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Sharp ill-posedness and well-posedness results for
the KdV-Burgers equation: the real line case

Luc Molinet and Stéphane Vento

Abstract.  We complete the known results on the Cauchy problem in
Sobolev spaces for the KdV-Burgers equation by proving that this equation
is well-posed in H~!(R) with a solution-map that is analytic from H~*(R)
to C([0,T); H~(R)) whereas it is ill-posed in H*(R), as soon as s < —1, in
the sense that the flow-map ug — u(t) cannot be continuous from H*(R) to
even D'(R) at any fixed ¢ > 0 small enough. As far as we know, this is the
first result of this type for a dispersive-dissipative equation. The framework
we develop here should be useful to prove similar results for other dispersive-
dissipative models.

1 Introduction and main results

The aim of this paper is to establish positive and negative optimal results
on the local Cauchy problem in Sobolev spaces for the Korteweg-de Vries-
Burgers (KdV-B) equation posed on the real line :

Ut + Uggy — Ugg + Uty =0 (1.1)

where u = u(t, x) is a real valued function.

This equation has been derived as an asymptotic model for the propagation
of weakly nonlinear dispersive long waves in some physical contexts when
dissipative effects occur (see [[7]). It thus seems natural to compare the
well-posedness results on the Cauchy problem for the KdV-B equation with
the ones for the Korteweg-de-Vries (KdV) equation

U + Ugpe + Uty =0 (1.2)

that correspond to the case when dissipative effects are negligible and for
the dissipative Burgers (dB) equation

Up — Ugg + Uty =0 (1.3)

that corresponds to the case when dissipative effect are dominant.



To make this comparison more transparent it is convenient to define
different notions of well-posedness (and consequently ill-posedness) related
to the smoothness of the flow-map (see in the same spirit [IJ], [H]).

Throughout this paper we shall say that a Cauchy problem is (locally)
CO%-well-posed in some normed function space X if, for any initial data
ug € X, there exist a radius R > 0, a time 7" > 0 and a unique solu-
tion u, belonging to some space-time function space continuously embedded
in C([0,T]; X), such that for any ¢ € [0, 7] the map up — w(t) is continuous
from the ball of X centered at ug with radius R into X. If the map ug — wu(t)
is of class C*, k € NU {00}, (resp. analytic) we will say that the Cauchy
is C*-well-posed (resp. analytically well-posed). Finally a Cauchy problem
will be said to be C*-ill-posed, k € NU {oo}, if it is not C*-well-posed.

For the KdV equation on the line the situation is as follows: it is an-
alytically well-posed in H=3/4(R) (cf. [[4] and [I] for the limit case) and
C3-ill-posed below this indexf] (cf. []). On the other hand the results for the
dissipative Burgers equation are much clear. Indeed this equation is known
to be analytically well-posed in H*(R) for s > —1/2 (cf [ and [] for the
limit case) and C? ill-posed in H* for s < —1/2 (cf. [[i] ). At this stage it is
interesting to notice that the critical Sobolev exponents obtained by scaling
considerations are respectively —3/2 for the KdV equation and —1/2 for the
dissipative Burgers equation. Hence for the KdV equation there is an im-
portant gap between this critical exponent and the best exponent obtained
for well-posedness.

Now, concerning the KdV-Burgers equation, Molinet and Ribaud [[L]]
proved that this equation is analytically well-posed in H*(R) as soon as
s > —1. They also established that the index —1 is critical for the C?-
well-posedness. The surprising part of this result was that, according to the
above results, the C*° critical index s3°(KdV B) = —1 was lower that the
one of the KdV equation s>°(KdV) = —3/4 and also lower than the C'™
index s2°(dB) = —1/2 of the dissipative Burgers equation.

In this paper we want in some sense to complete this study by proving
that the KdV-Burgers equation is analytically well-posed in H~!(R) and
CP-ill-posed in H*(R) for s < —1 in the sense that the flow-map defined
on H~!(R) is not continuous for the topology inducted by H®, s < —1,
with values even in D'(R). It is worth emphasizing that the critical index

0

sg = —1 is still far away from the critical index s, = —3/2 given by the

scaling symmetry of the KdV equation. We believe that this result strongly

1See also [E] where it is proven that the solution-map is even not uniformly continuous
on bounded sets below this index



suggest that the KAV equation should also be C%-ill-posed in H*(R) for
s < —1.

To reach the critical Sobolev space H !(R) we adapt the refinement
of Bourgain’s spaces that appeared in [R(] and [LJ] to the framework de-
veloped in [[[§]. One of the main difficulty is related to the choice of the
extension for negative times of the Duhamel operator (see the discussion
in the beginning of Section f). The approach we develop here to overcome
this difficulty should be useful to prove optimal results for other dispersive-
dissipative models. The ill-posedness result is due to a high to low frequency
cascade phenomena that was first observed in [B] for a quadratic Schrodinger
equation..

At this stage it is worth noticing that, using the integrability theory,
it was recently proved in [[[3] that the flow-map of KdV equation can be
uniquely continuously extended in H~!(T). Therefore, on the torus, KdV
is CO-well-posed in H~! if one takes as uniqueness class, the class of strong
limit in C([0,T]; H~1(T)) of smooth solutions. In the present work we use
in a crucial way the global Kato smoothing effect that does not hold on the
torus. However, in a forthcoming paper ([[[5]) we will show how one can
modify the approach developed here to prove that the same results hold
on the torus, i.e. analytic well-posedness in H~(T) and C°-ill-posedness
in H5(T) for s < —1. In view of the result of Kappeler and Topalov for
KdV it thus appears that, at least on the torus, even if the dissipation part
of the KdV-Burgers equation (it is important to notice that the dissipative
term —ug, is of lower order than the dispersive one u,,,) allows to lower
the C*° critical index with respect to the KdV equation, it does not permit
to improve the C© critical index .

Our results can be summarized as follows:

Theorem 1.1. The Cauchy problem associated to (1) is locally analyti-
cally well-posed in H=(R). Moreover, at every point ug € H1(R) there
exist T = T(ug) > 0 and R = R(up) > 0 such that the solution-map
ug +— u is analytic from the ball centered at ug with radius R of H *(R)
into C([0,T); H-'(R)). Finally, the solution u can be extended for all posi-
tive times and belongs to C'(R%; H*(R)).

Theorem 1.2. The Cauchy problem associated to (I.1) is ill-posed in H*(R)
for s < =1 in the following sense: there exists T > 0 such that for any 0 <
t < T, the flow-map ug — u(t) constructed in Theorem 18 discontinuous
at the origin from H~1(R) endowed with the topology inducted by H*(R)
into D'(R).
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2 Ill-posedness

The ill-posedness result can be viewed as an application of a general result
proved in [JJ]. Roughly speaking this general ill-posedness result requires the
two following ingredients:

1. The equation is analytically well-posed until some index s2° with a
solution-map that is also analytic.

2. Below this index one iteration of the Picard scheme is not continuous.
The discontinuity should be driven by high frequency interactions that
blow up in frequencies of order least or equal to one.

The first ingredient is given by Theorem whereas the second one has
been derived in [L] where the discontinuity of the second iteration of the
Picard scheme in H*(R) and H*(T) for s < —1 is established.

However, due to the nature of the equation, our result is a little better
than the one given by the general theory developed in [B]. Indeed, we will be
able to prove the discontinuity of the flow-map ug — u(t) for any fixed ¢ > 0
less than some 7" > 0 and not only of the solution-map wug +— u. Therefore
for sake of completeness we will prove the result with hand here.

Let us first recall the counter-example constructed in [[[f] that we renor-
malize here in H~!(R). We define the sequence of initial data {¢n}n>1
by

o = N7 (xay (6) + x1w(=9)) - (2.1)
where Iy = [N, N + 2] and (ﬁN denotes the space Fourier transform of ¢y.
Note that [[¢n||g-1@w) ~ 1 and ¢y — 0 in H*(R) for s < —1. This sequence

yields a counter-example to the continuity of the second iteration of the
Picard Scheme in H*(R), s < —1, that is given by

Ag(th, ) = /0 "t — )0, [S(E P dt’



where S is the semi-group associated to the linear part of ([.1) (see (B.9)).
Indeed, computing the space Fourier transform we get

Fu(A2(t, on, on))(€) = /Re_t£2 '€ P (Er)pn (€ — &)
(i€) / —(E2+(6-6)2 - Li(€+(E—61)> =€) gyt it

= (i€) &€ &7t /chN(fl)QgN(f—fl)
e (ET+(E-61)* =€)t gidcca(E~E)t _
—261(& — &1) + 13861 (§ — &)

dgl )

so that
1/2
| A2 (t, dn, o )|[3e > /_ 1/2(1+ €)% | Fu(Aa(t, o, dn)) ()] dE

1/2
— N4/ (1+ ) leP

‘/ e (E1+(E=€1)*)t pidg&r(§—E)t _ o—E7t
Ke  —26(6— &)+ 1386 (E—&)

2
dé1| dg ,

where

Ke={& /-G eln, &e—INtU{& /&G €eln, E—& € —InN}.

Note that for any £ € [-1/2,1/2], one has mes(K¢) > 1 and

3¢61(6—&1) ~ N?
, V& € Ke.

Vet T ek
Therefore, fixing 0 < t < 1 we have

Re (e~ ETE-G)) B (€6t _ =1y < _o=t/4 | = 2N+

)

which leads for N = N(t) > 0 large enough to

‘/ —(E7+H(E—€1))t gi3eEr (€€t _ —Eztdg Ce_t/4
>0 ——
K.  —26(8— &) +i386 (6 — &) H=""N?

and thus
| A2 (t, ¢, o) |l3s > Ce % > Gy (2.2)
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for some positive constant Cy > 0. Since ¢y — 0 in H*(R), for s < —1,
this ensures that, for any fixed ¢ > 0, the map ug — As(t, ug, up) is not
continuous at the origin from H*(R) into D'(R).

Now, we will use that As(t,¢n,dn) is of order at least one in H*(R) to
prove that somehow As(t,e¢n,e¢n) is the main contribution to u(t,e¢n)
in H*(R) as soon as s < —1, ¢ > 0 is small and N is large enough. The
discontinuity of ug — u(t) will then follow from the one of ug — Ao (t, ug, ug).
According to Theorem there exist T' > 0 and gy > 0 such that for any
le| < eo, any [|hflg-1ry <1and 0 <t < T,

+o0o
u(t,eh) = eS(t)h + Y " A(t, hF)
k=2

where h* := (h,...,h), h¥ — Ay(t,h*) is a k-linear continuous map from
H~Y(R)* into C([0,T]; H~'(R)) and the series converges absolutely in C ([0, T]; H~*(R)).
In particular,

+o0o
ult,epn) — e As(t, o, dn) = eS(H)on + ) " Ax(t, ¢) -
k=3

On the other hand, ||S(t)én | msm®) < |¢n | gs®) ~ N5 and

[ aah], < (g)gis’5||Ak<t,¢N>qu <o
k=3 k=3

Hence, for s < —1,

sup Hu(t,z—:qSN) — 2 A5(L, b, ¢N)H < O + O(N*) .
t€[0,7) He=(R)

In view of (R.2) this ensures that, fixing 0 < ¢ < 1 and taking ¢ small

enough and N large enough, €2A4s(t, o, ¢n) is a “good” approximation of
u(t,e¢n). In particular, taking ¢ < CoC~1/4 we get

[u(t, eon)ls @y = Coc®/2 + O(NTF?) .

Since u(t,0) = 0 and ¢y — 0 in H*(R) for s < —1 this leads to the
discontinuity of the flow-map at the origin by letting IV tend to infinity. It
is worth noticing that since ¢y — 01in H~(R) we also get that ug — u(t, up)
is discontinuous from H~!(R) equipped with its weak topology with values
even in D'(R).



3 Resolution space

In this section we introduce a few notation and we define our functional
framework.

For A,B > 0, A < B means that there exists ¢ > 0 such that A < ¢B.
When c is a small constant we use A < B. We write A ~ B to denote
the statement that A < B < A. For u = u(t,r) € §'(R?), we denote
by u (or F,u) its Fourier transform in space, and u (or Fu) the space-time
Fourier transform of u. We consider the usual Lebesgue spaces L?, L L} and
abbreviate LEL? as LP. Let us define the Japanese bracket (x) = (1+|z|?)/?
so that the standard non-homogeneous Sobolev spaces are endowed with the
vorm |[fllgs = (V) £l 2.

We also need a Littlewood-Paley analysis. Let n € C§°(R) be such that
n > 0,suppn C [-2,2],n =1 on [—1,1]. We define next p(§) = n(&) —n(2¢).
Any summations over capitalized variables such as IV, L are presumed to be
dyadic, i.e. these variables range over numbers of the form 2¢, £ € Z. We
set pn(§) = ¢(¢/N) and define the operator Py by F(Pyu) = onu. We
introduce ¥ (7,€) = (1 — &3) and for any u € S'(R?),

Fu(Pnu(®))(§) = en(§)a(t,€),  F(Qru)(r,&) = ¢r(r,§)ul(r,§).

Roughly speaking, the operator Py localizes in the annulus {|¢| ~ N}
whereas @1, localizes in the region {|7 — &3] ~ L}.
Furthermore we define more general projection P<y = > Ny<n P

Qs> =>_1,51 QL etc
Let e 9722 be the propagator associated to the Airy equation and define
the two parameters linear operator W by

Fo(W(t,t)9)(€) = exp(ite® — [t'|ED)(E), teR. (3.1)

The operator W : t — W(t,t) is clearly an extension to R of the linear
semi-group S(-) associated with ([L1]) that is given by

Fo(S(t)9)(€) = exp(ite® — t&?)p(€), t € Ry (3.2)

We will mainly work on the integral formulation of ([L.1)):
1 t
u(t) = S(t)ug — 3 / S(t —t)ou(t)dt, teR,. (3.3)
0

Actually, to prove the local existence result, we will apply a fixed point argu-
ment to the following extension of (B.) (See Section [] for some explanations



on this choice).
t
u(t) = n(t) [W(t)uo - %X]&r (t) / W(t—t,t—t"),u?(t)dt
0

—%XR,(t) /tW(t—t',t+t')8xu2(t’)dt’]. (3.4)
0

If u solves (B.4) then w is a solution of (B.3) on [0,T], T' < 1.
In [d], the authors performed the iteration process in the space X $,b
equipped with the norm

lull o = [1(G(7 — €%) +€2)%(€)"all 2

which take advantage of the mixed dispersive-dissipative part of the equa-
tion. In order to handle the endpoint index s = —1 without encountering
logarithmic divergence, we will rather work in its Besov version X4 (with
g = 1) defined as the weak closure of the test functions that are uniformly
bounded by the norm

fullxesa = (3 [ SN0 + N2M PyQuult, ] 77)

N L

This Besov refinement, which usually provides suitable controls for nonlinear
terms, is not sufficient here to get the desired bound especially in the high-
high regime, where the nonlinearity interacts two components of the solution
u with the same high frequency. To handle these divergences, inspired by
9], we introduce, for b € {%, —%}, the space Y% endowed with the norm

fullyss = (UM IF (G — €) +€2+ D 2y a12)
N

so that

B 1/2
ullyog ~ (SN @ + B — Do+ D Pl a?)
N

. 1 1 :
Next we form the resolution space S° = X*2:'4Y 3 and the "nonlinear
_17 1

space” V¥ = X®720 + Y%7z in the usual way:
ull x4y = inf{[lur]|x + luzlly 1 u1 € X,ug € Y,u = uy + ua}.

In the rest of this section, we study some basic properties of the function
space S71.



Lemma 3.1. For any ¢ € L?,

1/2
(I 21Qute =) 12) " 5 oo

L

Proof. From Plancherel theorem, we have

1/2
(2 21Qute = 9)lsal?) - ~ i = €12 F (e = gl

L

Moreover if we set nr(t) = n(t/T) for T > 0, then
Flr(t)e %= ¢)(7,6) = (v — £)9(E).
Thus we obtain with the changes of variables 7 — &% — 7/ and Tt/ — o that
llr = €12 F r(@)e™ %= )12 < Nl a7 TA(TT )| 2, < 6l e.
Taking the limit 7" — oo, this completes the proof. O

Lemma 3.2. 1. For each dyadic N, we have

10 + Oeze) Prtllpaz S I Pyl oy (3.5)
2. For allu e S71,
ullzz, S llulls-1- (3.6)
3. For allu e SY,
1/2
(YL@l =) £ ullso (37)
L

Proof. 1. From the definition of Yo’%, the right-hand side of (B.5) can be
rewritten as

HPNUH 0,4 = ||(at + 8xxw - amm + I)PNUHLlLQ‘
yY 2 L

Thus, by the triangle inequality, we reduce to show (B.5) with 0+ 03z
replaced by I — 0,,. Using Plancherel theorem as well as Young and
Hoélder inequalities, we get

I(I = Oze) Pyl s 12

2
<Hﬂ ( §3)++1£2+1

(i(r =€) + € + Dpwi) |

Ly



In the sequel, it will be convenient to write pn for Yn/2 + ©N + p2n-
With this slight abuse of notation, we obtain

I(I = Oze) Pyl s 2

2
< e

H(at + axww - amm + I)PNUHL%L%

LiLg
On the other hand, a direct computation yields

_1(_eN(©E+ 1)
‘ft 1<i(7ﬁ53)+£2+1

)| = Con© +e)e g (1)

so that

2
Hf_1< (sozv(é)(é +1) >‘

< 2 _—t(N)? <
t ZT—€3)+§2+1 ~ ”<N> XR+( )HLl 1

LiLg

and the claim follows.
. We show that for any fixed dyadic N, we have
[1Pyullrz S [|Pyulls-1- (3.8)

Estimate (B.4) then follows after square-summing. Observe that (B.§)
follows immediately from the estimate (N)~'(L + N2)1/2 > 1 if the
right-hand side is replaced by HPNUHX—L 1.1, so it suffices to prove B3
with HPNUHYA, ; In the right-hand side. But applying again Young
and Holder’s inequalities, this is easily verified:

IPvullee = [ (g ey G — €0 + €+ Do),
< Hft_l<'( ??’A)[f)@Jrl)‘LngoHPNuHYO’%
e e (6) 2 | Pl

S
SANYTHIPNull 0 S PVl sy

1/2
3. First it is clear from definitions that < S L[LM? HQLu||L2]2) < |

Setting now v = (0 + Oz )u, We see that u can be rewritten as
t /
’LL(t) _ e—tazmu(o) +/ e—(t—t )a”””v(t’)dt’.
0

10
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By virtue of Lemma B.J], we have

(S 1Que = u(0) 2]

L

1/2
S u(O)lze < llullpserz.

Moreover, we get as previously

ullsorz < H}—t_l (i(T — 53)14_ €2 + 1)‘

Thanks to estimate (B.5), it remains to show that
t

(5 [ f oo
7 0

In order to prove this, we split the integral fg = foo —ffoo. By
Lemma B.T, the contribution with integrand on (—o0,0) is bounded
by

<
o Slullog 9

2\1/2
L) Sl .0)

0
<| / et s (1)t
— 0o

For the last term, we reduce by Minkowski to show that

<
2~ HUHLtlL%'

it 1/2
(DI 21Qu(xiswe™ P02 ) T S o) 2.
L

This can be proved by a time-restriction argument. Indeed, for any
T > 0, we have

(S 21Qutr @xiswe 2w 212)

L

S M Y20() F (e (X0 ) (7) | 2
S o)z lllr 2 Fin(t)xerse) 2
S o)z

We conclude by passing to the limit 7" — oo.
O

Now we state a general and classical result which ensures that our resolu-

tion space is well compatible with dispersive properties of the Airy equation.
Actually, it is a direct consequence of Lemma 4.1 in [[J] together with the
fact that the resolution space Sy used by Tao to solve 4-KdV contains our
space SY thanks to estimate (B.)

11



Lemma 3.3 (Extension lemma). Let Z be a Banach space of functions on
R x R with the property that

lg(®)ult, 2)llz S llgll e l[ult, ©)|l 2

holds for any w € Z and g € L°(R). Let T be a spacial linear operator for
which one has the estimate

1T (7%= Pxo)lz < | Pnéll 2

for some dyadic N and for all . Then one has the embedding
IT(Pyvu)llz S [[Pyullso-

Combined with the unitary of the Airy group in L? and the sharp Kato
smoothing effect

10ze™" % Bl o2 S NPl L2, Vo € L, (3.11)
we deduce the following result.

Corollary 3.1. For any u, we have'
ull oo g1 S Nlull s, (3.12)

1Pvullpee 2 € N7H Prvulso, (3.13)

provided the right-hand side is finite. In particular, S™' «— L°H™!.

4 Linear estimates

In this section we prove linear estimates related to the operator W as well
as to the extension of the Duhamel operator introduced in (B.4).

At this this stage let us give some explanations on our choice of this
extension. Let us keep in mind that this extension has to be compatible with
linear estimates in both norms X! and Y1/2. First, since X5/21 is a
Besov in time space we are not allowed to simply multiply the Duhamel term
by xg+(t). Second, in order to prove the desired linear estimate in Y*1/2
the strategy is to use that the Duhamel term satisfies a forced KdV-Burgers
equation. Unfortunately, it turns out that the extension introduced in [[If],

!Note that () can also be deduced from estimate @)

12



that makes the calculus simple, does not satisfy such PDE for negative
time. The new extension that we introduce in this work has the properties
to satisfy some forced PDE related to KdV-Burgers for negative times (see
(E14)) and to be compatible with linear estimates in X*/>!. However the
proof is now a little more complicated even if it follows the same lines than
the one of Propositions 2.3 in [Ld], see also Proposition 4.4, [[[Z].

The following lemma is a dyadic version of Proposition 2.1 in [14].

Proposition 4.1. For all € H~Y(R), we have
In®W (#)dlls-1 < ol -1 (4.1)

Proof. We bound the left-hand side in (1)) by the X2 norm of ()W (t)o.
After square-summing in N, we may reduce to prove

> AL+ NHY2PyQrntW (H)¢)ll 2, < IPnollze (4.2)
L

for each dyadic N. Using Plancherel, we obtain
UL+ N2 PyQu(n(®)W (£)0)] 2,

L
S DL+ N lon(€)eL(r)d(©)Fen®)e ) ()l 2,
L
SUPNol2 Y (L + NV lon (€)Prn(t)e™ )| oo 2.

L
Hence it remains to show that
S L+ N2 on (©PL(B)e )| oz S 1. (4.3)
L

We split the summand into L < (N)? and L > (N)2. In the former case, we
get by Bernstein

L§V>2<L+ N2 o (&) Pr(n(t)e™ ) | e 12

< DT (NLY? sup [n(t)e |
L<(N)2 |§l~N

Also, one can bound ||n(t)e~11€%|| ;1 either by ||n]|z1 or by ||e_|t‘52||Lt1 ~ €72,
It follows that

S (L N2 on (€ Po(n(t)e €)1z S (V)2 min(1,N72) S 1.
L<(N)?

13



Now we deal with the case L > (N)2. A standard paraproduct rearrange-
ment allows us to write

Pe(n()e %) = PL( 7 (Pam(t)Peare™ " + Pean(t) Pase™1€7)
M>L
= Pr(I)+ Pr(I1).
Using the Schur’s test, the term Py, (I) is directly bounded by

> AL+ N2>1/2”90NPL(I)”L20L§
L(N)?

4122
S ZL1/2 Z ”‘PNPMn(t)”LgOLfH(PNPSMe te g
L M>L

< S MY Pyl a S 1.
M
Similarly for Pr,(II), we have

> L+ N2>1/2||90NPL(U)HLgoLg
L>(N)2

<ZL”2 > llew Pearn®llag lon Pare ™€ o
M>L

S ZMIQHSDNPMe—‘tIf g rs-
M
Moreover, it is not too hard to check that if |£| ~ N, then HPMe_‘t'szL% <
| Pare ) 2, thus

Z (L +N2>1/2H‘PNPL(II)”LEOL§ S ZMl/z\‘PMe_‘thzﬂLg <1,
L>(N)2 M

where we used the fact that the Besov space B / has a scaling invariance
and e~ 1"l € Bl/2 O

Lemma 4.1. For w € S(R?), consider k¢ deﬁned on R by

itT o (t=[t))E e—|t\§2~
ke (t) t)en (§) / P w(T)dr.

Then, for all £ € R, it holds

D UL+ NIV Prkellrz S (L + N2 72 lop(m)en (§) ]|z
L L
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Proof. Following [[[§], we rewrite k¢ as

k) =000 [+ |

I7]<1 ZT+§2 I7|<1 iT+€2
Pelt-ItNE e it e
+ - : - ——
R e O e
=T+ 1T+ 111 -1V

(= [the> _ —ltie
€ C Wn(r)dr

where wy is defined by Fy(wn)(§) = on(§)Fz(w)(E).

Contribution of I'V. Clearly we have

PVl S IPsae ™l [ e

On the other hand, by Cauchy-Schwarz in 7,

[on (7)| 2= N 2 —1/2
————4-dr < L+N < L+N / 7
/T|>1 <ZT—|—§2> TNZL:< ) H(PLU)N”L} NZL:< > ”‘prNHLg

which combined with ([.3) yields the desired bound.

Contribution of II. By Cauchy-Schwarz inequality,

1PLUT)| 2 S I PL(n(t) (eI — e Py )

t

— /2
@ (7)) >/ ir+ed \
<(Jwsme) ([ irem
S I Po(n(t)(el=IDE — eIl

x N7HN) Y (L +N*)"2|orwn] 2. (4.4)
L

Hence we need to estimate

S LA+ NP (n(t) (M IDE — IR
L

< DL+ NAE(PL (@)l D) | + [ Prln(t)e” )] ).
L

The second term in the right-hand side is bounded by 1 thanks to esti-
mate(fd). Denote A(t) = n(t)e 1€ 1t is not too hard to check that one

15



integration by parts yields ]é( )| < ﬁ whereas two integrations by parts
give us |0(7)] < < | Mg We thus infer that

STEL AN |oLbllre < S (N)LY2|0])

L L<1
(N) 172 {N)?
+ ) Tt > <L>/m§<N>. (4.5)
1<L<(N)? L>(N)?

This provides the result for N > 1. In the case N < 1, we use a Taylor
expansion and obtain

1PL(n(t) (eI — 141 — e Y|

< @ n n n
<3 B (1) gz + 2" IPL(E (e ()22 ) -

n>1

According to the Sobolev embedding H! — B217/12 as well as the estimate
Ixe Fllis < 1 e provided £(0) = 0, we deduce

DL+ NPt (eI — M
L

1
< (Ol e + 2 (e xm (0] 5072)

n>1

27l
SN2Y " @) < N

n>1

Gathering this and (f.4) we conclude that

S (LA NY2IPLID e £ S UL+ N2 prwn e
L L

Contribution of I. Since I can be rewritten as

I— L1t / (itT)" wN(T)sz7
7I<1 031 ol it +E
we have
1Pl £ 3 lPueoels [ S T,
s n! P i< lim + €2

16



Using Cauchy-Schwarz we get, for n > 1,

/ A !wN(T)dT<</7‘W(T)‘2dT>I/2 / [rPtir + &%) ) -
rj<1 11T + &2 N ~ (it + &%) r<1 i+ &2

STV AL+ N T lppwn]| e
L

Thus we see that it suffices to show that (see above the contribution of II
for the definition of 0)

DAL+ NP 1/22 SIPLE 0Lz < (N)-

L n>1

But again we have |F(t"0(t))] < 2 min(Fl‘, @;) and arguing as in ([L.F),
we get

SOUL+ NS LR £ SN £ ¢

L n>1 n! n>1

Contribution of III. Setting g(7) = ?:NT?X\TIZI’ we have to prove
D AL+ N2 PL(0g)] 2 S D AL+ N2 Prgllpz. (4.6)
L L

Using the paraproduct decomposition, we have

Pr(0g) = PL< 3 (PenfPortg + PNMQPSMQ)) = P (IIL}) + PL(IIL)
M>L

and we estimate the contributions of these two terms separately.

Contribution of ITI;. The sum over L > (N)? is estimated in the following
way:

DAL+ NP2 S D (DY Y IP<arbllige || Pargll 2
L>(N)? L>(N)? MZL

< S ()Y Pargll 2
M



Now we deal with the case where L < (N)2. If 0 is localized in an annulus
{|7| ~ M}, we get from Bernstein inequality that

S (L N2 ST P (PuOPug)lly < SN ST LY PubPugl
LE(N)? MZL SR

Ml/z”PM@”Lg”PMQHLZ

NI Paglizz, (4.7)

<)
M

<N
M

where we used the estimate || Py0]| 2 < || ‘pMT(T) 2 S M~1/2_ 1f § is localized
in a ball {|7| < M}, then we must have M ~ L and thus

Yo AL+ NN IPL(PerOPug)ll 2 S Z M P<rOllLe= [ Prll Lz,
L<(N)? M~L

which is acceptable.

2

Contribution of I1T,. Consider the case L > (N)2. Since |0] < 72 , we have
5 <N>2
I1PL(PrOP<yig)lrz S llearfll el P<argll e < g1l 2
It follows that
Yo AL+ NAPIPLIID)| 2 S Z a2V ”gHL2 (Mliglrz-

L>(N?)

It remains to establish the bound in the case L < (N)2. We may assume
that ¢ is supported in a ball {|7| < M} since the other case has already
been treated (cf. estimate ({.7)). Therefore, M ~ L and

Z (L + N%)/? Z 1 PL(PrOP<rg)lr2 S Z N PLOP<rgl 12

L<(N)2 M>L
SSMPLOl S IPugle

L M<L
<SSV S MY Pygle
L M<KL
Z MIPrgllLe.
M
The proof of Lemma [L.1] is complete. O
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Proposition 4.2. Let L: f — Lf denote the linear operator

L1 () = n(t) (xae (¢ /Wt—t E— ) ()t

+xr- (t) / WEt—t,t+t) f(t’)dt’) : (4.8)
0
If f e N1, then
1L ls=2 S N llar-r- (4.9)
Proof. 1t suffices to show that
LA 10 S (4.10)
and
WEAl oy SUFL oy (4.11)

Taking the z-Fourier transform, we get

Lf(t,x)=Ut) | xry(t /””ﬁ/ I8 F (U (=) £(2)(€) dt de

+ X / it / IS E (U (— )f(t’))(&)dt’dé]

/ it / ' (U (— )f(t’))(&)dt’dﬁl-

Setting w(t') = U(—t')f(¢'), and using the time Fourier transform, we infer
that

Lf(t,z)=U(t)

. et e(t=1t)E? _ o—[te?
n(t) /RQe ¢ e w(r,&)drd| .

Estimate (f.10) follows then easily from Lemma [L.1].
Now we turn to estimate (Y.11). After square summing, it suffices to
prove that for any dyadic NV,

(0t + Ozae — Ora + [)PN’CJCHL}LQ% S ”PNf”L}Lg- (4.12)

In view of the expression of £ it suffices to prove ([.13) separately for xp+ L f
and xg- L[ First, a straightforward calculation leads to

(at + a:c:c:c - a:c:c + I)(XRJrﬁf(t))
= n(t)xr+ () (t) + (' (t) + n(t)) xr+ () /0 W(t—t,t—t)f(t")dt'.

19



Computing the L; L2 norm, we get

(0t + Ozaw — Ona + 1) Pn(Xr+ L)l L1 12

o
S HINES (442
S llpizz + 110" + 0l SI;P/O e e e (=08 f(t/)HLgdtl7

and estimate ([.12) follows.

Now, let us tackle the proof for yp-Lf. We have to work a little more
since clearly £f does not satisfy the same equation for negative times. Ac-
tually, one can check that

(at + a:c:c:c + a:c:c + I)(XR* ﬁf(t))

= n(t)xr- )W (0,2t) f(t) + (0" (t) +1(t)) xr- (t) /0 W(t—t' t+t") f(t')at’.
(4.13)

and thus

(at + ammm - amm + I)(XR* *Cf(t)) = _2axx(X]R* *Cf(t))

+0(t)xe- ()W (2t,0)f () + (0 (t) +n(t)) xz- (t) /0 W(t—t,t+t)f(t)at’.
(4.14)

Setting w := Py (xr-Lf(t)) and

g :=n(t)xz- )W (2t,0)f () + (' () +n(t))xe- () /Ot W(t—t' t+1) ()t
we first note as above that
HQHLtng S ”f”Lng : (4.15)
Now, according to ({.13), w satisfies
Wt — Wegg + Wee W =g

Taking the L2-scalar product with w and using Cauchy-Schwarz yield

1d

S w2y = w2 + wli2 = —lglus ol s (4.16)
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By the frequencies localization of w and Bernstein inequality,||ws(z2 >
%NHwHLi. Therefore, for t > 0, such that [[w(t)||z2 # 0, we can divide
[E18) by [lw(t)]L2 to get

d
N w®lzz S Zllw®llzz + lw®lizz + 9tz (4.17)

On the other hand, for t > 0, the smoothness and non negativity of ¢ —
|w(t)|| 2 forces %Hw(t)H%z = 0 as soon as [lw(t)[[zz = 0. This ensures that

(E17) is actually valid for all ¢ > 0. Therefore integrating ([.17) on ]0,¢[ we
infer that

lweell gz ~ N2llwliyzz S lwllperz + llwligize + l9llzizz -
t t t t
Since obviously,
o0 i(t—t' 3 tt! 2 —/
— — / /
lwllpypz+llwllpge 22 ,SSI;P/O [ PN () rzdt S 1Pn fllzyrz

it follows that
||wm||Lng S ||PNf||Lng
which concludes the proof together with (f.14) and ({.15). O

5 Bilinear estimate

In this section we provide a proof of the following crucial bilinear estimate.

Proposition 5.1. For all u,v € S™', we have

102 (uv) [ ar-1 S Nlulls-1[lv]ls-1- (5.1)

First we remark that because of the Lg structure of the spaces involved
in our analysis we have the following localization property

/ /
1Flss~ (S fE)" and fls ~ (S 1x )
N N

Performing a dyadic decomposition for u,v we thus obtain

o)l ~ (| 32 Pvocewupeo|) )" 62

N Ni,N2

We can now reduce the number of case to analyze by noting that the right-
hand side vanishes unless one of the following cases holds:
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e (high-low interaction) N ~ Ny and N7 < N,
o (low-high interaction) N ~ Nj and Na S N,

o (high-high interaction) N < Nj ~ Na.
The former two cases are symmetric. In the first case, we can rewrite the
right-hand side of (f.9) as

1/2
10z () It ~ (D 1Pv0u(PenuPyo)lFes)
N

and it suffices to prove the high-low estimate
1PN Oy (PsyuPno)|v-1 S llulls—[[Prolls— (HL)

for any dyadic N. If we consider now the third case, we easily get

102 (uv) -1 S | Py O (Pvy uPrvy v) | =1,
N1

and it suffices to prove for any N7 the high-high estimate
[Py On (P, uPpyv) -1 S [Py ulls 11| Py vlls—1 (HH)
since the claim follows then from Cauchy-Schwarz.

5.1 Proof of (HI)

We decompose the bilinear term as

PNax(PSNUPN'U) = Z Z PNQLaw(PN1QL1UPNQL2U)‘
Nl,SN L,Ly,Ls

Using the well-known resonance relation
€463+ 63 =361663 whenever £ + &+ & =0, (5.3)
we see that non-trivial interactions only happen when
Limag ~ max(N2Ny, Lyeq) (5.4)

where Lz = Limed = Limin holds for L, Ly, Lo.
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First we consider the easiest case N1 < 1. We take advantage of the
1
Y172 part of N ! as well as Holder and Bernstein inequalities to obtain

> 1PN o (PryuPyo)| L S Y (V)TN Py (P uPyo)l e

Y*l,*g ~
N1<1 N
S Y IPvullz e | Pyl
N1 <1
< 1/2
S Y NPl 2| Paoll 2
M<1

S lulls-1lv]ls—
where we used (B.0) in the last estimate. One can now assume we have large
space frequencies, i.e. N 2 Ny > 1.
5.1.1 Case L,,g. =L
In light of (F-4), we are in the region L > N2Nj. From the definition of

11
X121 we have

Z Z ||PNQL890(PN1UPN'U)||X71,7%,1
1SN SN LEN2N,
< Z Z N~YL) V2N | PyQr(Pn,uPyv)|| 2.
1<N <N L>N2N;

Then, estimates (B.§) and (B.1J) lead to the bound
1 a—1/2
< D NP ul e 1Pl s
1SN SN

1/2 x7—
< > NN 1/2“PNIUHL?OH;1”PN'U”L2
1<N <N

S JJufls-1 || Pyvl[s-1.

5.1.2 Case L, = L1

Here we must have either L; ~ N?2Nj or L ~ L,,.q. Note that the second
case has been treated in Subsection when Ly,.q = L and we reduce to
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Ly ~ Lg. The contribution for the former case can be estimated as follows:

S > IPvQuos (P QuiuPav)l, iy

1<N1<N Li~N2N;

S Y I1Pn Qe uPyvl s
1SN <N

1/2
3 NPy, Quenyullz | Pavll 2
1<V SN

Now we can exploit the smoothing relation L; ~ N2N; and obtain

NPy, Qe ull 2 S NTUNU(NTULY | P, Qo 2), (5.5)

which combined with (B.6), (B.7) and Cauchy-Schwarz in N; yields the de-
sired bound.

It remains to treat the case Ly ~ Ly 2 N 2N; where we can use both on
L, and Lo the smoothing relation. Arguing as before we get

1

> > IPNO(PN, QL uPNQr,)|

y b2
1SN1 SN Li~Lo2N2Ny
< Y Y NPUPy,Quaulle: | PyQryvl .
1SN1SN Li2N2N;

In this regime, (B.5) is still valid if we replace Qnzp, by Qr,. Applied on u
and v, this provides the bound

S NN (ST L Qul 2)?) T (S LY APy Qe 1))

1<N <N Ly Ly
1/2 A7

S NN Pyullsi]|Pyollsi,

1<N1 <N

which is acceptable (with about N~1/2 of spare).
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5.1.3 Case L0 = Lo

By (5.4), it suffices to consider the case Ly ~ N2Nj. With a similar argu-
ment we get

Z Z HPNar(PNlUPNQLQU)HYA,f%

N1 <N Ly~N2N;

1/2
< S0 NI Payull 2 | Py Qe wy ol 2
leN

< (S hewalz) (S 1Py Qo)
Ny

1

1,1)2 1/2
S lulls— (3oL PeQravlla)?)
Lo

which achieves the proof of ([HI).

5.2 Proof of (HH)

Performing the decomposition

P<<N1am(PN1UPN1U) = Z Z PNQLam(PN1QL1UPN1QL2U)y
N<N1 L,Ly,L2

we see from (f.J) that we may restrict ourself to the region where
Limaz ~ Max(NZN, Lyed)- (5.6)

Moreover, we may assume by symmetry that L; > Lo. Low frequencies
N <1 are easily handled:

D IPNO(PryuPry o)l ma oy S D (N) TN Pr (P, Py o) a2
N<1 N<1

S 1Pyl || Py vl 2
N<1

S 1wy ulls— 1Py vlls -1

Therefore it is sufficient to consider Ny > N 2 1.
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5.2.1 Case L4 =L

In this region one has L > N2N. Let us assume L; < NZN'=¢ for some
€ > 0 so that we wish to bound

Z PNQZN%Nax(PNlQnglesUPNl’U)HXilﬁ%’l. (5.7)
1SN Ny

Using the triangle inequality we reduce to estimate

> > L7V2PxQryuPryvll e

ISNKN1  LZNZN
Li<SN2ZN1—=

In order to get a suitable control for this term, we apply the Kato smoothing
effect (B.13) together with estimate (B.6]) to get

[ Pnvy QryuPny vl e S 1Py Qroull 2 poe [Py vl oo 12

1/2
< LY Pyulls 1 || Py ol

Therefore it remains to establish

> > s

1ISNKN1  L>NZN
Li<NZN1—=

but this is easily verified by Schur’s test for any € > 0. The situation
where Ly < N12N 1=¢ is identical to the previous case and we suppose now
Li,Ly > N2N'~¢. Estimating the N'"'-norm by the Y_l’_%-norm, and
using the Holder and Bernstein inequalities we see that the contribution in
this case is bounded by

Z ”PN(PN1QZN%NFsUPNlQZleNPfUHL%Lg
1SN Ny

S D NYPNQsneni-cull 2] Pr Qo nz <l 2. (5-8)
15N<<N1

On the other hand the resonance relation and (B.7) yield
1/2

NY2|| Py, Qayani-cullze S N2 (SINT LY 2| Py, @yl 2]?)
Ly

S N2 Prulls-1,
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and similarly for v. Inserting this into (£.§) we deduce

() S Z N_1/2+8”PN1UHS*1 ”Pva”S*U
N>1

which is acceptable for £ < 1/2.

5.2.2 Case L. = L1

First we consider the region L1 ~ NZN and we want to estimate

I Pnos(Pn, Q2 nuPy,v)|
N<N

< (SOINY2 Py, Quayul 2| P ol 121
N

1
y~b-3

1/2

where we took care of not using the triangle inequality in order to keep the
¢2norm in N. The term || Py, u/|;2 can be handled with help of (B.6), while
the change of variable N ~ Li N 2 for fixed Ny leads to the bound

1,1/2 1/2
S (VL1 Qo) 1P vls s 5 1Payulls 1Py vl
Ly

Finally in the case Ly ~ Lo > N2N, arguing as in Subsection f.1.2, we get

3 3 PNam(PNlQLluPNlQLQU)Hyﬂ 1

T2
1SN<KN1 Li~Lo>NEN

S Y > NPy, Qroulre| Py Qryvlre
1SN Ny L1>>N12N

<y N-1/2(Z(Nl—lL}/Q|]PN1QL1uHLz)2>1/2(Z(NflL}ﬂHPNlQLl?JHB)z)1/2,

NZ1 Ly Ly

which is acceptable (with about N~1/2 of spare).

6 Well-posedness

In this section, we prove the well-posedness result. Using a standard fixed
point procedure, it is clear that the bilinear estimate (@) allows us to show
local well-posedness but for small initial data only. This is because H™!
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appears as a critical space for KdV-Burgers and thus we can’t get the desired
contraction factor in our estimates. In order to remove the size restriction
on the data, we need to change the metric on our resolution space.

For 3 > 1, let us define the following norm on S7!,

u=u1+u2
ul eS*l,uzeSO

. 1
lulz, = inf {|ru1\\31+5|ru2uso}.

Note that this norm is equivalent to || -||s-1. Now we will need the following
modification of Proposition p.1. This new proposition means that as soon
as we assume more regularity on u we can get a contractive factor for small
times in the bilinear estimate.

Proposition 6.1. There exists v > 0 such that for all (u,v) € S® x S71,
with compact support (in time) in [=T,T], it holds

102 (wo) L1 S T [l sol[v]| s-1- (6.1)

Proof. Tt suffices to slightly modify the proof of Proposition .1 to make use
of the following result that can be found in [[[(], Lemma 3.1] (see also [[If],
Lemma 3.6]): For any 6 > 0, there exists p = p(0) > 0 such that for any
smooth function f with compact support in time in [T, 77,

—1 f(Tvg)
= (75

According to (B.7) this ensures, in particular, that for any w € S° with
compact support in [T, 7] it holds

STl 22 - (6.2)

2
Lt,x

1 1
lwll g2 gass S lwllyosrse S TS wllyorjze ST w0 - (6.3)

It is pretty clear that the interactions between high frequencies of u and high
or low frequencies of v can be treated by following the proof of Proposition
and using (.3). The region that seems the most dangerous is the one of
interactions between low frequencies of u and high frequencies of v, that is
the region of (HL) in the proof of Proposition f.1. But actually this region
can also be easily treated. For instance in the case p.1.7] it suffices to notice
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that
Z Z HPNQLam(PJ\/HUPNU)||X71,7%,1

1SNSN L2N2N,
< Z Z NYL)"YV2N || PxQL(Pn,uPyv)]|| 2.

1§N1§N L2N2N1
—1a7—1/2
< S NN Py ull g e | Paoll e 12
1SN SN

—1/2
S Y NPwll e | Pl g
1SN SN

< T ful|go [[v]| -

and in the case it suffices to replace (b.§) by simply

-1

1/2 4 —1/4 1
NPy, Qo ull 2 S Ny Y Pav | < NS | 0

L2HY*
The other cases can be handle in a similar way. O

We are now in position to prove that the application
FL. t) | W (¢t Lo 2
w0 W ()6 — S £0.(rrw)?],

where £ is defined in ([[.§), is contractive on a ball of Z5 for a suitable
6> 0and T > 0 small enough. Assuming this for a while, the local part of
Theorem [[.]] follows by using standard arguments. Note that the uniqueness
will hold in the restriction spaces S;! endowed with the norm

lulls;+ = nf {{lvlls-1, v = on(0,7]}.

Finally, to see that the solution u can be extended for all positive times
and belongs to C(R%; H*™) it suffices to notice that, according to (B.g),
u € 871 — L%(]0,7[xR) . Therefore, for any 0 < 7/ < 7 there exists
to €]0,7'[, such that u(to) belongs to L*(R) . Since according to [If], (.1
is globally well-posed in L*(R) with a solution belonging to C(R% ; H*(R)),
the conclusion follows.

In order to prove that F(;;F is contractive, the first step is to establish the
following result.

Proposition 6.2. For any § > 1 there exists 0 <T = T() < 1 such that
for any u,v € Zg with compact support in [=T,T] we have

1£0 (uv) |25 < llullz4]lv]l 25 (6.4)
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Assume for the moment that (-4) holds and let ug € H~! and o > 0.
Split the data ug into low and high frequencies:

up = P<yuo + Psnug

for a dyadic number N. Taking N = N(«a) large enough, it is obvious to
check that || Ps.nugl/g—1 < a. Hence, according to ([.1)),

()W () Psnuoll 2z, < o

Using now the S°-part of Zg, we control the low frequencies as follows:

1 N
[nCW ) Penuollse S FllPenuollze S llvolla-r-

Thus we get

Nljuoll -1

In(IW () Penuollz, S o for f2 —=

Since o can be chosen as small as needed, we conclude with (6.4) that Fg
is contractive on a ball of Zg of radius R ~ a as soon as 3 2 N||ug||g-1/a
and T =T(0).

Proof of Proposition [6.3. By definition on the function space Zg, there exist
ur,v1 € S7!and ug, vy € SY such that u = u; + vy, v = v; + v2 and

1

lualls-» + Flluallso <2ljullz,,
1

lorlls= + Fllvallso <2fvllz-

Thus one can decompose the left-hand side of (.4) as

1£0:(uv)| 25 S 1L0z(urv1)l[s—1 + [[LOz(u1v2 + ugur)|ls—1 + || L0z (ugv2)]| s
=]+I1T+1I1I.

From the estimates ({.9) and (b.1)) we get
IS 102 (urv1)[| w1 S llual[s—1llorlls-1 S llullzsllvll 25
On the other hand, we obtain from (f.]]) that

I ST ||uz|lsolozllso S 67T ||ull 2, [|0]| 2, -
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and

IT S T"(lurlls-1llvzllso + [luzllsollvrlls-1)
S BTVHu”Zﬁ”U”Zﬁ'

We thus get
1£0s(u)l|z, < (1+ (B +B2)TY)||ul 2, 0]l 2, -
This ensures that (§.4) holds for T ~ =2/¥ < 1. O
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