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Introduction.

Introduced by H. Hofer [[LH], the displacement energy of a subset X of the symplectic manifold
(M, w) is the minimal mean oscillation norm for a Hamiltonian to displace X (see the reminders
below). Floer homologies have been developped since the early work of A. Floer [ﬂ, E, E] Esti-
mating the displacement energy appears unquestionably as one of its important applications. In
that direction, compact Lagrangian submanifolds L have positive displacement energies, under
natural assumptions on the symplectic topology of (M, w) at infinity.

More precisely, the displacement energy of L is greater than or equal to the minimal sym-
plectic area of holomorphic disks bounded by L. This precise estimate was obtained by Y.V.
Chekhanov [@] in 1998H. There exist different approaches to get it. The work presented below
puts side by side those using methods related to the Lagrangian Floer homology. The estimate
can be deduced from the celebrated paper of M. Gromov [@]

Acknowledgments. I warmly thank C. Viterbo for many usefull discussions on the localization
of Floer homologies. His comments on a first draft helped me to improve this paper.

Notations.

As usual, w denotes a symplectic form on the manifold M and n is half the dimension of M.
For an introduction to the symplectic topology, see the classical books [@, B] A Hamiltonian is
a compactly supported time-depending C3-function H : [0,1] x M — R. Its Hamiltonian vector
field {X;} is implicitely defined via the formula ((X;)w = —dH;. Its flow {¢F} is called the
Hamiltonian flow of H. The displacement energy of a compact subset K C M is defined as

BE(K) = inf {||H], ¢ (K) N K =0} ,

where ||H|| is the mean oscillationf] of H

1
HHH:/ [max H; — min Hy] dt .
0

1Chekhanov’s paper is concerned with rational closed Lagrangian submanifolds in compact symplectic mani-
folds. But his work extends to the more general situation_stated here.
20ften called the Hofer norm of H, see for instance , .



Define also the functionals || - ||+ and || - || by
1
8] = [ (e )
0

1
1B = - / (min Hy)dt = || — H|[

Whenever K N ! (K) = (), the Hamiltonian H is said to displace K.

An almost complex structure J is w-tame when w(X, JX) is positive for all nonzero vectors X .
Basic facts on the holomorphic curves are quickly recalled in subsection EI and appendix EI
Throughout the paper, the following notations are used :

D={z€C, 2| <1}, (1)
Di={z€C, |z]<1and +Rez>0}, (2)
B={z€C,0<Imz<1}, (3)
Br={2€C,0<Imz<1and |Rez| < R}. (4)

A compact submanifold L is called Lagrangian if L is n-dimensional and w vanishes along T'L.
Given an w-tame almost complex structure J, set hiy(J) to be the minimal symplectic area
of non-constant J-holomorphic disks bounded by L. Set iy, = sup hir(J), the supremum being
taken on the spaceﬁ 73(w) of w-tame almost complex structures of class C3. Provided that the
symplectic manifold (M, w) is geometrically bounded (see the definition in section [l), %z, > 0.

Theorem 0.1 (Chekanov 1998 [E, @]) Let L be a compact Lagrangian submanifold of a geo-
metrically bounded symplectic manifold (M,w). Then, its displacement energy is positive :

E(L) > hy .

Moreover, for each generic Hamiltonian H whose mean oscillation is less than hy,, the intersec-
tion LN (L) is finite, and

LN (L) > dim H;(L,Fy).
1=0

The above estimate is optimal, as shown by the following example. Take L = S' x aS! with
a > 1 in the symplectic vector space C?. Chekhanov’s theorem implies that its displacement
energy is exactly ma?. Indeed the holomorphic disks (for the standard complex structure) bounded

by L are exactly the maps z +— (e?2*, aew/zl) with k,1 > 0.

Historical comments and contents.

In the end of the sixties, V.I. Arnold [E] conjectured that, in a compact symplectic manifold,
an exact Lagrangian submanifold L is non-displaceable. In other words, its displacement energy
is infinite, which can be viewed now as a direct consequence of Chekhanov’s theorem. In 1985,
M. Gromov ] answered positively to the question of Arnold for compact and weakly exact
symplectic manifolds. Based on Gromov’s arguments, L. Polterovich [@] proved in 1993 that
the displacement energy of a rational compact Lagrangian submanifold is greater than or equal

30ther assumptions on the regularity are possible. But different choices do not affect the constant Ar,.



to a where wmy(M, L) = 2aZ (0 < a < o0). Section [ presents a weak improvement of Gromov’s
proof, which leads to the first part of Chekhanov’s theorem.

A. Floer [ﬂ, , @ presented a rereading of Gromov’s work mixing with homological methods.
He introduced the Lagrangian Floer homology, and got the above estimates on the number of
intersections in the exact case. The generalisation to any Lagrangian submanifolds requires the
vanishing of obstructions defined recursively and taking account the presence of holomorphic
disks with non-positive Maslov indices (see [L(]). Moreover, if it is well-defined, the Lagrangian
Floer homology is zero when L is displaceable. Thus, it seems not to reflect the persistence
of Lagrangian intersections under small perturbations, stated by Chekhanov’s theorem. This
persistence can easily be checked for C?-small Hamiltonians as a direct consequence of Weinstein’s
neighborhood theorem (see [B4, Bg)).

In 1998, Chekhanov , defined a filtered version of the Lagrangian Floer homology,
denoted here HF*" (L,w; H, Jy). It is perfectly well-defined for a compact Lagrangian subma-
nifold L provided that b — a < hr(Jy) for a fixed w-tame and geometrically bounded almost
complex structure Jy. Following Chekhanov, when |H||+ < b and ||H||- < —a, the continuation
maps give :

HM,(L) — HF“"(L; H,w, Jo) — HM,(L),
whose composition is the identity (proposition @) The rank-nullity theorem leads to the esti-
mates stated in T heoremﬁ. Those maps can be defined as a local version of PSS maps, which
were first introduced in [R€] (Piunikhin-Salamon-Schwarz). This different approach, presented in
section , is due to Kerman [@] at least for a local version of the Hamiltonian Floer homology.

There exists a slight different approach of displaceability, based on the action selectors [@,
@, . We de not evoke it within the present paper, which presents in details the three aproaches
mentionned above. Here is the table of contents.

1 Gromov’s proof
1.1 Reminders on holomorphic curves. . . . . . .. ... ... ... ... ...
1.2 Floer continuation strips. . . . . . . . . . . . . . e
1.3 Proof of theorem L. . . . . .. . ... ... ... ...

2 Chekhanov’s proof.
2.1 Filtered Lagrangian Floer homology. . . . . .. .. .. ... ... ......
2.2 Definition of the continuation maps. . . . . . . .. ... . ... ... ...
2.3 Proof of Theorem for rational Lagrangian submanifolds. . . . . . .. ..

3 Kerman’s proof.
3.1 Definition of the relative PSSmaps. . . . . . . ... ... oL
3.2 Proof of Theorem . ..............................
3.3 Equivalence of the previous proofs. . . . . . .. .. .. ... ... ......
B4

4 Concluding remarks.

5 Appendices.
5.1 Estimates on the energies. . . . . . . . . .. ... L o
5.2 Remarks on the original proof due to Chekhanov. . . . . . . ... ... ...

Throughout the paper, gluing and splitting are not explicitly justified. Most transversality
arguments are skipped. The reader is referred to [E] for details.



1. Gromov’s proof

This section is devoted to revisiting the celebrated paper [[J] of M. Gromov. Assume (M, w)
to be geometrically bounded ([fl], Chapter V, definition 2.2.1) :

C1 — There is a Riemannian metric g, such that, for some positive constant C, the injectivity
radius of g is greater than 3/C and the sectional curvature of g is less than C.

C2 — There exists a smooth almost complex structure Jy such that, for every tangent vec-
tors X, we have : Cw(X, JoX) > || X||? and |w(X,Y)| < O X|.||Y]|-

Examples of geometrically bounded symplectic manifolds include symplectic vector spaces,
closed symplectic manifolds and cotangent bundles of compact manifolds. More general examples
are constructing by adding cones to compact symplectic manifolds with contact type boundaries.
The above conditions were already stated in the original work of Gromov. In 1985, Gromov [@]
introduced the holomorphic curves in symplectic topology. He proved that, in a weakly exactﬁ and
geometrically bounded symplectic manifold, a displaceable compact Lagrangian submanifold L
must bound at least one holomorphic disk ([@], Section 2.3). The arguments developped there
serve to prove

Theorem 1.1. Let L be a compact Lagrangian submanifold of a geometrically bounded symplectic
manifold (M,w). Then, its displacement energy is positive :

E(L) > hy,.

The constant iz, is defined in subsubsection [.1.3. From ([lF], 2.3-B), the existence of non-
constant holomorphic curves is guaranted by the non-existence of solutions of some elliptic equa-
tions, as those studied in subsection E The proof given in subsection B simply adds estimates
on the energies.

1.1. Reminders on holomorphic curves.

In the sequel, we will need to perturb Jy. Fix A > C. Let Z5(Jo) stand for the space of almost
complex structures .J of class C3,

- equal to Jy outside a sufficiently large compact subset of M ;

- and satisfying : Aw(X, JX) > || X||? for all tangent vectors X.
Note that Z3(Jp) is a smooth Frechet manifold.

1.1.1. A compact Riemannian surface ¥ can be viewed as a compact, orientable real surface,
equipped with a complex structure j. Given a -parametrized familyEl J ={J., z € ¥} of almost
complex structures in Z3(Jo), a J-holomorphic curve is a map u : ¥ — M of class W1P (with
p > 2) satisfying the Cauchy-Riemann equation (1], section 2.2)

u(z) = % ldu(z) + J. o du(z) o j] = 0. (5)

For an introduction to holomorphic curves, see [EI, B, E, E] The energy of u is defined as

E(u):/zu*w>0.

Condition C2 implies that u*w does not vanish on X ([m], section 6.3.2). Upper bounds on
the energy yield estimates on the diameter of the holomorphic curve ([H], Chapter V, proposi-
tion 4.4.1).

4Weakly exact = The symplectic form w vanishes on 7o (M).
5Id est, a map ¥ — I3 (Jo) of class C3.



Proposition 1.2. There exists a constant ¢y independent from M, C or A, such that the follo-
wing holds. With the above notations, for a connected J-holomorphic curve u : ¥ — M (possibly
with non-empty boundary), we have :

diam [u(%)] < % (1 4 AC E(u)) . (6)

Co

Its proof is postponed to Appendix .
1.1.2. For any J € Z5(Jp), a J-holomorphic curve is at least of class C3. For a € ma(M), set

Sla, J) = {u:82 — M, dyu =0, [u] =a}.

For a generic choice of J, the space S(a,J) is a submanifold of W1?(S2 M) (with p > 2) of
dimension 2n + 2¢;(a) ([Rd], chapter 3). Here, ¢; denotes the Chern class associated to J, but
depends only on w. The symplectic manifold (M, w) is said to be semipositive ([@], subsection 6.4)
when 3 — n < ¢; () < 0 implies w(a) < 0.

Lemma 1.3. Let L be a compact Lagrangian submanifold of (M,w). Then, the infinimum hr,(J)
of the energies of J-holomorphic disks bounded by L is positive.

Démonstration. The tubular neighborhood theorem asserts that V,.(L) = {z € M, d(z,L) <r}
contracts onto L for r > 0 sufficiently small. Let v : (D,0D) — (M, L) be a non-constant .J-
holomorphic disk bounded by L. The image of u cannot be contained in V,.(L) as its energy is
w(u) # 0. Thus, there exists z € D such that u(z) € V,.(L). Applying Proposition [L.9 gives

Co 2
>——(r—=).
Bl 2 336 <T c)

Here, the constant C' can be fixed sufficiently large so that Cr > 2, as ¢¢ is independent from C.
The lemma is established. |

As a consequence, the constant iy, appearing in theorems m and is positive. Moreover,
the map J — fig(J) is lower semi-continuous.

1.2. Floer continuation strips.

1.2.1. An L-connecting path is a continuous map z : [0, 1] — M satisfying the boundary condi-
tions x(0), z(1) € L. It is said to be contractible when [z] = 0 € 71 (M, L). When « is a trajectory
of Xp for a Hamiltonian H : M x [0,1] — R, the path z is called an L-orbit of H. Proving
the persistence of intersections under the Hamiltonian flow of H amounts to detecting L-orbits.
The proof given in subsection E requires a Hamiltonian perturbation on the Cauchy-Riemann
equation (E) Let Hy : S' x M — M be two Hamiltonians. Given a compact homotopyﬁ (Hs, Js)
from (H_,J_) to (H4, J;), a Floer continuation strip u : B — M is a solution with finite energy
of the Floer equation ([4], equation (2))

Osu + Js 1 (u) [Oru — X1 (u)] =0, (7)

with the boundary conditions
u(0B) C L.

SFollowing Kerman [@, @], a compact homotopy is a R-parameterized path in a functional space, locally
constant at infinity. Here, the functional space is C3(M,R4) x Z%(Jo). Note that the union of the supports of
the different Hamiltonians Hg is compact.



Here, X, ; denotes the Hamiltonian vector field associated to H, ;. The energy of u is defined as

“+o0 1
B(u) = / / 10u|? dtds .
—00 0

Proposition 1.4. Fiz L, Jy, {Hs} and {Js} as above. Assume that the compact homotopy {Js}
lies in Z%(Jo). For a Floer continuation strip u,

AC?

€o

2
u(B) C Vr(K) where R= c [1 +

B)]

and the compact K is the union of L and the supports of all the Hamiltonians H.

We have set
Vr(K)={x e M,3yc K, dy(z,y) <R} .

Démonstration. Each connected component U of u~!(M —K) is the increasing union of connected
regular open subsets ¥, (i.e., with smooth boundaries). The restriction of u to %, is simply
a {J;}-holomorphic curve v, and viw = |8sv,|’ds A di. Thus, its energy is less than E(u).
Proposition D gives :

d(u(z),u(0%,)) < R

for all z € ¥,,. Thus, d(u(z),K) < R+ € for z € U where € > 0 is as small as we want. O

1.2.2. Limits at +oo. Let u be a Floer continuation strip for the compact homotopy (Hs, Js).
As {H,} goes from 0 to 0, there exists S > 0 such that Hy, = 0 and Jys = Jy for s > S. Let
{p;} be the Hamiltonian isotopy defined by H,, and set u(s,t) = ¢; o vy (s,t). Then, v, is
J+-holomorphic on the half-band (.5, c0) x [0, 1].
Let us consider the curves vy : t — v(s,t). From ([@], lemma 4.3.1), there exists a constant
C > 0 such that
length (vs) < CE(v|(s — 1,00) x [0,1]).

From a straightforward computation, the energy of v on (s — 1,00) x [0, 1] equals the energy of
u on the same domain, for s > S+ 1. Thus, the lengths of vs; go to zero when s — co. Moreover,
they take values inside a compact subset of M (proposition ) From Arzela-Ascoli’s theorem,
there exists a subsequence (vs, ) converging to a constant curve z. Necessarly, = belongs to L
as a limit of u(sy,0). It then follows that (us, : t — u(sy,t)) converges to the curve t — (),
which is an L-orbit of H,. See also ([, proposition 1.21).

Proposition 1.5. Assume the Hamiltonian H to displace L. Then there is no Floer continua-
tion strip for any compact homotopy (Hyg, Js), where {Hs} ends at H .

Sometimes, the curves (s — u(s,t)) converge to L-orbits x4 of Hy when s — £oo. (This is
the case when H; and H_ meets generic conditions, to be stated in subsubsection .) The
strip w is said to go from z_ to z,. (See [[4, 1, d] for details.)

From ([@], section 2.3.B), the displaceability of L implies the existence of a non-constant
holomorphic disk u. In particular, w(u) is positive, and then L is not exact. The proof below can
be seen a refinement of this argument.



F1G. 1: An element of Nz (H,J)

1.3. Proof of theorem [L.1].

Fix a Hamiltonian H : M x [0,1] — M which displaces L. Take Jy so that fiy, < hr(Jo) + €
where € > 0 is arbitrarily small. Fix a non-decreasing smooth function 5 : R — [0,1] equal to 0
for s < —1 and such that §(s) + 5(—s) = 1. Consider the compact homotopies from 0 to O :

HE, = pB(s+ R)B(—s + R)H,

with R € R, and denote by X ft the associated Hamiltonian vector field. Complete it by a one-
parameter family J = {th, R € R} of compact homotopies from Jy to Jp. Assume th = Jp for
R < —land J[, = J;for [s| < R—1and |s| > R+1. Here, Jf, € T3(Jo) with A > C sufficiently
large. Moreover, assumeﬂ hr < hr(JE) + € for all z and R. For submanifolds X and Y of L, we

introduce the following spaces

dsu+ JI (u) [Oru — X (u)] =0
limg, oo u(s,t) =
limg 00 u(s, t) =y

[u] =0 € ma(M, L)
N (X, YV;H,J) = {(R,u,z,y) e N(H,J), stze X,yeY}, (9)

NH,J)=<¢ R,u:B— M, st

endowed with the topology of uniform C2-convergence on compact subsets of B. For a pair (R, u)
in V7, (H, J), Existence of limits at +-00 guarantee E(u) < oo (proposition [.§). Lemma[5.4 gives :

E(u) < |[|H]|. (10)

1.3.1. Proof. The linearization at (R, u) of equation appearing in (E) defines a Fredholm linear
map D, : RO WYP(u*TM) — LP(u*TM). More precisely, it is the sum of the Cauchy-Riemann
operator and a compact operator depending on X ft. As w is homotopic rel L to a constant disk,

"Where JE = th for z = s 4 it.



A compact component, ignore it.

Limit ?

-1 R

F1G. 2: A formal reprsentation of Ny (z, L; H,J)

its index is necessarly n + 1. For a precise computation, see [@, @] or (], section 2.1). Thus,
the expected dimensions are :

dimN,(H,J)=n+1, (11)
dimN(X,Y;H,J) =1+ dimX +dimY —n. (12)

The open subset {R < —1} of N1(X,Y;H,J) is readily X NY X (—o00,—1). The submanifolds
X and Y of L are assumed to have transverse intersections.

Lemma 1.6. Let H be an Hamiltonian of class C*. Assume J to be a generic family of class C*.
— If Il > n+ 3, then the space N,(H,J) is in a natural way a manifold with the expected
dimensions (11);
—- If I > 3, then the space N(X,Y;H,J) is a manifold of dimension ), for a generic
choice of J.

The proof of the above lemma is postponed to the next subsection.

Assume X = {z} and Y = L. Then, N(z,L;H,J) is a one-dimensional manifold. The
first projection (R,u,x,y) — R is at least continuous. The open subset {R < —1} is the set
(—o00,—1) x {x} where z is viewed as the constant disk equal to z. Set S for its connected
component. See figure fl. Following S (the red line), one gets a non-convergent sequence (R, u,,)
of S. But estimate (E) and proposition D imply that the images of w lie in the compact Vs (K)

where § = 2 [1 + A HH||] . Thus, Chapters 4 and 12 of [Rd] show that the sequence (u,) admits

co
a subsequence, still denoted by (u, ), converging C?-uniformly on compact subsets of B— F. Here,
F is a finite subset of B where bubbling off of holomorphic spheres or disks can occur.

- If R,, — o0, the limit v : (B — F,0B) — (M, L) satisfies the Floer equation

051) + Jt [at’U — Xt] =0 (13)

As v is of finite energy, the singularities can be removed (@], Chapter 4), and v can be
smoothly extended to a Floer continuation strip for the constant homotopy (Hz, J;). Once
again, as v is of finite energy, a subsequence of (¢ — v(s,t)) for s — oo admits a limit ™,
which is an L-orbit of H (proposition @) As the Hamiltonian H displaces L, such a Floer
continuation strip v cannot exist.



— Thus, the sequence (R,) is bounded, and we may assume R,, — R > —1. In this case, as
(un,) does not converge in S, there must be a bubbling off of at least one J*-holomorphic
sphere or disk, with z € B. Holomorphic spheres can be avoided by generic data. Up to
removable singularities, this holomorphic disk « is obtained as a limit of w — wy, (2, + ppw)
with well-chosen sequences z, — z and p, — 0 (see [R9]). Thus,

he — € < ho(J7) < B(u) < limsup B(un) < [ H] .
Take the infinimum on € > 0, and afterwards, the infinimum on H displacing L. Hence, we get :
hr < E(L).

1.3.2. Proof of Lemma E Lemma @ lies on a well-known transversality argument, given
for instance in @, @, @] But we have to chek that the conditions required on J can be satisfied.
It requires the following version of Sard’s theorem, due to Smale [

Theorem 1.7 (Smale [B(]). Let N and & be two separable Banach manifolds. Let F : N — &
be a smooth map of class C*¥+1, such that all the differentials dF () are Fredholm operators of
index k. Then, the non-reqular values of F is a set of first category. For any reqular value vy, its
preimage F~1(y) is a k-dimensional submanifold of X .

For a pair (R, u) in Nz (H,J), inequality (L) and proposition [L.4 imply that u is contained
in Vg(K) where K is as in proposition L4 and S = 1 + Z {1 + Ag—?”HH} Perturbations on J
may be realized in Vg(K). Now, introduce the following Banach manifolds :

— For p > 2, the space N} collects the pairs (R, u) where the map u : (B,0B) — (M, L) of
class WP converges to points of L at 0o and is of class WP in their neighborhoods. In other

loc
words, we assume the existence of maps wy : {z € C, £Imz > 0} — M of class VVlzf such that

u(s,t) = w— (exp(nz)) ,
= w4 (exp(m — 72)) .

— The space Z! collects parametrized families J = {th of class C! of compact homotopies
from Jy to Jy inside IQ(JO) and equal to Jy outside Vg(K) where K is as in proposition .
Moreover, we require J = Jy for R < —1 and Jf, = Jo for |s] < R—1 and |s| > R+ 1.

— For u € N7, the tangent space T, N7 is the space of sections of class W of the Hermitian
vector bundle v*T'M — B, this pullback being of class WP, Let £P be the vector bundle of
sections of u*T'M — B of class LP.

From subsubsection , NL(H,J) can be seen as a subset of the smooth Banach manifold
N7. Namely, it is the zero set of the global section

F RX./\/'I}? — &P
T (Rou) = Ot JE (u) [ — XE (u)]

s,t

For (R,u) € Ni(H,J), the vertical derivative (that means, the vertical component of the diffe-
rential dFy(R,u)) is

L. ROWWBWTM) — LP(B,w*T M)
Ry - (or, du) = Ogu+ JE (u)0i€ + Ve JE (w)dpu + A(dr, 6u)

where A is a compact operator, depending on {X sl?t}. It follows that Dg,, is a Fredholm operator
of index n + 1 ([R1], appendix C). If Dg,,, is onto for all (R,u) € N7, (H,J), then this space is a
(n + 1)-dimensional manifold.



From ([R1]] p. 48), the vector bundle £” — R x N? x T! is of class C*~1, and F(J,u) = Fy(u)
defines a section of class C'~!, provided that H is of class C'. The vertical derivatives of F
along its zero set are surjective operators. The implicit function theorem shows that the union of
NL(H,J) x {J} where J describes Z! is a submanifold N7,(H,Z') of R x N7 x ! of class C'~!,
see [E] or ([@], proposition 2.3.1). The next argument is based on the properties of the second
projection

T Np(H,ZV) - T'.

This map is of class C'~1. The tangent space of N, (H,Z) at (R, u) is given by
T.NH,Z) = {(6R,6u,6J), Dru(6R,6u) + 6JF0u =0} .

The kernel of dn(R,u,J) is exactly the kernel of D,,. Standard methods in functional analysis
prove that all the differentials dmw(R,u,J) are Fredholm operators of index n + 1, see (,
appendix A). For [ —2 > n + 1, Sard’-Smale’s theorem [B(] implies that the regular values of 7
form a dense set of Z!. For a regular value J € Z, the operator D, is onto for every curve
u € 7 1(J) = N(H,J), and thus the space N (H,J) is a (n + 1)-dimensional submanifold of
R x N7.

Still with the above notations, the map

NLH,TY) — L

v u — limg o u(s,0)

is a submersion onto L. Thus, N7, ({z}, L; H,T!) = ev!(x) is a closed submanifold of codimension
n. The projection 7 restricts to a Fredholm map

7. Np({z}, L;H, T — 1!

of index 1. When [ —2 > 1, the regular values form a dens subset of Z!. For regular value J € Z/,
the space N ({z}, L;H,Z) is a one-dimesnional submanifold.
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2. Chekhanov’s proof.

This section revisits the work of Chekhanov [@, @]

2.1. Filtered Lagrangian Floer homology.

We set up here a filtered version of the Lagrangian Floer homology. For a Hamiltonian H
called admissible with respect to L, we define homology groups denoted

HF“N(L,w; H, Jy) | (14)

where the interval (a,b], called the action window, has length b — a < hz(Jy). This condition
removes some problems due to the presence of holomorphic disks (see [Ld]), and the definition
given in subsection is available for all compact Lagrangian submanifolds L, provided that the
symplectic manifold (M,w) is geometrically bounded. The construction requires only standard
arguments dating back to the original work of A. Floer [{, B, H.

2.1.1. The Floer module. The symplectic form w defines two morphisms mo(M,L) — R :
the symplectic action w and the Maslov indezﬁ p. In the sequel, Ay M stands for the space
of contractible L-connecting paths of class Cl. Let ArM — ApM be its universal covering.
Basically, a point in A; M is represented by a half-disk w : (Dy,00Dy) — (M, L) of class C*
bounded by a L-connecting path x. Here, dyD 4 denotes the segment [—1,1] viewed as the lower
boundary of the upper unit half-disk D4, and 94D denotes its upper bound, parametrized by
t € [0,1] as ™. The map w is called a capping half-disk of x.
Introduce the Galois covering A7 M — Ap M whose deck group is given by the quotient

I'w) = mo(L, M)/ kerw Nker I, .

In other words, /~\’LM is the quotient of Az M under the action of kerw Nker I,,. Two pairs [z, w]
and [z, w’] define the same point in A} M whenever the disk wiw’ is vanished by both w and p.

For a Hamiltonian H : M x [0,1] — R, the action functional Ay : A7 M — R is defined by

1
AH[J:,U]:/ Ht(act)dt—/ uw.
0 D,

The formal critical points of A are precisely the capping L-orbits [z, w] of H, i.e. points of A7 M
above contractible L-orbits of the Hamiltonian flow of H. They form a set, denoted by Py, (H,w).

The relative Floer module CF(L,w; H) is the Fa-vector space generated by Py (H,w), equip-
ped with the valuation :

vp (§) = sup {An [z, w], [z, w] # 0} .
Set :
CF*(Lw;H) ={{ € CF(L,w; H), vu(§) < a};
and CF @Y (L, w; H) = CFY(L,w; H)/CF*(L,w; H) .

8Recall its definition. Given a disk u : (D,0D) — (M, L) of class C', note = : S — L its boundary. Then,
z*TL may be viewed as a loop  of Lagrangian subspaces of C™ via a symplectic trivialization of u*T'M__ Set :
w(u) = [pu*wand p(u) = prs(R™, 7). Here, pgrs is the Robbin-Salamon index for the Lagrangian paths [@, I8
This definition does not depend on u up to an homotopy.
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2.1.2. The Conley-Zehnder index. As yet, no assumption was made on the Hamiltonian H.
An L-orbit  is called non-degenerate when dpi! (z0)(Ty, L) is transverse to T;, L. Given a capping
half-disk w : (D4, 00D4) — (M, L) of z, the Conley-Zehnder index of T = [z, w] is defined as
follows. Let @ : w*T' M — C" be a symplectic trivialization of w*T M. Set

Vi € [0,1], AT (8) = [@(1)Tuiny L] © [D(=1)Tu(r) L]
A2 (t) = Graph [@(ei“t)dcpf{(zo)q)(l)*l] .

Here, AY and AS are paths of Lagrangian subspaces of C™ @ C". Such a pair is associated to a
half-integer Ind (A}, Af) , called the Robbin-Salamon index, see 27, B§. The Conley-Zehnder
indez of the capping L-orbit T of H is defined byﬂ :

1o (F) = g +Ind (AP, A?) € 2.

We say that H is admissible with respect to the action window (a, b] when all the capping L-

orbits with action in (a, b] are non-degenerate. In this case, the Fa-vector space cF*Y (L,w; H)
is graded by the Conley-Zehnder index. This condition is generic : admissible Hamiltonians for
L form a dense subset of C2(M x [0,1],R).

Proposition 2.1. Let L be a compact Lagrangian submanifold of (M,w), and let H be a Hamilto-
nian. Then, there exists a Hamiltonian isotopy {g:} supported in a sufficiently small neighborhood
of L, such that {of o g;} has only non-degenerate L-orbits. Moreover, if {g;} is generated by
F, then {pf o g;} is generated by Hy(x) + Ft((cp{{)il(z)), where F can be chosen sufficiently
C?-small.

2.1.3. The boundary operator. Given two capping L-orbits T and g of H, let M(Z,7y; H, J)
denote the space of Floer connecting strips u from x to y with Tfu = g for the constant homotopy
Hy = H, J, = J. The space M(Z,7; H,J) is endowed with the topology of C?-convergence on
compact subsets of B. Explicitly :

asu + Jt(&gu — Xt) =0
Vs € R, u(s,0),u(s, 1) € L,
M@, 5;H,J) = u:B — M, such that lims._ou(s,t) =2t
lmg oo u(s, t) = y(t
and ZHu =y

);
))

Here, the S'-family J = {J;} is assumed to meet the transversality conditions required for
M(Z,y,H,J) with a < Ag(y) < Ag(T) < b to be manifolds of dimension

Assume b — a < hp(Jo), and choose the S!-parametrized family {J;} inside a fixed simply
connected neighborhood P(Jo) C {J € Z%(Jo), hr(J) > b — a} of Jo. Remember there is an
R-action operating by translation on the s-variable. Set

M@ 5;H,J) = M@5: H,J)/R.
For each element u € M(Z,7; H, J), lemma @ gives

E(u) = Ay(T@) — A (@) <b—a < hy(J), Vt.

9Note that this definition is independent on the trivialization ®.
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Thus, no bubbling off of holomorphic disks can occur in the limit set of a sequence (u,) of
M(Z,y; H, J). Bubbling off of holomorphic spheres can be generically avoided for one- and two-
dimensional components of M(Z,7; H, J). Standard compactness arguments, already presented

in Floer [ﬂ, E, E], imply :
— Whenever poz(Z) — pez(y) = 1, the zero dimensional manifold M(Z,7; H, J) is compact
then finite; -
— Whenever ucz(Z) — poz(zZ) = 2, the one-dimensional manifold M(Z,z; H, J) can be com-
patified as a cobordism between the empty set and the union of
M\(Tay;Hv‘])XM\(yvz;HaJ) for ,U/CZ(Z):MCZ(E)‘Fl- (15)
For instance, see ([, section 2).
Considering those observations, the following operator d is well defined :
a,b a,b
5. CF“NL,w; H) — C’Fé\_l](L,w; H)
T — ZﬂQM(Tay;HaJ)yv

where o denotes the number of elements mod 2. The coefficient behind Z in the expression of
92T is exactly the cardinal of the set ([L), which is even. Thus, 2 = 0. The homology of the

chain complex (CF*Sa’b] (L,w; H),d) is the Floer homology groups :
HE“N (L, w H, Jy) . (16)
Note that, for a < b < ¢ with ¢ — a < h, the short exact sequence
0 — R — cFl*d — cF" — 0
induces in homology a long exact sequence
HFY - HF - HE"Y - HF)

Note that the dependence in the small peturbation J is drawn up in the notations )
Indeed, the resulting homology groups are independent on this perturbation up to a unique
isomorphism (see below). It seems important to choose J in a contractible neighborhood P(Jy),
does it ?

2.2. Definition of the continuation maps.

Given two admissible pairs (H_,J_) and (H4,Jy), the continuation map is a morphism
defined by a compact homotopy {Hs} from H_ to H,. We denote by M(Z_,T;{Hs},{Js}) the
space of the Floer continuation strips u (for the compact homotopy (Hs,Js)), from z_ to x4,
with T_fu = ZT4. Here, the homotopy {Js} goes from J_ to Jy and lies in P(Jy). It is chosen
to meet all the required transversality conditions for the spaces M(ZT_, T4, {Hs},{Js}) to be
manifolds of dimension pcz(ZT-) — poz(T4).

Proposition 2.2. Say that {H} is a C-homotopyf9) when a4 (9sHy) < C. The map

CF“NL,wyH ) — CF“ TN L, wiHYy)
T_ I Zﬁ2M(Eﬂy+;{Hs}a{Js})y-

is well-defined and commutes with the boundary operators.

v

10Word introduced by Ginzburg @]
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Démonstration. Let T_ and 3, be two capping L-orbits respectively of H_ and H, such that
a<Ag-(T-) <band a+C < A+ (7,) < b+C. Lemmap.4 shows that the energies of elements
in M(z_,y,,{Hs},{Js}) are uniformly bounded by b — a. Indeed,

Euw) < Ay-(T-) — Ag+ @) +ar(0:H) <b—a—-C+C=b—a.

Recall that b — a < hig(J,) for all z € B. So, as before, no bubbling off of holomorphic spheres
or disks can appear in the limit set of a sequence (u,) in M(Z_, 7, ; {H,}, {Js}). Figure ] helps
to understand the following arguments. Up to an extraction of a subsequence, (u,) converges
to a Floer continuation strip v for the compact homotopy (Hs, Js), with finite energy. It goes
from §_ to T4 with Ay-(T_) < Apg-(T-) <band Ay+(T4+) > Ap+(¥) > a+C. As Ay, (T4) —
Ap_(G_) < C, we immediately get Ag+(T4+) < b+ C and Ay-(y_) > a. The actions of §_
and T4 belong respectively to the action windows (a, b] and (a + C,b + C]. Thus, they are non-
degenerate. As in [R9, [l], the limits of the sequences (s, - upn) with s, — —oo (resp. +o00) form a
"broken” Floer continuation strip from Z_ to 7_ (resp. from 7 to 7, ). Standard considerations
on the index give :
— Whenever pucz(T-) = pcz (¥, ), the zero-dimensional manifold M(Z_, 7, ; {Hs}, {Js}) is
compact then finite ;
— Whenever pcz(T-) = pez(F,) + 1, non-compact components of the one-dimensional ma-
nifold M(Z_,7,;{Hs},{Js}) can be compactified in a cobordism between the sets :

—

ME- 5 Ho J2) x MGG {HY ATY)  for uez (@) = uez(@,)  (17)
and M(T—Tyi {H} (1)) x M@+, T Heo Jy)  for poz(@-) = poz (@) . (18)

The first point shows that the definition of 1) makes sense. The second point can be algebraically
translated into ¥ = WJ. |

The map ¥ induces a morphism in homology, called the continuation morphism :
U HF (L,wi H_, Jo) — HFE“TO UL wiHL Jy) . (19)

We point out that the continuation morphism ¥ does not depend on the C-homotopy (Hs, Js) used
to define it. Moreover, the composition of two continuation morphisms is equal to the continuation
morphism, with the good shift in the action window.

If (Hs,Js) and (H.,J.) are two C-homotopies satisfying the required transversality condi-
tions, then H{ , = (1 —r)Hs+rH{ is an homotopy of C-homotopies. Let M(T_, 7 ; {H{}, {JI})
be the space of pairs (r,u) where r € [0,1] and u is a Floer continuation strip for the compact
homotopy (HY ;, Jg ;) from Z_ to 7 . Here, the parametrized family {J{ ;} of compact homotopies
is chosen inside P(Jp) so that the spaces M(Z~,7";{H!},{JI}) are smooth manifolds of dimen-
sion pucz(T-) — poz (¥, ) + 1. Once again, no bubbling off of holomorphic disks or spheres can
occur. By counting fo M(Z_, 7 {H,},{J5,}) for poz(y4) = nez(@-) + 1, we easily construct
an homotopy map between the chain maps defined by H; and H’. The argument is classic, but
as above, the reader would have to check that the involved capping orbits belong to the expected
intervals.

We do not give the detailed proofs. Note that the continuation morphisms defined by constant
homotopies Hy = H are isomorphisms. We deduce that the Floer homology groups (@) are
independent on the choice of the small perturbation of Jy, as announced in the end of the
subsection P.J.

Without proof, we assert here a result mentioned in ([@], section 3.2.3, result H3) :
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Energy ¢
Ap-(T- )L I
Ap+ (@) B T+ <C
1 Yy
Ap-(7-)
A+ (@)L Y

Fia. 3: Proof of proposition E

Let a® and b® be compact homotopies from a™ to a™ and from b~ to b, with b* —a® < h(Jp).
Assume that a® and b® are not critical values of the action functional Ag,, where {Hs} is a
compact homotopy from H_ to H,. Then there exists an isomorphism

HF " L H_, Jo) — HF " (L, Ho, o).

2.3. Proof of Theorem P.]] for rational Lagrangian submanifolds.

A Lagrangian submanifold L is called rational when wmy(M,L) = 2¢Z with ¢ > 0 (B,
definition 1.2). We prove Theorem @ where hy is replaced by c. First, we may assume that
|H||+ = ||H||- < ¢, by replacing H; by H, — f(t), with a suitable function f. Remark that
the energy of a holomorphic sphere or disk is positive, thus greater or equal to 2c. Thus, 2¢ <
hr(Jo) < hy.

2.3.1. Morse theory. Let f: L — R be a Morse function. The Morse-Smale complex C M, (f)
of f is the Fa-vector space generated by the set of critical points of f, and graded by the Morse
index. Fix a Riemannian metric g on L. (We can always assume that g is induced by the almost
complex structure Jy.) Let Vf be the gradient of f with respect to g, and let {1/1{} be the
anti-gradient flow of f. For each critical point x of f, the sets

W@, v ={y el el —a}, (20)
W@, V) ={yeL vl —a} (21)

are embedded disks, respectively called the stable and unstable manifolds at x ([E], Corol-
lary 6.3.1). Recall that the Morse index pas(x) is equal to the dimension of W (z, V f). Generi-
cally on ¢ (and hence on Jy), all the stable and unstable manifolds intersect pairwise transversally.
In particular, whenever up(x) = pa(y) + 1, the manifold W*(z, V) N W*(y, Vf) has dimen-
sion 1. If it is non-empty, then f(y) < f(x). For f(y) < a < f(x), it intersects transversally the
one-codimensional manifold f~*(a), and the intersection M (x,y; f, g) is a finite set, well-defined

15



up to a unique bijection obtained by following the anti-gradient flow of f ([@], section 6.5). The
Morse boundary operator d, is defined as follows :

CMi(f) — CMj—1(f)
' x — > oMz, y; f,9)y.

We have : 97 = 0. The homology of the complex (CM.(f),d,) is denoted by :

9y

HM*(fag)a

which is independent to (f, g) up to a unique isomorphism, obtained by continuation as in Floer
theory ([@], section 6.7). Those homology groups are isomorphic to the singular homology groups
of L, which leads to the Morse inequalities ([[L7], section 6.10).

Floer theory, presented in subsection @, may be viewed as an adaptation of the Morse theory
for the action functional Ag. Beyound the well-known analogy, there exists a deep link between
Floer homology and Morse homology. From [@, @], recall :

Theorem 2.3 (Weinstein ([B4], Theorem 6.1)). For a sufficiently small r > 0, there ezists a
symplectomorphism from T*L onto an open neighborhood U of L, sending the zero section onto L
as the identity.

By abuse of notations, we denote a point in U by its coordinates (p,q) in T;*L. Fix a non-
increasing function o : [0,7] — [0, 1] equal to 1 on [0, /3], and to 0 on [2r/3,7]. Set

K(2) = {ef(q)g(lpl) ifz;h(eqr,gi)sj U,

For e < r/3||df||, the Hamiltonian flow of K maps L to the graph of edf (a Lagrangian submanifold
of T;*L viewed in U). Thus, the L-orbits of K are constant and equal to the critical points of f.
Each critical point x of f can be completed with a disk w bounded by L to form a capping
L-orbit [z, w]. Assuming €| f|| < b < ¢, its action ef(x) — w(w) belongs to the interval (—c, b] iff
w(w) = 0. The Conley-Zehnder and Morse indices are equal. It thus follows that :

CFTN(L,wi K, Jo) = CM.(f,9) (9AF°) .

where A€ is a "local version” of Novikov ring.

Let u : B — M be a Floer continuation strip for the constant homotopy (K, J) from T to 7,
with —¢ < Ax () < Ak (Z) < b. Then, the energy of u is equal to e(f(z) — f(y)) < €||f||. For
e > 0 small enough, u must lie inside U, (see Proposition @) Thus, the maximum principle
implies that w must lie on L, and hence is constant in .

In other words, u(s,t) = v(s), where v is a anti-gradient flow line of f. Thus,

HF L, w; K, Jo) = HM.(f,9) (9A%") .

2.3.2. The factorization. The key to proving theorem EI is a factorization of the identity on
HM.(f,g) ® Al¢ through HF*(fc’b] (L, H,w, Jy). This factorization will be obtained by adapting
the continuation maps defined in subsection R.2.

Fixe < c—C_ande < ¢c—C4,and then b > e+Cy and b > e+C_, with Cy = [|H - K|+ < a.
Hence, we have b + C_ < 2¢ — €. Let K, be the linear homotopy from K to H defined by

Ks,t = B(S)Ht —+ (1 — ﬂ(S))Kt .
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Fix {J,} be a compact homotopy from Jy to {J;} and {J.} be a compact homotopy from {.J;} to
Jo such that the pairs (K, J;) and (K_;, J.) meet the required transversality conditions. Then,
we consider the continuation maps defined by (Kj, J5) and (K_s, J7)

U, :CF L, K, w, Jy) — CF (L, H,w, Jo) (22)
Uy :CF TN L, H w, Jy) — CE L, K, w, J) . (23)

Note that the present situation differs from the general case, as we do not translate the action
windows. We assert :

Proposition 2.4. The maps ¥, and Vo commute with the boundary operators. Moreover, the
induced map in homology go inside the following commutative diagram :

HFE WL, wi H, Jy)
/ K

HFENL, wi K, Jy) HFEN L, w K, Jy).

Id
The proof is given step by step.

Step 1. The map Vi commutes with the boundary operators. The arguments are similar to those
previously presented. We just have to check that the involved capping L-orbits in figure B belong
to the action window (—a,b]. The two problematic configurations are the following :

1. Let 7, ¥ and Z be capping L-orbits respectively of K, H and H. Fix a Floer continuation
strip for the homotopy (K, Js) from T to ¥ and a Floer continuation strip for the constant
homotopy (H,J) from § to Z. Assume Ag(Z) and Ag(Z) to belong to (—c¢,b]. Then, the
estimates (U7) give : —¢ < Ay (Z) < A (y) and Ay (7) < Ax(T) + C+. Recall Ak (T) < e
and b > C1 + e. Thus, Ay (7) belongs to the action window (—c¢, b].

2. Now, let T, y and Z be capping L-orbits respectively of K, K and H. Fix a Floer continuation
strip for the constant homotopy (K, J) from T to ¥ and a Floer continuation strip for the
homotopy (Hs, Js) from 7 to Z. Once again, assume A (T) and Ag (Z) to belong to (—c¢, b].
Then the estimates @) give : Ak (y) < Ak (T), and Ak (y) > Ag(z) —Cy > —c—Cy >
€ — 2c. Recall that there is no capping L-orbit of K whose action is between € — 2c and —e.
Thus, Ak (7) must belong to the action window (—e¢, b].

Then, the standard arguments show that the map ¥; commutes with the boundary operators. O
Step 2. The map Vo commutes with the boundary operators, for similar reasons. [l

Step 3. There exists an homotopy map between the composition Wo 0o Uy and the identity. Introduce
the parametrized family {K Sl?t of compact homotopies from K to K :

Kf}t =B(s+ R)B(—s+ R)H; + (1 — B(s + R)B(—s + R))K .

Note X%, its Hamiltonian vector field. Set K = {Kf}, and choice a generic data J = {JF,
with good asymptotic behavior. For any pair (x, z) of critical points of f, the space

M(z, 2 K,J) = {(R,u), R € Rand u € M(z,z {KE} {751}

is generically a manifold of dimension pps(z) — par(2) + 1. Generically,
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— Whenever pp(z) = par(x) + 1, the zero-dimensional manifold M(z, z; K,J) is compact
then finite ;

— Whenever up(2z) = par(z), the non-compact components of the one-dimensional manifold
M(z, z; K, J) can be completed into a cobordism between the sets

M zxem) = {5 el )
M(@, G { Kot} {Ts}) x MG, 2 {K s}, {J5})  for pez(7) = pu (@), (25)
Mz, K, J) x M(y, 2, K, Jo) for upr(y) = par(2) +1,  (26)

Mz, y;: K, Jo) x M(y, 2 K, J) for pae(y) = pa(2) = 1. (27)

The capping orbits of H appearing in (@) have actions in (—c¢, b).
Then, set provisionally

CM,if) — CMy1(f)

r: x = > oMz, z; K, Jo) 2

This map is well-defined, due to the first point. The existence of the cobordism described above
can be algebraically translated into
UyoW; —Id =dl' +T'd.

Indeed, counting the elements in the sets (R5) gives Wy o Wy. The coefficient behind z in the
expression of dl'z (resp. I'dz) is exactly the number modulo 2 of elements in sets (7) (resp. in
sets (@)) Thus, the map I' is an homotopy map between the identity and ¥4 o ¥;. We have
done. O

See appendix @ for remarks on the slight modifications to the original proof of Chekhanov.
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3. Kerman’s proof.

In this section, Theorem @ is proved for all compact Lagrangian submanifolds. In @], Ker-
man explains how the identity CM (f) — CM(f) factors through CF(L,w; H). This factorisation
can be expressed in homological terms as follows.

3.1. Definition of the relative PSS maps.

3.1.1. Throughout this section, we fix a non-decreasing map 8 : R — [0, 1] equal to 0 when
s < 0 and to 1 when s > 0. The precise definition of 3 has no importanceﬂ. Let X and Y be
two smooth submanifolds of L. Set :

N, H,J) = {d R xS! =M, 1?mdjo;] Esfge)[atd? (aﬁffidl}] —(36} ’ (28)
N9 = {erRocst g, et Tl e JERERZEL L )
and N'(7,Y3 H, J) = {(e, y) EM(T H, J) x Y, lm e(s,t) = y} ' ey

Elements of N,.(T; H, J) may be viewed as holomorphic half-disks with an Hamiltonian per-
turbation on their boundaries. In the definition of N;(T; H, J), the notation —e denotes the map
(s,t) — e(—s,t), which may be viewed as an anti-holomorphic half-disk with an Hamiltonian per-
turbation on its boundary. Lemma @ gives the following estimates on the energies of perturbed
(anti-)holomorphic half-disks :

vd e Np(; H,J), 0<E(d) <—Au(z,d) + || H]+ (32)
Ve e Ni(z; H,J), 0< E(e) <An(x,—e)+ || H]|-. (33)
The expected dimensions are :
dimNG(7; H, J) =n — pcz (),
dim N, (%; H, J) = pez(T) ,

dim N (X, 5, H, J
dimN(Z, Y H,J

=dimX — /’LCZ(E)v
= pucz (@) +dimY —n.

—_ — — —

For generic choices, those spaces are well-defined manifolds.

3.1.2. Recall |H||+ <b, ||[H||- <cand b+ ¢ < h. Set :

CMy(f,9) — CF N, w; H)
T s v v B 7 (34)
) op—etl (Lyw;H) — CMx(f,9)
and @2:708 g e SN @E WYV H, ) y (35)

Observe that the sets appearing in (B4) and (Bj) are finite.

11 Nevertheless, the monotonicity of 3 is a crucial point to get the estimates mentioned on the energies.
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FIG. 4: Representations of elemens in the spaces (B().

Theorem 3.1. With the above notations, ®1 and P2 are chain maps. The induced maps in
homology are called the PSS maps :

&y HM,(f,g) — HF (L, w; H, Jo)
and Oy :HE "N (L,w; H, Jy) — HM,(f,q).

Démonstration. We only prove that @5 is a chain map. (The proof for ®; uses similar arguments.)
Fix a capping L-orbit Z of H, with action in (—¢,b], and consider a critical point y of f with
um(y) = poz(T) — 1. Let (u,) be a sequence in N(T; H,J) with lims_cc un(s,t) = z, €
W(y, Vf).

As E(u,) < A (z)+||H|| - < h, no bubbling off of holomorphic spheres or disks may occur in
the limit set of (u,). Up to an extraction, the sequence (u,,) converges to a Floer continuation strip
v for the homotopy 3(—s)H from a capping L-orbit T’ to a point z of L, with Ay (Z') < Ag(T).
Moreover, we have Ay (T') > —||H||- > —c. As its action belongs to (—c, ], the capping L-orbit
T’ is non-degenerate.

After an extraction if necessary, we obtain a broken Floer continuation strip from T to T’ as
the different limits of (s, - u,) for s, — —oo. Note that

00 1
lim lim / / |05t |2dsdt = 0.
T—oon—oo [ 0

It then follows that whenever s,, — oo, the sequence (s, uy) converges to z uniformly on compact
subsets of B. Moreover, z must be the limit of (z,,).

Indeed, let 2z’ be an accumulation point of (x,). We may assume x,, — 2z’ to simplify the
notations. Choose s,, > n such that u(sy, 0) converges to z’. As (s, -u,) converges to x uniformly
on compact subsets, it follows that z’ = x. In other words, the sequence (z,) has a unique
accumulation point, namely z, and hence converges to z as L is compact.

This limit z must belong to the adherence of W#(y, V f). Thus, there exists a critical point
y' of f, with pup(y') > pam(y), such that © € We(y', Vf). Moreover, there exists a broken
antigradient flow from ¢’ to y. It then follows that N (', W*(y', Vf); H, J) is non empty. Thus,
its dimension pcz(T') — pa(y') must be nonnegative. Hence,

pez(T) 2 pez(@) = pu(y') = pu(y) = pez(@) — 1.
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Different cases must be considered :

— ncz(T) # pam(y') gives pez(T') = pez(T) and par(y') = par(y). The broken Floer conti-
nuation strip from T to ' we obtained above must be constant. Moreover, as the critical
point 3’ belongs to the adherence of W*(y, V), it must be equal to y. Then, the limit v
belongs to N(Z, W"(y,Vf); H, J).

— wucz(@) > poz(@) gives pez(@) = pm(y') = um(y). As above, y = y'. Moreover, the
broken Floer continuation map from T to T’ is of index 1. Thus, there is no intermediate
capping L-orbit of H, and we get an element of M(z,7'; H, J) x N(z', W¥(y,V [); H, J).

— The last case to consider is the following : pcz(Z) = poz(T') = pp(y’). Thus, T = T, and
the limit v belong to the set N;(Z, W“(y',V f); H, J).

Considering this study, the one-dimensional manifold N;(Z, W*(y, Vf); H, J) may be com-

pactified into a cobordism between :

N@ Wy, V)i H,J) x My, y, V) for jiar(y') = i (y) +1, (36)
and M(Z, % H,J) x N(@ ,W*"(y,Vf); H,J) for pez (@) = pez(@) — 1. (37)
Thus, we get :
00,7 = 3 N (@, WUy, V) H,J) < M(y',y,V )y
oz (@)=pm (y)=pn (y)+1
= > M@, T H,J) x Ni(@ Wy, V) H,J)y
b (y)=pcz (@' )=pcz(x)—1
= ®&o0T,
which proves that ®, commutes with the boundary operators, as wanted. O

3.2. Proof of Theorem D.1].

In [B], Kerman proposed an approach to the Hamiltonian Floer theory under the quantum
effects. We present here an adaptation of this approach for the Lagrangian Floer homology.

Theorem 3.2. With the above notations, the composition of the PSS maps
HM.(f,9) — HF (L, H.w) — HM.(f,g)
is the identity.

Skretch of the proof. Let y and z be two critical points of f with the same Morse index k.
The one-dimensional manifold N'(W*(y, Vf), W*(z, Vf); H,J) (introduced in section [l) can be
compactified into a cobordism between :

W v = {4 L (3%)
NW*(y, V), 7 H,J) x N@W"(y,V); H,.J) for pez () =k, (39)
NW*(y, V), W', Vf);H,I) x M(¢',2,Vf) for pa(2) =k+1,  (40)
and M(y,y/,Vf) x NOW*(y/, V), W"(, Vf); H,J) for puar(y') =k — 1 (41)

Set provisionallyE :

OMi(f) — CMy41(f)
ooz s Y BN (W (x, V), W3(2,Vf);H,J) 2.

12Up to the end of the proof.

r
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The above cobordism gives the following relation :
DPy0P) —Id=dl' +1'd.

More precisely, dI" and I'd count respectively the number of elements in the finite sets (@) and
(f1)). The map ® o ®; counts the elements in the sets (Bg). We have done. O

3.3. Equivalence of the previous proofs.

The equivalence between Gromov’s proof and Kerman’s proof is clear. We explain how Ker-
man’s proof is related to Chekanov’s proof. For the notations, refer to subsections P.3 and B.1.

Theorem 3.3. Assume L to be rational with wma(M, L) = 2¢Z. To simplify, assume that there
erists no disk bounded by L with zero Maslov index and non-zero symplectic area. Let K and b
be as in subsection @ The PSS maps ®1 and ®2 are equal to the continuation maps ¥, and
WUy obtained via a linear compact homotopy from K to H and from H to K.

Démonstration. We only explain how to get an homotopy map between the chain maps ¥; and
®;. The arguments may be easily adapted to the pair (¥, ®s).
Let us consider the parametrized family {H f”t} of linear compact homotopies from K to H

defined as follows :
HE = B(—s— R)K + (s — R)Hy .

Note X SI?t its Hamiltonian vector field, and introduce the space :

ReRy,
dsu+ JE, [opu — X ] =0
M (m,y; {Hft}, {th}) =< (R,u), st limg,_ou(s,t) ==
limgstoou(s, t) = y(t)
[y,ul =75

The topology is given by the topology of the extended real half-line times the topology of C2-
convergence on compact sets. Here, the compact homotopy {th} is obtained by perturbing
{Js+r.t}. The perturbation is chosen for the space N (x,7; H,J) to be a manifold of the expected
dimension poz(Z) — pez(y) + 1.

For (R,u) € N (z,5; {HE}, {JF}), we have :

E(u) < f(z) = Au(@) + /]I~ + [1H]+ .

Consequently, no bubbling off of holomorphic disks may occur in the limit set. By classical
arguments, for generic data, it follows that :
— When peoz(y) = pa(x) 4+ 1, the zero-dimensional manifold M(z,y; H,J) is compact then
finite.
— When pcz(y) = poz(z), the one-dimensional manifold M (x,7; H,J) can be compactified
into a cobordism between the sets :

M (z, 75 {HJ}, {J}) ; (42)
M(z,zH,J) x M(z,7: H,J) for z € POY(H, w); (43)
Mz, z; f,9) x M(z,7;H,J) for z € Crit(f),R > 0; (44)
and N (W"(z,Vf),z; H,J) . (45)
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Let us justify the second assertion. Given a sequence (Rp,uy,) in M(z, 5, {HE},{JE}), we
may assume that the sequence (u,) converges uniformly on compact subsets. Different possibi-
lities are to be considered :

Case 1. If R,, — 0, the limit v of (u,) is a Floer continuation map from z to 3.

Case 2. Assume R, — R. Consider the limits of s, - u,.
— If s, — —00, we get a broken Floer continuation strip for the constant homotopy K from
y to capping L-orbit 7’ of K ;
— If (s,) is bounded, we get a Floer continuation strip u from T’ to a capping L-orbit 7’ of
H, unique up to translation on the s-variable;
— If s,, — oo, we get a broken Floer continuation strip for the constant homotopy H from 7’
to @, unique up to translation.
The estimates () give successively Ax (F') < Ax(z) = f(z) < b; Ax(7') > Au(g) > —c and
Ak (@) — Ag(@) + C > 0 for C = || f||- + ||H||+. Considering those inequalities, we obtain
A (@) > Ay (') — C > —c— ||H||+ — € > € — 2¢. As there is no capping L-orbit with action in
(e — 2¢, —¢€), we get Ax(T') > —c. In other hand, Ay (y') < Ax(T')+C <e+C <b.
For each involving capping L-orbits appearing in the limit set, its action belongs to (—c, b].
Considerations on the indices show that
— Either T = 7'. In this case, we get a point in the sets (@) ;
— Either 7 = 7. In this case, we obtain a point in the sets (@)

Case 3. Assume R,, — co. The limit of (u,) gives a point in the set N(W"¥(z,Vf),Z; H,J). To
conclude, standard gluing arguments are needed to prove that each point in the sets (@) @),
(E4) and (i) may be obtained as a limit point.

The first assertion shows that the following map is well-defined :

CMy(f,9) — CFy(L,w; H)

T s SeMEpHIY)

The second assertion can be algebraically translated by the equality :
O, -V, =0+ 19.

We have done. O

23



4. Concluding remarks.

4.0.1. Here are a few remarks on mistakes to avoid.

1. Repeatedly in this paper, the proofs use one-dimensional cobordisms between two finite
sets A and B. Elements of A and B are geometric objects as strips, and they have energies.
Estimates on the energies of the elements of A do not imply any information on objects of B.
Here are two reasons :

— In general, the energy is non-constant along the cobordism;

— The cobordism is simply given by a partition of A U B into pairs, but each element of B
is not necessarly associated to an element of A. For instance, A may be empty and B is the
boundary of a one-dimensional compact manifold.

2. The localization of Lagrangian Floer homologies described in this paper is not isomorphic
to the Morse homology. The different maps described (continuation maps and PSS maps) are
not isomorphisms in general.

3. The PSS maps could lead the reader to some confusions. Among capping orbits T, some
are homologically important, those for which N;(Z; H,J) and N,.(T; H, J) are non empty. Call
them local. First, this definition explicitly depends on the perturbation J of Jy. A compact
homotopy {Js} defines a cobordism between N;(z; H, J_) and N(z; H, J1.), but Ni(z; H, J_) # 0
does not imply N;(%; H, J+) # (. For similar reasons, the property ”local” depends on the capping
half disk.

For instance, when pcz(T; H, JJ) = 3, the space N(T; H, J) is a three-dimensional manifold,
and thus bounds a four-dimensional manifold. As N;(T; H, J) is only defined up to cobordism,
we get no information on 7.

4. Nevertheless, for a fixed time-depending almost complex structure J, those ”local” capping
orbits generate some vector subspace E of CF.(L,H). Counting the Floer continuation strips
with index 0 defines an operator u on E. But, u? # 0. The reason is the following.

Consider a pair (u,v) in the set M(Z,y; H, J) x M(y,Z; H, J), where T and Z are "local”. Is
"local” ? There is no way to know it. There is a cobordism between N,.(T; H, J) x M\(E, y, H,J)
and N,.(7; H, J) ; but the second space can be empty. Once again, we cannot conclude.

4.0.2. Local Hamiltonian Floer homology. By similar arguments, a local version of the
Hamiltonian Floer homology can be defined. At first sight, this local version seems less usefull as
all the problems due to the presence of holomorphic spheres with negative indices can be avoided.
The Hamiltonian Floer homology is well-defined for general compact symplectic manifolds.

For a compact symplectic manifold (M, w), the Hamiltonian Floer homology can be viewed as
the Lagrangian Floer homology of the diagonal Aps. (Here, Ay is the Lagrangian submanifold
of M x M collecting the pairs (z,x).)

— A disk (u,v) bounded by Ay gives rise to a sphere w : CP! — M obtained by gluing
v and 2z — u(z/|z]?). The Maslov index of (u,v) is exactly the Chern number of w. If (u,v)
is a (—J) @ J-holomorphic disk, then w is J-holomorphic sphere. Note that all the required
transversality conditions can be satisfied by almost complex structures (—.J) @ J. The minimal
area of a holomorphic disk of M x M bounded by Ay is A.

— Take a Hamiltonian H on M. A contractible Aps-orbit (y,x) of w3 H corresponds to a
contractible one-periodic orbit x of H with z(0) = y. It is readily seen to be non-degenerate
iff 1 is not an eigenvaue of dp! (z¢). A capping half-disk (u,v) gives a disk w bounded by a
reparametrization of z obtained as the gluing of the maps v : Dy — M and v/ : D_ — M
(u'(2) = u(Z)). As easily checked, a local maximum of a small Morse function has index n.

— A similar discussion is needed to understand how to deal with the Floer continuation
strips.
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Proposition 4.1. Let (M,w) be a compact symplectic manifold. Let b—a < h. Then, there exists
an almost complex structure Jy such that b —a < hr(Jy). And

HES (M, Hyw, Jo) = B (A w3 H, 0, )

is well-defined. If —h/2 < a < —||H||= < ||H||+ < b < h/2, then the composition of the natural
sequences
HM. (M) — HF\" (M, H,w, Jo) — HM, (M)

1s the identity.

The filtered version of the Lagrangian Floer homology is still available for certain non-compact
Lagrangian submanifolds. For example, the diagonal of a geometrically bounded symplectic ma-
nifold is not compact in general, but a filtered Hamiltonian Floer homology can be defined for
an action window (0,a) and a < A.
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5. Appendices.

5.1. Estimates on the energies.

5.1.1. Proving Theorem @ requires estimates on the energies of holomorphic curves and their
Hamiltonian perturbations. Those estimates are now standard tools in symplectic topology. Most
notations are introduced in section . In particular, conditions C1 and C2 are met for a w-
compatible almost complex structure Jg.

Lemma 5.1. Let ¥ be a Riemann surface (possibly with boundary). For a ¥-parametrized family
J ={J.} of almost complex structures in Ta(Jo), a J-holomorphic curve u : ¥ — M satisfies :

E(u) > %area(u) .

Démonstration. Let z = s + it be a local chart on the Riemann surface . Then, u*w =
w(0su, Opu)ds A dt, where :

w(0su, dpu) = w(dsu, J@su)l/Qw(&gu, J@tu)1/2

1
> <ol 9l

1
> V110wl [0rulP~ < Bsuldyu >2.
(|

Lemma 5.2 (Viterbo ([@], appendix)). Let v: ¥ — M be a connected minimal surface passing
through © € M, and such that v(0X) N B(x,r) = 0 with r < 1/C. Then,

area[v(2)] > 7 exp [p (C7)] ,

where the function ¢ is defined below.

Démonstration. For the sake of completeness, we recall the proof from the appendix of [@] For
s <, set a(s) = area[v(X) N B(x, s)]. As v is a minimal surface, a(s) must be less than or equal
to the area of the cone C(s) spanned by the (possibly singular) curve C N dB(z, s) (see figure
H). Let us estimate the area of C(s) for a value of s such that the curve dC(s) is not singular.

area [C(s)] = /0S L {expz (%/ exp, ! (80(5)))] ds’
< /OS %%L[GC(S)] ds’'
— s act).

where the inequality directly follows from the comparison theorems in Riemannian geometry.
Hence, using the minimality of v, we have :

sa’(s) sinh(C's)
2 sin(Cs)

o= [ 22w
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! 2 sin(C
or equivalently, a/(s) > — sin(C's)

a(s) < area[C(s)] < a(s) = s sinh(Cs)

Set




()

F1a. 5: Cone C(s).

Recall that a(e) > me2. By integrating the above inequality, we get :
/ T

s (22) o (22)] > o100
r s 0

Proof of proposition [1.4. Assume d = diam [u(X)] > (2N)/C. Then, there exist N points z1, . . ., 2y
such that the balls B (u(z;), 1/C') are pairwise disjoint. Those points may be chosen so that u(9X)
lies outside the corresponding balls. By applying lemmas EI and @, we easily get :

O

mexp (p(1))
AC2

Say N + 1 to be the upper integer part of Cd/2. Then, we have :

o ([9]1) =2

E(u) > %area(u) >N

which concludes the proof. O
5.1.2. Without proof, Recall :

Lemma 5.3 (Hofer-Salamon [[L4]). Set By = [-T,T] x [0,1]. For a Br-parametrized family
of almost complex structures J = {Js .} in ZTa(Jo), there exist 6 > 0 and n > 0 (depending
on A), such that the following holds. For each J-holomorphic curve u : (By,0Br) — (M, L)
with E(u) < J, we have :

Ve, € Bs, d(u(z),u(z)) < exp [ (S — 7)) VEGw).

5.1.3. The following lemma compares the energy of Floer continuation strips and the difference
of actions, as defined in subsection ﬂ Here, just recall
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Lemma 5.4. Let v : (B,0B) — (M, L) be a (H,J)-Floer continuation strip from xz_ to x4.
Then
a—(H) < B(u) - [An_(v-) — An, (24)] < ar (D),

where

. (H) = [ Z /0 1 (sup 8, H, ;) dtds, (46)

[ee) 1
and a—(H) = / / (inf OsHs ¢ ) dtds . (47)
—o0 JO

Démonstration. This follows from the following computations.
+oo 1
E(u) = / / w(Osu, JOsu)dtds
—0oo 0

“+o00 1
= / / w(Osu, Opu — X 1 (u))dtds
—oo YO

“+oo 1
:/u*wf/ / dH; 1 (0su)dtds
B —00 0
“+oo 1
= [Ag_(z-) — Ap, (z4)] + / / OsHy ¢ (u) dtds .
—00 0

We have done. O

5.2. Remarks on the original proof due to Chekhanov.

Originally, the proof of Chekanov is slightly different from the one presented in section E Let
us explain why the approches are exactly the same. We introduce the auxiliary Hamiltonian :

F(t,x) = —H (t, ! (x))

which satisfies the same conditions than H. Recall ¢} ¢! = 1d ([[[J], proposition 1, p. 144). In [,
Chekanov considered the displacement of L as a whole by setting Ls = @ L. Set

IT = {(s,£), £ € WH?([0,1], M), £(0) € Lo, (1) € Ly}

Chekanov defined a R/2aZ-valued functional on II as a primitive of the one-form o — 3, where

a(s,€) = /0 wié, ), and B(s,€) = F(s,7(1))ds .

Let € be the space of L-connecting paths of class W12, The following map is a diffeomorphism

@_[0,1]><Q — II
L5 o St eh(é),

whose differential is

d®(s,7)(0s,07) = (65,055t (32) + dpgy (7)) -

28



Lemma 5.5. With the above notations, we have :
a0 — P*B=dA

where A(s, ) = /0 o, [ (t)] dt — j‘; w.

For s fixed, note that {sHg} is the Hamiltonian which generates the Hamiltonian path {¢%}.

Démonstration. As a preliminary, we compute the following derivation :

Oy [tHy ()] = Hat (2) + tdHoy (%) + ts (0:H)t) (72)
= thst ('Yt) + as [SHst ('Yt)] .

By integrating from 0 to 1, it comes :
1 1
[ 0ulst () = 17 (521 — [ttt o)
0 0
Here is the computations of ®*a and ®*f :
1
(®*)(s,7)(ds,57) :/ w (8Yer () + deokin, t65Yar (ve) + dpki (1) 07t
0
1
— / [—sd (Fst o gai) 0y + tdsd (Fst o @i) Oyt + w (Y, 5%)]
0
1 1
— [ (ol 520) + s (530)) = 55 [ taH.n i)
0 0

and (®°3)(s,7)(65,67) = —H (5,7(1)) s

Hence, we get :

(B0 — 6] (s,7) (55, 57) = / (w (s ) + sdHoy - 6] + 65 / 0, [sHou ()
= dA(s,7)(ds,67) -

O

Once this computation made, it is clear that the two approaches are equivalent. By completing
the L-orbits by half-disks, we simply take into account possible disks with zero Maslov index in

the kernel of the symplectic action w : mo(M, L) — R, which gives a graduation.

Another slight difference, Chekanov defined the continuation morphisms from eH¢; to H; and

from H; to eHg;.
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