

d-skeleton of a fan Σ(2) supported on σ and subdividing the fan Σ. In particular, if
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τ (2) ∈ Σ(2)(d) is contained in τ (1) ∈ Σ(d) then we denote by m(2) the vertex of the

Newton polyhedron Nτ (1)(J
(2)

τ (1)
) of J

(2)

τ (1)
such that

ordJ (2)(ν) = 〈ν,m(2)〉 for all ν ∈ τ (2).

By iterating this construction we obtain a sequence of piecewise linear functions
ordJ (j) on σ, together with the corresponding fans Σ(j), with J = J (1) and Σ(1) = Σ,

and such that Σ(j) is a subdivision of Σ(j−1) for all j ≥ 2.
By definition a cone τ (j) ∈ Σ(j)(d) is contained in a unique cone τ (l) ∈ Σ(l)(d), for

0 ≤ l ≤ j− 1, where we set τ (0) := σ. Then we have unique vectors m(l) ∈M such that

ordJ (l)(ν) = 〈ν,m(l)〉 for all ν ∈ τ (j) and 1 ≤ l ≤ j.

The cone τ (j) corresponds to a chart of the blowing up of the logarithmic jacobian

ideal J
(j)

τ (j−1) of k[t
Γ
(j)

τ(j−1) ]. This chart is the affine toric variety defined by the semigroup

Γ
(j+1)

τ (j)
= Γ

(j)

τ (j−1) +
∑

m∈J
(j)

τ(j−1)

Z≥0(m−m
(j)).

By induction this procedure also provides a system of generators of each semigroup

Γ
(j+1)

τ (j)
. We use also the notation J

(j+1)

τ (j)
to refer to the finite set of generators of the

logarithmic jacobian ideal of k[t
Γ
(j+1)

τ(j) ] (see Remark 11.1). The following inclusions, for
j ≥ 2, are consequence of the definitions:

(20) Γ
(j)

τ (j−1) ⊂ Γ
(j+1)

τ (j)
, k[t

Γ
(j)

τ(j−1) ] ⊂ k[t
Γ
(j+1)

τ(j) ], J
(j)

τ (j−1)k[t
Γ
(j+1)

τ(j) ] ⊂ J
(j+1)

τ (j)
k[t

Γ
(j+1)

τ(j) ].

By (20) we have that

(21) ordJ (j+1)(ν) ≤ ordJ (j)(ν) for all ν ∈ σ.

Remark 12.4. For 1 ≤ l ≤ j we deduce from Remark 12.2 that J
(l)

τ (l−1)k[t
Γ
(l+1)

τ(l) ] =

tm
(l)
k[t

Γ
(l+1)

τ(l) ], hence the Newton polyhedron Nτ (l)(J
(l)

τ (l−1)) = J
(l)

τ (l−1) + τ̌ (l) = m(l) + τ̌ (l)

has only one vertex m(l).

Notation 12.5. We denote the Newton polyhedronNτ (j−1)(J
(j)

τ (j−1)) simply byN (J
(j)

τ (j−1))
since there is no risk of confusion.

Proposition 12.6. The following assertions are equivalent:

i. τ (j) = τ (j−1)

ii. The blowing up of the ideal J
(j)

τ (j−1) of T
Γ
(j)

τ(j−1) is a finite morphism.

Proof. The hypothesis i. is equivalent to the following fact: the semigroups Γ
(j)

τ (j−1)

and Γ
(j+1)

τ (j)
have the same saturation in the lattice M ; it is equal to τ̌ (j−1) ∩ M =

τ̌ (j) ∩M . This is equivalent to the following geometric statement: the composite of the

normalization of T
Γ
(j+1)

τ(j) with the blowing up of the logarithmic jacobian ideal of T
Γ
(j)

τ(j−1)

is the normalization map of T
Γ
(j)

τ(j−1) and therefore this blowing up is finite. Conversely,

if ii. holds, the blowing up morphism T
Γ
(j+1)

τ(j) → T
Γ
(j)

τ(j−1) induces an isomorphism of the
normalizations, from which i. follows in view of Remark 4.6. �

Remark 12.7. The conditions of the Lemma are also equivalent to the fact that the

Newton polyhedron of the ideal J
(j)

τ (j−1) has only one vertex m(j).
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Definition 12.8. For any integer j ≥ 1 we introduce a function

f (j) : {τ ⊂ σ | 0 6= τ convex rational polyhedral cone } → Z≥1.

If ν1, . . . , νs are the primitive integral vectors for the lattice N which span the edges of
τ , then the value of f (j)(τ) is defined by

f (j)(τ) :=

s
∑

i=1

ordJ (j)(νi).

Remark 12.9. Notice that if 0 6= τ is any rational polyhedral cone contained in τ (j) ∈
Σ(j)(d) then f (j)(τ) =

∑s
i=1〈νi,m

(j)〉 and if τ is of dimension d then f (j)(τ) ≥ d.
Moreover, by (21) we obtain that

(22) f (j)(τ) ≤ f (j−1)(τ).

Lemma 12.10. The following conditions are equivalent for j ≥ 1:

i. The equality f (j)(τ (j−1)) = d holds.

ii. The cone τ (j−1) is regular for the lattice N and Γ
(j)

τ (j−1) = τ̌ (j−1) ∩M .

iii. The toric variety T
Γ
(j)

τ(j−1) is smooth.

Note that if the conditions of the Lemma are satisfied, the polyhedronNτ (j−1)(J
(j)

τ (j−1))

has only one vertex m(j).
Proof. It is clear that ii. and iii. are equivalent. It is enough to prove the result for
j = 1. Suppose first that i. holds. By hypothesis the fan Σ(1) is the fan consisting of
the faces of σ. If ν1, . . . , νs are the primitive vectors for the lattice N which span the
cone σ then 〈νi,m〉 > 0, i = 1, . . . , s since m = m(1) belongs to the interior of σ̌. Since
f(σ) = d =

∑s
i=1〈νi,m〉 we get that s = d and 〈νi,m〉 = 1.

By definition of J the vector m is sum of d generators of Γ which are linearly inde-

pendent, say m = γ1 + · · ·+ γd. Since
∑d

j=1〈νi, γj〉 = 1 for i = 1, . . . , d we obtain that,
up to relabeling the νi, the vectors ν1, . . . , νd in NR form the dual basis of γ1, . . . , γd in
MR. Finally, notice that the parallelogram generated by the primitive vectors γ1, . . . , γd
in MR contains no integral points different from the vertices. It follows that γ1, . . . , γd
form a basis of M .

Conversely, if ii. holds then we check from the definitions that i. holds. �

Proposition 12.11. Suppose that τ (j) ∈ Σ(j)(d) is contained in τ (j−1) ∈ Σ(j−1)(d).
The following equalities are equivalent:

i. f (j)(τ (j)) = f (j−1)(τ (j)),

ii. m(j) = m(j−1).

Proof. Notice that if m(j) = m(j−1) then i. follows by Remark 12.9.
Suppose that the equality i. holds. By Remark 12.4 we have that

Nτ (j−1)(J
(j−1)

τ (j−2)) = m(j−1) + τ̌ (j−1) and Nτ (j)(J
(j)

τ (j−1)) = m(j) + τ̌ (j).

Since τ (j) is contained in τ (j−1) we get that τ̌ (j−1) ⊂ τ̌ (j) and then Nτ (j)(J
(j−1)

τ (j−2)) =

m(j−1) + τ̌ (j). By (20) we get

(23) m(j−1) + τ̌ (j) ⊂ m(j) + τ̌ (j).

Let ν1, . . . , νs be the primitive integral vectors for the lattice N which span the cone
τ (j). The vector ν :=

∑s
i=1 νi belongs to the interior of the cones τ (j) and τ (j−1). By

Remark 12.9 and the hypothesis we deduce

f (j−1)(τ (j)) = 〈ν,m(j−1)〉 = f (j)(τ (j)) = 〈ν,m(j)〉.
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This equality and the inclusion (23) imply that m(j−1) = m(j). �

Proposition 12.12. There exists an integer l ≥ 1 such that for any cone τ ∈ Σ(l)(d)

if f (1)(τ) > d then f (1)(τ) > f (l)(τ).

Proof. Let us assume that the assertion of the Proposition does not hold. This implies
that there exists a infinite sequence of convex polyhedral cones

(24) σ = τ (0) ⊃ τ (1) ⊇ τ (2) ⊇ · · · ⊇ τ (j) ⊇ · · · ,

such that τ (j) ∈ Σ(j)(d) and

(25) f (j)(τ (j)) = f (1)(τ (j)) > d, for all j ≥ 2.

By Remark 12.9 we have that f (j)(τ (j)) = f (j−1)(τ (j)) for all j ≥ 2. Proposition

12.11 implies then that m(j) = m(j−1) for all j ≥ 2.

Claim 12.13. There exists a strictly increasing sequence (ij)j≥1 of integers ≥ 0 such

that τ (ij) 6= τ (ij+1), that is, the inclusion τ (ij) ⊃ τ (ij+1) is strict, for j ≥ 1.

Proof of the claim. Assume that the claim does not hold. This implies that τ (j) =

τ (j−1) for all j ≥ 1. By Proposition 12.6 the blowing up of the ideal J
(j)

τ (j−1) of T
Γ
(j)

τ(j−1)

is a finite morphism, dominated by the normalization of TΓ, for all j ≥ 1. It follows

that for j ≫ 0 the variety T
Γ
(j)

τ(j−1) is normal. By Proposition 11.3, this variety is also
smooth. By Lemma 12.10 it follows that f (j)(τ (j)) = d for j ≫ 0. This is a contradiction
with (25). �

Let us fix a representation for m = m(1) in terms of the generators of Γ:

m = γ1 + · · · + γd with γ1 ∧ · · · ∧ γd 6= 0,

(up to an eventual relabeling of the generators {γi}
r
i=1 of the semigroup Γ).

By Claim 12.13 we can suppose without loss of generality that i1 = 0, that is, the
Newton polyhedron Nσ(J ) has at least two different vertices m and n.

Lemma 12.14. Given one of the γj which appear in the decomposition of m, say γd,
for any j ≥ 0 the vector nj := n− jγd has the property that

nj ∈ J
(j+1)

τ (j)
and (nj −m) ∧ γ1 ∧ · · · ∧ γd−1 6= 0.

Proof. We prove the assertion by induction on j. Notice that for j = 0 the vector

n0 = n belongs to J by hypothesis. We suppose by induction that nl ∈ J
(l+1)

τ (l)
,

1 ≤ l ≤ j.
We prove first that:

(26) (nl −m) ∧ γ1 ∧ · · · ∧ γd−1 6= 0, for 0 ≤ l ≤ j.

Assume on the contrary that (26) does not hold for some 0 ≤ l ≤ j. After relabeling
the vectors γ1, . . . , γd−1 if necessary, we have an expansion of the form:

(27) nl −m = a1γ1 + · · ·+ ahγh with h ≤ d− 1,

and in addition the coefficients of (27) are non-zero rational numbers which are not of
the same sign, that is,

{

ai > 0 for i = 1, . . . , s
ai < 0 for i = s+ 1, . . . , h.

Indeed, if all coefficients ai in (27) are ≥ 0 we obtain that

n = m+ a1γ1 + · · ·+ ahγh + lγd ⊂ m+ σ̌,
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contradicting that n 6= m is a vertex of Nσ(J ). In particular, we have that nl 6= m.
Similarly, if all the coefficients ai are smaller than zero we get that

m = nl − a1γ1 − · · · − ahγh ⊂ nl + σ̌ ⊂ nl + τ̌ (l).

This implies that m is not a vertex of the Newton polyhedron Nτ (l)(J
(l+1)

τ (l)
), since

nl ∈ J
(l+1)

τ (l)
and nl 6= m.

If α ∈ R we denote by ⌈α⌉ the smallest integer p such that α ≤ p.

Claim 12.15. If q :=
∑s

i=1⌈ai⌉, 0 ≤ p ≤ q and bi are integers such that 0 ≤ bi ≤ ⌈ai⌉,

i = 1, . . . , s and
∑s

i=1 bi = p then the vector βl,p := nl −
∑s

i=1 biγi belongs to J
(l+p+1)

τ (l+p) .

Proof of the claim. We prove the assertion by induction on p. For p = 0 we have

βl,0 = nl hence the assertion holds by assumption. Suppose that βl,p ∈ J
(l+p+1)

τ (l+p) for
0 ≤ p < q. The vector

βl,p −m = nl −m−
s

∑

i=1

biγi =

s
∑

i=1

(ai − bi)γi +
h

∑

i=s+1

aiγi

belongs to Γ
(l+p+2)

τ (l+p+1). Since p < q there is a strictly positive coefficient in this expansion

of βl,p −m, say a1 − b1, for instance. We get (βl,p −m) ∧ γ2 ∧ · · · ∧ γd 6= 0, hence the
vector

βl,p+1 := βl,p −m+ γ2 + · · ·+ γd = βl,p − γ1

belongs to J
(l+p+2)

τ (l+p+1) . �

By Claim 12.15 the expansion

βl,q −m =

s
∑

i=1

(ai − ⌈ai⌉)γi +
h
∑

i=s+1

aiγi

has only coefficients ≤ 0 and βl,q ∈ J
(l+q+2)

τ (l+q+1) . We get also that m 6= βl,q since the
coefficients as+1, . . . , ah are non-zero and the vectors γ1, . . . , γh are linearly independent.
We deduce from this that

m = βl,q −
s

∑

i=1

(ai − ⌈ai⌉)γi −
h
∑

i=s+1

aiγi ∈ βl,q + σ̌ ⊂ βl,q + τ̌ (j+q+1).

This contradicts the assumption,m being a vertex of the Newton polyhedron of J
(l+q+2)

τ (l+q+1) .

Finally, we have proven that (26) holds hence

nj+1 = (nj −m) + γ1 + · · ·+ γd−1 ∈ J
(j+2)

τ (j+1) .

This concludes the induction in the proof of Lemma 12.14. �

The cone

τ (∞) =
⋂

l≥1

τ (l) =
⋂

j≥1

τ (ij)

is a closed convex subset of σ different from 0. A vector 0 6= w ∈ τ (∞) defines amonomial
valuation ω of the field of fractions of k[tΓ], which verifies that if 0 6=

∑

aγt
γ ∈ k[tΓ]

then ω(
∑

aγt
γ) = minaγ 6=0〈w, γ〉. By definition this valuation is non-negative in the

subrings k[t
Γ
(j)

τ(j−1) ] for all j ≥ 1. Notice that the vector w ∈ NR is not necessarily an
element of NQ and it may lie in a face of σ (different from 0). We remark that for all
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j ≥ 1 we have that min{〈w, γ〉 | γ ∈ J
(j)

τ (j−1)} = 〈w,m〉 since w takes non negative values

on J
(j+1)

τ (j)
which contains the set {γ −m | γ ∈ J

(j)

τ (j−1)}.
Since γ1 . . . , γd span MR at least one of the vectors γi verifies that 〈w, γi〉 6= 0.

Suppose for instance that 〈w, γd〉 > 0.

By Lemma 12.14, for any integer j ≥ 0 the vector nj = n− jγd belongs to J
(j+1)

τ (j)
⊂

Γ
(j+1)

τ (j)
. This implies that

ω(tnj) = 〈w,nj〉 = 〈w,n〉 − j〈w, γd〉

becomes strictly negative for j large enough. This is a contradiction since tnj ∈ k[t
Γ
(j+1)

τ(j) ]

and the valuation ω is non negative on the ring k[t
Γ
(j+1)

τ(j) ]. �

Corollary 12.16. With the previous notations, given any sequence of the form (24) if

TΓ is not smooth it is not possible that m(1) = m(j) for all j ≥ 2.

Proof. This is now a consequence of Proposition 12.11.

Definition 12.17.

i. If 0 6= η ⊂ σ is a cone we denote by νη the sum of the primitive vectors, for the
lattice N in the edges of the cone η.

ii. A cone η ⊂ σ is stable if there is an integer I ≥ 1 such that η ∈ Σ(j) for all j ≥ I.
iii. The stability problem for the toric variety TΓ consists of determining if the

sequence of fans (Σ(j))j≥0 stabilizes, that is Σ(j) = Σ(j+1) for j ≫ 0.

iv. If θ ∈ Σ(l) the stability problem for the cone θ consists of determining if the
sequence of fans, {θ(j) ∈ Σ(j) | θ(j) ⊂ θ} j ≥ l, stabilizes.

For instance, if ρ ∈ Σ(j) is of dimension one then ρ is stable.

Lemma 12.18. If θ ∈ Σ(j−1) is a cone of codimension > 0 and M(θ,Γ
(j)
θ ) = M(θ)

(see Notation 4.9), then the stability problem for the cone θ ⊂ NR is equivalent to a
stability problem for the cone θ, viewed in (Nθ)R, with respect to the sequence of iterated
Semple-Nash modifications of another toric variety of dimension equal to dim θ.

Proof. The sublattice M(θ) = M ∩ θ⊥ of M is obviously saturated, so that it is a
direct summand ofM . Let us consider a sublatticeM ′ ofM such thatM =M(θ)⊕M ′.
Such a sublattice M ′ is spanned by vectors vq0+1, . . . , vd, completing a basis v1, . . . , vq0
ofM(θ) to a basis ofM . Any γ ∈M can be written in a unique way as γ = α1(γ)+α2(γ)
with α1(γ) ∈M(θ) and α2(γ) ∈M

′. The restriction β : M ′ 7→M/M(θ) of the canonical

map M → M/M(θ) to the sublattice M ′ ⊂ M is an isomorphism. The image Γ̃
(j)
θ of

Γ
(j)
θ by the canonical map M 7→ M/M(θ) is a semigroup of finite type, generates the

lattice M/M(θ) and spans a strictly convex cone R≥0Γ̃
(j)
θ .

The semigroup Γ
(j)
θ ∩ θ

⊥, which is the minimal face of Γ
(j)
θ , is a rank q0 lattice by

Lemma 3.9. Using the equality Γ
(j)
θ ∩ θ

⊥ =M(θ) one checks directly that the map

(28) Γ
(j)
θ −→M(θ)× Γ̃

(j)
θ , γ 7→ (α1(γ), β ◦ α2(γ))

is a semigroup isomorphism. The map (28) determines an isomorphism TΓ
(j)
θ

≃
−→

orb(θ,Γ
(j)
θ ) × T Γ̃

(j)
θ . In particular, the variety TΓ

(j)
θ is smooth if and only if T Γ̃

(j)
θ is

smooth.
According to Remark 10.3 and Lemma 11.6 the blowing up of logarithmic jacobian

ideals commutes with the splitting defined by (28). The assertion follows from this since
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the cone θ, viewed in the R-linear subspace (Nθ)R it spans in NR, is the dual cone of

R≥0Γ̃
(j)
θ . �

Remark 12.19. Geometrically, we see that the semigroup Γ̃
(j)
θ in Lemma 12.18 corre-

sponds to the toric variety of dimension dim θ which is a transverse linear section of

TΓ
(j)
θ at the point (1, . . . , 1) of the orbit corresponding to θ.

Proposition 12.20. If θ is a stable cone then there is an integer I ≥ 1 such that the

variety TΓ
(j)
θ is smooth for all j ≥ I. If TΓ

(j)
θ is smooth the cone θ is stable.

Proof. By Lemma 12.18 and ii. of Proposition 12.22 below, we can assume that

codimθ = 0. The blowing up of the ideal J
(j)
θ of TΓ

(j)
θ is a finite morphism, dominated for

all j ≫ 0 by the normalization of TΓ
(j)
θ , which is equal to that of TΓ

(1)
θ (see Proposition

12.6). It follows that for j ≫ 0 the map TΓ
(j+1)
θ → TΓ

(j)
θ is an isomorphism. By

Proposition 11.3, this variety is smooth. The second assertion follows directly from the
definitions. �

Remark 12.21. By Proposition 12.20 the stability problem is equivalent to the problem of
determining if the iteration of the blowing ups of logarithmic jacobian ideals eventually
resolves the singularities of the toric variety TΓ.

Proposition 12.22. Given 0 6= ν ∈ σ ∩ N , for any j ≥ 1 there exists a unique cone
θ(j) ∈ Σ(j) such that ν ∈ int(θ(j)). Then for j ≫ 0 we have:

i. If q0 = codimθ(j−1) and if m(j) ∈ J
(j)

θ(j−1) is such that ordJ (j)(ν) = 〈ν,m(j)〉, then
for any representation

(29) m(j) = γ
(j)
1 + · · ·+ γ

(j)
d

as a sum of linearly independent elements in the semigroup Γ
(j)

θ(j−1), there are

exactly q0 of them in M(θ(j−1)).

ii. M(θ(j−1),Γ
(j)

θ(j−1)) =M(θ(j−1)) =M(θ(j)) (cf. Notation 4.9).

Moreover, the sequence of cones (θ(j)) stabilizes.

Proof. Notice that the vector ν is in a subdivision of θ(j) induced by Σ(j+1), so that
we have θ(j+1) ⊆ θ(j). The sequence (codimNR

θ(j))j is increasing, thus there exists an

integer 0 ≤ q0 ≤ d− 1 such that codim θ(j) = q0, for j ≫ 0.
Since ν ∈ int(θ(j)) ∩N , we have the equalities

(30) Γ
(j)

θ(j−1) ∩ (θ(j−1))⊥ = Γ
(j)

θ(j−1) ∩ ν
⊥ =M(θ(j−1),Γ

(j)
θ ).

The lattice M(θ(j−1),Γ
(j)

θ(j−1)) is a sublattice of finite index i(θ(j−1),Γ
(j)

θ(j−1)) of M(θ(j−1))

(see Notation 4.9 and Lemma 3.9). By definitionM(θ(j−1)) is a saturated subsemigroup

of M , and it is also a rank q0 lattice. By (20) we deduce that M(θ(j−1)) = M(θ(j))

and M(θ(j−1),Γ
(j)
θ ) ⊂M(θ(j),Γ

(j+1)
θ ). Then, the sequence of indices (i(θ(j−1),Γ

(j)

θ(j−1)))j

stabilizes, henceM(θ(j−1),Γ
(j)
θ ) =M(θ(j),Γ

(j+1)
θ ) for j ≫ 0. The lattice M(θ(j−1),Γ

(j)
θ )

is a priori a sublattice of finite index of M(θ(j−1)).
We deal first with the proof of (i). Up to relabeling the vectors we can assume that

those γ
(j)
i appearing in (29), which belong to M(θ(j−1)) are γ

(j)
1 . . . , γ

(j)
s for 0 ≤ s ≤ q0.

By (30) these vectors belong to M(θ(j−1),Γ
(j)

θ(j−1)). Suppose that s 6= q0. Since, the

images of the γ
(j)
i , i = s + 1, . . . , d, generate a rank d − q0 sublattice of M/M(θ(j−1)),

we get that d − q0 of them, say for i = q0 + 1, . . . , d, are linearly independent modulo
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M(θ(j−1)). We can find vectors γ̃
(j)
s+1, . . . , γ̃

(j)
q0 ∈ Γ

(j)

θ(j−1) ∩ ν
⊥, such that γ

(j)
1 ∧ . . .∧ γ

(j)
s ∧

γ̃
(j)
s+1 ∧ . . . ∧ γ̃

(j)
q0 6= 0. Then the vector

m′ := γ
(j)
1 + · · ·+ γ(j)s + γ̃

(j)
s+1 + · · ·+ γ̃(j)q0 + γ

(j)
q0+1 + · · · + γ

(j)
d

verifies that m′ ∈ J
(j−1)

θ(j−1) . Since 0 = 〈ν, γ̃
(j)
j 〉 < 〈ν, γ

(j)
j 〉, for s + 1 ≤ j ≤ q0 we would

have 〈ν,m′〉 < 〈ν,m(j)〉, a contradiction.

Suppose that (ii) does not hold. Then, since Γ
(j)

θ(j−1) generates the lattice M , there

exist γ, γ′ ∈ Γ
(j)

θ(j−1) such that γ− γ′ ∈M(θ(j−1)) \M(θ(j−1),Γ
(j)

θ(j−1)). In view of (30) we

get 0 6= 〈ν, γ〉 = 〈ν, γ′〉. Since γ
(j)
q0+1, . . . , γ

(j)
d define linearly independent vectors in the

lattice M/M(θ(j−1)) which is of rank d− q0, there exists an integer q0+1 ≤ i0 ≤ d such

that γ (resp. γ′) together with γ
(j)
q0+1, . . . , γ

(j)
i0−1, γ

(j)
i0+1, . . . , γ

(j)
d are linearly independent

modulo M(θ(j−1)). Suppose without loss of generality that i0 = d. Then the vectors

γ̃ := γ+
∑d−1

i=1 γ
(j)
i and γ̃′ := γ′+

∑d−1
i=1 γ

(j)
i belong to J

(j)

θ(j−1) , hence γ̃−m
(j) = γ− γ

(j)
d

and γ̃′−m(j) = γ′− γ
(j)
d are both elements of Γ

(j+1)

θ(j)
. Since 〈ν, γ

(j)
d 〉 > 0, it follows that

γ̃−γ̃′ = γ−γ′ and 〈ν, γ̃〉 = 〈ν, γ̃′〉 < 〈ν, γ〉 = 〈ν, γ′〉. By repeating this construction, since
ν ∈ σ ∩N , in a finite number of steps we reduce to the case when 〈ν, γ〉 = 〈ν, γ′〉 = 0.

As we remarked before this implies that γ − γ′ ∈M(θ(j−1),Γ
(j)

θ(j−1)), a contradiction.

By Lemma 12.18 and ii. we can assume that q0 = 0. By (21) the sequence of positive

integers (〈ν,m(j)〉)j≥1 is decreasing, hence it stabilizes. Suppose that the sequence (θ
(j))

does not stabilize. By Proposition 12.20 this implies that the toric variety T
Γ
(j)

θ(j−1) is
not smooth for any j ≥ 1.

Let us fix an integer j1 ≫ 0. By Proposition 12.12 there exists a smallest integer j2 >

j1 such that m(j2) 6= m(j1). We consider a representation of m(j2) ∈ J
(j2)

θ(j2−1) of the form

(29). The vector m(j1) −m(j2) belongs to the semigroup Γ
(j2+1)

θ(j2)
since m(j1) ∈ J

(j2)

θ(j2−1)

by (20). We obtain that 〈ν,m(j1)−m(j2)〉 = 0, hence m(j1)−m(j2) ∈ Γ
(j2+1)

θ(j2)
∩ ν⊥. Since

ν ∈ intθ(j2) and dim θ(j2) = d we deduce also that Γ
(j2+1)

θ(j2)
∩ ν⊥ = {0}, a contradiction,

which ends the proof of Proposition 12.22. �

If η ⊂ NR is a rational convex polyhedral cone the duality between the lattices N
and M induces a duality between the lattices Nη and Mη =M/M(η) and also a duality

between N(η) = N/Nη and M(η) =M ∩ η⊥ (cf. Notations 4.9).

If 0 6= η is a stable cone one can consider for j ≫ 0 the orbit closure TΓ(j)

Σ(j−1)(η)

associated to η ∈ Σ(j−1). By convenience we recall the notations to describe this toric
variety in this case. See Lemma 4.10 and Notations 4.9.

Notation 12.23. If η ∈ Σ(j−1) is a stable cone the variety TΓ(j)

Σ(j−1)(η) is covered by charts

defined by the semigroups Γ
(j)

θ(j−1)∩η
⊥, for η ≤ θ(j−1) and θ(j−1) ∈ Σ(j−1). Notice that the

semigroup Γ
(j)

θ(j−1) ∩η
⊥ is a face of Γ

(j)

θ(j−1) , and it spans the lattice M(η,Γ
(j)
η ) = Γ

(j)
η ∩η⊥

by Lemma 3.9. By Proposition 12.22 ii. this lattice is equal to M(η) if j ≫ 0. The fan

Σ(j−1)(η) consists of the images θ(j−1)(η) of cones θ(j−1) ∈ Σ(j−1) in N(η)R. The cone

θ(j−1)(η) is the dual cone of R≥0(Γ
(j)

θ(j−1) ∩η
⊥). We denote by J

(j)

θ(j−1)(η) the logarithmic

jacobian ideal of k[t
Γ
(j)

θ(j−1)
∩η⊥

].

The following technical lemma will be useful.
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Lemma 12.24. Let 0 6= η be a stable cone of codimension d0 < d. We denote by

π :MR →MR/M(η)R, α 7→ α̃

the canonical projection. If (θ(j))j is a sequence such that

(31) θ(j) ∈ Σ(j), θ(j) ⊃ θ(j+1) and η ≤ θ(j),

then for j ≫ 0 we have:

i. π(Γ
(j)

θ(j−1)) = π(Γ
(j+1)

θ(j)
) and the semigroup Γ̃η := π(Γ

(j)

θ(j−1)) is generated by a basis

ẽd0+1, . . . , ẽd of M/M(η).

ii. If m(j) is the vertex of the polyhedron N (J
(j)

θ(j−1)) such that

(32) ordJ (j)(ν) = 〈ν,m(j)〉, ∀ν ∈ θ(j),

then for any representation of the form (29) of m(j) as a sum of linearly inde-

pendent vectors in Γ
(j)

θ(j−1) then exactly d0 of the γ
(j)
i belong to Γ

(j)

θ(j−1) ∩ η
⊥, say

for i = 1, . . . , d0, while 〈νη, γ
(j)
i 〉 = 1 for i = d0 + 1, . . . , d.

iii. The vector m(j) belongs to the face F
(j)

θ(j−1) of N (J
(j)

θ(j−1)) determined by νη (cf.

Definition 12.17). The face F
(j)

θ(j−1) is the Minkowski sum

N (J
(j)

θ(j−1)(η)) + P
(j)

θ(j−1) ,

where P
(j)

θ(j−1) is the convex hull of the set
⋃

δ
(j)
id0+1

+ · · · + δ
(j)
id

+ (θ̌(j−1) ∩ η⊥),

for δ
(j)
id0+1

, . . . , δ
(j)
id
∈ Γ

(j)

θ(j−1) such that δ
(j)
id0+1

∧ · · · ∧ δ
(j)
id
6= 0, and 〈νη, δ

(j)
il
〉 = 1 for

l = d0 + 1, . . . , d.

Proof. Since η is a stable cone we get thatM(η) =M(η,Γ
(j)
η ), by applying Proposition

12.22 to the constant sequence of cones ηj := η. By Lemma 12.18 the cone η ⊂ (Nη)R

is a stable cone for the semigroup π(Γ
(j)
η ) for j ≥ j0 ≫ 0. By Proposition 12.20 the

sequence of semigroups (π(Γ
(j)
η ))j≥j0 stabilizes and π(Γ

(j)
η ) is generated by a basis of

M/M(η), for j ≫ 0. By Lemma 3.9 we have that Γ
(j)
η = Γ

(j)

θ(j−1) + Z≥0(−uj), for any

uj ∈ Γ
(j)

θ(j−1) which belongs to int(θ̌(j−1) ∩ η⊥). We deduce that π(Γ
(j)

θ(j−1)) = π(Γ
(j)
η ) for

j ≫ 0.
Since η ≤ θ(j) we get from (32) that ordJ (j)(νη) = 〈νη,m

(j)〉. This implies that m(j)

belongs to F
(j)

θ(j−1) . Notice also thatm
(j) belongs to J

(j)
η . By Proposition 12.22 i., for any

representation of m(j) of the form (29), d0 of the γ
(j)
i belong to η⊥, say for i = 1, . . . , d0.

By Lemma 11.6 the vectors π(γ
(j)
i ) = γ̃(j), i = d0 + 1, . . . , d are linearly independent

elements of Γη, such that m̃(j) =
∑

i γ̃
(j)
i belongs to the logarithmic jacobian ideal J̃η

of k[tΓ̃η ]. We know that 〈ν,m〉 = 〈ν, m̃〉 for any m ∈M and ν ∈ η, thus the vector m̃(j)

is in the face of N (J̃η) determined by νη. By i. the semigroup Γ̃η is regular, hence we

deduce that m̃(j) =
∑d

i=d0+1 ẽi and, up to relabeling, ẽi = γ̃
(j)
i , i = d0 + 1, . . . , d. This

ends the proof of ii. and also shows that m(j) ∈ N (J
(j)

θ(j−1)(η)) + P
(j)

θ(j−1) .
We have also shown the equalities

ordJ (j)(νη) = 〈νη,m
(j)〉 = 〈νη , m̃

(j)〉 = d− d0.

Finally, we remark that the argument given above applies more generally for any vector

m ∈ J
(j)

θ(j−1) in the face F
(j)

θ(j−1) . This implies that iii. holds. �
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Proposition 12.25. If 0 6= η is a stable cone and if (θ(j))j is a sequence of cones of

the form (31) such that θ(j) contains η as a face of codimension one, then

(33) M(θ(j−1),Γ
(j)

θ(j−1)) =M(θ(j−1)) for j ≫ 0,

and the sequence of cones (θ(j))j≥I stabilizes.

Proof. We denote by q0 the integer codimNR
θ(j) for j ≫ 0 and by d0 the codimension

of η. Notice that 0 ≤ q0 < d− 1 since 0 6= η ≤ θ(j).
We deal first with the proof of (33). By the argument given in the proof of Proposition

12.22 we get M(θ(j−1)) = M(θ(j)) and M(θ(j−1),Γ
(j)

θ(j−1)) = M(θ(j),Γ
(j+1)

θ(j)
) for j ≫ 0.

We recall that for j ≫ 0 the lattice spanned by the face Γ
(j)

θ(j−1) ∩ η
⊥ is equal to M(η)

(see Notations 12.23).

If (33) were not true then there exists γ, γ′ ∈ Γ
(j)

θ(j−1) such that γ − γ′ ∈ M(θ(j−1)) \

M(θ(j−1),Γ
(j)

θ(j−1)). Notice then that 〈νη , γ〉 = 〈νη, γ
′〉 since M(θ(j−1)) ⊂M(η) by dual-

ity.

By Lemma 12.24, if m(j) ∈ J
(j)

θ(j−1) is such that ordJ (j)(ν) = 〈ν,m(j)〉 for any ν ∈ θ(j)

then for any representation of m(j) of the form (29), d0 of the γ
(j)
i belong to M(η).

By applying the argument of Proposition 12.22 we can assume, replacing j by a bigger

number, that 〈νη, γ〉 = 0, that is γ and γ′ belong to the face Γ
(j)

θ(j−1) ∩ η
⊥.

By hypothesis η ≤ θ(j−1) is a face of codimension one. The image of θ̌(j−1) ∩ η⊥ in
M(η)R/M(θ(j−1))R is the dual cone of the image θ̄(j−1) of θ(j−1) in (Nθ(j−1))R

/(Nη)R.

Notice that the lattice Nθ(j−1)/Nη and the cone θ̄(j−1) are independent of j for j ≫ 0.

We denote by ν̄ the generator of the semigroup θ̄(j−1)∩ (Nθ(j−1)/Nη) and by ᾱ the class

of α ∈M(η) modulo M(θ(j−1)).

Among those γ
(j)
i which belong to η⊥ there exists at least one, say γ

(j)
d , which does

not belong to M(θ(j−1)), hence 〈ν̄, γ̄
(j)
d 〉 6= 0. Notice also that 0 6= 〈ν̄, γ̄〉 = 〈ν̄, γ̄′〉.

Then, we apply the same argument as in the proof of Proposition 12.22 i. to get that

γ − γ
(j)
d and γ′ − γ

(j)
d belong to Γ

(j+1)

θ(j)
∩ η⊥ and 〈ν̄, γ̄ − γ̄

(j)
d 〉 < 〈ν̄, γ̄〉. By iterating

this procedure, replacing γ and γ′ by γ − γ
(j)
d and γ − γ

(j)
d , respectively, we reduce to

the case 0 = 〈ν̄, γ̄〉 = 〈ν̄, γ̄′〉. But this implies that γ, γ′ belong to M(θ(j−1),Γ
(j)

θ(j−1)),

contradicting the hypothesis. This ends the proof of the equality (33).

We prove now that the sequence (θ(j)) stabilizes. Since (33) holds, by Lemma 12.18
we can assume that q0 = 0. Then, by hypothesis the lattice M(η) is of rank one. The
cone θ̌(j−1) ∩ η⊥ ⊂ M(η)R is a one dimensional face of θ̌(j−1) for all j ≫ 0. Since

θ̌(j−1) ⊂ θ̌(j) we get that the cone ϑ̌ := θ̌(j−1) ∩ η⊥ is independent of j, for j ≫ 0.

With notations of Lemma 12.24, the Minkowski sum π−1(ẽi)∩Γ
(j)

θ(j−1) + ϑ̌ is an affine

one dimensional cone with only one vertex γ
(j)
i , which belongs to Γ

(j)

θ(j−1) , for i = 2, . . . , d.

We denote by γ
(j)
1 the smallest generator of the rank one semigroup Γ

(j)

θ(j−1) ∩ ϑ̌. Notice

that γ
(j)
1 is independent of j for j ≫ 0.

By Lemma 12.24 the vector m(j) = γ
(j)
1 + · · · + γ

(j)
d ∈ J

(j)

θ(j−1) is the unique vertex of

the face F
(j)

θ(j−1) = m(j)+ ϑ̌. Since νη ∈ θ
(j) the cone θ(j) is dual to the cone spanned by

{γ −m(j) | γ ∈ J
(j)

θ(j−1)}.

Claim 12.26. The semigroup Γ
(j)

θ(j−1) ∩ η
⊥ is regular for j ≫ 0.
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Proof of the claim. By Proposition 12.22 the semigroup Γ
(j)

θ(j−1) ∩ η
⊥ = Γ

(j)

θ(j−1) ∩ ϑ̌

generates the group M(η), for j ≫ 0. If it has only one generator the result follows

directly. Assume that it has at least two generators. Let us denote by δ > γ
(j)
1 the

second element by order of size. The element n(j) = γ
(j)
2 + · · · + γ

(j)
1 + δ belongs to

J
(j)

θ(j−1) so that n(j)−m(j) = δ−γ
(j)
1 is in Γ

(j+1)

θ(j)
. We see that after finitely many steps the

smallest generator of our semigroup has decreased, so in the end we reach the generator
of the regular semigroup ϑ̌∩M , which proves the result. This is similar to the resolution
process for one dimensional affine toric varieties by Semple-Nash modifications. �

By Lemma 12.24 and Claim 12.26 the elements γ
(j)
1 , . . . , γ

(j)
d form a basis of M .

The expansion of γ ∈ Γ
(j)

θ(j−1) in terms of the basis γ
(j)
1 , . . . , γ

(j)
d is of the form

(34) γ = a1γ
(j)
1 + · · · + adγ

(j)
d ,

where ai ∈ Z≥0 and ad ∈ Z. If γ is of the form (34) then we have 〈νη , γ〉 =
∑d

i=2 ai. In

particular, we get that ordJ (j)(νη) = 〈νη,m
(j)〉 = d− 1.

We denote by G(j) the minimal generating system of the semigroup Γ
(j)

θ(j−1) , and by

g(j) the maximum of νη on the set G(j).

Notice that the elements γ
(j)
1 , . . . , γ

(j)
d belong to G(j) by our assumptions. If a gen-

erator γ ∈ Γ(j) is different from γ
(j)
1 , . . . , γ

(j)
d then the coefficient a1 in (34) is < 0, and

〈νη, γ〉 ≥ 2. Otherwise γ would be in the semigroup generated by the γ
(j)
i , contradicting

the minimality of the generating system G(j). We deduce that the equality g(j) = 1

implies that G(j) = {γ
(j)
i }

d
i=1, hence in this case the semigroup Γ

(j)

θ(j−1) is regular.

Claim 12.27. If g(j) > 1 there exists an integer t0 ≥ 1 such that g(j+t0) < g(j).

Proof of the claim. By Lemma 12.1 the semigroup Γ
(j+1)

θ(j)
is generated by γ

(j)
1 , . . . , γ

(j)
d

and vectors of the form γ − γ
(j)
l , where γ ∈ G(j), γ 6= γ

(j)
l and the l-th coordinate of

γ in the basis γ
(j)
1 , . . . , γ

(j)
d is non-zero (in particular 〈νη, γ〉 ≥ 2). We say that vectors

of this form are followers of γ. Notice that γ − γ
(j)
1 is always a follower of γ with

〈νη, γ〉 = 〈νη, γ − γ
(j)
1 〉, while 〈νη, γ − γ

(j)
l 〉 < 〈νη, γ〉 if l 6= 1.

We deduce also that m(j) 6= m(j+1) if and only if there is an element γ ∈ G(j) with

〈νη, γ〉 = 2. Indeed, if 〈νη, γ〉 = 2 then there is 2 ≤ i ≤ d such that γ − γ
(j−1)
i is

a follower of γ with 〈νη, γ − γ
(j−1)
i 〉 = 1. This implies that γ

(j)
i is in the semigroup

generated by γ − γ
(j)
i and γ

(j)
d , thus γ

(j)
i does not belong to G(j+1) hence γ

(j)
i 6= γ

(j+1)
i

and m(j) 6= m(j+1). The converse is deduced similarly.
Assume that m(j) = m(j+1) = · · · = m(j+t0−1) for some t0 ≥ 1. Let γ ∈ G(j) be such

that 〈νη, γ〉 = g(j). If γ is of the form (34) the followers of γ after at most t0 iterations are

γα =
∑d

i=1(ai−αi)γ
(j)
i , where α = (α1, . . . , αd) ∈ Zd≥0 verify that

∑d
i=1 αi ≤ t0, αi ≤ ai

for i = 2, . . . , d and 〈νη, γα〉 =
∑d

i=2(ai − αi) ≥ 1. Those γα with 〈νη, γα〉 = 〈νη , γ〉 are

precisely γ− lγ
(j)
1 for 0 ≤ l ≤ t0. The elements γ− lγ

(j)
1 , l = 0, . . . , t0− 1 do not belong

to G(j+t0) since they are in the semigroup generated by γ
(j)
1 and γ − t0γ

(j)
1 .

Assume that t0 > 1 is the smallest integer such that m(j) 6= m(j+t0). Notice that
t0 ≤ g(j) − 1, otherwise we would get a follower γα of γ with 〈νη, γα〉 = 1, which

is necessarily different from the γ
(j)
i , i = 2, . . . , d, and then m(j) 6= m(j+g(j)−1), a

contradiction.
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There exists 0 6= (p2, . . . , pd) ∈ Zd−1
≥0 such that

γ
(j+t0)
i = γ

(j)
i − piγ

(j)
1 , i = 2, . . . , d, and γ

(j+t0)
1 = γ

(j)
1 .

We deduce the expansion

(35) γα =

d
∑

i=2

(ai − αi)γ
(j+t0)
i + (a1 − α1 +

d
∑

i=2

pi(ai − αi))γ
(j+t0)
1 .

If aipi = 0 for i = 2, . . . , d we iterate this procedure replacing γ by γ − t0γ
(j)
1 . In at

most 〈νη , γ〉 − 1 steps we get to the situation where at least one of the aipi is non-zero,
say adpd 6= 0 for simplicity. We prove that α0 = (t0−1, 0, . . . , 0, 1) defines a follower of γ

such that γ− t0γ
(j)
1 belongs to the semigroup generated by γα0 and γ

(j+t0)
i , i = 1, . . . , d,

in particular γ − t0γ
(j)
1 does not belong to G(j+t0). We check this assertion by verifying

that the coefficient of the term γ
(j+t0)
i in the expansion (35) of γα0 is less than or equal

to the corresponding coefficient in the expansion (35) of γ − t0γ
(j)
1 for i = 1, . . . , d. If

i = d we get a strict inequality. The inequality is trivial for i = 2, . . . , d− 1. If i = 1 we
have to show the inequality:

a1 − (t0 − 1)− pd +
d

∑

i=2

piai ≤ a1 − t0 +
d

∑

i=2

piai.

This inequality is equivalent to pd ≥ 1, which holds since adpd 6= 0.
Since there is a finite number of γ ∈ G(j) with 〈νη, γ〉 = g(j) there exists an integer

t2 ≥ 0 such that g(j+t2) < g(j) as claimed. �

Using this claim and induction there exists an integer t1 ≥ 1 such that g(j+t1) = 1,

hence the semigroup Γ
(j)

θ(j−1) is regular. This ends the proof of Proposition 12.25. �

Definition 12.28. The nested sequence of cones (θ(j))j is distinguished if there exist a

stable cone 0 6= η, an integer I, and a sequence of faces of θ(j) for j ≥ I,

(36) η = ζ
(j)
0 ≤ ζ

(j)
1 ≤ · · · ≤ ζ

(j)
l0

= θ(j),

such that dim ζ
(j)
i = dim η + i and ζ

(j)
i ⊃ ζ

(j+1)
i for i = 0, . . . , l0 and l0 ≤ codimη.

Proposition 12.29. If the sequence (θ(j))j is distinguished then it stabilizes.

Proof. Let (θ(j))j be a distinguished sequence as above. We consider the sequence of

faces (ζ
(j)
1 )j . Since η is a face of codimension one of ζ

(j)
1 we get that the sequence (ζ

(j)
1 )j

stabilizes by Proposition 12.25. We proceed replacing η = ζ
(j)
0 and ζ

(j)
1 by ζ

(j)
1 and ζ

(j)
2

respectively, in the previous argument, and then the result follows by induction on the
length l0 of the sequence (36). �

Remark 12.30. If 0 6= η is a stable cone, for j ≫ 0, the blowing up of the logarithmic

jacobian ideal induces a proper toric modification ξ
(j)
η : TΓ(j+1)

Σ(j+1) (η) → TΓ(j)

Σ(j) (η). As we

explain below, the map ξ
(j)
η is not necessarily equal to the blowing up of the logarithmic

jacobian ideal of TΓ(j)

Σ(j) (η).

Proposition 12.31. Given a stable cone η of codimension d0, a vector 0 6= w ∈ N(η)

and a sequence of cones θ(j)(η) ∈ Σ(j)(η) such that θ(j)(η) ⊃ θ(j+1)(η) for j ≫ 0. Then,

if w ∈ int(θ(j)(η)) for j ≫ 0, we have that

(37) M(θ(j−1)(η),Γ
(j)

θ(j−1) ∩ η
⊥) =M(θ(j−1)(η)) for j ≫ 0,

and the sequence θ(j)(η) stabilizes.
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Proof. We use notations 12.23. We denote by q0 the codimension of θ(j)(η) for j ≫ 0.

If θ(j−1) ∈ Σ(j−1) is a cone such that η ≤ θ(j−1) and its image inN(η) is equal to θ(j−1)(η)

then by definition we get M(θ(j−1)(η),Γ
(j)

θ(j−1) ∩ η
⊥) = M(θ(j−1),Γ

(j)

θ(j−1) ∩ θ
(j−1)⊥) ⊂

M(η,Γ
(j)
η ) and M(θ(j−1)(η)) =M(θ(j−1)) ⊂M(η).

We get that M(θ(j−1)(η),Γ
(j)

θ(j−1) ∩ η
⊥) =M(θ(j)(η),Γ

(j+1)

θ(j)
∩ η⊥) and M(θ(j−1)(η)) =

M(θ(j)(η)) for j ≫ 0. Then, the proof of formula (37) follows similarly as that of (33)
and of Proposition 12.22 ii.

We deduce from (37) and Lemma 12.24 that it is enough to prove the result in the case

codimθ(j)(η) = 0. In this case, the cone θ(j−1)(η) is the image of a cone θ(j−1) ∈ Σ(j)(d)
by the projection π : NR → N(η)R.

The charts of the blowing up of the logarithmic jacobian ideal of TΓ(j)

θ(j−1) which are
defined by those d dimensional cones which contain η, are in bijection with the vertices

of the face F
(j)

θ(j−1) of the Newton polyhedron of the logarithmic jacobian ideal J
(j)

θ(j−1)

determined by the vector νη. One of these charts TΓ(j+1)

θ(j)
, corresponding to a vertex

m(j) of F
(j)

θ(j−1) is such that the image of the cone θ(j) in N(η) is equal to the cone θ(j)(η)
in the sequence.

By Lemma 12.24 we can choose a representation m(j) = γ
(j)
1 + · · · + γ

(j)
d as sum of

linearly independent elements of Γ
(j)

θ(j−1) , such that

(38) 〈νη, γ
(j)
i 〉 =

{

0 if 1 ≤ i ≤ d0,
1 if d0 + 1 ≤ i ≤ d.

Then we have that m(j) = m̄(j) +m′(j) where

(39) m̄(j) = γ
(j)
1 + · · ·+ γ

(j)
d0

and m′(j) = γ
(j)
d0+1 + · · ·+ γ

(j)
d .

By hypothesis w ∈ N(η) is in the relative interior of θ(j)(η). We get that m̄(j) is the

vertex of the Newton polyhedron of the logarithmic jacobian ideal J
(j)

θ(j−1)(η) of k[t
Γ
(j)

θ(j−1) ]

determined by w (see Lemma 12.24).
Remark that the chart associated to m̄(j) of the blowing up of the logarithmic jacobian

ideal J
(j)

θ(j−1)(η) of k[t
Γ
(j)

θ(j−1) ] is defined by the semigroup S(j+1) generated by Γ
(j)

θ(j−1)∩η
⊥

and vectors of the form γ− m̄(j) for γ in J
(j)

θ(j−1)(η). The inclusion S
(j+1) ⊂ Γ

(j+1)

θ(j)
∩ η⊥,

may be strict (cf. Remark 12.30). The reason is the following. If γ ∈ Γ
(j)

θ(j−1) and if

γ∧γ
(j)
1 ∧ · · · ∧γ

(j)
i−1∧γ

(j)
i+1∧ · · · ∧γ

(j)
d 6= 0 then δ := γ+m(j)−γ

(j)
i belongs to J

(j)

θ(j−1) and

δ −m(j) = γ − γ
(j)
i ∈ Γ

(j+1)

θ(j)
. If in addition, 〈νη, γ〉 = 〈νη, γ

(j)
i 〉 we obtain that γ − γ

(j)
i

belongs to Γ
(j+1)

θ(j)
∩ η⊥, even if γ /∈ η⊥.

Notice that the sequence (〈w, m̄(j)〉) is stationary since w belongs to the interior of
θ(j−1)(η). There exists j1 ≥ 0, such that the sequence (〈w, m̄(j)〉) is constant for j ≥ j1.

If the sequence (θ(j)(η)) does not stabilize then the toric variety T
Γ
(j)

θ(j−1) is not smooth

for any integer j. By Proposition 12.12, if the toric variety T
Γ
(j1)

θ(j1−1) is not smooth then
there is a smallest j2 > j1 such that m(j1) 6= m(j2). The vector m(j1)−m(j2), which can
be written as

m(j1) −m(j2) = (m̄(j1) − m̄(j2)) + (m′(j1) −m′(j2)),

belongs to Γ
(j2+1)

θ(j2)
. By (38), both terms m̄(j1) − m̄(j2) and m′(j1) −m′(j2) belong to the

face Γ
(j2+1)

θ(j2)
∩ η⊥ of Γ

(j2+1)

θ(j2)
, and at least one of them is non-zero.
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If m̄(j1) − m̄(j2) 6= 0 then we get that 〈w, m̄(j1) − m̄(j2)〉 = 0. This implies that

m̄(j1)−m̄(j2) ∈ (Γ
(j2+1)

θ(j2)
∩η⊥)∩w⊥, but since w ∈ int(θ(j2)(η)) the face Γ

(j2+1)

θ(j2)
∩η⊥∩w⊥

is reduced to zero, a contradiction.
We deduce that m̄(j) = m̄(j1) for all j ≥ j1. Since w ∈ int(θ(j)(η)) determines the

vertex m̄(j) of the Newton polyhedron of the logarithmic jacobian ideal J
(j)

θ(j−1)(η), we
can assume, up to relabeling, that

(40) γ
(j)
i = γ

(j1)
i for = 1, . . . , d0 and j > j1.

We denote by ϑ the cone spanned by the vectors γ
(j1)
i , . . . , γ

(j1)
d0

. We prove below that

the cone R≥0(Γ
(j)

θ(j−1) ∩ η
⊥) is equal to ϑ for any j ≥ j1. This implies that the sequence

of cones (θ(j−1)(η)) stabilizes since R≥0(Γ
(j)

θ(j−1) ∩ η
⊥) is the dual cone of θ(j−1)(η).

Otherwise, there exists a vector δ(j) ∈ Γ
(j)

θ(j−1) ∩ η
⊥ such that δ(j) /∈ ϑ. Then, we have

an expansion of the form:

δ(j) = a1γ
(j1)
1 + · · ·+ ad0γ

(j1)
d0

, with ai ∈ Q,

and with some ai less than zero, say a1. Since γ
(j1)
1 = γ

(j)
1 by (40), we deduce from the

definitions that δ(j+1) := δj − γ
(j)
1 belongs to Γ

(j+1)

θ(j)
∩ η⊥ and δ(j+1) /∈ ϑ. By induction

we get that δ(j+k) := δ1 − kγ
(j)
1 belongs to Γ

(j+k)

θ(j+k−1) ∩ η
⊥ and δ(j+k) /∈ ϑ, for k > 1. It

follows that 〈w, δ(j+k)〉 = 〈w, δ1〉 − k〈w, γ
(j)
1 〉 becomes negative for k ≫ 0. This cannot

happen since w belongs to the interior of θ(j)(η), for all j ≫ 0. This contradiction ends
the proof of Proposition 12.31. �

The statement of the main result below is given in terms of certain orders on the
lattice M .

Definition 12.32. A relation ≤ on the lattice M is said to be a preorder if it satisfies
the following conditions:

• For any m,n ∈M one has either m ≤ n or n ≤ m.
• The inequalities m ≤ n and n ≤ p imply m ≤ p.
• If m ≤ n holds, then m+ p ≤ n+ p for all p ∈M .

Definition 12.33. If N is the dual lattice of M and if ν = (ν1, . . . , νs) ∈ (NR)s, for
s ≤ d = rkN, one can define a preorder ≤ν on M by setting for n,m ∈M that

(41) n ≤ν m⇔ (〈n, ν1〉, . . . , 〈n, νs〉) ≤lex (〈m, ν1〉, . . . , 〈m, νs〉),

where ≤lex denotes the lexicographical order on Rs. If ν = (ν1, . . . , νd) ∈ N
s we say

that ≤ν is a rational preorder ; if s = d and ν is an ordered basis of N then the rational
preorder ≤ν is an order, we say in this case that ≤ν is a rational order.

If ≤ν is a rational order then the relation (41) means that the set of coordinates of n
with respect to the dual basis of ν is less than or equal to, for the lexicographic order,
the analogous set of coordinates of m. If ν1 = · · · = νs = 0 then the preorder ≤ν is
trivial, that is m ≤ν n ∀ m,n ∈M .

Remark 12.34. A basis ν of N defines similarly a valuation of the field k(tM ) of functions
of k[tM ], of maximal rank d, with values in the totally ordered group Zd equipped with
the lexicographical order. This valuation is defined as the monomial valuation whose
value on a monomial tγ is (〈ν1, γ〉, . . . , 〈νd, γ〉).

Let ν be a basis of the lattice N defining the rational order ≤ν on M . We denote
by M≥ν0 the set {m ∈ M | m ≥ν 0}. If Γ ⊂ M≥ν0 then we can use the order ν
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to distinguish a d-dimensional cone τ (j) of the the fan Σ(j) defining the j-th iterated
blowing up of the logarithmic jacobian ideal. First, we relabel the minimal system of
generators G = {γ1, . . . , γn} of Γ := Γ(1) in such a way that γ1 = min≤ν G, and then

γi = min≤ν{γ ∈ G | γ1 ∧ . . . ∧ γi−1 ∧ γ 6= 0} for i = 2, . . . , d. The semigroup Γ(2) is
generated by:

{γ1, . . . , γd} ∪ {γl − γi | 1 ≤ i ≤ d < l ≤ n, γ1 ∧ . . . ∧ γi−1 ∧ γl ∧ γi+1 ∧ . . . ∧ γd 6= 0}.

The cone τ̌ (1) spanned by Γ(2) is strictly convex of dimension d and its dual cone τ (1)

belongs to Σ(1). With the notations of the begining of Section 12 this means that

Γ(2) = Γ
(2)

τ (1)
(see Lemma 12.1). By construction the semigroup Γ(2) is contained in

M≥ν0, hence we can repeat this procedure replacing G by the minimal set of generators

G(1) = {γ
(1)
1 , . . . , γ

(1)

n(1)} of the semigroup Γ(2). By repeating this procedure inductively,

the order ν defines a nested sequence cones (τ (j)) of the form (24) and such that Γ(j) =

Γ
(j)

τ (j−1) for all j ≥ 1.

Theorem 12.35. If ν is a basis of N defining a rational order ≤ν such that Γ ⊂M≥ν0

then:

(i) For any j ≥ 0 there exists a unique d-dimensional cone τ (j) ∈ Σ(j) such that

Γ
(j+1)

τ (j)
⊂M≥ν0.

(ii) There exists an integer l0, depending on ν, such that τ (j) = τ (l0) for j ≥ l0 − 1

and the semigroup Γ
(l0)

τ (l0−1) is regular.

Proof. The first assertion is consequence of definitions and the previous discussions.
Suppose that the second assertion of the Theorem does not hold. Then the sequence

of cones (τ (j)) does not stabilize by Proposition 12.20. By construction we have that

the vector ν1 belongs to τ (j) ∩ N for all j ≥ 0. By Proposition 12.22 there exists an
integer j0 ≥ 0 and a cone η such that ν1 ∈ int(η) and η ≤ τ (j) for j ≥ j0. The cone η
is stable. If the sequence (τ (j)) does not stabilize then there exists an integer j1 ≥ j0
and a stable face θ such that η ≤ θ ≤ τ (j) for j ≥ j1, codim η = d0 > 0 and any face
ϑ(j) ≤ τ (j) such that θ � ϑ(j) is not stable.

If ν ∈ N we denote by ν̄ the canonical image of ν in N(θ). Then there exists an
integer 1 < s ≤ d0 + 1 such that ν̄i = 0 for i = 1, . . . , s− 1 and ν̄s 6= 0. By definition of

the order ≤ν the linear form ν̄s is non negative on the semigroup Γ
(j)

τ (j−1) ∩ θ
⊥ ⊂ Γ

(j)

τ (j−1) ,

that is, the vector ν̄s is a non-zero element of τ (j−1)(θ) ∩N(θ) for j > j1.

The vector ν̄s belongs to the relative interior of a unique face ζ(j)(θ) of τ (j)(θ) for
j ≥ j1. By Proposition 12.31 there exists an integer j2 ≥ j1 such that ζ(j)(θ) = ζ(j2)(θ)

for j ≥ j2. We denote by ζ(∞)(θ) the cone ζ(j2)(θ) and by d1 > 0 its dimension.
For any j ≥ j2 we fix a maximal chain of faces

0 = ζ0(θ) ≤ ζ1(θ) ≤ · · · ≤ ζd1(θ) = ζ(∞)(θ),

with dim ζl(θ) = l for l = 0, . . . , d1. Then we get a chain of faces of τ (j) containing θ of
the form:

θ = ζ
(j)
0 ≤ ζ

(j)
1 ≤ · · · ≤ ζ

(j)
d1
,

where ζ
(j)
l is a face of codimension one of ζ

(j)
l+1 for l = 0, . . . , d1 − 1. This implies that

the sequence (ζ
(j)
d1

) is distinguished. By Proposition 12.29 it follows that this sequence
stabilizes in a cone, which contains θ as a proper face. This contradiction ends the proof
of Theorem 12.35. �



40 PEDRO D. GONZÁLEZ PÉREZ AND BERNARD TEISSIER

13. The Zariski-Riemann space of a fan, according to Ewald-Ishida ([10])

In this section we recall some properties of a space which plays for proper birational
toric maps of toric varieties the role played for proper birational maps of algebraic
varieties by the Zariski-Riemann manifold.

As in loc.cit., we denote by ZR(M) the set of all preorders on M (see Definition
12.32). Given w ∈ ZR(M) we note by m ≤w n the corresponding preorder and by L(w)
the subsemigroup {m ∈M |m ≥w 0}. The set L0(w) = L(w)∩ (−L(w)) of the elements
that are equivalent to zero for the equivalence relation m =w n deduced from ≤w is a
saturated sublattice of M .

By construction, the preorder ≤w induces a total order on the free abelian group
M/L0(w) and the canonical quotient map λ(w) : M → M/L0(w) determines the pre-
order w from this order, so we see that every preorder on M is given by a total order
on a free quotient of M . We denote by o(M) the trivial preorder corresponding to the
case where the free quotient is the zero group.

The topology on ZR(M) is defined by a basis of open sets
(

U(θ) = {w ∈ ZR(M)|θ̌ ∩M ⊂ L(w)}
)

θ

where θ runs through the set of rational polyhedral cones in NR. If Σ is a rational fan
in NR the Zariski-Riemann manifold of Σ is defined to be

ZR(Σ) =
⋃

σ∈Σ

U(σ).

By [10], Proposition 2.10, it depends only on the support |Σ| of Σ, and by Theorem 2.4
of loc.cit., it is quasi-compact.

For each w ∈ ZR(M), since M/L0(w) is a totally ordered group of finite rational
rank, it is of finite (real) rank (or height); there is a maximal sequence of distinct convex
subgroups

(0) = Ψs(w) ⊂ Ψs−1(w) ⊂ · · · ⊂ Ψ1(w) ⊂M/L0(w)

such that the order on M/L0(w) induces on each of its quotients by the Ψi(w) an
order such that the quotient map is monotonous. The totally ordered quotients Mi =
M/λ(w)−1(Ψi) corresponding to these subgroups define via the surjections λi : M →Mi

a sequence
w = w0, w1, . . . , ws−1, ws = o(M)

of preorders on M , with which w is said to be composed, as valuations are composed.
The integer s can be called the (real) rank or the height of the preorder. To them
corresponds a sequence of distinct subsemigroups of M :

L(w) ⊂ L(w1) ⊂ · · · ⊂ L(ws−1) ⊂ L(ws) =M.

and a sequence of distinct subgroups of M :

L0(w) ⊂ L0(w1) ⊂ · · · ⊂ L
0(ws−1) ⊂ L

0(ws) =M.

Compare with §3.1 of [34]. The semigroups L(wi) are the analogues in this situation
of the valuation rings of a field containing a given valuation ring. It is also shown in
[10], Lemma 5.1, that for each nontrivial preorder there is an element y0 ∈ NR such
that L(w) ⊂ {m ∈ M |〈m, y0〉 ≥ 0}, which is unique up to multiplication by a positive
real number. In fact {x ∈ MR|〈x, y0〉 ≥ 0} is the closure in MR of the convex closure
of L(w). To all preorders with which w is composed correspond the same y0. It follows
from what we have seen that, with the notations introduced above, L0(ws−1) is the
intersection with the lattice M of {x ∈MR|〈x, y0〉 = 0}.
Each quotient S̃i = L0(wi)/L

0(wi−1) (1 ≤ i ≤ s) is a totally ordered lattice of real rank
one whose order is given by an embedding into R. The images in R of the basis vectors
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of this lattice determine in TiR, where Ti is the dual lattice of S̃i, a weight vector which
can be represented by an element yi ∈ NR as in loc.cit. The preorder w on M appears
as the composition with λ(w) of the lexicographic product of the rank one orders on
the quotients

(

L0(wi)/L
0(wi−1)

)

1≤i≤s
. Thus, for each preorder w there exist elements

y0, . . . , ys−1 in NR such that m ≥w 0 if and only if the sequence (〈y0,m〉, . . . , 〈ys−1,m〉)
is ≥ 0 for the lexicographic order. Each element yi is defined up to positive homothety
and modulo the R-vector subspace of NR generated by the previous ones. In particular,
if w is a rank d preorder it is a rational order with respect to some ordered basis of M .

Remark 13.1. As a consequence of the discussion above, any preorder w of M is of the
form ≤y for y = (y0, . . . , ys−1) ∈ N

d
R and any rational preorder w of M is of the form

≤y for y = (y0, . . . , ys−1) ∈ N
s with y0, . . . , ys−1 linearly independent over R (compare

with Definition 12.33). By induction on the height one can show that any non-trivial
preorder is of the form ≤y for y

′ = (y′0, . . . , y
′
s−1) and y

′
0, . . . , y

′
s−1 vectors which are part

of a basis of N .

Note that we can also, just as for valuations, define the rational rank of a preorder w
on M : it is the (rational) rank of the free abelian group M/L0(w). The analogue of the
residual transcendence degree is then the rank of L0(w), so that for preorders on M ,
the analogue of Abhyankar’s equality rat.rankw + rankL0(w) = rankM always holds.
A preorder which is an order, which means L0(w) = 0 is the analogue of a valuation
with algebraic residue field extension, also called zero dimensional valuations (their
centers are zero dimensional). If we are speaking of valuations dominating a local ring
with algebraically closed residue field, they are the valuations with trivial residue field
extension, which the second author calls rational valuations in [34]. Note also that
since the preorders corresponding to vectors of N are dense in ZR(M) for the topology
defined by Ewald-Ishida, while the set of orders is closed: if a preorder w is not an
order, one choose a rational cone θ such that θ̌∩M ⊂ L(w) and θ̌∩L0(w) is a non-zero
lattice. Then no preorder in the open set U(θ), which contains w, can be an order.
It is shown in [28] that the closed subset of ZR(M) consisting of orders on M , with the
induced topology, is homeomorphic to a Cantor set when the rank of the lattice M is
≥ 2.

To summarize:

• All preorders are ”Abhyankar”.
• A preorder given by a weight vector w ∈ N is the analogue of a divisorial
valuation on a noetherian local ring. Such preorders are dense.
• A preorder which is an order is the analogue of a zero dimensional valuation.
The set of orders is closed in ZR(M) and homeomorphic to a Cantor set.
• A preorder of maximal (real) rank is a rational order with respect to some basis
of N and is the analogue of a valuation of real rank equal to the dimension of
the ring.

Ewald and Ishida define the fact that a preorder dominates a cone θ ⊂ NR by the
following two properties: θ̌∩M ⊂ L(w) and θ̌∩L0(w) = θ⊥∩M . They show that given
a fan Σ, a given preorder dominates at most one cone of Σ ([10], Proposition 2.6) and
that one has the inclusion θ̌ ∩M ⊂ L(w) if and only if w dominates a face of θ ([10],
Lemma 2.7), which is then unique.

Denoting by dom(σ) the set of elements w ∈ ZR(M) dominating a given strictly
convex rational polyhedral cone σ ⊂ NR, it is non empty and one has moreover, F (σ)
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being the fan consisting of the faces of σ:

ZR(F (σ)) =
⋃

ζ∈F (σ)

dom(ζ).

If σ is a strictly convex cone and w ∈ ZR(F (σ)), in each refinement Σ(i) of F (σ) there
is exactly one cone which is dominated by w.

Definition 13.2. Given an affine toric variety TΓ
F (σ) as above and a preorder w on M

such that σ̌ ∩M ⊂ L(w), the semigroup of w on k[tΓ] is the image of Γ in the quotient
M/L0(w); it is a semigroup contained in the positive part of M/L0(w).

If w dominates σ this semigroup is the same as the image of Γ in the quotientM/M(σ)
which was used in the proof of Lemma 12.18.

14. Interpretation of the main result with the Zariski-Riemann
Manifold of a fan

Now let σ be a strictly convex rational cone in NR and consider the sequence Σ(i)

of fans obtained by iterating the blowing-up of logarithmic jacobian ideals, with Σ(0) =
F (σ). For each w ∈ ZR(Σ(i)) = ZR(Σ(0)), and each i, 0 ≤ i < rank(w), the cones
dominated by the partial orders wj with which w is composed form a sequence of

distinct cones of Σ(i)

(42) ζ
(i)
s−1 ⊂ ζ

(i)
s−2 ⊂ · · · ⊂ ζ

(i)
0

and since Σ(i+1) is a refinement of Σ(i), we have for each j, 0 ≤ j ≤ s− 1 the inclusion

ζ
(i+1)
j ⊂ ζ

(i)
j .

A cone ζ ∈ Σ(i) is dominated by ws−1 if and only if y0 is in the relative interior of ζ
(see also [10], the four lines before 2.7, which also show that dom(σ) is not empty).

On the other hand, if w is in fact an order, which means that L0(w) = 0, then a
rational cone τ dominated by w must satisfy τ̌ ⊂ L(w) and dimτ = rankM = d since
we must have τ⊥ = (0); the rank of w must be ≤ d.

Definition 14.1. Let us keep the notations just introduced. Given a preorder w ∈

ZR(F (σ)), we say that the sequence of fans Σ(j), or the sequence of toric varieties TΓ(i)

Σ(i) ,

stabilizes at the preorder w if there exists an integer i ≥ 1 such that the cone τ (j) of
Σ(j) dominated by w is regular and the corresponding semigroup is also regular, in
particular, it coincides with τ̌ (j) ∩M .

Proposition 14.2. Given the sequence of fans Σ(j) as above, the following statements
are equivalent:

(1) There exists an integer i such that the toric variety TΓ(j)

Σ(j) is regular.

(2) For every preorder w of ZR(F (σ)) the sequence Σ(j) stabilizes at w.

Proof. We only have to prove that (2) implies (1). By construction if the sequence

stabilizes at w and w dominates the regular simplex τ (j) it also stabilizes for the same
index for all preorders w′ ∈ U(τ (j)) since the faces of τ (j) as well as the corresponding

semigroups are regular. This gives us an open covering of ZR(Σ(0)) = ZR(F (σ)). Since
it is quasi-compact (see [10], Theorem 2.4) one can extract a finite covering. Taking the
maximum i of the indices of stabilization corresponding to those open sets gives us a
fan Σ(i) covered by regular cones, and so (1). �

We can now reformulate the main result as follows, with the usual notations:
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Theorem 14.3. Given an affine toric variety TΓ and a rational order w ∈ ZR(F (σ))
with respect to some ordered basis of N , the sequence Σ(i) of the Semple-Nash refine-
ments of the cone σ stabilizes for w.

Proof. Use the construction at the beginning of this section and Theorem 12.35. �

Corollary 14.4. For every rational preorder w of ZR(F (σ)) the sequence Σ(j) stabilizes
at w.

Proof. By Remark 13.1, the rational preorder w is of the form ≤ν , where ν = (ν1, . . . , νs)
for s ≤ d and ν1, . . . , νs ∈ N are vectors which belong to a basis of N . Then we can
complete this sequence to a basis of N and consider the associated rational order w̄. It
follows that the sequence Σ(j) associated to w̄ stabilizes at every preorder with which
such an order is composed, in particular with w. �

Remark 14.5. Any preorder given by an integral vector 0 6= ν ∈ N is also represented by
a primitive vector which generates a direct factor ofM so that there exist rational orders
which are composed with it. In this case this corollary is the analogue of Hironaka’s
result in [19] since preorders corresponding to integral vectors are the analogues of
divisorial valuations.

Remark 14.6. As a conclusion, we prove the desired result for the restricted class of
rational preorders of ZR(F (σ)), while in order to prove resolution of toric varieties by
blowing up logarithmic jacobian ideals one should prove a similar result for all preorders
in ZR(F (σ)).

We end the paper with the verification of the analogue in our situation of Zariski’s
construction of the Zariski-Riemann space in [40].

Lemma 14.7. Let w,w′ ∈ ZR(F (σ)) be different preorders. There exists a refinement
Σ′ of F (σ) such that the two cones of Σ′ dominated respectively by w and by w′ are
distinct.

Proof. Since the trivial preorder can dominate only the cone {0} in a fan, we may assume
that neither preorder is trivial. To w and w′ let us attach sequences y0, . . . , ys−1 and
y′0, . . . , y

′
s′−1 of elements of NR as in the previous section. Let us denote by M i(w) the

intersection ofM with the subspace (〈y0,m〉 = · · · = 〈yi−1,m〉) = 0, with the convention
M0(w) = M . It is proved in [10] that w dominates a rational convex cone τ ⊂ NR if
and only if for i = 0, . . . , s− 1 we have yi ∈ τ + (M i(w))⊥, and τ̌ ∩M s(w) =M ∩ τ⊥.
The quotients τ + (M i(w))⊥/(M i(w))⊥ are the dual cones of τ̌ ∩M i(w)R. If y0 and
y′0 are not homothetic there is certainly a refinement of the fan F (σ) in which they
are contained in different cones. This also settles the case where M is of rank one.
Otherwise we have M1(w) =M1(w′) and the preorders induced by w and w′ on M1(w)
are different. We can now argue by induction on the rank of M since a refinement of
the fan Σ + (M1(w))⊥/(M1(w))⊥ will induce a refinement of Σ. �

Let us denote by {TΓ
Σ} the set of irreducible TM (k)-invariant subvarieties of TΓ

Σ
endowed with the topology induced by the Zariski topology. Let us consider all possible
equivariant blowing-ups TΓ′

Σ′ → TΓ
Σ . They form a projective system of TΓ

Σ -schemes and

the {TΓ′

Σ′ } also form a projective system of topological spaces.
Given a preorder w ∈ ZR(Σ) it dominates a cone τ ′ in each refinement Σ′ of Σ and
defines an irreducible TM (k)-invariant subvariety corresponding to the prime ideal gen-

erated by the monomials of k[tΓ
′
τ ] whose exponents are >w 0. This defines a map

Z : ZR(Σ)→ lim←−{T
Γ′

Σ′ }.
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Proposition 14.8. The map Z is an homeomorphism.

Proof. The map is injective by Lemma 14.7. By the construction of the blowing-ups of
toric varieties an element e of the projective limit determines in each TΓ′

Σ′ a cone τ ′ and
a semigroup Γ′ ⊂ τ̌ ′ ∩M . Let us try to define a preorder on M as follows: m ≥e 0 if
m ∈ Γ′ for some Γ′ picked by the element e. We have to prove that given m,n ∈ M
either m−n ≥e 0 or n−m ≥e 0. Since the Γ

′ generateM we may assume that m,n ∈ Γ′

for some Γ′. Consider the ideal generated by tm, tn and let TΓ′′

Σ′′ → TΓ′

Σ′ be its blowing-up.
The effect on the fan Σ′ divides the cone τ ′ in two by the hyperplane dual to the vector
m− n. The element e picks one of the two charts, say τ ′′, and either m− n or n−m is
in the corresponding Γ′′, which proves the desired result. The fact that the semigroups
Γ′ form an inductive system suffices to show the transitivity of the preorder.
The fact that the map just defined is the inverse of the map Z and determines an
homeomorphism follows directly from the definitions. The trivial preorder corresponds
to TM ⊂ TΓ′

Σ′ . �
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