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Abstract

A generalization of the linear fractional integral equatiqt) = up + d"*Au(t), 1 < a < 2, which is written as a
Volterra matrix—valued equation when applied as a pixeldixel technique, has been proposed for image denoising
(restoration, smoothing,...). Since the fractional inbgquation interpolates a linear parabolic equation amgpar-
bolic equation, the solution enjoys intermediate propsrtiThe Volterra equation we propose is well-posed for all
t > 0, and allows us to handle thefiiision by means of giscosity parameteinstead of introducing non linearities in
the equation as in the Perona—Malik and alike approachesr&experiments showing the improvements achieved
by our approach are provided.

Keywords: Image processing, Fractional integrals and derivativeliekfa equations, Convolution quadrature
methods.
2010 MSC44A35, 44K05, 45D05, 65R20, 68U10, 94A08.

1. Introduction The interest for this model is due to the fact that the
solution of (1) can be written as a convolution

Partial diferential equations based methods for im-

age processing (filtering, denoising, restorations, seg- ult. x :f G ~(x —V)u
mentation, edge enhancemyelatection,...) have been () R? va(* = Y)uoly) .
largely studied in the literature (see [47] and references

therein). whereG is the two—dimensional Gaussian kernel
In that framework the first, and most investigated

equation is the linear hea_tlequation with homogeneous Go(X) = 1 e X?/20?

Neumann boundary condition 2no?
du(t,x) = Aut,x), (t,x)e[0,T]xQ, Since convolution with a positive kernel is the basic tool
u0,x) = ug(x), XeQ, in linear filtering, computing the solution of (1) is equiv-
ou alent to Gaussian filtering in a classical way.
=@t = o (tX) € [0,T] x 09, oon s NI
on However, in this equation the felision is isotropic

(1) which, in the context of image processing, means that
. _— gep g
whered;, andA stand for the time derivative, and tvzvo— smoothing applies uniformly in the whole image and
dimensional Laplacian operator, respectivélyc R is equivalent in the direction of both coordinates axis,

is typically a square domaid() represents the bound-  therefore independently of the image structure itself.

ary ofQ, 9/dn stands for the outward normal derivative, This yields that in most of cases edges and corners are

andup is the noisy image from which the objective is  seyerely blurred disabling this filter for practical appli-
to restore the original (ideal) image. Let us notice that ations.

u(t, x) stands for the restored image at the time lavel : . . N
Inview of this, an edge—preserving regularization, i.e.

a non uniform difusion model, will require more so-
Email addresseseduardo@mat .uva.es (Eduardo Cuesta), phlstlcated appr(_)aphes. One of this was proposgd by
mokhtar . kirane@univ-1r.fr (Mokhtar Kirane), Perona and Malik in [39] and reads as the non linear
salman.malik@univ-1r.fr (Salman A. Malik) heat equation based problem
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L2(R?)}. Despite of some features of this model, images
become uniformly grey (for grey—scale images) in the

dut.x) = div(c(vu(t, )P Vu(t.x)), long run, thus the information gets lost (see [2]). Vari-
u,x) = uo(x), ) ants of this approach have been studied by many authors
@(t, X) = 0, X € 0Q, (see e.g. [27, 28] and references therein).

on Lately, further approaches have been proposed, e.g.

for (t,x) € Q = [0,T] x Q. The difusion codicient b.y adding _regglarizing terms, likeAd,u, to the dfﬂ."
¢ : [0,+0) — [0, +c0), is chosen to be close to zero sion equation in (2). (see [6].)’ or for example h|gher
near edges and corners, that is, pixels where gradientOrder partial dife_rentlal_ equations based regu-larlz.ann
is large. On the contrary should be large in pixels (se_e [211). "’_‘”d in particular fourth order partla_ffdr—
with low gradient variation. Functions satisfying these ent|al_ equations (se_e [37, 51)). Howe_ver, desplte of the
assumptions are commonly calledge stopping func- practical results which seem to be quite good in most of

tions and examples of such a function were firstly pro- ]Ehe C?ﬁes’ S?Te cl)f thdetr;]w have not ble‘?” clos_elty studied
posed by Perona and Malik, e.g, rom the analytical and the numerical view point.

Many image denoising models based on local aver-

c(s) =1/(1+59) or c(s) = €S, (3) age (also known as neighborhood filters) have been pro-
posed for controlling the éliusion process. Let us men-
Unfortunately, theedge stopping functionkead in tion some of the neighboring filters: Yaroslavsky neigh-

general to backward—forward problems that turn out to borhood filter [50], sigma filter [30], bilateral filtering
be ill-posed. Numerical experiments carried out by [45] are few examples. The fastefffdision is obtained
some authors with these models (involving edge stop- in these filters by assigning appropriate weights where
ping functions) reported that no significant instabilities the neighborhood pixels have gray scale value close to
are observed; moreover, for large final times, restored one another (uniform region) and sloweitdsion is
images seem to preserve and enhance edges (see e.gbtained across the boundaries of the region, resulting
[26]). The reason for not observing any instability in in the preservation of edges in the image. All the lo-
Perona-Malik model is that in many cases the numerical cal nonlinear filters (neighborhood filters) create artifac
scheme used does not correspond to their equation butboundaries (staircasedfect) in the restored images. In
rather to a time—regularized one which is a well-posed [8], the authors justify the phenomena of artifact bound-
equation as reported by H. Amman [2]. Even in the case aries by showing that the Yaroslavsky neighborhood fil-
of the discretization corresponding to the equation (i.e. ter has exactly the same qualitative behavior as Perona-
without regularizing) the only one artifact usually ob- Malik model [39]. The similar behavior of staircase for
served in the numerical experiments is #taircasing the bilateral filter was observed (see [4]).
effect This occurs when a standard spatial discretiza-  Finally let us comment that one can face up tfudi
tion of the equation is considered instead of the contin- sion filtering in a more general framework as the one of
uous one. In that case it has been proved in [44] that anisotropicmodels. In fact most of models we men-
(2) becomes a well-posed system of nonlinear ordinary tioned above turn out to bisotropic since the diu-
differential equations. sion is governed by means of a scalar—valued function
In the same way, some other approaches have beerc which allows to reflect the structure of the underly-
proposed as for example the ones based on the total variing image, but the diusion turns out to be the same
ation of suitable functionals (see [43]). All these works in the two orthogonal directions of coordinate axis. A
have promoted the idea of replacing (2) by nearby equa- generalization of such approaches consist in replacing
tions keeping on the one hand the same image structurec by a tensor which allows on the one hand to rotate
and on the other hand, lying inreasonabldunctionals the flux and so the éusion orthogonal directions to-
space setting where the well-posedness can be guaranward a suitable orientation, and on the other hand a
teed as well as the bounded variation, and further analyt- suitable choice of the eigenvalues of the tensor can lead
ical and numerical properties. The first perturbed model to different difusions on each single direction (see e.g.
was proposed in [11] where, for a suitable extension of [1, 5, 46, 48, 49] for more details). In the present work
u overRR? (e.g. by 0) denoted,c(|Vul) is replaced by ~ we focus on the scalar approach, i.e. no tensfiudi
c(lV(G, = 0)]) (G, as defined above). In that case, for sion are considered, keeping in mind that a tensorial ap-
Up € Lo(QY), the regularized problem admits a unique so- proach in the framework of fractional calculus fits and
lution in C([0, T], L) N L((0, T), HY) whereH? is the will be the topic of our future works.
Sobolev space defined B8 (R?) := {f € Ly(R?), Vf ¢ In this work, we present a new approach based on



fractional calculus which allows us to handle the dif- heat equation (1) is proposed which reads as
fusion, i.e. the smoothing in the image terminology,

by means of a single parameter which plays the role gut,x) = Aut.x), (tx)e[0,T]xQ

of "viscosity" parameter in a linear partialftérential u,x) = uo(x), X€Q,

equation. Let us mention the new features of our pro- dwu(0,x) = 0, X€Q,

posed model although satisfactory practical results are @(t X) = 0 (t,x) € [0, T] x 6Q
obtained (see section 6). First, the linear model we are an"’ ’ ’ ’ ’
proposing here is well-posed; since the final objective (4)

wheredy stands for the fractional time derivative of or-
der 1< a < 2in the sense of Riemann—Liouville. Inte-
grating in both sides, the problem (4) can be expressed

is the practical implementation, versfieient numerical
discretizations can be applied for the proposed model
because a large variety of them have been closely stud-
ied by many authors and they are at our disposal for as

the experiments in Section 6. Moreover, the model we 1 t

propose enjoys the well-posedness for all positive time u(t, x) = uo(x) + @) f (t— 9" Au(s. x)ds,

levels, i.e. fort > 0, on the contrary to what typi- 0

cally happens when nonlinear equations are involved. In also with homogeneous Neumann boundary condition,
fact, despite of the Perona-Malik model turn out to be orin a compact format

a well-posed systems of nonlinear equations after dis-

cretizing in space as we described earlier, the existence u(t, x) = Uo(X) + 0~ Au(t, X), (5)

of a unique solution can be locally guaranteed i.e. for
a finite time interval (normally small). Therefore, when g X S
using the semidiscrete Perona-Malik model in practical of orderg € R, in the sense of Riemann-Liouville.
applications some estimation of the final time should be Let us recall that, forg : [0, +c) . R, g €
done. Second, we have to highlight the simplicity of ACl0; +o0) (the space of absolute+ly. continuous func-
our model for controlling the diusion process, which “9”5) the |r-1tegral ‘_3f orqeﬁ € R" in the SENse ,Of
has been achieved by choosing a scalar function which Riemann-Liouville is defined as the convolution inte-
allows a suitable choice of the viscosity parameter as gral

we describe in Section 5. Moreover, due to the numeri- t

cal scheme chosen for our experiments, some additional a7Pg(t) := f ks(t — s)g(s) ds, t>0, (6)
properties are guaranteed, in fact the positivity of the 0

image seen in the continuous setting is also guaranteeq,\,herekﬁ(t) = -1)T(B), for t > O (see [29]). Now, the

whered, for g > 0, stands for the fractional integral

in the discrete one (Th. 1, in Section 4). definition of the fractional derivative of ordgr> 0 is
This paper is organized as follows. In section 2, we gm
recall some facts concerning fractional calculus, and the Fo(t) := ﬁ5Bfmg(t), t>0,

first approaches to image processing by using fractional

calculus. Section 3 focusses on generalized fractional yhereme N,m-1<g <m.

integrals based approach to image processing which is  The interest of our model in the framework of im-
the main novelty of this work. Numerical discretiza- age processing is due to the fact that, foklo < 2,
tions are presented in Section 4. The discussion on thethe problem (4) interpolates the linear (parabolic) heat
implementation, and practical experiments, are shown gquation (1) corresponding to = 1 (with no need of

in Sections 5 and 6 respectively. Finally, we end with 5,4(0,x) = 0), and the linear (hyperbolic) wave equa-

conclusions in Section 7. tion
Aut,x) = Ault,x), (t,x)e[0,T]xQ
u0,x) = up(x), X€eQ,
ou(0,x) = 0, X € Q,
2. Fractional calculus ou
6_(t’ x) = 0, (t,x) € [0, T] x 09,
n

(7)

corresponding tax = 2 (with zero initial velocity).
Image filtering by means of fractional calculus is first Therefore, some properties of the solution of (4) are
considered in [13]. In that work, a generalization of the intermediate between the ones of (1) and (7) (see e.g.
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[23, 24]). In particular, it can be easily proved that for
the scalar equation (i.e., by replacingin (4) with a
complexa with non—positive real part) the solution de-
cays as 1(1 + t*|Re(?)]), i.e., the solution i®(t™*), as

t — +oo. In that case, the solution decays slower than
the one of the scalar heat equation (with the sajrfer

application of the fractional equation (4) with afei-
ent value ofa (i.e. order of derivative) for each sin-
gle pixel. The values o& are chosen according to the
gradient variation at each single pixel as we discuss in
Section 5.

Hereafter, we will consider gray—scale images since

which the solution decays exponentially, and faster than for colored images processing becomes a matedit
the one of the scalar wave equation whose solution doestask. A naive way for colored images is to perform a
not decays (but oscillates). Thefdision is now handled  similar methodology based on the one we present here
by the parameter. We show below that the solution of  but separately for each of the three layers (one per color)
the model we propose is well behaved. e.g. in the case of RGB format.

At the same time, fractional calculus was proposed Let us start by taking a spatial discretization of the
for edge detection in [38], and later for image denoising Laplacian in (4) based on a second order centri@di
in [3]. In these papers, the authors proposed anisotropicence scheme with mesh lendth> 0. In such a way,
equations, where the anisotropy is handled by meansA transforms into aV? x M? pentadiagonal matriay,
of spatial fractional derivatives; however, the papers do (see Fig. 1), and in the same fashiait, x) is trans-
neither include the study of the well-posedness of the formed into aM? x 1 vector—valued function(t) which

problem nor the study of the behavior of the fully nu-
merical discretization.

Finally, let us mention [16, 17, 18, 19, 20] where
the fractional calculus, also applied to image process-
ing, is understood as the fractional powers of the two—
dimensional Laplacian, i.e~Q)?, for g8 > 0, therefore
in a different framework and with someftérent fea-
tures.

3. Volterraequations

Despite of the fact that the approach (5) in Section 2
seems to be very promising, thefdision (smoothing)
is still uniform all over the whole image as in (1).

The above idea leaded us to a refinement which con-
sists in splitting the whole image into sub—images, and
apply (4) with diferent values of for each sub—image
(see [12]). However the approach we propose in this
paper is more than a slight extension of the one in [12],
from a technical viewpoint. Roughly speaking, in [12]
the choice of each is carried out by setting values close
to 1 for the sub—images with lower mean gradient varia-
tion, and close to 2 for the sub—images with higher mean
gradient variation. This approach does not provide sat-
isfactory results as extended in the framework of image

denoising despite of the fact that this approach has pro-
vided good results in some practical situations such as

in satellite image classification (see [42]). It is mainly

due to the fact that in most of cases the borders of each

single sub—image keep clearly sharpened which is un-
desirable in image denoising.

However this idea suggested us a finer approach
which is the main contribution of this work, and which
intends to be the limit of the above situation, i.e., the

4

stands for the vector—arranged image pixels at time level
t whereM is the length and width of the image.

20 %,
30 iy
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50 ",

6O S

nf .

0 20 80

Figure 1: Sparsity pattern of the discretized Laplacian

Actually, since at present the most of signals (image,
sound,...) are handled in digital format, this approach
becomes natural.

As we commented above, the novelty of our approach
consists in replacing the (only one) order derivativef
equation (4) with a dierent value ofr for each single
pixel of the image. This approach reads now as the lin-
ear \Volterra matrix—valued equation

u(t)=uo+j:K(t—s)u(s)ds 0<t<T, (8

whereuy is the vector—arranged initial data (noisy im-
age), and the convolution kerri€lis defined as

K(t) = 1(t) - An



with the Laplace transform df exists as a matrix—valued
function, these methods turn out to be appropriate for

a1 R ~
_" 0 0 our purposes. In this case, K denotes the Laplace
CER R to2 transform ofK, then the inverse Laplace transform can
0 _— ... 0 be written as
I(t) = [(az +1) L
: : : K(t) = — feﬂtku) da,
0 0 - o
C(ape + 1) | wherey(r) = a+ri, —co < 1 < +00, fora e R*. Let us

) notice that now the whole pathlies on the right-hand

and, 1< aj < 2,forj=1,2,..., M2 complex plane Rel) > a.
Let us notice thaK is a pentadiagonal matrix valued In order to set a suitable Runge—Kutta convolution

function, and since the Laplace transformtofexists, quadrature method, we must take into account that the

the well-posedness of (8) is then guaranteed all over thetjme regularity of the solution of (8) is constrained by

positive real line (see e.g. [41]). the nature of the convolution kernel, in particular the
continuity of their derivatives is guaranteed only up to

4. Time discretizations the first order. Therefore, in this work, we will focus on
the backward Euler convolution quadrature method, i.e.,

4.1. Background avoiding higher order schemes whose convergence will

Time discretizations of Volterra equations as (8) have require more regularity on the solutions. This method
been largely studied in literature; let us mention, e.g., Will be suficient to show the new features of our ap-
the convolution quadrature based methods (see [33, 34 proach.

35]). In particular Runge—Kutta convolution quadrature i

methods (the convolution quadrature is based on clas-4-2- Convolution quadratures . .

sical Runge—Kutta methods) of that equations provide ~ FOr the S?"‘?_ of the readers convenience, we f|rs_t re-
high order numerical methods jointly with good stabil- call the definition of the backward Eulgr cquolutlon
ity properties. In [36], these discretizations have been quadratu_res, and for the sake of the simplicity of the
studied in the abstract setting of sectorial operators, i.e €xplanation we refer the readers to [9, 35] for the def-
for convolution kernels whose Laplace transform is of inition of Runge—Kutta convolution quadratures in the

sectorial type Let us recall that a complex functid® general case and further references.
is of sectorial typef there exist O< 6 < 7/2,c € R, and Letr > 0 _be the tllme step of the discretization. The
u, M > 0 such thaG is analytic in the sector convolution integral in (8) reads
t t 1 N
Sp:={1eC:largl — o) <7 -6}, fo K(t-9u(s)ds = fo o feﬂ“ 9K (1) dAu(s)ds
Y
1 (-
and M = — f K)Y(a,t)da,
IG()| < W’ A€ S, 2ri J,

) _ whereY(4,t) stands for the solution of the ordinary dif-
Under these assumptions, the inverse Laplace transformferential equation

of G can be written by means of the Bromwich formula

as y'(t) =ay(t) +u(t), 0<t<T, with y@0)=0. (9)
1 t . )
90 = >~ feﬂ G(2) da, The backward Euler convolution quadrature is ob-
4 tained as
wherey is a complex path connectingico and +ico , 1
parallel to the boundary &, with increasing imaginary f K(th — s)u(s)ds~ — fK(A)Yn(/l) da,
part. 0 2ni J,

The convergence of these methods has been recentlywheret, = nr, andY,(1) stands for the approximation
extended to analytic semigroups (see [9]) where the of Y(4,t,) reached by the backward Euler method ap-
only one requirement on the kernel is the existence of plied to (9). Therefore, the convolution quadrature reads
the Laplace transform (weaker assumption than the as- . n
sumption of sectorial type). Since the Laplace transform f K (tn — 9)u(s) ds ~ Z ng)_u(tj)’
of each functiort®) /T'(aj+1) in (8) exists, and therefore 0 = -

5



where the WeightsQ(j”)’s are defined in terms of
the backward Euler characteristic polynomials quotient
0(2)/6(2) = z/(z— 1) evaluated in the variable= 1/z

In fact, such weights turn out to be the ddgents of

k@;ﬂz

which explicitly written read

+00

2,9

j=0

() o o
a2
0 ) 0
QY =1 j “An. (10)
0 0 (“W)
il

forj=0,1,2,..., asM? x M? matrices. (see [9, 14, 35]
for more details).

4.3. Numerical method. Convergence

Letu, be the approximation af(t,), forn > 0. Then
the time discretization of (8) by means of the backward
Euler convolution quadrature method reads

n
Uy = Ug + ZQS?_)].U,-, n>1,
=1

and keeping in mind the practical implementation, since
the matrixAy is not singular, the uniqueth approxima-
tion is reached by solving the linear system

-1
(l - gl)) Un = Ug + nz: fof)j
i1

In the abstract setting considered in [9], optimal error
bounds are obtained. In particular, for the backward Eu-

u, n=1 (11

ler based method, the first order is reached by assuming
the existence and boundedness of the second derivativi

of the solution. However, since the second derivative
of the solution of (8) is merely integrable but not con-
tinuous, these results cannot be directly applied. In our

case, if one takes into account the nature of the con-

volution kernel, then the stability proven in [14] jointly
with Theorem 3.1 in [33] allow us to guarantee that the
method is convergent of first order.

Besides, in [9] an interesting result is also proven
which becomes even more interesting when applica-
tions fit into the framework of image processing. For

the readers convenience we recall this result in the case

of the backward Euler convolution quadrature method
we apply in this paper.

e

Theorem 4.1. If u is the solution of (8), and,, for

n > 0, is the numerical solution yielded by (11), then
there exists a probability densiph, : [0, +0) —» R
such that

+00
U = f u(s)on-(s) ds, n>1
0

The interest of this theorem is that, singg: is a
probability density, i.e., positive and satisfying

+00
f pn(s)ds=1,
0

if uis for example positive, then the representation (12)
guarantees the positivity af,. In other words, the nu-
merical solution (11) preserves, among other properties,
the positivity of the continuous solution.

Moreover, let us point out that in [9] it is proven that
the density of probability in (12) does not depend on
the equation itself but only on the numerical method. In
particular, for the method considered here (see [14, 10]),
there is an explicit expression for such a density

1 (E)n le‘t/T, n>1.
T(n-1)!'\r

Finally, we can mention some other verffieient
methods to discretize (8) as for example the ones based
on the discretization of the inverse Laplace transform
(see [32]), the ones based on the adaptive fast and obliv-
ious convolutions (see [31]), or the collocation methods
(see [7] and references therein).

(12)

pn,r(t) =

5. Implementation

In this section we will discuss some facts concerning
the implementation of (11) itself.

First of all, the choice of's should be done accord-
ing to the idea of preserving edges and corners and re-
moving noise. Therefore, in view of the discussion in
Section 2, pixels where the gradient is large should be
associated with values af close to 2. On the contrary,
pixels with lower gradients should be associated with
values ofa close to 1. Let us notice that the practi-
cal computation of the gradient variation turns out to be
very simple in a discrete setting as the one we consider
in the spatial variables.

However some remarks have to be taken into account:

e On the one hand, avoiding singular situations can
be yielded in both—sides valuesa@fi.e.« = 1 and
a = 2, at least from the numerical point of view,
we will not reach these values when settimg.
In particular, in Section 6, foj = 1,2,...,M?,
aj€[l+¢€2- e with e = 1073,



e On the other hand, since extreme situations appear

such asgsolatednoisy pixels (see Figure 3 where a

gray—scale image is shown as a three—dimensional

surface), a particular choice ofs is expected; in
particular for those pixels, values close to 1 will be

associated. On the contrary, near edges and corners

(very high gradient variation) no smoothing should
be required, therefore's close to 2 will be set for
that pixels.

According to this criteria, in this work, the setting
of a values follows a profile distribution as in Fig-
ure 2.

N
5
1

Values of alphas

iy
N
L

1 — T
01 02

LU LS A S A S B S A
0.4 05 06 0.7 0.8 0.9

Normalized gradients

— T
03 10

Figure 2: Profile distribution a#’s.

Notice that this simple and naive procedure allows
one to establish flierent settings of distributions
depending, e.g., on the characteristics of each im-
age.

From a computational point of view, the number
of different values of’'s should be limited, other-
wise if one admits a number afs as large as the
number of pixels, the implementation becomes un-
available in practical cases. In fact, in this work,
we sete € {1+ j/N,1 < j < N}, for afixed integer

N which in Section 6 turns out to k¢ = 100.

Let us also mention that in (10) a fixed number of
WeightsQ(j") are computed once for all for each.
Moreover, the practical computation of that weights has

SN
N

N\ NN\

ANEAN AN

ANEAN ANEAN

Figure 3: Three dimensional representation of (expectedlpied
noisy pixels for a gray—scale image.

quality of a processed image. Despite of in many cases
a visual analysis turn out to be figient to determine
the goodness of a methodology when applied to image
processing, in this work, we consider two numerical cri-
teria, S NRand PS NR which have been largely used
in literature (see e.g [15, 22, 40]), and which are com-
monly applied to determine the quality of a processed
image in the sense commented above (filtering, restora-
tion,...). In fact,S NRand PS NRstand for the Signal

to Noise Ratio and Peak Signal to Noise Ratio, respec-
tively, and the unit for both of these ratios are decibels
(dB). To be more precis&s NRof a restored imag®
compared to an ideal imadés defined as

)

where vark) stands for the variance of the vecter
Herel andR are considered as vector arranged gray—
scale images, as in Section 3, with 256 gray levels. In
the same wayPS NRis defined as

wherel;j, R ; are the pixel values of andR respec-
tively. Notice that in restoration problems, we have
a corrupted image, and try to restore the ideal image
which in general is not available, but for the calcula-
tion of SNRand PS NR(from above formulas) ideal

var(l)

S NR= 10 Ioglo(m

i j 255

PSNR= 10- Ioglo(m
i, J\TL ’

been carried out by means of the Fast Fourier Transformimage is required. For the experiments in Section 6, we

as in [9], therefore saving a noticeabla—time
Another fact of interest concerns the measure of
goodness of an implementation or procedures in im-

take an image (ideal image) and we perturb that image
by adding up some noise. This image is then used for
restoration; therefor8 NRandPS NRcan be computed

age filtering, restoration, and in general, to measure the for the restored images.

7



6. Practical results

In this section, we show the improvements in the
restorations provided by our approach. To this end,
we perform some experiments where a noisy image
is evolved by using the Perona—Malik model (2) with
c(s) = €% as commented in (3) (PM), the contrast pa-
rameter {) is chosen such that3« o < 1 < 2+ o as
suggested in [25] (where is the noise variation) and
the model (8) we propose (VE).

(e)

(f)

Figure 4: Images for the first experiment: (a) Lena, (b) Bo&ts
Elaine, (d) Baboon, (e) Lady, (f) Zebra.

First experiment:

In the first experiment the six images shown in (Fig-

ure 4) are considered for the experimental validation of
the proposed method. Each original image from the six
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images (Figure 4) has been perturbed by additive Gaus-
sian noise of variance ranging from 10 to 30. In Table
1, we show the results (in terms of SNR) yielded by the
restoration carried out with the mentioned procedures.

In fact, in view of Table 1, it can be observed that
similar results are reached with (PM) and (VE). How-
ever we should recall that (VE) stands for a linear model
whose well-posedness is guaranteed on the contrary to
what happens with (PM).

For further close observation of the procedures ap-
plied to the images of Lena (Figure 4.(a)) and Elaine
(Figure 4.(c)), witho 25 a part of such image
is considered for all denoising models; in particu-
lar, a 200x 200 part of the image has been consid-
ered (see Figure 5). The restored images by Perona-
Malik model for both Lena and Elaine images, pre-
serves edgesorners (Figure 5.(c) and Figure 5.(g)) but
smooths very strongly thiat areas which causes lost
of information regarding the texture of the image. Also,
strong artifacts at the edges and corners has been ob-
served as reported in [8]. The (VE) denoises the im-
age (Figure 5.(j) and Figure 5.(h)), also by preserving
edgegcorners of the image; but here smoothing in flat
areas is not so strong as with (PM) and it preserves the
structure of the image without creating any artifacts.

In Table 2PS NRanalysis for the six images of Figure
4 with the variance of noise from 10 to 30 is given. The
values of the table shows that the proposed method per-
forms more or less in the same manner. In fact for the
images from Figure 4.(a) to Figure 4.(e) the values of
PS NRfor the purposed method are slightly larger then
the (PM) model. For the image of zebra (PM) model
has values oPS NRarger then (VE) model.

Consider the image of Lady (Figure 4.(e)) perturbed
by an additive Gaussian noise of variance= 25 for
further investigation. Notice that the size of the image
is 256x 256 and in Figure 6, we provide original im-
age (Figure 6.(a)), noisy image (Figure 6.(b)), restored
images by (PM) and (VE) in (Figure 6.(c)-Figure 6.(d)),
respectively. Figure 6.(e) and Figure 6.(f) are the resid-
ual to (PM) model and (VE) model with the noisy im-
age, i.e, Residuat Noisy image — restored image. The
residual figure 6.(e) contain more structure part of the
image as compare to the figure 6.(f), which also hints
that the denoising by proposed (VE) method is structure
preserving.

Second experiment:
As in the previous discussion & NRand PS NRfor
(PM) and (VE), keep very close one to each other, the



Table 1: First experiment: SNR analysis

o 10 15 20 25 30 10 15 20 25 30
Input SNR 13 10 7 5.6 4 13.3 9.88 7.4 55 4
Method Lena (51% 512) Boats (51% 512)

(PM) 16.81 14.79 13.82 13.32 11.27 15.07 13.69 12.26 11.3272 9.
(VE) 17.31 15.00 14.46 13.73 12.78 15.74 1410 12,65 11.57.3210
Input SNR 13.2 9.7 7.3 5.3 3.8 12,5 9 6.5 4.5 3
Method Elaine (51 512) Baboon (51% 512)

(PM) 15.60 1456 13.52 13.01 11.22 13.42 10.09 834 727 6.15
(VE) 16.32 1474 13.71 1352 11.96 12.88 10.29 851 7.49 6.89
Input SNR 12 873 6.34 45 3.1 13.79 1025 7.81 5.88 4
Method Lady (256« 256) Zebra (25& 256)

(PM) 16.06 14.23 1250 11.90 9.94 15.18 12.38 10.19 9.13 7.49
(VE) 16.49 1454 13.19 12.00 11.07 1433 11.44 963 814 7.60

efficiency of our approach seems to be based on no more7. Conclusions and outlook
than an optical evidence. However, we will show that
the dficiency of our approach is more than optical, and
to this end, we will consider images where the texture
plays a crucial role, and where the restoration proce-
dures can be stressed.

The images we consider in these experiments are a
250x 250 size image of a wood (Figure 7. (a)), and a
512x512 size naive image (Figure 7. (e)), both strongly
perturbed with gaussian noise (rat®®R= 0.014 and The interest of our work is twofold: On the one hand,
PSNR= 12, see Figure 7. (b)SNR = 0.054 and the model we propose allows us to handle the smoothing
PSNR= 16.2, see Figure 7. (f), respectively). In these by means of certain "viscosity" parameters which de-
kind of images, the texture turns out to be more impor- fine the matrix—valued linear Volterra equation we pro-
tant than edges preservation, and among the numericalpose. In other words, the smoothing is now handled by
results in Table 3, a simple overview shows the good- means of a linear partial equation, i.e. without intro-

In the present work, we propose a partigteliential
equation based approach to image processing (filtering,
denoising, enhancing,...) whose main novelty is that it
fits into the framework of fractional calculus (deriva-
tives and integrals) hence Volterra equations.

ness of our approach vs. (PM). ducing tricky nonlinear terms in the equation as many
However, to be more precise in our analysis, Table authors propose.
3 shows a numerical evidence of thii@ency of our On the other hand, the model we propose fits into a

method; in fact it must be highlighted th&NRand closed mathematical setting, both from the analytical
PS NRare improved by using (VE) in comparison with  and the numerical point of view. To be more precise,
(PM). the well-posedness of the Volterra equation we propose
is as we said guaranteed all over the whole positive real
line on the contrary what typically happens with non—
linear models, and numerical methods for its discretiza-
tion have been largely studied in the literature.

Table 3: Second experiment (textured images).

SNR PSNR Figure

(PM) 1.8 121 Fig.7.(c) As an additional interesting property of our proposal
(VE) 4 144 Fig. 7.(d) is that one can change tipeofile of the filter merely
(PM) 5 212 Fig. 7.(g) by changing the “viscosity" parameters setting, i.e. the

(VE) 6.8 226 Fig.7.(h) distribution function we use. This allows the user to
adapt easily the filter to each single image according to
its characteristics.




Table 2: First experiment:

PSNR analysis

o 10 15 20 25 30 10 15 20 25 30

Input PSNR 26.66 245 22 20.2 18

28 24.6 22 20.27 18.7

Method Lena (51 512) Boats (51% 512)

(PM) 28.14 2740 26.73 26.00 25.15 29.45 28.00 27.12 25.64.1524
(VE) 30.00 29.33 28.37 27.08 25.94 30.49 2842 27.25 26.32.0225
Input PSNR 28 246 2216 20.25 187 28 24.6 22 20.19 18.6
Method Elaine (51 512) Baboon (51% 512)

(PM) 29.11 2850 26.73 25.94 23.61 28.44 2491 22.62 22.57.7521
(VE) 30.98 30.19 2841 28.00 26.08 29.02 25,92 24.07 22.87.3422

Input PSNR 28.24 2488 2249 20.69 19.23

28.24 247 2227 3 2018.78

Method Lady (256x 256) Zebra (256 256)

(PM) 32.06 30.29 28.46 28.00 27.04 29.64 26.83 24.63 22.05.9519

(VE) 32.14 30.78 29.35 2785 25.76 28.00 2545 2257 21.45.0019
Acknowledgements [10] Calvo, M.P., Cuesta, E., Palencia, C.. Backward Eulethod

The research of the first author has been supported by
DGI-MCl under project MTM2010-19510 (subprogram (1]
MTM) cofinanced by FEDER funds.

[12]
References
[1] Aja-Fernandez, S., Garcia, R.L., Li, D.T.X.. Tensordrm [13]
age Processing and Computer Vision. Springer-Verlag, bond
2009. [14]

[2] Amann, H.. Time-delayed Perona-Malik type problemso-Pr
ceedings of the International Conference off@ential Equa-
tions (Bratislava, Check Republic 25-29 July 2005), K Miul [15]
et al (eds), Comenius University Press 2005;:15-38.

[3] Bai, J., Feng, X.C.. Fractional anisotropididsion for image
denoising. IEEE Trans Image Process 2007;16:2492-2502.

[4] Barash, D.. A fundamental relationship between biktéit- [16]
tering, adaptive smoothing and the nonlinedfugiion equation.
IEEE Trans Pattern Anal Machine Intell 2002;24(6):844-856

[5] Bartels, S., Prohl, A.. Stable discretizations of scalad con- [17]
trained vectorial Perona-Malik equation. Interfaces Beand
2007;9(4):431-453.

[6] Bellettini, G., Fusco, G.. A regularized Perona-Malint-
tional: some aspects of the gradient dynamics. Proceedings [18]
the International Conference of fiérential Equations (Hasselt,
Belgium 22-26 July 2003), F Dumortier, H Broer, et al (eds),
World Scientific 2003;:639-644.

[7] Brunner, H.. Collocation Methods for Volterra Integrahd
Related Functional Equations. Cambridge Monographs &dpli [19]
and Computational Mathematics. Cambridge University res
2004.

[8] Buades, A., Coll, B.., Morel, J.M.. The staircasinffeet
in neighborhood filters and its solution. IEEE Trans on Image [20]
Process 2006;15(6):1499-1505.

[9] Calvo, M., Cuesta, E., Palencia, C.. Runge-Kutta camvol
tion quadrature methods for well-posed equations with ntgmo 21]
Numer Math 2007;107:589-614.

10

as a positivity preserving method for abstract integralagiqns

of convolution type. In: Oustaloup, A.e., editor. Proceedi of
Fractional Diterentiation and its Applications '06. 2006. .
Catte, F., Lions, P.L., Morel, J.M., Coll, T.. Image ative
smoothing and edge detection by nonlinedfusion. SIAM J
Numer Anal 1992;29(1):182-193.

Cuesta, E.. Some advances on image processing by means
of fractional calculus. In: Nonlinear Science and compiexi
World Scientific; volume II; 2008. p. (in press).

Cuesta, E., Finat, J.. Image processing by means ofearlin
integro-diferential equation. IASTED 2003;:438-442.

Cuesta, E., Palencia, C.. A numerical method for argitie
differential equation with memory in Banach spaces. SIAM J
Numer Anal 2003;41:1232-1241.

Dabov, K., Foi, A., Katkovnik, V., Egiazarian, K.. Calan-
age denoising via sparse 3d collaborative filtering withuging
constraint in luminance-chrominance space. In: IEEE IohfC
Image Process., ICIP 2007. 2007. .

Didas, S.. Denoising and enhancement of digital images
variational methods, integratierential equations, and wavelets.
Ph.D. thesis; Saarland University; 2008.

Didas, S., Burgeth, B., Imiya, A., Weickert, J.. Regiila
and scale—space properties of fractional high order lifitar-

ing. Scale Space and PDE Methods in Computer Vision Lecture
Notes in Computer Vsion 2005;3459:13-25.

Didas, S., Steidl, G., Weickert, J.. Discrete multlsoaavelet
shrinkage and integrofiierential equations. In: Scheelkens, P.,
Ebrahimi, T., Cristébal, G., Truchetet, F., editors. Ogitic
and Digital Image Processing—Photonic Europe. Procesdihg
SPIE. Bellingham; volume 7000; 2008. p. 7000S-1-7000S-12.
Didas, S., Steidl, G., Weickert, J.. Integrfidrential equa-
tions for continuous multiscale wavelet shrinkage: Therdite
case. Technical report 214; Department of Mathematicsi- Saa
land University; 2008.

Didas, S., Weickert, J.. Integrdtérential equations for contin-
uous multiscale wavelet shrinkage. Inverse Problems aadim
ing 2007;1(1):47-62.

Didas, S., Weickert, J., Burgeth, B.. Properties ohleigorder
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Figure 5: Zoomed 20& 200 part of the Lena and Elaine images:
(a) Original image of Lena, (b) Noisy image perturbed by Gars
noise ¢~ = 25), (¢) Restoration by (PM), (d) Restoration by (VE),
(e) Original image of Elaine, (f) Noisy image perturbed byuSsian
noise ¢~ = 25), (g) Restoration by (PM), (h) Restoration by (VE).
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(e) ()

Figure 6: Analysis of Lady image: (a) Original image of Ladly)
Noisy image perturbed by Gaussian noise= 25), (c) Restoration
by (PM), (d) Restoration by (VE), (e) Residual to (PM) reatam,
(f) Residual to (VE) restoration.



(@

(h)

Figure 7: Denoising of textured images: (a) Original imageood,
(b) Noisy image perturbed by gaussian noise, (c) (PM), (d)({)
Original naive image, (f) Noisy image perturbed by gaussiaise,
(9) (PM), (h) (VE).
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