
HAL Id: hal-00437746
https://hal.science/hal-00437746v1

Submitted on 27 Apr 2017

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documentsmay come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaireHAL, est des-
tinée au dépôt et à la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
français ou étrangers, des laboratoires publics ou
privés.

HAL Authorization

Border operator for generalized maps
Sylvie Alayrangues, Samuel Peltier, Guillaume Damiand, Pascal Lienhardt

To cite this version:
Sylvie Alayrangues, Samuel Peltier, Guillaume Damiand, Pascal Lienhardt. Border operator for generalized
maps. 15th IAPR International Conference on Discrete Geometry for Computer Imagery (DGCI 2009), Sep
2009, Montreal, Canada. pp.300-312, ⟨10.1007/978-3-642-04397-0_26⟩. ⟨hal-00437746⟩

https://hal.science/hal-00437746v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr


Border Operator for Generalized Maps

S. Alayrangues1, S. Peltier1, G. Damiand2, P. Lienhardt1
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Abstract. In this paper, we define a border operator for generalized
maps, a data structure for representing cellular quasi-manifolds. The
interest of this work lies in the optimization of homology computation,
by using a model with less cells than models in which cells are regular
ones as tetrahedra and cubes. For instance, generalized maps have been
used for representing segmented images. We first define a face operator
to retrieve the faces of any cell, then deduce the border operator and
prove that it satisfies the required property : border of border is void.
At last, we study the links between the cellular homology defined from
our border operator and the classical simplicial homology.

1 Introduction

Computing topological properties onto subdivided objects is of interest in dif-
ferent communities of computer science (e.g. computational topology, geometric
modeling, discrete geometry, image analysis). Among all topological properties
(e.g. Euler characteristic, orientability, connectivity), many works show that ho-
mology is a powerful one: it can be computed in the same way in any dimension, it
is directly linked with the structure of an object and the homological information
can be represented in the object. Different approaches and optimizations have
been proposed (e.g. computation of Betti numbers for torsion free objects [5],
computation of homology generators [16]).

Most homological results are related to triangulated objects (abstract sim-
plicial sets [15], ∆-complexes [10], semi-simplicial sets [11], simplicial sets [14]).
Within these structures, simplices are oriented cells and for any dimension d > 0,
d + 1 face operators are defined for each d−simplex (each face operator maps a
d−simplex onto a (d − 1)−simplex; this application is trivial for 0−simplices).
Border operators can then be defined as the alternate sum of the face operators.
Homology groups are defined from these border operators. As far as we know,
such border operators are defined only for the ”regular” structures of simplicial,
cubical and simploidal sets [17].

In this paper, we address the problem of computing homology groups for
cellular structures (e.g. cell-tuples [4], incidence graphs [18], orders [3]). Such
structures are used in both geometric modeling and image analysis. Any object,
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represented by any cellular structure, can always be canonically converted onto a
simplicial one. Thus, homology of a cellular object can be computed through its
associated triangulation, but in this way, the optimization of the cellular struc-
ture is lost as the simplicial object is made of more cells than the cellular one.
The second drawback is that it is not straightforward to map a simplicial ho-
mology generator onto the cellular structure. In order to avoid these drawbacks,
we chose to define a border operator for cellular structures.

More precisely, we define a border operator for the structure of generalized
maps, which is well-suited for representing cellular quasi-manifolds3 [13]. It can
be noted that there exists several equivalent or derived structures which allow to
represent more general cellular complexes or subclasses of quasi-manifolds and
this work could be extended for these structures [8]. Moreover structures based on
combinatorial maps have already been used in many fields, e.g. image analysis [7],
discrete objects modeling [2]. Besides several links between generalized maps and
other cellular structures (e.g. cell-tuples [4], orders [3]) have been exhibited and
conversion operators between subclasses of such models have also been proposed
[1, 12].

In order to define a border operator for generalized maps, the idea is to
match the classical simplicial approach: cells are given an orientation and for
each couple (ci, c

′
i−1), where ci is an i−cell and c′i−1 an (i − 1)−cell, the inci-

dence number between ci and c′i−1 indicates how many times ci is attached to
c′i−1, taking the orientation into account. This operator is actually defined on a
restricted subclass of generalized maps which is sufficient to encode most useful
subdivisions. We prove that the operator ∂ we define is a border operator, i.e.
satisfies the property ∂∂(ci) = 0 for any cell ci, i > 0. Thus, notions of chain,
cycle, boundary and homology can be defined. We then study the links between
the homology defined from ∂ and the simplicial homology (i.e. the homology
computed on the associated simplicial structure).

The main advantage of defining a border operator on cellular structures
through the explicit characterization of incidence numbers is that the usual
methods for homology computation based on Smith normal form reductions
of incidence matrices can be used while the optimization of the cellular repre-
sentation is preserved, and all the optimizations defined for simplicial structures
can directly be applied when computing the homology of cellular objects (e.g.
computation of generators [16], optimization for incidence matrix reductions
into their Smith normal form [6], optimization for sparse incidence matrices [9]).
We are currently leading experimental studies to get an accurate estimation of
the cellular optimization. In this article, we essentially focus on establishing a
theoretical framework. More precisely, we introduce new notions on generalized
maps: (un)signed incidence numbers (from section 3 to section 4). These notions
are then used to define a new cellular border operator (section 5). All these
definitions are based on classical notions related to generalized maps which are

3 Informally, an n-dimensional cellular quasi-manifold is a collection of n-cells attached
along (n − 1)-cells such that at most two n-cells are incident to a given (n − 1)-cell.
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carefully recalled (from section 2) in order to ease the understanding and provide
a self-contained paper.

In section 2, basic notions of generalized maps and cells are recalled. We also
define the notions of compacted cells and face operators (adapted from [8]). This
notion is based on an intrinsic property of cellular quasi-manifolds: each cell is a
cellular quasi-manifold and can hence be represented with a generalized map of
the same dimension. Faces operators associate with each i-dimensional cell, all
(i−1)-cells belonging to its border. The notion of incidence numbers between cells
of generalized maps (without taking into account their orientation) is presented
in section 3. The notions of oriented cell and incidence numbers between oriented
cells are defined in section 4. In section 5, the border operator of generalized maps
is given and we study, in section 6, the links between the cellular homology we
have defined and the simplicial homology. Finally, we conclude and give some
hints for future works.

2 Generalized maps and corresponding cell subdivisions

A generalized map does not explicitly encode the cells of the associated cellular
quasi-manifold [12]. It is constructed on more atomic elements called darts. Each
dart is incident to exactly one cell of each dimension. The topological structure
of the model is encoded through involutions linking the darts. An n-dimensional
generalized map is equipped with (n+1) involutions4. Informally, the involution
numbered k relates two darts belonging to the two adjacent k-cells5 incident to
the same i-cells for all i different from k (Prop. 2 of Def. 1). Moreover cellular
quasi-manifolds also have the interesting property to be locally everywhere a cel-
lular quasi-manifold. In particular, the interior of each cell of such a subdivision
is a cellular quasi-manifold (Prop. 3 of the Def. 1).

Definition 1. (Generalized map [13]) Let n ≥ 0. An n-dimensional generalized
map (or nG-map) is G = (D, α0, . . . , αn) where:

1. D is a finite set of darts;
2. ∀i, 0 ≤ i ≤ n, αi is an involution on D;
3. ∀i, j, 0 ≤ i < i + 2 ≤ j ≤ n, αiαj is an involution.

Subdivided curves are encoded with a set of darts related by two involutions
denoted by α0 and α1; α0 links darts incident to a same edge and α1 relates
darts incident to a same vertex (Fig. 1(a)). Similarly, subdivided surfaces are
encoded with a set of darts related by three involutions denoted by α0, α1 and
α2; α0 (resp. α1, α2) links darts incident to a same edge and face (resp. vertex
and face, vertex and edge) (Fig. 1(b)).

Defining the border operator associated with the subdivision requires first to
construct the cells of the quasi-manifold from the definition of generalized maps.
Actually, each cell is fully and implicitly defined by the set of darts incident to
it. Defining a cell usually consists in extracting its corresponding set of darts.

4 An involution f on S is a one-to-one mapping from S to S such that f = f−1.
5 not necessarily different: a cell can be attached to itself.
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(b) 2G-map.
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Fig. 1. Different representations of a 1D-subdivision (left) and a 2D-subdivision
(right). In the generalized maps depicted on Fig. 1(a) and 1(b), darts are depicted
by dots and numbered from 1, involution α0 is represented by dotted lines, α1 by plain
lines and α2 by double lines. On the corresponding subdivisions (Fig. 1(c) and 1(d)),
cells are explictly depicted and are associated with their corresponding sets of darts.
Face operators are depicted by arrows on the compacted cell decomposition of both
subdivisions (Fig. 1(e) and 1(f)).

Definition 2. (i-cell) Let d be a dart and i ∈ N = {0, ., n}. The i-cell incident
to d, denoted by Ci(d), is the orbit6:

〈〉N−{i} (d) = 〈α0, . . . , αi−1, αi+1, . . . , αn〉 (d)

The 1D-subdivision (resp. 2D-subdivision) encoded by the 1G-map (resp.
2G-map) of Fig.1(a) (resp. 1(b)) is depicted on Fig.1(c) (resp. 1(d)).

This definition of cell is well suited to determine which cells belong to the
boundary of another one. More precisely, a cell is in the boundary of another one
if they share at least one dart. In the 1D example, vertex {1, 8} belongs to the

6 Let {Π0, ..., Πn} be a set of permutations on D. The orbit of an element d relatively
to this set of permutations is 〈Π0, ..., Πn〉 (b) = {Φ (b) , Φ ∈ 〈Π0, ..., Πn〉}, where
〈Π0, . . . , Πn〉 denotes the group of permutations generated by {Π0, . . . , Πn}.
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boundary of edges {1, 2} and {7, 8} and in the 2D example, vertex {2, 3, 9, 14}
belongs to the boundary of edges {1, 2}, {3, 4, 9, 10} and {13, 14}. However, this
notion of boundary is not rich enough to deduce a well-defined border operator.
This definition does not accurately describe multi-incidences (e.g. in the subdivi-
sion depicted on Fig. 2 representing a cylinder, vertex {1, 6, 7, 8} is twice incident
to edge {7, 8}, and edge {1, 2, 5, 6} is twice incident to face {1, 2, 3, 4, 5, 6, 7, 8}).
It can also be noted that the two minimal subdivisions of a sphere and a pro-
jective plane cannot be distinguished using this notion of boundary[1].

In order to have a representation which is both able to explicitly represent
cells and compliant with an accurate face operator, we define compacted cells.
This notion is based on the fact that the interior of each cell is a quasi-manifold
and can hence be represented by a generalized map of the same dimension. The
set of darts of a generalized map representing i-cells is isomorphic to the set
of orbits 〈αi+1, . . . , αn〉 of the generalized map encoding the whole subdivision.
Involutions αi

0, . . . , α
i
i−1 are straightforwardly deduced from α0, . . . , αi−1.

Definition 3. (compacted i-cell) Let i ∈ {0, ., n}.

Let Bi = {〈αi+1, . . . , αn〉 (d) , d ∈ D}. Involutions αi
k, k ∈ {0, . . . , i − 1} are

defined on Bi by:
∀d ∈ D, (〈αi+1, . . . , αn〉 (d))αi

k = 〈αi+1, . . . , αn〉 ((dαk))

The compacted i-cell incident to d, ci(d), is the set of elements of Bi con-
nected to 〈αi+1, . . . , αn〉 (d) by a composition of involutions αi

k, k ∈ {0, . . . , i−1}.

As involutions αi
k are defined on the sets Bi for k < i, property 3 of Def-

inition 1 grants that each Bi equipped with these involutions is a generalized
map.

The notion of compacted cells is illustrated on Fig. 1(e) (1D-subdivision) and
1(f) (2D-subdivision). For instance, edge {3, 4, 9, 10} of Fig. 1(d) is represented
by the α1

0-connected set {〈α2〉 (3) = {3, 9}, 〈α2〉 (4) = {4, 10}} (Fig. 1(f)).

A set of face operators describes the links between cells and cells of their
boundaries. The ith face operator formalizes an incidence relation between a
compacted i-cell and a compacted (i − 1)-cell incident to it. More precisely, it
associates darts of Bi and Bi−1 in such a way that it is coherent upon the cells.

Definition 4. (face operator) Let i ∈ {1, ., n}.

The face operator ∂i, is a mapping from Bi to Bi−1 defined by:

〈αi+1, . . . , αn〉 (d)
∂i−→ 〈αi, . . . , αn〉 (d)

It can be proven that ∂iα
i−1
k = αi

k∂i for all k ∈ [0, i− 2] (Prop. 3 of Def. 1) .
∂−1

i denotes the preimage of ∂i. For instance, on Fig. 1(e), the image of the darts
〈〉 (2) = {2} and 〈〉 (3) = {3} (belonging to B1) by the face operator, ∂1, is the
set {2, 3} = 〈α1〉 (2) = 〈α1〉 (3) (belonging to B0). On Fig. 1(f), the image by ∂1

of the singleton 〈α2〉 (1) = {1} belonging to B1 is the set {1, 8} = 〈α1, α2〉 (1)
belonging to B0. The image of the darts of B2, 〈〉 (2) = {2} and 〈〉 (3) = {3} by
∂2 are respectively the sets {2} = 〈α2〉 (2) and {3, 9} = 〈α2〉 (3).
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3 Unsigned incidence numbers

The unsigned incidence number is defined for any pair of cells whose dimensions
differ by exactly 1. It counts how many times the cell of lesser dimension is
present in the boundary of the cell of greater dimension. This number can be
obtained from the face operator. Given a dart of the cell of lesser dimension, we
only need to compare its preimage under the face operator and the cell of greater
dimension. The unsigned incidence number is equal to the number of elements
of the preimage whose darts also belong to the cell. Otherwise stated, for two
cells, Ci(d) and Ci−1(d

′), the unsigned incidence number is equal to the number
of distinct orbits 〈αi+1, . . . , αn〉 contained in 〈αi, . . . , αn〉 (d′) whose darts are
also included in Ci(d) = 〈〉N−{i} (d).

Definition 5. (unsigned incidence number) Let i ∈ {1, ., n}. Let Ci(d) and
Ci−1(d

′) be two cells of the subdivision encoded by G. The incidence number,
(Ci(d) : Ci−1(d

′)), is:
card({〈αi+1, . . . , αn〉 (d′′) ∈ ∂−1

i (〈αi, . . . , αn〉 (d′))
s.t. 〈αi+1, . . . , αn〉 (d′′) ⊆ Ci(d)})

Property 1. (Ci(d) : Ci−1(d
′)) does not depend on the chosen darts. This inci-

dence number is hence denoted by (Ci : Ci−1).

The proof is a straightforward consequence of property 3 of Definition 1.
For instance, let us compute the incidence number between the edge incident

to 14 and the face incident to 1 on Fig. 1(f). The edge is actually represented
by the set {〈α2〉 (14) = {14}, 〈α2〉 (13) = {13}} connected by the involution
α1

0 and the face by the set {{1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}} connected by
α2

0, α2
1. The preimage of the singleton 〈α2〉 (14) = {14} (belonging to B1) is

the singleton 〈〉 (14) = {14} (belonging to B2) which is not included into the
face incident to dart 1. The unsigned incidence number of both cells is hence
0. Let us consider the edge incident to dart 9 relatively to the same face. This
edge is the set {〈α2〉 (9) , 〈α2〉 (10)} = {{3, 9}, {4, 10}} connected via α1

0. The
preimage of 〈α2〉 (9) is the set made of darts {3} and {9}. Its intersection with
the face {{1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}} contains exactly one element: {3}.
The incidence number between both cells is thus equal to 1.

8

1

6 5

2

3

47

(a) 2G-map.

{7, 8}

{2, 3, 4, 5}{1, 2, 5, 6}
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{1, 6, 7, 8}
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(b) 2D-subdivision.
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{3}{8}

{7} {4}

{3}

{4}{7}

{8}

{1} {2}

{5}

(c) Compacted cells represen-

tation.

Fig. 2. Representation of a cylinder.
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Let us consider, on Fig. 2, the vertex incident to dart 1, {〈α1, α2〉 (1) =
{1, 6, 7, 8}}, and the edge incident to the same dart, {〈α2〉 (1) = {1, 6}, 〈α2〉 (2) =
{2, 5}}. The preimage of {1, 6, 7, 8} is the set {{1, 6}, {7}, {8}}. Only one subset
of the preimage is included in the edge, the incidence number is thus equal
to 1. The edge incident to dart 8 is {〈α2〉 (8) = {8}, 〈α2〉 (7) = {7}} con-
nected by α1

0. Two subsets of the preimage of the vertex incident to dart 1,
{{1, 6, 7, 8}}, are included in the edge incident to 8. The corresponding in-
cidence number is hence 2. This subdivision contains a single face 〈〉 (1) =
{{1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}}. The preimage of {8}, used to compute the
incidence number between the edge incident to dart 8 and the face of the sub-
division, is the singleton {8}. It is included in the face, the incidence number
associated to this pair of cells is hence 1. The preimage of α2(1) = {1, 6}, cor-
responding to the edge incident to dart 1, is the set {{1}, {6}}. Both elements
belong to the face, the corresponding incidence number is thus 2. Note that con-
sidering the other element of the same edge, α2(2) = {2, 5} instead of dart {1, 6}
leads to the same result. Its preimage is the set {{2}, {5}} whose both elements
also belong to the face: this is consistent with Property 1.

The definitions and properties presented in the beginning of this section hold
for any kind of generalized maps, e.g. maps whose involutions may have fixed
points7. Such generalized maps are able to encode cellular quasi-manifolds whose
cells may have incomplete boundaries [13], i.e. the boundary of an i-cell is not
equal to the union of incident j-cells, j < i. In the following, we intend to define
a border operator acting on cells and need hence the cells of the subdivision to
have a well-defined boundary. We restrict thus the remaining of the study to the
subclass of generalized maps defined as follows:

Definition 6. An nG-map, G, is said to have cells with complete boundary if:

1. αi is without fixed point, 0 ≤ i ≤ n − 1
2. G is without self-bending:

∀d ∈ D, ∀i ∈ {0, . . . , n}, 〈αi+1, . . . , αn〉 (d) ∩ 〈α0, . . . , αi−1〉 (d) = {d}.

Counter-examples are displayed on Fig. 3.

Property 2. In such a generalized map, involutions defined on each compacted
i-cell, (αi

0, . . . , α
i
i−1), are without fixed points.

Note that this restriction to generalized maps without self-bending does not
forbid subdivisions to have some multi-incidence (Fig. 2).

4 Cell orientation and signed incidence numbers

This section aims at characterizing more precisely the incidence between two cells
not only by studying how many times a cell is incident to another one but also
how these cells are connected, i.e. along which “directions”. For instance, a cell

7 b is a fixed point for some involution α ⇔ bα = b
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(c) 2G-map that does not fulfill Prop-

erty 2 of Definition 6.

(d) The corresponding subdivision has

an inner edge with incomplete boundary.

Fig. 3. 2G-maps containing cells with incomplete boundary.

which is incident twice to another one may be once incident along one “direction”
and once along the opposite “direction”. Such considerations are accurate only if
it is possible to define the notion of “directions”, that is to give an orientation to
each cell of the subdivision. We define thus the notions of orientable and oriented
(compacted) cells. As cells of a subdivision can be encoded by generalized maps,
we recall first the notion of orientability for generalized maps.

Definition 7. (orientable generalized map) A generalized map is orientable if
its set of darts can be partitioned into two classes such that if d belongs to one
class, dαi belongs to the other for all i ∈ {0, . . . , n} when dαi 6= d.

Definition 8. (oriented generalized map) Let G be an orientable nG-map. The

oriented generalized map,
−→
G , is G in which one of the two classes is chosen8.

In
−→
G , the chosen class is denoted by

−→
G+, the other one by

−→
G−.

The inverse orientation is denoted by −
−→
G .

A single dart d may be chosen to represent the class
−→
G , the oriented gener-

alized map is hence denoted by
−→
G (d)

In the remaining of the paper, we only deal with orientable or not orientable
cellular subdivisions, whose cells have complete boundaries and are orientable
(Fig. 5(a) and 5(b)). For instance, the Klein bottle is not orientable but all its
(compacted) cells are (Fig. 4(b)). It can be easily proved that the compacted
cells of such subdivisions are orientable. So an oriented compacted cell is denoted
either by −→c i or by −−→c i. In practice, each dart can be given a mark, + or −, for

8 In practice, each dart can be given a mark, e.g. + or − if it belongs to
−→
G+ or to

−→
G− (Fig. 4(a)).
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(b) Non orientable 2G-map

encoding a Klein bottle.

Fig. 4. Orientability of 2G-maps.

each dimension i. This mark points out the orientation class of the corresponding
compacted i-cell to which the dart belongs. To obtain a consistent marking, all
darts contained in an 〈αi+1, . . . , αn〉-orbit must have the same mark for the ith

dimension (Fig. 5(a)).
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1 1

1

1

1

2

2

(c) Numbered simplicial ob-

ject.

Fig. 5. Orientation of the cells of a subdivision according to the marks given to the
darts of the corresponding 2G-map and numbered simplicial set associated to the 2G-
map.

Defining the signed incidence number between an i-cell and an (i − 1)-cell
is quite similar to defining their associated unsigned incidence number. The
preimage under ∂i of some dart 〈αi+1, . . . , αn〉 (d) of a compacted (i − 1)-cell,
ci−1(d), is examined. The elements of this preimage that are included in the
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i-cell, ci = ci(d
′) are counted but a coefficient +1 or −1 is used to take their

relative orientation into account.

Definition 9. (signed incidence number) Let i ∈ {1, . . . , n}. Let −−→ci−1 and −→ci

be two compacted oriented cells of the subdivision, and
−−→
Ci−1,

−→
Ci the associated

oriented cells. Let d be a dart incident to Ci−1. The signed incidence number of

(
−→
Ci :

−−→
Ci−1) = (−→ci : −−→ci−1) is:

∑

〈αi+1,...,αn〉(d′)∈∂
−1

i
(〈αi,...,αn〉(d))

s.t.〈αi+1,...,αn〉(d′)⊆Ci

sign(−→ci (d
′),−−→ci−1(d))

sign(−→ci (d
′),−−→ci−1(d)) = +1 if d ∈ −−→ci−1

+ and d′ ∈ −→ci
+ or d ∈ −−→ci−1

− and d′ ∈ −→ci
−,

−1 otherwise.

Property 3. The definition of the signed incidence number is consistent.

The proof is similar to the proof of Property 1 for unsigned incidence number
but both possible orientations of ci−1 and ci have to be taken into account.

5 Border operator

Having defined the notion of signed incidence number between any pair (
−→
C i,

−→
C i−1),

we can define the border of an i-cell by extending this notion linearly onto all
(i − 1)-cells belonging to the boundary of an i-cell.

Definition 10. (Border Operator) Let Ci−1 be the set of (i − 1)−cells. Let
−→
C i

be an oriented i-cell, the border of
−→
C i is:

−→
C i∂

C =
∑

−→
C

j

i−1
∈Ci−1

(
−→
C i :

−→
C

j
i−1)

−→
C

j
i−1

This definition can be extended for any integer weighted sum of cells, classi-
cally called chains of cells. Moreover this notion of border is compliant with the
definition of an homology because of property 4:

Property 4. ∂C∂C = 0

The proof is based on the following idea. Let d be a dart incident to a
given oriented compacted i-cell, −→ci and let −−→ci−2 be the oriented compacted
(i − 2)-cell incident to d, such that d belongs to −→ci

+ and −−→ci−2
+. The preim-

age of 〈αi−1, . . . , αn〉 (d) under ∂i−1 contains 〈αi, . . . , αn〉 (d), whose preimage
under ∂i contains 〈αi+1, . . . , αn〉 (d). This orbit is obviously included in the i-
cell. Note that dαi−1 belongs to −→ci

−. The image of 〈αi+1, . . . , αn〉 (dαi−1) under
∂i, 〈αi, . . . , αn〉 (dαi−1) belongs to a compacted (i− 1)-cell, and its image under

∂i−1 is still
−−−−→
ci−2(d) = −−→ci−2.

−−→ci−2 is hence present in (−→ci )∂
C∂C , once with a sign
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for 〈αi+1, . . . , αn〉 (d) and once with the opposite sign for 〈αi+1, . . . , αn〉 (dαi−1).
This property is true whatever the orientations of incidente (i− 1)-cells are. For
instance, on Fig. 5(a), consider dart 2 and the 0-cell and the 2-cell to which it is
incident. In the preimage of the vertex incident to 2, two elements are “incident”
to the 2-cell with different orientations. Both elements are related by α1

1.
The incidence matrix used to compute the homology groups of a generalized

map, belonging to the subclass considered here, is straightforwardly obtained
via the signed incidence number.

6 Towards the equivalence between cellular and simplicial

homology

In this section, the relation between simplicial homology and the cellular ho-
mology we have defined from the cellular boundary operator ∂c is studied. It is
always possible to associate with any nG-map, a simplicial object such that:

– each dart corresponds to a n−simplex numbered {0, · · · , n},

– two n−simplices obtained from two darts linked by αi share a (n − 1)−face

numbered {0, · · · , î, · · · , n}.

For example in Fig. 5, each dart corresponds to a triangle numbered {0, 1, 2}. The
two triangles corresponding to the darts 4 and 5 are linked by α1 and incident
to an edge numbered {0, 2}.

Thus, a compacted i-cell is made of one vertex v numbered i, and a collection
of j-simplices, 1 ≤ j ≤ i, incident to v, numbered by integers lowers than i

(denoted by {. . . , i}).

Given a dart d and its associated oriented compacted cell −→ci (d), we define
−→ci (d)τ as the sum of the i-dimensional simplices of ci(d), taken positivey if
the corresponding dart has the orientation of d, and negatively otherwise. The
operator τ can directly be extended by linearity to sum of compacted cells.

If we denote the cellular boundary operator ∂c and the simplicial one by
∂s, we can show for any compacted i-cell ci, that ci∂

cτ = cτ∂s. This is due to
the fact that the interior of any compacted cell is a quasi manifold, so only one
(i− 1)-simplex σ belongs to the boundary of two i-simplices linked by αi

j . Since
they have inverse orientation, σ does not appear in the boundary of ci.

We can thus deduce that for any cellular cycle9 z (resp. boundary), zτ is
a simplicial cycle (resp. boundary): for instance, let z be a cellular cycle, then
z∂ = 0 ⇒ z∂cτ = 0 ⇒ zτ∂s = 0 ⇒ zτ is a cycle.

In order to prove the equivalence between cellular and simplicial homology,
the converse has to be proved: for any simplicial cycle (resp. boundary) z, then
there exists a cellular cycle (resp. boundary) zc such that z and zcτ are homo-
loguous.

9 z is a cycle if z∂ = 0; z is a boundary, if c exists, such that c∂ = z
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It can easily be shown that, if a simplicial i-cycle (resp. i-boundary) z is
exclusively made of i-simplices associated with darts of compacted i-cells (i.e.
simplices numbered {0, · · · , i}), then there exists a cellular cycle (resp. bound-
ary) zc such that zcτ = z (this is due to the fact that compacted i-cells are
quasi-manifolds, so if z is exclusively made of i-simplices numbered {0, · · · , i},
then all the simplices corresponding to a cell must appear in z, or else there is no
chance that z is a cycle). When a simplicial i-cycle contains some i-simplices in-
ternal to a cell triangulation cτ (i.e. dim(c) > i and these simplices are numbered
{· · · , dim(c)} ), then we need to show that we can replace this chain of simplices
by an homologuous chain such that each simplex is numbered {· · · , dim(c)−1}.
So we could always replace a part of z by an homologuous chain, so that z

remains a cycle and by recursion, we finally would obtain a simplicial cycle z′

homologuous to z and exclusively made of simplices numbered {0, · · · , i}.

Thus, each cellular cycle (resp. boundary) could be associated with a simpli-
cial cycle (resp. boundary) and reciprocally. Thus there will be an isomorphism
between cellular and simplicial homology groups.

7 Conclusion

To conclude, we have defined a border operator for generalized maps having
orientable cells with complete boundaries. It has been shown that this border
operator defines a cellular homology and the proof of its equivalence with the
simplicial homology is actually under study. Techniques of homology computa-
tion and their optimizations classically defined on simplicial structures can now
directly be used for cellular structures.

For future works, we are studying some possible optimizations for particular
cases of cellular structures (e.g. orientable generalized maps) and the extension
of the border operator definition to more general cellular structures (complex
maps, incidence graphs...).

In order to efficiently compute the homology of any cellular structure, another
approach is needed: in the general case, cells may not be orientable. A track that
should be followed is that any cellular structure can be interpreted as a simplicial
one (structured into cells), and built as a succession of specific operations. So,
we are working on the adaptation of incremental approaches defined for the
computation of simplicial structures homology [19].
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